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Preface

Mathematics is a central element of our current, technology but few people re-
alize that this celebrated high technology is so strongly based on Mathematics. The
theory of variational inequalities is a powerful and elegant tool of the current math-
ematical technology and have become a rich source of inspiration for scientist and
engineers. There are numerous standard textbooks and monographs dealing with
various aspects of this domain. In the last four decades, this theory has been ex-
tended and generalized in various directions because of the applications to a wide
class of problems arising in various branches of mathematical, physical and engineer-
ing sciences and optimization. There are three different aspects to study variational
inequalities (i) Mathematical Modelling: To convert the problems of real life or the
problems from science, engineering and social sciences into a variational inequal-
ity problem is called mathematical modelling. (ii) Ezistence Theory: To study the
existence of solutions of variational inequalities. (iil) Numerical Methods: To find
the algorithms for computing the approximate solutions of variational inequalities,

which converge to the exact solution.

It is mentioned by Aubin [15] in his book that the Nash equilibrium problem
for differentiable functions can be formulated in the form of a variational inequality
problem defined over the product of sets. Further, Pang [97] showed that not only
Nash equilibrium problem but also various equilibrium-type problems, like, traffic
equilibrium, spatial equilibrium, and general equilibrium programming problems
from operations research, economics, game theory, mathematical physics and other
areas, can also be uniformly modelled as a variational inequality problem defined
over the product of sets which is equivalent to the problem of system of variational
inequalities. '

This thesis deals with the existence theory and numerical methods of differ-

ent kinds of variational inclusions, variational-like inclusions, system of variational

il



inequalities, system of generalized variational inclusions, system of variational-like

inclusions, variational inclusions with fuzzy mappings.

Chapter 1 deals with the brief introduction of variational inequalities, variational
like inequalities, variational inclusions and system of variational inequalities besides
some basic definitions and results from functional analysis.

In Chapter 2, we consider a system of mixed variational inequalities and a sys-
tem of mixed variational-like inclusions in the setting of Banach spaces. By applying
the notion of J-proximal mapping and J"-proximal mapping and their Lipschitz con-
tinuity, we suggest the iterative methods for computing the approximate solutions
of these systems. The existence and convergence of solutions obtained by defined

algorithms are also studied.

In Chapter 3, we consider a system of set-valued variational inclusions and a
system of generalized variational inclusions with H-accretive operators in uniformly
smooth Banach spaces. An iterative algorithm for computing the approximate solu-
tions of these systems is defined. Some existence and convergence results are also de-
rived. In the last section, we consider a system of generalized H-resolvent equations
in uniformly smooth Banach spaces. An equivalence relation is established between
system of generalized H-resolvent equations and system of generalized variational

inclusions.

In Chapter 4, we consider the generalized variational-like inclusions for fuzzy
mappings. We develop an Ishikawa type perturbed iterative algorithm and a Mann
type perturbed iterative algorithm for computing the approximate solutions. The
existence and convergence analysis is also studied. Further, we consider a class of
mixed variational inclusions for fuzzy mappings. The existence and convergence
analysis for this class of mixed variational inclusions for fuzzy mappings discussed
by using the definition of relaxed strongly accretive operators. In the last section, we
introduce generalized T-resolvent equations with fuzzy mappings. An equivalence
relation is established between the mixed variational inclusions for fuzzy mappings

and the generalized 7-resolvent equations with fuzzy mappings.

In Chapter 5, we introduce and study a system of generalized variational in-

clusions with (A, n)-accretive mappings in Banach spaces. By using the resolvent

v
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Chapter 1

Preliminaries

1.1. Introduction

Variational inequalities introduced by Stampacchia [112] have enjoyed vigorous
growth for the last forty years. Variational inequality theory describes a broad spec-
trum of interesting and important developments involving a link among various fields
of mathematics, physics, economics and engineering sciences [2,4,14,16,17,21,26,29,
33,35,36,46,48,58,59,61,70,74,98,105,119,122-124,126]. It turned out that the odd-
order and nonsymmetric free, moving, unilateral obstacle and equilibrium can be

studied via the general variational inequality approach.

In recent past, considerable interest has been shown in developing various exten-
sions and generalizations of variational inequalities related to multivalued operators,
nonconvex optimization and structural analysis. This theory was developed simulta-
neously not only to study the fundamental facts about the qualitative behaviour of

solutions of nonlinear problems, but also to solve them more efﬁciently numerically.

In different sections of this chapter, we discuss various notions which are essen-

tial for presentation of results in the subsequent chapters.

1.2. Some Basic Concepts And Results

In this section, we present some basic notations, definitions and known results

of functional analysis which will be used in the subsequent chapters.

Throughout this thesis, unless otherwise specified, we assume that F is a real

Banach space endowed with a norm ||.||, E* is the topological dual of F, (-, -) is the



duality pairing between E and E*, d is the metric induced by the norm ||.||, CB(E)
is the family of all nonempty closed and bounded subsets of F, 2F is the family of
all nonempty subsets of E, D(-,-) is the Hausdorff metric on CB(E) defined by

D(A, B) = max{ sup d(z, B),sup d(A4, y)}
yEB

€A

where d(z, B) = inf d(z,y) and d(4,y) = inf d(z,y).
yeB z€A
We denote by H a real Hilbert space and by H* its dual.

Theorem 1.2.1.[111]. Let X be a nonempty, closed and convex subset of Hilbert
space H. Then for all z € H, there exists unique © € K such that

Iz = ull = inf |z =] (1.2.1)

Definition 1.2.1. The point u satisfying (1.2.1) is called the projection of z onto
K and we write
u = Pk(2). (1.2.2)

Lemma 1.2.1.[83]. If K is a honempty, closed and convex subset of H and z is a

given point in H, then u € K satisfies the inequality
(u—z,v—u)y >0, forall veK,

if and only if
U = PK(Z),

where Py is the projection of H onto K.

Lemma 1.2.2.[83]. The projection Pk defined by (1.2.2) is nonexpansive, i.e.,
|P(u) — Px(v)|| < |lu—wv|, foral u,veH.

Theorem 1.2.2.( Riesz representation theorem)[111]. If f is a bounded linear func-

tional on a Hilbert space H, there exists a unique vector v € H such that

f(w) = (u,v), forall ue H and ||f||=|v].



Definition 1.2.2. Let X and Y be a topological vector space. A multivalued
mapping P : X — 2¥ is said to be:

(1) upper semicontinuous at g € X, if for every open set V in Y containing P(z;),
there exists an open neighbourhood U of z, in X such that P(z) C V, for all
z €U;

(ii) closed, if for every net {z,} converges to =, and {y»} converges to y. such that

for all A, yx € P(z,) implies that y, € P(z,).

Definition 1.2.3. Let E be a Banach space and f : F — RU {+co}. Then f is

said to be conveg, if

fu+ (1= t)v) Stf(w) + (1 —1)f(v),
holds for all t € (0,1) and u, v € E.
Definition 1.2.4.[7]. Let F be a real Banach space. Then

(i) a mapping J : E — 2% is called normalized duality mapping defined by
J(@)={f € E* :(z,f) ==l fl, forall z€ E}
(ii) a mapping J, : E — 27" is called generalized duality mapping defined by

Jo(@) ={f € B*: (z,f) = l=l|* and [|f] = ||lz]*"", forall =€ E}

For q = 2, the generalized duality mapping coincides with the usual normalized

duality mapping.

Definition 1.2.5.[34]. Let T : E — CB(E) be multivalued mapping and let D(., .)
be the Hausdorff metric on CB(FE), T is said to be &-Lipschitz continuous, if for any
z,y € E such that

D(Tz,Ty) < &z -y,

where £ > 0 is a constant.

Theorem 1.2.3.(Nadler)[87]. Let (X,d) be a complete metric space. If F: X —
CB(X) is a multivalued contraction mapping, then F has a fixed point.

3
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Definition 1.2.6.[3]. A Banach space E is said to be uniformly convez if for any
given ¢ > 0, there exists § > 0 such that for all z,y € E, ||z|| < 1,|ly]] < 1 and
|z — yl| = € we have

|z +yll <2(1-4).

The function

lz+yll

55(e) = inf{l - EI el =1, =1, el = }

is called the modulus of the convexity of the space E.
Definition 1.2.7.[3]. A Banach space E is said to be uniformly smooth if for any
given € > 0, there exists 6 > 0 such that

Iz +yll + llz — yl
2

-1 <€yl
holds.

The function

pi(t) = sup{ le ol =Nz =vl .z = 1,y = t}

2

is called the modulus of the smoothness of the space E. -

Remark 1.2.1. The space E is uniformly convez if and only if dg(e) > 0 for all

e > 0, and it is uniformly smooth if and only if lim,_,, 3@ = 0.

Definition 1.2.8.[3]. The Banach space E is called g-uniformly smooth, if there

exists a constant C' > 0 such that

pe(t) < Ct?, g¢>1.

Definition 1.2.9. Let T, g : E — E be two single valued mappings. Then T is said
to be: '

(i) accretive, if for all z,y € E there exists j(z — y) € J(z — y) such that

(T(z) - T(y),i(z —y)) 2 0;



(i) strictly accretive, if for all z,y € E there exists j(z —y) € J(z —y) such that
(T(z) = T(y),i(z —y)) = 0;
and the equality holds if and only if z = y;

(iii) strongly accretive, if for all z,y € E there exists j(z —y) € J(z —y) and a
constant ér > 0 such that

(T(z) = T(y),i(z ~y)) 2 orllz — yl*

(iv) strongly accretive with respect to g if for all z,y € E there exist a constant ér
such that

(T(z) — T(y),i(9(z) — 9(v))) = orllg(z) — g%

(v) Lipschitz continuous if for all z,y € E there exists a constant Ar such that

1T (z) = Tl < Arllz -yl

Definition 1.2.10. Let H : F — E*and n: F x E — E be single-valued mappings.
Then

(i) 7 is said to be monotone, if for all z,y € E
(€ —yn(z,9) 2 0
(ii) n is said to be strictly monotone, if for all z,y € E
(@ —v,m(z,9)) = 0
and equality holds if and only if z = y;

(iii) n is said to be strongly monotone, if for all z,y € E there exists a constant
¢ > 0 such that

(z—y,nz,y) > &z —yl*

(iv) n is said to be H-strongly accretive with constant a > 0, if for all z,y € E

(n(z,y), H(z) — H(y)) > allz — y||*;



(v) n is said to be Lipschitz continuous, if for all z,y € E, there exists a constant
A > 0 such that

In(z, yIl < AMlz - yll;

(vi) H is said to be n-strongly accretive, if for all z,y € E there exists a constant
a > 0 such that

(n(z,y), H(z) — H(y)) = alz -yl

Definition 1.2.11. A multi-valued mapping A : E — 2% is said to be:

(i) accretive, if for any z,y € E, there exists j(z — y) € J(z — y) such that for
all u € A(z) and v € A(y),

(u—v,j(z-y)) 2 0;

(i) k-strongly accretive k € (0,1), if for any z,y € E, there exists j(z — y) €
J(z — y) such that for any u € A(z), v € A(y)

(w=wv,j(z~v)) > kllz - yl*

(ili) m-accretive, if A is accretive and (I + pA)(E) = E, for every (equivalently, for
some) p > 0, where [ is the identity mapping (equivalently, if A is accretive
and (I + A)(E) = E);

(iv) Lipschitz continuous, if for all 1 € A(u;), zo € A(uz), there exists Ag > 0
such that for any u;,us € F

|21 — 2ol < Aallug — ual|.

Remark 1.2.2. If E = H is a Hilbert space, then A : D(A) € E — 2F is an

m-accretive mapping if and only if it is a maximal monotone mapping.

Lemma 1.2.3.[63]. Let g : E — E be a continuous and k-strongly accretive
mapping. Then g maps F onto F.



Definition 1.2.12. Let T,F : E — 2% be set-valued mappings. The mapping
g:E x E — FE is said to be:

(i) Lipschitz continuous in first argument with respect to 7" if there exists a con-
stant Ay, > 0 such that

llg(u, ) — glua, NI < Agy lur — ug|
for all u; € T(x1), ug € T(z2) and 1,29 € E;

(i) Lipschitz continuous in second argument with respect to F' if there exists a

constant Ag, such that
Hg(-,’U1) - g(-,’U2)H < )‘gznvl - UQ”
for all v; € F(x1), vg € F(z2) and 1,25 € E.

Definition 1.2.13. Let ¢ : E — RU {400} be a proper functional, ¢ is said to be
subdifferential at a point x € E, if there exists a point f* € E* such that

o(y) —o(z) > (f*,y—z), for all y€ E;

where f* is called a subgradient of ¢ at z. The set of all subgradient of ¢ at z is
denoted by 0y(z).

The mapping Oy : E — 2F" defined by
Dp(x) = {f* € B : p(y) — pl@) > (f,y —a), for all ye E}
is said to be subdifferential of ¢ at z.
Lee et al. [81] introduced the following concept of n-subdifferential.

Definition 1.2.14. Let n: EX E — F and ¢ : E — RU {+00}. A vector w* € E*
is called an n-subgradient of @ at = € dom ¢, if

(w*,n(y,z)) <oy) —p(z), forall yek.

Each ¢ can be associated with the following n-subdifferential map O,¢ defined
by



B,0(z) = {w e B (w*,n(y,z)) < o(y) —(z), forallye E}, z € dom p,
' 0 z ¢ dom ¢.

Definition 1.2.15. A Banach space F is reflexive if the mapping J : £ — Fz from
E into E**, where F;(f) = f(z), f € E*, is an onto mapping.

Definition 1.2.16.[18]. Let A : D(A) C E — 2F be an m-accretive mapping. For
any p > 0, the mapping J# : E — D(A) associated with A defined by

Jf(u) = (I +pA)~ u), forall uekE,
is called the resolvent operator.

Remark 1.2.3.[18]. The resolvent operator J2 is single-valued and nonexpansive,
that is,
1) = T < llz—yll, forall z,y€F.

Definition 1.2.17. Let A : D(A) C E — 2% be an m-accretive mapping. For any
p > 0, the resolvent operator Jlf : B — D(A) associated with A, is said to be:

(i) retraction, if
(I +pA)~ o (I+pA)~(uw) =T+ pA) (u), forall uek,
where [ is the identity operator;
(i) nonezpansive retraction, if

|]J;4(zl) - JpA(zz)H <|lz; — 2z for all z,2 € E.

Proposition 1.2.1.[7,101]. Let E be a real Banach space and J : E — 27" be a
normalized duality mapping. Then for any z,y € E, the following holds:

@) llz+yl? <zl +2(y,i(z +y)), forall jz+y)e T(z+y);



(1)) (z—y,i(z) - i) < 2dPrp(dflz - y/c),

where ¢ = /([[z[| + [ly[[?)/2.

Propositiqn 1.2.2.[120,121]. Let E be a real uniformly smooth Banach space.
Then E is g-uniformly smooth if and only if there exists a constant C, > 0 such
that for all z,y € £

lz +yll* < [lz)|? + ¢ly, To(z)) + Collyllé.

Definition 1.2.18.[50]. Let H : E — F be an operator. A multivalued mapping
M : E — 2F is said to be H-accretive if M is accretive and (H + pM)(E) = E for
all p> 0.

Remark 1.2.4. If H = I, then Definition 1.2.18 reduces to the usual definition of

m-accretive operator.

Definition 1.2.19. Let H : E — E be a strictly accretive operator and M : E — 2%
be an H-accretive multivalued mapping. The H-resolvent operator J }}4 , BE— E
associated with H and M is defined by

JM (z) = (H +pM) Y (z), forall z€E.

Theorem 1.2.4.[50]. Let H : E — E be a strongly accretive operator with
constant r and M : E — 2F be an H-accretive multivalued mapping. Then the H-
resolvent operator J}‘I’{ , o B — E associated with H and M is Lipschitz continuous

with constant I, that is,

1
173,(2) = T, < e —yl,  forall zyeE.

Definition 1.2.20. Let f : H — H be a mapping. A multivalued mapping
S : H — 2F is said to be:

(i) relazed Lipschitz continuous with respect to f, if there exists a constant k£ > 0
such that

(f(u) = fv),z —y) < —kllz -y,
for all z,y € H, u € S(z), v € S(y);



(ii) relazed monotone with respect to £, if there exists a constant ¢ > 0 such that
(f(u) = f(v),z —y) > ~cllz —y|?,

for all z,y € H, u € S(z), v € S(y).

For the justification of Definition 1.2.20, we construct the following two exam-
ples.

Example 1.2.1. Let H = R and S = I, the identity mapping. Suppose f(z) =
=3z, 0 <€ <3, k= (3—c¢). Then it is easy to see that f is relaxed Lipschitz

continuous mapping.

Example 1.2.2. Let H = R and S = I, the identity mapping. Suppose f(z) =

3z, € = 4,5,..., ¢ = (e — 3). Then it is easy to see that f is relaxed monotone
mapping.

Definition 1.2.21. Let n: H x H — H be a given map. A multivalued mapping
Q : H — 2f is called n-monotone if for all z,y € H

(u—v,n(m,y)) > 0’
for all u € Q(z), v € Q).

Remark 1.2.5. @ is called mazimal n-monotone if and only if it is n-monotone and
there is no other n-monotone multivalued mapping whose graph strictly contains
the graph of Q.

Definition 1.2.22. Let n : E x E — FE be a single-valued mapping. Then the
set-valued mapping M : E — 2% is said to be:

(i) n-accretive, if
{u—v,jo(n(z,y))) 20,
forall z,y€ E,ue M(z),ve My);

(i) strictly n-accretive, if M is n-accretive and equality holds if and only if

L =Y

10



(iii) r-strongly n-accretive, if there exists a constant r > 0 such that

(u—v,jq(n(z,9))) > rllz -yl
forall z,y € B, u e M(z), ve M(y);

(iv) m-relazed n-accretive, if there exists a constant m > 0 such that

(u—v,jq(n(z,))) = —mllz — y|*,

for all z,y € B, ue M(z), ve M(y).

Remark 1.2.6.

(i) If r = 0 and equality holds if and only if z =y, then (iii) of Definition 1.2.22
reduces to the definition of strictly n-accretive mappings.

(ii) If n(z,y) = = — y, then (iii) of Definition 1.2.22 reduces to the definition of

r-strongly accretive mappings.

Example 1.2.3. Let E =R, M(z) = z, n(z,y) = (—2z) — (—2y), then it is easy to

see that M is a 2-relaxed n-accretive function.

Definition 1.2.23. Let A: E — E, n: E x E — E be two single-valued mappings.
Then a set-valued mapping M : E — 2F is called (A, n)-accretive, if M is m-relaxed
n-accretive and (A + pM)(E) = E, for every p > 0.

Remark 1.2.7.

(i) If m = 0, then Definition 1.2.23 reduces to the definition of (H,n)-accretive op-
erators [54] which includes generalized m-accretive operators [69], H-accretive

operators [50] and classical m-accretive operators.

(i) When m = 0 and E = H is a Hilbert space, then Definition 1.2.23 reduces
to the definition of (H,n)-monotone operators [53,55] which includes maximal

n-monotone operators [68] and classical maximal monotone operators [129].
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Definition 1.2.24. Let A : E — E be a strictly n-accretive mapping and M : £ —
2% be an (A, n)-accretive mapping. Then resolvent operator J,f;,’ﬁ : E — E is defined
by

J,’;,’If}(m) =(A+pM)}z), foral z€E.

Lemma 1.2.4.[77]. Let n: E X E — E be 7-Lipschitz continuous, A : £ — E be

r-strongly n-accretive mapping and M : E — 2% be an (A, n)-accretive mapping.

-1 . . . .
:_q -Lipschitz continuous, i.e.,

pm

Then the resolvent operator JT’,’,’}@ E— FEis

A A 7971
[T () — I ()] < — pmeE —yll, forall z,y€ E,

where p € (0, =) is a constant.

Definition 1.2.25. A mapping g : F — F is said to be (b, £)-relazed cocoercive, if

there exists constants b, £ > 0 such that

(9(z) — 9(v), Jo(z — y)) = ~bllg(z) — g(W)[|? + &llz — yll9,

for all z,y € E.

1.3. Variational Inequalities

Many problems of elasticity and fluid mechanics can be expressed in terms of

an unknown u, representing the displacement of a mechanical system, satisfying
a(u,v—u) > F(v—u), forall veK, (1.3.1)

where K is a nonempty, closed, convex subset of a Hilbert space H, af(.,.) is a
bilinear form and F' is a bounded linear functional on H. The relations of the type

(1.3.1) are called variational inequalities.

If the bilinear form a(.,.) is continuous, then by Riesz representation theorem
1.2.2, we have

a(u,v) = (A(u),v), forall wu,v <€ H, (1.3.2)

where A is a continuous linear operator on H.
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Then inequality (1.3.1) is equivalent to find u € K such that
(A(u),v—u) > (F,uv—u), forall veK. (1.3.3)

If the operators A and F' are nonlinear, then variational inequality (1.3.3) is

known as strongly nonlinear variational inequality, introduced and studied by Noor
[92].

If F =0, then (1.3.3) is equivalent to find v € K such that
(A(u),v—u) >0, forall veK. (1.3.4)

The variational inequality of the type (1.3.4) was introduced and studied by Fichera
[57]) in 1964. Lions and Stampacchia [82) proved the existence of unique solution of

(1.3.4) using essentially the projection techniques.

It is worth mentioning that the unilateral contact problems involving contact
laws of monotone nature do not lead to the formulation of variational inequalities
directly. However, it has been shown by Panagiotopoulus [95], using the notions of
Clarke’s generalized gradient and Rockafeller’s upper subderivative, that the non-
convex unilateral contact problems can only be characterized by a class of strongly

nonlinear variational inequalities (1.3.3).

Till now, variational inequalities have been generalized and extended in vari-
ous directions. Variational-like inequality is one of its generalized form, which was
introduced and studied by Parida et al. [96)].

Let K be a closed convex set in R™. Given two continuous maps F : K — R”
and 7 : K x K — R"”, then the variational-like inequality-problem is to find u € K
such that

(F(u),n(u,v)) >0, for all ve K. (1.3.5)

If n(u,v) = v — u, then variational-like inequality (1.3.5) is equivalent to the
variational inequality (1.3.4).

A useful and important generalization of variational inequalities is a mixed

type variational inequality containing nonlinear term. Due to the presence of the

13



nonlinear term, the projection method can not be used to study the existence of a
solution for the mixed type variational inequalities. In 1994, Hassouni and Moudafi
[60] used the resolvent operator technique for maximal monotone mappings to study
mixed type variational inequalities with single-valued mappings, which are called
variational inclusions and developed a perturbed algorithm for finding approximate

solutions of mixed variational inequalities.

Let H be a real Hilbert space endowed with a norm ||.|| and inner product (., .)

and given continuous mappings T, g : H — H, with Im(g) N dom (d¢) # 0.

Then the following problem of finding u € H such that g(u) N dom (8¢) # 0

and
(T'(u) — A(u),v — g(u)) > o(g(u)) — ¢(v), for all v e H, (1.3.6)

where A is a nonlinear continuous mapping on H, 0p denotes the subdifferential of
a proper, convex and lower semicontinuous function ¢ : H — RU{+oco}, dom (d¢)

denotes the domain of d¢p.

Problem (1.3.6) is called variational inclusion problem, introduced and studied
in [60].

1.4. System Of Variational Inequalities

In the recent past, systems of variational inequalities are used as tools to solve
various equilibrium-type problems like, Nash equilibrium, traffic equilibrium, spa-
tial equilibrium and general equilibrium programming problems, problems from op-
erations research, economics, game theory, mathematical physics and other areas;
see for example [12,15,32,56,73,75,76,85,86,97] and references therein. Pang [97] uni-
formly modeled these equilibrium-type problems in the form of a variational inequal-
ity defined on a product of sets. He decomposed the original variational inequal-
ity into a system of variational inequalities, which are easy to solve, to establish
some solution methods for finding the approximate solutions of above mentioned
equilibrium-type problems. Later, it is found that these two problems, variational
inequality defined on a product of sets and system of variational inequalities, are

equivalent.
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Further, Ansari and Yao [12] introduced and studied the following syétem of

variational inequalities in Hausdorff topological vector space.

Let I be an index set and for each 7 € I, let E; be a Hausdorff topological vector
space with its topological dual Ef. Let {K;}icsr be a family of nonempty, convex

subsets with each K; in F;. Let K = [[ Ky, K; = ][] K, and E =[] E;. For
i€l j#i, jel i€l
eachi € I, let A;: K — E} be a given function.

Find z = (Z;,Z"') € K such that for each i € I,

(A’L(j)ayz - jl> Z O) for all Y € K’i)

Kassay and Kolumbdn [72] introduced the following system of variational in-

equalities and proved the existence of solutions using Ky-Fan’s lemma.

Let H, and Hy are two Hilbert spaces, A C H; and B C Hj are two nonempty,
closed and convex sets. Let ¥ : H x Ay, — H;, G : Hy x Hy — H; be the

single-valued mappings.

Find (a,b) € A x B such that
(F(a,b),z —a) >0, for all = € A,

(G(a,b),y—b) >0, for all y € B.

 Verma [114] introduced and studied the following system of nonlinear varia-

tional inequalities. |

Let H be a real Hilbert space endowed with the inner product (.,.) and norm
||.|l. Let A C H be a closed, convex subset of H. T : A — H is a nonlinear mapping

and p,y > 0 are constants.

Find (a,b) € A x A such that
(pT'(b) +a — b,z —a) >0, for all z € A,

(YT'(a) +b—a,z — by >0, for all y € A.
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Since then many authors have generalized and extended the system of varia-
tional inequalities (inclusions) in different directions using different techniques; see
for examples [30,49,51,52,54,67,102,104,116,117] and references therein.
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Chapter 2

Systems Of Mixed Variational
Inequalities And Mixed
Variational-like Inclusions

2.1. Introduction

Pang [97], Cohen and Chaplais [32), Bianchi [20], Ansari and Yao [12] considered
a system of scalar variational inequalities and Ansari et al. [13] introduced and
studied a system of vector equilibrium problems and a system of vector variational
inequalities by using fixed point theorem. Allevi et al. [11] considered a system
of generalized vector variational inequalities and established some existence results
with relative pseudo monotonicity. Kassay and Kolumba n [72] introduced a system
of variational inequalities and proved an existence theorem by using Ky-Fan’s lemma.
Peng and Yang [104] introduced a system of quasi-variational inequality problems

and proved an existence theorem by maximal element theorems.

Recently, Peng [102] introduced a system of generalized mixed quasi-variational-
like inclusions with (H,7n)-accretive operators, i.e., a family of generalized mixed
quasi-variational-like inclusions with (H, )-accretive operators defined on a product,

of sets in Banach spaces.

In 2002, Ding and Xia [45] introduced the concept of J-proximal mapping for a
lower semicontinuous subdifferentiable proper (may not be convex) functional, which
is an extension of the resolvent operator technique, to propose an iterative algorithm
for computing the approximate solutions of variational-like inequality problems. The
generalization of J-proximal mapping is introduced and studied by Ahmad et al.

[10], called J"-proximal mapping.
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In Section 2.2, we consider a system of mixed variational inequalities in Banach
spaces. By using J-proximal mapping and its Lipschitz continuity introduced by
Ding and Xia [45], an iterative algorithm for finding the approximate solutions of

system of mixed variational inequalities is suggested.

In Section 2.3, we consider a system of mixed variational-like inclusions in Ba-
nach spaces which is a generalization of problem considered in section 3.2. By
applying the notion of J"-proximal mapping and its Lipschitz continuity introduced
by Ahmad et al. [10], the existence of solutions for system of mixed variational-like

inclusions is proved. The convergence analysis is also studied.

The following definitions and results will be used to prove the results of Section
2.2 and Section 2.3.

Definition 2.1.1.[45). Let E be a Banach space with the dual space E*, ¢ : E —
RU{+00} be a proper subdifferentiable (may not convex) functional and J : E — E*
be a mapping. If for any given point z* € E* and p > 0, there is unique point z € F
satisfying

(Jr —z*,y —z) + pp(y) — pp(z) > 0, for all yeE.
The mapping z* — x, denoted by J,‘;"P(w*), is said to be J-prozimal mapping of
. We have 7% — Jz € pd¢(z), it follows that Jo(z*) = (J + pd¢)~1(z*).

Remark 2.1.1. If E is Hilbert space, ¢ is a convex lower semicontinuous proper
functional on E and J is the identity mapping on E, then the J-proximal mapping
of ¢ reduces to the resolvent operator of ¢ on Hilbert space.

Lemma 2.1.1.(Ding and Tan [44]). Let D be a nonempty convex subset of a
topological vector space and f: D x D — RU {+oo} such that

(i) for any z € D, y — f(z,y) is lower semicontinuous on each compact subset of
D;

(ii) for each finite set {z1, -+ ,z,} € D and for each y = >~ \z; with A; > 0 and

=1
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1%]%111](.(1"17 y) — 0)

(iii) there exists a nonempty compact convex subset Dy of D and a nonempty
compact subset K of D such that for each y € D\ K, there is an € co(Dy U
{y}) satisfying f(z,y) > 0, then there exists § € D such that f(z,§) <0, for
allz € D.

Definition 2.1.2.[10]. Let E be a Banach space with the dual space E*, ¢ :
E — R U {+oo} be a proper 7-subdifferentiable (may not be convex) functional,
n:EXE — E and J: E — E* be the mappings. If for any given point z* € E*
and p > 0, there is a unique point z € E satisfying

(Jz —z*,n(y,x)) + po(y) — po(z) > 0, for all y € E,

then the mapping z* — x, denoted by J,?”‘p(x*) is said to be J"-prozximal mapping
of p. We have z* — Jz € pd,p(z), it follows that '

Jore(a*) = (J + pOye) ().

Remark 2.1.2. If ¢ : E — RU{+o0} is proper subdifferentiable and n(y,z) = y—z
for all z,y € E, then Definition 2.1.2 of J"-proximal mapping coincides with the

definition of J-proximal mapping.

Definition 2.1.3. A functional f: £ x E — RU {400} is said to be 0-diagonally
quasi-concave (in short 0-DQCV) in y, if for any finite subset {z1,--- ,2,} C E and
for any y = > Az; with \; >0 and Y\ =1,
i=1 i=1
min f(z;,y) < 0.

1<i<n

Some sufficient conditions are given here which guarantee the existence and Lip-
schitz continuity of the J-proximal mapping and J"-proximal mapping of a proper

functional on reflexive Banach spaces.

Theorem 2.1.1.{45]. Let E be a reflexive Banach space with the dual space E* and

@ : E — RU{+00} be a lower semicontinuous, subdifferentiable, proper functional
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which may not be convex. Let J: E — E* be an a-strongly accretive continuous
mapping. Then for any p > 0 and any z* € E*, there exists a unique z € F such
that

(Jr — ",y —z) + pp(y) — p(z) > 0, forall yeE.

That is = = J;?‘f’(w*) and so the J-proximal mapping J2 of ¢ is well defined and is

1/a-Lipschitz continuous.

Theorem 2.1.2.{10]. Let E be a reflexive Banach space with the dual space E* and
¢ : E— RU{+oo} be lower semicontinuous, n-subdifferentiable, proper functional
which may not be convex. Let J: E — E* be a mapping and let n: Ex E — E
be Lipschitz continuous with constant 7 > 0, J-strongly accretive with constant
a > 0 such that n(z,y) = —n(y,z) for all z,y € E and for any = € F, the function
h(y,z) = (z* — Jz,n(y,z)) is 0-DQCV in y. Then for any p > 0, and any z* € E*,

there exists a unique z € E such that

(Jz — 2", n(y, 2)) + poly) — pp(z) > 0, forall y€ E.

That is, T = J,?”‘p(a:*) and so the J”-proximal mapping of ¢ is well defined and

7/a-Lipschitz continuous.

The following MatLab programming shows that 1 : E x E — E satisfies condi-
tions (1)-(3) in Theorem 2.1.2 and condition (4) is shown seperately.

Example 2.1.1. Let E=Rand J=1

function value=eta(z,y)
if abs(z*y)<1/4
value=2*z-2*y;
elseif abs(z*y)>=1/4 & abs(z*y)<1/2
value=8*abs(z*y)*(x-y);
elseif abs(z*y)>=1/2
value=4*(z-y);

end
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Then it is easy to see that:
(1) (n(z,y),z—y) > 2|z —y|* for all 7,y € R, i.e., n is 2-strongly accretive;
(2) n(z,y) = —n(y,z) for all z,y € R;
(3) |n(z,y)| < 4|z — y| for all z,y € R, i.e., n is 4-Lipschitz continuous;
(4) for any z € R, the function A(y,u) = (x — u,n(y,u)) = (x — u)n(y,u) is
0-DQCV in y.
If it is false, then there exists a finite set {y1,--- ,yn} and up = iAiyi with

A; 2 0 and Y A =1 such that for each i = 1,2, .......

, T
i=1
($ — ’1,11())(23/Z — 2U0) if Iyzuol < 1/4,
0 < Ay, uo) =  (z — uo)8|ysuo| (¥ — o) if 1/4 < |y;uo] < 1/2,
4(z — uo)(ys — uo) if 1/2 < |yiuol.

It follows that (z — wg)(2y; — 2ug) > 0, for each 4 = 1,2, .....,n and hence we
have N
0< ) Az —u0) 2y ~ 2u0) = (& — uo)(2up — 2u) =0,
i=1
which is not possible. Hence h(y,u) is 0-DQCV in y. Therefore, n satisfies all as-
sumptions in Theorem 2.1.2.

2.2. System Of Mixed Variational Inequalities

This section is devoted to the study of a system of mixed variational inequalities
in Banach spaces. By using J-proximal mapping and its Lipschitz continuity for a
nonconvex, lower semicontinuous, subdifferentiable, proper functional, an iterative
algorithm for computing the approximate solutions of system of mixed variational
inequalities is suggested. The existence and convergence of solutions of our system

are proved.

Let E; and E9 be any two real Banach spaces. Let S : By x B, — Ef, T :
Ey x By — E3, fi: By — Ey and fy : By — Es be the single-valued mappings, H :
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E, — CB(E}) and F : By — CB(E3) be set-valued mappings. Let ¢ : By x B, —
R U {+0o0} be lower semicontinuous, subdifferentiable (may not be convex), proper
functional on E, satisfying fi(z) € dom (9¢1(-,z)) and @q : Ey X Ey — RU {+o0}
be lower semicontinuous, subdifferentiable (may not be convex), proper functional
on E, satisfying fo(y) € dom (9ps(+,y)), where 81 (-, z) is subdifferential of (-, )
and Ops(-,y) is subdifferential of y(+,y). We consider the following system of mized

variational inequalities:

Find (z,y) € Ey x Ep, u € H(z) and v € F(y) such that
(S(z,v),a— fi(z)) = v1(fi(z),z) — ¢1(a, z), for all a € Ey,
(T(w,y),b = fa(y)) = 2(foy),y) — pa(byy),  forall be Ep. (22.1)

If E1=H,, Ey=H,, where H, and H, are Hilbert spaces, fi=fo=1I, where |
is the identity mapping, H and F' are single-valued mapping, ¢1(z,-)=¢:1(z) and
wa(y, -)=¢2(y), then the Problem (2.2.1) reduces to the following problem:

Find (z,y) € H; X H such that
(S(z, F(y),a—z)+p1(a) —p1(z) >0, forall a€ Hp,

(T(H(z),y),b—y) + @a(b) — po(y) >0, forall be Hy, (2.2.2)

which is called a system of nonlinear mixed variational inequalities. Some special
cases of the Problem (2.2.2) can be found in [114]. Further, if F=H=I, then the
Problem (2.2.2) reduces to the system of nonlinear variational inequalities problem
considered by Cho et al. [30].

We mention the following theorem which transfer our problem system of mized

variational inequalities (2.2.1) into a fixed point problem.

Theorem 2.2.1. (z,y,u,v), where (z,y) € E; X Ey, u € H(z), v € F(y) is
a solution of the system of mized variational inequalities (2.2.1) if and only if it
satisfies

filz) = I 0D [ (fi()) - pS(z,v)],

22



fly) = 220N (faly) — vT (u, ),

where J; : By — EY, Jy @ By — E3, ng(-,x) = (J, + pawl(_,x))—l, Jg‘”("y) _
(J2 +¥0po(-,y)) " and p > 0, v > 0 are constants.

Proof. The fact is directly follows from Definition 2.1.1.

We propose the following proximal point algorithm to compute the approximate

solutions of our problem system of mized variational inequalities (2.2.1).

Algorithm 2.2.1. For any given (z¢,%) € E1 x E,, we choose uy € H(zo),
vo € F(yo) and compute {z,}, {yn}, {u.} and {v,} by iterative schemes as follows:

f1($n+1) = Jpalpl(-’wn)[t]l(fl(wn)) - pS(:En,vn)]a (223)

Fo(Yns1) = J2P 8T fa(yn)) — VT (s Y )], (2.2.4)

and choose unt1 € H(Zny1) and vpy1 € F(Ynt1) such that

s =l < (14 =7 ) D), He)) 225)
Jomss = 0ol < (14 =7 ) Do), P, (226)

where p > 0 and v > 0 are constants and n =0,1,2, .......

We use Algorithm 2.2.1 to compute the approximate solutions of system of

mized variational inequalities (2.2.1). The convergence analysis is also studied.

Theorem 2.2.2. Let E, and F; be two reflexive Banach spaces with their duals
E} and E3, respectively. Let S @ Ey X Ey — E} and T : Ey x Ey — Ej are
Lipschitz continuous in both the argumerits with constants Ag,, As, and Ay, Ap,
respectively. Yor ¢ = 1,2, let f; : B; — FE; is Lipschitz continuous with constants
Af

i

and strongly accretive with constants &y, such that f(E;) = E;, J; : E; — E}
be Lipschitz continuous with constants Aj, and strongly accretive with constants
a;. Let ¢1 1 By x By = RU {+00} be lower semicontinuous, subdifferential (may
not be convex), proper functional on Fy satisfying fi(z) € dom (dp1(-,z)) and

w9 : By x By - RU {400} be lower semicontinuous, subdifferential (may not be
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convex), proper functional on Ej satisfying fo(y) € dom (9¢s(-,y)), for all z € E,
and y € Ey. Let H : By — CB(E}) and F : Ey — CB(Ej;) be D-Lipschitz

continuous mappings with constants A\p, and Ap,, respectively.

If there exists constants p > 0 and «y > 0 such that
2o (%) — JICmnD @) < 2 — Taca (227)
for any z,zn,-1 € Ey, z* € EY,
|22 0wm) () — J2e LD ()] < ™y — Ya (2.2.8)

for any yn,yn—1 € Fa, y* € E5

and the following condition is satisfied:

0 < ()\Jl)\fl)2+8p2A2 +2,u*2a1 872(’\T1/\DH)2 < 1
@37, +9)07 (37, +3)03
: (2.2.9)
0 < 8p2 )‘32)‘DF) 4(Agp A gy ) 28720, +2,u**2a <1
25f1 +3)a1 (25}"2 +3)012 '

Then the system of mized variational inequalities (2.2.1) admits a solution (z, y, u, v)
and the sequences {z,}, {yn}, {u.} and {v,} converge to z, y, u, and v, respectively,
where {z,}, {yn}, {tn} and {v,} are the sequences generated by Algorithm 2.2.1.

Proof. We can write

| Znt1 — mnHQ = || fi(Zn41) — filzn) = fi(@ngr) + filzn) — Tnpr + .’Ith2.

By Proposition 1.2.1, we have
|Zns1 = 2all® < [ f1(@n1) = frlza)l?

~2(f1(Tn41) = fi(n) + Tng1 — Tny §(Tna — Tn))- (2.2.10)

By (2.2.3), we have

fl($n+1) = Jsm(',zn)[ljl (fl(mn)) - pS(:L‘n,Un)].

Thus
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Hfl(xn+1) - fl(xn)“2 = ll‘]g‘pl("zn)[‘fl(fl(mn)) - pS(l'm'Un)]
= I3 (f1(@nan)) = pS (s, va-))
Since ||z + y||? < 2(||zl|® + ||y||?), therefore by the assumption (2.2.7) and Theorem

2.1.1, we have

Si@n) = Al < 12O (fo(o)) = S (s )]
— P (fi(@n-1)) — pS(@n1, van)]|I?
(| T2 (f1(2na1)) — pS(Tn1, Un1)]
A, (fu(n 1)) — S (s, o)

LA () — £S(nr 0a)] — i (F(nn)

S
1

Q

—pS(Zn1, V)| + 17|20 — Tna ||
< 21 ~ A on- I + LS
—S(@n1,Un)|I” + 1|20 — xn—1||2- (2.2.11)
By the Lipschitz continuity of J; and f;, we have
|2 (fi(2n)) = J1(fr (@) < AnAg |20 — Zna |- (2.2.12)

By the Lipschitz continuity of S(-,) in both the arguments, (2.2.6) and D-Lipschitz
continuity of F', we have
1S(@n, vn) = S(@n, va-1)ll < As, [lva — Vol

< s (14 1) D), Fl)

1
< As, <1 + 5) App|[Yn — Yn-1ll- (2.2.13)

1S (Zn, Un-1) = S(@n-1,vn1)[| < As, [T ~ Tp-1]]- (2.2.14)
Using (2.2.13) and (2.2.14), it follows that

“S(J;m 'Un) - S(mn—l,vn—l)”2 S 2||S($n;vn) - ‘S'(a;rb)'l]'rr,—1)||2
+2HS(£L‘n, 'Un—l) - S(xn——ly 'Un—l)”2
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1 2
< 2()‘52)‘Dp)2 (1 + ;;) ”yn - yn—1”2
+2A% [T — Tn-1]|®. (2.2.15)

By (2.2.12) and (2.2.15), (2.2.11) becomes

[ f1(Znt1) — filza)|® < ai%(/\-h)\fl)z + 5%02/\%1 + 2#”} Zn — Tn1]?

+%p2(>\32)\pp)2 < + ___1+__1> Hyn - yn—lH2- (2216)

By using the strong accretiveness of f; with constant d;, and (2.2.16), (2.2.10)

becomes
Hmn+1 _wnu2 < ||f1($n+1) “fl(mn)||2_2<f1(mn+l) ~fi (xn)+$n+1 —Zn, §(Tng1—2Zn))

4 8 .
—2()‘-]1>‘f1)2 + —2102)‘.%'1 +2u 2 ”.’L’n - xn—1”2
a3 51

#5050, (14 1) o= vl
ol n
@A Dl —zl? 2217)
It follows that
4(A5 A5 )2 8p2 A%, 2pu*%a?

_ 2 2
Hmn+1 mn“ = (25f1+3)a% (25f1+3)a% (26f1+3) jl”mn fEn—l“

8)02()\52/\131?)2 (1 + ;1{)2
(25]"1 + 3)0!%

= Hluxn - xn—1”2 + 92”:%1 - yn—l”2

Hyn - yn—1H2

< b||zn — $n—1||2 + 03|yn, — yn—1112
+24/017/02]1n — Tnalllgn — Yo
\/—”xn — ZTnoal + \/_Hyn yn—-l”

Thus, we have

|Zn+1 — Zal| < \/9_1”% — Tp1|| + \/9_2Hyn — Yn—1ll, (2.2.18)
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where 4(N1 )\ 2 i 8 2)\2 2 *2 .2
( J1 fl) P Ag, By

(26f1 + 3)0‘% (26f1 + 3)04% (25f1 + 3)0&%

91:

and )
8p* (Mg, pp)? (14 2)

n

6, =
2 (267, +3)a?

We can also write

1y = Yall® = | fo(Yns1) = fo(yn) = fo(¥ns1) + Fo(Yn) = Yns1 + wall®
By Proposition 1.2.1, we have
[t = Ynll® < N fo(¥nar) = o(ga)l® = 2(f2(¥ns1) — foltm)

FYnt1 = Un, J (Ynt1 — Yn))- (2.2.19)
By (2.2.4), we have

fo(yni1) = ng("yn)[‘h(h(yn)) = VT (Un, Yn)]-

Thus
[ f2(Ynt1) = Folyn)I” = “J;B(’Dz(-’yn)[k(f?(yn)) = VT (Un, Yn)]

— Ty fo(yn-1)) — VT (U1, Y1)

Using the same argument as for (2.2.11), we have
1 9 _ 2 , 297
51/2(Wns1) = oWalll” < =511 2(f2(yn)) = o foltn-)I" + 5 1T (un, ym)
2 2

T (1, Yn )P+ 17— g [P (2:2.20)

By the Lipschitz continuity of J; and f5, we have

12(f2(yn)) = Jo(fo(Un-1))Il € AnAplltn — Yol (2.2.21)

By the Lipschitz continuity of T'(-,-) in both the arguments, (2.2.5) and D-Lipschitz

continuity of H, we have

N7 (s yn) = T'(tomy Y1)l < Azl = s - (2.2.22)
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”T(um yn—l) - T(un—layn—l)n S >\T1Hun - un—l“

<o (14 ) DUH(z.), Hznn)

1
< ApApy <1 + E) %0 — Tn1]|- (2.2.23)

Using (2.2.22) and (2.2.23), it follows that
HT(una Yn) — T(un-1, yn—l)”2

S ?‘HT(unayn) - T(una yn—l)H2 + ZHT(’U,n, yn~1) - T(un—l, %1—1)“2

1 2
< 2)2, lyn — Ynal® + 2(An, Ap, ) <1 + E) 2o — za1]2. (2.2.24)

By (2.2.21) and (2.2.24), (2.2.20) becomes

4 8 *k
||f2(yn+1) - f2(yn)ll2 < Z.;'%'O‘Jz)‘fz)2 + ;%72)"%’2 +2u 21] Hyn - yn—l“2

8 1\?
+—7" (M Apy)? <1+—> |Zn—Zn_i]®  (2.2.25)
o3 n

By. using the strong accretiveness of f with constant d;, and (2.2.25), (2.2.19)

becomes
[ns1 = Ynll> < M| F2lWns1) = oWa)ll* = 2{fa(¥ni1) — fo(¥n) + Ynt1 = Y (Uni1 — )

4 8 *k
< | S0uARP + S+ 272 L =
2 2

8 1\?
+ 50030, (14 1) Ln = 2P

_(26f2 + 2)|[Yn+1 — yn“2- (2.2.26)
It follows that

éj‘(/\-fz)‘fz)2 + 8’72>‘52F2 + 2/~L**2a%
(25f2 + 3)&%

s — vall? < } 1 — w2

8”‘{2(/\T1)\DH)2 (1 + %)2
(25f2 + 3)0‘%

0 = @n|f?
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= 03)|yn — Yn1ll® + Oallz — zpa|?

< bsllyn — Ya1ll® + Oal|z — 2na|)?
+2v/03/04l1yn ~ yn-1lllzn — zna |

= (V/0slltn = 1]l + VBallzn — zosl)*.

Thus, we have

lYni1 — Ynl| < \/0—3Hyn — Yn1ll + \/0—4HIH — o, (2.2.27)
where
- (244, + 3)ad
and

872 (A Apy)? (1+ 1)

6, =
! (25f2 + 3)0‘%

By (2.2.18) and (2.2.27), we have
|Zns1 = Zall + yns1 = all < (VO + V64|20 — 20mi]
+(v/02 + v/83)llyn = Y|

= gn(”xn - xn—l“ + ”yn - yn~1”)a (2228)

where

0 — mad JAARAR)E 802N, + 2}
" (2(5f1 + 3)0&%

N \mew (1t \/sms?xpp)? (1+3)°

(265, + 3)a3 (265, + 3)o2

o [HORAR)? + 872N, + 2%
(2(5f2 + 3)01% .

Let.
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(25f1 + 3)0&%

+ 872()\T1’\DH)2 8p2(’\52/\DF)2
(285, + 3)a2 *\| (265, +3)a?
N 4(>\J2)\f2)2 + 8’)’2>\%~2 + 2/1,**201%
(25f2 -+ 3)0&% )

Then 6, — 6 as n — oco. By (2.2.9), we know that 0 < 6 < 1 and so (2.2.28) implies
that {z,} and {y,} are both Cauchy sequences. Thus, there exists z € E; and

4(/\-71)‘f1)2 + 8p2A.2S' + 2‘“‘*201%
f = max :

y € E5 such that z, = z and vy, = y as n — oo.

Now we prove that u, — u € H(z) and v, = v € F(y). In fact, it follows from the
D-Lipschitz continuity of H, F',(2.2.5) and (2.2.6) that

[t — Un_s ] < <1 + %) Aoy llzn — Zn_il], (2.2.29)

oo — ] < (1 ; ;1;) W (2.2.30)

From (2.2.29) and (2.2.30), we know that {u,} and {v,} are also Cauchy sequences.

We can assume that u, — v and v,, — v as n — oo.

Further,
d(u, H(z)) < |lu — tn|| + d(un, H(z))

< lu— |l + D (H(zs), H(z))
< lu—un|| + Ap, ||zn — || — 0, as n — 4o0.

Hence d(u, H{(z)) = 0 and therefore u € H(z). Similarly, we can show that v € F(y).
By continuity of fi, fa, J1, Jo, S, T, Jf‘”l, Jf“’z, 01, 2, H, F, and Algorithm 2.2.1,

we know that z, y, u and v satisfy the following relations
filz) = 7090 (fi(2) - pS(2,v)),

Faly) = T3P0 (fay) = ¥T(u, y)].

By Theorem 2.2.1, (z,y) € Ey X Ey, u € H(z) and v € F(y) is a solution of Problem
(2.2.1). This completes the proof.
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2.3. System Of Mixed Variational-Like Inclusions

In this section, we consider a system of mixed variational-like inclusions in
Banach spaces. By applying the notion of J”-proximal mapping and its Lipschitz
continuity for a nonconvex, lower semicontinuous, n-subdifferentiable proper func-

tional, we define an iterative method for system of mixed variational-like inclusions.

Let Ey and E; be any two real Banach spaces, S : By x By — E}, T : By x Ey —
E5, fi: By = Ey, fo: Eg = Eo, 1 : By Xx By = Ey and np : By x Ey — FEy
be the single-valued mappings, H : E; — 281 and F : E, — 22 be any two
multivalued mappings. Let ¢, : By x By = RU{+00} be lower semicontinuous (may
not be convex), n;-subdifferentiable, proper functional on E; satisfying fi(E;) N
dom 8,,¢1 # 0 and ¢y : By x Ey = R U {400} be lower semicontinuous (may
not be convex), no-subdifferentiable, proper functional and E, satisfying fo(E2) N
dom O, 2 # Vj, where 0y, ¢, is my-subdifferential of ¢, and 8,, ¢ is n,-subdifferential

of 3. Then we consider the following system of mized variational-like inclusions:

Find (z,y) € E; x Ey, u € H(z) and v € F(y) such that
(S(z,v),m(a, fi(z))) > p1(filz),z) — @r(a,z), forall ac By,

(T(u,y), 72, fo(9))) 2 @2(fo(y) y) — 2(byy),  forall be By (23.1)

It is clear that for a suitable choices of the mappings involved in the formulation
of the system of mized variational-like inclusions (2.3.1), we can derive many systems

of variational inequalities (inclusions) considered and studied in the literature.

We suggest a fixed point formulation which shows the equivalence between
our problem system of mized variational-like inclusions (2.3.1) and a fixed point

problem.

Theorem 2.3.1. (z,y,u,v), where (z,y) € E1 X Ey, u € H(z) and v € F(y) is a
solution of system of mized variational-like inclusions (2.3.1) if and only if (z,y,u, v)

satisfies
fu(z) = IO (A=) - pS(e, w)],
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where J,:Ey — Ef, Jo:Ey—E5, J, = (J1 4 pOpo1(-, )7,
J{’thz( o = (Jg + YOnp2(-,y))~t, p > 0 and v > 0 are constants.

Proof. The fact directly follows from Definition 2.1.2.

The above fixed point formulation enables us to suggest the following proximal

point algorithm.

Algorithm 2.3.1. For any given (zg,%) € F1 x E», we choose uy € H(z),
vo € F(yo) and compute {z,}, {yn}, {un} and {v,} by iterative schemes as follows:

Fi@ns1) = PO (fi(20) — pS (s 00)], (2.3.2)

Foltmsn) = IO Ty(folyn)) — ATty v0)] (2.3.3)

and choose upy1 € H(Zny1) and vpy1 € F(yny1) such that

tn € H(zn),  |tmss — unl] < (1 + %) D(H(zni1), H(z)),  (2.34)
€y Ione =l < (14 = ) D) F)s (239)

where p > 0 and v > 0 are constants and n =0,1,2,.......

Now the existence of solutions for system of mized variational-like inclusions
(2.3.1) is proved and the convergence of iterative sequences generated by the Algo-
rithm 2.3.1 is also studied.

Theorem 2.3.2. Let F; and E; be two reflexive Banach spaces with their duals
EY and E3, respectively. For ¢ = 1,2, let n; : E; x E; — E; be Lipschitz contin-
uous with constants 7; such that n,(z1,22) = —ni(xe,z;) for all z1,z9 € E;, Ji-
strongly accretive with constants «; and for any z; € E;, the function h;(zy,z1) =
(7 — Jiz1,mi(z2,21)) is 0-DQCV in zy. Let J; : E; — E; be Lipschitz contin-
uous with constant Ay, f; : E; — E; is Lipschitz continuous with constant Ay,
and strongly accretive with constant d, such that fi(E;) = E;, ¢; : E; X E; —
R U {400} be lower semicontinuous, n;-subdifferentiable, proper functional satisfy-
ing f;(E;)Ndom O,,¢; # 0. Let S : Ey x By — E} is Lipschitz continuous in both the
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faly) = 220 1 fa(y)) — v (w, ),

where Jl . E1 — Ef, J2 . E2 — E;, J§n1¢1(~,$) = (Jl + pam(pl(-,a:))‘l,

By 2l -
J7"2‘P2( v _ (J2 + YO 02(-,9)) "%, p > 0 and v > 0 are constants.

Proof. The fact directly follows from Definition 2.1.2.

The above fixed point formulation enables us to suggest the following proximal

point algorithm.

Algorithm 2.3.1. For any given (zg,y0) € F1 X Es, we choose ug € H(zg),
vo € F(yo) and compute {z,}, {yn}, {un} and {v,} by iterative schemes as follows:

Fi(@ng1) =TI T (£1(20)) — pS (@, )], (2.3.2)

Fo(gns) = 727 o (£3(yn)) — YT (s Y)] (2.3.3)

and choose up+1 € H(zny) and vyy1 € F(yYns1) such that

U € H(z,),  |tmss — ] < (1 + h%) D(H(znp), H(z.)),  (2.3.4)
€ P, o=l < (14 3 ) DF Qe PO, (239

where p > 0 and v > 0 are constants and n =0, 1,2, .......

Now the existence of solutions for system of mized variational-like inclusions
(2.3.1) is proved and the convergence of iterative sequences generated by the Algo-
rithm 2.3.1 is also studied.

Theorem 2.3.2. Let E; and E» be two reflexive Banach spaces with their duals
E} and B3, respectively. For i = 1,2, let ; : E; x E; — E; be Lipschitz contin-
uous with constants 7; such that n;(zy,22) = —ni(xe, z1) for all zy,29 € E;, Ji-
strongly accretive with constants a; and for any z; € E;, the function h;i(z9,2:) =
(3 — Jixz1, mi(xg, 1)) is 0-DQCV in zo. Let J; : E; — EF be Lipschitz contin-
uous with constant Ay, f; : E; — E; is Lipschitz continuous with constant Ay
and strongly accretive with constant dy, such that fi(E;) = E;, ¢; @ E; x Ej —
R U {+o0} be lower semicontinuous, 7;-subdifferentiable, proper functional satisfy-
ing f;(E;)Ndom O,,¢; # 0. Let S : Ey X E; — F7 is Lipschitz continuous in both the
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arguments with constants Ag, and Ag,, respectively and T': By X Ey — Ej3 is Lip-
schitz continuous in both the arguments with constants Ay, and Ar,, respectively.
Let H : By — CB(E}) and F : E; — CB(E3) be D-Lipschitz continuous with

constants Ap, and A Dp, respectively.

If there exists constants p > 0 and v > 0 such that
“J;?’u‘/’l(':mn)(x*) n anlwl(':xn—l)(w*)“ < /fL*”-Tn . xn—l“ (236)

for any zn,zn-1 € E5, 2* € E}
and
8, “Un " ) “Yn— " o
15722208 () — gy () < g — g | (2.3.7)

for any yn,Yn-1 € En, y* € E3

and the following condition is satisfied:

<1

0 < A2 ( Ay Mgy )2 H87E 0205 +2p20d n 87372 (Ary ’\Dgf)2
(264, +3)03 (205, +3)

(2.3.8)

0 < 8720?(Asy Ay )? n 473 (A A5y )2H8TEVENG, +200*203 <1
(207, +3)of (207, +3)03 '

Then the system of mized variational-like inclusions (2.3.1) admits a solution (z, y, u, v)
and the sequences {z,}, {yn}, {un} and {v,} converge to z, y, u, and v, respectively,
where {z,.}, {yn}, {un} and {v,} are the sequences generated by Algorithm 2.3.1.

Proof. We can write

201 = Zall? = | f1(@ns1) = f1(Za) = f1(Zns1) + fi(Zn) = Tas1 + 2al®
By Proposition 1.2.1, we have

1Zns1 = zall* < [ f1(@nr1) — A@E? = 2(fi(Zn11) = f1(&n) + Tnt1 — Tn,

j(zn—i—l - mn)) (239)
By (2.3.2), we have

fil@nin) = IO (fu (@) — S (T, vn)).

33

@ﬂﬁw



Hence, we have )
1f1(@ns1) — ful@a)l® = 1Tom I (fi(@n) — 0 (@, vn)]

—Jo I (fi (1)) = pS(@nmt, vnoa)]I

Since ||z + y||2 < 2(]|z]|? + ||y||?), therefore by the assumption (2.3.6) and Theorem
2.1.2, we have

S @nn) =A@ < 15 L (o)) = 95 (@, )]
—JIm eI (Fu(@ne1)) = pS (@, vn)]?
HIIE T I (F1(@net)) — pS(Enet, Unoy)]

o T L (£ (20 1)) — pS(@n1, vn )]

,7_2

< S fi(a)) = pS(@n, vn)] = 1 (f1(20-1)
1
~pS(Tn-1, Un—l)m2 + p,*2||:nn - xn—1112
2 2 2,2
< LI (falon)) = B(ln- D) + 2 1S(z, 00
1 1
—S(@n_1, Vn)||* + 1|20 — 1| (2.3.10)
By the Lipschitz continuity of J; and fi, we have
[1(f1(zn)) = (fi(@n-))| € Anllfi(@n) = fr(En-1)l]

S )\Jl)\h]]xn — iL'n_1H. (2311)

By the Lipschitz continuity of S(-,-) in both the arguments, (2.3.5) and D-Lipschitz

continuity of F', we have
15 (@a, Un) = S(@n, va-1)l| < A, |V — vn|

< s (147 ) DPGR) o)

1
S ASZ (1 + _,r;> AD}:‘”yn - yn—IH- (2312)

15(Zn, vn-1) = S(Zn-1, Va-1)|| < Asy |20 — 0 - (2.3.13)
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Using (2.3.12) and (2.3.13), it follows that
15z, vn) — 5’(-’10n—1,vn—1)||.2 < 2/[S(2n, vn) = S(@n, va-1)|®
+2[15(@n, Vn-1) = S(Tn-1,va-1)|?
2(As, App)? (1 + %) 2 [9n = Ynall®
2202 ||z — 20| (2.3.14)

By (2.3.11) and (2.3.14), (2.3.10) becomes

| fi(@ng1) — filza)|* < fLT—f)\)\ 2 8—7122A2 21+ _ 2
1(Zny1) — filza)|® < a%(h ;) +a§” 5, 20 |z — Tna|

872 1\2
P00, (14 2) Ion = s’ (2339

Since f; is strongly accretive with constant dy,, by (2.3.9), we have

| Zn11 —:cn112 < Hfl(mn+1) —fl(ﬂfn)||2—2<fl($n+1) - fi (mn)+xn+1 —Zn, §(Tns1 ~xn))

47?2 8 .
< al (>‘J1)‘f1) + ——2‘p2>\ + 2,[1, 2} HCEn - fl)n_lllQ
1
872 1\?
+a—§p2(A52ADF)2 (1 + 5) (Y = Yn1[?
— (267, + 2|0y — . (2.3.16)
It follows that
47'12()\']1/\)01)2 87' /\ 2/1,*26!2

[Zns1 — zall* <

L _ 2
(35, +3)ad T (@05, +8)a7 T (205, 1 3)a?} 20 = Znal

7-1)02(/\52)‘DF) ( +%)2

_ 2
(267, + 3)a? 1t = Y

= 0120 — Tn1l® + alltm — yns|?
< 01|z ~ Toil® + O2lltn — Y|l
+2v/01v/02)120 — Tai ]| — Yoo
= (v01||zn — Tn- 1||+\/_“yn yn1|)%.
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Thus, we have

|Zn+1 — @ul| < \/e_l_llxn — Tpa| + \/E;Hyn — Yn-1ll, (2.3.17)
where
g SO | SN, wutal
(26f1 + 3)05% (25f1 + 3)0‘% (26f1 + 3)0{%
and

9 . 87—12,02(/\Sg>\Dp)2 (1 + %)2
2 (26f1 + 3)05%

We can also write

g1 — tnll> = | o(Unt1) = f2(Un) — Foltns1) + F2Un) — Yns1 + ]

By Proposition 1.2.1, we have

”yn+1 - yn“2 < ”fQ(yn—H) - fQ(yn)”2 - 2(f2(yn+l) - fz(yn) + 3/7.14-1 — Yn,

j(yn+1 - yn)> (2318)
By (2.3.3), we have

Folynsr) = JT= Y [Ty Falyn)) — AT (ttmy ).

Hence, we have
1f2Wni1) = L) 2 = 195222 [y £o(9n)) = VT (ttm, )]

=y Fo(gn 1)) = AT (s, )

Using the same argument as for (2.3.10), we have

,7_2 2,2
S aConss) = @l < 2 aGafun)) — ool DI 4“2 T )
2 2
T g0+ 6 =gl (2319)
By the Lipschitz continuity of Jy and f,, we have
ol Fa(yn)) = o(fo(yn-))l < Anllfalyn) — fo(yn-1)ll
< /\Jz/\f2Hyn - yn—l“- (2'3'20)

36



By the Lipschitz continuity of T'(:,) in both the arguments, (2.3.4) and D-Lipschitz

continuity of H, we have

1T (tn, Yn) — T (tn, Y1)l < Ml — Yl (2'3-21)

1T (tns Yn-1) — T(tn—1, Y1)l < A7y l|un — tn 1|

< A (1 + %) D(H(zn), H(zn-1))

1
< )\Tl)\DF <1 + ﬁ) HCEn — SEn_lﬂ. (2.3.22)

Using (2.3.21) and (2.3.22), it follows that
”T(Um yn) - T(un—la yn—l)H2 < QHT(Un, yn) - T(Un, yn~1)”2

+2||T(un7 yn—l) - T('Ufn~17 yn—l) ”2

< 2>‘§‘2Hyn - yn—1H2 + 2()\T1/\DH)2

1 2
+2(Ar Apy )2 <1 +- E) |l Zn—Tn_1l]®. (2.3.23)
By (2.3.20) and (2.3.23), (2.3.19) becomes

“f ( ) _ f ( 2 < 4T22 Ar 2 8T22 2/\2 ) *%2 _ 2
2\Yn+1 2 yn)” = 172 ( Jo fz) + Ot% YA, T 2u ”yn yn—l”
2

872 1\2
+_22—7 (ATlADH) (1 + E) Hl'n — l'n_1||2. (2.3.24)

Since f, is strongly accretive with constant dy,, by (2.3.18), we have
”yn+1 - yn“2 < ”f2(yn+1) - fE(yn)H2 - 2<f2(yn+1) - f2<yn) + Yn+1— Yn, j(yn+1 - yn))

4 22 8 75 2 *%2 2
= % ()‘Jz/\fz) Oz2 )‘Tz +2p Hyn yn—IH
2

8T 1\?
+—2’7 ()\Tl)\DH) <1 -+ ﬁ) H~Tn - mn—lH2

—(207, + 2)llYns1 ~ vall® (2.3.25)
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It follows that
4T22(/\J2 )‘f2)2 87—2272)\%2 2/1'**2052

—yal2 <
[Yn41 = yall® < {(25 ht+3)ad (205, +3)ad (205, +3)0d

87'22’)’2()\T1)\DH)2 (1 + %)2
(25f2 -+ 3)0&%

= 03]y = Yo1ll” + Gellzn — ns |

< Osllyn — Yo1]? + Oallzn — Tua |l
+2v/033/84lltn — vn1lllzn — Znoall
= (VB3llyn — vns1ll + V04l zn — zna )
Thus, we have

[¥ns1 = Unll < VB5llYn — Ynosll + V04 l|Zn — Zna,

where

_ 4T§(’\Jz/\f2)2 87—2272)‘%2 2/*5**20‘%
) 5 (26f2 + 3)O‘% (25f2 + 3)@% (26f2 + 3)&%

and )
. 8T2272(/\T1)\DH)2 (1 + %)
B (26f2 + 3)0‘%

4

By (2.3.17) and (2.3.26), we have

“33n+1 - xn“ + ||yn+1 - yn“

< (V01 + VOu)llzn — Taall + (V02 + v/03) [y — Yoo |

— 4Ti?(>‘J1/\f1)2 + 8Ti?p2)\%l + 2u*2a%
(267, + 3)a

o [BEPOn AR, (14 )
(204, + 3)01%

2 — Zpa |

; N Srfp s o, (15 2)

(26f1 + 3)04%

N \/ 43(AnAp)* + 87372 AL, + 2pm2a3

1 = Zns]*

) 3 llyn—yn—1||

(2.3.26)

(264, + 3)a2 , j' 9n — Yn—1]]
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= eﬂ(”mn - wn—l” + ”yn - yn—1||), (2.3.27)

where

6 — ) [T OnAR)? + 8TEPPAG, + 2ol
"o (25f1 + 3)0(%

(265, + 3)a2 (264, + 3)a?

| \/4@(@»»2 + 87572, + 2203 }

+\/ET%’W()\TI)\D’“')2 (L+3) \/8T12/?2(/\sz/\Dp)2 (1+2)

(25f2 + 3)@%
Let

4'7_12(/\-]1 >‘f1)2 + 8T12p2)‘%1 + 2/"*205%
0 = max 5
(25f1 + 3)041

8T2272()‘T1 )\DH)2 8T12p2(/\5'2 /\DF)2
(25f2 + 3)0{% ’ (26f1 + B)Q%

O S, e
(2(5f2 + 3)@% .

Then 6, — 6 as n — oo. By (2.3.8), we know that 0 < § < 1 and so (2.3.27) implies
that {z,} and {y,} are both Cauchy sequences. Thus, there exists z € E; and
y € Es such that z,, —» z and ¥, — y as n — oo.

Now we prove that u, — u € H(z) and v, — v € F(y). In fact, it follows from the
D-Lipschitz continuity of H, F, (2.3.4) and (2.3.5) that

1
[tn, — tn—1]| < (1 + E) Aoy ||Zn — Zn-1]|s (2.3.28)

1
o =t < (15 ) Aol = il (2329)

From (2.3.28) and (2.3.29), we know that {u,} and {v,} are also Cauchy sequences.

We can assume that v, — v and v,, — v as n — oo.
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Further,
d(u, H(z)) < |Ju — un|| + d(un, H(z))

< u = wn]l + D (H(z), H(z))
< = upll + Apgllze — 2] = 0, as n — +o0.

Hence d(u, H(z)) = 0 and therefore u € H(z). Similarly, we can show that v € F(y).
By continuity of fi, fa, Ji, Jo, S, T, J"%, Sy, e, m, @1, o, H, F and
Algorithm 2.3.1, we know that z, y, u and v satisfy the following relations

filz) = IO I (@) - pS(z,v)),

Fa(y) = IV I (£o(y)) — VT ().

By Theorem 2.3.1, (z,y) € E; X E5, u € H(z) and v € F(y) is a solution of Problem
(2.3.1). This completes the proof.
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Chapter 3

Systems Of Variational Inclusions
In Uniformly Smooth Banach
Spaces

3.1. Introduction

In the last decade, variational inclusions, generalized forms of variational in-
equalities, have been extensively studied and generalized in various directions to
study a wide class of problems arising in mechanics, optimization, nonlinear pro-
gramming, economics, finance and applied sciences, etc; see for example [1,5,8,22,24,
25,41,115]. Several authors used resolvent operator technique to propose and an-
alyze the iterative algorithms for computing the approximate solutions of different
kinds of variational inclusions. Fang and Huang [49] studied variational inclusions
by introducing a class of generalized monotone operators, H-monotone operators
and defined an associated resolvent operator. Fang and Huang [50] further extended
the notion of H-monotone operators to the Banach spaces, called H-accretive oper-
ators. They also gave some properties of the resolvent operator associated with the

H-accretive operator.

Yan et.al. [125] introduce and study a new system of set-valued variational
inclusions with H-monotone operators in Hilbert spaces. By using the resolvent
operator associated with H-monotone operator due to Fang and Huang, the authors
constructed a new iterative algorithm for solving the system of set-valued varia-
tional inclusions and proved the existence of solutions for the system of set-valued
variational inclusions and the convergence of iterative sequences generated by the

algorithm. As generalization of system of variational inequalities, Agarwal et.al. [6]
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introduced a system of generalized nonlinear mixed quasi-variational inclusions and

investigated the sensitivity analysis of solutions for their system.

The concept of resolvent equations is equally important and is initially used
by Noor [90]. This technique has been used to develop some numerical methods for
solving the mixed variational inequalities and variational inclusions; see for examples
[9,93,94] and references therein. The resolvent equations include the Wiener-Hopf
(normal maps) equations as a special case. The Wiener-Hopf equation were intro-
duced by Shi [108] and Robinson [107] in the connection with variational inequalities.
The Wiener-Hopf equations technique was use to develop various numerical methods

for solving the variational inequalities and complementarity problems.

In Section 3.2, we introduce and study a system of set-valued variational inclu-
sions. An iterative algorithm for computing the approximate solutions of system of

set-valued variational inclusions is defined and convergence criteria is also discussed.

In Section 3.3, we introduce and study a system of generalized variational in-
clusions with H-accretive operators in uniformly smooth Banach spaces. We prove
the convergence of iterative algorithm for this system of generalized variational in-

clusions.

In Section 3.4, we introduce and study a system of generalized H-resolvent equa-
tions in uniformly smooth Banach spaces and also mention the corresponding system
of generalized variational inclusions. An equivalence relation is established between
system of generalized H-resolvent equations and system of generalized variational
inclusions. Further, we prove the existence of solutions for the system of generalized
H-resolvent equations and the convergence of iterative sequences generated by the

algorithm.

We introduce the following definition which is used to prove Theorem 3.3.1 and

Theorem 3.4.1 and is supported by an example and numerical example.

Definition 3.1.1. The H-resolvent operator J}}’[’ , - B — B is said to be retraction
if
[T (2)]? = Ji(z), for all z€E.
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Example 3.1.1. For p =1, let

ai; 412 eeeee--- A1n
g1 Q922 ......... aon,

H= ' an n X n matrix
Anl Ap2  cvevennes Ann

and

b1 big .l bin
bor  bog ... ban

M= ' an m X n matrix
bnl bn2 ......... bnn

We define the following operations for matrices H and M:
(1) aij+bij=1 lf ’L:j,
() a+by; =0  if i34,

then we have
[T (@) = T (z), for all z€ E.

Numerical Example 3.1.2. Here we present the following MatLab programming

for the justification of Definition 3.1.1. The program is valid for any value of p > 0.

H=input(’Enter the matrix H: ’);
k=input('Enter the value of k: )

n=size(H, 1); lambda=eye(n) — H,
more on;
for hrow=1 : k
disp(['Hrow= " int2str(hrow)]);
M=(1/hrow)*lambda;
disp(’The matrix M= ");
disp(M);

end
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For illustration, we take H to be a real non-singular 3 x 3 matrix then our program
will generate M to be a 3 x 3 matrix for the values of p in between 1 to k = 5 such
that

[ (@)]* = Ji,(2).

Enter the matrix H: [1 3 7;4 6 9;-1 6 §]
Enter the value of k: 5

Hrow= 1

The matrix M=

0o -3 -7
-4 -5 -9
1 -6 -7 .
Hrow= 2 _
The matrix M=
0 —1.5000 —3.5000

—2.0000 —2.5000 —4.5000
0.5000 —3.0000 —3.5000

Hrow= 3
The matrix M=

0 —1.0000 —2.3333
—1.3333 —-1.6667 —3.0000
0.3333 —2.0000 —2.3333
Hrow= 4

The matrix M=

0 —-0.7500 —1.7500
—1.0000 —1.2500 —2.2500
0.2500 —1.5000 —1.7500
Hrow= 5
The matrix M=

0 —0.6000 —1.4000

—0.8000 —1.0000 —1.8000
0.2000 —1.2000 —1.4000
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3.2. System Of Set-valued Variational Inclusions

In this section, we introduce and study a system of set-valued variational inclu-
sions in the setting of uniformly smooth Banach spaces. An iterative algorithm for
computing the approximate solutions of this system is suggested. By using the def-
inition of nonexpansive retraction, we prove convergence result for the approximate
solutions obtained by the Algorithm 3.2.1.

Let B; and E5 be any two real Banach spaces. Let S : By x By — Ep, T :
Ei xFEy — Ey, p: By - E; and ¢ : E5 — FE, be single-valued mappings, G :
E, — CB(E)), F: Ey = CB(Ey), M : Ey; x By — 2%t and N : Ey x Ey — 2F2
be set-valued mappings, f : E; — E; and g : Fy — E5 be nonlinear mappings with
f(Ey) N D(M) # 0 and g(F3) N D(N) # (. We consider the following system of

set-valued variational inclusions:

Find (z,y) € E1 x Ej, u € G(z) and v € F(y) such that
0 € S(z - p(),v) + M(f(z),2),

0€T(u,y—a(y) + N(9(y),y)- (3.2.1)
Some special cases:

() If 2 = 2p(z), ¥ = 2q(y), M(f(z),z) = M(f(z)) and N(g(y),y) = N(g(y)),
then Problem (3.2.1) reduces to the problem of finding (z,y) € E; x Es,
u € G(z), v € F(y) such that

0 € S(p(z),v) + M(f(x)),

0€ T(u,q(y)) + N(g(y)). (3.2.2)

Problem (3.2.2) is considered by Lan et.al. [78] in Hilbert spaces with A-

monotone operators.

(ii) If p(z) = 0 = q(y), M(f(z),2) = M(z) and N(g(y),y) = N(y), then Problem
(3.2.1) reduces to the problem of finding (z,y) € E; X Ey, u € G(z), v € F(y)
such that
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0 € S{z,v) + M(z),
0€T(u,y)+ N(y). (3.2.3)

Problem (3.2.3) is considered by Huang and Fang [67] in Hilbert spaces.
We mention the following lemma which ensures that the system of set-valued
variational inclusions (3.2.1) is equivalent to a fixed point problem.

Lemma 3.2.1. (z,y,u,v), where (z,y) € E1 X Ey, u € G(z) and v € F(y) is
a solution of the system of set-valued variational inclusions (3.2.1) if and only if

(z,y,u,v) satisfies

f(z) = I CD(f(2) - pS(z — p(2),v)),

9(y) = IV (g(y) = T(wy - a(v), (3.24)
where p > 0 and v > 0 are constants.
Proof. The fact is directly follow from the Definition 1.2.16 of resolvent operator.

Based on Lemma 3.2.1 and Nadler’s Theorem 1.2.3 [87], we suggest the following

Algorithm for solving the system of set-valued variational inclusions (3.2.1).

Algorithm 3.2.1. For any given (zg,1%) € E1 x Es, we choose uy € G(2o), vo €
F(zo) and compute the sequences {z,}, {yn}, {un} and {v,} by iterative schemes

as follows:
Tnt1 = Tn — f(@a) + IO (f(2n) — pS(Tn — p(zn), vn)), (3.2.5)

Yn+t1 = UYn — g(yn) + J;V('7yn)(g(yn) - '7T(um Yn — Q(yn)))a (326)

and choose Upi1 € G(@py1) and vy € F(Yne1) such that
Un € G(2n),  |Jun — tnga| < (14 (04 1)7)D(G(2n), G(ns1)), (3.2.7)

00 € Fua)y o= vt < (14 (n+ )7)D(F(g), Flynsn)).  (328)

n=12 ... and p,y > 0 are constants.
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Now we study the convergence of iterative sequences generated by Algorithm
3.2.1 and prove the existence of solutions of the system of set-valued variational
inclusions (3.2.1).

Theorem 3.2.1. Let E; and E; be any two real uniformly smooth Banach spaces
with module of smoothness 7z, (t) < Ct* and 75, (t) < Cyt? for some C1,Cy > 0. Let
M : E; x E; — 251 and N : E, x E; = 272 be m-accretive mappings, S : E1 x By —
Ey and T : By x Ey — E5 are single-valued mappings such that S and T are
Lipschitz continuous in first argument with constants Ag, and Ar,, respectively; and
Lipschitz continuous in second argument with constants Ag, and Ag,, respectively.
Let f: By - Ey,g: Ey = Ey, p: By — Fy and q : By — E, be strongly accretive
mappings with constants df, d,, d, and d4, respectively; and Lipschitz continuous
with constants Ay, Ag, Ap and A, respectively such that f(E;) N D(M) # ¢ and
g(Es) N D(N) # ¢. Let G : By — CB(Ey) and F : E; — CB(E») be D-Lipschitz
continuous mappings with constants Ap, and Ap,, respectively. Suppose that there
exists constants ¥, ¢ > 0 and p,~v > 0 such that for each z € Ey, y € Ey, z* € B*

[ JMCm) (1) — JMCon-D) ()] < |2y — Taca ],

[N (%) = JNCw=D ()| < pllyn — Yno]

and the following conditions are satisfied:

V1= 207 +64CI2 + Ay + 1 + pAy /1= 28, + 64C1 N3 + YAz dg < 1,

\/1 — 26, + 64CLAZ+ Mg+ o+ YA, \/1 — 26, + 64C N2+ phs,App < 1. (3.2.9)

Then the system of set-valued variational inclusions (3.2.1) admits a solutions (z, y,
u,v) and the iterative sequences {z,}, {yn}, {un} and {v,} generated by Algorithm

3.2.1 converge strongly to z, y, u and v respectively.

Proof. From Algorithm 3.2.1, nonexpansiveness of the operator J,ﬁ” and by as-

sumption, we have

||-77n+1 - xn” = ||zn — f(xn) + Jy("m")(f(ﬂfn) - pS(.’L’n - p(mn): Un))

47



~[@n1 = f(@na) + )OI (fzn)
—=pS(Zn-1 = P(Tn-1), vn-1))}|
< |zn = Za-1 = (F(@n) — fl@a-1))]l
+ [0 (f(20) = pS(@n — p(2n), 0n)) -
— JMCE(f(2-1) — pS(@n1 — P(Zn-1), Vn1))l
< lzn — Za-1 = (f(@n) = fl@a-1))|l
+ 116 (f(@n) = pS(@n — plzn), vn))
— IV (f(@n1) — pS(n-1 — P(Tn1), V1))
+ | (f(2n1) = pS(Eno1 — P(Tn-1),Vn-1))
— I (f(2p1) = pS(@n-1 = P(Za-1), Va-))
< izn = zn1 = (f(@a) = F(@n-t)l + | (f(zn)
— pS(@n — p(2n), vn) = (f(2n-1) — pS(Zn-1 = P(Tn-1), vn-1))
+l|zn — Tn 1]l
< jzn — Zao1 — (f(@a) = f@n-))ll + [ £(z0) — f(@na)ll
+plIS(@n = p(zn), vn) = S(@n—1 — P(Tn-1), vn)l
+ S (@n-1 — P(Zn-1),vn) = S(@n-1 — P(Tn-1), Un-1) |
+ || Tn — Tn-1- (3.2.10)

By Proposition 1.2.1, we have
Nizn = Zne1 — (F(Tn) = F(@a-1))]? < (1 — 265 + 6401)3)”:1:” —z, % (3.2.11)
As f is Lipschitz continuous with constant As, we have
f @) = fzna)ll < Allen — 2ol (3.2.12)

By using the Lipschitz continuity of S in second argurrient and F is D-Lipschitz

continuous, we have
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”S(:En—l - p(xn—l)a vn) - S(xn—l - p(xn—l)y 'Un—l)H
.S )\Sg||vn - vn—l“
< As(1+ n_l)D(F(yn)aF(yn—l))
< A5, A0 (1 4+ 12"y — Ynal. (3.2.13)
By using the Lipschitz continuity of S in first argument, we have
18(zn — p(2n),vn) = S(@n-1 — P(Tn-1), va)l
< Asy 120 — o1 — (P(20) — P(Tn-1))]|- (3.2.14)
Using the same arguments as for (3.2.11), we have
[0 = Ta-1 = ((#n) = P(za-1))II* < (1 = 26, + 64C ) [lon — zna|l®. (3.2.15)

By (3.2.14) and (3.2.15), we have

1S(@n — P(2n), 00) = S(Zns — P(n_1), va)

< sy /1— 28, + 64C1 X 70 — Dnal. (3.2.16)
By using (3.2.11)-(3.2.13) and (3.2.16), (3.2.10) becomes

Zns1 — znl] < \/1 — 287 + 64C1 2T — Tncr | + Afl|Tn — Tac |

P81 — 20, + 64C1 X2 2n — Tamsl| + PAs A
X(L+n")yn = Yn-1ll + Yl|zn — Tna ]
< [\/1 — 207 + B4CIA% + Ay + 9 + phs,y /1 — 20, + 6413

X||Zp, = Zno1|| + PAs ADR (1 + 1) ||Yn — Yn—1].  (3.2.17)
Similarly,

[Yn+1 = Unll = llun — 9(¥n) + IV¥) (g(yn) — YT (tn, yn — q(0)))
~[Yn-1 — 9(@n—1) + IV (g(yn_1) = YT (tn-1, Yn-1 — q(¥n-1)))]l
< Yy — Yn1 — (9(¥n) — 9(yn-1))ll

+ |V (g(yn) — YT (s Y — q(Yn)))
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— IO (g(yn_1) = YT (Un—1, Y1 — ¢(Yn1)))]]

+ 17704 (g(Yn-1) = YT (tn1, Yn1 — 4(¥n-1)))

= I (g(yn1) = YT (Un1, Y1 — ¢n1)))
< lYyn = Yn-1 = (9(¥n) = 9Wn-1)Il + 19(¥n) — g(¥n-1)]

+ T (s Y = q(n)) = T (ttn—1, Y — @)l

+ANT (=1, Y — G(Yn)) = T(Un—1,Yn-1 — Q(¥n-1))l

+ (P[(yn - yn—l"'

Using the same argument as for (3.2.11), we have

ym = Yn-1 = (9(¥n) — (Y1) < (1 = 265 + 64C22G) |y — Y|

As g is Lipschitz continuous with constants Ag4, we have

l9(yn) = 9(Wn-Dl < Agllvn — Ynall:

(3.2.18)

(3.2.19)

(3.2.20)

By using the Lipschitz continuity of T" in first argument and G is D-Lipschitz con-

tinuous, we have
IT (o, Yn = (@) = T (tn—1,n — 9(n))]l
< A |lun — wna|
< A (147 HYD(G (@), G(En_y))
< A Apg (1 +n7Y)|zn — n-all-

By using the Lipschitz continuity of 7" in second argument, we have
1T (tn—1,Yn ~ q(¥n)) = T (Un-1,Yn—1 — q(Yn-1))l|

< )‘T2||yn —Yn-1— (Q(’yn) - q(yn—l))”'

Using the same argument as for (3.2.11), we have

1Y — Yn—1 — (a(¥n) — Q(yn—l))[|2 < (1—20 + 6402)‘2)”?/11 — Yn1]|-
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By (3.2.22) and (3.2.23), we have

T (Un—1,Yn — @(Yn)) — T(Un—1,Yn-1 — ¢(Yn-1))||

< A1 — 28, + 64C2 N2l |ya — Y- . (3.2.24)

Using (3.2.19)-(3.2.21) and (3.2.24), (3.2.18) becomes

[Ynt1 — Ynll < \/1 — 264 + 64Co22||lyn — Yn1ll + Agl|¥n — Yn1l|

A AD (L D)2 — Zaa|| + VA0, \/1 — 26, + 64Co )2
X Hyn - yn—l” + (pHyn - yn—l”
< /126, +64Co02 + X+ 0+ A 1 - 26, + 646, |

X[lgn = Un-1ll + VA0 Aps (1 + 7|z — Zoa ). (3.2.25)

Equation (3.2.17) and (3.2.25) implies that

Hmn+1 — || + ||yn+1 - yn”

< [{f1- 20, + 64003 + Ap + ¥+ phs,y /1 — 26, + 64C X2

tyAn Apg (1 + n_l)J [ — 2 || + {\ﬁ— 28, + 64C )2

g 0 + YAy 1= 28, + 64C\2 + pAs, Ao (1 + n—l)]
XY = Yn|
< Onlllzn — Zn-1ll + [vn — Yn-1l)), (3.2.26)

where

0, = max{ \/1 - 2(5f + 6401/\?+)\f+@/)+p/\51 \/1 — 25p + 6401>‘;2)+7)\T1>\Dc(l+n_1),

\/1 - 259 + 6402/\3+)\g+(,0+’7/\T2 \/1 — 2(5q + 64C2)\3+p/\52/\pp(1+n_1)}.

Let
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- max{\/l — 287+ 64CIA2 + As + 9 + ps, \/1 — 28, + 64C1 A2 + Y1y Ay,

\/1 — 204 + 646’2)\3 + A+ o+ 7Ap, \/1 — 264+ 6402)\3 + p/\52)\DF}.

Then 6, — 9‘ as n — oco. By condition (3.2.9) we know that 0 < § < 1 and so
(3.2.26) implies that {z,} and {y,} are both Cauchy sequences. Thus, there exists
x € By and y € E; such that z,, — z and y, = y as n — oo.

Now we prove that u, — u € G(z) and v, = v € F(y). In fact, it follows from
(3.2.13) and (3.2.21) that {u,} and {v,} are also Cauchy sequences. Let u, — u
and v, — v, respectively. We will show that v € G(z) and v € F(y).

Since un, € G(z,) and

d(un, G(z)) £ max {d(un,G(w)), sup d(G(mn),v)}
vEG(z)

y€G(zn) veG(z)

_Smax{ sup d(y,G(z)), sup d(G(wn),v)}

= D (G(zn),G(z)),

we have
d(u, G(z)) < ||u — un|| + d(un, G(2))

< lu = uall + D (G(24), G())
< lw — upll + Apgllzn — z|| = 0, as n — +oo,

since G(z) is closed, we have v € G(z). Similarly v € F(z). By continuity and

Algorithm 3.2.1, we know that z,y,u, and v satisfy the following relation
f(z) = BOD(f(z) - pS(z — p(2),0)),

g9ly) = IV (g(y) = vT(u,y — q(¥))-

By Lemma 3.2.1, (z,y,u,v) is a solution of Problem (3.2.1). This completes the
proof.
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3.3. System Of Generalized Variational Inclusions
With H-accretive Operators

In this section, we study a system of generalized variational inclusions with H-
accretive operators in uniformly smooth Banach spaces. An iterative algorithm is
defined for computing approximate solutions of this system of generalized variational

inclusions with H-accretive operators. The convergence criteria is also discussed.

Let E be areal Banach space. Let G, F' : E — CB(FE) be multivalued mappings
and f,9,p,q: FE > E, S, T: ExXxE — FE, Hj,Hy,: E — E are all single-valued
mappings. Let M : E x E — 2% be a multivalued mapping such that for each z € F,
M(-,z) is Hi-accretive and N : E x E — 2% be a multivalued mapping such that for
each y € F, N(-,y) is Hy-accretive. We consider the following system of generalized

variational inclusions with H-accretive operators:

Find z,y € E, u € G(z), v € F(y) such that
0 € S(z —p(z),v) + M(f(z),2),

0€T(u,y—qy) +Ng),y) (3.3.1)

The following fixed point formulation convert system of generalized variational

inclusions with H-accretive operators (3.3.1) into a fixed point problém.

Lemma 3.3.1. z,y € F, u € G(z), v € F(y) is the solution of system of generalized

variational inclusions with H-accretive operators (3.3.1) if and only if it satisfies
f@) = T (@) = pS(e - pla), V),

a9(y) = TP Ha(g(y)) — vT(u,y — a(y))],

where p > 0 and v > 0 are constants.

Proof. The proof of the above lemma is a direct consequence of the Definition

1.2.19 of H-resolvent operator and hence is omitted.
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We invoke Lemma 3.3.1 and Nadler’s theorem 1.2.3 [87] to propose the following
iterative algorithm.

Algorithm 3.3.1. For any given z¢, o € F, we choose ug € G(zo), vo € F(yo) and

compute {zn}, {yn}, {un} and {v,} by iterative schemes as follows:

Ipnt1 = Tpn — f(xn) + JIAl;Il(,/;zn)[Hl (f(xn)) - ,OS(SUn - p(xn), ’Un)],

Ynt1 = Un — 9Wn) + Jie s [Ho(9(Yn)) — VT (tny Yoo — q(5))]

and choose upt1 € G(Zn41) and vpi1 € F(ynq1) such that
[t — Uny1]| < D(G(zy), G(xn+1))>

an - 'Un+1|| < D(F(yn))F(yn+l))a

where p > 0 and v > 0 are constants and n =0,1,2,.......

Now we study the existence of solutions of system of set-valued variational
inclusions with H-accretive operators (3.3.1) and the convergence of approximate
solutions obtained by the Algorithm 3.3.1.

Theorem 3.3.1. Let F be a real uniformly smooth Banach space with module
of smoothness 7x(t) < Ct? for some C > 0. Let Hi,H, : E — E be strongly
accretive and Lipschitz continuous operators with constants 7, 7o and Ag, Am,,
respectively. Let f,g,p,q : E — E be strongly accretive mappings with constants
df, 84, 0, and §g, respectively; and Lipschitz continuous with constants Ay, Ag, Ap
and A4, respectively. Suppose that S,7 : E' x E — E be both Lipschitz continuous
mappings in the first argument with constants Ag,, Ar, respectively; and in the
second argument with constants Ag,, Az, respectively. Let G, F : E — CB(E) be
D-Lipschitz continuous mappings with constants Ap, and Ap,, respectively. Let
M : E x E — 2F be a multivalued mapping such that for each x € E, M(-,z) is
Hi-accretive and N : E x E — 2F be a multivalued mapping such that for each
y € B, N(-,y) is Ho-accretive and the Hy-resolvent operator associated with M and

Hj-resolvent operator associated with N are retractions.

If there exists constants p > 0 and v > 0 such that
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1 )\Hl/\f+p)\5 B(p)
0< B + — 1 +
(f) ! \/ 1- p/\SlB(p) g

1 >\H A +’)’)\T B(q)
0 < B _+__ 279 2 +
) 7“2\/ 1 —vAr,B(g) g

where

B(f)=/1-26;+64CX};  B(p) = /120, +64C;

B(g) = /120, +64CN3  Blg) = /1 —26,+64CX} .
Suppose that

M(-zpn VT %
T () — JHCED (@) < |2 — Tacal (33.3)

for all z, 2, Tn1 € F

and
N(yn Yn— o
TR () — TR D)) < 6™ g — Yool (3.3.4)

for all ¥, Yn, Yn1 € E

Then the system of sei—valued variational inclusions with H-accretive operators
(3.3.1) admits a solution (z,y,u,v) and the sequences {z,}, {yn}, {un} and {v,}
converge to z, y, u and v, respectively, where {z,}, {yn}, {un} and {v,} are the
sequences generated by Algorithm 3.3.1.

Proof. From Algorithm 3.3.1 and Theorem 1.2.4, we have
[@ns1=2all = lzn—F(@n)+Tp s THL(f (20)) =0 (@n=D(20), va)
a1 — [ (@) H T (f(@01)) = S (@noy —p(@no1), v
< 2w = Enot = (f(20) = Fl@as))]
+ HSE H (f(20)) — pS(2n — P(2n), V)]
— T Oy (f(20-1)) = S (@no1 = P(Zn1), Un-1)]|
+ IR (H (f(2-1)) — S (@nt = P(2nr), Unes)]
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— TP H (£ (1)) = pS(Tnet — P(@nn1), vns)]
< o = Bt = (1(@n) = )| + U HL(F(@0) — H f(20o0)
— PS(@n = P(n), vn) = S(n-1 = p(zn1), )|
+ = plIS(@no1 = Pln-s), 00) = S(an-1 — plan-1),va)]
+ IS H(f(201)) = £S(Znm1 ~ P(Zn1), V1)

— JMCon DI (F( 1)) — pS(Znr ~ P(Tnr), )]l (3.35)

Since f is strongly accretive with constant d; and Lipschitz continuous with constant

Ag, by Proposition 1.2.1, we have
2 = Zn-1 = (F(@n) = F@n-D)I? < (1~ 285 + 64CN7) |2 — Zpa||?

= B*()llzn — zn1l?, (3.3.6)
where B2(f) = (1 — 28; + 64C)2). |

Since H; is Lipschitz continuous with constant Ag,, f is Lipschitz continuous with
constant A, p is strongly accretive with constant J, and Lipschitz continuous with
constant A,, S is Lipschitz continuous in the first argument with constant As, and

using Proposition 1.2.1, we have
|H1(f(zn)) — Hi(f(2n-1)) ~ p[S(@n — P(0), vn) — S(Zn-1 — P(Zn-1), Un)]“2

< HHl(f(-'En)) - -Ff‘l(f(:(;n—l))ll2 - 210(5(-'371 - p(mn), Un) — S(Tn-1 — P(Tn-1), Vn),
J(Hi(f(zn)) — Hi(f(Ta-1)) = p[S(@n — p(Tn), Vn) — S(Tn-1 — P(Tn-1),vn)]))
< A Apllzn = ool 4 20018 (20 — p(0), v0) — S(Zn1 — P(Tn-1), vn) |

X[ Hy(f(20)) = Hy(F(2n-1)) = pIS(2n — D(2n), vn) = S(Zn-1 = p(Zn-1), va)]Il
(3.3.7)
Now as S is Lipschitz continuous in the first argument with constant Ag, and using

the same argument as for (3.3.6), we have
”S(Ilfn - p(l‘n), Un) - S(xn—l - p(xn—l); Un)”

< )\Slnzn — Tp-1— (p(mn) - p(mn—l))“
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< Asiy/1 = 20, + 64002 2 — 2 . (3.3.8)
Thus,

IHL(f(zn)) — Hi(f(2n-1)) — p[S(@n — p(@n), Un) — S(Zn_1 — P(Zn_y), va)]|>

<A AT = Ta1 |2 + 200, \/1 — 28, + 64C 72|z — Ty |
X[|H1(f(zn)) — Hi(f(Zn-1)) = p[S (20— p(@n), vn) = S (Zn-1—p(Tn-1), vn)] |
< A Arll@n = znal? + pAs, /1 — 28, + 640 { 12 — 2|

I Hi(f (2n)) = H1(f (2n-1)) =[S (Zn—D(2n), Un) =S (Tn1—D(Tn-1), Un)“[z}a

(3.3.9)
which implies that
”Hl(f(mn)) - Hl(f(xn—l)) - p[S(:Z:n - p(.’L‘n), 'Un) - S(xn—l - p(mn—l)v 'Un)]”2
< /\Hl/\f+p/\51w/1—25p+640)‘g” ”2
n— Tn_
= 1 pre/1-2, F6aC :
AH )\f-l-p)\g B(p) 2
: ! Tr, — Tn—1ll%, 3.3.10

where B(p) = /1 — 26, + 64C\2.
It follows from the Lipschitz continuity of S in the second argument with constant
As, and D-Lipschitz continuity of ' with constant Ap,, that
”S(-'En—l - p(wn—l), 'Un) - S<mn—1 - p(mn—l)yvn—l)”
S /\Sg||v'n, - Un—l”
< As; D(F(yn), F(Yn-1))

< )‘Sz)‘DF”yn — Yn—1]|. (3.3.11)
Using (3.3.6)-(3.3.11) and condition (3.3.3), (3.3.5) becomes

120 = Znl

- 1 [ AmAr+ phs, B(p)
Tn || < B Tp — Tno1ll + — 1 1

1 x
+7"_1p/\52)\DF”yn = Yn-1| + p{|zn — o1l
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1 [AmAr+ pAs B(p)
= |B el 1 1 * _
B + \/ e B0) + 1|2 — s

1
+,r_1p/\52>‘DF“yn - yn—l”- (3'3'12)
Again by Algorithm 3.3.1 and Theorem 1.2.4, we have

Yns1=Ynll = =9 (¥n)+The 2™ [Ha(9(Yn)) 1T (i, Y —q ()]

~[¥n1 = g(vn1) + T 2V [Ha(g(yn1)) = YT (tn=1, Y1 — ()]
<l — Ynes = (9() = 9(¥n-1)
+ [T (Ha(9(¥n)) = VT (tn, U — 4(3n))]
= T Hy(g(yn-1)) = YT (Un-1, Yt — q(¥n-1))]
+ [T [ Ha (g (Yn-1)) — VT (thnmt, Yt = Q(Ynn)))
— TR Hy(g(yn-1)) — VT (tn-1, Yn-1 — q¥n-1))]|
< o = Yot = (90) = 902l + -1 Ealo0n)) ~ Halo(am-r)
— V[T (tn, Yo = q(Yn)) — T (Uns Yn—1 ~ ¢(Yn—1))]|
+ %7||T(un,yn—l ~ q(¥n-1)) = T(tn-1, Yn-1 — ¢¥n-1))ll
i) | Ha(g (1)) = 7T (-1, Yoot = @(yn-1))]
— TN Hy (g(yn1)) = VT (U1, Yt — a2l (3.3.13)

Since g is strongly accretive with constant §, and Lipschitz continuous with constant

A, and using the same argument as for (3.3.6), we have
9 — Y1 = (9(4n) = 9(yn-1)]I* < (1= 285 + 64C X)) [y — Y1’

= B*(9)lyn—yn-1l%,
(3.3.14)
where B%(g) = (1 — 24, + 64C\2).

Since H, is Lipschitz continuous with constant Ag,, g is Lipschitz continuous with

constant A, g is strongly accretive with constant d, and Lipschitz continuous with
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constant Ag, 7" is Lipschitz continuous in the second argument with constant Ap,
and using Proposition 1.2.1, we have

1 H2(9(¥n)) — H2(9(yn-1)) — YT (tn, Yn ~ @(¥n)) — T (tn—1, Yn-1 — ¢(¥n-1))]|I?

< Ha(9(Yn)) = Ha(g(Wn-1))II” = 27(T(tn, Yn — ¢(Wn)) — T(tn, Yn—1 — 4(¥n-1)),
F(Ho(g(yn)) — H2(9(Wn-1)) — [T (ny yn — () — T (tn, Yn-1 — ¢{¥n-1))]))
< /\Hz)\g”yn - yn—1”2 + 27”T(una Yn — Q(yn)) - T(un: Yn—-1 — Q(yn—l))H

x| Ha(g(yn)) = Ha(9(yn-1)) = YT (thn, Yo = @(¥n)) — T (tn, Yn-1 — qWn-1)))lI-
(3.3.15)
Now as T is Lipschitz continuous in the second argument with constant Az, and

using the same argument as for (3.3.6), we have
”T(Un, Yn — Q(yn)) - T(un,yn—l - Q(yn—l))H

< A |lYn = Yn1 — (@(¥n) — q(¥n-1))|l
< g, \/1 — 28, + 64C X[y — Y. (3.3.16)

Thus,

[1H2(g(yn)) - H2(g(yn-—1))‘_ VT (W, Y = () = T (e, Y1 = q(yn-1))]II”

< A AgllYm — Yaoa |2 + 27AT2\/T— 284 + 64C 72|y — Yo 1|
|| Ha(9(yn)) — Ha(g(yn—1)) =T (W, Yn—=q(¥n)) =T (Un, Y1 = q(yn-1))}|

< st gl = Yol + /1 = 28, 4 64CN 1y — v

+IIH2(g(yn))—H2(g(yn_1))—W[T(un,yn—q(yn))—T(un,yn_l—q(yn_l))]|l2},

(3.3.17)
which implies that
HHz(g(yn)) - Hz(g(yn—l)) - ’Y[T(um Yn — Q(yn)) - T(Um Yn—1 — Q(yn—l))]“2
< Ay + 7 VT—26,+ 640,\3“ °
= 1— ’)/AT2 \/T_ 25!} + 640}\2 Yn — Yn—1
At A + YA, B
< mAg + 721, Blg) [ 3/n—1||2, (33.18)

I- VATzB(Q)
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where B(q) = /1 — 24, + 64CA2.

It follows from the Lipschitz continuity of 7" in the first argument with constant Ap,
and D-Lipschitz continuity of G with constant Ap,, that

17 (tns Yn1 = q(¥n-1)) = T(ttn-1,Yn-1 — q(yn-1))|
< A [|un = tn-a |
< A D(G(zn, G(zn-1))
< A Apglzn — Za-1])- (3.3.19)
Using (3.3.14)-(3.3.19) and condition (3.3.4), (3.3.13) becomes

1 [Ag, Ay + YA, Blq
[t = 3l < Bt — Y|+~ Do B

g 1- 7)\T2B(Q)

1 kK
+T—’)’)‘T1)‘DG”"En - xn—IH +u Hyn - yn~1H
2

\/,\Hz,\g + 722, Blg) #**} 5 — il

1
- [B(g) " 1 —vAn,B(q)

T2

1
+,’,._’y>\T1>\DG”$TL - xn—l”- (3.3.20)
2

Combining (3.3.12) and (3.3.20), we have

||"En+1 - .’IInH + Hyn+1 - yn”

1 [Am s+ prsBo) . 1
< |B - ! L + '+ —yAn A Tp — Tpe
<| (f)+ﬁ\/ B T T Al |l
1 [ Ay + 720, B(g) o 1 ]
. — pAS, A n ~ Yn—
+[B(g)+7,2\/ 0B 1+ pAs A, [Yn ~ Yn-1ll
S G[Hxn—mn—lu + ”yn_yn—ln], (3321)
where
1 [ AmAs+preB(p) |, 1
= — — YA A
6 maX{B(f)+r1\/ I~ 2. B®) + i +T2'7 Ty ADg»
1 [AmAg + 720, B(g) 1
. “ 4 = pAs,Ap, V.
B(g)+rz\/ T +p P Dp}
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H- resolvent equations and the convergence of iterative sequences generated by the

algorithms is also dicussed.

Let E, and E, be any two real Banach spaces, S : By X Ey — By, T : B X
Ey, - Ey, p:E, - Ey, q: By —» Ey, H : By — E; and Hy : Ey — E, be
single-valued mappings, G : Ey — CB(E;), F : E; — CB(E;) be multi-valued
mappings. Let M : By x By — 2Bl be Hj-accretive and N : Ey x E; — 2F2 be
Hs-accretive mappings. Let f : By — F; and g : £ — E5 be nonlinear mappings
with f(E1) N D(M(-,z)) # 0 and g(E;) N D(N(-,y)) # 0, respectively. Then we

consider the following system of generalized H -resolvent equations:

Find (z,y) € Ey X By, u € G(z), v € F(y), 2’ € Ey, 2" € Ey such that
S(z — p(z),v) + p ' RECT () = 0 >0
p\r P Hi,p ’ p )
T(u,y — q(y)) + ’y_le;’;”’)(_z”) =0, v>0, (3.4.1)

where Ryf(®) = I — Hi(Jp U™, RV =T — Hy(Jpo¥) and Ji G, Jpc® are

the resolvent operators associated with M and IV, respectively.

Now we mention the corresponding system of generalized variational inclusions

of the system of generalized H -resolvent equations (3.4.1).

Find (z,y) € E; X Ey, u € G(z), v € F(y) such that
0 € S(z - p(a),v) + M(f(z), 2),

0€T(u,y—q(y) + N(g(v),v). | (34.2)

Lemma 3.4.1. (z,y) € Ey X Ey, u € G(z), v € F(y) is a solution of system of

generalized variational inclusions (3.4.2) if and only if (z,y,u,v) satisfies
f(@) = T (@) - pS(e — p(a), V),

9(y) = T P H(g(y)) — vT(u,y — ¢))),

where p > 0 and v > 0 are constants.

Proof. The proof of Lemma 3.4.1 is a direct consequence of the Definition 1.2.19

of H-resolvent operator, and hence is omitted.
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The following proposition established an equivalence relation between the sys-
tem of generalized H-resolvent equations (3.4.1) and corresponding system of gen-

eralized variational inclusions (3.4.2).

Proposition 3.4.1. The system of generalized variational inclusions (3.4.2) has
a solution (z,y,u,v) with (z,y) € Ey x Ey, u € G(z), v € F(y) if and only if
system of generalized H -resolvent equations (3.4.1) has a solution (2, 2", z,y,u,v)
with (z,vy) € By x Ey, u € G(z), v € F(y), 2’ € Ey, 2" € E, such that

f(z) = T2, (3.4.3)

9(y) = Ty ("), (34.4)
where 2’ = Hy(f(z)) — pS(z — p(z),v) and 2" = Ha(g(y)) — T (u,y — ().

Proof. Let (z,y,u,v) be a solution of system of generalized variational inclusions

(3.4.2). Then by Lemma 3.4.1, it satisfies the following equations
f(z) = TSP (F(2) = pS(z = plz), )]

9(y) = T [Ha(g(y)) — ¥T(w,y — a(v))].
Let 2/ = H,(f(z)) — pS(z — p(z),v) and 2" = Ha(g(y)) — 7T (u,y — q(y)), then we
have
f@) = T (),
o) = Ty (@),

# = Hy(JiUP () = pS(z —p(z), v) and 2" = Hy(Jp 2 (2") =T (u,y —a(y)),
it follows that

(I - Fi(JHCMN () = 72— Hi(JEEP()
= H(J55()) - pS(z — p(x), v)
~H(J5P ()

= —pS(z—p(z),v),

and similarly
(I — Ha(JRSo)(2") = =vT(u,y — a(y)),
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ie.,
S(z — p(z),v) + p RE () = 0,

T(u,y — qy)) + 7 R 2 (2") = 0.

Thus, (2, 2", z,y,u,v) is a solution of system of generalized H-resolvent equations

(3.4.1).

Conversely, let (2, 2", z,y,u,v) be a solution of system of generalized H-resolvent

equations (3.4.1), then

pS(z — p(),v) = —Ryg, (),

VT(u,y — q(v)) = —Rp D (2").

Now

pS(z — p(z),v) = —RELI ()
— —(I - RIS ()
= (Hu(Jfry" &) = 2
— (Hy (JHC M) H(f(2)) - pS(z — p(a), v)
~ [Hy(f(z)) — pS(z — p(z), )],

which implies that

f(@) = JHCD [ H, (£(w)) - pS(z — ple), V)],
and

VT(u,y — q(y)) = R 2 (2")

= —(I = Hy(Jm, (")
= (Hy(Ji (") = 2

— (Ho(J55)) Ha(g(y)) — 7T,y — q(®))]
— [H2(9()) — T (u,y — a(y))],

which implies that

9(y) = T Y Halg(y)) — vT(u,y — (y)))-
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Thus, we have

f(z) = JEUPHL(f(2)) - pS(z — pl(z), v)],
9(y) = TRSPHa(9(y)) — vT(u,y — q(®))].

Thus, by Lemma 3.4.1, (z,v, u,v) is a solution of system of generalized variational

inclusions (3.4.2).
Alternative Proof. Let
7 = Hi(f(z)) = pS(z — p(z),v) and 2" = Hy(g(y)) — 7T (u,y — q(v)),

using (3.4.3) and (3.4.4), we can write
Z = (Hi(Ti (&) = pS(z—p(a),v) and 2" = (Ha(Jr ) (") =T (w,y = q(v))
which implies that

| S(z - p(z),v) +p~ Ry 3 () =0, p>0,

T(u,y - qW)) +7 Ry 2 (2") =0, v>0,

the required system of generalized H-resolvent equations (3.4.1).

We suggest a number of iterative methods for computing the approximate so-

lutions of system of generalized H-resolvent equations (3.4.1).

Algorithm 3.4.1. For given (zg,y0) € E1 X Ea, ug € G(z0), vo € F(yo), 25 € En,
zq € E,, compute {z,}, {2}, {zs}, {tn}, {un} and {v,} by the iterative schemes

as follows:

fn) = T (2), (3.4.7)
9(yn) = Jii(z0), (34.8)
Un € G(20) : Iltnss — tnl < D(G(@ns), G(za)), (3.4.9)
vnemn): [ons1 = vall < DUFni1), F(yn)), (3.4.10)
Zhir = [Hy(F(2n)) = pS(zn — p(zn), vn)], (3.4.11)
Zn1 = [H2(9(Yn)) — VT (tn, Yo — q(t)))- (3.4.12)

n=0,1,2,.......
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The system of generalized H-resolvent equations (3.4.1) can also be written as
Z = Hy(f(2)) = S(z — p(2),0) + (I - p™) Ry ;7 (2),

2" = Hy(g(y)) — T(u,y — q()) + (I — v RV ().

We use this fixed-point formulation to suggest the following iterative method.

Algorithm 3.4.2. For given (zg,y0) € E1 X Esy, ug € G(xy), vo € F(yo), 2 € E,
zg € E»,, compute {z,}, {21}, {zx}, {yn}, {tn} and {v,} by the iterative schemes
as follows:

(@) = Tas™ (20),
9(vn) = T (z0),
tn € G(#n) ¢ [tnss —tnll < D(G(2ns1), Glzn),
) fvnss = vall < DEF ), Flyn)),
Zoir = Hi(£(2n)) = S(@n — p(n), va) + (L= p Y REL™ (2)),
21 = Ha(g(yn)) — T(tn, Yo — qun)) + (I — 7RI (1),

U € Fyn

Now we study the existence of solutions of system of generalized H-resolvent
equations (3.4.1) and the convergence of the iterative sequences generated by the
Algorithm 3.4.1.

Theorem 3.4.1. Let F; and E5 be any two real uniformly smooth Banach spaces
with module of smoothness 7, (t) < C1t? and 7g,(t) < Cst? for Cp,Cy > 0, re-
spectively. Let G : By — CB(FE;) and F' : E; — CB(E,) be D-Lipschitz con-
tinuous mappings with constants Ap, and Ap,, respectively. Let H, : E; — E;
and H, : E; — E, be strongly accretive and Lipschitz continuous mappings with
constants 7y, ro and Amy,, Am,, respectively. Let M : By X By — 2E1 be H,-accretive
operator and N : Fy x Ey — 272 be Hy-accretive operator such that the H;-resolvent
operator associated with M and Hy-resolvent operator associated with N are re-
tractions. Let f,p: E1 — E, g,q : E5 — E, be strongly accretive mappings with

constants dy, dp, 6 and d4, respectively and Lipschitz continuous with constants Ay,
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Ap, Ag and Ag, respectively. Let S : Fy x By — E; and T : E; x Ey — E, be
Lipschitz continuous in first and second arguments with constants \g,, As, and Mg,

Ar,, respectively.

If there exists constants p > 0 and vy > 0, such that

B{/2 + 1+ p/\sl \/1 - 2(5:0 + 6401>\% + ’)’/\Tlx\DG

y 311/2 +1 + ry/\T2 \/1 - 2(5,1 + 64C2>\g + p/\Sg)\Dp

<1, ' (3.4.13)

where

By =2\/1-2nN + 640103, N, By =24/1- 20 +64C1 %,

Bl =2,/1-2r02 + 6403, 02, By =2,/1— 26, + 64CoA2 .

Then there exists (z,y) € F1 X Fs, u € G(z), v € F(y), 2 € Ey, 2" € Ey,
satisfying the system of generalized H-resolvent equations (3.4.1) and the iterative
sequences {z.}, {2/}, {zn}, {yn}, {un} and {v,} generated by Algorithm 3.4.1

converge strongly to 2/, 2, z, y, u and v, respectively.

Proof. From Algorithm 3.4.1, we have
2011 = 2nll = |1 H1(f(zn))—pS(zn—p(zn), Un) = [H1(f(Zn-1)) =S (Zn1—P(Tn-1), vn-1)] ||

< ||#n = Zn1 — (Hi(f(z0)) = Hi(f(@n-1))I + (120 — o]
+pl|S(@n — P(Tn), V1) — S(Tn-1 — P(Tn-1), vn-1)|l- (3.4.14)

Since H; is strongly accretive with constant 7 and Lipschitz continuous with con-
stant Ag,, f is Lipschitz continuous with constant Ay and by Proposition 1.3..12, we

have

120 = Ty — (Hi(f(20)) = Hi(f(2a-1)))|”
< e — znal* + 2(—(Hi(f (2n)) — Hi(f(2n-1))),
§(@n = Ta-1 = (Hi(f(zn)) — H1(f(2n-1))))
= |20 = 2ot [ + 2(~(H(f(2n)) = H1(f(2n-1))), 5(Tn — Tn1))
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+2(=(H1(f(z0)) — H1(f(zn-1))),
j(xn — Tp—-1 — (Hl(f(wn)) - Hl(f(mn——l))) - J(xn — xn—l))>

< 2w = 2o |? = 2r1 [ f(20) = F(@nn)|?
T ddrg (4IIH1(f(zn)) — H( f(a:n_l))H)

d
< |zn — Toa||? - 27‘1/\3@”% —z |+ 640&%«\%]]% — Zp_1]?
< (1= 2m 08 + 640 N, AF) [z — T | (3.4.15)

Since S is Lipschitz continuous in both arguments, F' is D-Lipschitz continuous, we

have

15z — p(z0), vn) = S(Tn-1 — P(Tn-1), vn-1)|
= [IS(@n = p(zn), vn) — S(Zn-1 — P(Tn-1), Vn)
+8(@n-1 = P(Tn-1), V) — S(Tu-1 — P(Ta-1), 1)
< 1S(@n — p(zn), vn) — S(@n-1 — P(Tn-1), vn)]|
+1S(@n-1 = P(Tn-1),va) — S(@n-1 — P(Tn-1), 1)l
< Ay |20 — a1 — (2(z5) — P(a-1)) || + A, l|vn — Vi
< Ay 120 = o1 = (p(20) = P(@n-1))| + A5, D(F (Un), F(Yn-1))
< sy ll2n = 2no1 = (p(2) = P(@n M+ A ADp Y = Yol (3.4.16)
By Proposition 1.2.1, we have
10 = Zn-1 = (P(zn) = P(Ea-2)I® < (1~ 28, +64C1X;) llon — Zaa ). (3417)

Using (3.4.17), (3.4.16) becomes

15(zn = P(zn), vn) = S(Zn-1 = P(Zn-1); Va1l

< As, \/1 — 20, + 64C1 \2||zn — Zpo1ll + A5y ADp | Yn — Yna - (3.4.18)
Using (3.4.15), (3.4.18), (3.4.14) becomes

“Z;z+1—z1lz|| < \/1 - 27’1)‘? + 6401)‘%{1/\%[5571*%71—1H‘}‘“xn—mn—lll

+0 (Asyy/1 = 20, + 64C1 312 = acsll + A5, A0 1 — v )
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= (/1= 2r123 + 64103, N + 1+ phs, /1 - 26, + 64C1 ) lzn=znsl
+p)\52>\DFHyTL - yn—l”

—_ / 2 _

~ (31/2 14 phs, \/1 — 26, + 64C1 X2 ) |Zn — Zni]|

+pA5,Ap|[Yn — Yn-1]l; (3.4.19)
where By = 24/1 — 21103 + 64C1 0\, A2

Again, from Algorithm 3.4.1, we have

7 1

lznt1—2nll = 1 H2(9(¥n)) =T (tns Yn~=q(Yn)) = [H2(9(¥n-1)) =T (Un-1, Yn—1—q(yn-1))] |

< Nyn — Yn-1 — (H2(9(yn)) — Ha(g(Wn-0)) + 0 — Yn-1ll
AT Wy Y ~ ¢(Yn)) = T(Un1, Yno1 — q(¥n-1))ll-  (3.4.20)

Since H, is strongly accretive with constant 7, and Lipschitz continuous with con-

stant Am,, g is Lipschitz continuous with constant A, and by proposition 1.2.1, we
have

[Yn = Yn-1 — (Ha(g(¥n)) — Ha(9(yn-1)))||?
< (1= 2722 + 6402, A2) Nlym — Ynr | (3.4.21)

Since T is Lipschitz continuous in both arguments, G is D-Lipschitz continuous, we
have

1T (wn, yn = @(yn)) — T(tn-1,Yn-1 — q(yn1))l|
ST (n, yn = ¢(yn)) = T(tn-1,Yn — ¢(ya))l
HIT (un—1,yn = a(¥n)) = T(Un-1,Yn-1 — q(yn-1))|
< Ayt = tna || + A llgn — (¥n) = (Wn-1 — ¢(¥n-1))|
< A D(G(2n), G(2n-1)) + Any [y — Yn1 — (q(¥n) — ¢(¥n-1))]|
< M Apg||Zn = Zntll + A lYn — Yno1 = (9(Yn) — q(¥n-1))||.  (3.4.22)

Using same argument as for (3.4.17), we have

19 = Y1 = (@(¥n) = qUn-t))II® < (1 — 20, + 64C202) ||lym — yna||®.  (3.4.23)

Using (3.4.23), (3.4.22) becomes
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1T (%ny Y — @(Un)) — T (Un—1, Yn—1 — q(¥n-1))||

< A Apg T — Tnill + Ay \/1 — 26, + 64CoN 2 [y — yn 1]l (3.4.24)

Using (3.4.21), (3.4.24), (3.4.20) becomes

oty = 241 < /1= 2ra22 + 64C223, 22 g — Yn-sll + 19 — Y|

4y (ATIADGH% — |+ Ay /1 = 28, + 64C50 |y - vo-al))

_ <\/1 — 2ry A2 + 64C,N% A2 + 1+ yhg, \/1 — 26, + 6402Ag) [T
+7/\T1>‘DG||$n - xn—ln
_ (B;'/Q N \/1 — 26, + 6402Ag) 1Y — Yt |

+7/\T1/\DG||$7L - xn—l”, (3425)

where BY = 2, /1 — 2ryA2 + 64Cy 0%, )2
1 g Hy g

By (3.4.19) and (3.4.25), we have
12041 = 2ol + 12041 — 23

< (B1/2+ 1+ psy /1 — 26, + B4C12 + A1, Apg ) 12 — s

+ (B2 4+ 14 1Ag /1 = 26, + 640222 + pAs, Ay )l = s
(3.4.26)
Also from (3.4.7) and (3.4.8), we have

”xn - xn—l” = H:Bn — Tp-1— (f(mn) - f(xn—l)) + ‘]PAI{,p(Z;L) - Jfﬂé,p(Z;L—l)H

< zn = za1 = (f(2a) = f@a- ) + 18,0(20) = T (20l
]‘ / /
< lzn = 2no1 = (f(2n) = fl@n-1))]l + 7 len = znal (3.4.27)
Using same argument as for (3.4.17), we have
|Zn — Tno1 — (F(@n) — flza))|? < (1 — 205 + 6401)\5}) |Zn — Zn_1]?. (3.4.28)

Using (3.4.28), (3.4.27) becomes
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1
20 = 2n-1ll < /1= 267 + 64C N[ — 2| + e~ 2l

B 1 ,
< lfon = zumsl+ 2k = 2l
1

where Bj = 2\/1 — 287 + B4C1 2.

Which implies that

1
0 = Tncsll € ———ll2 — 2Ll (3.4.29)
T1 <1 — —2>

2

and
1Y = tnall = [Un = Y1 = (9(vn) — 9(¥n-1)) + Ti, 4 (70) = Ji o (20-1)
< tn = Y1 = (9Wn) = 9w )| + T8, 1 (20) = Ti, 1 (znd)
< oo = s~ o) = glm DI + -l = 2] (3430
Using same argument as for (3.4.17), we have
vn = Unet = (9(n) — 9(Un-1))[I? < (1 = 26, + 64CoA2) [|yn — ynil®.  (3.4.31)

Using (3.4.31), (3.4.30) becomes

1
s = Yamall < /1= 285 + 64Ce Nl — vnoal + 12 = 2

14

1
< 2 n = vl + =llzn — 20l
)

where By = 2,/1 — 2§, + 64Co\2.

Which implies that

1
1y = Yn-all < —ITHZ;; —zn |- (3.4.32)
n(1-%)

Using (3.4.29) and (3.4.32), (3.4.26) becomes

211 = Zall + lzngr — 22

Bi/24+ 1+ pAs, \/.1 — 20, + 6401/\,2, + YA Apg 2, — 2|
= r (1_ BTé) n n—1
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BY/2+ 1+ YAq,/T— 26, ¥ 64008 + pAsydoe |
( B’2’> ”zn - Zn_1||
T 1-— 5
< (|2 = zpall + ll2m = 2na ), (3.4.33)

where
Bi/2 + 14 pAs; /1 — 26, + 64C1 D2 + v\
9 { 1/ P S\/ p 1A, T T. ADg

T1 (1 — BTIZ> ,
B{’/2 +1+ ’)’)\T2 \/1 — 2(5q + 6402/\2 -+ p’\Sz/\DF
(1-%) |
T9 1-— 5
By (3.4.13), we know that 0 < 6 < 1 and so (3.4.33) implies that {2} and {2} are
both Cauchy sequences. Thus, there exists 2’ € E) and 2" € Ej such that z], — 2’

and 2z, — 2" as n — co.

From (3.4.29) and (3.4.32), it follows that {z,} and {y.} are also Cauchy sequences,
that is, there exists z € E; and y € E, such that z,, — z and y, — y as n — oo.

Also from (3.4.9) and (3.4.10), we have
[ttnt1 = tn|l < D(G(Znt1), G(Tn)) < Apgl|Tnt1 — Zall,

||Un+1 — vl < D(F(ynJrl))F(yn)) < /\Dp”yn+l — Ynll,

and hence, {u,} and {v,} are also Cauchy sequences, so there exist u € E; and

v € E, such that u, — u and v, — v, respectively.

Now, we will show that u € G(z) and v € F(y). In fact, since u, € G(z») and

d(un, G(z)) < max {d(un,G(a:)), sup d(G(mn),wl)}

w1 EA()

Smax{ sup d(ws, G(z)), sup d(G(a:n),wl)}

w2 €G (zn) w1 EG(T)
= D(G(zn), G(2)),
we have
d(u, G(z)) < |lu—ua| + d(ua, G(z))
< lu = un|l + D(G(zr), G(2))

< |lu—unl| + Apgllzn — 2| = 0 as n — co.
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Which implies that d(u, G(z)) = 0. Since G(z) € CB(E), it follows that u € G(z).
Similarly, we can show that v € F(y). By continuity of f, g, p, q, H1, Hs, G, F', M,
N, S, T, JY (-, 2), Ji, ,(-,y) and Algorithm 3.4.1, we have

2' = Hi(f(z)) — pS(z — p(e),v) = Hi(JH, (-, 2)(2)) = pS(z — p(z),v) € By,

and

7' = Hy(g(y)) — vT(u,y — q(v)) = Ha(Jif, , (- )(Z") =T (w, ¥ — q(y)) € Es.

'By Proposition 3.4.1, (2, 2", z,y,u,v) is a solution of Problem (3.4.1). This com-
pletes the proof.
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Chapter 4

(zeneralized Variational Inclusions
For Fuzzy Mappings

4.1. Introduction

It is well known that the fuzzy set theory, which was introduced by Zadeh [128]
in 1965, has gained importance in analysis from both theoritical and practical point
of view. Applications of the fuzzy set theory can be found in many branches of
mathematical and engineering sciences; see [23,27,43,47,66,91,99,100,130]. Varia-
tional inequality theory provides us a unified frame work for dealing with a wide
class of problems arising in elasticity, structural analysis, economics, physical and

engineering sciences, etc; see [28,31,37,40,42,84,89,118] and references therein.

In 1989, Chang and Zhu [27) first introduced the concept of variational inequali-
ties for fuzzy mappings and extended some of the results of Lassonade [80], Shih and
Tan [109], Takahashi [113] and Yen [127] in the fuzzy setting. They investigated ex-
istence theorems for some kinds of variational inequalities for fuzzy mappings, which

were the fuzzy extensions of some theorems in [109,113].

Several classes of variational inequalities and complementarity problems for
fuzzy mappings were considered and studied by Chang and Haung [23], Noor [91],
Haung [66], Park and Jeoug [99,100], Ding and Park [43] and Ding [38,39] in Hilbert

spaces.

In Section 4.2, we study generalized variational-like inclusions for fuzzy map-
pings. We develop an Ishikawa type perturbed iterative algorithm and a Mann type
perturbed iterative algorithm for computing the approximate solutions of general-

ized variational inclusions for fuzzy mappings.
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In Section 4.3, we consider a class of mixed variational inclusions for fuzzy map-
pings. The existence and convergence analysis is discussed by using the definition

of relaxed strongly accretive operators.

In Section 4.4, we introduce the generalized T-resolvent equations with fuzzy
mappings in connection with the mixed variational inclusions for fuzzy mappings
discussed in Section 4.3. An equivalence relation is established between the mixed
variational inclusions for fuzzy mappings and the generalized T-resolvent equations
with fuzzy mappings. Further, we prove the existence of solutions and the conver-

gence of iterative sequences generated by the algorithm.

We assume that H is a Hilbert space with norm ||.|| and inner product {(.,.).
F(H) denotes the collection of all fuzzy set over H. A mapping F' : H — F(H) is
said to be fuzzy mapping. For each z € H, F(z) (denote it by F;, in the sequel) is
a fuzzy set on H and F(y) is the membership function of y in F;.

A fuzzy mapping F' : E — F(E) is said to be closed if for each z € F,
the function y — F,(y) is upper semicontinuous i.e., for any given net {y,} C H
satisfying yo — yo € E, lim sup,Fz(ya) < Fu(yo)-

For A€ F(F) and A € [0,1], the set (A)y = {z € F: Az > A} is called a A-cut
set of A.

Let A: E — F(F) is a closed fuzzy mapping satisfying the following condition

(D:

Condition (I). There exists a function a : £ — [0,1] such that for each z €
E, (Az)a(z) is & nonempty bounded subset of E.

It is clear that if A is closed fuzzy mapping satisfying the condition (I), then
for each z € E, the set (Az)aw) € CB(E).

Definition 4.1.1. A mapping ¢ : H — H is said to be:

(i) monotone, if for all z,y € H

(9(z) = 9(y),z —y) > 0;
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(ii) strictly monotone, if for all z,y € H

(9(z) — 9(v),z —y) = 0;
and equality holds if and only if z = y;

(iii) strongly monotone, if for all z,y € H there exists a constant § > 0 such that

(9(z) — g(y),z —y) > bz — y||>.

Definition 4.1.2. Let E be a g-uniformly smooth real Banach space let B : £ —
CB(F) be a multivalued mapping. The mapping ¢t : E — F is said to be relazed
strongly accretive with respect to B, if there exists a constant k£ > 0 such that

(t{u) — t(v), Jo(z — v)) < —kllz —y||%, for allz,y € E, u € B(z), v € B(y).

Example 4.1.1. Let E = R, B = I, the identity mapping. Let t(z) = —2z, ¢ > 0,

k = (2 —¢€). Then it is easy to see that ¢ is relaxed strongly accretive mapping.

4.2. Generalized Variational-like Inclusions For
Fuzzy Mappings

In this section, we consider a class of general‘ized variational-like inclusions for
fuzzy mappings. First, we established an equivalence of generalized variational-like
inclusions for fuzzy mappings with some fixed point problems and develop Ishikawa
type perturbed iterative algorithm and a Mann type perturbed iterative algorithm
for this class of generalized variational-like inclusions for fuzzy mappings. The exis-

tence and convergence for our problem is also discussed.

Let M,S,T : H — F(H) be three fuzzy mappings, m, f,g,P : H — H and
1 : HxH — H be the single-valued mappings. We consider the following generalized
variational-like inclusion problem for fuzzy mappings:

Find z € H, u € (M(2)), v € (S(2))r, w € (T(z))r, r € (0,1] such that
z € dom ¢ and

(P(u) = (f(v) = m(w)), (v, 9(2))) = l9(z)) —ely), forall ye H (421)
where ¢ : H — RU {400} and dom@z{x € H: p(z) < oo}
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| £ ’\Q}b
Some special cases: \\

(1) If m =0, n{y,g(z))=y — g(z) and P, f and T are 1dent1ty mapp‘:i;gs,\"é
Problem (4.2.1) is equivalent to finding z € H, u € (M(=x ))[,\?F'('S'(x))r,
r € (0,1] such that g(z) Ndom d¢ # ¢ and

(u—v,y—g(z)) > w(glz))—wly), forallyc H. (4.2.2)

Problem (4.2.2) is called variational inclusion problem for fuzzy mappings
which is considered and studied by Park and Jeong [99)].

(ii) If p=0k, the indicator function of the nonempty closed convex set K in H,
then Problem (4.2.2) is equivalent to finding z € H, u € (M(z)),, v € (S()),
r € (0, 1] such that g(z) € K and

(u—v,y—g(z)) > 0, forally € H, (4.2.3)
which is called completely generalized strongly variational inequality problem
for fuzzy mappings.

Assumption (U). The mapping n: H x H — H satisfles the condition

n(y,z) + n(z,y) =0, for all z,y € H.
Remark 4.2.1. If n : Hx H — H satisfies Assumption (U) and ¢ : H — RU{+o0},
then it is easy to see that the n-subdifferential mapping d,¢ : H — 2 is 7-monotone.

We need the following result due to Lee et al. [81] to transform our problem
generalized variational-like inclusion problem for fuzzy mappings (4.2.1) into a fixed

point problem.

Proposition 4.2.1. Let n : H x H — H be a strictly monotone mapping and @ :
H — 2" an n-monotone multivalued mapping. If the range (I+AQ), R(I+)Q) =
for A > 0 and I is the identity mapping, then @ is maximal n-monotone. Further,
the inverse mapping (I + AQ)™' : H — H is single-valued.

We assume that n: H x H — H is strictly monotone and satisfies Assumption
(U) and ¢ : H — RU {400} is a mapping such that R(I + Ad,¢) = H, for A > 0.
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From Proposition 4.2.1, we note that the mapping
JE(z) = (T4 M) M=), for all z € H,
1s single-valued.

Lemma 4.2.1. (z,u,v,w), where z € H, u € (M(z)),, v € (S(z))r, w € (T(z)), is
a solution of generalized variational-like inclusion problem for fuzzy mappings (4.2.1)

if and only if it satisfies

g(z) = Jlg(z) = MP(u) — (f(v) — m(w)))), (4.2.4)

where A > 0 is a constant, JY = (I + Ad,p)™" is so-called proximal mapping and [

stands for the identity operator on H.

Proof. From the definition of JY, we have

9(z) = A(P(u) = (f(v) —m(w))) € g(z) + AFpp(g(2))

and hence
(f(v) — m(w)) — P(u) € Opp(g(z)).

By using the definition of p-subdifferential, we have

((f(v) = m(w)) — P(w),n(y,9(z))) < @(y) —wlg(z)),  forall yeH.

Thus, (z,u,v,w) is a solution of generalized variational-like inclusion problem for

fuzzy mappings (4.2.1).

From the above Lemma 4.2.1, we see that generalized variational-like inclusion

problem for fuzzy mappings (4.2.1) is equivalent to the fixed point problem of type
T € N(z),

where
N(z) =z — g(z) + J{[g(z) — A(P(u) — (f(v) — m(w)))]. (4.2.5)

Using this fixed point formulation, we suggest the following perturbed Ishikawa.

type and Mann type iterative algorithms.
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Ishikawa Type Perturbed Iterative Algorithm:

Let M,S,T:H— F(H)and g,P, f,m: H— H. For any =, € H, the iterative
scheme is defined by u, € (M(z,))r, vn € (S(xn))r, Wn € (T(xn))r, Gn € (M(yn))r,
Up € (S(Yn))r, Wn € (T(yn))m
Tnt1 = (1= o) Tn + o [yn — 9(Yn) + IX" (9(Yn) — M(P(Tn) — (f(Tn) = (m(@n))))] + €,

Yn = (1= Bn)Tn + BalTn— g(xn) + J{" (9(2n) — M(P(tn) — (f () — (m(wn))))] + BaTn,
for n > 0, where e, and r, in H, for all n > 0 are errors, {¢,} is the sequence
approximating ¢, {a,} and {8,} are real sequences satisfying ag = 1, 0 < @y, fr <

1, forn >0, Y o, =o00and A > 0 is a constant.

n=0
If B, =0, for all n > 0 in Ishikawa type perturbed iterative algorithm, then we

have the following Mann type perturbed iterative algorithm.

Mann Type Perturbed Iterative Algorithm:

Let M,S,T:H— F(H)and g,P, f,m: H— H. For any zq € H, the iterative
scheme is defined by u, € (M(z,))r, vn € (S(z0))r, Wn € (T(Tn))r,
Tt = (1— an)mn +O‘n[$n _g(xn) + J;\pn (g(wn) - )‘(P(un) - (f(vn) - (m(wn))))] +én,

for n > 0, where {a,} is a sequence satisfying ap = 1, 0 < o, < 1, for n > 0 and
o0
> oy = 00, e, € H, for all n, is an error which is taken into account for a possible

n=0
inexact computation of the proximal point, {¢,} is the sequence approximating ¢

and A > 0 is a constant.
We need the following lemma due to Lee et al. [81], to prove the main result.

Lemma 4.2.2. Let n: H x H — H be strongly monotone and Lipschitz continuous

with constants o > 0 and r > 0, respectively, and satisfy the Assumption (U). Then
17X() =Wl < 7llz—yll,  foral z,yeH

. T
where 7 = —.
o

We prove the existence of solutions of generalized variational-like inclusion prob-
lem for fuzzy mappings (4.2.1) and the convergence of the iterative sequences gen-
erated by the Ishikawa type perturbed iterative algorithm is discussed.
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Theorem 4.2.1. Let n: H x H — H be strongly monotone and Lipschitz con-
tinuous with constants ¢ > 0 and r > 0, respectively and satisfy assumption (U).
Let M,S,T : H — F(H) be Lipschitz continuous with corresponding constants -y, h
and d, respectively, S be relaxed Lipschitz with respect to f with constant k and T
be relaxed monotone with respect to m with constant ¢. Let g, f,m, P: H — H be
Lipschitz continuous with corresponding constants [, I, I, and [p, respectively and
g is strongly monotone with constant § > 0. For each n, let ¢, : H - RU {+o0}
and ¢ : H - RU {+o0} be mappings such that R(I 4+ A\dpn) = R(I + \oyp) = H,
for A > 0.

If

B 7 (k — ¢) — tlpy(1 — L)
T2(lsh + lpd)? — 7252

< \/[7’2(6 — k) +7lpy(1 — L)]2 = [(72(lfh + Und)? — T21542) (72 — 1 — L? 4 2L)]
7(Ush ¥ bd)? — 721572 ’
(4.2.6)

*(c—k) > Tlpy(L — 1) + \/(TQ(lfh + lmd)? — 721372)(72 — 1 — L2 + 2L),

Lih+ lmd > lpy,
Cfor L= (14 7)4/1 —26 +13 < 1, then (z*,u*,v*,w") is a solution of generalized

variational-like inclusion problem for fuzzy mappings (4.2.1).

Moreover, if
lim ||J{™(2) = JL(2)|| =0, for all z € H,

and {z,}, {Un}, {U.} and {w,} are defined by Ishikawa type perturbed iterative

algorithm with conditions:

() Jim lleall = 0= Jim [l = 0 and

n n
(i) > JI (1 —a;(1—c)) converges, 0 <c < 1.
i=0 j=i+1
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Then {z,}, {@,}, {v,} and {©,} strongly converge to z*, u*, v* and w*, respectively.

Proof. Define a multivalued mapping F : H — 29 by

F(z) = U [z — g() + J{(9(z) — MP(u) — (f(v) — m(w))],

u€(M{x))r vE(S(z))r,we(T (z))r

for each ¢ € H. For any z,y € H, a € F(z), b € F(y), there exist u; € (M(z))»,
v1 € (8(2))r, w1 € (T())r, uz € (M(y))r, va2 € (S(u))r, w2 € (T(y))r such that

a =z — g(z)+ J[g(x) — M(P(uw1) — (f(v1) — m(w1)))],

b=y —g(y) + JY[g(y) — A(P(u2) — (f(v2) — m(w2)))].
By Lemma 4.2.2, it follows that
la—bll = llz—g(z) + J{lg(z) = A(P(u1) — (f(v1) — m(w1)))]

—{y = 9@) + J{la(y) — A(P(u2) — (f(v2) — m(wa)))]}]

< lz—y=(9(z) — gl + 7llg(z) — A(P(ur) = (f(v1) — m(wn)))
—9(y) = AMP(uz) — (f(v2) = m(w)))Ill

< (4n)le-y—(g=) — gDl +7llz =y + Mf(vr) — f(w2))
= Am(w1) — m(we))|| + TAl| P(ur) = P(ug)]]. (4.2.7)

By using the Lipschitz continuity and the strong monotonicity of g, we have

lz =y = (9(z) = g@WIII* = o = 9lI* - 2(z — y,9(2) — 9()) + llg(=) — W)’

< (1-26+2)z -yl (4.2.8)

Since M, S and T are Lipschitz continuous and f, m and P are Lipschitz continuous,
we have

[P(u1) — Pug)l| < lpllur —uall < Ipvllz —yll, (4.2.9)

1f(v1) = f)ll < Iplloy —wall < Lhllz =), (4.2.10)

[mw1) = m(wa)|| < lmflwy —wa| < lmdllz - yl|. (4.2.11)
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Further, since S is relaxed Lipschitz and T is relaxed monotone, we have
llz =y + A(f(v1) = f(v2)) — A(m(w1) — m(ws))]f?

= |lz =yl + 2\ (f(v1) = f(v2), 7 — y) — 2\ (mw; — mws,z — )
+A2[|f(v1) = f(v2) = (mlwr) — m(w))|?
<1 =2k = ¢) + A2 (lsh + lnd)?] ||z — y||% (4.2.12)
By (4.2.7)-(4.2.12), we obtain

lla —b]| < {(1 +T)\/1 — 26+ 12 +r\/1 — 2k — ) + N2(Ish + lnd)?

+mm} Iz -yl

= 0llz - yll,

where 0 = (1 +7/1 =28 + 12+ 74/1 = 2\(k — ¢) + X2(lth + [,,d)? + TAlpry.
g f

It follows from condition (4.2.6) that 0 < # < 1. Since a € F(z), b € F(y) are

arbitrary, we obtain
H(F(z), F(y)) < 8llz —yll, for all z,y € H. (4.2.13)

It follows from (4.2.13) and by Theorem 3.1 of Siddiqi and Ansari [110] that F
has a fixed point z* € H ie., z* € F(z*). By the definition of F', there exist
u* € (M(z*)), v* € (S(z*))r, w* € (T(z*)), such that (z*,u*,v*, w*) is a solution

of generalized variational-like inclusion problem for fuzzy mappings (4.2.1).

Next we prove that the iterative sequences {z,}, {tn}, {U,} and {w,} defined by
Ishikawa type perturbed iterative algorithm strongly converges to z*, u*, v* and w*,

respectively.

Since generalized variational-like inclusion problem for fuzzy mappings (4.2.1) has a

solution (z*,u*, v*, w*) then, by Lemma 4.2.1, we have

g" = 1" —g(z") + J{lg(z") = A(P(u) = (f(v") = m(w")))].
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Further, since S is relaxed Lipschitz and T is relaxed monotone, we have

2 =y + A(f(v1) = f(v2)) = Mm(w:1) — m(wg))|?

= llz = yll* + 2X(f(v1) = f(v2), 2 — y) — 2A(mawy — mawy, z — y)
+A2[|f(v1) = f(v2) = (m(wy) — m(w))|”
< [1—=2X(k —¢) + X2(Ih + lmd)?]||z — y]|>. (4.2.12)
By (4.2.7)-(4.2.12), we obtain

la — bl| < [(1 + T)\ﬁ— 26 + 12 + T\ﬁ — 2A(k — ¢) + A2(Igh + Lpnd)?

mm} o — ]

where § = (14 7.,/1 =20+ 124+ 7+/1 = 2X(k — ¢) + A2([sh + l;md)? + TIp.
It follows from condition (4.2.6) that 0 < @ < 1. Since a € F(z), b € F(y) are
arbitrary, we obtain

H(F(z),F(y)) < 0|z —vyl, for all z,y € H. (4.2.13)

It follows from (4.2.13) and by Theorem 3.1 of Siddigi and Ansari [110] that F
has a fixed point z* € H ie., z* € F(z*). By the definition of F, there exist
u* € (M(z*)),, v* € (S(z*))r, w* € (T(z*))r such that (z*,u*, v*,w*) is a solution

of generalized variational-like inclusion problem for fuzzy mappings (4.2.1).

Next we prove that the iterative sequences {z,}, {t@.}, {U,} and {@,} defined by
Ishikawa type perturbed iterative algorithm strongly converges to z*, u*, v* and w*,
respectively.

Since generalized variational-like inclusion problem for fuzzy mappings (4.2.1) has a

solution (z*,u*, v*, w*) then, by Lemma 4.2.1, we have

g =" — g(z") + JYlg(=") = MP ") = (f(v7) — m(w")))].
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By making use of the same arguments used for obtaining (4.2.8), (4.2.9) and (4.2.12),

we get
llyn — 2* — (9(yn) — 9@ NI < /1 =26 + LElyn — 27,

|1 P(@n) — Pl < lpvllyn — 27,
lyn — 2" + A(f (Tn) — F(v")) = A(m(@n) — m{w™))||
< \/1 9k — ¢) + N2(Ush + lnd)? [[yn — 77))-

By setting

h(u*) = g(z") — A(P(u") — (f(v") — m(w")))
and
h’(yn) = g(yn) - )‘(P(ﬂ'n) - (f(l_)n) - m(u_]n)))'
We have
|Zp+1 —z*|| = ||(1 — Q) Zn + an[yn - g(yn) + Jf"(h(yn))] +én

—(L = an)z" — anlz” — g(z") + JY(R(z"))]]
< (1= an)|[zn = 2*|| + anllyn — 2% — (9(yn) — 9(z"))]
+an||JY" (h(yn)) = X (A(z"))]] + llenl]- (4.2.14)
By Lemma 4.2.2, we have
[ (A(ya)) — JX (A=)
= [|J{" (h(yn)) — I (R(2")) + I (h(2")) = JZ(R(z7))]
< 7lh(ya) — ()| + 11T ((27)) = T (A(z7))]]
< 7lllyn — 2" = (9(n) = 9@ NI + llyn — 27 + A(f ()
—f(v")) = Alm(@n) — m(w*))[| + A P(@n) — Pu)|]
L (R(2")) — I (R(="))l

< T{\/1 — 20+ 12+ \/1 — 2k = ) + A2(Ish + Lyd)® + Alpy

X[lyn — "]l + [|T3" (h(z7)) — JX(A(z")II (4.2.15)
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On combining (4.2.14) and (4.2.15), we get

|Zn41 = 27| < (1= an)llen — (| + oy /1 = 20 + 8 [|yn — 2"

+anT {\/1 —264+12+ \/1 — 2A(k — c) + No(Ish + lmd)?

+/\lp7} 1% — "]l + | I3 (A(z7)) = TR (A& + el

= (1 — an)l[en — 27| + anfllyn — 27|| + ctnen + lenll, (4.2.16)

where § = (14 7./1 =20 + 24 7+/1 = 2X(k — ¢) + A2(Ish + Lnd)® + TALpy
and

&n = 72 (h(z")) - JE (h(a"))].
Next
ln— 2 = [ = Ba)n + Buln — () + T (h(@a))] + Barn
~(1 = Bu)on — Bala” — gla") + JE (R
< (1= Ba)l[zn — 2| + Balln — " — (9(zn) — 9(&"))]
FBall L (h(wa)) — T (@) + Balrall (4:2.17)

By making use of the same arguments used for obtaining (4.2.15), we get

17%" (A(2n)) — JX (A(2*)

| gr[\/f—25+lg+\/1—2A(k—c)+A2(th+zmd)2

+/\lp’)/} |zn — 2*|| + €n. (4.2.18)
On combining (4.2.17) and (4.2.18), we get
lyn — 2"l < (1 = Bo)llzn — 27| + Bublizn — 27| + Buen + Bnllrnll

S (=Bl = 0))llzn — 27 + Buen + [Ial)
< lzn — 2" + Bulen + lImal)), (4.2.19)
since (1 — G,(1 —6)) <1
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On combining (4.2.16) and (4.2.19), we get
Zni1 — 2"l < (1 — an)llzn — 27| + nbl|zn — 7]

+anbfn(en + lIrnll) + omen + [lenl

=(1- an(l —0))lzn — T*|| + anén + OB (en + lrll) + llen]|

< T + a1 = 9))|zo — = ||+Za] H (1—ai(1—-0))e
=0

7=0 i=j+1

+92aaﬁa H 1— a;(1— 0))(e; + [Im51)

i=j+1

#3010 -t =)l (4.2.20)

7=01i=5+1

where [] (1 —a;(1 —6)) =1, when j =n.
i=j+1

Now, let B denote the lower triangular matrix with entries

n

bnj = Qy H (1 — Oli(l — 9))

i=j+1

Then B is multiplicative; see Rhoades [106], so that

7}1}1{.102@3 H 1 —a;(1—8))e; =0,

i=j7+1

n

,}LH;OGZ% TT (@ — st = 0))es + [Imsll) =

=0 i=j+1
Since lim ||r,|| = 0 and ILm €, = ||JY" (R(z*)) — I (h(z*))]| = 0.

Let D be the lower triangular matrix with entries

n

doj = [] (1 — (1 -10)).

i=j+1
Condition (ii) implies that D is multiplicative, and hence
,}grgoz H - au(l = 0))les]| =0,
7=0i=j5+1
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Since lim |le,|| = 0. Also

tim JJ0 - a1 -0) =0,

=0

n

since Y o; = co. Hence, it follows from inequality (4.2.20) that
i=0

i lons =2} =0,

i.e., the sequence {z,} strongly converges to z* € H. Since Un € (M(yn))r, u* €
(M(z*)), and M is Lipschitz continuous, we have

[t — || < H(M(yn), M(2")) < 7llyn — 27| = 0 as 7 = o0.

ie., {4,} strongly converges to u*. Similarly, we can prove that {7} and {w,}

strongly converge to v* and w*, respectively.

We remark that, if 8, = 0, for all n > 0, Theorem 4.2.1 gives the conditions un-
der which the sequences {z,}, {un}, {vn} and {w,} defined by Mann type perturbed

iterative algorithm strongly converge to z*,u*,v* and w*, respectively.

4.3. Mixed Variational Inclusions With
Fuzzy Mappings

In this section, we consider a class of mixed variational inclusions with fuzzy
mappings in Banach spaces. The existence of solutions of mixed variational inclu-
sions problem with fuzzy mappings is discussed and the convergence of iterative
sequences generated by the proposed algorithms is also studied by using the defini-

tion of relaxed strongly accretive operators.

Let A,B,C : E — F(E) are closed fuzzy mappings satisfying condition (I).
Then there exists three functions a, b, ¢ : E — [0, 1] such that for each z € E, we have
(AT)a(z), (BL)b(z), (CT)e(zy € CB(E). Therefore we define multivalued mappings
A,B,C : E — CB(E) by A(z) = (AZ)a(), B(z) = (Bx)y(z), C(z) = (CT)eqw), for
each z € E. In the sequel, A, B and C are called the multivalued mappings induced
by the fuzzy mappings A, B and C, respectively.
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Let p,t,h,g,T : E — E are single-valued mappings and M : E — 2% be a
T-accretive multivalued mapping. Let A, B,C : E — F(E) are fuzzy mappings.
Let a,b,c: E — [0, 1] be given functions. For any given f € E, A > 0, we consider

the following mized variational inclusion problem with fuzzy mappings:

Find z, u, v, w € E such that A;(u) > a{z), B.(v) > b(z), Cy(w) > c(z) and

1 € (p(u) = (t(v) — M(w))) + AM (g(z)). (4.3.1)

We remark that for suitable choices of A, B, C, p, t, h, g and M, the mized
variational inclusion problem with fuzzy mappings (4.3.1) reduces to various new as
well as known classes of variational inclusions and variational inequalities; see for

example [50,64,65,88] and references therein.

We first transform our mized variational inclusions problem with fuzzy map-
pings (4.3.1) into fixed point problem and then establish an iterative algorithm for
finding the approximate solutions of mized variational inclusion problem with fuzzy

mappings (4.3.1).

Lemma 4.3.1. (z,u,v,w), where z € E, u € A(z), v € B(z) and w € C(z) is a
solution of mized variational inclusion problem with fuzzy mappings (4.3.1) if and

only if it satisfies
g(z) = Jp"pf + T(g(x)) = p(p(w) = (¢(v) = h(w)))],
where J2"* = (T + pAM)~! and p > 0 is a constant.

Proof. z € E, u € A(z), v € B(z), w € C(z) is a solution of mized variational

inclusions problem with fuzzy mappings (4.3.1).
& f € (p(u) — (t(v) — h(w))) + AM(g(z))

& pf € p(p(u) — (t(v) — h(w))) + PAM (g(z))
& pf € —[T(g(z)) — p(p(u) — (t(v) — h(w)))] + (T + pAM)(g())
& g(z) = 2" of + Tlg(z)) — p(p(w) — (t(v) — h(w)))].
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Using Lemma 4.3.1 and Nadler’s theorem 1.2.3 [87] , we suggest an iterative al-
gorithm for finding the approximate solutions of mized variational inclusion problem

with fuzzy mappings (4.3.1) as follows.

Algorithm 4.3.1. For any given 2o € E, we choose ug € fi(wo), vy € B(mo) and
wy € C‘(xo) and compute the sequences {z,}, {u.}, {v,} and {w,} by iterative
schemes as follows:

9(@ns1) = I o f +T(g(zn) — p(0(un) — (t(vn) — h(wa)))],

. 1 . 3
un € Aen),  umss — unl] < (1 L m) D(A(2nss), A(en),

0 € B o = wnl < (14 27 ) DBlener), Bl
. 1 3 .
un € Clon), s = wl < (14 1 ) DC(Enen), Clen),

where p > 0 is a constant and n =0,1,2,........

Theorem 4.3.1. Let E be a g-uniformly smooth Banach space and T' : £ —
E be strongly accretive and Lipschitz continuous operator with constants v and
Ar, respectively. Let g,p,h : E — E be both strongly accretive and Lipschitz
continuous mappings with constants r, o, § and Ay, Ap and A, respectively. Let
A B,C : E — F(E) be closed fuzzy mappings satisfying Condition (I) and let
A,B,C : E — CB(E) be the multivalued mappings induced by the fuzzy mappings
A, B and C, respectively. Let A, B and C are D-Lipschitz continuous mappings
with constants A4, Ag and Ag, respectively. Let ¢t : E — E be relaxed strongly
accretive with respect to B with constant k and Lipschitz continuous with constant
Ar. Suppose that M : E — 2% be a T-accretive multivalued mapping and there

exists a constant p > 0 such that
1—-(a—k+ ﬁ)pq]A%Ag + plcq[ApAa + MAp + AnAc)? < 7Y, (4.3.2)

where ¢, is the constant as in Proposition 1.2.2. Then the iterative sequences {z,},
{un}, {vn} and {w,} generated by the Algorithm 4.3.1 converge strongly to z, u,
v and w, respectively and (z,u,v,w) is a solution of mized variational inclusion

problem with fuzzy mappings (4.3.1).
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Proof. By the strong accretivity of g with constant r, we have

I

19(zn+1) = g(@a)lllZns1 = 2all ™™ = |lg(@ns1) — g(@n) 1 g(Tns1 — )]

Z <g(xn+1) - g($n)a Jq(xn—i—l - xn))
Z 7l|lTnir — zall,
which implies that .
|Zn1 = zall < ~llg(zns1) = g(@a)ll (4.3.3)

It follows from Theorem 1.2.4 and Algorithm 4.3.1, that

l9(@ns1) — g@a)ll = N7 [of + T(g(@n)) — p(p(un) — ((vn) — hlwn)))]

— I of + T(9(Tn-1)) = p(P(n-1) = (t(Vn-1) = A(wn-1)|
%11T<g<a:n>) = p(p(un) = (t(vn) = h(wn))) = (T(9(zn-1))
—p(p(tn—1) — (t(n-1) — A(wn_1)))|l (4.3.4)

IN

Since P is Lipschitz continuous with constant A, and A is D-Lipschitz continuous

with constant A4, we have

1P(um) — Pncd) < Aplitn — thna]
< ) (1 ' 1) D(A(22), Alznr))

n

1
< A (1 + ﬁ> [ (4.3.5)

Since ¢ is Lipschitz continuous with constant ), and B is D-Lipschitz continuous

with constant Ag, we have

[#(vn) = t(va-1)ll < Adllvn — vl

< (1 + i—) D(B(22), B(za_1))
< s (1 + %) T—— (4.3.6)

Also, since h is Lipschitz continuous with constant A, and C is D-Lipschitz contin-
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uous with constant Ac, we have

”h(wn) - h/(wn—l)” S /\h”wn - wn—l”

< n (14 1) DCan), Can)
< Mo <1 + %) [—— (43.7)

Using (4.3.5)-(4.3.7), Proposition 1.2.2 and Lipschitz continuity of T and g with
constants Ap and A4, respectively, strong accretivity of p and h with constants o and
B, respectively and relaxed strong accretivity of ¢ with respect to B with constant

k, we estimate
IT(g(zn))—p(p(un)—((vn)—h(wn)))—[T(g(zn-1)) —p(p(Un-1)— (t(vn-1) —h(wn-1)))]I*

< | T(g(zn)) — T(g(zn-1))]"
—pq(p(tin) = Pttn-1), Jo(T(9(zn)) — T(9(2n-1))))
+6q{8(vn) = H(vn-1), J(T(g(@n)) = T(9(@n-1))))
—pq(h(wn) — b(wn-1), Jo(T(g(zr)) — T(9(zn-1))))
+p2q([p(un) — (#(vn) — B(wn))) = (P(un-1)
— (t(vn-1) = P(wn-1)))])?

< MM = Tnca |7~ pGONENG 2 — Tt |7

RN — Tnall? — pgBNEN 2 — 2o
1 1
+pch l:)\p/\A (1 + —> + /\t/\B <1 + —>
n n
1 q
e (1 5 —)} ln ~ e
n
< (1= (a—k+B)pgAAl+ pleq [()‘p/\A + AAB + AnAc)

1 q
X <1 + E) } |Zn — Zn_1]|%. (4.3.8)
Using (4.3.4) and (4.3.8), (4.3.3) becomes

| Zns1 — Tn|| < Onl|Tn — Tp_al, (4.3.9)
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where

1 1\1¢
0, = po /(1 — (a— k- B)pg]APAE + picy | (Apha + A + AnAc) (1 4 ﬁ)] '
Letting n — oo, we see that 6, — 0, where
1 g 1q
0 = % {/[1 — (a0 =k + B)pg]ATAG + pcg[(ApAa + MAp + AnAc)?.

Since § < 1 by condition (4.3.2), 6, < 1 for n sufficiently large. Therefore (4.3.9)
implies that {z,} is a Cauchy sequence in F and hence there exists z € E such that

T, — z. By D-Lipschitz continuity of A, B and C, we have

1
i — ]| < (1 L E) WY

1
v — vaca] < (1 " ;> Al|zn — Znaall

= woeth < (14 2) dollzn = 20

It follows that {u,}, {v,} and {w,} are Cauchy sequences in E. Hence there exist
u,v,w € E such that u, — u, v, = v, and w, — w. Further, since u,, € A(:z:n), we

have

d(u, A(z))

IN

1w = n|| + d(un, A(x))
lu ~ un| + D(A(zy), A(z))

< = tnll + Aallen — 2l = 0,

IA

and hence u € A(z). Similarly v € B(z) and w € C(z). Tt follows from Algorithm
4.3.1 that

9(z) = Jp" T (g(z)) — p(p(u) — ((v) — A(w)))].

By Lemma 4.3.1, it follows that (z,u,v,w) is a solution of Problem (4.3.1). This
completes the proof.
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4.4. T-resolvent Equations With Fuzzy
Mappings

In this section, in connection with mized variational inclusion problem with fuzzy
mappings (4.3.1), we introduce the following T'-resolvent equation problem with fuzzy

mappings:

Find 2,z € E, u € A(z), v € B(z), w € C(z) such that
(p(w) = (t(v) = h(w))) = f + p~ Ry (2) = 0, (4.4.1)

where R¥ A= ] — T(Jﬁ/[ ), I is the identity operator, J%J’p * is the T-resolvent

operator and p > 0 is a constant.

We establish an equivalence relation between the mized variational inclusion
problem with fuzzy mappings (4.3.1) and T-resolvent equation problem with fuzzy
mappings (4.4.1). Further using this equivalence an iterative algorithm is suggested
to compute the approximate solutions of T'-resolvent equation problem with fuzzy

mappings (4.4.1).

Proposition 4.4.1. The mized variational inclusion problem with fuzzy mappings
(4.3.1) has a solution (z,u,v,w), where z € E, u € A(z), v € B(z) and w € C(z) if
and only if T-resolvent equation problem with fuzzy mappings (4.4.1) has a solution
(z,2,u,v,w), where z,z € E, u € A(z),v € B(z) and w € C(z),

g(z) = J}""(2) (4.4.2)

and
z=pf +T(g9(z)) — p(p(u) — (t(v) — h(w))), (4.4.3)

p > 0 is a constant.

Proof. Let (z,u,v,w) be a solution of mized variational inclusion problem with
Juzzy mappings (4.3.1). Then by Lemma 4.3.1, it is a solution of the following

equation
g(z) = 7" [of + T(g(z)) — p(p(u) — (t(v) — h(w)))]. (4.4.4)
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Let 2z = pf + T(g(z)) — p(p(u) — (t(v) — h(w))), then from (4.4.4), we have
g(z) = J7""(2).
By using the fact that RY** = I — T(JM"), we obtain
2= pf +T(Jp"(2)) = p(p(u) = ((v) — h(w)))
T(Ir(2)) = pf = plp(u) = (t(v) — h(w)))

(
T(Jz"")(z) = pf — p(p(w) = (H(v) — h(w)))
& Rp(2) = pf — p(p(u) — (t(v) — h(w))).

&z —
e [I -
Hence

(p(u) = (t(v) = h(w))) = f + p™ Ry " (2) = 0.

Based on Proposition 4.4.1, we suggest the following iterative algorithm to com-

pute the approximate solutions of T-resolvent equation problem with fuzzy mappings

(4.4.1).

Algorithm 4.4.1. For any given zp,z¢9 € E we choose ug € fl(xo), vg € B(:co)

and wy € C(zo) and compute the sequences {z,}, {Zn}, {un}, {vn} and {w,} by

iterative schemes as follows:
M,p)
g($n+1) = Jp P (Zn+1),

- 1 . .
U € A(ea),  tinss — ] < (1 ; m) D(A(2nsr), Alz2),

Un € B(zn

~—

ot =l < (14 15 ) D(B(anea), B

Wy € C’(l‘n), ”wn—H - wn“ < <1 + I%) D(C’(mn+1),é(xn)),

Znt1 = pf + T(g(zn)) — p(p(un) = (E(vn) — h(wn))),

where p > 0 is a constant and n=10,1,2,.........

Theorem 4.4.1. Let E be a ¢-uniformly smooth Banach space and T : E —

E be strongly accretive and Lipschitz continuous operator with constants v and

Ar, respectively. Let g,p,h : E — E be both strongly accretive and Lipschitz
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continuous mappings with constants r, a, 8 and A4, A, and Ap, respectively. Let
A/B,C : E — F(E) be closed fuzzy mappings satisfying Condition (I) and let
A,B,C:E—CB (E) be the multivalued mappings induced by the fuzzy mappings
A, B and C respectively. Let A, B and C are D-Lipschitz continuous mappings
with constants A4, Ap and Mg, respectively. Let ¢t : £ — E be relaxed strongly
accretive with respect to B with constant & and Lipschitz continuous with constant
Ar. Suppose that M : E — 2F be a T-accretive multivalued mapping and there
exists a constant p > 0 such that

[1 = (a =k + B)pg] AGAL 4 plcg[MpAa + Aedp + AAc]? < (294 —yr)?. (4.4.6)

where ¢, is the constant as in Proposition 1.2.2. Then the iterative sequences
{zn}, {z0}, {un}, {vn} and {w,} generated by the Algorithm 4.4.1 converge strongly
to z, x, u, v and w, respectively and (2, z,u, v, w) is a solution of T-resolvent equation

problem with fuzzy mappings (4.4.1).
Proof. From Algorithm 4.4.1 and (4.3.8), we have
lznt1 — zall = |lpf +T(g(zn)) — p(p(un) — (t(vn) — h(wy)))
—[of + T(9(zn-1)) — p(P(tun-1) — (t(vn-1) = Awn_1)))]ll
= [1T(9(zn)) = £(p(un) = (t(vn) — A(wn)))
—[(T(g(wn-1)) — p(P(tn-1) = (t(vp-1) — hM{wn-1)))]ll
i/[r — (a —k+ ,B)[)Q]/\gw)\g + plcy ()\p)\A + AtAg + ApAc) (1 + %)jlq

X |[2n = Zna|.

IN

From (4.3.3) and (4.4.2), we obtain

fon = 0l < llg(ea) — g(@nr)]

= %Ilg(wn) — g(Zn1) + 9(2n) — 9(Zn_1) — TP (2a) + T2 (2noy)|
“[20l9(en) ~ glan-)ll = AN zn) — S )]

2 1
< Dgllzn = aall =l = 2l

IN

since g is Lipschitz continuous with constant A, and Jr}/[ A %—Lipschitz continuous.

Therefore, we have
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n -~ Yn— < N n n— y 448
o = et < (sl — 2 (4438)
combining (4.4.7) and (4.4.8), we get

2041 = 2all < kallzn — zp-l, (4.4.9)

where

1

1 q
= ——4 — — k g9 q 1 1 .
kn (2’7)\g—’)’T) \/[1 (a I\/+lg)pq])\T>\g+p Cq ()\pAA—l—)\t)\B_{_Ah)\C) < +n>}

Letting n — oo, we see that k, — k, where

1

Y — Y A | - . 919 q ' q
g (2vAg — Y1) \/{ (a =k + B)pgl \pA3 + plcg[(ApAa + Acdg + ArAc)]

Since k < 1 by condition (4.4.6), k, < 1 for n sufficiently large. Therefore (4.4.9)
implies that the sequence {z,} is a Cauchy sequence in E. So there exists z € E
such that z, — 2z as n — co. From (4.4.8), we know that the sequence {z,} is a
Cauchy sequence in F, so there exists € F such that z,, — z. Also from Algorithm
4.4.1 and D-Lipschitz continuity of A, B and C, we have

1 - .
erWMSG+Fﬁ>MMMMAMM
< L) Mzt —
>~ 1+n All4n+1 nll
1 -
vns1 — val < (1 + 1+ n> D(B(zn+1), B(zn))
1+ — ) Agllonss — 2all,
1+’I’L n+l — 4n
1 -
. mm<< ) Do), Clow)

<(1+—) 2z, .
< (14 135 ) Aclon .

and hence {u,}, {v.} and {w,} are also Cauchy sequences in F, so there exist u, v,
w € E such that v, — u, v, = v and w, — w. By using the same arguments as in
the proof of Theorem 4.3.1, it is easy to see that u € A(z), v € B(z) and w € C(z).

95



Now by using the continuity of the operators T, g, p, t, h, A, B, C, JM* and
Algorithm 4.4.1, we have

z=pf +T(g(z)) — p(p(u) = (t(v) — h(w))).

By Proposition 4.4.1, it follows that (z,z,u,v,w) is a solution of Problem (4.4.1).
This completes the proof.
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Chapter 5

(Generalized Variational Inclusions
With (A, n)-accretive Mappings

5.1. Introduction

Lan et al. [79] introduced the concept of (A4, n)-accretive mappings, which gener-
alizes the existing n-subdifferential operators, maximal 7-monotone operators, gener-
alized monotone operators (H-monotone operators), A-monotone operators, (H,n)-
monotone operators, (A, 77)-monotone operators in Hilbert spaces, H-accretive map-
pings, generalized m-accretive mappings and (H,n)-accretive mappings in Banach
spaces. He also studied some properties of (A, n)-accretive mappings and defined

resolvent operator associated with (A, n)-accretive mappings.

In Section 5.2, we introduce and study a system of generalized variational in-
clusions with (A, n)-accretive mappings which is more general than a system of vari-
ational inclusions recently considered by Jin [71]. By using the resolvent operator
technique associated with (A4, n)-accretive mappings, we define a new iterative algo-
rithm for computing the approximate solutions of system of generalized variational

inclusions.

5.2. System Of Generalized Variational Inclusions

Let g: E—->E, NS ExXxE—>FE A FE->E n:ExE—E(@{=12)
be nonlinear mappings and 7, F : E — CB(FE) be set-valued mappings. Suppose
M; : E — 2F be (4;, n;)-accretive mappings (i = 1,2). We consider the following

system of generalized variational inclusions with (A,n)-accretive mappings:
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Find z,y € E, u € F(y), v € T(z) such that

0 € Ai(g(z)) — Ailg(w)) + mIN(y, u) + Mi(g(2))],
0 € Az(g(y)) — A2(9(2)) + p2[S(v, 7) + Ma(g(y))], (5.2.1)
where p; > 0 (i = 1,2) are two constants.

Some special cases:

(i) If T, F are single-valued mappings and N(y,-) = T(y), S(-,z) = T(z), then
Problem (5.2.1) reduces to the problem of finding z,y € E such that

0 € Ar(g(z)) — Ai(g(y)) + m[T(y) + Mi(g(2))],

0 € Ax(g(y)) — A2(g(2)) + p2[T(z) + Ma(g(y))]- (5.2.2)
Problem (5.2.2) is very recently considered by Jin [71].
(ii) If Ay=Ay=H, Mi=My=M, p, = p, po = A\, M : E — 2F be H-accretive

mapping and N and S are same as in (5.2.2), then Problem (5.2.1) reduces to
the problem of finding z,y € F such that

0 € H(g(z)) — H(g(y)) + p[T(y) + M(g(z))],

0 € H(g(y)) — H(g(z)) + AlT(z) + M(g(y))). (5.2.3)
Problem (5.2.3) was introduced and studied by He et al. [62].

It is easy to see that the system of generalized variational inclusions with (A,n)-
accretive mappings (5.2.1) includes many more known variational inclusions and

system of variational inclusions considered and studied in recent past.

By using the resolvent operator technique associated with (A, n)-accretive map-
pings, we define an iterative algorithm for computing the approximate solutions of

system of generalized variational inclusions with (A, n)-accretive mappings (5.2.1).

Lemma 5.2.1. (z,y,u,v), where z,y € E, u € F(y), v € T(z) is a solution of
system of generalized variational inclusions with (A, n)-accretive mappings (5.2.1) if

and only if (z,y,u,v) satisfies
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g9(z) = P4 1A (9W) — m(N(w,w)),  p1>0, (5.2.4)

where
ay) = J4E [Ax(g(2)) — p2(S(v,2))],  p2 > 0. (5.2.5)

Proof. The conclusion follows directly from the Definition 1.2.24.

Based on Lemma 5.2.1 we construct the following iterative algorithm for solv-
ing the system of generalized variational inclusions with (A,n)-accretive mappings
(5.2.1).

Algorithm 5.2.1. For any given zg,y € E, we choose ug € F(yp), vo € T(z0)
and 0 < € < 1 and compute the sequences {z,}, {yn}, {u.} and {v,} by iterative

schemes as follows:

Zns1 = T — 9(zn) + JEHE AL (9(Yn)) — 1N (Y un))], (5.2.6)
where
9(yn) = T2 As(9(2n)) — p2(S(vn, z2))], (5.2.7)

and choose uny1 € F(ynt1) and vpp1 € T(z,41) such that

”un - Un-{—l“ —<— D(F(yn)a F(yTH-l)) + €n+1Hyn - yvz-i-l”) (528)

[ = vn1ll € D(T(20), T(@ns1)) + €4 20 — 2] (5:2.9)

Remark 5.2.1. If ¢ = 0, N(yn,*) = T(n), S(-,2n) = T(zn), then our Algorithm
5.2.1 reduces to the Algorithm 3.1 of Jin [71].

We prove the existence of a solution of system of generalized variational inclu-
sions with (A,n)-accretive mappings (5.2.1) and study the convergence of iterative
sequences generated by Algorithm 5.2.1.

Theorem 5.2.1. Let E be a g-uniformly smooth Banach space. Let n; : E X
E — FE be Lipschitz continuous mappings with constants 7;, 4; : E — E be r;-
strongly m;-accretive and Lipschitz continuous mappings with constants A4, and
M; : E — 2% be (A;, m;)-accretive mappings for i = 1,2. Let N, S : E x E — F be
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Lipschitz continuous mappings in both the arguments with constants Ay, An,; As,
As,, respectively and F,T : E — CB(E) be D-Lipschitz continuous mapping with
constants A\p, and Ap,., respectively. Suppose g : F — E is Lipschitz continuous
with constant )\, and strongly accretive mapping with constant J,. If there exist
constants p; € (0, ;Tll) and p; € (0, 22) such that

2

[/\Al)‘g + pl()\Nl + /\N2/\DF)][)‘A2’\Q + pQ()‘Sl/\DT + /\52)]

[1 — /1 —qdy + Cq)‘g[‘sg(rl - lel)(TZ — pamy)]

(T170)3 71 ’

(5.2.10)
where C, is the constant as in Proposition 1.2.2. Then the iterative sequences {z,},

<

{yn}, {un} and {v,} generated by Algorithm 5.2.1 converge strongly to z, y, u and
v in E, respectively and (z,y,u,v) is a solution of system of generalized variational

inclusions with (A, n)-accretive mappings (5.2.1).

Proof. From Algorithm 5.2.1 and using the Lemma 1.2.4, we have
|Zns1 = Zall = |20 — 9(@n) + 220 [A2(9(40)) — £1(N (Yn, tn))]

~{Zn-1— 9(Tn1) + Jﬁf,’ﬂéfll [A41(9(yn-1)) — p1(N (yn-1, tn-1))]}
< Nz — @am1 = (9(2n) = 9@ + 17723 [A2(9(0n)

—pr(N Yy )] — T2 (AL (9 (Yn=1)) = P1(N Y1, Un=1))]
< | Tn — Znet = (9(Tn) — g(znr))]| + ﬁﬁf—;mwg(yﬂ))

—Al(g(yn_l)) - p1(N(’yn, un) - N(yn—laun*l))”

< lzn = Zn-1 = (9(zn) = 9(2n-1))ll

i
+——||A n —A n—
= ooy A9 (n)) = Axlg(yn-))]
737t
e PN s ) = Ny )l (5.210)

Since g is Lipschitz continuous with constant A,, strongly accretive with constant

d4 and using Proposition 1.2.2, we have
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[Zn = 2oy — (9(zn) — 9(2n-1))|*
< Nzn = zo-1ll? = ¢(9(zn) — 9(@n-1), Jo(@n — Tn-1))
+Cqllg(zn) — g(zn-1)|*
< (1= gog + CAD | zn — Tna || (5.2.12)

By the Lipschitz continuity of A; and g with constants A4, and A4, respectively, we

have
HAl(g(yn)) - Al(g(yn—l))H < >\A1||g(yn) ._ g(yn—l)H
< AaAgllgn — Yo . (5.2.13)

Since N(-,-) is Lipschitz continuous in both the arguments with constants Ay, and
AN,, Tespectively, F' is D-Lipschitz continuous with constant Ap, and using (5.2.8),

we have
| N (Yns Un) — N (Yn-1, un—l)”

<IN (¥n, un) = N (Yn-1, tn) | + |V (Y1, un) = N(Yn-1, tin-1)]l

< AN Yn = Yn-1ll + Anglltin — a1 ]

< AN Yn = Ynall + A [D(F(Yn), F(yn-1)) + €"l[gn — yn-ll]

< v+ Ana(App + €9)][[Yn — yn1ll. (5.2.14)
Using (5.2.12)-(5.2.14), (5.2.11) becomes

J@nsn = 2all < /1 48y + CoMdlln — 2

q—l

[/\A1/\g+p1(/\N1+/\N2(/\Dp+6 IMYn=yn-all  (5.2.15)
and

19(%n) = 9Wn-1)Il¥n = Yn-1ll""" = (9(Wn) — 9(Wn-1), Jo(Un — Yn—1))
> 0gllg(Yn) — 9(yn-1)|l9,

which implies

g = gosll < ing(yn) )l
_5| T2 [ Ag(9(2a)) — pa(S (v )]
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—J,’;:,’ICIZ [As(g(zn-1)) — p2(S(vn-1, Zn-1))]l|

g—1

< 6l {mwgm» — A2(9(2n-1)) = p2(S (v, 20)

—5(vn-1,ZTn-1)) H}

< % ’:mHAg(g(mn)) - A2(9(%—1))HJ

-1
of

T9 — PaMa

1
59

02|18 (Vn, Tn) — S(vn_l,mn_l)H} . (5.2.16)
By the Lipschitz continuity of A; and g, we have
[A2(9(zn)) — A2(g(Za-1))]| < Aaollg(za) — g(zn-1)ll
< Mgl — Tnoa]]- (5.2.17)
Usiné the same argument as for (5.2.14), we have
1S (Vn, Tn) — S(Vn-1, Zn_1)|| < [As;(ADyp + €7) + Agy || T — Tn-1]|- (5.2.18)

By (5.2.17), (5.2.18), (5.2.16) becomes

1 31
n~ Yn— S < |\ —— 2 1 " A 2 n—Lp— . (5.2.19
[ 59{T2_p2m2[mg+pms(Ame A5z =z (5:219)

Using (5.2.19), (5.2.15) becomes
1201 = 2| < O(€")l|Zn — Zn-l, (5.2.20)

where
0(e") = {1 - 40, + Cpd +

(117)7!
dg(r1 — prma)(r2 — pama)
X[/\Al/\g + pl(’\Nl + )‘Nz (ADF + Gn))][’\Az/\g + p2()‘51 ()‘DT + en) + /\52)]'

Let

GE

0= 4{/1—qd, + C A\
\/7 29+ g+5g(7"1—01m1)(72—ﬂ2m2)

X[/\/h)‘g + p1 (/\Nl + /\N2>‘Dr )”)\Az’\g + pQ()‘51/\DT + >‘52)]'
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Since 0 < € < 1, it follows that 8(¢") — 6, as n — oo.

From (5.2.10), we have # < 1, and consequently {z,} is a Cauchy sequence in E.
Also it follows from (5.2.19) that {y,} is a Cauchy sequence in E. Since E is a

Banach space, there exist z,y € E such that z,, = z, y, = y as n — oo.

We have
lun — Un1ll < D(EFYn), F(Yn-1)) + €"||Yn — Yn-1ll

< Appll¥n = Ynall + € || Yn — Y-l

= (App + €)|Yn — Yn-1ll,

[on — vnall < D(T(20), T(%n-1)) + €[ — T
< Appl|Zn = Znall + €20 — 2na ]
= (Ao + €)][en = Zn|

and hence {u,} and {v,} are also Cauchy sequences in F. Let u, — u € E and
v, > v € FE. Since g, N, S, T, F, A;, s, M; (i = 1,2) are all continuous mappings
in E and by Algorithm 5.2.1, we have

z =z —g(z) + S [Aig(w)) — m(N(y,w))],
where
a(y) = JE4E [ As(g(2)) — p2(S(v, 2))).

Finally, we prove that u € F((y), v € T(z). In fact, since u, € F(y,) and

A(un, F(y)) < max{d(un, F(y)), sup d(F(yn),ws)}

w €F(y)

§max{ sup d(ws, F(y)), sup d(F(yn),wl)}
w2 €F (yn) w1EF(y)

= D(F(yn), F'(y))-
We have
d(u, F(y)) < llu—un + d(un, F(y))

< ”U - un” + D(F(yn)’F(y»
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< ”u - unH + /\DFHyn - y” — O, as n — 09,

which implies that d(u, F(y)) = 0. Since F(y) € CB(E), it follows that u € F(y).
Similarly, we can show that v € T'(z).

Then by Lemma 5.2.1, (z,y,u,v) is a solution of Problem (5.2.1). This completes
the proof.

Remark 5.2.2. For the suitable choices of operators N, S, F' and T, we can easily
derive Theorem 4.1 of Jin [71].
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Chapter 6

Nonlinear Relaxed Cocoercive
(GGeneralized Variational Inclusions
And Generalized Resolvent
Equations

6.1. Introduction

Nonlinear relaxed cocoercive variational inclusions involving (A, n)-accretive
mappings were introduced and studied by Lan et al. [79] in ¢-uniformly Banach
spaces. Motivated by the work of Lan et al. [79], in this chapter, we generalize their
problem in ¢g-uniformly smooth Banach spaces and also we introduce and study the

corresponding generalized resolvent equations.

In section 6.2, we deals with the existence and convergence of nonlinear relaxed
cocoercive generalized variational inclusions with (A, n)-accretive mappings. In the
last section, we introduce and study the generalized resolvent equations with (A, n)-

accretive and relaxed cocoercive mappings.

6.2. Nonlinear Relaxed Cocoercive Generalized
Variational Inclusions

This section deals with the study of nonlinear relaxed cocoercive generalized
variational inclusions with (A4, n)-accretive mappings in g-uniformly smooth Banach
spaces. We define an iterative algorithm for finding the approximate solutions of
this class of variational inclusions without Hausdorft metric. We also establish that
the approximate solutions obtained by proposed algorithm converge to the exact

solution of nonlinear relaxed cocoercive generalized variational inclusions problem.
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Let n, NW : ExE — E, gA : E — FE be the single-valued mappings,
B,C,D,F : E — 2F be the multivalued mappings. Let M : E x E — 2F be an
(A, n)-accretive mapping in the first argument such that g(E) N dom (M(.,.)) #
(). We consider the following nonlinear relazed cocoercive generalized variational

inclusions:
Findu € E, z € B(u), y € C(u), z € D(u), v € F(u) such that

0 € N(z,y) — W(z,v) + M(g(u),u). (6.2.1)

Some special cases:

(i) If M(g(u),u)=M(g(u)) and W, D, F = 0, then Problem (6.2.1) reduces to the
problem of finding u € E, z € B(u), y € C(u) such that

0€ N(z,y) + M(g(u)). (6.2.2)
Problem (6.2.2) is considered by Peng [103].

(ii) If B and C are single-valued mappings, then Problem (6.2.2) can be replaced
by finding u € E such that

0 € N(B(u),C(u)) + M(g(u)). (6.2.3)
A similar problem to (6.2.3) is considered by Lan [77].

(iii) If C =0 and B, g = I, the identity mapping, then Problem (6.2.3) reduces to
the problem of finding © € E such that

0 € N(u) + M(u). (6.2.4)
Problem (6.2.4) is considered by Bi et al. [19].
We suggest a result which convert our problem nonlinear relazed cocoercive
generalized variational inclusions (6.2.1) into a fixed point problem.

Lemma 6.2.1. (u,z,y,2,v), whereu € E, z € B(u), y € C(u), z € D(u), v € F(u)
is a solution of nonlinear relazed cocoercive generalized variational inclusions (6.2.1)

if and only if (u,z,y, z,v) satisfies
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9(w) = 0% [Alg(w) — p(N(z,y) — W(z,v))], (6.2.5)

where J;’,’]’&(.'u) = (A+pM(-,u))"" and p € (0, L) is a constant.
Proof. The proof follows directly from the Definition 1.2.24.

By using the above fixed point formulation, we propose the following iterative
algorithm for computing the approximate solutions of nonlinear relazed cocoercive

generalized variational inclusions (6.2.1) without Hausdorff metric.

Algorithm 6.2.1. For any given uq € F, we choose 2o € B(ug), ¥ € C(uo),
29 € D(up), vg € F(ug) and compute the sequences {u,}, {zn}, {tn}, {z.} and {v,}

by iterative schemes as follows:

9(Un+1) = Jf;:]é[(.,un) [A(g(un)) = p(N (2w, Yn) — W (2n, vn))] | (6.2.6)
n=0,1,2,....... , p € (0, -) is a constant.

By using the definition of multivalued Lipschitz operator, we prove that the
approximate solutions obtained by the proposed algorithm converge to the exact

solution of nonlinear relazed cocoercive generalized variational inclusions (6.2.1).

Theorem 6.2.1. Let E be a g-uniformly smooth Banach space andn: ExE = E
be Lipschitz continuous mapping with constant 7. Let A : E — E be r-strongly n-
accretive and Lipschitz continuous mapping with constant A4 and M : E x E — 2F
be (A, n)-accretive mapping. Suppose N,W : E x E — E be Lipschitz continuous
mappings in both arguments with constants Ay,, An, and Aw,, Aw,, respectively
and B,C,D,F : E — 2F be Lipschitz continuous mappings with constants Ag,
Ac, Ap and Ap, respectively. Let g : E — E be (b, £)-relaxed cocoercive, Lipschitz

continuous with constant A, and strongly accretive with constant ¢.

T

Suppose that there exist p € (0,7) and ¢ > 0 such that the following condition
holds:

A A
”JTI,J,M(.,un)(x) - J:,),M(.,un_l)(x)” < tun — un—1]| (6.2.7)

for all w,,u,_1 € F
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and

7.q—-1)\A q "
0< T‘—pm\/l — g€+ (gb+ Cg)Xg
97 1p .
+T‘ — pm \/(ANQAC + ANl)\B)q — (q _ Cq)()\WQ/\F + )\Wl)\D)q
g—1
TR | (6.2.8)
r—pm

where C, is the constant as in Proposition 1.2.2. Then the iterative sequences {u,},
{zn}, {yn}, {2z} and {v,} generated by Algorithm 6.2.1 converge strongly to u, z,
y, z and v, respectively and (u, z,y, z,v) is a solution of nonlinear relazed cocoercive

generalized variational inclusions (6.2.1).

Proof. From Algorithm 6.2.1, Lemma 1.2.4 and (6.2.7), we have
”g(un+1) - g(un)” = HJ:;;&[( )[A(g(un)) - p(N(fEmyn) - W(Zm'vn))]

{2ty [A(G () = p(N (Zn1, Yn 1) =W (201, vn 1)) }
= 172 ey [ALG () = PN (2, Yn) = W (20, v)]
T2y [A( 1)) = PN (1, Y1)~ W (21, 0-1)
+ 08 (A=) = PN (21, Yoot ) =W (2n-1, Vno1))]
— ) [AG(un=1)) =
< 0y [A(G () = (N (2, Yn) = W (20, 00))]
— Ity [A(9 (1)) = p(N (T 1, Y1) = W (21, U 1)) |
+HJn,’M(.,un) [A(g(un—1))—p(N(Zn-1,Yn-1)—W (2n-1,vn1))]

— T2ty LA 1) =N (@1, Y1) =W (201, 00))] |

(
(

791
<
T — pm

HA(g(un)) - A(g(un—l)) - p{N(xn,yn) - W(zmvn)

_(N(zn—layn—l) - W(zn—-hvn—l))}H + tHun - un—l”
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g~1 q-1

T PT
< el AGg(un)) — Algn) + 2

—N($n_1,yn_1) - (W(zna")n) - W(Zn—lavn—l))H

+tllun — Un—1]]. (6.2.9)
Since A is A4-Lipschitz continuous, we have
,/..q—l)\A
19(tns1) — gua)ll < tun — tn-1 — (g(tin) ~ g(un-1))|
r— pm
prit
T IN(2Zn, Yn) — N(zn-1,Yn-1) — (W(2n, vn)
T — pm
Tq—l)\A

W (e, va))| + ( + t) tn — unll.  (6.2.10)

r— pm

Since g is (b, £)-relaxed cocoercive and Ag-Lipschitz continuous, we have

llun — tn-1 — (9(tn) = g(un-1))[|
< Hun - un—lnq-_ Q<g(un) - g(un—l)ajq(un - un—1)> + Cqu('LLn) - Q(Un—l)Hq
<t — U |7 4 bl g(un) — g(tun—1)|? — g€llun — up— 17+ Cq’\?;”un —~ Up|?
< lun — un—a ||+ qbA[|un — Un-1]|? — g€llun — un—1|* + Cq)‘g““n ~ Un—1]|*

= (1 - q§ + (qb + Cq)/\g)”un - Un—l”q'

Thus, we have

l[tn = Un—1 = (9(tn) = g(un_1))l| < /1 = g€ + (gb + C)Adllun — Un-1]|. (6.2.11)
Also
“N(:En, yn) - N(xn—l, yn—l) - (W(Zm Un) - W(zn——la vn—l))“q
< HN(xmyn) - N(In~17y7z—l>l|q - (q - CQ)
S |W (2 Un) = W (2n_1, vn1)||% (6.2.12)

Since the multivalued mappings B and C are Lipschitz continuous with constants

Ap and Ac, we have
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[2n = Znall < Apllun — -, (6.2.13)

for all z, € B(un), Tn_1 € B(tn_1),

[Yn = Yn-1ll < Aclltn — Un-al, (6.2.14)
for all y,, € C(un), Yn-1 € Clun_1).

Since N is Apn,-Lipschitz continuous in first argument and Ap,-Lipschitz continuous
in second argument, B is Ag-Lipschitz continuous and C' is A¢-Lipschitz continuous,

we have
HN(mmyn) - N(:En—layn—l)H

= ||N(Zn, yn) — N(zn, Yn-1) + N(Zn, Yn-1) = N(Zn—1, Yu-1)||
<IN (@n, Yn) = N(@n, Yn1)|| + |N (@, Yn-1) = N(Zn-1, Yn-1)|l
< AN l9n = Yn-tll + Any (|0 — Tna |

< AnAc|tn = Uno1l| + ANy AB[Un — Un—1 ||

= (ANn,Ac + AN AB) ||un — Uni]|-

Thus,
[N (2, Un) = N(@no1,Yn-1)]1? < A Ac + An, AB) | Jtn — tn-1]|%. (6.2.15)
Using the similar arguments as for (6.2.15), we obtain
IW (2, 0n) = W (21,0 1)|1* < (AmaAr + Auy Ap) |tn — upa[?. (6.2.16)
Using (6.2.15) and (6.2.16), (6.2.12) becomes
IN (2, Yn) = N(Zn-1,Yn-1) = (W (2n, ) = W (21, vn-1))[|*

< (AwpAc + An AB)Y[un — un—1||? — (- Cq)(/\Wz)‘F + A, Ap)|un — U1 |
= [(AmAc + AnAB)? — (¢ — Cg) (A Ar + Awy Ap) ] llun — un—1]|?.

It follows that
HN(:ETh yn) - N('Tn—la yn—l) - (W(Zn, 'Un) - W(zn—la Un—l))”

< (/e + AAs) = (g = Co)OwAr + Aw, Ap)?
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X ||tn — Un_1]|- (6.2.17)

Combining (6.2.11) and (6.2.17) with (6.2.10), we obtain

thl/\A
lg(uns1) = g(un)l| < mw — g + (b + C Aty — s |
pr?
/(v e + AN AB) — (0 — C)(Awa Ar + Aw, Ap)
+T—pm\/( nAC + A AB)T — (g ) (AwAF + Aw, Ap)

’/"q_l)\A
<l — ]| + ( i t) im = |
T —pm

Tq—lAA q q
= [T—_p—m\/l — g€+ (gb+ Cyg)Ag

pri?
T — pm (I/(ANQAC + /\Nl/\B)q — (q — Cq)(/\Wz)‘F + >‘W1>\D)q
q—l/\
o2t s = e (6.2.18)
r— pm

By the strong accretivity of g with constant ¢, we have

l9(un+1) — glun)||-l|tnt1 = uan_l > (9(tn41) — g(un)vjq(unﬂ — Un))

> Oluns1 — unf?

which implies that )
[unt1 = nll < Sllg(unsr) = g(un)ll (6.2.19)

Combining (6.2.18) and (6.2.19), we have

1 Tq_l)\A . .
”un+1 - un” < 5 L = om \/1 — g€+ (qb + Cq))\g
prt
e e + Awra) — (g = Co) Owade + A Ao
q—l/\
+ A g = |
T — pm

= 0||un_un—1”; (6220)
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where

1 Tq_l)\A
6: —_ q _ q

) l:r — pm \/1 g€ + (gb + Cy)Ag

791
TP_ pron {ﬁ)\m)\c + 2w A8)? — (¢ — C))(Awa AF + Aw, Ap)?
g-13
+ A 4]
r—pm

By (6.2.8), we know that 0 < # < 1 and so (6.2.20) implies that {u,} is a Cauchy

sequence. Thus, there exists u € E such that u, — u as n — co.

The Lipschitz continuity of multivalued mapping B, C, D and F' implies that z,, —

T, Yo = Y, 2o — 2z A0nd v, — .

As A, n, M, N, W, B, C, D, F, g and J,’]”’jéf all are continuous and by Algorithm

6.2.1, it follows that u, z, y, z and v satisfy the following relation

g(u) = 24 [Al(w)) — p(N(z,5) — W(z,v))).

By Lemma 6.2.1, (u,z,y, z,v) is a solution of Problem (6.2.1). This completes the

proof.

6.3. Generalized Resolvent Equations With
(A,n)-accretive And Relaxed
Cocoercive Mappings

In this section, in connection with nonlinear relazed cocoercive generalized vari-
ational inclusion problem (6.2.1), we consider a generalized resolvent equations with
(A, n)-accretive and relaxed cocoercive mappings in g-uniformly smooth Banach
spaces. A relationship between nonlinear relazed cocoercive generalized variational
inclusion problem (6.2.1) and generalized resolvent equations is established. This
equivalence is used to define an iterative algorithm without H&usdorff metric for

solving generalized resolvent equations.

Let n,NNW : Ex E —» E, gA : E — E be the single-valued mappings,
B,C,D,F : E — 2% be the multivalued mappings. Let M : E x E — 2% be an
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(A,n)-accretive mapping in the first argument such that g(E) Nndom (M(.,.)) # 0.
In connection with nonlinear relazed cocoercive generalized variational inclusions

(6.2.1), we consider the following generalized resolvent equations:

Find s,u € E, z € B(u), y € C(u), z € D(u), v € F(u) such that
N(z,y) = W(z,v) + p 'R0y (s) =0, (6.3.1)

where p >0isa constant Ry M( w=1- A[J "M(-w)» I is the identity mapping and

We mention the following lemma which established an equivalence between the
nonlinear relazed cocoercive generalized variational inclusions (6.2.1) and generalized

resolvent equations (6.3.1).

Lemma 6.3.1. The nonlinear relazed cocoercive generalized variational inclusions
(6.2.1) has a solution (u,z,y,z,v), where u € E, z € B(u), y € C(u), z € D(u),
v € F(u) if and only if the generalized resolvent equations (6.3.1) has a solution
(s,u,z,y,2,v), where s,u € E, x € B(u), y € C(u), z € D(u), v € F(u),

9(w) = I (8), (6.3.2)

and
s = A(g(v)) — p{N(z,y) — W(z,v)}.

Proof. Let (u,z,y,2,v) be a solution of nonlinear relazed cocoercive generalized
variational inclusions (6.2.1). Then by Lemma 6.2.1, it is a solution of the following

equation
g(u) = I wlAgw) = p{N(z,y) — W(z,v)}].
Using the fact R”A =1]- A[J”’ ) and equation (6.2.5), we have

R Al(w) — p{N(z,) ~ W(z,0)}

= Alg(w)) — p{N(z,y) — W(z,v)}
— Al Alg(w) = p{N (2, y) = W(z,v)}]

= A(g(w)) ~ p{N(z,y) — W(z,v)} — A(g(w))
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= —p{N(z,y) — W(z,v)}.
Which implies that

N(z,y) = W(z,v) + p7 Ry (5) = 0

with s = A(g(u)) — p{N(z,y) — W(z,v)}, i.e, (s,u,2,y,2,v) is a solution of gener-

alized resolvent equations (6.3.1).

Conversely, let (s,u, z,y, z,v) be a solution of generalized resolvent equations (6.3.1),
then

p{N(z,y) - W(z,v)} = _Rf,:}?/](.,u)(s) = A[J:,’}@(.,u)(s)] - S (6.3.3)
From (6.3.2) and (6.3.3), we have
p{N(2,y) = W(z,v)} = AlJL3 o [Alg(w) — p{N(z,y) — W(z,)}]
—A(g(u)) + p{N(z,y) - W(z,v)}.

Which implies that

Alg(w) = A2 W [A(g(w) — p{N(2,y) = W(z )}]
and thus

g(u) = I, JTA(G(w)) — P{N(z,y) — W(z, )}

ie., (u,z,y,2,v) is a solution of nonlinear relazed cocoercive generalized variational

inclusions (6.2.1).

Alternative proof. Let

8= A(g(U)) - p{N($,y) - W(Z,’U)},
and from (6.3.2), we have
g(u) = Js,’fxf(.,u)(s)a
thus, we have
s = A0 ()] = p{N(z,y) = W(z,v)}.

By using the fact that A[JT"’,’I’&(HU)(S)] = [A(Js”f}(.’u))](s), it follows that
N(z,y) = W(z,0) + p Ry () = 0,
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the required generalized resolvent equations (6.3.1).

We now invoke Lemma 6.2.1 and Lemma 6.3.1 to define the following itera-

tive algorithm without Hausdorff metric for solving generalized resolvent equations
(6.3.1).

Algorithm 6.3.1. For any given so,uq € E, we choose zg € B(ug), yo € C(uo),
zo € D(ug) and vy € F'(up) and compute the sequences {s,}, {un}, {zn}, {tn}, {2}

and {v,} by iterative schemes as follows:

glun) = Js:;af(.,un)(sn) | (6.3.4)

and
Snt1 = A(g(un)) = p{N(zn, yn) — W(zn, va)}, (6.3.5)

where p € (0, %) is a constant and n = 0,1,2, .......

Based on Algorithm 6.3.1, we give the approximation-solvability of the gener-
alized resolvent equations (6.3.1) involving (A,n)-accretive mapping and cocoercive
mappings in g-uniformly smooth Banach spaces. The convergence of iterative se-

quences generated by Algorithm 6.3.1 is also proved.

Theorem 6.3.1. Let E be a g-uniformly smooth Banach space and A: E — E be
r-strongly n-accretive and Lipschitz continuous with constant A, n: EXE—=FE
be Lipschitz continuous with constant 7 and M : E x E — 2€ be (A, n)-accretive
mapping in the first argument. Let N,W : E x F — FE be Lipschitz continuous
mappings in both arguments with constants Ay, An, and Aw,, Aw,, respectively
and B,C,D,F : E — 2F be Lipschitz continuous with constants Ag, Ao, Ap and
Ar, respectively. Suppose g : E — E be (b, §)-relaxed cocoercive and Lipschitz

continuous with constant A,.

If there exit p € (0, %) and ¢ > 0 such that the following conditions hold:
”JS:JCI(.,%)(S) - J:;,’ch(.,un_l)(s)ﬂ < tllun = un-1l], (6.3.6)

for all u,,up-1,8 € FE

and
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AA</1 - q£ + (qb + Cq))\g + p[(XNlAB + )\Ng)\C) + (/\Wl/\D -+ )\Wg/\F)]

_(r—pm)lL = (4 /1 - g€+ (g + Co) ) — 79710

T9-1 ’

(6.3.7)

where C; is the constant as in Proposition 1.2.2, then the iterative sequences {s,},
{un}, {zn}, {vn}, {22} and {v,} generated by Algorithm 6.3.1 converge strongly

to s, u, z, y, 2 and v, respectively and (s,u,z,y, z,v) is a solution of generalized
resolvent equations (6.3.1).

Proof. From Algorithm 6.3.1, we have
[$n+1 = snll = | A(g(un)) — p{N(2n, yn) = W(2zn, vn)}

—[Ag(un-1)) = p{N(Zn-1,Yn-1) = W(zn-1,va-1) }|
< | A(g(un)) = A(g(un-2))ll + AIN (Zn, yn) = N(Zn-1, yn-1)l

+p“W(Zn,’Un) - W(zn—lavn—l)ll- (638)

By the Lipschitz continuity of A, we have

I1A(g(un)) = A(g(tn-1))I < Aallg(un) = g(un-1)||. (6.3.9)

By the Lipschitz continuity of N in both the arguments and Lipschitz continuity of
B and C, it follows that

N (Zn: Yn) = N(Tn-1,Yn-1)|| |
<IN (@n,Yn) = N(Zn, yn-1)|| + [N (20, Yn1) — N(Zn-1, Y1)l
< A |[Yn = Yntll + Aw 1B — Tl
< AvAc||Un = Un—1|| + AN, AB Un — Un—1]|
= (AwpAc + A A8) Jin — ). (6.3.10)

By the Lipschitz continuity of W in both the arguments and Lipschitz continuity of
D and F, it follows that

”W(Zn, ’Un) - W(zn—la Un—l)”

S HW(zny'Un) - W(znavn—l)H + HW(ZTL) U'n.—l) - W(Zn—lavn—l)H
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< Aw, lvn = vl + A 120 = 201 ]

< A Ar|[un — Un—1|| + Aw, Ap||un — Un_1|

= (AmaAr + Awy Ap) [[un — Una |- (6.3.11)
Combining (6.3.9)-(6.3.11) with (6.3.8), we obtain

l[sn+1 = snll < Aallg(un) = glun-a)|l + p[(An, A + AN, AC)
+(>‘W1)‘D + AW2>\I<")]“'U"n — Up-1 “
< Aallun = tn-1 = (g(un) = g(un-1))[| + Aalltn — tna |

+o[(AN AB+AN AC) +(Aw, Ap+Aw, A [un—tp—a || (6.3.12)

Since g is (b, £)-relaxed cocoercive and Ag,-Lipschitz continuous, we have

lun = tn—1 = (9(tn) = g(un-1))|*
< Hun - un——lHq - Q<g(un) - g(un—l)ajq(un - un—l)) + Cq”g(un) - g(un—l)Hq
< lun = un-a |1 + gbllg(un) = g(un-1)lI* = g€llun — tn1[|* + CoAf|[un — una[|*
< lun = un—al|? + gbAG[[un = unal|* = g€llun — un1 [l + CoAgllum — unr[|*

= (1= g€ + (g0 + Co)Ag)[[n — upn 1 [*. (6.3.13)

It follows that

[t — tn1 — (g(un) = g(un-1))|| < {/1 — g€ + (gb+ Co)Agllun — un_1]. (6.3.14)

Combining (6.3.14) with (6.3.12), we have

Isnt1 = sall < [Aaf/1— g€+ (ad+ Co)Ag + Aa
+p[(AN AB+ANAC)+(Aws Ap+Aw, AR)][un—un—1|.  (6.3.15)
By using Lemma 1.2.4 and condition (6.3.6), we have
[Un — una = ||J1¢,’1€[(.,un)(3n) - Jﬁ:ﬁ(.,un_l)(sn—l) — [g(un) — g(tn-1) — tn-1 — ||
< |[J:,):1\/}1(.,u")(3n) - Js,’ﬁ(.,un_l)(sn—l) ||+ [t = tn-1 = (g(un) — g(un-1))|
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A A A A
= 00 (50) = T 00y (57D T T 00 s (S-1) = Ty (80
+”un — Up-1 — (g(un) - g(un—l))”
VA VA A A
S ”ngM('vun)(Sn)——‘]”’?’M(')un)(Sn—l)||+HJ"l;yM(':uﬂ)(Sn_l)_J7?7M('vuﬂ—1)(sn—1)”

Fllun = un-1 = (g(un) — glun—1))l

T4t

o Hsn—sn_1]|+tHun—un_1H+{/1 — g€+ (gb+ Cp) Ad|Jun—un_1]|

-1

79

= — pmHSn — Spo1|| + (E+ \"/1 —q€+ (gb+ Cq)AZ)Ilun — U1,

which implies that

] G ]
|t — un_1|| < L TSy g pEE ALY )} I — $n—1ll- (6.3.16)

Using (6.3.16), (6.3.15) becomes

[|$n+1 — 8nl| |

Aa/T= GE+ (@b C + A+ [0 As + A Ac) + (Aw Ao + A Ar)] 707
(r—pm)[1 = (t+ /1 — g€ + (gb + Co) A7 )]

XHSn_Sn—l”

ie.,
H5n+1 - SnH < O||sn — Sn—1l],

where

[)\A\q/l - q§ + (qb + Cq))\g + A+ ,0[()\1\/1)\3 -+ >\Ng/\C) + ()\Wl)\D -+ /\M/:,/\p)] 791
(r—pm)[1 = (t+ /T — g€ + (gb+ Co)AF )] |

From (6.3.7), we have 0 < # < 1 and consequently {s,} is a Cauchy sequence in F.
Thus, there exists s € F such that s, — s as n — oo.

From (6.3.16), we know that {u,} is also a Cauchy sequence in E. Therefore, there
exists u € £ such that u, — u as n — oo. Since the multivalued mappings B, C, D
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and F are Lipschitz continuous, it follows that {z,}, {yn}, {2.} and {v,} are also

Cauchy sequences, we can assume that z, — z, y, = v, 2z, — z and v, = v.

Since A, g, N and W all are continuous and by Algorithm 6.3.1, it follows that

Sp41 = A(g(un)) - p{N(m'fh yn) - W(Zn’ Un)}

— s = A(g(u)) — p{N(z,y) — W(z,v)}, n — oo, (6.3.17)

T ny(0) = 0(u) — gw) = T o(5), m 0o (6318)
By (6.3.17), (6.3.18) and Lemma 6.3.1, we have

N(@,y) = W(z,0) + o7 I = Ay (5)] = 0

ie.,
- 1A p—
N(z,y) — W(z,v)+p 1R5’M(_,u)(8) =0.

By Lemma 6.3.1, (s,u, z,y, z,v) is a solution of Problem (6.3.1). This completes the

proof.
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