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Abstract:

A mathematical model is presented to comparative steady of the flow behavior of Casson’s and
Bingham Plastic fluid model through an inclined tube of non-uniform cross-section with multiple stenoses. The
equation describing the flow has been solved and the expressions parameters on flow variables have been
studied. The present study may be helpful for better understanding the flow characteristics of blood having
multiple stenoses. The graphical representations have been made to validate the analytical findings with a view
of its applicability to stenotic diseases. It is found that the flow of resistance increases with the height of the
stenosis but decreases with the angle of inclination. The flow characteristics namely, velocity, pressure gradient,
flow rate, resistance to flow have been derived. It is shown that the resistance to flow increases with the height
of the secondary stenosis as well as with the yield stress. The results are compared with the available data
presented by previous researchers.

Key Words: Blood Flow, Blood Vessels, Axially Symmetric Stenosis, Casson’s Fluid Model, Bingham Fluid
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Introduction:

In medicine, one of the major health hazards is atherosclerosis, which is the leading cause of death in
many countries. Atherosclerosis or stenosis is a cardiovascular disease, which refers to the narrowing of arterial
lumen. i.e. the inner open space or cavity of an artery due to deposition of fatty substances. Stenosis leads to an
increase in the resistance to the flow and associated reduction in blood supply in the downstream which causes
hypertension, myocardial infarction and cerebral strokes etc. (Biswas and Ali [3], Kumar and Diwakar [7]).
Hence it is essential to study the blood flow through a stenosed artery to prevent the arterial diseases.
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Figure 1: An inclined Blood vessel with multiple stenosis

In view of this, several theoretical and mathematical models (Agarwal and Varshney [1], Ellahi
Rahman et al. [5]) have been developed to study the blood flow characteristics due to the presence of stenosis in
the lumen of the blood vessel. Mohan et al. [10] studied the effect of paired stenosis through small artery.
Bhatnagar et al. [2] studied the effects of an overlapping stenosis on blood flow characteristics in a narrow
artery. All these investigations have considered the effects of stenosis through a tube of uniform cross-section.
But, it is known that many ducts in physiological systems are not horizontal but have some inclination to the
axis. Sankar et al. [13] studied the flow of Herschel-Bulkely fluid through an inclined tube of non-uniform cross
section with multiple stenosis. Biswas and Chakraborty [4] have analysed mathematical models by considering
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blood as a Herschel-Bulkley type non- Newtonian fluid. In a recent paper Liepsch [8] have presented a
mathematical model to show the effect of stenoses on Casson flow of blood. A mathematical model of blood
flow through an irregular arterial mild stenoses is developed by Karimi [6] and studied that if the viscosity of
fluid increases the velocity of fluid decreases in the presence of stenoses. Mekheimer and Elkot [9] developed a
mathematical model for studying blood flow through a narrow artery with multiple stenoses and they have
observed that stenoses height and axial velocity of flow very much influence the shear stress in a stenosed
artery. In the present study we propose to discuss the effects of inclined multi-stenoses arteries on blood flow
characteristics using Casson’s and Bingham plastic fluid model. Results have been comparing for the both fluid
model. Mathematical equations have been solved with the help of numerical technique.
Formulation of the Problem:
Let us consider an axially symmetric, laminar, fully develop flow of the blood through a tube of non-
uniform cross-section and with two stenoses (fig.1).

r

A

z
Figure 2: Geometry of an inclined tube with multiple stenosis
The momentum equation is given by
10 _ _a_p sina
e L e (!
Un
F = onp @
Where 1,., is the shear stress for the fluid,
The Casson Fluid model:
1 1 1
1 ouls L
v = [ > ®
3
%: OvTrz <TO! (4)
The Bingham Plastic Fluid model:
a
Trz = _.ua_l: + 7o, Trz > To ()
3
% = 0! Trz < To» (6)

Here u is the axial velocity, p is the pressure, 7, is the yield stress, p is the fluid viscosity, U is some
characteristic velocity, p is the density, g is the acceleration due to gravity and R, is the radius of the tube. When
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T,, < T 1.€. the shear stress is less than the yield stress, there is a core region which flows as a plug (Fig. 1), and

Eq. (2.4), (2.6) corresponds to vanishing velocity gradient in that region. However, the fluid behavior is
indicated whenever t,, > t,.
The boundary conditions are:

T is finite at r=0, ()
u=0 at r=h(z). (8)
For the analysis presented in the sequel, we use the following non-dimensional variable
-_z 3 ) R(z) 5 4 = To = Trz P Q =
z=-,0= ,R(Z)z—,Pz ,To = JTrg = Q== F=— 9
L Ro <#R_(%L) ;L(R—Uo) Tz u(%) TL'Rg uua
The geometry of the stenoses in non-dimensional form is given by
R, :0<z<d;,
s 2 L
Ro—f<1+cos£(z—d1—71)) i dy <z<1,,
RO :d1+L1SZSBl_L?2,
h=R() =1 Ro—ﬁ(1+cosz—n(z—31)> : Bl—L—ZSZSBl, (10)
Ly L, 2
R*(z)—%<1+cosi—n(z—Bl)) : Blsszl+L72,
2
L R*(2) :Bl+L?2SzSB,

The following restrictions for mild stenoses are supposed to be satisfied:
6; < min(Rg, Ryyut),
8; &K L;, where Ry, = R(z) atz = B.
Here L; and §; are the lengths and maximum heights of two stenoses.
Analytical Solution of the Problem:
Solving Egs. (1),(3) and (5) under the boundary conditions (7) and (8), we obtain the velocity, when

sina

__9 it
P = o ,and f =

P 2—h2
=( - [T (P+h)( r=h - ( - h3/2)((;+0f))1/2] )
_ () [rz_hz (P+h) r— h)] forry,<r<h (12)

Velocity for the Casson’s fluid model is given by Eq. (11) and the velocity for the Bingham Plastic fluid model
is given by Eq. (12). Using the condition (14) and (16), we finally get the upper limit of the plug flow region (i.e
the region between r = 0 and r = ro for which |z,,| < ) as

_ 2719
"= Gun (13)
And using the condition t,, = T, at r = h, we obtain
D=Do7, 0<t<l. (14)
h Th
Taking r =g in Egs. (3.1), (3.2) we get the plug core velocity as
2
)= (P"f)[ — Mg 2t -1 for  0<r<rm,. (15)
(P+f)R% 1 T T
= S04 g @

I
Plug core velocity for the Casson’s fluid model is given by Eq. (15) and the plug core velocity for the Bingham
Plastic fluid model is given by Eq. (16).
The volumetric flow rate is defined by

Q=2r [foro u,rdr + frz urdr] )
Substituting Eq. (11, 12) and Eg. (15, 16) in Eq. (17) and integrating, we finally get

Q= —(P+f) [——(ro+1)+r2h< g) (Pm( 1-13) - 2(1—75))— ?((ﬁﬂ);héG(l—

3)——(1—r5)>

o=@+ n[dr+ing-)+ts-ta-+ 2 (ta-D-ta-BD) w9

2 4(1-1¢) (P+f)
The volume flow rate for the Casson’s fluid model is given by Eq. (18) and the volume flow rate for the
Bingham Plastic fluid model is given by Eq. (19).

(18)
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Using Eq. (18):

[ 7 7 2
_l(?(roh);<%<l—Té)—%(l—r%))+ §T0h<%(1—'[g)— %(1—15)) —4<—ﬁ(r(§+1)+

2
2
3

r§h<4—ro)>(’((1—r0)—2(1—r3)) w0) | )/~ 24D+ (4—ro))‘ i

(20)
The pressure drop Ap across the stenosis between the cross-sections z = + L/2 can be obtained by integrating
Eq. (20) as

F : : 2
fLI{jz [(? (Toh)% (%(1 - Tg) _i(l h T%)) * ETOh (é (1 - Tg) - %(1 - Tg)) - <_E (TO

1 2

1)+r2h(4—ro)>( (a- @-20-%)-2) /2@ +D+72 06— )| - f)dz

h3

(21)
Using non-dimensional scheme in Eq. (21)

[ 2
Ap = — f_ll(! (? (Toh)% (% (1 - TE) —i(l - T§)> + gfoh (% (1 - Tg) —i(l - Tg)) - <_E(T°
I

2

3 3
ey sh
1) +72h(4 —m) (2(Ea- d-20-B)-2) /L@@ +D+nie- w)| = f)ds
(22)
Using Eq. (19):
v _ — 1,3 3y _1° 214 h* 4
L= —pel-Qu+ 20 GR A~ ) — S A= B/BRG H T~ 2+ A -~ ()] + £
(23)
The pressure drop Ap across the stenosis between the cross-sections z = + L/2 can be obtained by integrating
Eq. (23) as

2
LL’/ZZ(|( (Toh)? <§<1 - Tg) —2(1- r§)> + roh< (1 - r(f) —2(1- rg)> - 4(—5(%
l

1 2

1)+r§h(4—ro)>(f (fa- @-20-%)-2) s+ D+nie- ro))! ~ f)dz

h3
(24)
Using non-dimensional scheme in Eq.(24)
3 4
bp ==} [ou+ 20, - ) - L -/ i -2 B - )~ S - o)) dz +
fdz (25)
The resistance to flow 2, is defined by
A=22 (26)

Q
Using Egs. (22) and (25) in Eq. (26), we get
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@7)
3 4 4
A== [-ou 420G R - ) - 5 (A=) /R G+~ 2+ T (A=) = S (1 —7)| + f dz
(28)
The resistance to flow for the Casson’s fluid model is given by Eq. (3.17) and the resistance to flow for the
Bingham Plastic fluid model is given by Eq. (28).
Results and Discussion:

Stenosis is a serious cardiovascular disease. The irregular growth of stenosis affects the flow of blood
in the arteries and which leads to serious circulatory disorders. Stenoses are formed by the accumulation of fats/
lipids on the inner wall of the arteries. Stenosis developed in the arteries can cause several diseases like blood
pressure, atherosclerosis, heart attack and brain hemorrhage. The effects of various parameters on the resistance
to flow are computed numerically by taking

P® — explpp?z— B,
0

Andd, =L, =L, =0.2,B1=08,B=1, B, =0.01.

It is observed that the resistance to flow increases with the height of both the primary and secondary stenosis (31,
82). Figs.3-4 shows the variation of resistance to flow with respect to height of secondary stenosis for different
values of inclination (o) and height of primary and secondary stenosis 81 and 8. Fig. shows that the resistance to
flow increases with the height of secondary stenosis. It is also notice that the resistance to flow also decreases
with the decreasing value of inclination (a)). Fig. 5 shows the variation to resistance to flow with respect to the
height of the secondary stenosis for different values of parameter F. the resistance to flow increases for the
increasing values of height of the secondary stenosis for F = 0.5. Fig. 6 shows the variation of resistance to flow
with respect to height of secondary stenoses. Figure shows that the resistance to flow increases with the
increasing values of height of secondary stenoses. It is also shown that the resistance to flow increases with the
yield stress. Fig. 7 shows the variation of resistance to flow with respect to height of secondary stenoses for
different values of inclination (o) and height of primary stenoses taken 81 = 0. Fig. shows that the resistance to
flow increases with the height of secondary stenoses. It is also notice that the resistance to flow decreases with
the increasing value of inclination (a). Fig. 8 shows the variation of resistance to flow with respect to height of
secondary stenoses for different values of inclination (o) and height of primary stenoses taken 61 = 0.1.
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s 4 3 //a=30
= 3,5 - a=30 .
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wr z ;.
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. . . . Height of secondary stenosis 9,
Figure 3: varition of resistance to flow with

respect to height of secondary stenoses when Figure 4: Variation of resistance to flow
F=0.1 and §,=0 with respect to height of secondary stenosis
when F=0.1 and §,=0.1
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Fig.ure 13: Variation of resistance to flow \

respect to &, for different values of a, When |
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Figure shows that the resistance to flow increases with the height of secondary stenoses. It is also
notice that the resistance to flow decreases with the increasing value of inclination (a). Figs. 9 Depicts the
results for the resistance to flow with different values of viscosity of the blood for the Bingham Plastic fluid.
Fig. 10 depicts the results for the resistance to flow with different values of viscosity of the blood for Casson’s
fluid. The resistance to flow increases with the increasing value of viscosity of blood. It is also shown in this
figure that the resistance to flow increases for the increasing value of the height of the secondary stenoses. In is
also found that the results for Casson’s Fluid give higher results in comparison of Bingham Plastic fluid. Figs.
11-12, gives the results for resistance to flow with the height of the secondary stenosis for different values of a.
It is found that the casson's fluid model gives higher results in comparison to Bingham Plastic fluid. It is found
that resistance to flow increases with respect to increasing values of &, and increases for the decreasing values of
a for the both fluid models. Figs. 13-14, gives the results for resistance to flow with the height of the secondary
stenosis for different values of a and 7. It is found that the casson's fluid model gives higher results in
comparison to Bingham Plastic fluid. It is found that resistance to flow increases with respect to increasing
values of &, and 7. It is also found that the resistance to flow increses for the decreasing values of a for the both
fluid models.

Conclusion:

Stenoses developed in the arteries can cause several diseases like blood pressure, atherosclerosis, heart
attack and brain hemorrhage. A comparative study of Casson’s and Bingham Plastic fluid through an inclined
tube of non-uniform cross-section with multiple stenoses has been presented. Solutions have been obtained for
primary and secondary stenoses. The resistance to flow increases as the secondary stenoses and viscosity of
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blood increases but the resistance to flow also decreases with the decreasing value of angle of inclination. It is
found that the Casson’s Fluid model gives more appropriate resuls in comparison of Bingham Plastic fluid
model. This present study may be helpful for better understanding the flow characteristics of blood having
multi-stenoses.
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