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ABSTRACT the contourlet transform can achieve the asymptotic optima

The pyramidal directional filter bank (PDFB) for the con- result as the curvelet transform. Essentially, these ¢iomdi
tourlet transform is analyzed in this paper. First, the PDFEssume that the directional filters have good bandpass and
is viewed as an overcomplete filter bank, and the directionaitopband characteristics in the Fourier domain. _
filters are expressed in terms of polyphase components of the Since the main motivation for the new image basis are
pyramidal filter bank and the conventional DFB. The aliasts effectiveness in representing natural image, therealire
ing effect of the conventional DFB and the Laplacian pyraready several attempts to employ the PDFB in image cod-
mid to the equivalent directional filters is then considereding [7, 8, 9]. These works are based on the original imple-
and the conditions to reduce this effect are presented. Exnentation of the PDFB [4], which contains some aliasing in
periments show that the designed PDFBs satisfying these ré1€ directional filters. Therefore, the achieved codingitss
quirements have the equivalent filters with much better fre2re not comparable to state-of-the-art wavelet based spder
quency responses. The performance of the new PDFB is ve$tich as JPEG2000. _ o

ified by non-linear approximation of images. It is found that ~ Paper outline In Section 2, the PDFB is viewed as an
improvement of 0.2 to 0.5 dB in PSNR as compared to th@vercomplete FB, and the equivalent directional filters are

existing PDFB can be achieved. expressed in terms of the polyphase components of the filters
used in the PDFB structure. The aliasing problems existing
1. INTRODUCTION in the PDFB structure are analyzed in Section 3, where it is

. shown that most of the aliasing can be removed if the two
In the past two decades, wavelets and filter banks (FB) havgwpass filters employed in the pyramid satisfy the Nyquist
gained considerable interest in signal processing, pduey/  criteria. Discussion and simulations in Section 4 demaistr
to the ability of wavelet functions and their associated regthe improvement of the PDFB with new design conditions.
ular FBs to optimally represent one-dimensional piecewisqhe paper is concluded in Section 5.
smooth signals. However, the separable wavelets are not ef- A note on notationBold face lower case letters are used
fective in capturing line discontinuities since they cata&e  to represent vectors, and bold face upper case letters are
advantage of the geometrical regularity of image strusture reserved for matrices. For exampl&(w) is equivalent to
Image transitions such as edges and textures are expwsiveg(whw)_ The superscript§ and~7 denote the transpose
represent through wavelets. Therefore, integrating thee ge g transpose of the inverse operators, respectik&(®) is
metric regularity in the image representation is a key chalihe set of integer vectors in the regi@t wheret € [0, 1)2.

lenge to improve the performances of current image coders‘.Q| represents the determinant of the ma@x The matrix
Recently, Canés and Donoho constructed the curvelet

e : \ xponentiak™ is defin
transform [1], and proved that it is an essentially optinegkr exponentiak:™ s defined as
resentation of two-variable functions, which are smooth ex ZM & [pmu e gme maaT (1)
cept at discontinuities along? (twice differentiable) curve.

The nonlinear approximation of a functiof) fj(\j), recon-  where M = [ mi1 M2 ] On the unit circlez™ is
structed byM curvelet coefficients has an asymptotic decay m21  Ma2

rate of| f — f{|2 < CM~2(log, M)?. This decay rate of €quivalenttaM ™ w = [m w1 +ma1ws, mizwi +mapwo] "
the approximation error is a significant theoretical imgrov D> is defined asliag{2, 2} matrix. For other notations and
which areO(M 1) andO (M ~1/2), respectively [2]. Sin@ce is referred to [10].

the space of smooth functions with singularities aldti

curves is similar to natural images with regions of continu- 2. THE PYRAMIDAL DFB ASAN

ous intensity value and discontinuous along smooth curves OVERCOMPLETE FILTER BANK
(edges), there is strong motivation for finding similar ¥an The pyramidal DFB (contourlet transform) is created by
form in the discrete domain [3]. _ ~ combining the Laplacian pyramid and the DFB with ori-

~ In[4], Do and Vetterli proposed the pyramidal direc- entational subbands [4]. It is shown in this section that the
tional filter bank (PDFB) to implement the contourlet trans-combination of a Laplacian pyramid and a four-band DFB is
form. The proposed structure of the PDFB is a combinatiorsquivalent to an overcomplete five-band FB. Let us write the

of the Laplacian pyramid [5] and the conventional DFB [6]. two-dimensional lowpass filte# (z) in polyphase form:
It unites the advantages of both structures, which are mul-

tiresolution and multidirection. The authors also showtthaG(z) = GO (2P2) 4+ 27 'GW (2P2) + 271G (2P2) +
This work was supported in part by NSF Grant ECS-0528964. 4271213 (2P2) = gT(2P2)e(2),
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whereg(z) = [GO(z),GM(z),G?(2),G®)(2)]" and 3. ALIASING ON THE PDFB
e(z) = [1,27 4 258 27 P2 YT, Similarly, f(z) represents
the column matrix of the polyphase components of the inter
polation filter F'(z), i.e.

In order for the PDFB to achieve its potential performance,
it is necessary that the equivalent directional filters hexse
cellent frequency responses. In general, the implementati
0/ D N, D 2N, D of the PDFB consists of a separable Laplacian pyramid and
F(z) = FO(zP)+aFW(P) + 2F?(2P2) + a binary-tree conventional DFB [6]. Thus, there are two
+2120F®) (2P2) = fT(2P2)e(271). sources of aliasing that will be considered in this section:
those on the DFB tree, and those caused by the pyramid
Let us denote the detailed output of the Laplacian pyrastructure.
mid asd(n) (see Fig. 1(a)) and is the4 x 4 identity matrix.
If one considersi(n) as the output of a FB with input(n) 3.1 Aliasing on the binary tree of the conventional DFB

then it can be shown that the corresponding polyphase matrix, o onyventional DFB is often realized by a binary-tree of

i T
isI — f(2)g" (2). maximally-decimated two-channel FBs [6]. Although this
method has a very efficient structure, it also implies some
x(n) m %(7) inherent aliasing problems. It is possible to implement the
L tree structure with only one prototype fan FB [11]. Let us
G D, H »i(n) assume that one prototype fan filterdig" (w), then it can be
l- % vb, = shown that one equivalent directional filter of an eightéban
H, (n DFB is
F . % +D, j( ) ~ F F
T - Ho(wi,we) = Hy (wi,w2)Hy (w1 + w2, w1 —wa)
+ d(n) % D, ;(”) H(f‘(2(w1 + w2)7 2w1)7 (4)
H, w(n  where the frequency supports &fl (wy,ws), HE (w1 +
% YD, = wo, w1 — wa), HE (2(w1 + wa), 2w, ) are plotted in Fig. 2(a).
Assume that these filters have reasonably good frequency
@ responses, i.e. flat in the passbands and stopbands (black

and white areas), and have transition regions in between
(gray areas). The resulting filtéf,(w;,w2) will have a fre-
quency support as in Fig. 2(b), which has transition bands at
Wy & =t

l;
by 4

L

.
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Figure 1. The four-band PDFB (a) The analysis side of the
PDFB, (b) Equivalent overcomplete FB and (c) The synthesis
FB.

In the PDFB depicted in Fig. 1(a), a four-band DFB is ap-
plied to the detailed signal(n). Let E(z) be the polyphase
matrix of the four orientational filters, i.e.

[Hl(z)vHQ(z)aH3<z)’H4(Z)]T = E(ZDQ)e(z)' (2)

(-7-7) |

The inputz(n) goes through a Laplacian pyramid and a
four-band DFB to produce four subsampled outpyis), (b) (c)
1 =1,2,3 and4. These four signals can be considered as the
outputs of the analysis side of a FB with inpttn), and it Figure 2: Aliasing effect on DFBs obtained by using the tree
can be shown that the polyphase matrix of this overall FB istructure: (a) the equivalent product filter of one subband
E(z)=E(2z) (I - f(2)g" (2)). (obtained by using the noble identity), (b) the equivalént d

Therefore, the PDFB in Fig. 1(a) is equivalent to therectional filterHy(w;,w-). Black, gray and white colors de-
structure in Fig. 1(b) with the same lowpass fili&fz) and  note passband, transition band and stopband, respegtively
four directional filterH, (z) which are given as and (c) an example of equivalent PDFB filter at the second

B B B B s = b resolution level.

Hy(z),Hs(z),H3(2z),Hy(2)]" = E(z7%)e(z). (3

H(2), Ha(z), Ha(2), Ha(=)] ( Jel2) ®) This aliasing problem is more obvious in the directional
Fig. 1(c) shows the corresponding synthesis four-band DFHilters of the second resolution of the PDFB if the lowpass
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filter G(w) does not satisfy the Nyquist criteria with respect ‘ FHY (o)
to decimation matrixD-, i.e. if its passhand and transition |
band are not restricted withir-7/2, 7 /2])%. The equivalent

directional filters of the PDFB in [4] at the second level of
the pyramid is plotted in Fig. 2(c) where the aliasing at high
frequency is displayed very clearly. However, if the filter

G(w) is designed to satisfy the Nyquist sampling criteria, (@)
the lowpass images beginning from the second level of the
Laplacian pyramid will have negligible aliasing. As a résul ) Gle) T (Dlo)

the aliasing effect on the directional filters can be reduced

3.2 Aliasing effect of the L aplacian pyramid

(b)

Figure 4: The equivalent structure to the directional filter

aliasing

H{ (w1, w,) in the four-band PDFB in Fig. 1.

—— D, |—= FH,(z) — D, FH" (z)—
(@) (b)

Figure 5: Equivalent block diagrams.

Figure 3. Examples of equivalent directional filters in the
PDFB (a) The equivalent filtefd; (wy,ws) of four-band
PDFB (b) A directional filter of eight-band PDFB. function the stopbands and passbands. Fig. 6(a) shows the passband
associated with filtef; . support of ' H, (z) where black, gray and white correspond
to passband, transition band and stopband, respectiviedy. T

In (3), the equivalent directional filtet; (z) can be ex- ~ resulting filter/” H{* (P=) in Fig 4(b) is obtained by down-
pressed in terms of the lowpass filte#§z), F(z) and the ~sampling followed by upsampling the filtétH, (z) by D.
four highpass filterdZ;(z). Let us consider a realization of The corresponding frequency resporﬁSHfO)(DgTw) whose
the PDFB implemented using the '9-7’ biorthogonal filterssupports are displayed in Fig 6(b) can be given by
as the lowpass filter§(z) and F'(z) as in [4]. The fan FBs
in the DFB tree structure are implemented using the ladder FHfO)(D;‘”w) _ b Z FHy(w—2rD; k).
structure (with filter lengths of 21 and 41) in [12]. The first | Dy
directional filter for the cases of four-band DFB is plotted
in Fig. 3(a). It is observed that the directional filters haveT
‘bumps’ in the stopband region. Similarly, an eight-band
DFB can be obtained by cascading one more step of two—ﬁl(w) = H(w)— (6)
channal filter banks at the binary-tree of the DFB. Its first di
rectional filter is presented in Fig. 3(b) showing more bump
in the stopband. It will be shown later that this effect is due
to aliasing resulting from decimation and interpolatiorhadf
Laplacian pyramid, and the heights of these peaks are inde-
pendent from the directional filters in the DFB.

Let FHy(z) = F(z)H:(z) be written in a polyphase

keN (DY)

(5)

herefore,

Gw) Y.  F(w-2rD;"k)H (w—27D;"k).

D keN (DY)

form as k k

FHi(z) = FHO (P4 .0tpaM (D) N N N
t2y 'PHD (2P2) 4 217 2  PHD (272). A A A

By some manipulation, it can be shown that the block dia- ‘ ‘

grams in Figs. 5(a) and (b) are equivalent WthHl(O)(z)
is the first polyphase component BfH; (z). Consider the
signaly; (n) in Fig 1(a). The corresponding block diagram (a) (b)
can be redrawn as in Fig 4(a) where the subsystem in the

dotted rectangle is equivalent RH " (z). Using the noble ~ Figure 6: The frequency support of (&)H,(w), and (b)
identity, the top path in Fig 4(a) can be further simplified asFHl(O)(DQTw).
in as in Fig. 4(b).

Since the PDFB is implemented with FIR filters, all the ~ Assuming that the lowpass filt€¥(w) is approximately
filters’ frequency responses have transition bands betweerero in its stopband regions, two of the aliasing terms in the
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1

4‘4‘4’(;(011,Ldz).fw(tdl, Wy — 7r)]§],(u117 W — 7r). (7)
| Ds|

N 1
Hiy(w,w2) = Hi(wi,ws) (1 — |D2|G(w1,w2)F(w17u}2)> —

summation can be neglected, and the overall filfefw) can o
be approximated by (7). The second term in (7) produces the lizsing
peaks in stopband regions & (w) (see Fig. 3). The posi-

tions of these peaks are in the passband of the modulated di
rectional filterH; (w1, ws — ), SO the only way to eliminate i
these ‘bumps’ is to reduce the overlapping transition bands ™.
between(wy,ws) andF'(wq,wy — 7). Since bothG(z) and

F(z) are lowpass, and if the Nyquist sampling condition is

reduced
aliasing

satisfied, the above aliasing term will be cancelled. There- (@)
fore, the two filters in the Laplacian pyramid should satisfy _. . o ! ,
the following conditions: Figure 8: Examples of directional filters in the PDFB (a)

H, (wh_wz) of a four-band PDFB and (b) a directional filter
Glwr,w2) ~ 0, and  F(w,w)~0 (8 ©faneight-band PDFB.

when|w;| > 7/2 or |ws| > /2. This means that the cutoff
frequency ofG(z) andF'(z) must be a little less tham/2 in
order to keep approximately zero response beyofitl Let
us call the conventional PDFB (with cutoff frequencyrg®)

Table 1: The nonlinear approximation of the aliasing and
non-aliasing PDFBs iBarbaraandLenaimages in term of
PSNR.

> . . Barbara Lena
ahasm_g PDFB, and the one satisfying the above constraints z:oefs Aliasing | Non-aliasing || Aliasing | Non-aliasing
non-aliasingPDFB. 1024 || 21.64 21.71 24.69 24.93
2048 23.18 23.41 27.19 27.27
4. EXPERIMENTSAND DISCUSSIONS 4096 | 25.07 25.47 29.65 29.79
8192 27.30 27.92 32.19 32.39
In order to demonstrate the aliasing effect from the direct 16384 | 29.80 30.69 34.73 34.92

tional filters in the PDFB, the impulse responses of the over-

all directional filters at different scales are plotted ig.Fi.

In the aliasing case (Fig. 7(a)), the Laplacian filters are ob  Although the equivalent directional filters of the PDFB
tained from the lowpass filters in the *9-7’ biorthogonal FB, (or contourlet basis) are efficient in representing image co
whereas in the non-aliasing case (Fig. 7(b)), the two lowtours, it performance tends to be lower than that of the tra-
pass filters(z) and F'(z) are defined in the frequency do- ditional discrete wavelet transform (DWT) when the image
main to have frequency responses approximately zero whefizes get smaller. In our non-linear approximation exper-
w; > /2 and the transition band fromy4tox /2. The DFB  jment with typical testing images (Lena and Barbara), the
in both aliasing and non-aliasing PDFBs are realized by a binest results are achieved when the PDFB is used at the high-
nary tree of two-channel fan FBs, which are implemented byst resolution, and the DWT is used when the image sizes are
a two-steps ladder structure [12]. Both of the two decompotess than or equal 856 x 256. An image coder based on
sitions have 32, 16, 8 and 4 directional subbands at the firsteduced-aliasing PDFB and DWT decomposition is reported
second, third and fourth resolutions, respectively. EXasp in [13]. Experimental results show that the proposed coding
of the equivalent directional filters at the four resolui@f  algorithm outperforms the current state-of-the-art wewel

the two PDFBs are illustrated in Fig. 7. It is evident that thepased coders, such as JPEG2000, for images with directional
filters in Fig. 7(b) have much less aliasing and better direcfeatures.

tionalities than those in Fig. 7(a).

In practice, most of the unwanted aliasing components
considered in the previous section can be reduced if the two
lowpass filters in the pyramid have slightly smaller passban
Figs. 8(a) and (b) show examples of the first directional fil-
ters of the four-band and eight-band PDFBs whB$e) and
G(z) are designed to have a transition bangir < |w;| <
0.6r. Comparing to the frequency responses obtained in
Figs. 3(a) and (b), it is clear that those aliasing bumps have
been significantly suppressed.

The aliasing effect is also demonstrated in an experiment.
The coefficients obtained from the aliasing and non-al@sin
PDFBs are used to approximate tBarbara andLenaim- @) (b)
ages by thresholding a certain amount of smallest coeffi-. ) . .
cients. The PSNRs of the reconstruction images obtainegidure 9: Reconstructed Barbara images at 0.15 bpp using
by keeping different numbers of coefficients are summarize ) JPEG2000, PSNR = 25.93 dB and (b) PDFB, PSNR =
in Table 1. Itis evident that an improvement of 0.2 to 0.5 dB 6.74 dB [13].
is achieved from using the non-aliasing PDFB.
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Figure 7: (a) The essential frequency supports of direatifiters in the PDFB at different scales: level 1 - 32 banelgel 2 -
16 bands, level 3 - 8 bands, level 4 - 4 bands. The correspgimioulse responses in case of (b) aliasing Laplacian pgrami

filters and (c) non-aliasing Laplacian pyramid filters.

5. CONCLUSION

The paper discusses the PDFB for the contourlet transform , . . o
as an overcomplete FB and shows that the equivalent direcl?] V. Chappelier, C. Guillemot, and S. Marinkovic, “Im-

tional filters of the PDFB suffer from the aliasing effectedu
to its multiresolution structure. By imposing the condiiso
that the two lowpass filters of the Laplacian pyramid should

have frequency supports restricted withinr /2, /2], the

(8]

aliasing in the stopbands is reduced, except for those in the

finest resolution. The findings in this paper can help improve

the performance of the PDFB in image processing applica-

tions, such as low-bitrate coding and image denoising.
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