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Abstract:

In this paper free vibration analysis of orthotropic laminated composite plates using first order
shear deformation theory. The existing first-order shear deformation theory contains five unknowns but present first
order shear deformation theory contains only four unknowns and has many similarity with the classical plate theory
such as equation of motion, boundary condition and stress resultant expressions. The equation of motion and
boundary condition are derived from Hamilton’s Principle for the calculation of frequency analysis of orthotropic
laminated composite plates. Analytical closed form solution of simply supported anti-symmetric cross-ply and
angle-ply laminated composite are obtained and results are compared with the exact three dimensional solution.
Comparison studies shows that the present theory can achieve the same accuracy as of the existing first order shear
deformation theory which has more number of unknowns.
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1. Introduction
The increasing use of composite materials system in plates construction for which conventional method of analysis
are inadequate. Among these systems laminated composites are widely used in the aerospace, automotive, marine
and other structural applications because of advantageous features such as high ratio of stiffness and strength to
weight and low maintenance cost. With the increase in application of engineering structures variety of laminated
theories have been developed. The classical laminated plate theory (CLPT), is an extension of the Love—Kirchhoff
hypothesis for isotropic plates and be applied if the laminate is thin and neglects the transverse shear deformation [1,
2, 3, 4, 5, 6] and rotary inertia effects and they discussed reasonable results for thin laminates. In order to overcome
the limitations of CLPT, the shear deformation theories accounted for the effect of transverse shear deformation and
rotary inertia have been recommended. The first-order shear deformation theory (FSDT) [7, 8, 9, 10, 11] also known
as Reissner [12] and Mindlin [13] theory and accounts for the transverse shear effects but need some shear
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correction factors [14, 15, 16]. There are many studies of the bending of laminated composites plates have been
carried out using FSDT [17, 18, 19]. The FSDT violates equilibrium conditions at the top and bottom surfaces of the
plate, the shear correction factors are used to correct the unrealistic variation of the shear stress/strain through the
thickness. The value of shear correction factor depends not only on the composite laminates and geometric para-
meters, but also on the loading and boundary conditions. For orthotropic materials a high ratio of in-plane or out-
plane modulus of elasticity to transverse shear modulus, such that even for cases in which the cross-sectional
thickness ‘h’ is very small compare with the smallest dimension, therefore the transverse shear deformation and
rotary inertia effect are very significant.

In this paper is to develop the free vibration analysis of orthotropic type laminated composite plates by using FSDT
method. A new FSDT method is compared with conventional FSDT method for different unknowns and obtained
strong similarities. The split of transverse displacement into the bending and shear parts leads to a reduction in the
number of unknowns and governing equations.

2. Theoretical formulation
2.1 Basic assumptions

Consider free vibration analysis of rectangular laminated plate of thickness h and edge dimension a and b. The plate
is assumed to a Cartesian coordinate system x-y-z, where x, y plane is the middle plane of the plate and z axis is
normal to the middle surface of the plate. For orthotropic laminated composite material the basic assumption are.

1. The displacement is small in comparison with the plate thickness ‘h’ and therefore, consider plain stress problems

2. The transverse displacement ‘w’ dividing three components extension w , bending w, and shear ws., these
components are functions of coordinates x and y only.

W(X,Y)=W, (X, Y)+W, (X y)+w(X,Y)
3. In comparison with in-plain stress oy and o, the transverse normal stress o, is negligible.

2.2 Kinematics

The displacement of the simple FSDT is given by

U(X,Y,Z)=u,(x,y)+zy,

V(X,Y,Z)=v, (X y)+ 2y, (1)
W(X,Y,Z)=w,(X,Y)

Where uy, Vo and wy are the unknown displacement functions of the corresponding point on the reference surface and
vy and , are the average rotation about y and x axes respectively of the normal to the mid-surface of the

undeformed plate. The transverse displacement ‘w’ making further assumptions that the extension is very low as
compare to bending and shear parts {i.e.,

W, (X, y) =W, (X, y) + W, (X, y) } and therefore yy, = -0 wy/ O x and y, = -0 W,/ Oy, the displacement

field of the simple FSDT can be rewritten as:
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oy
U(X,Y,Z)=u,(Xx,y)—z—=
( )=Us (X, Y) P>

oy,

V(X,Y,Z) =vy(x,y) -2 ¥y

W(X,Y,Z) :Wb(x’ y)+Ws(X1 y)

The displacement of Eq. (2) contained only four unknowns. The idea of partitioning the transverse displacement into
bending and shear components proposed by Huffington [20], Krishna Murty [21], Shimpi [22] and others.
The strain associated with the displacement in Eq. (2) is given by

oU au, 82Wb
& == ——1——
oX  OX OX

Vv, otw,
N Ty o
2
3
7/xy =8_U+8_V=%+%_22M ( )
oY oX oy oX OXoy
— aWS
7/yz - OX
Ya = X,
Xz ay
2.3 Equation of motion
The Hamilton’s principle is used to derive the equation of motion is given by
T
0=j0 (SE +6W — 5K )t @)

Where 6E, 8W and 6K are the variation of strain energy, work done and kinetic energy, respectively. The variation
of strain energy can be expressed by

SOE = J-Oa J-ObJ~+h/2(o-x58X +o,08, + 0,0y, +0,,0r, +c,07, )dxdydz

—h/2

a 2 , -
:.[o .[ob[NX aguo -M, oW, +N 0oV, -M 00w, + ny[aéuo + 55VOJ

X ox’ Yooy Yooy? oy  oX
2
oM, 0°ow, +Q, OOW, 10 a5w5]dxdy
Y oxoy OX Yoy
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Where N, M and Q are the stress resultants is define by

+h/2
N,,N,, N, :J. " (O‘X,Gy,dxy)dz

+h/2 (6)
MX,MyM J‘ O'x,(Ty,GXy)ZdZ
QuQ, = [ (7. i
The variation of work done by external force is calculated by
OW =— J.Oa J.Ob 5 (W, +w; Jdxdy @)

Where q is the transverse external load. The variation
of Kinetic energy is calculated by

SK=["["["(UdU +V &V +W W )pdxdydz

:Ioj {15 [ UgBU, +V,0V, + (W, +W, ) S (W, +Wi,) |

_Il(.oaéw Ay 51 vy, OO, Oy 5 j @
OX
OW, 05W, Wy O5W,
+1, dxdy
x ox oy oy

Where dot- superscript indicates the differentiation with respect to time variable ‘t’, mass density is given by 0 and
(lo, 11, 1) are the mass inertias is given by

Iyl lo = (12,22 )odz ©)

Substituting the expressions dE, 6W and 6K from Egs. (5), (7) and (8) into Eq. (4) and integrating by parts and
collecting the coefficient of Sug, 6vo, dw, and dws. The following equation of motion is given by

aN .
suy: Ny By gy g Mo
ox oy ox
oN oN N
oV, Xy+—y:I0\'/'O—Il%
ox oy oy 10)
2 aZM a M .. ..
5wb:a M2X+2 L ——L g =g (W, W)+ oty , o — 1, VAW,
OX 6x6y oy? ox oy
0
8WS:®+&+q=IO(Wb+WS)
ox oy
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The natural boundary condition for Cartesian coordinate

) system are of the form:
ouy N L +N, I

OV iN L+ N1
aM .
sw | Mo Moy gy Do)
ox oy ox
(alley oM, awj oM
+| — l, +—"=

(11)

+ — IV, + 1, == ns
x oy 07 s

ow, :Ql, +Ql,
0OW, M.
on
where
My, =(M, =M, LI +M (17 =17)
M, =MLZ+MI*+2M LI

Xy X'y
0 0 0
o, 242
on “ox Yoy
o 19,9
os ‘oy Y ox

Where I, and I, are the direction cosines of the unit normal to the mid plane boundary.

Now we consider different boundary condition in the explicit form:

i. Clamped edge
oW,
Up=Vo=W,=ws= —— =0 atx=0,a (12a)
OX
UOZVOZWb:WS:—bZO aty=0,b

ii. Simply supported edge ( cross-ply laminate)
Ny=Vo=w,=w; =M, =0atx=0, a (12b)

Up=Ny=w,=ws=My=0aty=0,b

iii. Simply supported edge ( angle-ply laminate)
Up =Ny =W, =Ws=M,=0 atx=0,a (12¢c)

Ny =Vo=wW,=w; =M, =0aty=0,b
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iv. Free edge
oM . ow
Ny = Nyy = —= 2 U, +1,—2=Qx=M,=0atx=0,a (12d)
OX OX

oM oM N
Ny=N,= 2 axxy+Fy—|l\70+|2%=Qy=My=0aty=O,b

2.4 Constitutive equations of orthotropic laminated plate

Consider a rectangular plate of thickness h composed of ‘n’ orthotropic laminated layers with the coordinate system
X, y and z. as shown in the Fig. 1. Under the assumption that each layer have a plane of symmetry parallel to the x-y
plane, the constitutive equations for a layer can be written as

O _Q11 Q12 0 0 0 | Ex
O-y Q12 Q22 0 O O gy

o=l 0 0 Qg 0 0 K7y (13)
o, 0 O 0 Q, O Vv

o

0 0 0 0 Qu

Xz - 7/XZ
Where Qj; are the engineering constant in the material axes of the layer given as
E, B, E,
Qu= 1 ,Qp, = 1— Q= 1—
V12V V12V21 VoV (14)

Qse = G121Q44 = st’ st =G

The laminate is made of several orthotropic layers with their material axes arbitrarily oriented with respect to the
laminate coordinates. Each layer transformed to the laminate coordinates X, y and z. The stress-strain relation of the
kth layer are given as:

k

Ox _Q‘ll Qllz Qlls 0 0 T éx
O-y Q‘12 Q‘zz lee 0 0 83’
Ow( = QI16 Q‘za Qlee 0 0 Vxy (15)
o, 0 0 0 Qu Qu Vye
o,, L 0 0 0 QI45 sts_ Ve

Where Q'i,- are the constants of different transformed materials as:

Q. =Qy cos* 0+2(Q,, +2Qq )sin® cos® O+ Q,, sin* 0

Q. =(Qu +Qy, —4Qg )sin® fcos” 0+ Q,, (sin* 0+ cos* 0)

Q,, =Qysin* 0+2(Q, +2Q,, )sin’ dcos® 9+ Q,, cos* 0

Qla (Qll Q12 ZQGG)Sin GCOSS 9+(Q12 —Q22 + 2Q66)sin3 @cosd

(16)
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Qe =(Qu — Qi —2Qy )sin’ 0c0s 0 +(Q,, — Q,, +2Q,, )sin fcos® 4
Q'ss =(Qu +Qy, —2Q,, —2Qq )sin® Ocos? O+ Qg (sin4 0 +cos* 0)
Q,, =Q, cos’6+Q,sin’a

Qs =(Qi —Q,, )cOsOsing

Q. =Q, cos’ 0+Q,,sin* 0

Where 0 is the angle between global x-axis and local x-axis of each lamina.
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Fig.1. Coordinate system and layer numbers for a laminated plate
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Put the value of Eq. (3) into Eqg. (15) and also the subsequent results of Eq. (6), the stress
resultants are obtained in terms of displacements (uo, vo, Wp, Ws) iS given by

o 0w,
=0 pe
N, Al A A SV B, B, B 2w
Ny = Ai2 Azz Aze EO + B12 Bzz Bze - 8y2b
N,, As As A au, . v, Bs Byx B L ow, (17)
&y o oxdy
Ay T
ox?
M, B, B, B g\j( D, Dy, D 2w
My = B12 Bzz Bze EO + D12 Dzz Dze - 8y2b (18)
Mxy B By B d ov Dis Dy D )
Uy, &, 0w,
oy OX oxoy
aWS
Qy A45 Ass || OW
oy

Where k is defined as shear correction factor and (Aj;, Bjj, Djj) are the coefficient of stiffness of
plate and is defined by

(AB;D;)= ,[r,/; Q; (12,2 )z (20)

3. Analytical solutions for antisymmetric cross-ply and angle- ply laminates

Consider a rectangular plate with all edges simply supported of length a and width b under
transverse load ¢ and based on Navier solution as

o0 0

m n
(X y,1)=>2>"C, e sin %Xsm%y

mO;l n;l (21)
(X y,t)=>>C e sin X sjn 7Y
m=1 n=1 a b
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For antisymmetric cross-ply

U (X, y,t) = ii A€ cos%sin%
m=1 n=1 22
o it mz X nzy (22)
Vo (X, ¥,t) =D D B, € SmTCOST
=1 n=.

For antisymmetric angle-ply

Uy (X, Y,t) iiA“me sm%cos%

e (23)
(%, y,t) Z;Z B, me"™ cosTs n%

Wherei = \/—_l, (Avomns Bvomn, Comn, Csmn) are coefficient and o is the natural frequency of free
vibration. The transverse load q(X, y) is expressed in terms of double Fourier sin series as

)= Qp,sin wsm? (24)

m=1 n=1

The Fourier coefficient Qm, can be determined from the relationship

Q= abj I X,y smstm bydxdy

Q. =0, for sinusoidal load (25)
Q. = %% for uniform load (26)
mnz

By using Eq. (10) and the stress resultants Eqgs. (17), (18), and (19) the analytical solution can be
obtained for FSDT from governing differential equation for laminated plates is given by

Sy S», Ss O m, O m, 0 Ajomn 0

S, Sy Sy 0 P 0 my m, O Bvomn _ 0 27)
Sz S; S O My My My My, Comn Qumn

0 0 0 s, 0 o my, m, C Qun

smn
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Where
mr ? nrzx ? mrz \( Nz
Su= A11 (?j + Ass (Fj 1S, = (Aiz + A&se)(?j(?)

Sz = Ass (%j +A, (%Z'] 1S3 =Dy (%j + 2(D12 + 2D66)(%) (n{j +D,, (n{) (28)

} for antisymmetric cross-ply (29)

for antisymmetric angle-ply (30)

= { 2 ma -t [ 222 o
23 b 11 33 0 2 a b

For classical plate theory (CPT) the transverse shear displacement is zero (i.e. ws = 0), therefore
the analytical solution is

St S S m, 0 0 ])[Am| [0
Si2 Sp Sy | |0 m, 0 Bim = 0 (32)
Si3 Sy Sa 0 0 mgj)|C,, Qun

4. Numerical results
In this paper some results are discuss to verify the accuracy of the present theory with extending
theory. The obtained results are compared with the exact solution with those predicted by other
plate models. In this examples, a shear correction factor 5/6 has been used both present theory
and FSDT. The lamina property for antisymmetric cross-ply and angle-ply is used:

El/Ez =25, G = G13=0.5E,, Gy3 = O.2E2, vip =0.25 is developed by (Reddy [23])
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4.1 Vibration analysis

Table.1

Fundamental frequency of antisymmetric cross-ply (0/90), square laminates under sinusoidal loads

(Reddy [23])

a/h Theory n

1 3

2 CPT 6..2636 6.5617
FSDT 6.2092 6.5473
Present 6.2090 6.5574

10 CPT 6.9636 8.4617
FSDT 6.9373 8.4543
Present 6.6465 8.4234

20 CPT 7.6646 9.8327
FSDT 7.7071 9.9444
Present 7.7071 9.9452

40 CPT 8.5638 11.2627
FSDT 8.3343 11.5266
Present 8.8356 11.5267

Table.2

Fundamental frequency of antisymmetric angle-ply (45/-45), square laminates under sinusoidal loads
(Reddy [23])

a/h Theory n
1 4

2 CPT 45547 5.6452
FSDT 45593 5.5654
Present 49172 5.4664

10 CPT 7.1086 8.9463
FSDT 8.8972 11.4226
Present 8.9326 11.4934

20 CPT 7.1178 8.9652
FSDT 11.2975 16.2570
Present 11.2515 16.3393

40 CPT 8.2431 9.2324
FSDT 14.6015 20.2335
Present 14.5618 20.7612

5. Conclusions
A first order shear deformation theory was presented for bending analysis of laminated
composite plates. The equation of motion discuss from Hamilton’s principle which analytically
solved for simply supported antisymmetric cross-ply and angle-ply laminated plates. In
conventional FSTD the number of unknown is five is reduced by one of the present FSDT. The
result of present FSDT and the conventional FSDT are almost same for the two cases. Therefore,
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it can be conclude that the present FSDT is not only accurate but also simple in analyzing the
bending of laminated composite plates.
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