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1. Introduction 

The extended Kalman filter [1]，[2]，[3] is useful in the wide area of engineering 

such as signal demodulation problems etc. for the signal observed with nonlinear 

observation mechanism and with additional white observation noise. Also， the extended 

recursive Wiener fixed -point smoother and filter are designed in discrete-time 

wide-sense stationary stochastic systems [4]. The extended recursive Wiener estimators 

use the information of the system matrix φ， the observation vector C for the state 

vector x(k) ， the variance K(k，k) = K(O) ofthe state vector， the nonlinear function on 

the observation mechanism and the variance of the observation noise. Since the 

extended recursive Wiener estimators do not use the input noise variance in the state 

equation， they might be superior in estimation accuracy to the extended Kalman 

estimators [4]. In [5]， the robust extended Kalman filter is proposed for the 

discrete-time nonlinear systems with norm-bounded parameter uncertainties in Krein 

space. 

In [6]， [7]， for input noise signals with the bounded energies， the H'infinity 

estimation problem is considered based on the discrete-time state-space model in Krein 

spaces. The H-infinity estImators are designed so as to be more robust and less sensitive 

for parameter variations. Also， the H-infinity recursive least-squares (RLS) Wiener 

fixed-point smoother and filter are presentεd in linear discrete-time stochastic systems 

[8]. The criterion is provided with an inequality that the maximum value of the ratio of 

the energy by the filtering error to the sum of the weighted square values of the input 

variables is smaller than y2. 

The purpose of this paper， at first， is to design the H-infinity RLS Wiener 

fixed-point smoother and filter for the observation equation (1) with the linear 

modulation of the signal in discrete-time wide-sense stationary stochastic systems. Then， 

the extended H -infinity recursive Wiener estimators are designed for the observation 

equation (25) with the nonlinear modulation of the signal and with the additional white 

observation noise. In the estimators， the system matrix φfor the state vector x(k) ， the 

observation vector C for the state vector， the variance K(k，k) = K(O) of the state 

vector， y， the nonlinear observation function and the variance of the white observation 

noise are used.φ， C and K(O) are calculated from the auto-covariance data of the 

signal. 

In [Theorem 1]， by using the the information of φ， C， K(O) and R， the 

H-infinity RLS Wiener fixed-point smoother and filter are presented. The estimators 

are derived， based on the estimation technique and the algorithms in [4]， [8]， for the 
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。bservationequation (1) with the linear modulation. In [Theor告m 21. the extended 

H 'infinity recursive Wiener fixed 'point smoother and filter are proposed in 

discrete.time wide'sense stationary鈴ochastiむsystems.The estimators in [Theorem 2] 

are obtained by ext告ndingthe lin拍 rH 'infinity RLS Wien告restimators in [Th即時m1] 

similarly as the derivation ofthe ex総ndedKalman filter from the Kalman filter. 

A simul前 ionexample on the estimation of a speech signal， concerning th告 phase

d告modulationproblem， shows that the ext告ndedH 'infinity recursive Wiener estimators 

are superior in estimation accuracy to the extended recursive Wiener estimators [4]. 

2.H・in笈nitysmoothing problem for linear modulation 

2.1 Krein市spaceobservation equation 

Let a scalar observation equation be giv，釘1by 

y，(k) = H(k)z，(k) +v，(k)， z，(k) =Cx(k)， (1) 

in linear discrete.time stochastic systems. Here， ZI仕)is a scalar signaJ， H(k) is a 

linear modulation function of z，(k) and x(k) is an n x 1 state vectぽ withthe 

wide'sen鴎 stationaryproper早 C is a 1 x n observation vector that transforms x(め

to ZI(わ.v1(k) is white observation nois暗. Also， let the state equation for the state 

ve記torx(k) be expr桂ssedby 

x(k + 1)口 φ'x(幻+u(k + 1)ヲ
(2) 

whereφis the state廿 ansitionmatrix and u(k) is white noise input. It is assumed 

th拭 thesignal and the obs母rvationnoise are mutually independent and are zero mean. 

Let the auto'covariance function of v1 (k) and u(幻 beexpres開 dby

E[Vl(k)v~ (j)J 出 RoK(k-j)， R>O， (3) 

E[u(k)u' (j)J出口oOK(k-j)，日。 >0. (4) 

H合re，OKO d告notesthe Kronecker 0 function and 祐容 asteriskden抗告sthe complex 

むonjugation.AIso， it is部 sumedthat the mean and the variance matrix of the initial 

value x(O)(=xo) ar号givenby 

E[xo]口 0，E[xox~] = Qo， Qo > O. (5) 

In general， we consider to告sti滋 atesome arbitrary linear combination of the st抗告 as

z2(k)口 D(k)Ux(k) (6) 

in t悲rmsof the observ母戎 valueYl (k)， where U is given 1 x n matrix. From (I) and (6)， 
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for D(k) = H(k)， U = C ， the problem to estimate z2(k) is reduced to the estimation of 

z，(k). 
Let 'Z(j) be a filtering estimate of Z2 (j). Here， 'Z(j) is also called a fictitious 

observed value of Z2(j). In the finite'horizon H'infinity suboptimal estimation problem 

for Z2(j)， the estimators are designed so as to obtain the filtering estimate 'Z(k) which 

achieves the performance criterion 

__ A(L) 
SUO-:一一一くY2，y>O， 
(x{)，u川}M(L)

L 

A(L) = Le;(j)el(j)， 

M(L) = (xO -XO)' Q~I (xO -XO) + LU' (j)町IU(j)+エバ(j)R-'v，(j) ， (7) 

for the input noise signals， U(j) and V1 (j)， j = 0， 1， ・・・ L，with the bounded 

energies. Here， Qo' IIO and R are positive weighting matrices. Qo reflects a priori 

knowledge as to how close Xo is to its initial guess正:0'(7) means that the maximum 

value for the ratio of the energy of the filtering error e f (j) = 'Z(j) -Ux(j) to the sum of 

the energies by the input variables Xo一為，u(j) and v1 (j) is smaller than r2. The 

H 'infinity estimation algorithms are robust and less sensitive to parameter variations. 

For L =∞， the performance criterion (7) is reduced to that in the infinite-horizon 

H-infinity estimation problem. 

By referring to [8]， the H -infinity estimation problem described above in the linear 

modulation is transformed into the linear least-squares estimation of z(j)， which 

consists of Zl (j) = Cx(j) and Z2 (j) = Ux(j) ， 

z(j) = Tx(j) 
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(10) 

Here， [Ev(j)v*(s)]， 0 ~ j，s ~ L， represents the auto.covariance function of v(・ m

Krein spaces [6]，[7]. The variance :=: of the observation noise v(j) in the Krein spaces 

is indefinite. 

2.2 Least.squares estimation of x(k) based on Krein.space observation equation 

Let a fixed.point smoothing estimate正(k1 L) of x(k) be expressed by 

正(k1 L) = I.h(k，i，L)y(i)， 1 ~ k ~ L， (11) 

i=1 

as a linear transformation of the observed values y(i)， 1三i~ L. 1n (ll)， h(k，i，L) is a 

time.varying impulse response function and k is the fixed point respectively. The 

fixed.point smoothing estimate .i(k 1 L) of the signal z(k) is given by 

.i(k 1 L) = H(k)王(k1 L). 

Let us consider the estimation problem， which minimizes the mean.square value 

J = E[II x(k)一x(k1 L) 112] 

ofthe fixed.point smoothing error. From an orthogonal projection lemma [1] 

x(k) -I.h(k，i，L)y(i)ムy(i)， 0 ~ j， k ~ L ， 
1=1 

the optimal impulse response function satisfies the Wiener-Hopf equation 

L 

[Ex(k)y' (s)] = Ih(k，i，L)E[y(i)〆(s)]

(12) 

(13) 

(14) 

Here，‘よ， denotes the notation of the orthogonality. Let K (γ) represent the 

auto.covariance function of x(.). Substituting (9) and (10) into (14)， we obtain 

h(k，s，L):=: = K(k，s)H' (s)一Ih(k，i，L)H(i)K(i，s)H・(s) (15) 

Let K
Z1 
(k，s) represent the auto.covariance function ofthe signal zl(k). K

Z1 
(k，s) 

is expressed as 

kzi(k，s)=Cφk-'K(s，s)C・l(k-s)+CK・(k，k)(φ'r-kC・l(s-k)， (16) 

where l(k -s) represents the unit step function. 1n wide.sense stationary stochastic 

systems [1]， the variance of x(k) satisfies K(s，s) = K(O) . 
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3. RLS Wiener fixed-point smoothing and filtering algorithms in case of linear 

modulation 

According to the linear H'infinity estimation problem ofthe signal z(k) in Section 

2， [Theorem 1] shows the H -infinity recursive Wiener fixed 'point smoothing and filtering 

algorithms， which use the covariance information ofthe signal and observation noise. 

[Theorem 1] 

Let the observation equation， concerned with the linear modulation for the signal 

z， (k)， be given by (1). Let the auto-covariance function of the signal be given by (16) and 

let the variance of white observation noise v， (k) be R in wide-sense stationary 

stochastic systems. Then， the H'infinity recursive Wiener algorithms， using the 

information of the system matrix φ， the variance K(O) of the state vector， the 

observation vectors C and U and the linear modulation functions H(k) and D(k) ， 

for the fixed-point smoothing and filtering estimates of z(k) consist of(1 7)-(24). 

Fixed-point smoothing estimate of the signal z，(k) = Cx(k) at the fixed point k: 

z，(k，L) 
z，(k，L) = z，(k，L -1) + C~(k， L， L)(y， (L) -H(L)z，(L，L -1)) 

+ C~(k， L， L)(i(L) -D(L)Z2(L，L -1))， 

z，(ムL-l)= Cφ主(L-l，L-l)，

z2(L，L-l)=l}φ正(L-1，L -1) (17) 

Fixed'point smoothing estimate of the signal z2(k) = Ux(k) at the fixed point k: 

z2(k，L) 

z2(k， L) = z2(k， L -1) + U~ (k， L， L)(y，(L) -H(L)z，(L， L -1)) 

+ Uh2 (k， L， L)(i(L) -D(L)Z2(L， L -1)) 

Smoother gain: 

[~(k ， L， L) h2(k，L，L)] 

(18) 

=[K(k，k)(φ・)L-kC・H'(L) -q(k， L -1)φ・C'H'(L) K(k，k)(φγ-k U'D'(L) -q(k，L -1)φU・D'(L)]R;~，

R_ ， = I Qll Q'2 I 
ulQ21 Q221 

Qll = R+H(L)CK(L，L)C'H'(L)-H(L)CφS(L -1)φ'C'H・(L)，
Q'2 = H(L)CK(L，L)C・H'(L) -H(L)CφS(Lー1)φU・D・(L)，

(19) 
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0
21 

= D(L)UK(L，L)C'H' (L) -D(L)[}4φS(L -1)φ・C'H'(L)， 

022 =-r21 +D(L)UK(L，L)U'D'(L)-D(L)Ulφ'S(L-l)φ・u・D'(L)
Auto"variance function ofthe fixed"point smoothing estimate x(k I L): q(k，L) 

q(k I L) = q(k I L -1)φ+内(k，L， L)H(L)C(K(L，L)ーφS(L-1)φ・)

+鳥(k，L，L)D(L)U(K(L，L)一φ'S(L-1)φ)， q(L I L) = S(L) (20) 

Auto"variance function of the filtering estimate正(k，k):S(k) 

S(k) =φS(k -1)φ・+(G1(k)H(k)C + G2(k)D(k)U)(K(k，k)一φS(L-1)φ・)， 

[G，(k) G2(k)]=[K(k，k)C'H・(k)ー φS(kー 1)φ'C'H・(k) K(k，k)Uγ(k)ー φ'S(k-1)φ'U'D・(k)]R;;， 

S(O) = 0 (21) 

Filtering estimate ofthe signal z1(k)(= Cx(k)): z1(k，k) 

z1(k，k) = c正(k，k)
Filtering estimate ofthe signal z2(k)(= Ux(k)): z2(k，k) 

z2(k，k)=U正(k，k)

Fictitious observed value: 'i(k) 

'i(k) = D(k)Z2(k，k) 

Filtering estimate of state vector x(k):正(kI k) 

正(k1 k) =φ正(k-11 k -1) + (K(k，k)一φS(kー1)φ・)C'H'(k)(R+ H(k)C(K(k，k) 

ー φS(k-1)φ')C'H牟(k))一1(Y1(k)-H(k)Cφ正(k-11 k -1))， ;(0，0) = 0 

(22) 

(23) 

(24) 

From [8]， it is found that the proposed filter that achieves the performance criterion 

(7) for L = k exists if， and only， if， 

R + H (j)CK (j， j)C' H' (j) -H (j)CφS(j -1)φ・C'H'(j)> 0 

-r2 1 + D(j)UK (j， j)U' D' (j) -D(j)UφS(j -1)φ・u・D'(j)く 0，

j = 0， 1， 2， ・・・ k.

Proof. The H "infinity recursive Wiener fixed "point smoother and filter [8]， using the 

information of φ， C， U， K(O) and R correspond to the case of H(k) = 1 in the 

observation equation (1) with the linear modulation of the signal Z1 (k). The H"infinity 

recursive Wiener fixed"point smoothing and filtering algorithms in [Theorem 1] are 

derived by applying the estimation technique in [8] to the case of the observation 

equation (1) with the linear modulation. (Q.E.DJ 

4. Extended recursive Wiener estimation algorithms in case of nonlinear modulation 

Let a scalar observation equation with the nonlinear modulation ofthe signal Z1 (k) 

be given by 
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y(k) = f(z] (k)， k) + v(k)， z] (k) = Cx(k)， (25) 

where the signa1 z] (k) and the observation noise v(k) have the same stochastic 

properties as those in Section 2. 

Simi1ar1y to the design of the extended Ka1man fi1te乙inthe design of the extended 

recursive Wiener estimators using the covariance information， the modu1ation function is 

of(z](k)，k)1 r.1L¥ of(z2(k)，k)1 
s H(k) -J ':' '~~/，""I ， D(k) = -J ':l'~:~"'/I in [Theorem 11 。IZj(k) Iz，(k)=Z，(帥ー]) 白2(k) IZ，(k)=z，(klkー])

after expanding the non1inear observation function in a五rst'orderTay10r series about 

z](klk-l) and z2(klk-l) [1]. Here，名(k1 k -1) = 0φ正(k-llk-1) and 

z2(klk-l)=[}iφ正(k-11 k -1) represent the one'step ahead prediction estimates for the 

signa1s z](k) and z2(k) respective1y. A1so， H(L)名(L1 L -1) and H(k)C正(k1 k -1) 

in [Theorem 1] are rep1aced with f(z](LIL-l)，L) and f(zj(klk-l)，k) respective1y. 

Similarly， D(L)Z2(LI Lー1)and D(k)U;正(k1 k -1) in [Theorem 11 are rep1aced with 

f(z2(LIL-l)，L) and f(z2(klk-l)，k) respective1y. 

As a consequence， the H'infinity recursive Wiener fixed'point smoothing and 

fi1tering a1gorithms in the case of the observation equation (25)， with the non1inear 

modu1ation of the signa1 z] (k)， is summarized in [Theorem 2]. It is noted that the 

proposed extended recursive Wiener estimators are sub'optima1 because of the Tay10r 

series approximation ofthe modu1ation function. 

[Theorem 2] 

Let the observation equation， with the non1inear modu1ation of the signa1 z] (k)， be 

given by the (25). Let the auto'covariance function ofthe signal be expressed by (16) and 

1et the variance of white observation noise v] (k) be R in wide'sense stationary 

stochastic systems. Then， the H 'infinity recursive Wiener a1gorithms， using the 

information of the system matrix φ， the variance K(O) of the state vector， the 

observation vectors C and U and the 1inear modulation functions H(k) and D(k)， 

for the fixed'point smoothing and filtering estimates of z(k) consist of(26)-(35). 

Fixed'point smoothing estimate of the signal z](k) = Cx(k) at the fixed point k: 

z](k，L) 

z](k，L) = z](k，L -1) + Chj(k，L， L)(y] (L) -f(z](L，Lー1)，L)) 

+ C~(k ， L ， L)(z(L) -f(Z2(L，L -l)，L))， 

z](L，L-l)=Oφ正(L-l，L-l)，z2(L，L-l)=[}iφ正(L-l，L-l) (26) 

Fixed'point smoothing estimate of the signal z2(k) = Ux(k) at the fixed point k: 
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z2(k，L) 

z2(k，L) = Z2 (k，L -1) + Uh， (k，L，L)(y](L) -f(z] (L，L -1)，L)) 

+ U~(k， L， L)('i(L) -f(Z2(L， L -1)， L)) 

Smoother gain: 

[11， (k， L， L) h2(k， L， L)] 

(27) 

=[K(k，k)(φγ kC' H' (L) -q(k， L -1)φ・C'H・(L) K(k，k)(φ')IA u' D' (L) -q(k， L -1)φ・u・D'(L)]R，~~ 

Ref-[;;;;:] 
Q]I =R+H(L)CK(L，L)C'H'(L)-H(L)Oφ8(L -1)φ・C'H'(L)，
QI2 =H(L)CK(L，L)C'H'(L)-H(L)Cφ8(L -1)φU・D'(L)， 

Q2] = D(L)UK(L，L)C'H'(L) -D(L)UφS(L -1)φ・C'H'(L)，

Q22 = _y21 + D(L)UK(L，L)U'D'(L)-D(L)UIφ8(L-l)φ・u・D'(L)

(28) 

Auto"variance function ofthe fixed"point smoothing estimate x(k I L): q(k，L) 

q(kIL)=q(kIL-l)φ + h，(k，L，L)H(L)C(K(L，L)ーφS(L-l)φ1

+ ~(k， L， L)D(L)U(K(L， L) 一 φS(L-1)φ・)， q(LIL)=S(L) (29) 

Auto"variance function ofthe filtering estimate x(k，k): S(k) 

S(k) =φS(k -1)φ・+(G](k)H(k)C + G2(k)D(k)U)(K(k，k)一φ>S(L-1)φ') ， 

[G1(k) G2(k)] = [K(k， k)Cγ(k)ー φS(k-1)φ・cγ(k) K(k，k)U'D'(k)ー φS(k-1)φ'U'D・(k)]R;:' 

~~=o ~ro 

Filtering estimate ofthe signal z] (k)(= Cx(k)): z](k，k) 

z](k，k) = C.正(k，k)

Filtering estimate ofthe signal z2(k)(= Ux(k)): z2(k，k) 

z2(k，k) =【庄(k，k)

Fictitious observed value: 'i(k) 

E(k) = D(k)Z2(k，k) 

Filtering estimate of state vector x(k): x(k I k) 

元(kI k) =φ正(k-11 k -1) + (K(k，k)一φS(k-1)φ・)C'H'(k)(R+H(k)C(K(k，k) 

ー φS(k-1)φ・)C'H'(k))ーl(y](k)-f(z(k I k -1)，k))，正(0，0)= 0 

Here， the functions H(k) and D(k) are given by 

ゲ(zl(k)，k)1 r.n.， df(z2(k)，k)1 
H(k) -J '.:"1 '::~""/1 ， D(k) = -J ':"'::/，""/1 

B句Z弓lバ(件仰k幻) I 件 )=寸吋2九似M刷l〆μ州(付洲k州附|凶トkト川-

(31) 

(32) 

(33) 

(34) 

(35) 

The difference of the H"infinity recursive Wiener estimators from the extended 

Kalman estimators is based on the information used. The H"infinity recursive Wiener 
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estimators use the information of φ， K(O) ， C， U， H(め D(k) and R. Tゑ告

extended Kalman estimator詩usethe information of① C and the variance n告。fth告

white nois日 inputu(k) in (2). Both estimators use the information of non1inear 

添 付ulationfunction. Since S(k I k) is t恥 auto.variancefunction of the filtering 

estimate 正(kI k)， th思 Kalman詣teringalgorithmあrthe filtering error variance function 

P(k I k) is obtained by subはitutingS(k 1 k):::: K(O)…P(k I k) into (30) in the H'infinity 

ext告ndedrecursive Wiener e自timationalgorithms of [Theorem 2J. For the quantities 

S(k I k -1)ニφS(k-llk-l)φ7' and P(kjk…1)桔 φP(k-1Ik-1)φY ， there isa 

relationship S(k I k 1) = K(O) -no P(k I k 1). 

5.A怠umerical串imulationexample 

Let a scalar observation equation with the nonlin告armodulatio捻 ofth号 signalZj(幻

be given by 

y(k)::::: f(zj(k)，k) + v](k) ， z](k) = Cx(k) ， 

f(z] (k)， k) = cos(27ifckL1 + m AZ] (k)) ，え=1，00倒的)， L1 = 0.0001， m A = 1.2 _ 

(36) 

Th位 nonlinear function in (36) expresses the phase modulation in analogu悲

commu民側tionsystems [9]. H号re，fc垂L1and m A repr倍sentthe carrier合equency，the 

sampling period of the signal z](k) and the phase 舵 nsitivityrespectively_ The 

obs♀rvation function is given by 

年(z](k)，k)1
H向指 = -mA sin(27ifckL1 + mAzj(k I k -1)). (37) 

dz，(k) Iz，(作z，(材 斗 } バ

L告主 vj(k) be white Gaussian ohservation noise having the mean zero and the variance 

R， which is expressed by N(O， R). 

Let the signal zl(k) be expressed by the state vector x(め， which consists of the 

state variables xj(k) z](k)， x2(k)出 z](k+l)， xn(k):::z(k+n-l)， 祭器

z] (k) ::: Cx( k ). x(幻=[xj(k) X2(め… xn(k)f，zj(k)=x](k)， C=[l 0 … 0]. 

(38) 

Let us∞部iderto estimate a vowel signal spoken by the author. Its phonetic symbol is 

written as "/i:!¥The sampling frequency of the voice signal is 1O.025[kHz]. The 

auto'covarian開 functionof the signal is calculated in terms of the N = 350 sampled 
signal data. Let the stochastic process of the vow凶器ignalbe modeled in terms of the AR 
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process of order n. 

z](k) = -a]z] (k -1) -a2z] (k -2)一・・・ -anz](k -n) + e(k)， E[e(k)e(s)] =σ2δK (k -s) 

(39) 

Let Kz(i) ， I=I， • 一 n， represent the auto.covariance function of the signal z](k) 

in wide'sense stationary stochastic systems. The AR parameters ai， I = 1， n， 

are calculated by the Yule'Walker equations 

Kz(O) K，(l) K(n-1)lGIl l-K(l) 

K，(l) Kz(O) Kz(n-2)11 a2 1 1 -Kz(2) 
3 

(40) 

Kz(n-2) K，(O) Kz(l) anーl -Kz(n -1) 

Kz(n -1) Kz(n -2) Kz(O) an -Kz(n) 

By referring to [4]， the 1 x n observation vector C， the auto'variance function K(O) 

of the state vector x(k) and the system matrix φare obtained in terms of the 

auto'covariance function ofthe signal as follows: 

C =[1 0 0]， (41) 

Kz(O) Kz(l) Kz(n -1) 

Kz(l) Kz(O) Kz(n-2) 

K(O) = (42) 

Kz(n-2) Kz(O) Kz(l) 

Kz(n-1) Kz(n-2) ... Kz(O) 

O O O 

O O O O 

(43) 

O O O 

-an -an_] -a2 -a] 

K(O) is also called the Hankel matrix. As indicated in [10]， a finite dimensional 

realization for zJ (k) exists if and only ifthe rank of the Hankel matrix is n. 

By substituting φ， C and K(O) into the H'infinity extended recursive Wiener 

estimation algorithms of [Theorem 2]， the fixed'point smoothing estimate z](k 1 L) at 

the fixed point k and the fi1teri碍 estimate zJ(k 1 k) of the signal are calculated 

recursively. 
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Fig.l illustrat世sthe signal Zl (k)， the filt告ring僻 timatezl(k I k) and th時fixed'point 

開 loothingestimate Zl (k I k + 5) by the告xtendedH 'infinity recursIve Wi芭nerfix告d'poiロt

smoother and filter in [Theorem話vs.k for SNR = 5 [dB] and r 2. Fig.2 illustrates 
th悲 mean'square values (MSVs) in [dB] of the fixed'point smoothing 母rror

z(k)一三(klkゃ5) and the filtering error z(k) -z(k I k) by th思 extendedH 'infinity 

E♀cursive Wiener estimators vs. r， 1.5 s r s 1000， for SNR口 5[dB]. Fig.2 indiむ計四

that the smoother is superior in estimation aむcuracyto the filter. For the large value of r 
such as r = 1000， the MSV s by the拭 tendedH 'infinity recu路 iveWiener君stimator・sare 

samea皐thoseby the extended recursive estimators [4]. The MSV ofth母 filteringerrors 

d告creas告sgradually as the value of r increases. 1n th号 fixed'point smoother， for 

1.5 s r s 2， the MSV decre制 esgradually as r increas母s.It might be found that the 

minimum value ofthe MSV記xistsaround r = 2.0.日程re，the MSVs， by the dB expression， 

of the fixed 'point smoothing errors and the fil総ringerrors are calculated respectiv，骨lyby 

600 

乞(z件)-z(k I k + 5))2/600 
101og1告と_1_τoo

i::>2(k)/600 

エ(z(約一気klk))2!600

[dBJ and 10 loglO -"=----:=・ Fig.3

エジ(k)!600

illustrat♀s the MSVs of th記 filt告ringerror z( k) -z( k I k) and the fixed 'point smoothing 

error z(k) -z(k [ k + 5) by the告xtendedH 'infinity recursive Wiener filter and smoo出合r

vs. SNR [dBl. 1 s SNR s 10， for r = 2. The抗SVsof the fixed'point smoothing errors 

and filtering errors decrease， as the value of SNR increases. AIso， from Fig.3， it is 

shown that the estimation aむcuracyof the ext脅ndedH 'infinity recursive Wien告r

fixe合pointsmoother is superior to that of the宰xtendedH 'infinity recursive Wiener filter. 

Fig.4 illustrates the MSV s of the filtering告rrorz(k) z(制約 andthe fixed 'point 

smoothing error z(k) -z(k I k +よag) by the extended H 'infinity recursive Wiener 

fixed'point smooth告rand the extend想dr母cursiv合 Wi告註合rfix合d'point smooth悲rvs. Lag， 

1 s Lag s 10， for r出 2 and SNR口 5 [dB]. As Lag incr号制es，the estimation 

accuracies by the extended H 'infinity r母何時iveWiener fixed'point smooth悲rand the 

extended recursive Wiener fixed'串mooth併 areimproved. It is seen that the estimation 

accuracy of the extended H-infinity fixed'point蔀mootheris sむperiorto that of the 

extended recursive Wie忠告rfixed'point smoother. 
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6. Conclusions 

In this paper， the H'infinity RLS Wiener fixed'point smoother and filter for the 

observation equation with the linear modulation ofthe signal are proposed， in [Theorem 

11， in discrete-time wide-sense stationary stochastic systems. Then， in [Theorem 2]， the 

extended H -infinity recursive Wiener fixed -point smoother and filter for the observation 

equation with the nonlinear modulation ofthe signal are presented in [Theorem 2]. 

From the simulation example， it has been shown that the the extended H-infinity 

recursive Wiener fixed-point smoothing and filtering algorithms proposed in [Theorem 

2] are feasible. 
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