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PREFACE

The presence or absence of a fixed point in respect of a mapping is an intrinsic
property of the mapping. However, many necessary or sufficient conditions for the
existence of fixed points involve a mixture of algebraic, order theoretic or topological
properties of the mapping or its domain. The fixed point theory has so many
applications in various fields within as well as outside the Mathematics namely:
Approximation theory, Successive approximation, Integral equations, Game theory,
Optimal control, Optimization, Economics and several others.

The origin of the fixed point theory which dates to the later part of nineteenth
century heavily rests on use of successive approximations to establish the existence
and uniqueness of solutions, particularly to differential equations. This method is
-associated with many big names which include Cauchy, Liouville, Lipschitz, Peano,
Fredholm and above all Picard. In Fact the precursors of a fixed point theoretic
approach are explicite in the work of Picard. However, it is the Polish mathematician
Stefann Banach who is credited for placing the underlying ideas into an abstract
frame of work suitable for broad applications well beyond the scope of elementary
differential and integral equations. The fixed point theory of nonexpansive mappings
gained new impetus largely as a result of the pioneering work of Felix Browder
in the mid nineteen sixties and the evolution of nonlinear functional analysis as
an active and vital branch of mathematics. Pivotal in this development were the
1965 existence theorems of Browder, Gohde and Kirk and the early metric result of
Edelstein.

In 2007, Huang and Zhang {25} proposed a generalization of metric notion by
replacing the set of real numbers by orderied Banach space and define a new space
‘termed as cone metric space and gave the fixed point theorems on cone metric space
which is the generalization of some fixed point theorems on metric space. After
this Rezapour and Hamlbarani [44], Vetro [38] and Jungck [12] also gave fixed point
theorems on cone metric spaces.

As usual, Chapter 1 of the dissertation is devoted to the background material
wherein we collect the definitions; examples and basic results on cone metric space.
Section 1.4 deals with definitions and basic fixed point theorems.

Chapter 2 deals with fixed point theorems on contractive mappings in cone

metric space for single valuued maps. In Section 2.3 we present results on common
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fixed point theorems for a pair of maps whereas Section 2.4 contains some basic
definitions and periodic point theorems employing property P and () in respect
of cone metric spaces. In the last section, we present fixed point theorems for a
sequence of mappings.

Chapter 3 is broadly devoted to some core fixed point theorems for multivalued
mappings. In Section 3.2, we present the basic definitions and examples besides
-defining lower semicontinuity and upper semicontinuity with examples. The final
section of thiis chapter is devoted to fixed point theorems for multivalued mappings.

In Chapter 4, we present the topological properties of cone metric space in-
cluding it;s equivalence with metric space. In Section 4.2, we deal with topological
properties of cone metric space. In the remaining part of this chapter, we discuss
metrizability and completion of cone metric space.

In the end, a bibliography is given which by no means is an exhaustive one but

lists only those books and papers which have been referred to in this exposition.
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CHAPTER 1

CONCEPTS AND CORE RESULTS ON CONE
METRIC SPACE

1.1 Introduction

The concept of a metric space is essentially due to a French mathematician Maurice
Frechet (1878 — 1973).Through the definition presently in use is the one formulated
by German mathematician Flix Hausdorff (1868 —1942) in 1914. Frechet introduced
this notion in his doctoral thesis presented to the University of Paris in 1906 and
for many years pioneered the study of such spaces and their application to other
areas of mathematics. There are many generalizaions of metric space which include
Topological spaces, Fuzzy metric spaces, Probablistic metric spaces, Intutionstiic

metric spaces, b-metric spaces, Generalized metric spaces etc.

In 2007 Huang and Zhang gave generelization of metric space by replacing the
real numbers with an ordered Banach space and define a new space termed as coue
metric space and gave fixed point theorems on cone metric space which is the gen-
eralization of some fixed point theorems on metric space . After Huang and Zhang
'[25], Sh. Rezapour [44] | P. Vetro [38], G. Jungck [12] also gave fixed point theorems
on cone metric space . In this chapter we discuss some basic properties, examples,

and resuts of cone metric space .

1.2 Some Basic Definitions
In this section we give some basic definitions and examples of cone in metric setting .

Definition 1.2.1 Let F be a real Banach space and P a subset of E. Then P is
called a cone in F if it satisfies

i) P is closed, non empty and P # {0},

ifabeR ab>0andz,ye P= ar + by € P,

di)r€ Pand —z € P=z=0.



Given a cone P C E, we define a partial ordering < with respect to P by v < y if
‘and only if y — z € P. We shall write 2 < y to indicate that r <y but r # y while
z < y will stand for y — z € intP.

We always suppose E is a Banach space, P is a cone in E with intP # ¢ and < is

partial ordering with respect to P.

Definition 1.2.2 The cone P is called normal if there exists a constant M > 0 such

that for all x,y € E,
O<az<y implies [lzf<M]yl
or equivalently, a cone P C E is a normal cone if
nf{llz+yll: z.ye P, |zl=lyl=1}>0 (1.1)

The least positive integer M satisfying above is called normal constant. Sh. Reza-

pour and R. Hamlbarani {44 proved that M > 1.

It follows from (1.1) that P is non normal if and only if there exist sequences
Tn,Yn € P such that

0<z, <z +VYn, Tn+yn—>0but 2, A0

Example 1.2.3 Let £ = Cr([0, 1]) with supremum norm and P = {f € E: f > 0}.
Then P is a cone with normal constant M = 1.

Example 1.2.4 Let E be a real vector space
1
FE= {a$+b|a,b eER;z € [-2—,1]}
with supremum norm and

P={az+be€ Ela<0,b>0}



then P is a normal cone in E with normal constant M > 1.

Example 1.2.5let E=1', P = {{z,}nc1 € E: 2, 20, for all n}, (X, p) a metric
space and d : X x X — FE defined by d(z,y) = {p(;,;y)}nzl. Then (X, d) is a cone

metric space and the normal constant of P is equal to M = 1.

Example 1.2.6 Let E = C4([0,1]), with || z ||=( z ll + || 2’ . P = {2z € £
z(t) > 0}. This cone is non normal . Consider, z,(t) = t"/n and y.(t) = 1/n.
‘Then 0 < iz, < y, and lim y, =0, but || z, [|= maziejo|t"/nl + mazepy|t"™*| =

1/n+1 > 1, hence z,, does not converge to zero.

Example 1.2.7 Let E = C2([0,1]) with the norm || f ||=]| f |l + || [’ |l and

_ . _ 1l-ginnt _ l4sinnt .
P={f€E:f>0} Putaz, =23 and y, = ==3*. Then 0 < z, < 2, ~ ya,

Il 2o =]l ¥n I|I= 1 and || 2, + yn |= 725 — 0. Therefore the cone P is non normal.
Lemma 1.2.8 There is not normal cone with normal constant A{ < 1.

Proof. Let (X, d) be a cone metric space and P a normal cone with normal constant
M < 1. Choose a non-zero element z € P and 0 < € < 1 such that M < 1—¢ .Then,

(1 —=¢)r <, but (1 —¢)||z|| > M|z||. This is a contradiction.

Proposition 1.2.9 For each £ > 1, there is a normal cone with normal constant
M>Ek.

Proof. Let k£ > 1 be given. Consider the real vector space

E={az+bla,beR;z € [1—%,1]}

with supremum norm and the cone

P={az+b€ FEla<0,b>0}

in E. First, we show that P is regular (and so normal ). Let {anz + by }ns1 be



an increasing sequence which is bounded from above, that is, there is an clement

ct + d € E such that

az+b <ayr+b <. <a,z+b, <. <cr+d,

for all z € [1 — £,1]. Then, {an}n>1 and {b.}n>1 are two sequences in R such that

b]SbQSSd, (112(12>‘.,ZC.

Thus, {an}n>1 and {bn}.>1 are convergent. Let a, — a and b, — b. Then.
ar+b € P and a,z +b, — ar +b. Therefore P is regular. Hence by Lemma 1.2.8,
there is M > 1 such that 0 < g < f implies || g [|[< M || f ||, for all g, f € E. Now
we show that M > k . First note that f(z) = —kz + k € P, g(z) = k € P and
f—g€P. So, 0<g< f. Therefore, k =|| g ||< M || f||= M. On the other hand,
if we consider f(z) = —(k+¢)z+kand g(z) =k, then f € P.g€ Pand f—g€ I
Also, || g|l=kand || fll=1-%+&. Thus,k=[|g|> k]| fll=k+ ;-1 This
shows that M > k.

Definition 1.2.10 The cone P C E is called regular if every increasing sequence

which is bounded from above is convergent. That is, if {z,} is a sequence such that

21 <2 <23 <. <2< <y

for some y € E, then there is z € E such that || z,—z || 0 (n — o). Equivalently
the cone P is regular if and only if every decreasing sequence which is bounded from

below is convergent.
Lemma 1.2.11 Every regular cone is normal.

Proof. Let P a regular cone which is not normal. For each n > 1, choose th,S, € P

'such that t, —s, € P and n? || t, ||<|| s, ||. For each n > 1, put y,, = iy and

Tn = o0 Then Zn, Yo, Y —7n € P, || yo |= L and n® <|| z, |, for all n > 1.

(o)
Since-the series Y = || vy, || is convergent and P is closed, there is an element yer
n=1

o0
such that > %y, = y. Now, note that
n=1



1 1 1
0§I1S£1+§‘12§I1+§$2+§5I‘3§ . <y
o0
Thus, Y ;1171,1 is convergent because P is regular. Hence,

n=1

i 1520,

which is a contradiction.
The converse of Lemma 1.2.11 is not true.

Example 1.2.12 Let E = Cg([0,1]) with the supremum norm and P = {f €
E : f>0}. Then, P is a cone with normal constant M = 1. Now. consider the
following sequence of elements of E which is decreasing and bounded from below

but not convergent in F,

r>2>3> .. >0.

Therefore, the converse of above Lemma is not true.

Definition 1.2.13 The cone P is called
i) minihedral if sup{z,y} exists for all z,y € E.

ii) strongly minihedral if every subset of E which is bounded from above has a

‘supremumn.
ii1) solid if intP # ¢

Example 1.2.14 Let £ = R" with P = {(z1,2,,...2,) : 2, > 0 foralli = 1,2, ..n}.

Then cone P is normal, minihedral, strongly minihedral and solid.

Example 1.2.15 Let £ = R? and P = {(21,0) : 2; > 0}. Then P is strongly
minihedral but not minihedral.

Example 1.2.16 Let D C R™ be a compact set, E = C(D) and P = {f € E

f(z) > 0 for all £ € D}. The cone P is normal, solid and minihedral but is not
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strongly minihedral, and regular.

1.3 Cone Metric Space

‘Definition 1.3.1 Let X be a non empty set. Suppose the mapping d: X x X — E
satisfies

i) d(x,y) > 0 for all z,y € X and d(z,y) = 0 if and only if r =y,

ii) d(z,y) = d(y,z) for all z,y € X,

iit) d(z,y) < d(z,2) +d(y,z) for all z,y,2 € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

It is obvious that cone metric spaces generalize metric spaces.

Example 1.3.2 Let £E = R2, P = {(z,y) € E |r,y > 0} C REX = R and
d: X x X — E such that d(z,y) = (|Jz — y|,a|z — y|), where a > 0 is a constant.

Then (X, d) is a cone metric space.

‘Example 1.3.3 Let £ =R", P = {(z1,20,...7,) € E|z; > 0}, X = R and
d: X x X — E such that

d(z,y) = (Jz = yl. enlz — yl, calx =y, ..., ana [ — yl)

where a; > 0, for all 1 <7< n—1. Then (X,d) is a cone metric space.

Example 1.3.4 Let E' = Cg([0, 1]) with the supremum norm and P = {f € E: f >
0}. Then P is a cone with normal constant M = 1 and (X, p) a metric space. Define
d: X xX = Ebyd(z,y) = p(z,y)p where ¢ : [0,1] — R such that p(t) = ¢’
Then (X, d) is a cone metric space.

Example 1.3.5 Let E = (Cg([0,00)),| . ll), P = {f € E: f(z) = 0},(X,p) a
-metric space and d : X x X — E defined by d(z,y) = p(z,y)¢ where ¢ : [0,1] —» R*
1s continuous. Then (X, d) is a normal cone metric space and the normal constant
of P is equal to M = 1.



Example 1.3.6 Let ¢ >0, E=14 P = {{zp}n>1 € E: 2, 20, for all n}. (X.p)

plz,y)
271.

space and the normal constant of P is equal to M = 1.

a metric space and defined by d(z,y) = {( )i}nZI- Then, (X, d) is a cone metric

Definition 1.3.7 Let (X, d) be a cone metric space. Let {z,} be a sequence in X
and z € X. If for every ¢ € E with o < ¢ there is N such that for all n > N,
d(z,,z) < c, then {z,} is said to be convergent and {z,} converges to z, and z is
the limit of {z,}. We denote this by

limz, =2z or z, >z (n— o)
n—o

Lemma 1.3.8 Let (X, d) be a cone metric space, P be a normal cone with normal
constant M. Let {z,} be a sequence in X. Then {z,} converges to z if and only if

d(z,,z) >0 (n — o0).

Proof. Suppose that {z,} converges to z. For every real € > 0, choose ¢ € E with
0 < cand M || ¢ ||[< e. Then thereis N, for all n > N, d(z,,z) < ¢. So that when
n> N, | d(z,,z) |[< M || c|<e. This means d(z,,z) = 0 (n — o0).

Conversely, suppose that d(z,,z) — 0 (n = o0). For ¢ € F with 0 < ¢, there is
d > 0, such that | z ||< ¢ implies ¢ — z € intP. For this 4 there is N, such that
for all n > N, || d(z,,2) ||< 8. So ¢ —d(z,,z) € intP. This means d(z,, 1) < c.

Therefore {z,} converges to z.

Remark 1.3.9 Converse part of above Lemma 1.3.8 is always true but if cone is

non normal then direct is not true. we demonstrate this by an example.

Let X = E = C%([0,1]) with the norm || f [|=|| f ll« + || f' |lc and P = {f €
E : f > 0} that is not normal cone. Consider z,, = %’L‘ and y, = ”—nj"?"—‘ S0
0<z,<z,+y,—0,and || z, |=|| y. ||= 1. Define cone metricd: X x X —» FE
with d(f,g) = f+ g, for f # g.d(f.f) = 0. Since 0 < z, < ¢, namely,

d(zn,0) < ¢ but d(z,,0) 4 0. Indeed z, — 0 in (X,d) but z,, 4 0 in E. Even for



n>m,d(Zn, Tm) = Tn + Ty < c and || d(zn, Tm) |=]] 2o + 2m ||= 2. In particular
d(Tp, Tny1) K ¢ but d(zn, Tnt1) 7 0.

Lemma 1.3.10 Let (X, d) be a cone metric space, P be a normal cone with normal
constant M. Let {z,} be a squence in X. If {z,} converges to x and {z,} converges

to y, then = = y. That is, the limit of {z,} is unique.

Proof. For any ¢ € E with 0 < c, there is N such that for all n > N, d(z,. 1) < ¢
and d(z,,y) < c. We have

d(z,y) < d(zn, z) + d(zn,y) < 2c.

Hence || d(z,y) ||[< 2M || ¢ ||. Since c is arbitrary, hence d(z,y) = 0, therefore r = y.

Definition 1.3.11 Let (X, d) be a cone metric space, {z,} be a sequence in X. If
for any ¢ € E with 0 < ¢, there is N such that for all n,m > N, d(z,z.m) < ¢,

then {z,} is called a Cauchy sequence in X.

Definition 1.3.12 Let (X, d) be a cone metric space, if every Cauchy sequence is

.convergent in X, then X is called a complete cone metric space.

Lemma 1.3.13 Let (X, d) be a cone metric space, {z,} be a sequence in X. If {z,}

converges to z, then {z,} is a Cauchy sequence in X.

Proof. For any ¢ € F with 0 < ¢, there is N such that for all n,m > N,
d(zp. 1) € ¢/2 and d(zm,z) < ¢/2. Hence d(t,, ) < d(Th,7) + d(T), 1) < .

Therefore {z,,} is a Cauchy sequence.

Lemma 1.3.14 Let (X, d) be a cone metric space, P be a normal cone with normal
constant M. Let {x,} be a sequence in X. Then {z,} is a Cauchy sequence if and
only if d(z,,z,,) = 0 (n,m — 00).

- Proof. Suppose that {z,} is a Cauchy sequence. For every £ > 0, choose ¢ € E
with 0 < ¢ and M || ¢ [|[< e. Then there is N, for all n,m > N, d(Zn,Tm) < c.

8



So that when n,m > N, || d(zn,zm) [|[< M || ¢ ||< &. This means d(z,, 1m) —

0 (n,m — o).

Conversely, suppose that d(z,,, z,,) = 0 (n,m = 00). For ¢ € E with 0 < ¢. there
is § > 0, such that || z ||< ¢ implies c—z € intP. For this § there is N, such that for
alln.m > N, || d(zn,Tm) ||< 8. So c—d(zn, Tm) € intP. This means A(Ln, Tm) < c.

Therefore {z,} is a Cauchy sequence.

Lemma 1.3.15 Let (X, d) be a cone metric space, P be a normal cone with nomal
constant M. Let {z,} and {y,} be two sequence in X and z,, = z, y,, = y (n — 00).
Then d(z,,, zm) — d(z,y) (n = 00).

Proof. For every ¢ > 0, choose ¢ € E with 0 < c and || ¢ ||< 7. From 2, —

.and y, — y, there is N such that for all n > N, d(z,, ) < ¢ and d(yn,y) < c. We
have

d(ﬂ?n, yn) < d(xn: I) + d(a:,y) + d(ymy) < d(l‘, y) + 2c,

d(z,y) < d(Tn, ) + d(Zn, Yn) + d(Yn, ¥) < d(zn, yn) + 2¢.
Hence

0 < d(z,y) + 2c— d(zr,yn) < 4c

and

I d(zn, yn) — d(z.y) 11 dlz, ) + 2¢ = d(@n, yn) | + [ 20 [|< (AM +2) [ c[|< .

Therefore d(z,.yn) — d(z,y) (n = ).

Definition 1.3.16 Let (X, d) be a cone metric space. If for any sequence {z,} in

X, there is a subsequence {z,,} such that {z,,} is convergent in X. Then X is

called a sequentially compact cone metric space.

1.4 Some Basic Fixed Point Results

In what follows, we collect some basic definitions needed throughout this exposition.



Definition 1.4.1 Let X be a nonempty set and T': X — X be a self map. We say
that r € X is a fixed point of T if Tx = x and denote by F(T) or Fiz(T), the set
of all fixed points of T. In other words, a point which remains invariant under the

transformation T is called a fixed point of 7.

Example 1.4.2

(i) If X =R and T(z) = 22 + 5z + 4, then F(T) = {-2};
(i) If X = R and T(z) = 2 — x, then F(T) = {0, 2}:
(i) If X =R and T(z) = = + 2, then F(T) = ¢;

(iv) If X = R and T(z) = z, then F(T) = R.

Remark 1.4.3 For a given self map the following properties obviously hold:
(1) F(T) Cc F(T™), for each n € N;
(2) F(T™) = {z}, for somen € N= F(T) = {z}.

The converse of (1) is not true, in general, as demonstrated by the following example.

Example 1.4.4 Let T : {1,2,3} — {1,2,3}, with T(1) = 3, T(2) = 2and T(3) = L.
Then F(T?) = {1,2,3} but F(T) = {2}.

In 1912, Brouwer proved the earliest fixed point theorem which runs as follows:

Theorem 1.4.5. If
(i) K is a compact convex subset of a Euclidean space R™ and
(i1) T : K — K is a continuous function,

‘then T has a fixed point in K.

An immediate corollary of this theorem on the real line can be stated in the following

way:

Corollary 1.4.6 Every continuous self mapping of a closed interval has a fixed

point.

Most of the problems in Functional Analysis arise in function as well as sequence
spaces and therefore, it is natural to ask if Brouwer theorem can be extended to
these spaces. Kakutani produced an example to show that Theorem 1.2.1 cannot

be extended to infinite dimensional spaces.

Example 1.4.7 Let C = {z € [* : |z|| < 1} be the unit ball in Hilbert
space [2. For each z = {z1.29,23,..} in C, defineamap T : C — C by Tr =

10



{+/1 =zl 21,22, ..., Tn. ...}. Since ||Tz|| = 1, T is continuous, but T' does not
admit any fixed point.

Definition 1.4.8 Let (X, d) be a metric space. A mapping T": X — X is called
(1) Lipschitzian (or L-Lipschitzian) if there exists L > 0 such that

d(Tz,Ty) < L d(z,y), forallz,y € X;

(2) strict contraction (or a-contraction) if T is a-Lipschitzian, with a € [0,1);
(3) nonexpansive if T is 1-Lipschitzian;

(4) contractive if d(Tz,Ty) < d(z,y), for all z,y € X, x # y:

(5) isometry if d(Tx, Ty) = d(z,y).

Example 1.4.9

(1)) T:R — R, with T'(z) =  + 3, z € R, is a strict contraction and F(T) {6 }
(ii) If x = {z,} € %, then the mapping T : I* — 1? defined by T(z) = {#} is
contraction mapping on [2.

-(iii) The mapping T : [%,2] — [3.2], defined by T(z) = 2, is a 4-Lipschitzian with
F(T) = {1}, while the functions T in Example 1.2.1 part (iii) and (iv) are all
isometries.

(iv) T : [1,00) = [1,00), with T'(x) = z + 1, is contractive and F(T) = ¢.

The following theorem is of fundamental importance in the metrical fixed point
theory which is popularly referred as Banach contraction principle or contraction
mapping principle.

Theorem 1.4.10 If

(i) (X.d) is a complete metric space and

(i) T : X — X is a contraction map,

then T has a unique fixed point p and T"(z) — p (as n = o), for each z € X.

Remark 1.4.11 While considering Lipschitzian mappings, a natural question arises
‘whether it is possible to weaken contraction assumption a little bit in Banach con-
traction principle and still obtain the existence of a fixed point. In general, the

answer to this question is no. In this regard, the following interesting example is
available in Khamsi and Kirk.
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Example 1.4.12 Let C[0, 1] be the complete metric space of real valued continuous
functions defined on [0, 1] with respect to supremum metric and consider the closed
subspace Z of C[0,1] consisting of those functions f € C[0,1] satisfying f(1) = 1.
Since Z is a closed subspace of C[0, 1], therefore Z is also complete. Now. define
T:Z — ZbyTf(t)=tf(t) for all t € [0,1]. Then we can say d(Tf,Tg) < d(f.9)
whenever f # g but T has no fixed point as Tf = f = tf = f = f(t) = 0 for all
t € [0,1). On the other hand, f(1) = 1 which contradicts the continuity of 7" and so

T cannot have a fixed point in Z.

In 1930, Schauder extended Brouwer’s result to infinite dimensional spaces, which

runs as follows:

. Theorem 1.4.13 If
(i) A" is a compact convex subset of a Banach space E and
(ii) T : K — K is a continuous function,

then T has at least one fixed point.

Schauder also proved a theorem for a compact map which is known as second form

of Schauder fixed point theorem. For this we need the following definition.

Definition 1.4.14 A self mapping T of a Banach space F is called completely
continuous compact map if 7" is continuous and 7 maps bounded set to precompact

set.

Remark 1.4.15 A compact map is always continuous but converse need not he
true. For example, an identity function defined on an infinite dimensional normed

space 1s continuous but not compact.

Here we represent the another form of Schauder fixed point theorem.

Theorem 1.4.16 If

(i) K is a bounded closed convex subset of a Banach space E and
(i) T: K — K is a compact map,

then T has at least one fixed point.
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CHAPTER 2

FIXED POINT THEOREMS OF
CONTRACTIVE MAPPINGS

2.1 Introduction

Fixed point theory is a rich, interesting and highly applied branch of mathemat-
ics. The classical fixed point theorems are utilized very effectively in the existence
theories of differential equations, integral equations, functional equations, partial
differential equations, random differential equations and other related areas. By a
fixed point theorem, we shall understand a statement which asserts that under what
conditions a mapping T of a set X admits one or more point z of X such that
Tz = z. Indeed, the most significant result of fixed point theory was given by the
Polish mathematician Stefan Banach in 1922 which is popularly referred as classical

Banach Contraction Principle.

The fixed point theory has got its origin in Brouwer wherein he proved his pioneecr
theorem (to be stated later) which laid the foundation of Topological Fixed Point
-Theory. The fixed point theory for nonexpansive mappings defined on Banach spaces
was initiated by Browder and Kirk.

The study of fixed points of functions satisfying certain contractive conditions has
been at the center of vigorous research activity and it has a wide range of applications
in different areas such as nonlinear and adaptive control systems, fractal image
decoding, and convergence of recurrent networks.

In 2007 Huang and Zhang [25] generalized the classical notion of metric space by
replacing the real numbers with an ordering Banach space and term the new no-
tion as cone metric space. They proved some fixed point theorems of contractive

mappings on cone metric spaces which form the subject material for this dissertation

2.2 Fixed Point Theorems

In this section we shall give some fixed point theorems of contractive mappings.
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Theorem 2.2.1 Let (X,d) be a complete cone metric space, P be a normal cone
‘With normal constant M. Suppose the mapping T : X — X satisfies the contractive
condition

' d(Tz,Ty) < kd(z,y), forallz,y € X

where k € [0,1) is a constant. Then T has a unique fixed point in X. And for any

z € X iterative sequence {T"z} converges to the fixed point.

Proof. Choose 15 € X. Set

_ _ 72 _ _ n+l,
ry =Tzo, 20 =Txy =T xg, ..., Tyy1 = T =T zg......

We have
d(xn—H, mn) = d<TInaT$n—l) S kd<$na mn—l)
S kzd(flfn._l,l'n_g) S S knd(ilfl, 2?0)
So for n > m,
d(.’lﬁml'm) d(In, -’En—l) + d(l‘n_l, .Tn_g) + ...+ d(l‘m+1, il,'m)

<
< (R4 k2 L+ R d(x, 30) < %d(zl,xg)

We get || d(zn, Tm) ||< £5M || d(z1, 20) ||. This implies d(zn, m) — 0(n, m — 00).
Hence {z,} is a Cauchy sequence. By the completeness of X, there is ¥ € X such

that z, — z*(n — o0). Since
d(Tz*,z%) < d(Tzn, Tz.) + d(Tn, 2%) < kd(z4,2%) + d(2011,27),

| d(Tz", ") < Mk || dzn, 2") || + || d(@asr, ") [[) = 0.

Hence || d(Tz*,z*) ||= 0. This implies Txz* = z*. So r* is a fixed point of T. Now
if y* is another fixed point of T, then

d(z*,y*) = d(Tz*, Ty*) < kd(z*, y*).

Hence || d(2*,y*) ||= 0 and =* = y*. Therefore the fixed point of T is unique.

Corollary 2.2.2 Let (X, d) be a complete cone metric space, P a normal cone with
normal constant M. For ¢ € E with 0 < ¢ and zo € X, set B(zg,c) = {z € X |
d{xo,x) < ¢}. Suppose the mapping T : X — X satisfies the contractive condition

d(Tz, Ty) < kd(z,y), for all z,y € B(xo, ¢),
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where k € [0, 1) is a constant and d(Tzg, zg) < (1 — k)c. Then T has a unique fixed
point in B(xg,¢).

Corollary 2.2.3 Let (X, d) be a complete cone metric space, P a normal cone with
normal constant M. Suppose a mapping T : X — X satisfies for some positive
integer n,

d(T"z, T™y) < kd(z,y), forall z,y € X

where k € [0,1) is a constant. Then T has a unique fixed point in X.

Theorem 2.2.4 Let (X,d) be a sequentially compact cone metric space, P be a

regular cone. Suppose the mapping T : X — X satisfies the contractive condition
d(Tz,Ty) < d(z,y), forall z,y € X,z #y.

Then T has a unique fixed point in X.

Theorem 2.2.5 Let (X, d) be a complete cone metric space, P a normal cone with
normal constant M. Suppose the mapping T : X — X satisfies the contractive

condition

d(Tz,Ty) < k(d(Tz,z)+ d(Ty,y)), forall z,ye X

where k € [0, %) is a constant. Then T has a unique fixed point in X and for any

r € X, iterative sequence {T™z} converges to the fixed point.

Theorem 2.2.6 Let (X,d) be a complete metric space, P be a normal cone with
normal constant M. Suppose the mapping T : X — X satisfies the contractive
condition

d(Tz,Ty) < k(d(Tz,y) + d(Ty,z)), for al z,y € X,

where & € {0, %) is a constant. Then 7' has a unique fixed point in X. And for anv

r € X, iterative sequence {T™z} converges to the fixed point.

Remark 2.2.7 Theorems 2.2.1-2.2.6 generalize the fixed point theorems of contrac-
tive mappings in metric space to cone metric space.

We conclude with an example.



Let E = R?, the Euclidean plane, and P = {(z,y) € R* | z.y > 0} be a normal
cone in E. Let X = {(£,0) € R? |0 <z < 1}U{(0,z) € R* | 0 <z < 1}.The
mapping d : X x X — E is defined by

(2,0, :0) = (5 e =y [z =y

§(0.2),0.9) =z -y 312y

(00, (0,9)) = d(0,9), (5,0) = (o + 5,2+ 3)

Then (X.d) is a complete cone metric space. Let the mapping T : X — X with
1
T((x,0)) = (0,z) and T((0,z)) = (513,0).
Then T satisfies the contractive condition

d(T((z1,22)), T((y1,¥2))) < kd((z1,22), (1,92)), for all (z1,22), (1,72) € X,

with constant k = 2 € [0,1). It is obvious that T  has a unique fixed point (0,0) € X
On the other hand, we see that T is not a contractive mapping in the Euclidean

metric on X.

In 2008 Sh. Rezapour and R. Hamlbarani [44] proved that there are no normal
cones with normal constant M < 1 and for each £ > 1 there are cones with normal
constant M > k. Also by providing non-normal cones and omitting the assumption

of normality in some results of [25], we obtain generalizations of the results.
Lemma 2.2.8 There is not normal cone with normal constant M < 1.

Proof. Let (X, d) be a cone metric space and P be a normal cone with normal con-
stant M < 1. Choose a non-zero element € P and 0 < & < 1 such that M < 1—¢ .

‘Then, (1 —¢)z < z, but (1 — ¢)|z|| > M||z||. This is a contradiction.

Proposition 2.2.9 For each k > 1, there is a normal cone with normal constant
M>Lk.
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Proof. Let £ > 1 be given. Consider the real vector space
1
E={az+bla,beR;z €[l - Zl]}

with supremum norm and the cone
P={axr+beEla<0,b>0}

in E. First, we show that P is regular (and so normal). Let {an,z + b.}.>1 be
an increasing sequence which is bounded from above, that is, there is an element

cx +d € E such that
az+b <ar+b <. <aur+b, <. <cr+d,
for all z € [1 — %, 1]. Then, {a,}.>1 and {b,}.>1 are two sequences in R such that

by <by<..<d

—_— 1

a, >0y 2> ...2¢C.

Thus, {a,}n>1 and {bn}n>1 are convergent. Let a, — e and b, — b. Then, az+b € P
and a,r + b, — ax + b. Therefore P is regular. Hence by Lemma 2.2.8, there is
M > 1 such that 0 < g < fimplies || g |S M || f ||, for all g, f € E. Now we show
that M > k . First note that f(z) = —kz+k € P, g(z) =k € Pand f—g € P. So.
0 < g < f. Therefore, k =|| g [|[< M || f ||= M. On the other hand, if we consider
fl@)=—(k+3)z+kand g(x) =k, then f € P,ge Pand f—g € P. Also, || g ||=k
and || f |l=1-++%. Thus, k=|| g |> k|| f|=k+1—1. This shows that M > k.

‘Theorem 2.2.10 Let (X,d) be a complete cone metric space and the mapping

T : X — X satisfy the contractive condition
d(Tz,Ty) < kd(z,y) forall z,y € X

where k € [0,1) is a constant. Then, T has a unique fixed point in X. For each

z € X, the iterative sequence{T™z},>1 converges to the fixed point.

Corollary 2.2.11 Let (X, d) be a complete cone metric space. Suppose a mapping

T : X — X satisfies for some positive integer n,
d(T"z, T™y) < kd(x,y),
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for all z,y € X, where k € [0,1) is a constant. Then T has a unique fixed point in X.

Theorem 2.2.12 Let (X,d) be a complete cone metric space and the mapping
T : X — X satisfy the contractive condition

d(Tz,Ty) < k(d(Tx,z) + d(Ty,y)),

for all z,y € X; where k € [0, %) is a constant. Then, T has a unique fixed point in

X. For each z € X, the iterative sequence {T"r},>; converges to the fixed point.

Theorem 2.2.13 Let (X,d) be a complete cone metric space and the mapping
T : X — X satisfy the contractive condition

d(Tz,Ty) < k(d(Tz,y) + d(z, Ty)),

for all z,y € X, where k € [0, 1) is a constant. Then, T has a unique fixed point in

X, the iterative sequence {T™z},>1 converges to the fixed point.

Theorem 2.2.14 Let (X,d) be a complete cone metric space and the mapping

T : X — X satisfy the contractive condition
d(Tz,Ty) < kd(z,y) + ld(y, Tz),

for all z,y € X, where k,l € [0,1) are constants. Then, T has a unique fixed point
in X. Also the fixed point of T is unique whenever k + 1 < 1.

P. Vetro [38] gave the fixed point results by using the notion of g-weak con-
traction mapping in the setting of cone metric space. These results generalize some

cominon fixed points results in metric space and some of results of Huang and Zhang

[25] are in cone metric space.

Definition 2.2.15 Let (X, d) be a cone metric space, P be a normal cone with

normal constant M. Let f,g: X — X be mappings, f is a g-weak contraction if

d(f(z), f(y)) < a d(f(x), g9(x)) + B d(f(y). g(¥)) + v d(g(z), 9(y)),

for all x,y € X, where o, 5,7,€ [0,1) and o+ 3+ < 1.
Suppose f(X) C g(X) and for every zo € X, we consider the sequence {z,} C X
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‘defined by g(z,) = f(zn-1) for all n € N, we say that (f(z,)) is a f-g-sequence of

initial point xg.

Theorem 2.2.16 Let (X,d) be a cone metric space, P be a normal cone with
normal constant M and let f,g: X — X be such that f(X) C ¢g(X). Suppose that

f is a weak g-contraction such that

flg(2)) = glg(x)) if f(z) = g(z).

If f(X) or g(X) is a complete subspace of X, then the mappings f and g have
a unique common fixed point in X. Moreover for any zq € X, the f-g-sequence

(f(z)) of initial point z¢ converges to the fixed point.

From above theorem if we choose g = Iy the identity mapping on X, we obtain

the following corollary:

Corollary 2.2.17 Let (X, d) be a complete cone metric space, P be a normal cone
with normal constant M and let f : X — X. Suppose that f satisfies the contractive

condition

d(f(z). f(y)) < ad(f(z),x) + B d(f(y) y) + v d(z.y). forall z,y e X
Then the mapping f has a unique fixed point in X. Moreover for any z¢ € X. the

sequence (f"(zg)) converges to the fixed point.

Remark 2.2.18 We obtain Theorem 2.2.1 respectively Theorem 2.2.4 of [24] from

Corollary if we choose a = 8 = 0, respectively & = and v = 0.

Corollary 2.2.19 Let (X,d) be a cone metric space, P be a normal cone with
normal constant M and let f,g: X — X be such that f(X) C ¢g(X). Suppose that

f is a g-weak contraction and that the condition

d(f(9(z)). 9(g(2))) < Kd(f(z), 9(z))

hold for each z € X, where K is a positive constant. If f(X) or g(X) is a complete

subspace of X, then the mappings f and g have a unique common fixed point in X.

19


file:///mique

Moreover for ro € X, the f-g-sequence (f(z,)) of initial point xg converges to the

fixed point.

2.3 Common Fixed Point Theorems for Two Maps

Definition 2.3.1 Let f and g be self mappings on a set X. If w = fz = gz for
some z in X, then z is called a coincidence point of f and g, and w is called a point

of coincidence of f and g.

Definition 2.3.2 A pair of self-mappings (f,g) on a cone metric space (X, d) is
said to be compatible if for arbitrary sequence z, in X such that lim,_f (r,) =
limpoeog(z,) = t € X, and for arbitrary ¢ € P with ¢ €intP, there exists ny € N
such that d(fgz,, gfz,) < ¢ whenever n > ny.

Definition 2.3.3 Two self mappings f and g of a set X are said to be weakly
compatible if they commute at their coincidence points; that is, if fu = gu for some

u € X, then fgu = gfu.

Proposition 2.3.4 Let f and g be weakly compatible self maps of a set X. If f and

_g have a unique point of coincidence w = fz = gz, then w is the unique common

fixed point of f and g.

Proof. Since w = fxr = gz and f and g are weakly compatible, we have fw =
fogz = gfx = gw, i.e., fw = gw is a point of coincidence of f and g. But w is the
only point of coincidence f and g, so w = fw = gw. Moreover if z = fz = gz, then
z is a point of coincidence of f and g, and therefore z = w by uniqueness. Thus w

Is a unique common fixed point of f and g.

Theorem 2.3.5 Let (X,d) be a cone metric space, and P a normal cone with

normal constant M. Suppose mappings f,g: X — X satisfy

d(fz, fy) < kd(gz, gy), for all z,y € X.

where k € [0,1) is a constant. If the range of g contains the range of f and g(X) is
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a complete subspace of X, then f and g have a unique point of coincidence in X.
Moreover if f and g are weakly compatible, f and g have a unique common fixed

point.

Example 2.3.6 Let E=R*> P={(z,y) € E:z,y >0} C R}, d:RxR > FE
such that
d(z,y) = (lz — yl, alz — yl).

where a > 0 is a constant. Define

fo = { gl z#0

, =10
and
ar, T #0
9 {% z=0

‘where § > 1. and v # 0. It may be verified that

d(fz, fy) < kd(gz,gy), for all z,y € X.

where k = 71, € (0,1]. Moreover f and g have a coincidence point X.

In above example f and g do not commute at the coincidence point 0. and
therefore are not weakly compatible. And f and g do not have common fixed point.

Thus, this example demonstrates the crucial role of weak compatibility in our results.

Theorem 2.3.7 Let (X, d) be a cone metric space and P a normal cone with normal

constant M. Suppose that the mappings f,g : X — X satisfy the contractive
condition

d(fz, fy) < k(d(fz,9z) + d(fy,gy)), for all z,y € X,

where k € [0,3) is a constant. If the range of g contains the range of f and g(X)

is a complete subspace of X, then f and g have a unique coincidence point in X.

Moreover if f and g are weakly compatible, f and ¢ have a unique common fixed
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point.

Theorem 2.3.8 Let (X, d) be a cone metric space, and P a normal cone with normal
constant M. Suppose that the mappings f,g : X — X satisfy the contractive
condition

d(fz. fy) < k(d(fz,gy) + d(fy, gz)), for all z,y € X.

where k € [0, %) is a constant. If the range of g contains the range of f and g(X)
is a complete subspace of X, then f and g have a unique coincidence point in X.
Moreover if f and g are weakly compatible , f and g have a unique common fixed

point.

G. Jungck, M. Abbas [26] establish the existence of coincidence points and
common fixed point for pair of mappings satisfying certain contractive conditions in
cone metric space. After this M. Abbas and B.E. Rhoades obtained [13] fixed point
theorems for mappings without appealing to commutativity conditions, defined in

a cone metric space.

Theorem 2.3.9 Let (X, d) be a complete cone metric space, and P a normal coue
with normal constant M. Suppose that the mappings f and g are two self maps of

X satisfying
d(fr.gr) < ad(z,y) + 3 [d(z, fz) + dly, gy)] + v [d(xz, gy) +d(y. fr)]  (2.1)

for all z,y € X, where a, 5,7 > 0 and a+23+2v < 1. Then f and g have a unique

common fixed point in X. Moreover, any fixed point of f is a fixed point of ¢, and

conversely.
Corollary 2.3.10 Let (X, d) be a complete cone metric space, and P a normal cone
with normal constant M. Suppose that a self map f of X satisfies

d(f*z, f1y) < a d(z,y) + 8 [d(z, fPz) + d(y, f9)] + 7 ld(z, f) + d(y, fP2)] (2.2)

for all z,y € X, where o, 8,7 > 0, a + 28 + 2y < 1, and p and ¢ are fixed positive

integers. Then f has a unique fixed point in X.
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Corollary 2.3.11 Let (X, d) be a complete cone metric space, and P a normal cone

with normal constant M. Suppose the mapping f : X — X satisfies

d(fz, fy) < ad(z,y) + B [d(z, fz) + d(y, fy)] + 7 [d(z, fy) + (v, fz)]

forallz,y € X a, 8,7 > 0 and a+28+2v < 1. Then f has a unique fixed point in X.

Corollary 2.3.12 Let (X, d) be a complete cone metric space, and P be a normal

cone with normal constant M. Suppose that mapping f : X — X satisfies
d(fz, fy) < ad(z,y) + agd(z, fz) + asd(y, fy) + asd(z, fy) + asd(y, fz)

5

for all x,y € X, where a; > 0 for each i € {1,2..5} and ) a; < 1. Then f has a
i=1

unique fixed point in X.

Corollary 2.3.13: Let (X, d) be a complete cone metric space, and P be a normal

cone with normal constant M. Suppose the mapping f : X — X satisfies

d(fz, fy) < ad(z,y) + 6 [d(z, fz) + d(y, fy)]

for all z,y € X, where o, 3, > 0 and o + 23 < 1. Then f has a unique fixed point
in X. '

2.4 On Periodic Point Theorems

It is obvious that if f is a map which has a fixed point p, then p is also a fixed
point of f for every natural number n. However the converse is false. For example,
consider X = [0,1], and f defined by fr =1 — z. Then f has a unique fixed point
at %, but every even iterate of f is the identity map, which has every point of [0, 1]
as a fixed point. On the other hand, if X = [0,7], fx = cos z, then every iterate of
f has the same fixed point as f. If a map satisfies F(f) = F(f") for each n € N,
where F'(f) denotes a set of all fixed points of f, then it is said to have property P
(17). We shall say that f and g have property Q if F(f) N F(g) = F(f*) N F(g").

Thearem 2.4.1 Let f be a self-map of a cone metric space (X, d), and P a normal

cone with normal constant M, satisfying
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)d(fz, f?z) < Md(z, fz), for all z € X, where 0 < A < 1
or (ii) with strict inequality, A = 1 and for all x € X,z # fz. U F(f) # ¢, then f
has property P.

Proof. We shall always assume that n > 1, since the statement for n = 1 is trivial.
Let u € F(f™). Suppose that f satisfies (1). Then

d(u, fu) = d(f(f" ), F2(f*'u)) < Ad(f" M, fru)
< A, ) <l < A, fu)

Then by normality of cone metric space
Il d(u, fu) [|< A"M || d(u, fu) | -

Now the right hand side of the above inequality approaches zero as n — oo. Hence
| d(u. fu) ||= 0, and u = fu. Suppose that f satisfies (ii). If fu = u, then there is
nothing to prove. Suppose, fu # u. Then a repetition of the argument for case (i)
leads to

d(u, fu) < d(u, fu)

a contradiction. Therefore, in all cases, © = fu and F(f*) = F(f).

Theorem 2.4.2 Let (X,d) be a complete cone metric space, and P be a normal
cone with normal constant M. Suppose the mappings f.g : X — X satisfy (2.1).
Then f and g have property Q.

Proof. From Theorem 2.3.9 f and g have a common fixed point in X. Let u €
F(f")NF(g™). Now,
d(u, gu) = d(f (/" ), 9(9™w))
< ad(f*'u, fu) + BlA(f*u, fru) + d(fu, g7 )]
+[d(f* " u, g™ ) + d(gMu, fru)]
< ad(f*tu,u) 4 BlA(f e, u) + d(u, gu)] 4+ A e, w) 4 d(uw, gu)),

which further implies that

d(u, gu) < 6d(f™ tu, u)

where § = ‘;—j;_% < 1, and we have

d(u, gu) d(f™u, g™ tu) < 8d(ftu, )

; Lo <, fu).
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Then by normality of cone metric space
I d(u, gu) < 6" M || d(u, fu) ||

Now the right hand side of the above inequality approaches zero as n — co. Hence

| d(u, gu) ||= 0 and u = gu, which, from Theorem 2.3.9 implies that u = fu.

Theorem 2.4.3 Let (X, d) be a complete cone metric space, and P a normal cone
with normal constant M. Suppose that the mapping f : X — X satisfies (2.2).
Then f has property P.

Proof. From Corollary 2.3.11, f has a unique fixed point. Let © € F(f"). Now,

d(u, fu) = d(f(f* '), f(f"u))
< ad(f™tu, fru) + Bld(f* ", fru) + d(fu, )
+ y[d(f* ", fA ) + d( P, )
< ad(f* tu,u) + Bld(f* " u,u) + d(u, fu)] + (A u, uw) + d(u, fu)l,

which further implies that

d(u, fu) < 6d(f*1u,u),

a+3+y

where § = T3

< 1, and we have

d(u, fu) = d(f™u, f* ) < 0d(f" " u, fru)
< . < 8™d(u, fu).

From‘(l.l),
[| d(u, fu) |< 6"M || d(u, fu) || -

Now the right hand side of the above inequality approaches to zero as n — 0.
Hence || d(u, fu) ||= 0 and u = fu.

In 2009 K. Jha {24] proved a common fixed point theorem for a pair of weakly

compatible mappings in a cone metric space, without exploiting the notion of the

continuity which can be stated as follows.

Theorem 2.4.4 Let (X,d) be a cone metric space, and P be a normal cone with

normal constant M. Suppose the mappings f,g : X — X satisfy the contractive
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condition

d(fz, fy) < rld(fz, gy) + d(fy, 9z) + d(fy, 9v)]

where r € [0,1) is a constant. If the range of g contains the range of f and g(X)
is complete subspace of X, then f and g have a unique coincidence point in X.
Moreover, if f and g are weakly compatible, then f and g have a unique common

fixed point.
Now we give an example to illustrate the above Theorem.

Example 2.4.5 Let E = I?, for I = [0,1], P = {(z,y) € E : z.y > 0} C I?,
d: I x1I - E such that d(z,y) = (|]z — y|,@lz — y|), where @ > 0 is a constant.
Define fr= liim, for all z € I and gz = ax for all x € I. Then, for & = 1 both the
mappings f and g are weakly compatible and satisfy all the conditions of the above

theorem with 2z = 0 as a unique common fixed point.

Remark 2.4.6 The above theorem extends the results of Abbas and Jungck [37].
Also it improves the results of Huang and Zhang [24].

Theorem 2.4.7 Let (X, d) be a cone metric space and let a; > 0 (i = 1,2,3,4,9) be
constants with a; + as + a3z + a4 + as < 1. Suppose that the mappings f.g: X - X

satisfy the condition

d(fz, fy) < ard(gz, gy) + aed(fx, gz) + asd(fy, gy) + asd(gz, fy) + asd(fzx, gy)

for all z,y € X. If the range of g contains the range of f and ¢g(X) is a complete
subspace, then f and g have a unique point of coincidence in X. Moreover if f and

g are weakly compatible then f and g have a unique fixed point.

Remark 2.4.8 Obviously, Theorem 2.3.5 in [37] is a special case of Theorem 2.4.7
with as = a3 = a4 = a5 = 0,a; = k., and P is a normal cone.
Theorem 2.3.7 in [37] is a special case of Theorem 2.4.7 with @, = a4 = a5 = 0, a9 =

a3 = k, and P a normal cone.
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In Theorem 2.4.7, if g = Ix is the identity map on X, and X is a complete
cone metric space, then, as an immediate consequence of Theorem 2.4.7 we obtain

the following result.

Corollary 2.4.9 Let (X,d) be a complete cone metric space and let a; > 0 (i =
1,2,3.4,5) be constants with a; + az + a3 + a4 +as < 1. Suppose that the mapping
f: X — X satisfies the condition

d(fz, fy) < ard(z,y)+azd(z, fr)+asd(y, fy)+aad(z, fy)+asd(y, fr), forallz.y € X

Then f has a unique fixed point z* in X, and for any zy € X, the successive iterates
Tp = fzn_1, (n=1,2,3...)

converges to x*.

Remark 2.4.10 Obviously, Theorem 2.2.1 in [24] is a special case of Corollary

2.4.9 with ay = a3 = a4 = a5 = 0,a; = k, and P is a normal cone.

Theorem 2.2.4 in [24] is a special case of Corollary 2.4.9 with a; = a4 = a5 = 0,

‘a3 = k, and P is a normal cone.

Theorem 2.2.5 in [24] is a special case of Corollary 2.4.9 with a; = a2 = a3 = 0,04 =
a5 = k, and P is a normal cone.

Therefore, our Corollary 2.4.9 has generalized and unified the mains results of Huang
and Zhang in {24].

2.5 Fixed Point Theorems for Sequence of Mappings

In 2010 Xianjiu Huang et. al. [56] proved common fixed point theorems for a se-

quence of mappings in cone metric spaces. These theorems generalize the results of

Huang and Zhang [25].

Theorem 2.5.1 Let (X, d) be a complete cone metric space. P be a normal cone

with normal constant M. Suppose the sequence of mappings {T},} : X — X satisfv

for some positive integer m
ATz, T;"y) < aizd(z,y) for all 1,5 =1,2,...,z,y € X,
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where a;; and k are constants with 0 < a;; < k < 1. Then the sequence {T},}, has

a unique common fixed point in X.

Proof. Let z, be an arbitrary point in X and z, = T{"z¢, 2 = T3"z;..... Then for
allp >0
d((El,.’Eg) = d(TImCL'(),Tgn.I‘l) S alwgd((Eo,Il)

d(zg,z3) = d(T3'z1, T3 z2) < ag3d(21, 2) < a1,2a2 3d(T0, 11)

and so on. By induction we have

n
$n,In+1 Ha’l‘t+1d 33032:1

i=1
So for n > m we have

A(zn,Tm) < d(@n, Tns1) + . + A(@Tmsr, Tm)

n—1

ie1 ai,i+1d($0, 1131) + ... + Hznl a; 1+1d o, Il)

(k™ + .+ E™)d(zo,z,) < 1" kd(xo,xl)

IAIN A

We get || d(2n, 2m) [|< 7% £2M || d(zo, z1) ||. This implies that d(zn, Zm) = 0 (n,m —
00). Hence z, is a Cauchy sequence by Lemma 1.1. By the completeness of X, there
is z* € X such that z, — z*(n — 00). Now, we prove that z* is a periodic point of
T..

Thus for some m € N, we have

d(@*, Tl'z*) < d(z*,zn) + d(z,, T/"x*)
= d(z*,z.) + d(T’"Jm_ T"z*)
S d(IL’*,.’En) +anz In 1)
< d(z*,z,) + kd(za_y, T°).

Thus, | d(z*, T"z") |< M(|| d(z*, zn) | +k || d(z0-1,2") |]) = 0.
Hence || d(z*,T"2*) ||= 0. This implies z* = T™z*. So, z* is a periodic point of T}.
Now, if y* is another periodic point of T}, then

d(z*,y") = d(T7"(2"), T7"(y")) < aiyd(2*,y") < kd(z”,y").

Hence || d(z*,y") ||= 0 and z* = y*, that is, 2* is a unique periodic point of T}
Also,

TifL‘* = T,(inm.’ll*) = Tl."‘(Tiz*),
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that is, Tiz* is also a periodic point of T;. Therefore, z* = T;z*, that is, 1" is a

unique common fixed point of the sequence {Tn}n.

Example 2.5.2 Let E = R?, the Euclidean plane, and P = {(z,y) € R*|z,y > 0}
be a normal cone in E. Let X = {(z,0) € R*|z > 0} U{(0,z) € R*lx > 0}. The
mapping d : X x X — E is defined by

a(,0), 0.0 = (3l = sk le =),

a(0.2), 0.0) = (I =l 3o - v1).

4 2
d((x, 0)7 (07 y)) = d((oa y), (.TI, 0)) = (51' +y,r+ gy)
Then (X, d) is a complete cone metric space.

Let sequence of mappings T, : X — X with

T.((z,0)) = (0,2"z) and T,((0,2)) = <—1'£L‘ 0) .

271-}—1 ’

Form =2,a,; = %, then T satisfies the contractive condition

d(TE((21,22)), T((y1,92))) < aid((z1,22), (1, 1))

for all (zy,z3), (y1,42) € X, 1,7 =1,2,... with constant a; ; = % € (0,1).
Thus all conditions of the theorem are satisfied and (0, 0) is a unique common fixed

point of the sequence {T}, }n.

Corollary 2.5.3 Let (X, d) be a complete cone metric space. P be a normal cone

with normal constant M. Suppose the mappings T : X — X satisfies the contractive

condition

d(Tz,Ty) < kd(z,y) for all z,y € X,

where k € (0,1) is a constant. Then T has a unique fixed point in X.

Proof. In the above theorem take T,, = T for all n = 1,2,...;m = 1 and a;; =k

-then the proof follows.
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Corollary 2.5.4 Let (X, d) be a complete cone metric space. P be a normal cone
-with normal constant M. Suppose a mappings T : X — X satisfies for some positive

integer m
d(T™z, T™y) < kd(z,y) for all z,y € X,

where k € (0,1) is a constant. Then T has a unique fixed point in X.
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CHAPTER 3

FIXED POINTS OF MULTIVALUED
MAPPINGS

3.1 Introduction

The first natural instance when set-valued maps occur is the inverse of a single-
valued map. Kuratowski realized the importance of set-valued maps (also referred
‘as multivalued maps or point-to-set maps or multifunctions) and devoted consider-
able space in his famous book on topology. Fixed point theory has a basic role in
applications of many branches of mathematics, and finding the fixed point of mul-
tifunctions is a generalization of fixed point theory in a sense for usual mappings.
There are many works about fixed point of contractive maps. In some works about
non-convex analysis, specially in ordered normed spaces, the authors define an or-
dered by using a cone in a vector space (for example [29]). In this chapter we give
some definitions, examples and some fixed point theorems which are taken mainly
by Sh. Rezapour, R.H. Haghi [43], M. Asadi [30] and D. Wardoski [9)].

3.2 Basic Definitions

Definition 3.2.1 Let X and Y be two nonempty sets. A set-valued map or mul-
tivalued map or point-to-set map or multifunction T : X — Y from X to Y is a
map that associates every x € X to a subset T'(z) of Y, the set T(x) is called the
image of z under T. T is called proper if there exists at least an element z € X
such that T(z) # 0. In this case the set Dom(T) = {z € X : T(z) # 0} is called
the domain of T. Actually, a set-valued map T is characterized by its graph, the
subset of X x Y defined by

Graph(T) = {(z,y) : y € T(x)}.

Indeed, if A is a nonempty subset of the product space X x Y. then the graph of a
set valued map T is defined by

y € T{z) if and only if (z,7) € A.
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Example 3.2.2 Let X = [0,1] and Y = [0,1]. Defineamap T: X — Y by

Ty, for z €[0,1)
Tz =

NI= o=

1, for z=1.

There are two distinct ways to extend the concept of continuity to the set-valued
map. The concept of two kinds of semicontinuity of a set-valued map was introduced
by G. Bouligand and K. Kuratowski.

Definition 3.2.3 Let X and Y be two topological spaces. Then a set-valued function
T : X — Y is said to be upper(lower) semicontinuous if the inverse image of a
closed(open) set is closed(open). A multivalued function is continuous if it is both
upper and lower semicontinuous.

Or,

T is said to be lower semicontinuous (l.s.c) at z € X if

Tn — = T(z) <liminf T(z,).

n—roe

And upper semicontinuous (us.c) at z € X if

Tn =z = T(z) > limsup T (z,).

n—o0

Example 3.2.4 Let X = R be a metric space with usual metric. Then the map
T : X — 2% defined by

T(z) = {[—1,1] i.f z=0
{0} if 2 £ 0,

Is upper semicontinuous at zero but not lower semicontinuous at zero.

‘Example 3.2.5 Let X = R be a metric space with usual metric. Then the map
T : X — 2% defined by

T(a) = {,{0} o=
—-1,1] if x £0,



is lower semicontinuous at zero but not upper semicontinuous at zero.

Definition 3.2.6 An element z € X is said to be an end point of a set valued map
T:X — N(X), if Tz = {}. We denote the set of all end points of T' by End(T').

Definition 3.2.7 An element z € X is said to be a fixed point of a set valued map
T:X — N(X), if z € Tz. Denote Fiz(T) = {z € X|z € Tz}.

3.3 Results on Set-valued Contraction in Cone Metric Space

In this section we give some fixed point theorems on multifunctions for this we need

‘the following definitions and lemmas.
Definition 3.3.1 Let (X, d) be a cone metric space and B C X.

(i) b € B is called an interior point of B whenever there is 0 < p such that
N(b,p) € B
where N(b,p) = {y € X : d(y,b) < p}.

(i) A subset A C X is called open if each element of A is an interior point of A.

The family 3 = {N(z,e) : z € X,0 < e} is a sub-basis for a topology on X. We
denote this cone topology by 7..

Lemma 3.3.2 Let (X, d) be a cone metric space, P be a normal cone with normal
constant A/ = 1 and A be a compact set in (X, 7.). Then for every z € X there
exists ag € A such that

Il d(z, a0) ||= inf || d(z,a) ||

Proof. Let z € X be given. Define f, : X — [0,00) by f.(y) =| d(z.y) ||. Let
y € X and £ > 0. Choose 0 < ¢ such that || ¢ ||< e and suppose that z € N(y, c)

Note that, by using the normality and the relations

d(y,2) < d(y,2) +d(z,z), d(z,2) <d(z.y) + d(y, ),
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we have
I d(y,z) || = |l d(z,2) [I<] dly, 2) [ <&,
| d(z,z) || = |l d(y,z) <] d(z,y) [I< e

Thus, |f-(y) — f=(2)| < e. Hence, f, is continuous on X. Because A is compact,

fo(A) is a compact subset of [0, 00) and so there exists ap € A such that
| dz.a0) = inf || d(z,0) |

Lemma 3.3.3 Let (X, d) be a cone metric space, P be a normal cone with normal

constants M = 1, and A, B be two compact sets in (X, 7.). Then,

supd'(z, A) < oo,
z€B

where d'(x, A) = in£ | d(z,a) .
ac

Proof. Define g4 : X — [0,00) by ga(z) = infeea || d(z,a) ||. Let = € X and
£ > 0. Choose 0 < ¢ such that || ¢ ||< € and suppose that y € N(z,c). By using the

normality of cone metric space and the relation d(z,a) < d(z,y) + d(y, a) we have

ga(z) — galy) <l d(z,y) || .

‘Thus, |ga(z) — ga(y)| < €. Hence, g, is continuous on X. Because B is compact,

ga(B) is compact subset of [0, 00). This completes the proof.

Definition 3.3.4 Let (X, d) be a cone metric space, P be a normal cone with normal
constants M = 1, H.(X) be the set of all compact subsets of (X.7.) and A € H (X).

By using Lemma 3.3.2, we can define

ha:H(X)—=1[0,00) and dy : H (X) x H(X) — [0, 00)

by
ha(B) = supd'(z,B) and dy(A, B) = max{h(B), hg(A)}
€A
respectively.

‘Remark 3.3.5 Let (X,d) be a cone metric space with normal constant A/ = 1.
Define p: X x X — [0,00) by p(z,y) =| d(z,y) ||. Then, (X, p) is a metric space.

34



This implies that for each A,B € H.(X) and z,y € X, we have the following

_relations:
(1) d{x, A) <[l d(z,y) || +d'(y, A),

(i1) d'(z,4) < d(z,B) + hp(A),
(i1) d'(z, A) <[ d(z,y) || +d'(y, B) + hp(4).

Theorem 3.3.6 Let (X, d) be a complete cone metric space with normal constant

M =1, and the multifunction T : X — H.(X) satisfies the relation
4 (T, Ty) < ofd (T, 2) + d(Ty.y))

for all z,y € X, where ¢ € (0,1) is a constant. Then T has a fixed point.

Proof. Let o € X be given. By Lemma 3.3.2, there is z; € Tz, such that
d'(zo, Txo) =|| d(wo, 1) || -

If z, has been given, then choose z,,,, € Tz, such that d'(z,,Tx,) =| d(@pn, Tns1) ||

Thus, we have

” d(Inv xn—}-l) ” dl(zan‘rn) S hTzn71(Tmn) S dH(Tmn—l\TIn)
C(dl(TIn_l, In—l) + dl(TlL‘n, .Tn))

c(} d(@n, o) [| + | d@n, Tnsa) ).

I VARI]

for all n > 1. Hence

c
1-¢

Il d(2n, Tns1) [|1< I d(zn, zn-1) |

foralln > 1. Put s= 7% Then, for n > m we have

o

ld(zazm) 1S Y 1 d(zizi0) |

i=m+1
S (Sn—l + ...+ S’”) H d(l‘o,xl) ”

| d(wo, ) |

<
“1-35
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This implies that
lim || d(zn,zm) ||=0.

m,n—oo
Then {z,}n>1 is a Cauchy sequence in X. Thus, there exists z* € X such that

Zn — x*. Now by using Remark 3.3.5, we have
d(z*,Tz*) < d'(z*,Tz,) + hre, (Tz*) < d'(z*,Tz,) + dy(Ta,, Tx")

<\ d(z*, zns1) || +e(d (Txp, zo) + d'(Tz*, z"))

for all n > 1. Hence

C 1 :
d/(.’lf*, T.T*) S 1— Cd (T-Tnamn> + : || d(.’L‘ 511/111+1) H

c 1 .
T 1-¢ | d(zni1,2n) || +1—: | d(z* zp41)

for all n > 1. Therefore, d'(z*,Tz*) = 0. By Lemma 3.3.2, ¢* € Tz*.

1

Example 3.3.7 Let X = {a;,ay,a3,...} be a countable set, £ = (I?,|| . ||2) and
P={{z,}n>1 €P:2,>0(Vn>1)}. Putz; = {%i}nzl for all 2 > 1 and note that
z; €1 (i > 1). Define the mapd: X x X — P by

131 — 37|
d(a;,a;) = |z; — 25 = { n }n>l'

It is easy to see that (X, d) is a cone metric space, the normal constant of P is
M =1, and there is no Cauchy sequence in (X, d). Hence, (X,d) is a complete cone

metric space. Now, define the multifunction
T:X - HA(X)

by Ta; = {a,} and Ta; = {a1,a,,...a;_,} for all i > 1. Then, we have Ta, = Ta,
and for each i > 3

dy(Tay, Ta;) = maa:{d'(al,Tai)},bsg;g{d'(Tal,b)} =|| d(a1,a;i-1) |2

3i—1 2

= 21— i1 |2 ={i(%—7 }% =(3i_1—3)i%
n=1
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Also, we have d'(a;, Ta;) = 0 and

1 = 1
d(a;, Tay) =|| d(ai, 1) |2 =[lzi—z ]2 = (3" - 3)Zﬁ'

n=1

Thus dy(Tay, Ta;) < %(d’(al,Tai) + d'(a;,Tay)). Now, suppose that j > > 1.
Then, Ta; C Ta; and so sup d'(b,Ta;) = 0. Hence,

beTa;

dy(Ta;, Ta;) = sup d'(b,Ta;) = d(a;-1,a:-1) ||

bETaJ-
j—1qi-1 — 1
=| zicr — a1 fl2 = (373 )ZF'
n=1

Also, we have d'(a;, Ta;) = 0 and

d'(a, Ta;) =| dlaj, ai1) 2 = (3 = 3i_1)2#'

n=1
Thus dy (Ta;, Ta;) < 3(d'(a;, Ta;) + d'(a;, Tay)). Therefore, T satisfies assumptions
of Theorem 3.3.6 and a, is the unique fixed point of T'.

In 2009 D. Wardowski [9] gave endpoint and fixed point theorems for contractive
set-valued maps in cone metric spaces inspired by the idea of contraction for set-

valued maps in metric spaces which was initiated by Feng and Liu.

Let X be a non empty set. Denote N(X) a collection of all non empty subsets
of X, C(X) a collection of all nonempty closed subset of X and K(X) a collection
of all nonempty sequentially compact subsets of X.

Let (X, d) be a cone metric space. Let T : X — C(X). For z € X, we denote
D(z,Tz) = {d(z,2) : z € Tz},

S(x,Tz) ={u € D(z,Tx) ) u ||=inf{|| v ||: v € D(x,Tz)}}.

Theorem 3.3.8 Let (X,d) be a complete cone metric space, P be a normal cone

with normal constant M,andlet T : X — C(X). Assume that a function I : X - R
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defined by I(z) = infyer, || d(z,y) ||,z € X is lower semicontinuous. If there exist
Ae0,1), be (M 1] suchthatVz e X 3y € Tz,

v € D(y,Ty) Vu € D(z,Tz), bd(z,y) < uandv < Ad(z,y) (3.1)

then Fiz(T) # ¢.

Proof. Let zo € X be arbitrary and fixed. Take any uy € D(zp, T2g). From (3.1)

there exist =, € Tzq, u; € D(x,,Tz;) such that
bd(zo, 1) < ug and uy < Ad(zo, z1).
Further, for z; there exist zo € Ty, uy € D(z2, Tz) satisfying
bd(z1,zy) < uy and uy < Ad(zy,22).
Induqtively, for z,, there exist Toyy € TTp, Un+1 € D(Tn41, Topy) such that
bd(Tp, Tny1 < Un) (3.2)

and
Uny1 < AT, Tnyr)- (3.3)

By (3.2) and (3.3) we get, for any n € N the following inequalities:

A 2 ntl A\ n+l
Unt1 < Ad(Zn, Tnt1) < Eu" < 'b—d($n—1,In) <. < o d(zg, x1) < <B) Ug.
From the above and from the fact the cone P is normal we obtain,
| Uy || < M(%)”+1 luo ||, forall neN. (3.4)

From (3.4), we get || u, ]|= 0, where n — co. This gives the result that {u,} is

convergent to 0. Furthermore, from (3.2) and (3.3), for any n € N we have
(b= N)d(Tn, Tnt1) = bd(Tn, Tni1) — AM(Tp, Tng1) < Uy — Upyy. (3.5)

Now let m,n € N be such that n < m. By (3.5) we get the inequalities

m-—1 m—1
1 1
A, 20) < Y d(@;,2541) < PN Y —u) = 5 (U = tm),
j=n j=n
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which gives

M
“ d(xmyl'n) ||S m’ H Up — Up ” .

From the above and from a convergence of the sequence {u,} to 0, we get that {z,}
is a Cauchy sequence. From the completeness of X there exists z* € X, such that
I, = T, n — co. We observe from the fact that u, € D(z,.Tz,) there exists a
sequence {z,} such that for any n € N, 2z, € Tz, and u, = d(2n, 2,). From the
_convergence of the sequence {u,} and from lower semicontinuity of the function I

we obtain
inf || d(z*.y) ||<liminf inf || d(z,,y) [|< liminf || d(z,, 2,) lI|= 0.
yeTz n—oo yeTzn n—o00

Thus

inf | d(z*,y) ||=0. (3.6)

yeTx*
Suppose that * ¢ Tz*. From (3.6) there exists a sequence {y,} C Tz* such that

liMman—oo || d(z*,9n) ||= 0. For any m,n > 0 we have

A(Ym, Yn) < A(Ym, ;l:*) + d(z”, Yn)

| d¥om, yn) 1< M || dlym, ) [| +M || d(z7, ) [] -

Thus we get the result that {y,} is a Cauchy sequence. From the completeness of
(X, d) there exists y* € X such that {y,} is convergent to y*. Since Tz* is closed,

we get y* € Tx*. Now for any n € N we obtain
d(z”,y") < d(2”,yn) + d(Yn, y¥"),
and consequently
1d(z",y") 1< M || d(z".ya) | +M || dyn, ") || -
That gives 2* = y*, which is a contradiction. Therefore z* € Tz*.
Theorem 3.3.9 Let (X, d) be a complete cone metric space , P be a normal cone

with normal constant M, andlet T : X — K(X). Assume that a function 7 : X - R

of the form I{z) = infyer. || d(z,y) ||, z € X is lower semicontinuous. The following
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hold:
(i) If there exist A € [0,1),b € (A, 1] such that

Vie X 3yeTz, ve Sy, Ty) Vue Sz, Tr) bd(z,y) <u and v < Ad(z,y)

then Fiz(T) # ¢.
(ii) If there exists A € [0,1),b € (A, 1] such that

Vee X, yeTzIveSy,Ty) Vue S(z,Tz) bd(z,y) <u and v < Ad(z.y).
(3.7)
then Fiz(T) = End(T) # ¢.

Proof. (i) From Theorem 3.3.8 and due to the fact S(z,Tz) C D(z,Tz) for all
z € X, we only need to prove that S(z,Tz) # ¢ for all z € X.

Let £ € X be arbitrary and fixed. Denote ¢-= inf.cr, || d(2, 2) || and suppose that
there is not any z € Tz such that || d(z,z) ||= c. Let {z,} C Tz be a sequence
‘such that a sequence ¢, =|| d(z,z,) || is convergent to c. Since Tz is sequentially
compact, there exists a subsequence {z,, } of {z,} such that z,, — z € Tz, k — oo.

Furthermore, we obtain for all k¥ € N the following inequalities:
¢ <[l d(z, 20} <]l d(=, 20) = d(z, 20,) || + || d(z, 20,) |l -

From the above, we obtain ¢ <|| d(z,2) }|< ¢, which is a contradiction. So,
S(z,Tx) # ¢.

(ii) In order to show that End(T) # ¢, let us first observe that from Theorem 3.3.9
(i) we get the existence of z* such that z* € Tz*. Taking any y € Tz*, we get
that for all uw € S(z*, Tz*),bd(z*,y) < u. Since z* € Tz* we get 0 € S(z*,Tz*) and
hence bd(z*,y) < 0, which gives 2* = y. Thus we get Tz* = {z"}.

Theorem 3.3.8 for single-valued maps reduces to the following:

Theorem 3.3.10 Let (X, d) be a complete cone metric space, P be a normal cone
with normal constant M, and let T : X — X. Assume that a function I : X > R

such that I(z) =|| d(z,Tz) ||,z € X is lower semicontinuous. If there exists \ €
[0,1) such that

Ve X d(Tz,T?z) < Ad(z,Tz),
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then Fiz(T) # ¢.

Firstly, we illustrate Theorem 3.3.8

Example 3.3.11 Let X = [0,1], E = R? be a Banach space with the maximum
norm, P = {(2,y) € E : z,y > 0} be a normal cone and let d : X x X — E be of
the form d(z,y) = (Jz — y|, 8lz — y]), 8 € (0,1). Then the pair (X,d) is a complete

cone metric space.
Define the map T : X — C(X) by

iz for z € {0,1)
— 2 ?
TI_{E 13, forz=1.

Since

z, for z € [0,1)

1
_ — 2
I(z) = inf | d(z,y) | {0, P

the map I is lower semicontinuous. Moreover, for any z € [0,1) and y = 2l we have

D(z,Tz) = {d(z,1/2z)} = {(1/2z,31/2z)}

and

D(y,Ty) = {d(1/2z,1/4z)} = {1/4x, 81/4x}.

Now, taking A =1/2 and b =1 we get

bd(z,y) <u for each u € D(z,Tx)

and

v < Ad(z,y), for v = (1/4z, 81/4zx).

T

In the case z = 1, condition (3.1) is satisfied as well. Indeed, putting y = 1 we get

bd(z,y) =0<wu forany u € D(z,Tz) and

v < Md(z,y), forv=0¢€ Dy, Ty).

Therefore all the assumptions of Theorem 3.3.8 are satisfied and also

Fiz(T) = {0,1} # ¢.
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In 2009 M. Asadi et. al. [30] introduced a new order on the subsets of cone metric
spaces and gave some fixed point theorems for contractive set-valued maps. omit

the assumption of normality.

Definition 3.3.12 Let A and B are subsets of E, we write A < B if and only if
there exist z € A such that forally € B,z <y . Also for z € E, we write z < B
if and only if {z} < B and similarly A < z if and only if A < {z}.

Firstly we prove the closedness of Fix(T) without the assumption of normality.

Lemma 3.3.13 Let (X,d) be a complete cone metric space and T : X — C(X).

If the function f(z) = infyers || d(z,y) || for z € X is lower semicontinuous, then
Fiz(T) is closed.

Proof. Let z,, € Tz, and z,, — . We show that x € T'z. Since

f(z) <liminf f(z,) = iminf inf || d(z,,y) |.

n—»o00 n—oo yeTzy
<liminf || d(z,, z,) ||= 0.
n—oe

So f(x) = 0 which implies d(y,,z) — 0 for some y,, € Tz. Let ¢ € F with ¢ >» 0.
Then there exists N such that for n > N, d(y,,z) < (1/2)c. Now, for n > m, we

have,

1 1
d(ynvym) < d(ynv iE) + d(I,ym) < EC + §C = C.

So {yn} is a Cauchy sequence in complete metric space, hence there exists y* € X
such that y, — y*. Since Tz is closed, thus y* € Tz. Now by uniqueness of limit
we conclude that z = y* € Tz.

Theorem 3.3.14 Let (X, d) be a complete cone metric space, T : X — C(X). a sct
valued map and the function f : X — P defined by f(z) = d(z,Tx),z € X with lsc
‘property. If there exist real numbers a,b,c,e > 0 and ¢ > 1 with k = ag+b+ceq < 1
such that for all x € X there exists y € T'r,

d(z,y) < qD(z,Tx),
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D(y,Tz) < ed(z,y),
D(y,Ty) < ad(z,y) + bD(z, Tx) + cD(y, T'z),
then Fiz(T) # ¢.

Example 3.3.15 Let X = E = C?([0,1],R) with norm || f ||=]| f lle + || f' llo and
P ={f € E: f >0} that is not normal cone. Define cone metricd : X x X — E
with d(f,g) = f? + g2, for f # g,d(f,f) = 0 and the set valued mapping T :
X = C(X) by Tf ={~f,0, f}. In this space every Cauchy sequence converges to
zero. The function F(f) = d(f,Tf) = infeersd(f,g) = inf{0, f3,2f*} = 0 have lsc
property. Also we have D(f,Tf) = {0, f2,2f%} and D(f,Tg) = {f% f? + ¢°}. Now
forg>1,e>1a,b,c>0,k=0ag+b+ceg<landforall fe X takeg=0€TFf.
-Therefore, it satisfies all of the hypothesis of Theorem 3.3.14. So T has a fixed point
feTf. For sample take a=b=c=1/6,e =1, and ¢ = 2.

Theorem 3.3.16 Let (X,d) be a complete cone metric space, T : X — K(X), a
set-valued map, and a function f : X — P defined by f(z) = d(z,Tz),z € X with
Isc property. The following conditions hold:

(1) If there exist real numbers a,b,c,e > 0 and ¢ > 1 with k = ag+ b+ ceq < 1 such
that for all z € X, there exists y € Tz,

d(z,y) < ¢S(z,Tx),

S(y,Tz) < ed(z,y),

S(y, Ty) < ad(z,y) + bS(z,Tz) + S(y, Tz),
‘then Fiz(T) # ¢.

(it) If there exist real numbers a,b,c,e > 0 and ¢ > 1 with k = ag + b+ ceq < 1
such that for all x € X and y € Tz,

d(z,y) < qS(z, T),

S(y. Tx) < ed(z,y),

S(y, Ty) < ad(z,y) + bS(z, Tx) + cS(y, Tx),
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then Fiz(T) = End(T) # ¢.

Lemma 3.3.17 Let (X, d) be a cone metric space, P be a normal cone with constant

one and T': X — C(X), a set valued map, then

| d(w.T2) =1 inf d(z.y) = inf | d(z.y) |

Proof. Put a = infyers || d(z,y) || and 8 = infyer.d(z,y). We show that
a =| 3. Let y € Tz then § < d(z,y) and so || # ||<|| d(z,y) ||, which implies
|| 31I< a. For the inverse, let for all 0 < r < a. Then r <|| d(z,y) || for all y € Tx.
Since 3 = infyer.d(z,y), for every ¢ that ¢ > 0 there exists y € Tz such that
dz,y) < B+c¢ sor <|| dz,y) I<l| B+c <l B + | ¢, for all ¢ > 0. Thus
r<| 3.

Remark 3.3.18 Let (X, d) be a cone metric space, P be a normal cone with con-
stant one and T : X — C(X) be a set-valued map. Then the function f: X = P
defined by f(z) = d(z,Tx),z € X with Isc property, and ¢ : £ — RT with

g(z) =|| z ||. Then gof(z) = infyers || d(z,y) ||, is lower semi-continuous.

Now the Theorems 3.3.8 and 3.3.9 are stated as the following corollaries without
the assumption of normality, and by Lemma 3.3.17 and Remark 3.3.18 we have the

same theorems.

Corollary 3.3.19 Let (X, d) be a complete cone metric space, T : X — C(X) be
a set-valued map and the function f : X — P defined by f(z) = d(z,Tz),z € X
with lsc property. If there exists real numbers 0 < A < 1, A < b < 1 such that for

all z € X there exists y € Tx one has D(y, Ty) < Ad(x,y) and bd(z,y) < D(z,Tx)
then Fiz(T) # ¢.

Corollary 3.3.20 Let (X, d) be a complete metric space, T : X — K(X) be a set
valued map and the function f : X — P defined by f(z) = d(z,.Tz),z € X with
lsc property. The following hold:
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(1) If there exist real numbers 0 < A < 1, A < b < 1 such that for all x € X there ex-
ists y € Tz one has S(y, Ty) < Md(z,y) and bd(z,y) < S(z,Tx), then Fiz(T) # ¢.
(i) If there exist real numbers 0 < A < 1,A < b < 1 such that for all z € X
and every y € Tz one has S(y,Ty) < Ad(z,y) and bd(z,y) < S(z,Tz). then
Fiz(T) = End(T) # ¢.
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CHAPTER 4

TOPOLOGICAL PROPERTIES OF CONE
METRIC SPACE

4.1 Introduction

In this chapter we discuss some topological concepts and definitions are generalized
to cone metric spaces given by D. Turkoglu and M. Abuloha [11] in 2010. It is
proved that every cone metric space is first countable topological space and that
sequentially compact subsets are compact. Also, we define diametrically contractive
mappings and asymptotically diametrically contractive mappings on cone metric
spaces to obtain some fixed point theorems by assuming that our cone is strongly
minihedral.

The main question is “ Are cone metric spaces a real generalization of metric spaces”.
Firstly M. A. Khamsi [32] gave remark on cone metric spaces and obtained equiva-
lent metric from cone metric. In 2011 M. Asadi, S. M. Vaezpour and H. Soleimani
[31] proved that every cone metric space is metrizable and the equivalent metric
satisfies the same contractive conditions as the cone metric. So most of the fixed
point theorems which have been proved are straightforward results from the metric

case. But if cone is non normal same are not true.
4.2 Topological Cone Metric Spaces
In this section we introduce some basic topological concepts and definitions in cone
metric space and prove that every cone metric space is a topological space. The

following lemmas will be used extensively throughout this chapter.

Lemma 4.2.1 Let (X, d) be a cone metric space. Then for each ¢ > 0,¢ € E, there
exists 0 > 0 such that (¢ — z) € intP (i.e. r < ¢) whenever | z ||< §, £ € E.

Proof. Since ¢ > 0, then ¢ € intP. Hence, find 6 > 0 such that {z € E ;|| 2 —c¢||<
6} C intP. Now if ||  ||< d then || (c—z) — ¢ ||=|| —z ||=|| = ||< 4, and hence
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(c—z) €intP.

Lemma 4.2.2 Let (X,d) be a cone metric space. Then, for each ¢; > 0 and
3> 0, ¢;,cy € E, there exists ¢ > 0, ¢ € F such that ¢ < ¢; and ¢ < ¢3.

Proof. Since ¢; > 0 then by Lemma 4.2.1, find 6 > 0 such that || = {|< 6 implies
T < ¢z. Choose ng such that nLO < ”C"—IH Let ¢ = 2 then || c [|=| 2 = HZ_;H < 0 and
hence, ¢ < ¢y. But also it is clear that ¢ > 0 and ¢ < ¢;.

Proposition 4.2.3 Every cone metric space (X, d) is a topological space.

Proof. For ¢>> 0,c € E, let B(z,c) ={y € X : d(z,y) < ¢} and § = {B(z.¢) :
z€X,¢>0}. Then,7,={UCX:VzeU IBef. z€BCU}isatopology
on X. Indeed,

) ¢, X € T..

79) Let U,V € r.and let z € UNV. Thenz € Uand z € V, find ¢; > 0,c2 > 0 such
that r € B(z,¢;) C U and z € B(z,¢;) C V. Then by Lemma 4.2.2 find ¢ > 0 such
that ¢ < ¢; and ¢ < ¢;. Then, clearly x € B(z,c) C B(z,¢;) N B(z,¢c) CUNV.
Hence, UNV € 7.

73) Let Uy € 7. for each @ € A, and let z € |J,cx Us. Then 3 ap € A such that
z € U,,. Hence, find ¢ > 0 such that 2 € B(z,¢) C Uy C Upen Ua. That is,
Usen Ua € 7.

It is important to note that any cone metric space (X, d) is a Hausdorff space. In-
deed, if x # y are two point in X, then d(z, y) = ¢ > 0 so that [B(a:, £)NB(y, g)] € 7,

and B(z,5) N B(y, §) = ¢. Hence, we gaurantee that the limits are unique.

Definition 4.2.4 Let (X, d) be a cone metric space. A subset A C (X,d) is called

sequentially closed if whenever r,, € A with x,, — = then r € A.

Proposition 4.2.5 Let (X, d) be a cone metric space. The ball B(z,c) = {y € X :
d(z,y) < c}, ¢> 0, c € E is sequentially closed.
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Proof. Let y, € B(z,c) be a sequence such that y, — y. Then d(ys.z) < ¢ and
d(yn,z) = 0 asn — oo. Then y € B(z,c) if and only if d(x,y) < c if and only
if ¢ —‘d(x y) € P. But then by continuity of cone metric space d(y,, ) — d(z,y).
Since P is closed, then lim, o (¢ — d(yn,z)) = ¢ — d(x,y) € P.

Definition 4.2.6 Let (X, d) be a cone metric space. Then A C X is called bounded
above if there exists ¢ € E,c > 0 such that d(z,y) < ¢, for all z,y € A, and is
called bounded if §(A) = sup{d(z,y) : z,y € A} exists in E. If the supremum does

not exist, we say that A is unbounded.

Proposition 4.2.7 Let P be a strongly minihedral cone with normal constant M
and A C E. Then A is bounded if and only if §'(A) = sup, yca || d(z,y) ||< oo

Proof. Assume A is bounded. Then there exists ¢ € E, ¢ > 0 such that
d(z,y) < ¢, Va,y € A, then || d(z,y) [S M | c|[< oo, Vz,y € A Hence,

sup | d(z,y) |I< oo.

T,yeA
Conversely, assume that §'(A) = sup,,ca || d(z,y) |= K < oo, and fix some
¢1 > 0. Then by Lemma 4.2.1, find § > 0 such that Il z ||< ¢ implies ¢; > z.
For each z,y € A let ¢;y = ﬂﬁlﬁ Then || ¢zy [|= § < 4. Hence, ¢; > 2ﬁ:;Z§H
and so ¢, — ﬁz—’z%ﬂ € intP. Therefore, in(;_ylﬂcl %ﬁ_zﬁ_ﬂ%ﬂl € intP, then

zll—‘M(;l — d(z,y) € intP, that is, d(z,y) < %(g,yﬂ < 2Mc1 = ¢ € intP, from
which it follows that d(z,y) < ¢. Since P is strongly minihedral then A is bounded.

‘Definition 4.2.8 Let (X,d) be a cone metric space and ¢ > 0, ¢ € E. A finite

subset N = {e;,ey,€3,...,e,} of X is called a c-net for A if for each p € A, there
exist e;, € N such that d(p,e;,) < c.

Definition 4.2.9 Let (X, d) be a cone metric space. A subset A of (X,d) is called
totally bounded if for each ¢ > 0,c € E, A can be composed into union of sets
Ni,1=1,23.n(AC UN where §(N;) < c.

Proposition 4.2.10 Let (X,d) be a cone metric space, and A ¢ X. Then A is
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totally bounded if and only if for each ¢ > 0,c € E, A possesses a c-net.

Proof. Assume A is totally bounded and let ¢ > 0, ¢ € E. Then find N1, No, ..., N,

such that A C U, Vi, d(IV;) < ¢. From each N; choose an element e,,1 =
1,2,3...,n. Let N = {ej,e€,...,e,}. We show that N is a c-net for A. Let p € A.
Then there exists e;,, ip = {1,2,..,n} such that p € N;;. Using that both P and ¢,
are in N;, and that §(N;,) < ¢, we conclude that d(p, e;,) < c.

Conversely, let ¢ > 0,c € E. Then find a finite set N = {ey, 9. ..., €, } such that for
each p € A there exists e;, € N with d(p,e;,) < c¢. Let N; = Ble;,c) = {z € X
d(z,e;) € c};i=1,2,..,n. Then clearly A C J_, N; and §(N;) < c.

Definition 4.2.11 Let (X, d) be a cone metric space. A subset A of (X, d) is called

compact if each cover of A by subsets from 7. can be reduced to finite subcover.

Proposition 4.2.12 Let (X, d) be a cone metric space and A C X. If A is sequen-
tially compact, then it is totally bounded.

Proof. Assume that there exists ¢ > 0,c € F such that A can not have a ¢
net. Hence, for fixed z; € A there exists o € A such that ¢ — d(l‘l,l'g)‘ ¢ intP,
then also {z;.x2} can not be a c-net for A, hence there exists 3 € A such that
c—d(r;,z3) & intP, and ¢ — d(z3,z5) ¢ intP. Like this we construct a sequence
z, € A such that ¢ — d(z,,z,,) € intP, ¥ n,m € N. That is, any subsequence of
{z,} cannot be Cauchy and {z,} cannot have convergent subsequence. Therefore

A is not sequentially compact.

Proposition 4.2.13 Every cone metric space (X, d) is first countable.

Proof. Let p € X. Fix ¢ > 0,c € E. We show that 8, = {B(p,<) :n€ N} isa
local base at P. Let u be open with p € u. Find ¢; > 0 such that p € B(p,¢;) C w.
Also by Lemma 4.2.1, find ng such that 7= < ¢;. Hence, B(p, =) C B(p.ai) Cu

‘Lemma 4.2.14 Let P be a cone in F and {z,}.{y,} be two sequence in E. If
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Yo — YT, > Tasn—ooin (E,|.|) and &, <y, for all n, then 2 <y.

" Proof. z, < y, implies y, — 2, € P. Since P is closed and (y, — z,) = (y — ),
then (y — z) € P. Hence, z < y.

Definition 4.2.15 A map T : (X,d) — (X, d) is called continuous at z € X . if for
each V € 7, containing Tz, there exists U € 7. containing z such that T(U) C V.

If T is continuous at each z € X then 1t is called continuous.

Definition 4.2.16 Let (X, d) be a cone metric space. A map T : (X,d) — (X.d)

is called sequentially continuous if z, € X, £, — « implies Tz,, — T'z.

Proposition 4.2.17 Let (X, d) be a cone metric space, and T : (X, d) = (X, d) be

any map. Then, T is continuous if and only if T' is sequentially continuous.

Proof. Assume z, — z and let ¢ > 0. Since T is continuous at z € X, then find
c¢; > 0 such that T(B(z,c1)) € B(Tz,c). By convergence of z,, find ng such that
d(z,,7) < 1, Vn > ny. But then d(T'z,,Tz) < ¢, Vn > ng. Since (X,d) is a first

countable topological space, then the converse holds.

Lemma 4.2.18 Let (X, d) be a cbne metric space and A be a sequentially compact
subset of (X, d). Then, there exist zq,yq € A such that §(A) = sup{d(z,y): z.y €
A} = d(zo,y0).

Proof. For fix ¢ > 0,c € E, we have §(A) — £ < §(A). By the definition of supre-
mum, for each n € N find y,,z, € A such that 6(4) — £ < d(z,,y.) < 0(4).
By sequential compactness of A, we may assume, for the sake of simplicity, that
Zn = o € Aand y, = y € A By Lemma 4.2.14, lim,_(6(A4) — L) <
limp00@(Tn, Yn) < 6(A) and hence, §(A) < limpseod(Tn,yn) < 6(A). That is,
(6(A) = limnssood(Tn, Yn)) € P and limn_yo0(d(zn, yn) — 6(A)) € P. By Proposition
4.2.7..(5(/1) = liMp—s00d(Zn, Yn) = d(zg, yo).

Definition 4.2.19 A mapping T : X — X on a complete cone metric space (X.d)



is said to be diametrically contractive if §(T A) < §(A) for all closed bounded subset
A C X, such that §(A) exists and 6(A) > 0.

It is clear that each diametrically contractive map is contractive.

Theorem 4.2.20 Let (X,d) be sequentially compact cone metric space with
strongly minihedral cone and T : X — X be diametrically contractive mapping.
Then T has a fixed point.

Definition 4.2.21 A mapping 7 : X — X on a complete cone metric space (X.d)

is said to be asymptotically diametrically contractive if

3a({TAn}) < da({An})

for all nonincreasing sequence {A,} of closed bounded subset of X with d,({A4,}) >

0, where

6a({‘4n}) = nh_)n;o ‘5(/471)

is called the asymptotic diameter of the sequence {A,}.

It is clear that every asymptotically diametrically contractive is diametrically
contractive. However, if (X, d) is sequentially compact then the converse is also

true. Indeed, we have

Proposition 4.2.22 Let (X, d) be a sequentially compact cone metric space and
T : X — X be a contracting mapping. Then, T is asymptotically diametrically

contractive mapping.

Lemma 4.2.23 Let (X, d) be a cone metric space, P be strongly minihedral and

let A C X be bounded. Then §(A) = §(A).

Theorem 4.2.24 Let (X,d) be a complete cone metric space, P strongly mini-
hedral and 7' : X — X be an asymptotically diametrically contractive mapping.
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Assume T has a bounded orbit {T"z(}32, for some 7o € X. Then T has a unique

fixed point z € X, and for each z € X, {T"z}32, converges to z.
4.3 Equivalence of Cone Metric Spaces And Metric Spaces

In this section we have to show that cone metric spaces have a metric type structure
which is proved by M. A. Khamsi [31].

Definition 4.3.1 Let (X,d) be a cone metric space. A mapping T’ : X — X is
called Lipschitzian if there exists k € R such that

d(Tz,Ty) < kd(z.y),

for all z,y € X.. The smallest constant k which satisfies the above inequality is called
the Lipschitzian constant of T', denoted Lip(T'). In particular T is a contraction if
Lip(T) € [0,1). Indeed we have the following result.

Theorem 4.3.2 Let (X, d) be a metric cone over the Banach space E with the cone
P which is normal with the normal constant M. The mapping D : X x X — [0, o0)
defined by D(z,y) =|| d(z,y) || satisfies the following properties:

(7) D(z,y) =0if and only if z = y;
(i) D(z,y) = D(y,z), for any z,y € X;

(ii7) D(x.y < M(D(z,21)+D(21, 29)+...4+D(zn,y)), for any points r,y, 2 € X.1 =
1.2,...,n.

Proof. The proofs of (i) and (ii) are trivial. In order to prove (iii), let z,y, 21, z5. ..., 2

be any points in X. Using triangle inequality satisfied by d, we get

d(z,y) <d(z,21) +d(z, z2) + ... + d(z, z,).

Since P is normal with constant M we get

I d(z,y) [[< M || dz, 21) + d(z, 22) + .. + d(, 23) |,
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which implies
| d(z,y) I< M(|| d(z, 21) | + || d(z,22) || +...+ || d(z. 2,) |})-
This completes the proof of the theorem.
Note that the property (iil) is discouraging since it does not give the classical triangle

inequality satisfied by a distance. But there are many examples where triangle

inequality fails -

The above result suggests the following definition.

Definition 4.3.3 Let X be aset. Let D : X x X — [0,00) be a function which

satisfies
(1) D(z,y)=01if and only if z = y;
(i) D(z,y) = D(y, ), for any z,y € X:

(i17) D(z,y) < K(D(z,21) + D(z1,23) + ... + D(z,,y)), for any points z,y,z €

X, 1=1,2,...,n, for some constant K > 0;
(iid)" D(z,y) < K(D(z,z) + D(2,y)).
The pair (X, D) is called a metric type space.

Similérly we define convergence and completeness in metric type space.

Definition 4.3.4 Let (X, D) be a metric type space.
() The sequence {z,} converges to z € X if and only if lim,_,, D(zn,z) = 0.
(it) The sequence {z,} is Cauchy if and only if lim, ,n 0o D(Xy, Tm) = 0.

(X, D) is complete if and only if any Cauchy sequence in X is convergent.

Definition 4.3.5 Let T': X — X be amap. T is called Lipschitzian if there exists
a constant A > 0 such that

D(Tz.Ty) < AD(z,y)
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for any z,y € X. The smallest constant A will be denoted Lip(T).

‘Theorem 4.3.6 Let (X, D) be a complete metric type space. Let T : X — X be
a map such that 7" is Lipschitzian for all n > 0 and > Lip(T") < oo. Then T has

n=0

a unique fixed point w € X. Moreover for any = € X, the orbit {7T"xr} converges to

w.
Example 4.3.7 Let X be the set Lebesgue measurable functions on [0, 1] such that

/01 |f (z)]*dx < o0.

Define D : X x X — [0, 00) by

D.0) = [ 17(0) - gta)ds
Then D satisfies the following properties:
(i) D(f,g) =0 if and only if f = g;
(id) ‘D(f, 9) = D(g,f), for any f,g € X;
(') D(f,g9) < 2(D(f, h)+ D(h,g)), for any points f,g,h € X.
In the next result we consider the case of metric type spaces (X, D) when D satisfies

(717"). Recall that a subset Y of X is said to be bounded whenever sup{D(z,y);z.y €
Y} < 0.

Theorem 4.3.8 Let (X, D) be a complete metric type space, where D satisfies (iii’)
instead of (iii). Let T : X — X be a map such that T™ is Lipschitzian for all n > 0
-and lim,, 0o Lip(T™) = 0. Then T has a unique fixed point if and only if there exists
a bounded orbit. Moreover if T has a fixed point w, then for any r € X, the orbit
{T™z} converges to w.

Corollary 4.3.9 Let (X, D) be a complete metric cone over the Banach space E

with the cone P which is normal with the normal constant A. Consider



D: X xX — [0,00) defined by D(z,y) =|| d(z,y) || . Let T : X — X be a

contraction with constant k¥ < 1. Then
D(T"z,T"y) < Mk"D(z,y)

for any z,y € X and n > 0. Hence Lip(T™) < ME", for any n > 0. Therefore
Y nso Lip(T") is convergent, which implies T has a unique fixed point w, and any

orbit converges to w.

4.4 Metrizability of Cone Metric Space

M. Asadi,et.al [30] proved that the cone metric spaces are metrizable and de-
fined the equivalent metric in different approaches. However there is main question
“ Will the equivalent metric satisfy the same contractive conditions which the cone
one does?.” M. Asadi,et. al answered affirmatively for a few contractive conditions

but it is impossible to answer the question in general.

By renorming the Banach spaces which have been partially ordered by a cone, we
can obtain a new norm which converts it to normal cone, so every cone metric space

is metrizable.

Theorem 4.4.1 For every cone metric D : X x X — E there exists metric
d: X x X = R* which is equivalent to D on X.

Proof. Define d(z,y) = inf{|| u ||: D(z,y) < u}. We shall prove that d is an
equivalent metric to D. If d(x,y) = 0 then there exists u, such that || u, |—= 0 and
D(z,y) < u,. So u, — 0 and consequently for all ¢ > 0 there exists N € N such
that u, < cforalln > N. Thus forall ¢ >0, 0 < D(r,y) < c. Namely z = y.

If z = y then D(z,y) = 0 which implies that d(z,y) <[] v || for all 0 < u. Put u = 0
it implies d(z,y) <|| 0 ||= 0, on other hand 0 < d(z,vy). Therefore d(x,y) = 0. It is

clear that d(z,y) = d(y, z). To prove triangle inequality, for z,y, z € X we have,
Ve>03u, [|w|l<d(z,2)+¢, Dz, z2)<u,

Ve>03wup, [[ull<d(z,y)+e, D(z,y) <uy.
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But D(z,y) < D(z,2) + D(2,y) < u1 + ug, therefore
d(z,y) <[l w +uz <[ w || + (w2 [[< dz,2) +d(z,y) + 22

Since £ > 0 is arbitrary so d(z,y) < d(z, z) +d(z,y).
‘Now we shall prove that, for all {z,} C X and z € X,z,, — z in (X, d) if and only
if z, = z in (X, D). We have

1
Vn,m €N 3 uy, such that || upm || < d(zn, z) + — D(z,,2) < Unm.

Put v, = Upny, then || v, ||< d(zn, ) +% and D(z,,z) < v,. Now if z,, = z in (X, d)
then d(r,,r) — 0 and so v, — 0 too. Therefore for all ¢ > 0 there exists N € N
such that v, < ¢ for all n > N. This implies that D(z,,z) < ¢ for all n > N.
Namely z, — = in (X, D).

Conversely, for every real ¢ > 0, choose ¢ € E with ¢ > 0 and || ¢ ||[< €. Then
there exists N € N such that D(z,,z) < c for all n > N. This means that for all
£ > 0 there exists N € N such that d(z,,z) <| ¢ ||< £ for all n > N. Therefore

d(zn, ) > 0 as n — oo so z, = z in (X,d).

Example 4.4.2 Let 0 # a € P C R" with || a [|= 1 and for every z,y € R define

a, T
D(z,y) = { 0 J:iyy,

Then D is a cone metric on R™ and its equivalent metric d is

1, z
d(z,y) = { 0 Iig

which is discrete metric.

Example 4.4.3 Let a,b > 0 and consider the cone metric D : R x R — R? with
D(z.y) = (adi(z,y), bda(z,y)) where dy, dy are metrices on R. Then its equivalent
metric is d(z,y) = Va2 + b2 || (di(z,y), dy(z,y)) ||. In particular if d (z,y) = |z —y|
and dy(z,y) = alz — y|, where @ > 0 then D is the same famous cone metric which

has been introduced in [24] and its equivalent metric is d(z,y) = V1 + o2|z — y|.
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Example 4.4.4 For ¢ > 0,b > 1,E =19 P = {{z,}n>1 : 2 > 0, for all n} and

(X,p) a metric space, define D : X x X — F which is the same cone metric as

(41,Example 3] .
D(z,y) = {(ﬁ:;_y));}@l_

Then its equivalent metric on X is,

e = [{(*52)°),..

(S = (52"

Lemma 4.4.5 Let D, D* : X x X — E be cone metrices, d,d* : X x X —» R*
their equivalent metrices respectively and T : X — X a self map. If D(T'z,Ty) <
D*(z.y), then d(Tz,Ty) < d*(z,y).

Proof. By the definition of d*,

Ve >03vsuchthat ||v]|<d(z,y)+¢e, D(z,y)<v.
Therefore if D(T'z, Ty) < D*(z,y) < v, then we have

d(Tz,Ty) <|| v [|< d"(z,y) + ¢

Since € > 0 is arbitrary so d(Tz, Ty) < d*(z,y).
Example 4.4.6 Let E = R/P = Rt and D : X x X — E be a cone met-
ric, d : X x X — R7' its equivalent metric, T : X — X be a self map and
¢ : R* — R* defined by p(z) = &. If D* = ¢(D), then its equivalent metric

14z
is d* = ¢(d), and if D(Tz,Ty) < ¢(D(z,y)) = %’?y—), then by Lemma 4.4.5,
d(Tz, Ty) < p(d(z,y)) = roas

1+d(z,y) "
Definition 4.4.7 A self map ¢ on normed space X is bounded if

Lolle sup L@
0£z€X ” z ”




Theorem 4.4.8 Let D : X x X — FE be a cone metric, d : X x X — RY its
equivalent metric, T : X — X a self map and ¢ : P = P be a bounded map. Then
there exists ¥ : R* — R* such that D(Tz,Ty) < ¢(D(z,y)) for every z,y € X
implies d(Tz,Ty) < ¥(|| D(z,y) ||) for all z,y € X. Moreover if ' is decreasing
map or ¢ is linear and increasing map then, d(z,y) < ¥(d(z,y)) for all z,y € X,

Corollary 4.4.9 Let D, D* be cone metrices, d,d” their equivalent metrices,
T:X — X beamap, A€ [0,%) and o, 8 € [0,1). For z,y € X,
i) D(Tx,Ty) < aD(z,y) = (T, Ty) < ad(z.y).

ii) D(Tz, Ty) < A(D(Tx,z) + D(Ty,y)) = d(Tz,Ty) < Md(Tz,z) + d(Ty.y)).
iii) D(Tz, Ty) < X(D(Tz,y) + D(Ty,z)) = d(Tz,Ty) < Md(Tz,y) + d(Ty, z)).
iv) D(Tz,Ty) < AD(z,y) + BD(Tz,y) = d(Tz,Ty) < ad(z,y) + Bd(Tz,y).
v)There exists u € {D(z,y), D(z, Tz), D(y, Ty), 3{D(z, Ty)+D(y, Tx)]} such that
D(Tz,Ty) < au where a € (0,1) then

d(Tz,Ty) < & maa{d(z,y); d(z, Tx); d(y, Ty); Ld(z, Ty) + d(y, T))}.

Theorem 4.4.10 Let (E||| . ||) a real Banach space with a positive cone P. There
exists an equivalent norm on F such that P is a normal cone with constant A/ = 1,

.with respect to this norm.
Corollary 4.4.11 Every cone metric space (X, D) is metrizable.
4.5 Completion of Cone Metric Space

Definition 4.5.1 A cone normed space is an ordered pair (X, ]| - ||.), where X is a

vector space over R and || - ||.: X — (E, || - ||) is a function satisfying:
(@) 0<|| z|lc, for all z € X.
(74) || z ||].= 0 if and only if z = 0.

(#17) || ax |lc=] a |||  ||c, for each 2 € X and « € R.



(@) z+ylle < lzlle+llylle foralzyeX.
It is clear that each cone normed space is a cone metric space. In fact, the cone
metric is given by d(x,y) =|| £ —y ||.. Complete cone normed spaces are called cone

Banach spaces.

According to the definition of convergence in cone metric spaces, we see that z,, — =
in (X, - ||o) if and only if for all ¢ > 0 in E there exists ng such that || z,—z ||, < ¢
for all n > ng and, if the cone is normal, if and only if lim,_, |||| 2. — z ||c||= 0.
Also, z,, € (X,] - ||c) will be Cauchy if and only if for all ¢ > 0 in E there exists ng
such that || z, — zm ||c< ¢ for all m,n > ny and the cone is normal, if and only if

iy, nso0 [[I| Zn = Zm [|cll= 0.

Before proceeding to prove a scalar norm completion theorem, we first give the

meaning of isometries of cone metric spaces.

Definition 4.5.2 Let (X,d) and (Y, p) be cone metric spaces. A mapping T of
X into Y is said to be an isometry if it preserves cone distances, that is for all
x1, zs € X,

p(Txy, Txg) = d(zy, z2).

It is clear that if T is bijective and an isometry, then it is together with its inverse,
(sequentially) continuous and hence (X, d) and (Y, p) become topological isomorphic.
Throughout, we shall say that cone metric space X is isometric with the cone metric
space Y if there exists a bijective isometry of X onto Y. In the sequel, one has to

note that every cone isometry is one to one.

Proposition 4.5.3 Let {z,} and {y,} be two Cauchy sequences in a cone metric

space (X,d) over a normal cone with constant M. Then lim,_,. d(z,,y,) exists in

(B0 1D)-

Theorem 4.5.4 For a cone metric space (X, d) over a normal cone there exists a
complete cone metric space (X, d,) which has a subspace W that is isometric with

X and dense in X°. The space (X*,d,) is unique upto isometry, that is, if Z is any



complete cone metric space having a dense subspace U isometric with X, then Z

and X* are isometric.

As every cone normed space is a cone metric space, we define the meaning of isometry

of cone normed spaces.

Definition 4.5.5 Two cone normed spaces (X, || - ||.,) and (Y, - ||c,) are said to

be isometric if there exists a bijective linear operator T : X — Y such that

| Tz ||le,=|| z l|¢;, forall zeX.

Theorem 4.5.6 Let (X, || - ||.) be a cone normed space over a normal cone. Then
there is a cone Banach space (X*,|| - ||;) and an isometry T from X onto a subspace

W of X*, which is dense in X°. The space X* is unique upto isometry.
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