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ABSTRACT
In the present work we have gone a step forward towards integration by part of higher order Malliavin derivatives by
formulating and extending some formulas and results on Malliavin calculus and ordinary stochastic differential
equations to include delay stochastic differential equations as well as ordinary SDE’s. Here we have also stated
clearly what we mean by the Malliavin derivatives and densities of distributions of the solutions process for delay
stochastic differential equations which we are considering.

KEYWORDS: Stochastic Differential Equations, Malliavin Calculus, Euler Scheme for delay SDE’s, Integration by
Parts, Densities of Distributions.

INTRODUCTION, NOTATIONS AND DEFINITIONS

In Chapter 1 of the Ph.D. thesis of Ahmed we have proved the existence and uniqueness of a solution for certain
types of delay (functional) stochastic differential equations (delay SDE’s) with discontinuous initial data,see also ,
and the web cite www.sfde.math.siu.edu. See the delay SDE ([1.1.1]) in the present work. Here we establish an
integration by parts formula involving solutions to such type of delay (functional) SDE’s. The integration by parts
formula which we establish can be used to extend the formulas in and to include delay SDE’s as well as ordinary
SDE’s. In this work we also establish some other useful applications to delay SDE’s. Generally speaking we can say
that our work extends the first three chapters of the work by Norris to include delay SDE’s as well as ordinary
SDE’s; see Theorems 2.3, 3.1 and 3.2 in . We will also show in a sequal paper to this work that the distribution of
the solution process has smooth density. Also we will establish an integration by parts formula involving Malliavin
derivatives of higher order.

Notations and Definitions

The following notations and definitions will be used throughout this work: ({2, F, IF) is a probability space; T is a
positive real number; {F,}..o.7; is an increasing family of sub-& algebras of F, each of which contains all null
subsets of £2; N is the set of natural numbers; W = (W?, ..., W"): [0,T] X 2 = R" is a r-dimensional
normalized Brownian motion. If X is a topological space, then B{X) denotes its Borel field. The symbol 4 refers to

the Lebesgue measure on IR%, and | * | denotes the Euclidean norm on R%, d € N.
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Let (r be a Banach space and let =A be a sub-er algebra of JF containing all subsets of measure zero in F, then

L£L3(0,-A,B; G) denotes the space of all functions f: 22 — G which are <A4-B(G) measurable and are such that
JIFNIZ dP < oo,

The symbol L*(£2, <4, IP; G ) denotes the Banach space (with norm determined by ”f”iz = _rﬂ If (cw) IIE dP) of
all equivalence classes of functions f:12 — G which are «4-B(G) measurable and which are such that
fﬂ IIfIIE dP < o0, The symbol L{R™, R™) (s, n € M) denotes the space of all linear maps from B™ to ™.
The symbol ] refers to the interval [—1,07), and JH () or B(]) refers to the Borel field on /.

If X:[-1,T] X2 — R® is a process, then for each t € [0,T] and @ € 22 we define the map:
X0 = L2, RY) by X, (w)(s) = X(t + 5,) for all 5 € J and almost all c. For each 0 < t < T we
write I(X(£), X7 = IX (£)II* + IX,]I°. Let the function V' belong to £7(£2,F,, F; R¥), & belong to
L3 XNH()® FARQ F; RY), and for £=1,2, .., let f ,g‘? be functions from
[0,T] X 2 x RY X L3(J,RY) to R?. Then a process X: [—1,T] X 2 = K% is called a solution of the delay

SDE with integral form
£ LA

X(f) = v +J- f(wX(uw),X,)du + ZJ gf (u,X(w),X,)dWi(u), 0<t<T,
0 =

B(t), te],
(1.1)
. XisB([0,T]) & F-B{R) measurable;
2. Foreacht € [0,T], the process X (t,-) is F.~B{R%) measurable, and for each & € ], the process X (t,-) is
Fy-B(R%) measurable;
3. XELY[-LT]x0,7 xF,1xP;RD),

4, X satisfies the delay SDE ([1.1.1]).
The following conditions are sufficient for the existence of a unique solution to ([1.1]) (see and).

1. V€ L2(0,F, P;RY).
2. BELIJXN,HQFyi® P RY).
3. f,g%:[0,T] = 2 xREx L2(],R?) — R are such that
1. fand g% are B([0,T]) ® F ® B(RY) ® B(L2(J, R¥))-B(R) measurable.
2. Foreacht € [0,T], the stochastic variables f(t,~-) and g*(t,-,-) are
F. ® B(RY) @ B(L£2(J,R?))-B(R?) measurable.
3. There exists a constant K and a function { £ £2(12, F, F; R?) such that

F(t, @,5,1)] +Z|g‘-’(r,m,s,hj| < K(Js] + Ikl + 1(e)])
=

(1.2)
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4. for almost all w and for all £ € [0,T]; s € B and h belongs to £2(], BR9).

5. There exists a constant K such that, for almost all &,

|f(t! w, 5, h‘l:] _f(tr o, U, h:jl +Z|g$(tr o, 5, h‘j_j _g-P(tr o, U, h:j
£=1

< K'(|s — ul + lhy — Ryl
(13)
6. forallt € [0,T]; forall 5, u € R4, and for all hy, h, € L2(], RE).

INTEGRATION BY PARTS FORMULA
In the beginning of this section we recall the following five basic numbered equations and definitions, See . For

(X(0),%,) = (x,&) E R X L*(J,RY), letv = DUx*E (t), be the Malliavin derivative of the solution
process X% (t). We write D‘"Jei’f’E (7)) = D X% (t+ ) € [0,T], 7 € J = [—1,0)) for its time delay.

In the following definition we give a precise definition of the Malliavin derivative of a real-valued functional F of
Brownian motion.
[D:Malliavin] Let F((W(s))p..cr) be a functional of r-dimensional Brownian motion, and let

vi(t)
v(t) = (vi(t), .., v () = : be a deterministic vector-valued function in L*([0,T],R™ & R%).
v (t)
Then DYF((W(5)) gzs<r) is given by the limit:
DYF((W(s))pzs=r)
1 z
=tim—(F ((W(s) + el Jv(0)do) )~ F(W()oeess))-

2.1)
The mapping v = D¥F((W(5))g=.r) i a linear map (functional) from the space L*([0,T], "™ @ R?) to

R. Here R™ & R denotes the space of all # X d-matrices (r rows, d columns).

vi(0)

Notice that, for w(t) = (v'(£), ..., v"(£))" = E be a deterministic matrix-valued function in
v (t)
L*([0,T].R" @ RY), U¥(t) can be considered as a d X d-matrix where each entry is an R-valued adapted

stochastic process; U;” can be considered as a d X d-matrix where each entry is an L? (J, R)-valued adapted

is a real d * r matrix, then M™ = [mkj) denotes

stochastic process. If M = [m .k)
1 1=k=r 12j=d

1=j=d, 1=kar

its transposed: it is 7 X d matrix with entries m,, ;.

The process D¥X :"’t () satisfies the following delay stochastic differential equation:
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dD*X, () =dD¥X(t + 0)
d
—j: (t+0,X(t+0),X,.5)D°X(t + )

J-—J;( T, X(t+0), X, 5)(P)D X es5() dfp) dt

+Z ‘Zi (t+0,X(t +9),X,.5)D"X(t + O)dWi(t + 9)
f% (t+ 8, X (¢ +9).Xes.0) (9)D"Kevo(9) dop W (2 9)
=

T
+ Z g (t 48, X(t +8), X, )0 (£ 4+ 8, X(t + ), X, 5)dt,
£=1
(2.2)
where 17 belongs to . If t + 17 belongs to J we replace t + 1 with 0 in ([E: SDEDP]). If # = 0 we obtain the
delay stochastic differential equation for the process D¥ X (t):
dDVX(t)

- G_f (t,X(t),X,)DX(t) + %(r,xm,xrj [ﬁ]DL‘Xr(ﬁ]dﬁ) dt
x J

+Z‘1(% (£, X(t). X, )D*X(¢) + LZ—?(t,X[t:],er(ﬁjDer(ﬂjdﬂ) awe (o)

+ 3 (6, %(0), X0 (6 X(9), Xt

2.3)
We also write Uff (t) = :—IX""f(t], and (t] Xxf[t:] In addition, we write
xf — ppEd xf I‘f - 4
(tj = = U7, (the delay of U;;” (£)), and v, [l‘:] = Uy, the delay of the process

U:f (t). The matrix Uff (t) can be identified with an operator from R? to itself, the matrix Uff (t) can be
considered as an linear mapping from L*(J, B%) to IR®, the matrix U;’E () as a mapping from R? to L*(J, R%),
and, finally, U;f () as a mapping from L*(J, R%) to itself. Notice that Uff (t) can be considered as d X d-

matrix where each entry is an IE-valued adapted stochastic process; LJ. ng (t) can be considered as d X d-matrix

where each entry is an L? (], R)-valued adapted stochastic process. To be precise, write the solution process as a d -

vector X*% (£) = (X:’g (1), ...,X;"E [t:]) and consider the mapping (1 < j, k < d)
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Ut OF
(2.4)
which is a mapping from L* (], R) to IR, and where each variable & 4, $\ell\not=k$, is a fixed function in 12 J, R).

The derivative of the function in ([E: mapping]) can be considered as a continuous linear functional on L* (J, R).

x.&,
- axTE)
Therefore it can be represented as an inner-product with a function in L=(J, &), which is denoted by _;a 5
K

Consequently, we write ) )
BXI "r[tj (1) = lim Xf:‘ai_»--f;;-a_ﬂﬁf+hm’f;;+=_»-u$d} (£) _X;Jtﬁ_»-u‘f;c-a_f;pf;c+a_»-u‘fd3' ()
a5, M T A% 3
x%’

f (@) af:j(wd% n € L*(J, R).

(2.5)
After giving a brief introduction to our work, we are now ready to continue the work that we have started in .

Here, and in the sequel, we write f(t) and g (t) instead of f(t, x=4 (tj,X:’fj and g* (t, x=4 (t:],X:’E)

respectively. For a concise formulation of the stochastic differential equation for the matrix-valued process
(U(t): t =) and its inverse we introduce the following stochastic differentials:

3 S agt

h, () =£(t]dt+2%[t]dw‘-’(tj;
3 3 g%

e (8) =a—‘;(rjdr+z I dwi()

he(t,8) = [rﬂjdt+z (r,ﬁjdwf(rj

(2.6) (2.7) & (2.8)
First we introduce the following definitions:

0wk 0 oxi 0 i 0 i
Uii(tjzax’(tjr Uﬂ(t:]=a—fX’(t], U:i(tj:axz y Up(t) = X7,

¢
= Uy () Uiz(t)
EE = (_1".,,.(/) {a2(1).

Next we consider the new process satisfying the delay SDE
dU(t) = h (1)U (t) + / he(t, 9)U(0) di,
J (2.9)
The delay SDE ([E: Ito(6)]) can also be written as
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J (Un(t] Uu{t]) _ (hx(t]Un(t] hx(tJUu{t])
Up (8) Us(2) he(E)Un(t) R (D)Un(t)

| e @0 @)d0 | g (68)Uae(9) a0
I I

[ e 00U (@0 [y (0.0)0s, 0 a6
I I

(2.10)
We can thus split ([E: Umatrix]) into the following four delay SDE’s
dUy, (t) = h, ()Uy4 (2) + fhf,a (t)Uy4,.(F)dd;
! (2.11)
dUy(t) = h, (0)Usa(t) + Jh; (t,0) Uy, (V) d;
! (2.12)
dUyy (t) = h, (£)Uz (8) + fh; (t,9) Uz, . (9) dF;
! (2.13)
dUz, (t) = h, (£)Uz (t) + fh; (£, 0)Usy,. (V) dO.
! (2.14)
Recall that the process (U(e),2 = 0) satisfies
dU (t) = ha(t /hgtz)U
(2.15)
Then it’s delay ‘0t =0 gatisfies
dU(-) = hau(-) /hg, (9 + ) Upyp. (9)d 9,
(2.16)
where for, J < J’ (2 16) is equivalent to
dU(t +9) = he(t + U (t + V) + / he(t + 9 + @) Ua(@)d o,
J (2.17)
http: // www.ijesrt.com © International Journal of Engineering Sciences & Research Technology

[535]


http://www.ijesrt.com/

% THOMSON REUTERS
"ENDNOT!

,A 1 ,._.
\'L NU I E

[Ahmed*, 5(3): March, 2016] ISSN: 2277-9655
(I20R), Publication Impact Factor: 3.785
Next we recall the delay SDE for V' ()}, namely

3 — 3g°
dv (t) = —V(t]é (H)dt — V(£) Z % (£)dw? (£)

f dg* ar
A [ﬂ] [t B) dddW* (t) — V(1) f E[t,ﬂjut[ﬂj doV (t)dt

=S

V(D) Z(—( £) + J“J, 5 [r 9)U, (ﬁ]dﬂV(rj)

(2.18)
Observe that the delay SDE ([E: V 3]) is an extension of the SDE (3.3) in Norris to include delay SDE’s as well as
ordinary SDE’s. We can see this by considering only the terms in ([E: V 3]) which include derivatives of the
coefficients with respect to the space variable and in the same time it contain no derivative with respect to the delay
variable. If we do this then we are automatically in the Norris case of SDE’s.
Now we rewrite the four delay SDE’s in (2.11), (2.12), (2.13), and (2.14) as in
(2.19), (2.20), (2.21), and (2.22) respectively. respectively.
First we recall the following definitions:

9 i 0 Lk 0wk 0 xi
Un[:t:]=a}f’[t], Uu(t:]=a—¢_){’[t], U:l(tjzaxz ' U"“(t:]__f :

We begin with a delay stochastic differential equation for the process I, (t):

dUyy(t) = (g (t, X(), X, Uy (t) + f %(t, X(£),X,)(0)Usy . (9) d ﬂ) 5
!
- a £ a ¥
+Zl(%(r,x(rj,xrjun(rj +f 5z (& X (D, X) (B, (9) dﬁ) AW (6).

(2.19)
Next we also see that the process L. xf (t) satisfies the following delay stochastic differential equation:

dUy,(t) = (— (£, X(£), X JUp, (1) + f (£, X(£), X ) (F) Uy, (9) dﬂ) dt

a <
+Z( (£ X(0), X)Uso(8) + [ %(t,k’(t]ﬂrl (8)Usa. (9) dﬂ) aw’ (o),

(2.20)
Then we also observe that the matrix-valued process U;f (t) satisfies the following delay stochastic differential

equation:
é‘f af
dU,4 (t) =\, EX@®, XU, + fa— (&, X(2), X, ) (F)Upy . (0) dF | dt
;98
ﬂgf .
+Z 99" (¢ X(6) XU () + f S (X, X))z, (9) 49 | dW* (D),
I
(2.21)
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where U,, , is the delay of /o4 (t),in other words the second delay of U/, (t). Similarly the process U;f ()

satisfies the following delay stochastic differential equation:

wa® = (L exexva0+ J j—f (6 K, %) (U (9) 89

r 3 £ a
+Zl(£ (£ X (£). X, )Us, (1) +j 37 (:: X(£), X ) (O Uy . (8) dﬂ) aw’(t),

(2.22)
where U3 + is the delay of Us2(2), in other words the second delay of Us» (). We shall recall the solutions to the
equations (2.21) and (2.22),, the delayed space flow and the delayed L*-flow respectively. Next we can see that the

delay SDE’s in (2.11),
(2.12), (2.13) and (2.14) are equivalent to the delay SDE's (2.19),(2.20), (2.21) and
(2.22) respectively. In rewriting the above four delay SDE's (2.19), (2.20), (2.21)

and (2.22) we have used the fact that the following four pairs of differentials are equivalent where , j = 1,2:

g (tX(£), X )U;(t)dt = g (t, X (), X,)d tU;(t)

(2.23)
29 (6 X(), XDULOAW () = 2L (6, X(2),X)d W (U, (¢)
dx ] d0x ]
(2.24)
of
(:: X(£),X,)(9)U,;, () dod t = f 3¢ (HX(O.X)(®) dod U,
T
(2.25)

dgt dg
J 37 (t.X(), X.)(O)U,;. (8)d 9d W (1) = f (t X(1), X.)(0)d W' (U, (9)d 9
(2.26)
We notice that the j-throw, 1 < j < d, of the matrixz—i is given by:

a-’.
(—( 58l (rxa)

We also notice that the k-th columns,1 < k < d, of the matrices Uy, (t) = Uff (t) and Uy, (t) = Uy, are

respectively given by

1., Lk
axL=t (1) X,
dx, dx,
; and ;
d,x_,é;" ri,:::,f
ax (t) X
axk ﬂxk
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Consequently the derivative .a_ ( £, X*4 (t). X ) is given by

d )
f-’( X"‘E(t] };’"‘5) Z ﬁ[t,)ﬁ'x’f[t},x:f)w

dx,, dx,,

1
; .l
(4 x=% (), x° ‘f](ﬂj oX, (9)d O

o+
[>7»
—
“f\
—_—

- —(ex=* (0.7 vz

-+

(£.x%5 (0),x7%) (B)URE(9)d 0.
(2.27)

afi(e.x% (0).x7%)
- Py = in the left side of (2.27) is the derivative of the function
4

It goes without saying that the derivative
x, = f1 (::,J{"‘*‘*r (t],X:"f), with 2 = (g, e, Xy g, X, X g, - Xz),  Where the  coordinates,

3 s ari
Li, ] 7é ]‘ are frozen. By the same token the derivative ﬁ (t, e (t],Xf’g} in the right side of (2.27) is
m
the derivative of the function
v, = f7 (,_L,XLLE (£),, X™ Lk [t],}?m,Xm“*x"’r [:tj,"',Xd’x’E (,_L]’X:f)
aty,, = xmd (t). Similar conventions are used for the L*(J)-valued derivatives:
af! ax™=< (1)
3z, &

Of course, for the derivatives of gf (t, XS (t],X:’é’:) we also employ this kind of expressions. Consider the

—— (x5 (), x7") and

following delay SDE

dx=E (£) = f (£, %% (£), X7 ) dt + Z g* (&, x4 (£), x*5) dw ()

£=1

(2.28)

We recall the delay SDE for U(t)

dU(t) =h, (t)U(t) + Jh; (t, U, (F)dd,

J

(2.29)

Next we recall the delay SDE for V' (t), namely
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) —agt ,
dv (£) = —V(t)é(tjdt—V(er%(tde-(tj

Jv () 55 (:: )d 9dwi () — V(t]fj—);[r,ﬂjur(ﬂjdﬁwtjdt
I

F£=1 I

— (ag° \ dg* g’
+va(£ (tj) dt + V(rJZ%(rJfa—‘i(r,ﬂjut(ﬂjdﬂmj dt
=1 = T

+V(rj2f (r U, (8)d ﬁV[tj—(tj dt

—HH'[::]ZJ( (t, ), [ﬁ]dﬂV[t])‘

a £
= vn2 — f &yat—ve Z% (Haw’ (o)
va () — af (:: 8)d 9dw* () — Lr(::jf (t,9) U, (9)d OV (t)dt

+V(th(— [rj—l-fj & . [ﬁjdﬂv&])‘
(2.30)

If we have no delay variables (in other words if we have only state variables), then the three delay SDE’s (2.28),
(2.15), and (2.30) take the forms of the following three SDE’s respectively
s

dx*(£) = Flex=@)de+ ) g (6,X7(6) aw’ (o),
4U(8) = h(OU(D);
B af —agt ; ~(agt
dv(t)= —V(t) e (t)dt — V(t) Z e (t)dW=(t) + V(t) Z (E (t) ] dt.
£=1 =1
(2.31) (2.32) & (2.33)
Observe that the SDE’s (2.31), (2.32) and (2.33) are equivalent to the SDE’s (3.1), (3.2) and (3.3) in Norris

respectively. Thus we can see that our delay stochastic differential equations (2.28), (2.15) and (2.30) in fact extend
the SDE’s (3.1), (3.2) and (3.3) in Norris ; they include the case of delay as well as ordinary SDE’s. Moreover, we

have also proved that U{t) and V' (t) are each others inverse, in the case of delay SDE’s as well as ordinary SDE’s.

Next we consider the deIay versions of equations (2.28), (2.15), and (2.30) namely

dX, _ft(1t+zj, dW!,

=1 (2.34)
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dUL(-) =hee(YU(-) + /J Bl )i (o)

(2.35)
And
/'()f - (l-)g[ 7t
dv, = -V, 'dt v z:: d—l‘dn .
L gt ,
-3 / Vio (8) 2t (9)d 9dWE — V, / Oft+ () Uy (9)d 9V, dt
- /, o€ ;0%
" (g} 99 [ 99t
+V,;<E> di + VZ / Uype.(9)d VIV, dt
2
gt+ \ Q,*.
/. / U '+
+V; Z/ ()5 9) Uy ( v)dm, a- ;(/J Lo (ﬁ)dm) dt
— 7af 9, dgt 7E
_—l,_dftc)rdt—V; = —ZLdW,
AT / Ve (9) “,(_]‘J“‘('z?)d-ﬂdﬂf’f—V, / Oft+ () Uy (9)d 9V, dt
s J, 0€ ;0
: agf c')gt!_L . op
" pet i) &
”'Z}(am +/J 9% U (9)d9V, ) dt. (2.36)

Then we can see that it is most probable that I7, and 17, are also each others inverse. Now we can proceed to get our

integration by parts formula by following steps similar to the ones in chapter 3 of Norris . As above X(t) is a

solution to the following delay SDE:
s

ax(6) = f(6X (D), X)de + ) gf (6,X(6) X)AW* (2),
f=1

and the process D* X (t) satisfies the following delay SDE:
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dD¥X(t) = ;—xf(t,x(t],xrjﬂl’x[r] dt + f%f(r,;qrj,xrj (8)DX,(8)d0 dt
)

r

£ g6 %(9, XD XA’ (D)
JE £ 9)D*X, (0) dodw*
+Zl£a_‘fg (£, %(),X.) (9) DX, (9) d9dw* (1)

+Z gt (6, X(0), %)% (£, X (), X,)dt.
=1 (2.37)

Then we can see that the delay SDE(2.37) in fact extends the SDE (2.8) in chapter
two of the work of Norris [10] to include delay as well as ordinary SDE's.

1. All the results which we have established in this work can be extended by replacing the Brownian motion I
by another process Z: [0, a] x 12 —= Rd (d € N) which is a continuous martingale adapted to {F¢ }e=[0.q]
and has independent increments and satisfies with some constant K the inequalities

|E[Z(t) — Z(s)]|Fs| < K(t—s) and
E(|Z(t)— Z(s)*|F.) < K(t—s) for0<s<t<a.

2. Observe that the above properties of Z which we have just mentioned are the only properties of W which we
have used (in case of Brownian motion) to prove the results which we have obtained in this work.See and .

3. Allthe lemmas and theorems in this work hold for any delay interval ] = [—7,0)  {r = 0) inplace of
J =[—1,0).See and .
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