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ABSTRACT

In this thesis, application of wavelet functions in wavelet networks and neuro-
fuzzy models are consi@ered. The ability of localized analysis of wavelets jointly in
frequency and time domain in addition to the learing ability of artificial neural
network, prompt the Wavelet Neural Network (WNN) a superior system model for
complex and seismic ébplication. The presented work is an attempt to propose a
comparative study for three types of wavelet function used in WNN, namely, Mexican
hat, Morlet and Sinc wavelet functions. A conjunction of sigmoid and wavelet
activation functions, by summation and product operators, is propose to combine the
localize approximation property of wavelets with functional approximation properties
of neural network (with sigmoid activation function).

In describing the behavior of many complex and ill-defined systems, precise
mathematical models may fail to give satisfactory results. In such cases, fuzzy models
are used to reflect the uncertainty of the systems in a proper way. In this thesis,
Wavelet Neuro-Fuzzy (WNF) model is introduced where the consequent part of each
fuzzy rule corresponds to a sub-WNN consisting of wavelet with the specified dilation
value. Therefore, a WNF model has the ability to deal with impreciseness and
uncertainty in a better way than ANFIS because of localizes region property of the
wavelets. A hybrid learning method of gradient descent and genetic algorithm is
applied to learn the parameters of the WNF model. A comparative study of the
Parallel and the Series-Parallel configurations in parameter identification of the TSK
neuro-fuzzy model is also presented in this work.

In the series of development of different recurrent network and neuron model,
the presented work, based on WNN, proposes different types of recurrent neuron
model to compare sigmoid and wavelet function for incorporating the dynamics inside
the model of dynamic systems. Due to the dynamic behavior of recurrent network,
they are suitable in dealing with the modeling of dynamic systems as compared to
static behavior of feed-forward network.

A number of theorems cover universal approximation capability of all the
proposed networks. An adaptive learning rate based of Lyapunov stability theorem is
also applied to guarantee the convergence and the stability of the parameter learning
process by determine the upper bound of learning rates.

The propose networks/models are tested upon six different types of dynamic

systems and finally is applied to predict the Indian summer monsoon rainfall data.



Motivation

During the nineteen century Fourier transform, solved many problems in
physics and engineering. This prominence led scientists and engineers to think of
them as the preferred way to analyze phenomena of all kinds. This ubiquity forced a
close examination of the method. As a result, through the twentieth century,
mathematicians, physicists, and engineers came to realize a drawback of the Fourier
transforms: they have trouble reproducing transient signals or signals with abrupt
changes, such as the spoken word or the rap of a snare drum.

At the present scenario, wavelet decomposition emerges as a new powerful
tool for function approximation due to its multi-resolution property. Recent advances
have shown the existence of orthonormal wavelet bases, from which follows the
availability of rates of convergence for approximation by wavelet based networks.

Several works has been done and so many works are going on for wavelets. Its
application in neural network and neuro-fuzzy model gives tremendous performance
for function approximation. However, until this time, selection of parameters and
support of wavelet properties are mystery. Due to these discrepancies and multi
resolution property of the wavelets, we have motivated to work with wavelet for

forecasting and modeling applications of dynamic systems.



The organization of the thesis is as follows:

Chapter 2: Wavelet Networks

A comparative study of two existing wavelet networks namely Wavelet
Synapses Neural Network (WSNN) and Wavelet Activation Neural Network
(WANN), based on three different wavelet function is presented in this chapter. Feed-
forward neural networks show the ability to deal with complex problems and
especially in input-output data systems. In addition, wavelet transformation has the
ability of representing a function and revealing the properties of the function in the
localized regions of the joint time frequency space. The chapter covers some basic
concept of wavelet same as wavelet transform, Continuous Wavelet Transform
(CWT) and Discrete Wavelet Transform (DWT). Three types of non-orthogonal
wavelet are introduced in this section. These wavelets when used in feed-forward

network give wavelet network.

Chapter 3: Generalized Wavelet Networks

The main objective of this thesis is to improve existing one layer feed-forward
network with SAF and WAF. Feed-forward neural networks show the ability to deal
with complex problems and especially in input-output data systems. In addition,
wavelet transformation has the ability of representing a function and revealing the
properties of the function in the localized regions of the joint time frequency space.
Due to abow_/e ability, in this chapter, combination of sigmoid and wavelet activation
function is proposed. It has shown that a smart combination of these not only
decreases the size of the network, it also increases the accuracy of the network. Two
proposed wavelet neural network namely Summation Sigmoid-Wavelet (SS-W) and

Multiplication Sigmoid-Wavelet (MS-W) neuron model are discussed in details. One



method for structure identification of the model is introduced. General approximation
capability of the network has also been presented in this chapter with different

theorems.

Chapter 4: Neuro-Fuzzy Model

This chapter serves as an introduction into the basic concept of parameter
identification for neuro-fuzzy models. Two parameter identification schemes, namely
Parallel (P) and the Series-Parallel (S-P) configurations, are described in this chapter.
A combination of these two configurations is proposed for neuro-fuzzy models.
Modified mountain clustering is applied to neuro-fuzzy models for structure
determination and initialization of the neuro-fuzzy models. An algorithm with
adaptive learning rate is used to learn learning parameters of the model. Convergence

of the learning procedure is guaranteed by Lyapunov stability theorem.

Chapter 5: Wavelet Neuro-Fuzzy Model

This chapter discusses about the wavelet neuro-fuzzy model. The proposed
network in chapter 3 with better performance is used in the consequent part of each
fuzzy rule in TSK neuro-fuzzy model that results WNF model. A hybrid of Gen'etic

Algorithm and Gradient Descent has been employed to learn the model parameters.

Chapter 6: Recurrent Wavelet Networks

In this chapter, recurrent neuron models are introduced. Due to the dynamic
behavior of recurrent networks, they are suitable in dealing with the modeling of
dynamic systems as compared to static behavior of feed-forward network. The

quantitative behavior of the sigmoid and wavelet activation functions for dealing with



and saving the dynamic of systems are considered. The general approximation
properties of the recurrent neuron models are also evaluated. Since the convergence
analysis plays an important role in the recurrent networks, the Lyapunov stability

approach is employed to guarantee the convergence of network.

Chapter 7: Case study, Indian Monsoon Rain-Fall

The agricultural economy of India is closely linked to the performance of
summer monsoon rainfall all over India. The ability to understand and predict
circulation and rainfall during the Asian summer monsoon on various time-scales is of
prime importance to the economy of several nations of this region because of its affect
on agriculture, drinking water, transportation, health, power, and the very livelihood
of billions people living in the monsoon region. Due to these reason, in this chapter,

all the proposed networks are tested on rainfall data.

Chapter 8: Conclusion
Finally, conclusions of the thesis and suggestions for the future work have

been covered in chapter 8.
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ABSTRACT

In this thesis, application of wavelet functions in wavelet networks and neuro-
fuzzy models are considered. The ability of localized analysis of wavelets jointly in
frequency and time domain in addition to the learning ability of artificial neural
network, prompt the Wavelet Neural Network (WNN) a superior system model for
complex and seismic application. The presented work is an attempt to propose a
comparative study for three types of wavelet function used in WNN, namely, Mexican
hat, Morlet and Sinc wavelet functions. A conjunction of sigmoid and wavelet
activation functions, by summation and product operators, is propose to combine the
localize approximation property of wavelets with functional approximation properties
of neural network (with sigmoid activation function).

In describing the behavior of many complex and ill-defined systems, precise
mathematical models may fail to give satisfactory results. In.such cases, fuzzy models
are used to reflect the uncertainty of the systems in a proper way. In this thesis,
Wavelet Neuro-Fuzzy (WNF) model is introduced where the consequent part of each
fuzzy rule corresponds to a sub-WNN consisting of wavelet with the specified dilation
value. Therefore, a WNF model has the ability to deal with impreciseness and
uncertainty in a better way than ANFIS because of localizes region property of the
wavelets. A hybrid learning method of gradient descent and genetic algorithm is
applied to learn the parameters of the WNF model. A comparative study of the
Parallel and the Series-Parallel configurations in parameter identification of the TSK
neuro-fuzzy model is also presented in this work.

In the series of development of different recurrent network and neuron model,
the presented work, based on WNN, proposes different types of recurrent neuron
model to compare sigmoid and wavelet function for incorporating the dynamics inside
the model of dynamic systems. Due to the dynamic behavior of recurrent network,
they are suitable in dealing with the modeling of dynamic systems as compared to
static behavior of feed-forward network.

A number of theorems cover universal approximation capability of all the
proposed networks. An adaptive learning rate based of Lyapunov stability theorem is
also applied to guarantee the convergence and the stability of the parameter learning
process by determine the upper bound of learning rates.

The propose networks/models are tested upon six different types of dynamic

systems and finally is applied to predict the Indian summer monsoon rainfall data.
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Chapter 1

Literature Review

1-1 Introduction

Science has evolved from trying to understand and predict the behavior of the universe
and systems within it. Much of this is based on finding suitable models, which agree with
observations, and analyzing the results. These models can come in many different forms such as
regression models, Artificial Neural Networks (ANN) and Fuzzy systems.

Forecasting is a systematic effort to anticipate future events or conditions. The most well
known type of forecast may be that of the meteorologist who prepares daily weather forecasts
that help us decide how to dress each day and whether to take an umbrella when we leave for
work in the morning. Other common forecasts are those that anticipate future economic
conditions, traffic patterns, and even the size and number of classrooms that will be needed in
local schools.

In a prediction framework, the results of a statistical analysis based on data about the past
are used to speculate about the future and to make decisions. In other way, forecasting and

decision-making are very closely related. In a prediction context, researchers use data about the



past with the newest data about actual to speculate about the future and they encourage policy

makers to act on that statistical vision of the future.

1-2 ldentification

Forecasting and identification have very close relationship with each other. Hence, better
identification model results the high precision forecasting. Identification is a process through
which one ascertains the identity of another person or entity.

Simulations (and models, too) are abstractions of reality. Often they deliberately
emphasize one part of reality at the expense of other parts. Whereas models are mathematical,
logical, or some other structured representation of reality, simulations are the specific application
of models to arrive at some outcome.

In order to achieve the mission and goals, more industrial specific properties should be
needed to enable the sharing and the reusing of semantics of models among different domains,

territories or countries.

1-3 Soft Computing

Soft computing refers to a collection of computational techniques in computer science,
artificial intelligence, machine learning and some engineering disciplines, which attempt to
study, model, and analyze very complex phenomena: those for which more conventional
methods have not yielded low cost, analytic, and complete solutions. Earlier computational
approaches could model and precisely analyze only relatively simple systems. More complex
systems arising in biology, medicine, the humanities, management sciences, and similar fields

often remained intractable to conventional mathematical and analytical methods. That said, it



should be pointed out that simplicity and complexity of systems are relative, and many
conventional mathematical models have been both challenging and very productive.

Unlike hard computing schemes, which strive for exactness and full truth, soft computing
techniques exploit the given tolerance of imprecision, partial truth, and uncertainty for a
particular problem. Another common contrast comes from the observation that inductive
reasoning plays a larger role in soft computing than in hard computing.

In effect, the role model for soft computing is the human mind. The guiding principle of
soft computing is: Exploit the tolerance for imprecision, uncertainty, partial truth, and
approximation to achieve tractability, robustness and low solution cost. The basic ideas
underlying soft computing in its current incarnation have links to many earlier influences, among
them Zadeh's 1965 paper on fuzzy sets; the 1973 paper on the analysis of complex systems and
decision processes; and the 1979 report (1981 paper) on possibility theory and soft data analysis.
The inclusion of neural computing and genetic computing in soft computing came at a later

point.

1-3.1 What is absorbed in Soft Computing?

Now, the principal constituents of Soft Computing (SC) are Fuzzy Logic (FL), Neural
Computing (NC), Evolutionary Computation (EC) Machine Learning (ML) and Probabilistic
Reasoning (PR), with the latter subsuming belief networks, chaos theory and parts of learning
theory. What is important to note is that soft computing is not a melange. Rather, it is a
partnership in which each of the partners contributes a distinct methodology for addressing
problems in its domain. In this perspective, the principal constituent methodologies in SC are
complementary rather than competitive. Furthermore, soft computing may be viewed as a

foundation component for the emerging field of conceptual intelligence.



1-3.2 Importance of Soft Computing

The complementarities of FL, NC, GC, and PR have an important consequence: in many
cases a problem can be solved most effectively by using FL, NC, GC and PR in combination
rather than exclusively. A striking example of a particularly effective combination is what has
come to be known as "neuro-fuzzy systems". Such systems are becoming increasingly visible as
consumer products ranging from air conditioners and washing machines to photocopiers and
camcorders. Less visible but perhaps even more important are neuro-fuzzy systems in industrial
applications. What is particularly significant is that in both consumer products and industrial
systems, the employment of soft computing techniques leads to systems, which have high MIQ
(Machine Intelligence Quotient). In large measure, the high MIQ of SC-based systems account
for the rapid growth in the number and variety of applications of soft computing.

In many ways, soft computing represents a significant paradigm shift in the aims of
computing - a shift which reflects the fact that the human mind, unlike present day computers,
possesses a remarkable ability to store and process information which is pervasively imprecise,

uncertain and lacking in categoricity.

1-4 Wavelet

Wavelet analysis is a new development in the area of applied mathematics. They were
first introduced in seismology to provide a time dimension to seismic analysis that Fourier
analysis lacked. Wavelet analysis allows researchers to isolate and manipulate specific types of
patterns hidden in masses of data [Soman'05].

Wavelets are mathematical functions that cut up data into different frequency
components, and then study each component with a resolution matched to its ‘scale’. They have

advantages over traditional Fourier methods in analyzing physical situations where the signal



contains discontinuities and sharp spikes. Wavelets were developed independently in the fields
of mathematics, quantum physics, electrical engineering, and seismic geology. Historical
perspective of wavelets is as follows:
Historical Perspective: In the history of mathematics, wavelet analysis shows many
different origins [Meyer’93]. Much of the work was performed in the 1930’s, and at that
time, the separate efforts did not appear to be parts of a coherent theory.
Pre-1930: Before 1930, the main branch of mathematics leading to wavelet began with
Joseph Fourier (1807) with his theories of frequency analysis, now often referred to as

Fourier synthesis. He asserted that any 27 - periodic function f(t) is the sum of its

Fourier series.

ao+i(ak coskt +b, sinkz) (1.1)

k=1

The coefficients a,, a, and b, are calculated by

G =5- [, a = [ra s - [ (12)

Fourier’s assertion played an essential role in the evolution of the ideas mathematicians
had about the functions. He opened up the door to a new functional universe.

After 1807, by exploring the meaning of functions, Fourier series convergence,
and orthogonal systems, mathematicians gradually were led from their previous notion of
frequency analysis to the notion of scale analysis. That is, analyzing f (x) by creating
mathematical structures that vary in scale. How? Construct a function, shift it by some
amount, and change its scale. Apply that structure in approximating a signal. Now repeat

the procedure. Take that basic structure, shift it, and scale it again. Apply it to the same



signal to get a new approximation and so on. It turns out that this sort of scale analysis is
less sensitive to noise because it measures the average fluctuations of the signal at
different scales.

Wavelet multi resolution analysis

The 1930s: In the 1930s, several groups, working independently, researched the
representation of the functions using scale-varying basis functions. By using scale
varying basis function, called the Haar basis function, Paul Levy a 1930s physicist,
investigated Brownian motion, a type of random signal [Meyer’93). He found that the
Haar basis function is superior to the Fourier basis functions for studying small-
complicated details in the Brownian motion.

Another 1930s research effort by Littlewood, Paley, and Stein involved computing the

energy of the function f (x) :

2z
energy=% ﬂf(t]zdt (1.3)

The computation produced different results if the energy was concentrated around
a few points or distributed over a larger interval. This result disturbed the scientists
because it indicated that energy might not be conserved. The researchers discovered a
function that can vary in scale and can conserve energy when computing the functional
energy. Their work provided Devid Marr with an effective algorithm for numerical image

processing using wavelets in the early 1980s.

1960-1980s: During these years a lot of work has been done. Some of the pioneering

works done by Coifman and Morlet are given below:



® Guido Weiss and Ronal R. Coifman (1960-1980): These two mathematicians
studied the simplest element of a function space, called atoms, with the goal of finding
the atoms for a common function and finding the “assembly rules” that allows the
reconstruction of all elements of the function space using these atoms.

e Grossman and Morlet (1980): A physicist and an engineer, broadly defined wavelets
in contest of quantum physics. These two researchers provided a way of thinking for
wavelets based on physical intuition.

1980-1990s: in these years, the pioneering work of the Stephane Mallat (1985) on
pyramidal algorithm or multi-resolution theory gave the new apex in wavelet era.

o Stephane Mallat (1985): In 1985, Stephane Mallat gave wavelets an additional
jump-start through his work in digital signal processing. He discovered some relationship
between quadrature mirror filters, pyramidal algorithms, and orthonormal wavelet bases.
Y. Meyer constructed the first non-trivial wavelets. Ingrid Daubechies used Mallat’s
work to construct a set of wavelet orthonormal basis functions that are perhaps the most
elegant, and have become the corner stone of wavelet applications today.

Post-1990s: During this decade application of wavelets, develop in many branch of

science, same as signal processing, identifications, numerical analysis and networks.

1-5 Motivation

During the nineteen century Fourier transform, solved many problems in physics and
engineering. This prominence led scientists and engineers to think of them as the preferred way
to analyze phenomena of all kinds. This ubiquity forced a close examination of the method. As a

result, through the twentieth century, mathematicians, physicists, and engineers came to realize a



drawback of the Fourier transforms: they have trouble reproducing transient signals or signals
with abrupt changes, such as the spoken word or the rap of a snare drum [Soman'05].

At the present scenario, wavelet decomposition emerges as a new powerful tool for
function approximation due to its multi-resolution property. Recent advances have shown the
existence of orthonormal wavelet bases, from which follows the availability of rates of
convergence for approximation by wavelet based networks.

Several works has been done and so many works are going on for wavelets. Its
application in neural network and neuro-fuzzy model gives tremendous performance for function
approximation. However, until this time, selection of parameters and support of wavelet
properties are mystery. Due to these discrepancies and multi resolution property of the wavelets,

we have motivated to work with wavelet for forecasting and modeling applications of dynamic

systems.

1-6 Scope of the Thesis

In recent years, wavelets have become a very active subject in many scientific and
engineering research areas. Especially, Wavelet Neural Networks (WNN), inspired by both the
feed forward neural networks and wavelet decompositions, have received considerable attention
[Q. Zhang’92, Q. Zhang’97, J. Zhang’9S] and become a popular tool for function
approximation. The main characteristic of WNN is that wavelet functions are used as the
nonlinear transformation function in the hidden layer, instead of the usual sigmoid function.
Incorporating the time-frequency localization properties of wavelets and the learning ability of
the Neural Network (NN), WNN has shown its advantages over the regular methods such as NN

for complex nonlinear system modeling.



At present, there are two different kinds of WNN structure. One is with fixed wavelet
bases, where the dilation and translation parameters of wavelet basis are fixed, and only the
output layer weights are adjustable. Another type is the variable wavelet bases, where the
dilation parameters, translation parameters and the output layer weights are adjustable
[Billings'05]. For the WNN with fixed wavelets, the main problem is the selection of wavelet
bases/frames. The wavelet bases have to be selected appropriately since the choice of the wavelet
basis can be critical to approximation performance. Obviously, to improve the approximation
accuracy, a large number of wavelet neurons are required for WNN with fixed wavelet bases.
This will result in a large complex network structure and cause over-fitting problem.

Since the dilation parameter has explicit physical concept, i.e., resolution, it plays a
sigﬂiﬁcant role in wavelet analysis and approximation of a given function. In this thesis, for
selection of the wavelet bases/frames, we have used variable wavelet bases for the better
accuracy of function approximation though its complexity is increased. In addition, we have
presented a comparative study for different types of the wavelet functions. To used
approximation of inputs by Sigmoid Activation Function (SAF) and Wavelet Activation
Functions (WAF), separately, we have proposed two neuron models to combine them.

In dealing with the modeling of dynamic systems recurrent network have better
performance as compared to static behavior of feed-forward network based on proposed
sigmoid-wavelet neuron models different types of recurrent neuron models are introduced. These
recurrent neurons give us opportunity of comparative study of recurrent neuron models consist of
SAF and WAF in feed-forward neural network architecture.

In many complex and ill-defined systems especially with the uncertainty of the systems,

the fuzzy models have shown high performance. Motivated by both the theory of multi-



resolution analysis of WNN and the traditional Neuro-fuzzy model, Wavelet Neuro- Fuzzy
(WNF) model is introduced. The goal of introducing the WNN in the fuzzy model is improving
function approximation accuracy in terms of the dilation and translation parameters of wavelets,
meanwhile not increasing the number of wavelet bases. In general, the Takagi-Sugeno-Kang
(TSK) fuzzy models consist of a set of rules, and the consequent of each rule acts like a “local
model” by using fuzzy set to partition the input space into local fuzzy regions. The consequents
of these rules are represented by either a constant or a linear equation. In this work, the
consequent part of each fuzzy rule corresponds to sub-WNNs at different resolution levels and
used to capture different behaviors (global or local) of the approximated function. Here, the role
of the fuzzy set is to determine the region for the contribution of the sub-WNNs to the output of
the WNF. As a result, wavelets with different dilation values under these fuzzy rules are fully
utilized to capture various essential components of the system.

In addition, in this work, the series-parallel and parallel configurations, which are used in
parameter identification of networks\models, are exploited simultaneously for learning the

parameters of the premise and the consequent part of the neuro-fuzzy model.

1-7 Organization of Thesis

The organization of the thesis is as follows:

Chapter 2: Wavelet Networks
A comparative study of two existing wavelet networks namely Wavelet Synapses Neural

Network (WSNN) and Wavelet Activation Neural Network (WANN), based on three different

10



wavelet function is presented in this chapter. Feed-forward neural networks show the ability to
deal with complex problems and especially in input-output data systems. In addition, wavelet
transformation has the ability of representing a function and revealing the properties of the
function in the localized regions of the joint time frequency space. The chapter covers some
basic concept of wavelet same as wavelet transform, Continuous Wavelet Transform (CWT) and
Discrete Wavelet Transform (DWT). Three types of non-orthogonal wavelet are introduced in

this section. These wavelets when used in feed-forward network give wavelet network.

Chapter 3: Generalized Wavelet Networks

The main objective of this thesis is to improve existing one layer feed-forward network
with SAF and WAF. Feed-forward neural networks show the ability to deal with complex
problems and especially in input-output data systems. In addition, wavelet transformation has
the ability of representing a function and revealing the properties of the function in the localized
regions of the joint time frequency space. Due to above ability, in this chapter, combination of
sigmoid and wavelet activation function is proposed. It has shown that a smart combination of
these not only decreases the size of the network, it also increases the accuracy of the network.
Two proposed wavelet neural network namely Summation Sigmoid-Wavelet (SS-W) and
Multiplication Sigmoid-Wavelet (MS-W) neuron model are discussed in details. One method for
structure identification of the model is introduced. General approximation capability of the

network has also been presented in this chapter with different theorems.
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Chapter 4: Neuro-Fuzzy Model

This chapter serves as an introduction into the basic concept of parameter identification
for neuro-fuzzy models. Two parameter identification schemes, namely Parallel (P) and the
Series-Parallel (S-P) configurations, are described in this chapter. A combination of these two
configurations is proposed for neuro-fuzzy models. Modified mountain clustering is applied to
neuro-fuzzy models for structure determination and initialization of the neuro-fuzzy models. An
algorithm with adaptive learning rate is used to learn learning parameters of the model.

Convergence of the learning procedure is guaranteed by Lyapunov stability theorem.

Chapter 5: Wavelet Neuro-Fuzzy Model

This chapter discusses about the wavelet neuro-fuzzy model. The proposed network in
chapter 3 with better performance is used in the consequent part of each fuzzy rule in TSK
neuro-fuzzy model that results WNF model. A hybrid of Genetic Algorithm and Gradient

Descent has been employed to learn the model parameters.

Chapter 6: Recurrent Wavelet Networks

In this chapter, recurrent neuron models are introduced. Due to the dynamic behavior of
recurrent networks, they are suitable in dealing with the modeling of dynamic systems as
compared to static behavior of feed-forward network. The quantitative behavior of the sigmoid
and wavelet activation functions for dealing with and saving the dynamic of systems are
considered. The general approximation properties of the recurrent neuron models are also
evaluated. Since the convergence analysis plays an important role in the recurrent networks, the

Lyapunov stability approach is employed to guarantee the convergence of network.

12



Chapter 7: Case study, Indian Monsoon Rain-Fall

The agricultural economy of India is closely linked to the performance of summer
monsoon rainfall all over India. The ability to understand and predict circulation and rainfall
during the Asian summer monsoon on various time-scales is of prime importance to the economy
of several nations of this region because of its affect on agriculture, drinking water,
transportation, health, power, and the very livelihood of billions people living in the monsoon

region. Due to these reason, in this chapter, all the proposed networks are tested on rainfall data.

Chapter 8: Conclusion

Finally, conclusions of the thesis and suggestions for the future work have been covered

in chapter 8.

1-8 Description of Some Dynamic Systems

Six different classes of dynamic systems are described in the following examples for
validation of the proposed work. Among them the selected four dynamic examples are different
nonlinear differential equations with different order [Narendra’90]. Example five is a general
benchmark problem of gas furnace data [Box'70], whereas, example six is an action performed

by the operator at chemical plant [Sugeno'93].

Example 1: Linear regression with nonlinear input

The system is a non-linear second order dynamical model [Narendra’90]. The function
‘f is a polynomial of current input u(k) of degree three whereas the input u(k) is a sum of two

sinusoids given in (1.6).
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y(k+1)=0.3y(k)+0.6y(k —1)+ fu(k)] (1.4)
Where
FTu®)]= () +0.3[u(k)] * - 0.4u(k) (1.5)
u(k) = sin(27%/250)+sin(27/25) (1.6)
In this example, 500 input-output data are generated. First three hundred data are used for

learning procedure and remaining 200 data are for prediction.

Example 2: Non-linear regression with random input

This system expressed as second order nonlinear function that is presented by (1.7). The
input u(k ) is a random variable uniformly distributed in the interval [-1, 1]. Five hundred input-

output data are generated by the second order difference equation [Narendra’90]: three hundred

data are used to train the model and remaining two hundred data are used for validation of the

model.

wk+1)= fly(k) ¥k -1)] +ulk) 1.7

where function f is:

fly(e) y(k-1)] = o)tk - 1Dk)+ 2] (1.8)

1+y?(k)+ y*(k-1)

Example 3: Non-Linear Regression with Non-Linear Input

A system described by difference equation [Narendra’90] and expressed as (1.9).

14



y(k+1)=1—+—y;(%+u3(k)

u(k) = sin(27k/25) + sin(27#/10) (1.10)

(1.9)

This system is having first order nonlinear dynamic. Hundred input-output data are

produced by input u(k) as given in (1.10). Eighty data is used for training and 20 remaining data

are used for testing and validation.

Example 4: Non-linear Regression of Input and output
In this example, a nonlinear plant with third delay in output and with two delays in inputs

has been taken from [Narendra’90, Lee'00] and describes as:

y(k + 1) = f(y(k)s y(k‘l)’ y(k—Z), u(l‘)a u(k‘l)) (1.11)

Where fis:

_ XX % x(n 1)+ x,

S\Xp5 %5, %5, %4, %5 )=
(nz”ws) T+ 22+ 2 (1.11)

The reference [Narendra’90] has used five input to predict next output but [Lee'00] used
only u(k) and y(k) to predict next output y(k +1). Here we also used these two variables to
predict the output y(k +1). One thousand input-output data are produced by using the input
expressed by (1.12) to identify the models. The input u(k) is selected same as equation (1.12)
for data 1 to 1000.

({b;{a‘\ﬁ
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)
sin(ﬁ), k <250
25
1.0 250<k <500
u(k)=4-1.0 500 < k <750
1.12
0.3 sin(ﬂ +0.1sin ﬁ) (1.12)
25 32
+0.6 sin[%), 750 <k <1000

Example 5: Gas Furnace data

A benchmark problem of system identification is considered [Box'70]. The process in
this example is a gas furnace with single input u(t), 1.e., gas flow rate and single output y(t ),

i.e., CO, concentration. Here we supposed there are three inputs: y(t~1), u(t—3) and u(r —4)

to the model [Sugeno'93]. Total 290 data are utilized which can be found in [Box'70]. First 250

data are used to train the models and remaining 40 data are used for testing and validation of the

model.

Example 6: Human Operation at a Chemical Plant
We deal with a model of an operator’s control action of a chemical plant [Sugeno'93].
The plant is for producing a polymer by the polymerization of some monomers. Since the start-

up of the plant is very complicated, a man has to make the manual operation at the plant. As
shown in Fig. 1.1 there are five input candidates (u, yUgste, U 5) whom a human operator might

refer at the start up of chemical plant to take control action y , for production of polymer.
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u . monomer concentration.

u: change in monomer concentration.
us : monomer flow rate.

Uy, Us local temperatures inside the plant.
y set point for monomer flow rate.

Here u, and u, are employed to model the control action [Azeen'03]. Out of 70 dat~ points of

the above six variable from the actual plant, first 60 data are used for training the model and

remaining 10 data are used for prediction.

Input Candidates

Monomer ;K '
Concentration

K_ﬁ (Output)

Change of monomer )
concentration Operator .
Set point for

x » r
Monomer flow rate monome

(5 rules) flow rate

+> : Selected input variables.

Fig. 1.1. Control action of an operator
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Chapter 2

Wavelet Networks

2-1 Introduction

The approximation of general continuous functions by nonlinear networks such as those
discussed in [Zhang’92, Poggio’90a,b] is very useful for system modeling and identification.
Such approximation methods can be used for example in black-box identification of non-linear
systems. Feed Forward Neural Networks (FFNN) has been established as a general approximator
for fitting nonlinear models from input-output data [Homic’89, Funahashi’89, Hartman’90,
and Blum’91].

In addition, wavelet transformation has the ability of representing a function and
revealing the properties of the function in the localized regions of the joint time frequency space.
The wavelet with coarse resolution can capture the global (low frequency) behavior easily, while
the wavelet with fine resolution can capture the local behavior (higher frequency) of the function
accurately. These distinguished characteristics give wavelet based neural networks with the
advantages of fast convergence, easy training, and high accuracy [Ho’01]. In view of the
similarity between wavelet transformation and feed-forward neural networks, the idea of

augmenting both, Zhang and Beneviste [Zhang’92] have proposed Wavelet Neural Networks
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(WNN). WNN instigate a superior system mode! for complex and seismic application in
comparison to Neural Network (NN) with sigmoid activation function. The application of
wavelet is mostly limited to small dimension [Benveniste'94], though WNN can handle large
dimension problem [Zhang'97].

Basis function networks have been investigated by many researchers, employing various
kinds of basis function. e.g. hyper basis function [Poggio’90a], splines [Poggio’90,
Friedman’91], polynomial [Sanger’90, Sanger’91] and radial basis function [Poggio’90b,
Moody’89].

Due to the above advantages of wavelets over other basis functions, Boubez and Peskin
[Boubez’93] used wavelet functions as basis functions. They adopted orthonormal sets of
wavelets and verified that network weights can be computed directly and independently.
Yamakawa [Yamakawa’94] has proposed to adopt the over-complete system of non-orthogonal
smooth wavelet bases in order to approximate a nonlinear function with a smooth function. He
proposed two types of neuron models and used a simple cosine function as a compactly
supported wavelet function. Later some authors used the Yamakawa's models with non-
orthogonal wavelet functions like Mexican [Zhang *95, Ho’01]. But none of the reported work
caters a comparative study for different types of the wavelets. In this chapter, two types of
wavelet network architectures introduced by Yamakawa [Yamakawa'94], namely, Wavelet
Synapses Neural Network (WSNN) and Wavelet Activation function Neural Network (WANN)
are described. Different wavelet activation functions are applied and the networks are tested by
eight different dynamic examples.

This chapter is organized as follow: In section 2-2, a brief discussion of artificial neural

network is presented. In section 2-3, wavelet and wavelet transform are discussed. Section 2-4
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proposes Wavelet Neural Network (WNN) models and describes their convergence analysis. The
learning algorithm based on Gradient Descent describes in section 2-5. Experimental results are

revealed in section 2-6 and, finally conclusions are relegated to section 2-7.

2-2 Artificial Neural Network

Artificial Neural Network (ANN) was introduced in the middle of the last century to
reproduce learning and generalization of the human brain [Bernieri'94, Patterson'96,
Schalkoff'97]. Ability of ANN to deal with complex problems, generalization of the result from
known situation to unforeseen situation and ability to carry out classifications of the elements of
a given set make them one of the most useful technique in functional approximation, nonlinear
system identification and control, pattern recognition and classification, and optimization.

The architecture of the single hidden-layer neural network is given in the Fig. 2.1. The
operation performed by each layer is also described below:

1. Input Layer: Each node of this layer passes the input signal with its connection
weights to the hidden layer neurons of the network.

2. Hidden Layer: Hidden layer perform two operations: in the first operation, all the
signals coming from the input nodes multiplied with their connection weights and summed up;
and in the second operation these summed quantities passes through the activation (logistic
sigmoid) function that maps the signal and gives the output in between the range [-1, 1] or [0, 1].

3. Output Layer: In this layer, the output coming from the hidden layer multiplied
with its connection weights and finally the linear summation of all the signal, which gives the
output of the network, takes place.

The mathematical expression for the output of the neural network is given in (2.1).
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R M n
Y=>»

J=1i=l

CDJ.(CJ.,. X, +bj)'Wj 2.1)

Where b, for j=1,2,...,M, denotes the bias for each hidden neuron, C,; for j=1,2,....,M and

I’;

i=1,2,...,n denotes the weight to signal X, going to the j‘h neuron. W , for j=1,2,...,L is the

weight to the output of /™ neuron for output of the network, @ , s the activation function for the

7™ neuron.
X
74
X2 & .
Y
z
Xi W;
Wu
Xn
J L J
Input Layer Hidden Layer Output Layer

Fig. 2.1. Architecture of the single layer neural network

2-3 Wavelet

A wave is usually defined as an oscillating function of time or space, such as a sinusoid.

A wavelet is a “small wave”, which has its energy concentrated in time to give a tool for the

analysis of transient, nonstationary, or time varying phenomena. The function ¥/ (f ) is a wavelet

or mother wavelet if it satisfies these two properties:
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.:V/ (t)dx =0 (2.2)

<o 2
m"»”("] dx <0 2.3)

First property is suggestive of a function i.e. oscillatory or that which has a wavy
appearance and second property implies that most of the energy in it is confined to a finite
duration. We will take wavelet and use them in a series expansion of signals or functions in the

same way as Fourier series uses the wave or sinusoid to represent a signal or function.

2-3.1 Continuous time Wavelet Transform (CWT)

The Wavelet Transform (WT) in its continuous form provides a flexible time-frequency
window, which narrows when observing high frequency phenomena and widens when analyzing
low frequency behavior. Thus, time resolution becomes arbitrarily good at high frequencies,
while the frequency resolution becomes arbitrarily good at low frequencies. This kind of analysis
is suitable for signals composed of high frequency components with short duration and low
frequency components with long duration, which is often the case in practical situations. Here, a
brief review from the theory of wavelets is described that gives basic idea about the wavelets and
the related work. Wavelets are divided in the two parts: Continuous Wavelet Transform (CWT)
and Discrete Wavelet Transform (DWT) [Rao'04, Daubechies'92, Burrus'97, Stark'0§,

Soman'0S, Cgui'95]. Historically the CWT was the first studied wavelet transform:

Let f (t) be any square integratable function. The CWT of f (t ) with respect to a

wavelet (f ) is defined as:
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W(a,b)= [ flth, ()t 04

Where

1 t-b
Vap (t)= ——IV/(—) (2.5)

4 (t ) is the mother wavelet, 'd' is a scaling factor, 'd' is shifting parameter and * denotes complex
conjugation. The family of functions can be obtained by scaling and shifting of ¥ (f ) Thus, the
wavelet transform is a function of two variables. Both f (t ) and ¥ (f ) belong to L2(R), the set
of square integrable function, also called the set of energy signals.

The signal or function f (t ) can be expressed as (2.6).

flt)= ”W(a,b)“//[t:—b)db da (2.6)

a

The mother wavelet has the property that the set [q/ a b(t)] ez forms an orthogonal basis in
’ abe

% (‘.R) This implies that the mother wavelet can, in turn, generate any function in Lz(iR). The
mother wavelet has to satisfy the following admissibility condition:

0 2
0
4 7]

- 00

dw < Q.7

Where ¥() is the Fourier transform of w(r).

In practice ‘I’(a)) will have sufficient decay, so that the admissibility condition is reduced to:

o?l//(f )dt =¥(0)=0 (2.8)

— Q0
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2-3.2 Discrete time Wavelet Transform (DWT)

The CWT has the drawbacks of redundancy and impracticability with digital computers.
As parameters (a,b) are of continuous values, the resulting CWT is a very redundant
representation, and impracticable as well. This impracticability is the result of redundancy.
Therefore, the scale and shift parameters are evaluated on a discrete grid of time-scale leading to
a discrete set of continuous basis functions. The continuous inverse wavelet transform (2.6) is

discretized as:

a

_ 2 [T b

fB)=2%,-aq, V/( '] (2.9)
! !

To analyze discrete time signals, it is convenient to take integer values for '@’ and 'd' in

defining this basis: if =2/ and b=n-2/ (where j and n are integers) then, via translations

and dilations:
_ -/ t—n- 2"
v,.08 ., = {2 ) 2://[2—1)} 2.10)

Equation (2.10) forms a sparse orthonormal basis of L2 (fR) This means that the wavelet

basis induces an orthogonal decomposition of any function in 1? (‘R) .

2-3.3 Types of the wavelet

The difference between wave (sinusoids) and wavelet is shown in Fig. 2.2. Waves are
smooth, predictable and everlasting, whereas wavelets are of limited duration, irregular and may
be asymmetric. Waves are used as deterministic basis functions in Fourier analysis for the

expansion of the functions (signals), which are time invariant, or stationary.
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(a) (b)

Fig. 2.2. Representation of (a) a wave and (b) a wavelet

The important characteristic of wavelets is that they can serve as deterministic or non-
deterministic basis for generation and analysis for the most natural signals to provide better time
frequency representation, which is not possible with waves using conventional Fourier analysis.
The selection of basic (or mother) wavelet depends very much on the nature of the signals and
the goal of the signal processing. These basis vectors have the following important properties.

o Vanishing moments: The higher the degrees of vanishing moments a basis has, the better
it models the smooth part of the signal.

e Regularity: This property is important in signal compression if high ratios are desired;
the shapes of the basis vectors become “visible” under these circumstances. The larger
the regularity, the smoother the basis vector becomes. Low regularity might result in
fractal- like shapes in the reconstructed signals or images.

e Compact Support: This property is important for efficient and exact numerical
implementation [Daubechies92].

Some wavelets are better than others are for specific applications. In general however,

because of these properties, wavelet bases generate very efficient and simple representations for
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piecewise smooth signals and images. The manner in which vanishing moments, regularity and
compact support affect the wavelet’s efficacy as a basis for signal classification is not clear. One
would expect that a wavelet that “looks like” the elemental components of the signals under
consideration would be most appropriate. More important however, is the ability of the wavelet
basis to generate a Time-Frequency Representation (TFR) that clearly distinguishes signals in
different classes. This requires that the wavelet functions appropriately model the signal, and that
they be localized and well behaved in the time-frequency plane.

In this thesis, three types of wavelet function, namely Mexican hat, Morlet and Sinc are
introduced.

a) Mexican hat wavelet

This wavelet is derived from a function, which is proportional to the second derivative
function of the Gaussian probability density function. It is non-orthogonal, with infinite support
and has maximum energy around origin with the narrow band. The expression for Mexican hat

wavelet is given by (2.11) and it is shown in Fig. 2.3.

l//(x)=(1-2x2)'exp(—x2) 2.11)

b) Morlet wavelet
This wavelet is derived from a function that is proportional to the cosine function and
Gaussian probability density function. It is non-orthogonal, infinite support and its maximum

energy lies around origin with the narrow band. The Morlet wavelet is expressed as (2.12) and

shown in Fig. 2.4.

c//(x) = exp(— x? ) cos(Sx) (2.12)
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Fig. 2.3. Mexican hat wavelet functions

Morelet Wavelet Function
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Fig. 2.4. Morlet wavelet functions
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c) Sinc (Shannon) wavelet
This wavelet is derived from a function that is proportional to the cosine function. This

wavelet is also non-orthogonal with infinite support and maximum energy occupies wider band

around origin as compared to the above two wavelets. The Sinc wavelet is specified as (2.13) and

shown in Fig. 2.5.

w(x) = sin(m)/ (zx) | (2.13)

SINC Wavelet Function

-0.48 3

Fig. 2.5. Sinc wavelet functions
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2-4 Wavelet Neural Network

The applications of orthonormal wavelet bases and wavelet frames are usually limited to
problems of small dimension [Zhang'97]. The main reason is that they are composed of
regularly dilated and translated wavelet. For practical implementations, infinite basis and frames
are always truncated. The number of wavelets in a truncated bases or frames drastically increases
with the dimension, therefore, constructing and storing wavelet bases or frames of large
dimension are with prohibitive cost.

In most practical situation of large dimension, the available data are sparse [Zhang'97].
If the inverse wavelet transform is discretized according to the distribution of the data, there are
expectations to reduce the number of wavelets needed in the reconstruction. It is thus possible to
handle problem of large dimension with such adaptive discretization of the inverse wavelet

transform.

The adaptive discretization consists of determining the parameters w,, @, and b in (2.6)

according to data sample (X, y). This problem is very similar to neural network training. In fact,
formula (2.6) can be viewed as a one hidden layer of neural network with ¥ as the activation

function of the hidden neuron and with a linear neuron in the output layer. For this reason, we
refer to the adaptively discretized inverse wavelet transform as wavelet network.

A basic McCulloch and Pitts neuron model is characterized by weighted sum (linear sum)
of inputs and a sigmoid activation function. Two wavelet neuron models were proposed in
[Yamakawa’94] by modifying the basic neuron model. We have used wavelet synapses and

wavelet activation function neuron model of Yamakawa in this chapter, which is shown in the

Figure 2.6.
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Fig. 2.6: (a) Simple neuron model (b) Wavelet activation function neuron model and (c) Wavelet

synapses neuron model

2-4.1 Wavelet Synapses Neural Network

The architecture of WSNN is shown in Fig. 2.7. Suppose M is the total number of
wavelet functions selected. If ¥, is used as nonlinear transformation function of M number of

hidden units and C,; is the connection weights, then layer wise analysis of the architecture is

given below:
o Layer 1 (Input layer): In this layer, each input is directly applied to every wavelet
function¥ g5 .
o Layer 2 (Hidden layer): This layer performs two operations. Firstly, the output of

input layer multiplied with connection weights C ",,b , and then linear summation takes

place in second operation (2.14).

a-1

M
= Z Ca b (//a b ) (2.14)

a=1 b=l
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Fig. 2.7. Wavelet Synapses Neural Network (WSNN)

o Layer 3 (Output layer): In this layer, the outputs of hidden layer are linearly

summed that gives the output of the model. The output of WSNN network can be

calculated by:

n
Yoo = Z}yi 2.15)
i=

Where [ =1,2,+-*, 1 ; denotes the number of inputs applied to the network.
For a WSNN network with scaling factor M, there is M -(M +1)/2 learning parameter C for
each input. Therefore, the total number of learning parameters is n- M - (M +1)/2, where n is the

number of inputs.

2-4.2 Wavelet Activation function Neural Network

In this network, wavelet functions are used as activation function. The architecture of

WANN is shown in Fig. 2.8. Layer wise description of the network architecture has been given

below:
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o Layer 1 (Input layer): In this layer, all the inputs are multiplied with their

. . i
connection weights C 5 .

. Layer 2 (Hidden layer): Two operations are performed in this layer. First, output
of input layer are summed linearly and applied to each wavelet function ¥4 in second

operation as given in (2.16).
Yapr TVWap (z Cclz,bxi ) (2.16)
i=1

. Layer 3 (Output layer): In this layer, also two operations are performed. The
outputs of hidden layer multiplied by their connection weights 7, in first operation,

and then linear summation takes place in second that gives the output of WANN. The

mathematical expression for the output of WANN is given in (2.17).

A

Y, WANN —

Web Yas 2.17)

M a-l
a=

1 b=1

For a WANN network with scaling factor M, there is M -(M +1)/2 hidden neuron.
Therefore, the total number of learning parameters C in Layer 1 is equal to n-M-(M +1)/2,

where n is the number of inputs. The number of learning parameters W in Layer 3 is also equal

to M-(M +1)/2. Therefore, the total number of learning parameter in this model is equal to

(n+1)-M-(M +1)/2.
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Fig. 2.8. Wavelet Activation Function Neural Network (WANN)

2-5 Gradient Descent learning of parameters

The Gradient Descent (GD) learning can be achieved by minimizing the performance

index J as follows:

J=—t S (r(p)-7(p)f 2.18)

2.P.y, p=l

P P A
where y, =(malx Y (p)—mip Y (p)), Y is output of network and ! is actual data, P is the
p= p=

number of dataset. The reason for using normalized mean square error is that it provides a
universal platform for model evaluation irrespective of application and target value specification

while selecting an input to the model [Azeem'00a].

In the batch-learning scheme employing P-data set, change in any parameter is covered

by the equation

avlg)=3 A, 0(q)+ a, -Avlg-1)-7, -vlg) 2.19)

p=l
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and the parametric update equation is;

vlg +1)=v(g)+Av(g) (2.20)
where Av(g)=-3J/6v and v may stand for any of the parameters C ap OT W, ,, and C,, in
WSNN or WANN networks, respectively. g is g™ epoch, o, is a momentum update coefficient
in the limits 0 < ¢, <1 (typically «, =0.9), y, is a decay factor (typically in the range of 107

to 10).

We apply gradient descent technique to modify the parameter C,, in WSNN. The

parameter update formula for p‘h data set is as follows:

,. aJ 1 oy

ol = =T By e,

2.21)

where 7 is adaptive learning rate. By applying gradient descent technique to modify the

parameters W, , and C,, in WANN, the parameter update formulas for p" data set are derived

as follows:
. aJ 1 o7 |
A C, =-— —=7)- ‘e —
»Casl@)=-7 o, T |, (2.22)
aJ 1 oY
AW = =n- e
P a,b(q) n ., n Py, ,, (2.23)

where e =Y - Y is the error between the actual output and the model output. By applying

chain method to the above equation or or or and or for WSNN or WANN networks
ocC, , ow,, oC,,

are derived as follows:

35



a) For WSNN

oY (k)
— = X,
aC‘:’b Wa,b( I) (2.24)
b) For WANN
oY "
= = C' - X.
o, Yap =Wap (; ab ,) (2.25)
ai} ' c i
oc, =X W, ‘l//a,b(; Cas 'x,-) (2.26)

WAF y for different wavelet function is given in (2.11-2.13). y' in (2.26) is differential
functions for the wavelet functions. Derivative for Mexican hat, Morlet and Sinc function are

given in (2.27-2.29), respectively.

' 2 -z?
wa’b(z)=—;Ts—-z-e -[2+(1—2'22)] (2.27)
, -2 2 _s2 5 .
v, (z2)=—-z-¢" -cos(5-z)-e -;-sm(Sz) (2.28)
a
, 1 m-z-cos\w-z)—sin{z-z
vau(z)=— ( )2 (z:2) (2.29)
a Tz
S, -x, -b
Where z = £ -
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2-6 Simulation Results

In this section, different types of dynamic systems that are discussed in chapter 1 have
been considered. WSNN and WANN networks are tested for three different types of wavelet
functions, namely, Mexican hat wavelet, Sinc wavelet and Morlet wavelet function. A
comparative study of performance index J, for WSNN and WANN networks with different

wavelet function and scaling factor M, for all examples, is shown in Table 2.1.

Revisited Example 1: Linear regression with nonlinear input
In this example, WSNN with Mexican hat wavelet function and WANN with Morlet

wavelet function, yield better performance and WSNN network with Mexican hat is the best
with performance index J=1.1576x107%, However, WSNN with Sinc wavelet function dose not
converge at all. The learning parameter C of this network is as follows. The number of column in
learning parameter C shows the number of inputs and the number of rows shows the number of
hidden neurons in WSNN network. Figure 2.9 shows actual and network output of WSNN

network with Mexican hat wavelet function. The error also is shown in this figure.

(-0.0036 -0.2941  0.4620]
-0.1986  0.1560 -0.1829
0.7855 0.0446 0.3546
0.2880 -0.1814 0.3043
0.2875 -0.2797 -0.1977
0.5777 0.4240 -0.0771
0.1967 0.4679 -0.4133
C=| 03233 -02516 0.0074
0.5139 0.3298 0.2538
02669 0.2097 0.0594
-0.1192  0.1209 0.3820
0.2816 -0.1469 0.3937
0.6003 0.3829  0.6085
0.0883 -0.0911 0.6319
| 04213  0.0687 0.6646 |
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Fig. 2.9. Actual output and network output with WSNN (Mexican hat) network and the error for
Example 1

Revisited Example 2: Non-linear regression with random input
In this example, WSNN and WANN networks with Morlet function have better

performance and WANN with Morlet function is the best model with performance index
J=1.147x10. The learning parameters C & W of this network are as follows. The number of
rows in C and the size of W show the number of hidden neuron and the number of column in C
shows the number of inputs in WANN network. WSNN network with Sinc wavelet function, for
this example, does not converge. Figure 2.10 shows actual output and network output of WANN

network with Morlet function and the error.
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[0.3201  0.2279 0.3832 | [0.1787
0.6301 0.6295 0.5978 0.0826
0.8352 0.5727 0.0735 0.1689
0.0139  0.7949 1.0723 0.6186
0.2697 0.4789  0.1077 0.4415
0.6200 0.0414  0.1698 0.4237
0.5601 03121  0.8287 0.0696
C={0.1206 -0.3583 1.4104 W =(0.8107
0.8266 1.0795  0.6907 0.5939
0.3806 0.4967 0.3247 0.8456
0.8865 0.3628 0.8807 0.5364
0.6964 -0.0012 0.8033 0.9113
0.5681 0.0387 0.0777 0.7424
0.9238 0.1711 0.1124 0.5382
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Fig. 2.10. Actual output and network output with WANN (Mexican hat) network and the error
for Example 2
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Revisited Example 3: Non-Linear Regression with Non-Linear Input

In this example, WSNN with Morlet and WANN network with Mexican hat wavelets
have better performance while WANN network with Mexican hat and performance index
J=1.436x10 is the best. WSNN with Sinc wavelet function does not convergence. Actual output
and the output of the WANN network with Mexican hat wavelet function and the error are

shown in Fig. 2.11. The learning parameters C & W for this network are as follows.

(1.0575 -0.2304 | [ 0.5725]
0.6299  0.6032 -0.0644
0.7022  0.5383 0.5778
0.9972  0.6570 0.4333
0.3040  0.8453 0.3929
0.1794 -0.0317 0.4022
0.9202 0.6102 -0.3507
C=|02894 0.4761 W =| 05410
0.3859  0.6415 0.3716
0.6504 0.6816 1.0131
0.3331 0.7914 0.5824
0.2020 0.5176 0.1109
0.2421 0.3185 0.2274
0.2264  0.0371 0.3756
00812 0.2415 | 0.5056 |
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Fig. 2.11. Actual output and network output with WANN (Mexican hat) network and the error
for Example 3

Revisited Example 4: Non-linear Regression of Input and output

In this example, Morlet and Mexican hat wavelet give better learning pattern for WSNN
and WANN models, respectively. However, WANN with Mexican hat wavelet function yields
best performance index with J=1.229x10"°. WSNN with Sinc function does not converge. Actual
output and the output of the WANN network with Mexican hat wavelet function and the error are

shown in Fig. 2.12. The learning parameters C & W of this network are as follows.
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[ 0.2983  0.9195] [ 0.0620]
0.8244 0.8071 0.3012
0.7990  0.5669 -0.0032
0.5296  0.5529 0.3721
0.5257  0.1979 0.3190
0.6817 0.5770 0.4128
0.0682 0.3274 -0.0985

C=| 0.6209 0.9769 W =|-0.0528

-0.0034 0.6931 0.3878
0.3570  0.3717 0.4114
0.3079  0.7465 0.0006
0.8802 0.2760 0.3154

-0.0225 0.4158 0.3611
0.7148  0.9028 0.5669

| 0.9337  0.6596 ] | 0.3047 |
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Fig. 2.12. Actual output and network output with WANN (Mexican hat) network and the error
for Example 4
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Revisited Example 5: Gas Furnace Data
In this example, Morlet and Mexican hat wavelet give better learning pattern for WSNN

and WANN models, respectively. However, Mexican hat in WANN is the best with performance
index J=2.632x10”7 while WSNN learning pattern for Sinc does not converge. Figure 2.13 shows
the actual output and WANN network with Mexican hat wavelet output. The error is presented in

this figure. The learning parameters C & W of this network are as follows.

[0.7684  0.5781 1.0060 | [ 0.6476
0.7315 1.0590 0.5302 -0.5161
0.8833  0.0239  0.6560 0.2141
0.2034 0.7845 0.8445 0.1751
0.4194 0.0268 0.1347 0.4582
02129 0.5195 0.0224 0.7032
0.0350 0.1921 0.2246 0.5793
C=|0.0811 0.7156 0.1165 W =| 0.5092
0.8505 0.2506 0.0693 0.0742
0.3402  0.9338  0.8529 0.1932
0.4661 0.1371 0.1802 0.3796
09137 0.5216 0.0324 0.2764
0.2285 0.8952  0.7339 0.7708
0.8620 0.9423  0.5365 ‘ 0.3139
0.6566  0.3350  0.2760 | 0.6381
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Fig. 2.13. Actual output and network output with WANN (Mexican hat) network and the error
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1

50 100 150 200 250
Data

for Example 5

Revisited Example 6: Human Operation at a Chemical Plant

In this example, WSNN and WANN networks with Morlet function yield better
performance, while WANN with Morlet wavelet function is best with performance index
J=8.228x10"°. WSNN network for Sinc wavelet function does not convergence. Actual output

and the output of the WANN with Morlet function and error are shown in Fig. 2.14. The learning

parameters C &

W of this network are as follows.
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[0.4057  0.0235] [ 0.8845 ]
0.9355 0.6898 0.0877
09166 0.5639 0.6509
04103 0.8558 0.3865
0.8934 0.5141 0.8861
0.0579 0.4043 0.8016
0.3529 0.8283 0.3885
C=08131 0.5315 W =| -0.0089
0.0097 0.1842 0.8592
0.1389 0.6628 0.4738
0.2028 0.8312 0.5520
0.1986 0.0096 0.7564
0.6036 0.6847 0.9346
0.2721 0.3739 0.7825
0.1988  0.8302 | 0.1992 |
10000 . T . , . |
> Learning |
Prediction
| .
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, . |
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Fig. 2.14. Actual output and network output with WANN (Mexican hat) network and the error
for Example 6
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Example 7: Human Operation at a Chemical Plant
A test signal is generated by the following dynamical system [Yamakawa’94]:

5x

=0 _05X -05X, _,+05X, _ (2.30)
2 n n-1 n-2

1+ X7

Xn+1

with initial values of x, =0.2, x, =03 and x, =1.0. This signal is chaotic and difficult to predict.
A time series of 120 data are produced. First 100 data are used for training of the model and
remaining 20 data are used for prediction.

In this example, WSNN and WANN networks with Morlet and Mexican hat wavelet
function, respectively, yield better performance. WANN network with Mexican hat is best with
J=3.4516x10", while WSNN network with Sinc wavelet function does not convergence. Figure
2.15 shows system output and the output of the WANN network with Mexican hat function. The

error also is shown in Fig. 2.15. The learning parameters C & W of this network are as follows.

2k ' ' Learnin'g ' |
>
% 0 l
S | \
2 1 . . . Plediction |
0 20 490 60 80 100 120
0.2 T T . y
Learning Pllediction
S g |
11}
_0.2 1 1 1 1 i
0 20 40 60 80 100 120

Data

Fig. 2.15. Actual output and network output with WANN (Mexican hat) network and the error
for Example 7
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[-0.3596  0.9389 -0.0108] [ 0.0128]]
0.6207 0.6815 0.9756 0.0447
0.2815 0.6812 -0.4890 -1.1800
-0.0350  0.0981 2.7240 2.2251
1.0787 0.0695 0.2231 -0.2346
0.3849 1.2978 -1.1089 1.3796
09713 1.2888 0.2822 -0.2380
-0.1619  0.5269  0.4099 -0.8916
0.4246 0.0813 0.6710 0.3217
-0.0163 -0.1119 1.3133 1.4936
0.7904 -0.3032 1.3394 0.4532
0.7639  0.3584 0.1869 0.0418
-0.9237 0.9736 0.3086 -1.6513
C- -0.0934 0.0283 3.1322 | 43237
0.4308 0.8169 -0.0579 -0.3870
0.9412 0.3422 0.4453 0.0195
-0.1112  0.8273  0.6658 -1.0231
0.1214 0.5225 0.7317 -0.1762
0.9567 -0.5422 1.0359 1.6222
0.9259 -0.1694 0.7421 0.8967
0.9002 0.4819 0.6735 0.3455
0.8594  0.5305 -0.1662 0.6990
0.6908 0.9054  0.7609 -0.2268
0.6603 0.4248 1.9629 0.7616
0.2899 0.5815 0.4761 -0.0580
0.2742 0.6083 1.0177 0.3231
0.6395 0.7989 0.2813 0.1512
| 0.2006 0.1383  0.3538 | 0.6458

Example 8: Human Operation at a Chemical Plant
The time series used in this example is generated by the chaotic Mackey-Glass

differential delay equation defined below:

#r) = % —0.1x(r) 231)
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The data of above equation is available in MATLAB (mgdata.dat) and are produced by:
x(0)=1.2, r=17 and x(t)=0 for £ <0. The variables x{t —18), x(t —12), x(t-—6) and x(t) are
inputs and x(t + 6) is the output of the model. The number of data set produced for validity test

of network is 1000. Out of that 500 data are used for training and the remaining 500 are testing

the networks.
WSNN network with Morlet and WANN network with Mexican hat wavelet functions

have better performance whereas WANN with Mexican hat is best with performance
J=6.2074x10%. In this example, WSNN network does not convergence with Sinc wavelet
function. Actual output and the output of the WANN network with Mexican hat are shown in
Fig. 2.16. The error is presented in this figure. The learning parameters C & W of this network

are as follows.

' Prediction = | s,
1.2} Ky .
- %
0 ; " )
S~ ;
0.6} . -
0-4 1 N 1 1 s 1
0 100 200 300 400 500
01 ' " Prediction o
g 0
(1T}
_0.1 1 1 1 1
0 100 200 300 400 500

Data

Fig. 2.16. Actual output and network output with WANN (Mexican hat) network and the error
for Example 8
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[-1.7687 -2.3279 -2.4718 -19171] [-1.0867 |
0.0954 -0.0658 0.3538 0.2268 0.4760
1.6205 2.4201 0.1788 0.1756 0.4742
0.4907 0.2756 -0.0730 0.1768 -0.0190
0.4255 0.4772 0.8384 0.7852 -0.0887
0.8360 1.3197 0.5969 -0.2602 -0.7065
03593 0.6888 0.0098 0.4698 -0.0143
0.5352 1.0094 03123 02134 -0.5303
0.9296 0.9555 1.0148 0.5380 -0.1470
0.3852 0.4586 0.0748 0.2369 0.0951
0.1562 02770 0.2386 0.8289 0.1671
0.7094 0.2880 0.6958 0.1025 0.2572
0.8224 0.1423 0.2983  0.9269 0.6524
0.0272 0.2723 0.5418 12093 - 0.7984
0.7140 0.7101 0.0809 0.9921 0.1243
03412 0.2555 0.9391 0.7334 -0.0697
0.8663 0.8206 0.5403 0.4366 0.4345
0.4887 0.4449 04361 0.6267 0.5252
0.7337 0.3865 0.5506 0.2544 0.1026
03297 04204 03151 0.7794 0.7279
02796 0.5065 0.4061 0.3002 0.0478
0.1768 0.4292 02114 0.9432 -0.0267
0.1810 0.6450 0.5559 0.7471 0.3977
0.7401 0.7606 0.8463 0.4224 -0.4437
0.3809 09226 0.6033 0.7688 -0.1951
0.5824 1.0455 0.6702 0.2624 -0.2055
0.1280 04668 0.1988 0.4574 0.1677
0.6313 0.7213 0.3652 0.9892 | | 0.5594 |
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Table 2.1: Performance Index of WSNN and WANN networks for different wavelet activation

functions
Performance Index (J)
Examples Networks N.H. (M)
Mexican hat Morlet Sinc
WSNN 15 (34=5) 1.1576x10° | 1.339x10° | --ceommoeeeen
Example 1 WANN 2.817x10° | 1.993x10° | 4.388x10°
NN 20 9.01x10°
WSNN 15 (M=) 4.3x107 32x107° | cmeeemeeeee-
Example 2 WANN 2.762x10” | 1.147x10> | 3.319x10”
NN 13 4.019x10°
WSNN 15 (4=5) 1.508x10° | 1.452x107 | --eeemmeeeee-
Example 3 WANN 1.436x10* | 3.591x10™ | 2.042x10™
NN 15 2.769x10™*
WSNN 15 (M=) 2.6536x10” | 2.0679%107 | —cecommeeem
Example 4 WANN 1.229x10° | 9.737x10° | 2.280x10™
NN 18 4.849x10”
WSNN 15 (1=5) 1.0976x10” | 2.6546%107 | -mmeemmneeee-
Example 5 WANN 2.632x10”7 | 7.530x10° | 6.837x10°
NN 16 1.04x10°
WSNN 15 (=5) 9.0252x10° | 8.3505x10° | -eeeoeeeeeee-
Example 6 WANN 8.668x10° | 8.228x10° | 2.622x107
NN 20 1.096x107
WSNN 28 (4=5) 7.7x107 RSO R —
Example 7 WANN 3.4516x10° | 3.482x10” | 9.9988x10~
NN 12 8.0x10™
WSNN 28 (M=5) 4.0988x10° | 2.3x10" | ceeeemeeeee-
Example 8 WANN 6.2074x10° | 3.0x10” 1.1721x10”
NN 12 8.23x107




In Table 2.1, different networks namely Wavelet Activation function Neural Network
(WANN), Wavelet Synapses Neural Network (WSNN) and Neural Network (NN) are shown in
second column. In this column, the network with better performance is Bold. Third column
shows the Number of Hidden neurons (N.H.). The maximum number of scaling factor (M) for
WANN and WSNN is shown in bracket. The last column is also shows the performance index J
for different wavelet functions namely Mexican hat, Morlr\et and Sinc. The best performance

index is Bold.

2-7 Conclusions
In this chapter, a comparative study of Wavelet Synapses Neural Network (WSNN) and

Wavelet Activation Neural Network (WANN) networks is studied. Three types of wavelet
activation functions, namely Mexican hat, Morlet and Sinc are tested in WSNN and WANN
networks. The comparative result of different wavelets shows that Mexican activation function
yield better performance in WANN network however in WSNN network most the times Morlet
activation function is better. WSNN does not convergence with Sinc wavelet function. WANN

network generally yields better performance than WSNN network.
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Chapter 3

Generalized Wavelet Networks

3-1 Introduction

At the present scenario, wavelet decomposition emerges as a new powerful tool for
function approximation due to its multi-resolution property. Wavelet Neural Networks (WNN)
inspired by both the feed forward neural networks and wavelet decompositions have received
considerable attention [Q. Zhang’92, 97] [J. Zhang’95] and become a popular tool for function
approximation.

The main characteristic of WNN is that some kinds of wavelet functions are used as the
nonlinear transformation function in the hidden layer, instead of the usual sigmoid function.
Incorporating the time-frequency localization properties of wavelets and the learning of the
general Neural Network (NN), WNN has shown its advantages over the regular methods such as
NN for complex nonlinear system modeling.

In this chapter, two types of WNN namely Summation Sigmoid-Wavelet (SS-W) and
Multiplication Sigmoid-Wavelet (MS-W) are proposed [Banakar'06a]. Literature survey
indicates that all studies show the efficacy of wavelets when used in wavelet network. But none

of the reported work caters a comparative study for different types of the wavelets. The presented
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work is an attempt to propose a comparative study for three types of wavelet used in WNN,
namely, Mexican hat, Morlet and Sinc wavelet function. The idea of this work is to use
approximation of inputs by Sigmoid Activation Function (SAF) and Wavelet Activation
Functions (WAF) separately and then to combine them. The SAF in NN can modulate low
frequency section of signal and the WAF in WNN can modulate high frequency section
especially sharp section of signal. Conjunction of SAF and WAF combines the localize
approximation property of wavelets with functional approximation properties of neural network.
The temporal change in dynamic system, particularly when the changes are sharp, can be
accumulated in wavelets. The output of every neuron in SS-W is summation of SAF and WAF
and output of each neuron in MS-W is the product of these two.

The result of these two models are compared with a Localized WNN (LWNN) that
proposed in [Banakar'06b]. A local model is used in WNN to approximate output of each
wavelet. It means that localization of wavelet is approximated by a linear function of inputs (i.e.,
local model) then precise output of the WNN hopes to be improved. By LWNN the precision of
the results increase but complexity of network is increased while in two proposed SS-W and MS-
W networks precision increases where as complexity decreases.

This chapter is organized as follow: In section 3-2, Localized wavelet Neural Network
(LWNN) is discussed. Section 3-3 i)roposes sigmoid-wavelet neuron networks. SS-W & MS-W
neuron networks are described under this section. Universal approximation of the proposed SS-
W & MS-W neuron networks are described in section 3-4. The learning algorithm based on
Gradient Descent describes in section 3-5. Structure determination of the pfoposed networks is

derived in section 3-6. Experimental results are revealed in section 3-7 and, finally conclusions

are relegated to section 3-8.
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3-2 Localized Wavelet Neural Network (LWNN)

The structure of LWNN is shown in Fig. 3.1. Same as WANN the network is framed into

four layers. Layer wise description of the network architecture has been given below:

. Layer 1 (Input layer). The neurons in this layer only transmit the inputs to the
hidden neuron.
o Layer 2: This layer hold two inner sections. First the inputs are weighted with C,

and then they are passed through wavelet activation function¥ 45 . The mathematical

expression for the output of this layer is given in (3.1).
2
0. =V, b( > Ca b’ J (3.1

o Layer 3 (Localized Layer): In this layer, the local models W, ,,(X) exert on

outputs of second layer. It's mean that localization of wavelet is approximated by a local

function to increase the precision. The local model ¥, ',,(X) expressed as linear function

of input X as follows:
Wt LA ?d('
<9

W,,(X)=Wo, +Wo, -x, + W2, 2y +.ct W, - x é<$% (3.2)

Output of nodes in third layer is:

0., =W ,(X)-0;, TR PRUN € & )
o Layer 4 (Qutput Layer): The final output of the network is
n M a-l 3
Y=>>0o., (3.4)
a=l1 b=
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Fig. 3.1. Localized Wavelet Neural Network (LWNN)

For a WANN network with scaling factor M, there is M -(M +1)/2 hidden neuron.
Therefore, the total number of learning parameters C in Layer 1 is equal to n-M-(M +1)/2,

where n is the number of inputs. The number of learning parameters W in Layer 3 is also equal

to(n+l)-M- (M +1)/2. Therefore, the total number of learning parameter in this model is equal

to (n+2) M-(M+1)/2.

3-3 Sigmoid-Wavelet Neuron Networks

In this section, we introduce a feed-forward network. Each neuron in this network is a
combination of SAF and WAF. In both network a Sigmoid-Wavelet (S-W) neuron is used in
hidden layer. If the summation operator combines SAF and WAF, that results a Summation
Sigmoid-Wavelet (SS-W) neuron, Whereas with a product operator results a Multiplication

Sigmoid-Wavelet (MS-W) neuron.
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3-3.1 Feed-forward network

Feed-forward network with different type S-W neuron in the hidden layer is proposed.
Figure 3.2, shows a feed-forward network. In the hidden layer, neurons represented by ‘G’ are S-

W neurons. The output of feed-forward network is given in (3.5)

. L
) (. =ZWI'J’1 (3.5)

I=1

where y, is the output of S-W neurons, W, is the weights between hidden neuron and output

neurons and L is the number of hidden neuron.

[ L |
Imput Layer Hidden Layer Ouiput Layer

Fig. 3.2. Feed-Forward Neural Network

3-3.2 Summation Sigmoid-Wavelet (SS-W) Neuron

The detailed structure of S-W neuron is shown in Fig. 3.3. The output of each S-W

neuron is summation of the output from SAF and WAF and is given by (3.5).
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Fig. 3.3. Summation Sigmoid-Wavelet (SS-W) neuron network

e
v, k)= 5 (k)+ ¥ (k) (3.6)
The function yf-’ and y}’-’ are output of SAF and WATF for /" S-W neuron, in the hidden

6
layer, respectively. The function }; and y}’-’ are expressed as (3.7-3.8)

y2(k)= 9(2 i -xi(k)J 67
i=1
y}’-’(k)=l//(zc;i, 'x,-(k)) (3.8)
i=1
X; is ™ input. C; and C, are weights to inputs signal for SAF and WAF, in each hidden

neuron, respectively.

3-3.3 Multiplication Sigmoid-Wavelet (MS-W) Neuron

The detailed structure of MS-W neuron is shown in Fig. 3.4. The output of each S-W

neuron is product of the output from SAF and WAF and is given by (3.9)
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Fig. 3.4. Multiplication Sigmoid-Wavelet (MS-W) neuron network

¥, () =y0(0). Y () (3.9)

6
The function }; and y}’-’ are outputs of SAF and WAF for f" S-W neuron, in the

6
hidden layer, respectively. The function J; and yj-’ are expressed as discussed in (3.7-3.8)

3-4 Universal approximation of the S-W neuron networks

For system identification, the Universal Approximation means that for any given

continuous output trajectory y(t) of any nonlinear dynamic system over any compact time-

interval #€|t,,T], the output P(t) of the SS-W and MS-W networks can approximate y(f)

uniformly with arbitrarily high precision. The proposed SS-W and MS-W networks can be
shown to be a universal approximate for continuous functions over compact set if it satisfies
some certain conditions. The conditions for different wavelet functions are described in

following theorems. Prove of the theorems have been given in appendix A.
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Theorem 3.1: Universal approximation theorem of SS-W neuron network, for any real function
h:R" - R" which is continuous on a compact set A R" and for any given

£ >0 there is an SS-W network f, with Mexican hat, Morlet or Sinc WAF, such

that sup| f(x)- h(x)| < £. Here ||| can be any norm.
xeA

Theorem 3.2: Universal approximation theorem of MS-W neuron network with Mexican hat
WAF, for any real function h:R" — R™ which is continuous on a compact set
A cN" and for any given & >0 there is an MS-W network f,with Mexican hat

WAF, that satisfies condition (3.10), such that sup|/(x)~ 4(x)| < £. Here ||| can be
xef

any norm.

C,,,X;tbiag (3.10)

where C,, = {Cm sCy, . o }, X = {x,,xz,...,x,,}.
Theorem 3.3: Universal approximation theorem of MS-W neuron network with Morlet WAF, for

any real function 4:R" — R” which is continuous on a compact set A c R” and

for any given £ >0 there is an MS-W network f,with Morlet WAF, that satisfies

condition (3.11), such that sup|f(x)- A(x)| < £. Here ||| can be any norm.
xef

C, X ¢b+a(2p+l)% G.11)

where C,, = {C,,,‘,CWZ,..., CW_}, X= {x,,xz,...,x,,} and p is any integer value.
Theorem 3.4: Universal approximation theorem of MS-W neuron network with Sinc WAF, for

any real function 4:R" — R"™ which is continuous on a compact set A c R" and
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for any given £>0 there is an MS-W network f ,with Sinc WAF, that satisfies

condition (3.12), such that sup|f(x)-A(x)| < £. Here ||| can be any norm.
xeA

CyX#b+pa (3.12)

where C,, = {C,,,I,CWZ,..., Cy, }, X ={x,,%,,..,%,} and p is any integer value.

3-5 Gradient Descent learning of parameters

The gradient descent learning can be achieved by minimizing the performance index J
and using the parametric update equation as given in (2.18) and (2.20), respectively.

Applying gradient descent technique to modify the parameters W,, & C,, in LWNN

results the following parameter update formulas for p"‘ data set:

aJ 1 oy |
AW =— =7- e
Masld) Yo T ), (3.13)
aJ 1 )4
AC =— =7 ‘e-
P a,b(q) n aca,b n ny aca’b (3.14)

P

where e = y -y is the error between the actual output and the model output. By applying

chain method to the above equations, 6a and aaY for LWNN network are derived as
ab ab
follows:
4 3
of 80 MWulX) 50 _\, ($ci
oW aw . oW’ ab —Vap ab "X (3:15)
ab ab ab i=1
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oy 80}, w,,(X) o
=2 = .0 =x, - C, x
owi, oW, oW, ab = Xi " Wap Z ab " Xi (3.16)

i=1

oF o0 20 o
6Cj’,, = 6C;,: = Wa,b(X)‘ aC;’: = Wa,b(X)'xi ’ 'Wa,b(g Ca,b ) xi) 3.17)

where O, and O}, are outputs of second and third layers in LWNN network as shown

in Fig. 3.1.
In S-W neuron networks by applying gradient descent technique to modify the

parameters # , C & Cj, following parameter update formulas for p™ data set are resulted:

& 1 o7
AWig)=- =n- e
p I(q) n 6Wj -77 P'yf aijL, (3.18)
aJ 1 of|
A G =~ =n- e
4 W/(q) ﬂaCW, n P‘y3 GCWII (319)
o 1 oF|
AC =- =7n- e
,Cs,(@)=-n 2, T E R aG ] (3.20)
p
Applying chain method to ;VYJ , 6?,; and 6(2‘: in above equation for SS-W and MS-
W neuron networks the following equations are derived:
a) For SS-W neuron network
o) 0
=}’j(k)=yj(k)+.1’;'(k) (3.21)

o,
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) _ 0w, t//( ZIC ()) (3.22)

oCy, j=

2w, of £ s 500) oz
o) For S neuro networ

s =2 =0 ) 02

B0 05560 £ c16)56) 029

2O s e0e £ ) o

@ and y in (3.16-3.21) are SAF and WAF, respectively. SAF @ is given in (3.22).

1
os)= 3.22
()= (3.22)
where s = ZC’ ‘X, . Differential functions for the SAF is 8’ and expressed as follows:
i=l
8'(s)=6(s)- (1 -6(s)) (3.23)

WAF y and y' the differential functions of the WAF's, for Mexican hat, Morlet and Sinc

function wavelet functions are given in (2.11-2.13) and (2.27-2.29), respectively.
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3-6 Structure determination of S-W neuron networks

There are two methods for selecting the number of hidden layer neurons in feed-forward
neural network. In one method, initially large numbers of hidden layer neurons are selected. As
the training progress, the neurons output are monitored to remove the redundant and the inactive
neurons from the hidden layer. Redundant neurons are those whose output is a linear
combination of the rest of the two or more neurons for all the data set. Inactive neurons are those
whose output remains constant for all the data set, they add a bias to the next layer neurons.
Second method employs, in the beginning, a fewer number of neurons in the hidden layer, as the
learning progresses the number of hidden layer neuron is increased. While increasing the number
of neurons in the hidden layer, redundancy and inactiveness should be checked.

In this thesis, method for structure determination of the network is devised for feed-
forward S-W neuron network. Each SS-W and MS-W neuron is a parallel combination of WAF
and SAF; it means that the number of WAF and SAF is the same. Since wavelet parameter is
highly dependent on the nature of the input-output signal, initially the scaling parameter is
selected with the minimum possible value (a=1 for normalize 1/O signal) and shifting parameter
is chosen by appropriate positioning of wavelet (i.e., 5=0). This results in a single hidden layer
neuron. Later on, by gradually increasing the scaling factor and appropriate positioning of
wavelets the number of neuron in the hidden layer goes on increasing, resulting in the growth of
network. A criterion is specified to stop the growth of the network. The decomposition of the
input signal space by the wavelets is shown in Fig. 3.5. As shown in Fig. 3.5, we select minimum
number of WAF by using scaling factor a=1 and shifting 5=0. Therefore, the number of sigmoid
activation function is one. In total, for a=1 there is only one neuron constituting one WAF and

SAF. In the next step the WAF with scaling factor a=2 is added to previous network. For a=2
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shifting parameter b is change from 0 to 1. Therefore, in this stage there are three WAF along
with three SAF. In this stage the numbers of neuron increase to 3. In the same way for a=3
shifting parameter b is change from 0 to 2 and the number of neurons increase to 6. In this
manner, the network grows itself until the specified criterion, for stopping of this growth, is

accomplished.

Vi Vi Vi ]

Fig. 3.5. Wavelet with different scaling factor and shifting

Various methods for correct selection of these parameters, in more effective way, have
been proposed in [Zhang’95, Oussar'00]. Since the data are normalized, the number of wavelet
function with scale ‘a' needed to cover normalized range is no more than a+1. Let a the value
for scaling factor, the value of shifting parameter b change from 0 to a-1. Here, in proposed
method, firstly, the number of WAF is to be fixed and then the same number of SAF is added. To
select the number of WAF, we increase scaling factor from one to higher value, in step of one,
until we obtain the desired accuracy. For a value of scaling factor a, the number of hidden S-W

neurons in network is equal toa(a +1)/2. Therefore, the total number of learning parameters in

this model is equal to a(a +1)-(2n+1)/2.
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For every scaling factor a, the network is initialized and trained. The number of scaling
factor and therefore number of hidden neurons continued to be increased until this increase in
hidden neurons improves the model performance index J expressed in (2.18). Figure 3.6 shows

the algorithm of structure determination.

3-7 Simulation Results

In this section, different types of dynamic systems that are discussed in chapter 1 have
been considered. The proposed SS-W and MS-W neuron networks in feed-forward network have
been tested with three different types of wavelet functions, namely, Mexican hat wavelet, Sinc
wavelet and Morlet wavelet function.

Revisited Example 1: Linear regression with nonlinear input

Figures 3.7 and 3.37, show the procedure of structure determination for SS-W neuron network.
The scaling factor ‘a’ has been increased one by one. For ‘a=1’ there is only one WAF with one
SAF that constitutes one neuron. The performance of this model is shown in Fig. 3.7 with solid
line. For ‘a=2’ there is three WAF. First wavelet is for ‘a=1" and the rest two are corresponds to
‘a=2’ with shifting parameter ‘6=0 & 1°. Therefore, three SAF are also added to form three SS-
W neuron networks in the hidden layer of feed-forward network. In Fig. 3.7 the performance of
the model with 'a=2' is shown with dashed line. In the next step increasing the scaling factor is
increased to ‘a=3’ the number of neuron in the hidden layer is increased to six. This increase is
due to addition of three WAF with shifting "6=0, 1, & 2". In Fig. 3.7 the learning pattern of the
model with 'a=3' is shown with dotted black color line. Since the performance reduces due to this

increase of 'a’ from 2 to 3, further increase of its value is stopped so the model with 'a=2' is to be

considered as model with best performance.
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Table 3.1 shows performance index J for Mexican hat, Morlet and Sinc wavelet

activation functions. In this table, number of Hidden Neuron (H.N.) for each model also has been

shown. Initialization of the learning parameters #, Cs and Cy for all wavelet and the learning

parameters for Mexican hat, Morlet and Sinc wavelet function corresponding to the learned SS-

W neuron network are as follows:

Initialization of the learning parameters:

0.1934 0.8216 0.6602 0.3411 0.5416
W =10.6822 C; =10.6449 03419 0.5340 Cy =10.1508
0.3027 0.8179 0.2897 0.7271 0.6979

For SS-W neuron network with Mexican hat wavelet function:

0.7254 0.4502 0.4534 0.9474 0.5796
W' =|-05889| C/=|0.7798 05004 0.0121]| C}=|0.6658
1.1855 03642 0.4942 0.4880 0.4610

For SS-W neuron network with Morlet wavelet function:

0.4984 0.1321  0.0556  0.9209 1.1391
W' =1-00850 C/=|02035 07568 0.5316] CJ=|0.1046
1.2565 0.1970  0.5095 0.3451 0.5440

For SS-W neuron network with Sinc wavelet function:

0.7805 0.5208 0.2643 0.9944 0.0416
W’ =|-06753| CI=|0.0287 04157 05242 CJ=|1.0471
0.8946 0.0940 0.5112 0.4782 0.6568

0.3783
0.8600
0.8536

0.0727
0.2252
0.1697

0.2984
0.8329
-0.0482

0.4875
0.9260
0.5245

0.5935
0.4965
0.8997

0.3838
0.4201
1.1744

0.0283
0.9810
0.5068

0.4077
0.4550
0.7591

In this example, Morlet wavelet yields better result with J=1.734x10%. Figure 3.8 shows learning

pattern of SS-W neuron network with different types of wavelet function.
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Fig. 3.6. Algorithm for Structure Determination
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Fig. 3.7. Learning pattern of feed-forward network with SS-W neuron network using Morlet

activation function with scaling factor a=1, 2 & 3 for Example 1
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Fig. 3.8. Learning pattern of SS-W neuron network with all wavelet functions for Example 1
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Figures 3.9 and 3.38, show the procedure of structure determination for MS-W neuron
network. The scaling factor ‘a’ has been increased one by one. For ‘a=1" there is only one WAF
with one SAF that constitutes one neuron. The performance of this network is shown in Fig. 3.9
with solid line. For ‘a=2’ there is three WAF. First wavelet is for ‘a=1" and the rest two
corresponds to ‘a=2’ with shifting parameter ‘b=0 & 1°. Therefore, three SAF are also added to
form three MS-W neuron networks in the hidden layer of feed-forward network. In Fig. 3.9 the
performance of the network with 'a=2' is shown with dashed line. Further increasing the scaling
factor, i.e., ‘a=3" the number of neuron in the hidden layer increased to six. This increase is due
to addition of three WAFs with shifting "6=0, 1, & 2". In Fig. 3.9 the learning pattern of the
network with 'a=3' is shown with dotted black color line. Since the performance reduces due to
this increase of 'a’' from 2 to 3, further increase of its value is stopped so the network with 'a=2' is
to be considered as network with best performance. In this example, MS-W network has three
hidden neuron. Initialization of the learning parameters W, Cs and Cy for all wavelet functions is
same as SS-W neuron network. Figure 3.10 shows learning pattern of MS-W neuron network
with different type of wavelets. Learning parameters for Mexican hat, Morlet and Sinc wavelet

function corresponding to the learned MS-W neuron network are as follows.

For MS-W neuron network with Mexican hat wavelet function:

1.2325 0.5197 0.3334 0.3799 0.7042 -0.1224  0.6061
w/ =10.3809 C/=10.8730 0.1681 0.6703 Cy =|0.4457 04127 0.2055
0.1769 0.9363 0.8708 0.9645 0.3613  0.4217 0.1096

For MS-W neuron network with Morlet wavelet function:
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-0.0602 0.8185 0.6608 0.3415 0.6088 0.3229  0.5377
W/ ={ 05548 | C{=[0.6340 03407 0.5837| Cj =|-0.1648 0.4196 -0.0864
1.1146 0.8862 0.3314 0.8063 0.4203 -0.0865  0.6054

For MS-W neuron network with Sinc wavelet function:

0.9520 0.4317 0.9389 0.3218 0.4475 -0.4184 0.7518
W’ =(-02201| C{=|0.1141 04661 0.8700| Cj={0.8709 0.7142 -0.0132
0.7252 0.8605 0.9715 0.8332 0.6003  0.7018 0.7514
---- a=2
3
10°8 e a=3 |

: .
J 3
5
10 % 3
\‘u- . :
0% 0 T e
0 200 400 600 800 1000
epoch

Fig. 3.9. Learning pattern of feed-forward network with MS-W neuron network using Morlet

activation function with scaling factor a=1, 2 & 3 for Example 1
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Fig. 3.10. Learning pattern of MS-W neuron network with all wavelet functions for Example 1

Table 3.1 shows performance index with different network. For each network, Wavelet

function with the better performance is Bold and the best is Bold-Italic. MS-W neuron network

with Morlet activation function yields better performance. Actual output & network output for

MS-W with Morlet wavelet function and error between them have been shown in Fig. 3.11.

Table 3.1: Performance index (J) with different networks and wavelet functions for Example 1
Model —»

SS-W MS-W WNN LWNN NN
HN. - 6 6 15 15 20
Mexican hat [2.763x10°[1.505x10°| 2.817x10® | 1.843x10°
Morlet | 1.734x107° | 7.585x107| 1.993x10° | 5.806x10° | 9.01x10°
Sinc 5.566x10° [ 1.714x10°| 4.388x10° | 6.750x10®
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Fig. 3.11. Actual output and network output with MS-W (Morlet) neuron network and the error
for Example 1

Revisited Example 2: Non-linear regression with random input
The structure determination of the SS-W neuron network is started from ‘a=1’. We

" increase scaling factor one by one. For every scaling factor the model is being learned. Figures
3.12 and 3.37 show that an increase in scaling factor decreases the performance index. In Fig.
3.12, the performance of the network with ‘a=4' is shown with dashed-dot line. By increasing
scaling factor from 3 to 4 the performance index does not improve. So scaling factor "a=3" is
selected. Table 3.2 shows that SS-W model with Morlet wavelet function yield better result with
performance index J=1.648x10". Figure 3.13 shows the Learning pattern of SS-W neuron
network with all wavelet functions. SS-W neuron network with Morlet wavelet function yields
better result. Initialization of the learning parameters W, Cs and Cy for all wavelet functions and
learning parameters for Mexican hat, Morlet and Sinc wavelet function corresponding to the

learned SS-W neuron network are as follows.
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Initialization of the learning parameters:

028447
0.4692
0.0647
0.9883
0.5827
0.4235 |

[0.6945
0.6213
0.7948
0.9568
0.5225
 0.8801

0.1729
0.9797
0.2714
0.2523
0.8757
0.7373

0.1365]]
0.0117
0.8939
0.1991
0.2987
0.6614 |

0.4965 0.3419
0.8997  0.2897
0.8216 0.3411
0.6449  0.5340
0.8179 0.7271
0.6602  0.3092

For SS-W neuron network with Mexican hat wavelet function:

-

[-0.5873
0.7124
1.1610

-0.0349

-0.6710

W =

| 0.16116]

For SS-W neuron network with Morlet wavelet function:

[ 0.5257]
0.2387

-0.3102
1.1563
0.1041

| 0.5969

Wf

2
i

[0.7220
0.6647
0.7962
1.0360
0.5490
0.9188

3
i

0.2910
0.3976
0.8655
0.7986
0.3401
[ 0.0450

0.1751
0.9902
0.2844
0.2470
0.8723
0.7393

0.5654 0.6631]
0.6184 0.6739
0.6638  0.0673
0.9035 0.8843
0.9343

0.6251

0.3517  0.6497 ]

0.0541 |
-0.0926
0.9160
-0.0480
0.2637
0.5517 |

For SS-W neuron network with Sinc wavelet function:

[-1.0267 ]
-0.5687
0.6634
0.6977
0.0858
| 1.0382 |

0.5016
0.5665
0.9160
13856
0.6364
1.1642

2
I

0.3292
1.0474
0.2490
0.0917
0.8915
0.6049

0.4022]
0.2288
0.9086
-0.1136
0.2880
0.4129 |
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[-0.6071 0.1894  0.9035]
0.9502  0.6577 -0.3634
1.4262 -0.1030 1.0077
0.7930  0.3450  0.5887
0.4494 1.1507 1.1337
| 0.8773  0.0386  0.5877|

[-0.2107 0.7048 0.7356 ]
0.8408 0.7642 0.7181
1.3764 0.4185 0.3031
0.6284 0.2844  0.6090
0.9498 0.7066 0.4947
| 1.5183 03564  0.1966

0.8385
0.5680
0.3704
0.7027
0.5465
0.4448 |

[ 0.4195 -0.0524 1.5715
1.4692 0.8091 0.8285
0.6935 0.3470  0.6080

-0.0476 1.0244 1.2828
0.7678 0.7572 0.3325

| 12763 0.6754  0.3700
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Fig. 3.12. Learning pattern of feed-forward network with SS-W neuron network using Morlet

activation function with scaling factor a=1, 2, 3 & 4 for Example 2
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Fig. 3.13. Learning pattern of SS-W neuron network with all wavelet functions for Example 2
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The structure determination of the MS-W neuron network is shown in Fig. 3.14 and
3.38. We increase scaling factor one by one. For every scaling factor, the model is being
learned. Figure 3.14 shows that an increase in scaling factor from 3 to 4 decreases the
performance index. So scaling factor "a=3" is selected. Figure 3.15 shows MS-W neuron
network with Morlet wavelet function and performance index J=1.14x10" yields better result
than other wavelet function. Initialization of the learning parameters W, Cs and Cy for all
wavelet functions is the same as SS-W neuron network. Learning parameters for Mexican hat,

Morlet and Sinc wavelet function corresponding to the learned MS-W neuron network are as

follows.

For MS-W neuron network with Mexican hat wavelet function:

0.3663] [0.8239  0.4427  0.3504] [0.4605 1.4307 1.3181]
0.3697 0.6466 0.7398  0.4643 0.8790 0.2679  0.3782
wr | 12722 of o 0.1086 0.6310 0.4287 of - 1.4699  0.2401 0.0996
0.0115( ° 10.7272 0.9670 0.5741 " 104654 0.5797 0.7328
0.3907 0.4846 0.8960 -0.0742 0.8827 0.4866 0.9822
0.3525 0.1493  0.0599  0.5516 1.0165 03759  0.6195 |

For MS-W neuron network with Morlet wavelet function:

[0.3819] [0.6968 02118  0.1425] [0.5980 -0.0123 1.2977]
0.5532 0.6278 0.9899  0.0559 0.9313 0.7336  0.4126
s | 0:4300 of o 08312 02727 09200 ., _|07562 02912 03371
1.1513 $ 7109930 0.1459 02559 ¥ [0.0433 0.9934  0.9832
1.0745 0.6058 0.8981 0.4131 0.5472 0.9982 -0.0975
0.3216 0.8711  0.7548  0.6410 | (09107 04966  0.5188
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For MS-W neuron network with Sinc wavelet function:

[-0.8328 ]
-0.1318
0.4229
1.2157
-0.0080
| 0.8076 |

[0.6599
0.5568
0.8306
1.5580
0.5983
0.9680

0.3699
1.0286
0.2402
-0.0885
0.8568
0.7346

0.3790]
0.1483
0.9583
-0.3822
0.2690
0.6711 |

[0.0662
0.8341
1.1880
0.7968
0.8891
1.2417

0.8344
0.4317
0.4777
0.2937
0.6864
0.0826

0.7076 |
0.5897
0.2306
0.9282
0.4932
0.0906 |

Table 3.2 shows SS-W and MS-W neuron networks with Morlet wavelet function have better
performance index than WNN and NN. Actual output & predicted output of MS-W neuron

network, that has best performance, and error are shown in Fig. 3.16.
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- .‘.’f\\m.mu
1 0-5 l ' Attt :u-m;urnlu;na,-:,""._.__..“ —
0 200 400 600 800 1000
epoch

Fig. 3.14. Leamning pattern of feed-forward network with MS-W neuron network using Morlet

activation function with scaling factor a=1, 2, 3 & 4 for Example 2
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Fig. 3.15. Learning pattern of MS-W neuron network with all wavelet functions for Example 2

Table 3.2: Performance index (J) with different networks and wavelet functions for Example 2

Model - SS-W MS-W WNN LWNN NN
HN. - 12 12 15 15 13
Mexican hat |2.838x107 [2.861x10” | 2.762x10” | 1.425x107
Morlet | 1.648x10° | 1.145x10°| 1.147x10° | 2.730x10° | 4.019x107
Sinc 3.457x107 ] 3.131x107| 3.319x10° | 1.403x10™
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Fig. 3.16. Actual output & predicted output of MS-W (Morlet) neuron network and the error for
Example 2

Revisited Example 3: Non-Linear Regression with Non-Linear Input
To determine structure of the SS-W model scaling factor is increased. As shown in Fig.

3.17 and 3.37 scaling factor ‘a=2’ is a good selection for this model because there is a decrease
in performance index by further increasing the scaling factor from ‘a=2’ to ‘a=3’. Figure 3.18
shows the learning pattern of SS-W neuron network with all wavelet functions. Morlet wavelet
function with performance index J= 1.2831x10™ yields better result. Initialization of the
learning parameters for all wavelet functions and learning parameters for Mexican hat, Morlet

and Sinc wavelet function corresponding to the learned SS-W neuron network are as follows.

Initialization of the learning parameters:

0.0575 0.1536  0.7275 0.7176  0.4543
W =10.3675 Cs =]0.6756  0.4783 Cy =]0.6926 0.4418
0.6314 0.6992  0.5548 0.0840 0.3532

79



For SS-W neuron network with Mexican hat wavelet function:

1.4043 0.5219  0.3848 1.1255  0.1423
w' =|-1.1737 c{ =/0.8660 0.0500 C/ =|0.6189 0.6988
0.8438 0.0877 0.7753 1.1825 0.7516

3

For SS-W neuron network with Morlet wavelet function:

-0.1404 0.4138  0.1439 0.6539  0.9401
w/ =1-0.6101 C{=(0.8885 0.2143 Cj ={-0.1573  0.8090
1.4617 0.1535 0.2371 1.4455 -0.0524

For SS-W neuron network with Sinc wavelet function:

1.6235 0.6378  0.8295 1.2126  0.0908
W' =1-12487 Cl=|0.6725 0.4529 C) =|1.4398 1.0214
0.4890 0.6619  1.0008 0.7364  0.8657
10’ : : : :
---- a=2
-------- a:
—— A
1 0-3.5_ i
J
10-3.7E |
4
%
\%"“*-'2:.____ .....
10'3'9 1 n T -~-1 ----- 1 -
0 200 400 600 800 1000
epoch

Fig. 3.17. Learning pattern of feed-forward network with SS-W neuron network using Morlet

activation function with scaling factor a=1, 2 & 3 for Example 3
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Fig. 3.18. Learning pattern of SS-W neuron network with all wavelet functions for Example 3

To determine structure of the MS-W neuron network, scaling factor is increased. As
shown in Fig. 3.19 and 3.38 scaling factor ‘a=2’ is a good selection for this model because there
is a decrease in performance index by further increasing the scaling factor from ‘a=2’ to ‘a=3".
Figure 3.20 shows MS-W neuron network with Morlet wavelet function yields better result.
Initialization of the learning parameters for all wavelet functions is the same as SS-W neuron
network. Learning parameters for Mexican hat, Morlet and Sinc wavelet function corresponding

to the learned MS-W neuron network are as follows.

For MS-W neuron network with Mexican hat wavelet function:

0.9291 0.4274  0.6136 12520  0.0636
W’ =|0.0907 cl=|08978 03487 CJ=|0.6861 0.1496
0.7180 0.7241  0.1487 0.8687  0.7700
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For MS-W neuron network with Morlet wavelet function:

-0.7266 0.1789  0.7075 1.0280 -0.0306
w' =| 0.2420 C/=|0.7362 0.4613 CJ)={0.1226 0.0151
0.7478 0.6930  0.5831 0.6264 0.2613

For MS-W neuron network with Sinc wavelet function:

0.8351 0.4455  0.6482 1.0189 -0.1066
W/ =|-0.7163 C{=]05390 0.7465| CJ}=[09876 03791
1.4378 0.4525 1.1529 14656  0.5487

Table 3.3 shows that MS-W neuron network have better performance with J=1.361x10"*, The

actual output & output of MS-W model with Morlet function and error are shown in Fig. 3.21.
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Fig. 3.19. Learning pattern of feed-forward network with MS-W neuron network with scaling
factor a=1, 2 & 3 for Example 3
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Fig. 3.20. Learning pattern of MS-W neuron network with all wavelet functions for Example 3

Table 3.3: Performance index (J) with different networks and wavelet functions for Example 3

Model — SS-W MS-W WNN LWNN NN
HN. - 6 6 15 15 15
Mexican hat | 1.415x10™ | 1.381x10% | 1.436x10* | 1.412x10*
Morlet 1.283x107 | 1.361x107 | 3.591x107 | 1.753x107 | 2.769x10™
Sinc 1.553x10% | 1.418x10™ | 2.042x10* | 1.403x10”
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Fig. 3.21. Actual output & predicted output of MS-W (Morlet) neuron network and the error for
Example 3

Revisited Example 4: Non-linear Regression of Input and output
The number of hidden neuron for SS-W neuron network is selected by evaluating the

performance index of the model in each step with an increase in scaling factor. Figures 3.22 and
3.37 show the performance index J for scaling factor ‘a=1’, ‘a=2’ and ‘a=3" with one, three and
six WAF, respectively. Scaling factor ‘a=3’ is selected and therefore in SS-W neuron network
there is six WAF in parallel with six SAF. Figure 3.23 shows that Morlet wavelet function yield
better result than Mexican hat and Sinc wavelet function. The performance index of SS-W
neuron network with Morlet function is J=5.8144x10®, Initialization of the learning parameters
W, Cs and Cy for all wavelet functions and the learning parameters for Mexican hat, Morlet and

Sinc wavelet function corresponding to the learned MS-W neuron network are as follows.
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Initialization of the learning parameters

0.4057 0.1388  0.6037 0.4102
W =|0.9354 C, =(02027 02721 C, =|0.8936
0.9169 0.1987 0.1988 0.0578

For SS-W neuron network with Mexican hat wavelet function:

0.5871 0.5852 1.0646 0.6828
w/' =[-0.1212 C{=[0.9196 0.3019 C) =|0.4357
0.5307 0.2273  0.3373 0.7960

For SS-W neuron network with Morlet wavelet function:

-0.2472 0.2047  0.6295 0.7202
w' =| 03717 C{ =[02612 0.3877 Cy =|1.1281
0.9206 0.2491  0.4202 0.8534

For SS-W neuron network with Sinc wavelet function:

1.1042 0.3352  0.4900 0.7244
w' =|-0.6174 C{=[02803 0.3633 C; =10.3401
0.4585 0.7303  0.8005 0.6166

The number of hidden neuron for MS-W neuron network is selected by evaluating the
performance index of the network in each step with an increase in scaling factor. Figures 3.24
and 3.38 show the performance index J for scaling factor ‘a=1", ‘=2’ and ‘a=3" with one, three

and six WAF, respectively. For this example scaling factor ‘a=2’ is selected and therefore in

MS-W network there is six WAF in conjunction with six SAF.
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Fig. 3.22. Learning pattern of feed-forward network with SS-W neuron network using Morlet

activation function with scaling factor a=1, 2 & 3 for Example 4
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Fig. 3.23. Learning pattern of SS-W neuron network with all wavelet functions for Example 4
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The learning pattern for different wavelet function is shown in Fig. 3.25. Morlet wavelet
function with performance J=6.394x10° is better. Initialization of the learning parameters for all
wavelet functions is the same as SS-W neuron network. Learning parameters for Mexican hat,
Morlet and Sinc wavelet function corresponding to the learned MS-W neuron network are as

follows.

For MS-W neuron network with Mexican hat wavelet function:

0.2633 0.4207  0.9500 0.4913  0.5861
w/ =|0.9345 C{ =10.5962 0.8587 C) =[1.1295 0.2060
0.2150 0.7877 0.1882 0.7792  0.9338

For MS-W neuron network with Morlet wavelet function:

0.4836 0.4960  0.4889 0.1344  0.6227
W' =|0.7579 c!=|04507 08517| Cj=|0.7711 0.7040
1.8742 03975  0.9263 0.5809  0.6553

For MS-W neuron network with Sinc wavelet function:

0.4035 0.6582  0.6469 0.7281  0.5289
W/ ={0.1384 C{=05010 02651| C}=[1.0474 03279
0.5889 0.4738  0.2669 0.9093  1.1550

From Table 3.4, SS-W neuron network with Morlet wavelet function is the best. Figure 3.26

shows its actual output & identify output and the error between them.
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Fig. 3.24. Learning pattern of feed-forward network with MS-W neuron network with scaling
factor a=1, 2 & 3 for Example 4
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Fig. 3.25. Learning pattern of MS-W neuron network with all wavelet functions for Example 4
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Table 3.4: Performance index (J) with different networks and wavelet functions for Example 4

Model — SS-W MS-W WNN LWNN NN
HN. » 6 6 15 15 18
Mexican hat | 8.709x10®° | 6.772x10° | 1.229x10° | 2.933x107
Morlet 5.814x10° | 6.394x10° | 9.737x10” | 1.973x107 | 4.849x107
Sinc 9.673x10° | 8.349x10° | 2.280x10* | 9.372x10°®
1 T T T T
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1 . . N\iposeenssonisnsemnnnss .
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012' 1 1 .
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w
_0.1 { 1 1 1
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Fig. 3.26. Actual output & predicted output of SS-W (Morlet) neuron network and the error for
Example 4
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Revisited Example 5: Gas Furnace Data

For structure determination of the SS-W neuron network, scaling factor increased one by
one. Figures 3.27 show learning pattern for network with scaling factor equal ‘a=1’, ‘a=2’ and
‘a=3". From Fig. 3.27 and 3.37 the model with scaling factor ‘a=3" is selected. Figures 3.28,
shows learning patterns for SS-W model with different wavelet functions. As shown in Table
3.5, Morlet wavelet function has better result with J=1.676x10"". Initialization of the learning
parameters W, Cs and Cy for all wavelet functions and the learning parameters for Mexican hat,

Morlet and Sinc wavelet function corresponding to the learned SS-W neuron network are as

follows.

Initialization of the learning parameters:

0.9501]
0.2311
0.6068
0.4859
0.8913
07621 |

For SS-W neuron network with Mexican hat wavelet function:

-0.6125
1.2767
0.3384
0.4341

Wf

[-0.0497]

| 0.8267)

0.0152  0.8462]
0.7467  0.5251
0.4451  0.2026
0.9318  0.6721
0.4659  0.8381
0.4186  0.0196 |

[-0.0064 0.8239
0.7804  0.5592
0.3359  0.0917
0.8861  0.6255
0.4079  0.7789

| 0.3213 -0.0793

0.7241]

0.3090
0.9981
0.6050
0.8239

0.6170 |

90

[ 0.7798
0.8278  0.9842
-0.2117
0.3719  0.3185
0.8370  0.7128
-0.0775

-0.0892

| 0.8309

[0.4564 09218
0.0185 0.7382
0.8214 0.1762
0.4447  0.4057
0.6154  0.9354
10.7919  0.9169

0.2648

0.4102]
0.8936
0.0578
0.3528
0.8131
0.0098

0.1917]
-0.0306
0.9923
0.6285
0.4825
0.3643 |




For SS-W neuron network with Morlet wavelet function:

[0.7503 ] [0.5363  0.3312  0.7165]] [0.0515 0.4726  0.9382]
0.6885 0.7994 0.5259 0.9740 0.6862 0.7400 0.4478
Wi - 0.2407 cf - 0.6606 0.2490 0.7564 o/ _ 0.5112  0.1053  0.0084
028201 5 [0.9880 0.5863 0.7473| ” |0.6421 0.7742 0.6421
0.1944 0.9439  0.0322 0.4417 0.6189 0.8886  0.4937
0.9577 | (0.0198  0.5337  0.6517| |0.5659  0.8577 -0.2022

For SS-W neuron network with Sinc wavelet function:

[-0.5029] [0.8742  0.6873  0.0355] [0.2194  0.9243  0.0115]
0.6198 0.5390  0.5749  1.0030 0.5954 0.8175 0.7418
wi | 03330 ol - 0.2309 0.1239  0.2185 of - 0.2222 0.3052 0.8288
02710 5 10.9098 -0.0485 0.1770 ¥ “10.8815 0.3829 0.5185
-0.2038 0.6723 02953  0.6804 0.1997 0.5362  0.2375
| 0.6084 10,1571 0.0407  0.6745 | 03975 0.0198  0.5854
l ..... a=
-;)‘ ........ a=
s A ---- a=
10 \':.”\ -_— a=1
SN
S
S
J ““g““h*s‘*
..... ‘.\.‘. .. -
10-6 L hd \.\.\ “.§§.h~~.‘. e
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epoch

Fig. 3.27. Learning pattern of feed-forward network with SS-W neuron network using Morlet

activation function with scaling factor a=1, 2, 3 & 4 for Example 5
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Fig. 3.28. Learning pattern of SS-W neuron network with all wavelet functions for Example 5

Figure 3.29 shows learning pattern for MS-W neuron network with scaling factor ‘a=1",
‘a=2’ and ‘a=3’. From this figure and Fig. 3.38, MS-W neuron network with scaling factor ‘a=2’
is selected. Learning pattern of MS-W neuron network with different types of wavelet function is
shown in Fig. 3.30. Morlet wavelet function yields better result with performance J=1.5258x1 07,
Initialization of the learning parameters for all wavelet functions and the learning parameters for

Mexican hat, Morlet and Sinc wavelet function corresponding to the learned MS-W neuron

network are as follows.

Initialization of the learning parameters

0.5364 0.1311 0.1661 0.6170 0.2168 0.2292  0.3066
W =10.1632 C, =/0.0682 0.9114  0.2689 C, =|0.6517 0.6674 0.7206
0.2109 0.1252 0.1362  0.2206 0.0527 0.3109 0.9544
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For MS-W neuron network with Mexican hat wavelet function:

0.5263 0.3676 0.2345 0.2319 0.4345 0.4230 0.9894
W/ =11.0675 Csf =10.8084 0.3898 1.0246 Cj =[-0.0158 0.3467 0.6899

0.9779 0.5864 0.5886 1.0055 -0.0097 -0.1890 0.9405
For MS-W neuron network with Morlet wavelet function:

0.5364 0.1311 0.1661 0.6170 0.2168 0.2292 0.3066
W' =10.1632 Csf =[0.0682 09114 0.2689 CJ =10.6517 0.6674 0.7206

0.2109 0.1252 0.1362 0.2206 0.0527 0.3109 0.9544
For MS-W neuron network with Sinc wavelet function:

0.6745 0.2838 0.3909 1.1315 0.5535 0.5946 0.8460
w' =0.4021 Csf =[-0.0343 0.2040 0.6045 C,£ =| 0.1973 0.0426 0.7206

0.7322 0.7817 0.3056 0.2442 -0.0816 0.6083 0.7539

Table 3.5 shows comparative study of the different neuron networks. In this example,
MS-W neuron network with Morlet wavelet function is better. Actual output and output of MS-

W (with Morlet) model and error between them are shown in Fig. 3.31.

Table 3.5: Performance index (J) with different networks and wavelet functions for Example 5

Model — SS-W MS-W WNN LWNN NN
HN. - 12 6 15 15 16
Mexican hat | 1.208x10° |2.384x10°| 2.632x107 | 8.065x10°
Morlet 1.676x107 | 1.665x1077| 7.530x10° | 3.719x107 | 1.04x10°
Sinc 1.343x10° | 6.641x10°| 6.837x10° | 6.837x10°
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Fig. 3.29. Learning pattern of feed-forward network with MS-W neuron network with scaling
factor a=1, 2 & 3 for Example 5
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Fig. 3.30. Learning pattern of MS-W neuron network with all wavelet functions for Example 5
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Fig. 3.31. Actual output & output of MS-W (Morlet) neuron network and the error for Example 5

Revisited Example 6: Human Operation at a Chemical Plant
Figure 3.32 shows the structure determination of the SS-W neuron network for scaling

factor ‘a=1, 2 and 3°. From Fig. 3.32 and 3.37, scaling factor ‘a=3" is selected. The SS-W model
is analyzed for three types of wavelet and the result is presented in Fig. 3.33 and Table 3.6. It
illustrates that Sinc wavelet function is better among different types of the WAF with
performance index J=8.1898x10%, Initialization of the learning parameters W, Cs and Cy for all
wavelet functions and the learning parameters for Mexican hat, Morlet and Sinc wavelet

function corresponding to the learned MS-W neuron network are as follows.
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Initialization of the learning parameters:

-

0.6273]
0.6990
0.3971
0.4136
0.6552
0.8375 |

[0.7035
0.4849
0.1146
0.6648
0.3653
0.1400

0.5667]
0.8230
0.6739
0.9994
0.9616
0.0588 |

[0.3716
0.4252
0.5946
0.5657
0.7165
0.5113

For SS-W neuron network with Mexican hat wavelet function:

W/

[0.6597]
1.3802
0.2992
0.3615
0.3513
| 0.7515 |

2
Il

[0.6509
0.4109
0.7211
0.7308
0.2305
0.1848

0.7900]
1.1331
0.9197
0.1477
0.2504
0.9317

For SS-W neuron network with Morlet wavelet function:

Wf

For SS-W neuron network with Sinc wavelet function:

W/ =

[-0.0321]
-0.1086
0.8564
0.0344
0.8818
| 0.2789

[ 0.6629]
-0.3057
0.9393
-0.9553
0.9507
-0.0336 |

$2
I

[0.4881
0.9926
0.3732
0.5313
0.1812

0.5019

0.5588
0.4870
0.3973
0.4930
0.9685

0.8270

0.4232]
0.6592
0.6998
0.9587
0.2151
0.1214]

0.2374]
0.8123
0.9421
0.1563
1.0416
0.1172]
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[0.8098
0.0132
0.3258
0.1742
0.3722
10.0117

[0.4194
0.2129
0.0352
0.0811
0.8501

0.3402

0.8016
0.4330
0.2408
0.6348
0.3667

0.4314

0.7764]
0.4893
0.1859
0.7006
0.9827
0.8066 |

0.5226 |
1.0989
0.4514
0.7838
0.8198
0.2220 |

0.4511]
0.9437
0.3523
0.8552
0.9246
0.8864 |

0.6799]
0.3736
1.1871
0.3802
1.3521
0.2705
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Fig. 3.32. Learning pattern of feed-forward network with SS-W neuron network using Morlet

activation function with scaling factor a=1, 2 & 3 for Example 6
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Figure 3.34 shows the structure determination of the MS-W neuron network for scaling
factor ‘a=1, 2, 3 and 4°. From this figure and Fig. 3.38, scaling factor ‘a=3’ is selected. Figure
3.35 shows the learning pattern for different wavelet function. Mexican hat wavelet function
yields better result with performance index J= 6.9712x10. Initialization of the learning
parameters for all wavelet functions is the same as SS-W neuron network. Learning parameters

for Mexican hat, Morlet and Sinc wavelet function corresponding to the learned MS-W neuron

network are as follows.

For MS-W neuron network with Mexican hat wavelet function:

[ 0.8574 ] [0.4001  0.4904 ] [0.2342  0.9645]
0.0283 0.1544  0.8003 0.1279  0.3487

Wi 0.7642 ol - 0.0644 0.8871 o/ - 0.4124 1.0744
-0.4525 5 710.1204  0.3581 ¥ 10.6348  0.7235
-0.0369 0.0293  0.8250 0.1815  0.4005

| 0.7375 0.8650  0.4208 | 0.4031  0.2550 |

For MS-W neuron network with Morlet wavelet function:

[0.1239] [0.7035  0.5486] [0.3717  0.7282]
0.6012 0.4848  0.8584 0.4253  0.2667
o | 04934 ¢l = 0.1146  0.6605 ¢l - 0.5944  0.3501
0.3015 0.6648 1.0156 0.5658  0.6061
0.9614 0.3653  1.0146 0.7161 1.1179
0.9189 0.1401  0.0199 10.5112 0.9401 |

For MS-W neuron network with Sinc wavelet function:

[ 0.8472] [0.6508  0.8391] [0.8095  0.9633]
0.6839 0.4108 1.0945 0.0133  0.5405

pr | 09831, 0721 09377) 03257 05015
-0.4333 0.7309  0.0715 0.1743  0.6810
-0.0034 0.2305  0.2547 03722 0.7700

| 0.8511 ] 0.1847  0.9729] 00116 0.2802
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As shown in Table 3.6, MS-W neuron network has best performance index. Figure 3.36 shows
system output and the output of the MS-W neuron network with the error between them.

Table 3.6: Performance index (J) with different networks and wavelet functions for Example 6

Model — SS-W MS-W WNN LWNN NN
HN. —» 12 12 15 15 20
Mexican hat | 9.277x10° | 6.971x10° | 8.668x10° | 8.360x10°
Morlet 8.674x10° | 7.479x10° | 8.228x10° | 8.506x10° | 1.096x107
Sinc 8.189x10° | 8.739x10° | 2.622x10™ | 1.129x10™

Figures 3.36 and 3.37 show the change of performance index with increasing scaling factor 'a’' for
all examples with SS-W & MS-W neuron model, respectively. The number of hidden neuron is

increased if the performance index improved.

[ ~—— [T a=4 |
~--= a=2
1()"3 ! —_— a=1
........ a=
J
107} ;
]

400 600
epoch

Fig. 3.34. Learning pattern of feed-forward network with MS-W neuron network with scaling
factor a=1, 2, 3 & 4 for Example 6
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Fig. 3.35. Learning pattern of MS-W neuron network with all wavelet functions for Example 6
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Fig. 3.36. Actual output & output of MS-W (Mexican hat) neuron network and the error for
Example 6
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Fig. 3.37. Performance index of feed-forward SS-W neuron network with different scaling
factor ‘a' for all examples
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Fig. 3.38. Performance index of feed-forward MS-W neuron network with different scaling
factor ‘a' for all examples
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3-8 Conclusions
In this chapter, S-W neuron network has been proposed. Each S-W neuron network is a

combination of SAF and WAF. The S-W neuron networks have advantage over either SAF or
WAF separately applied to feed-forward networks. The proposed neuron networks are used in
the hidden layer of a standard single hidden layered feed-forward network. Their performances
are evaluated by modeling of dynamic system. They have been tested on six different examples.

Three types of wavelet activation functions, namely Mexican, Morlet and Sinc are tested
in the S-W neuron network. The comparative results of different wavelets show that Morlet
activation function yields better performance in either SS-W or MS-W neuron networks.

The proposed SS-W or MS-W neuron networks have better performance than WNN
network with WAF only and NN with SAF only, even with fewer number of hidden layer
neurons. The S-W neuron networks have better performance in comparing to LWNN network.

MS-W neuron network yields better performance in comparison to SS-W neuron network.
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Chapter 4

Neuro-Fuzzy Model

4-1 Introduction

Control theory deals with the analysis and synthesis of dynamical systems in which one
or more variables are kept within prescribed limits. Many real world applications need to
describe models for unknown systems [Narendra’90]. In the past few decades, system modeling
and identification attracted the attention of a considerable number of researchers [Narendra’90,
Qin’92, Mastorocostas’02, Xu’87, Sugeno'93, Takagi'85, Azeem'00b, Lee'00], the reason is
its extensive application in practical life.

System identification plays a principal role In Input-Output data analysis, such that a
better result can be obtained from better model. System identification includes two parts:
Structure identification and parameter identification. In structure identification, input variables
and input-output relations are found. In parameter identification, the parameters of the model are
adjusted by optimizing a performance index [Narendra’90, Sugeno'93).

The Parallel (P) and the Series-Parallel (S-P) configurations are the two common
methods to identify parameters for the unknown model of dynamic systems [Narendra’90,

Qin'92- Bernieri'94]. In Series-Parallel configuration, the output of the system (plant) is fed into
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the model. Since there is no feedback of the model output to itself, a static learning algorithm is
applied. In this configuration, the parameter learning will converge if the outputs are bounded for
bounded inputs [Narendra’90].

In the Parallel configuration, the output of the model is fedback as inputs to the model.
Identification using parallel configuration, the model feedback introduces dynamics to the
model; but it can learn the system dynamics without assuming much knowledge about the
structure of the system under consideration [Qin'92]. This model is suitable for long-term and
multi-step prediction in forecasting problem. When information about system is less, this
configuration is better; however, the learning convergence is not guaranteed [Narendra’90].
Since the output of the model can be carried out on-line, the Parallel configuration can be used
for on-line learning approach [Bernieri'94).

Recently fuzzy system identification has attracted the researchers involved with systems
modeling [Jang'93, Sugeno'93, Yager'94, Gebhardt'94, Wu'00, Azeem'03a, Klir'03]. In
describing the behavior of many complex and ill-defined systems, precise mathematical models
may fail to give satisfactory results. In such cases, fuzzy models are used to reflect the
uncertainty of the systems in a proper way. Takagi and Sugeno introduced Takagi-Sugeno-Kang
(TSK) fuzzy model [Takagi'85, Sugeno'88]. The basic idea in this approach is to decompose the
complicated input space into subspaces and then approximate the system in each subspace by a
linear/non-linear regression model called local model. The resulting fuzzy model is the
aggregation of these local models. Later Shing and Jang proposed Adaptive Neuro-Fuzzy
Inference System (ANFIS) as a powerful method for mapping input-output system modeling

based on fuzzy inference system [Jang'93, Nauck'97].

In these application models, it is possible to use both parallel and parallel-series

104



configuration for estimation of unknown parameters of the model. The present work proposes an
implementation of combining parallel and series-parallel configuration on TSK fuzzy model. It
has advantages over both parallel and series-parallel configuration. Premise and consequent part
of the rules in TSK models are learned by parallel and series-parallel configuration respectively,
or vice versa. If the output of plant is feedback to premise part and output of the model feedback
to consequent part, it results a Premise Series-Parallel (PS-P) configuration. In the same way if
model output feedback to premise part and the plant output feedback to consequent part, we have
a Consequent Series-Parallel (CS-P) configuration. Therefore in this way the advantage of both
configuration, i.e. tracking the real output of the plant by series-parallel configuration and long-
term or multi step prediction with less knowledge about the plant by parallel configuration are
exploited together. Consequently, we obtain the best model that follow real output for long time
prediction with less knowledge about the plant.

A lot of learning algorithm has been developed for recurrent models. Two specific
algorithm that are based on GD are Back-Propagation Through Time (BPTT) [Rumelhart'86-
Werbos'88] and Real Time Recurrent Leaming (RTRL) [Williams'89). However, these
algorithms have two main problems: stability and slow rate of the convergence during learning
procedure. The problem is that for stability, learing rate should be small but when that is small
the speed of the convergence become low. To eradicate these two discrepancies large number of
studied has been done for improving the speed of convergence [Wu'00, Yu'95a, Barbounis'06]
in addition to incorporating the stability [Yu'0la, Yu'01b, Chen'94, Wang'97, Yu'95b, Li'06,
Jin'99, Yi'06] to the parameter learning procedure. In [Yu'01b), the passivity theory has been
applied to analyze the stability of the dynamic neural network for identification problem. Yi,

etal., {Yi'06] carried out a comparative study for output convergence [Yi'01, Liu'04, Li'04] and
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the state convergence [Cao'03 a, Cao'03 b, Forti'94, Forti'95, Liang'01] of a recurrent neural
network. Yu, etal. [Yu'95b] have shown that the neuro-fuzzy model under certain condition is
stable by applying the Lyapunov stability theorem and passivity theory. However, they have not
ascertained any boundary for learning parameter. Based on Lyapunov-Krasovskii functional
method, Li and Liao [Li'06] have proposed a robust learning algorithm for recurrent neural
network under noise disturbance while Chen and Jain [Chen'94] have proposed a robust BP
algorithm and shown that by improving the learning rate the algorithm is stable under noise
effect. Wang etal. [Wang'97] have introduced a robust and fast learning algorithm for B-spline
membership function using robust objective function and gradient descent method. Using
Lyapunov stability theorem a mathematical way to calculate the upper bound of the learning rate
for recurrent wavelet neural network [Y00'06] and a mamdani fuzzy model [Lee'00], based on
the parameter of the network, have been introduced, respectively. Azeem, etal., [Azeem'03a]
used an easy and understandable way for adaptive learning rate to increase speed of convergence
rate. In this chapter, presented studies guarantee the stability and the speed of the learning
procedure by applying the Lyapunov stability theorem and the adaptive learning rate to the
learning procedure of neuro-fuzzy model.

The chapter spread over six sections: Brief discussion about neuro-fuzzy model is given
in section 4-2. In section 4-3, parameter identification configurations are devised. Section 4-4
deals with the learning algorithm and convergence analysis of S-W neuron models. Section 4-5

consists of simulation results and discussions. Finally, the conclusions are relegated to section 4-

6.
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4-2 Neuro-Fuzzy model

Each rule of a fuzzy model based on TSK fuzzy model mapped the input space 4™ = R

to a linear function in the output space w" < R, and has the form:
R™ :if x, is Al A xis A7 A...A x,is A7 then y is w"(x) 4.1)
with m=1...M, M being the number of rules. Each rule is premised on its own input

vector X e R", A" is linguistic labels of fuzzy sets describing the qualitative nature of the input

variable X;, /\ and is a fuzzy conjunction operator (usually of T-norm).

The TSK model was introduced in [Takagi'85, Sugeno'88] as a hybrid model, which

integrates the fuzzy conditions in the input space with the functional relationships in the output
space. TSK-model has a linear or nonlinear relationship of inputs w"(x) in the output space.
Rules of TSK model are in the following form:

R™ . if xis A™ then y is w"(x) 4.2)
A linear form of w"(x) in (4.1 & 4.2) is as follows:

w"'(X)=w;" +Wix, o+ Wx, (4.3)

where, w"(x) defines a locally valid model on the support of the Cartesian product of fuzzy sets

constituting the premise parts. The normalized firing strength for the normalized calculation or

non-normalized firing strength for the non-normalized calculation is then multiplied with the
output function w" (x). By taking Gaussian membership function and equal number of fuzzy sets

to rules with respect to the inputs, firing strength of rules (4.2) is written as:
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2
z X, —X .
K. (x)=]]exp —(——”’J (4.4)

i=1 o

mi
where X, and o, are the center and the standard deviation of the Gaussian membership

functions. Applying T-norm (product operator) of the membership functions of the premise parts
of the rule and the weighted average gravity method for defuzzification, the output of the TSK
model is defined as:

M
2 e ()W)
— m=l
Y= (4.5)

M
m=1

The functionally equivalent neuro-fuzzy model of TSK model is shown in Fig. 4.1. In the

following description, ) denotes the input to the /" node in the /" layer; O! denotes the /" node

output in layer /.

Layer 1: Nodes in layer 1 represent input variable. Every node accepts input values and transmits

it to the next layer.
0, =u, =x, (4.6)

Layer 2: Nodes in this layer represent the terms of the respective linguistic variables. Every node

operates on incoming signal with Gaussian membership function expressed by (4.7).

The parameters to be learned in this layer are x,, and o, . Corresponding to each rule

the learning parameter are expressed in vector form as X, = {J_cm,,fmz,..., x,,m} and

O-m = {O-ml’ amZ’ it O-mn}-
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Fig. 4.1. Neuro-Fuzzy model

- \2
Opi = 1p(X)= exp{— M} @.7)

(O-mi )2

Layer 3: Each node in layer 3 represents a fuzzy rule. The output from the nodes in layer 2,
specified for a fuzzy rule, is being input to the nodes, specified for that rule, in layer 3.
The output of each node in layer 3 is the product of all inputs; it represents the firing

strength of that rule. Thus, the firing strength of the m" rule is specified as (4.4, 4.8).

0, =110m=1,.(X) (438)
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Layer 4: Nodes in layer 4 are called consequent nodes. Two inputs are applied to each node in
this layer, namely the output from the layer 3 node and the output from its corresponding
local model approximated by (4.3). The output of each node is the product of both input
and given by (4.9). Where X’ is input for local model either from the system or from the
model depending upon the configuration.

Op =y" =w"(X')- 0, =w"(X')- .. (X) (49)

Layer 5: Three nodes in this layer constitute the aggregation and defuzzification of fuzzy rules.
The output of all nodes from layer 4 is the input to the first node and its output is the sum
of all inputs and expressed as (4.10). The output of all nodes from layer 3 is the input to
the second node and its output is the sum of all inputs and expressed as (4.11). Inputs to
the third node in this layer are the output from first and second node. The output of the

third node in the ratio of these two inputs is given in (4.12).

M 4 M

a=2_10m =Z_l(w”‘( )t o (X)) (4.10)
M M

b=> 0= pu .(X) (4.11)
m=1 m=]

0 =71, =% (4.12)

4-3 Configurations for Parameter ldentification

The problem of identification consists of selecting a suitable model and algorithm for

learning its parameter. In this section, two well-known parameter identification methods, series-
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parallel and parallel configurations are discussed to optimize the learning parameter of the neuro-
fuzzy model. Two new configurations, which are combination of series-parallel and parallel

configurations, applicable to TSK model are proposed.

4-3.1 Parallel Configuration

Parallel configuration for system identification is shown in Fig. 4.2. A Linear/nonlinear
dynamic system models may be represented by mapping from the input space to the output
space, which we call as function approximation. To construct a neuro-fuzzy model for a Multi-
Input and Single-Output (MISO) system using parallel configuration, consider a Non-linear

Auto-Regressive Moving Average (NARMA) model representing a MISO system.

e-1), 9 ~2)..,9(t-1,) (4.13)

_ /[ul(t),...,u,(t—z'“),uz(t),...,u,(t—‘r,.,),J

where uq;(q:l,...,r) and Y denote the inputs and model outputs respectively. T, and 7, are

the corresponding delays. Function ‘f in (4.13) may be linear or non-linear. Here it is supposed
to be a neuro-fuzzy model. The output of model in parallel configuration is a function of the past
output of the model as well as input delays. The premises of the rules, which represent delays as
well as the order of dynamic systems, for a NARMA model of a complex system, are denoted
by:

X = {xl greey x(ril'*"""h*”)’x(f,|+-..+r,,+r+l)""’ xn}

=@ (-7} 0, (0), o (0~ 7,), 50 -1), 5 -7, )}

where n=7,+..+7,+7,+7

(4.14)

In Parallel configuration, input to the consequent partis X' = X .
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Fig. 4.2. Parallel configuration

4-3.2 Series-Parallel configuration

In the series-parallel configuration, output of the model is a function of the input delays
and past values of the plant output as shown in Fig. 4.3. Plant is a system that should be

identified with neuro-fuzzy model.

u(k) Plant Yk
> o an
¥ v
Z Z
A
> Mod¢i
> ®)

=l
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Fig. 4.3. Series-parallel configuration
We shall assume that output of unknown model in series-parallel configuration, which
should be identified is as follows:

)é{u, (@)t —7,) 1, (0), )r("fv)’) 4.15)

A=)yt -2),.. 9t -7

Function ‘g’ in (4.15), represented by neuro-fuzzy model. Where uq;(q =1,...,r) and ) denote

the inputs and model outputs, respectively. 7, and 7, are the corresponding delays. The premise

inputs in this configuration are denoted by:

X= 1900 x(ri|+...+z',,+r)’x(r,,+...+r,,+r+l)’""xn}

= ()t =7, 0, (t) ooy, (t =7, ) (= 1) ¥t =7, )} (4.16)

where n=7,+..+7,+7,+r

In S-P configuration, input to the consequent partis X' = X .

4-3.3 Proposed Configurations

In the proposed configuration, output of the model depends upon the system history as
well as the present and past output of the model as shown in the Fig. 4.4. System history means
present and past input and output of the system. Our objective is that the model should track the
actual system output. It means that the error between plant and model output decrease and results
in an improved performance of the model. In S-P configuration, the main problem is selecting a
model from a class of models and its structure determination. After selecting the model and
deciding about its structure, the problem is reduced to parameter learning of the model. One
important problem in S-P configuration is that model output is of no use during learning

procedure except calculating the error. By using output of the model to learn the learning
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parameter the significance of the model in learning procedure can be acquired. Parallel
configuration has advantage that without much information about the system, it can learn the
parameter of the model. In this configuration, the model output tracks the plant output by
minimizing the error between them. If the convergence of the learning procedure is guaranteed
the parallel configuration, is most suitable for long-term prediction.

Since, a neuro-fuzzy model is divided into two parts; i.e. premise and consequent parts,
either the system output feedback to the premise part and the model output to the consequent part
or vice versa. If the output of the system is feedback to the premise part and the output of the
model feedback to the consequent part of the neuro-fuzzy system, it results a Premise Series-
Parallel (PS-P) configuration. In the same way, if the output of the model feedback to the
premise part, and the output of the plant feedback to the consequent part, we have a Consequent

Series-Parallel (CS-P) configuration.

“ ->{ Plant
an

) v

Z Z

]
A
> Z :
> Mogdél 0
> /! !

Learning

Algorithm

Fig. 4.4. Proposed parallel and Series-parallel configuration
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This configurations can be used in special cases that model is combination of two part.
Especially, as discussed before, fuzzy models are divided into two parts; premise and consequent
parts. For the proposed configuration, the output of the model is written as:

w,(t)yorrt, (t =7, sty (t)y ot (=7, ),

e)=H ¥t 1), -2),.. (- 7,), 4.17)
He=1),3(t2)... 3t -7,)

Function ‘A’ in (4.17) here is represented by neuro-fuzzy model. Where uq;(q =l..., r) denote the

inputs. ¥ and ) are model and system outputs, respectively. 7, and 7, are the corresponding

delays.

a) Consequent Series-Parallel configuration (CS-P)
In CS-P, the output of the model is fedback to the premise part as it is for parallel

configuration and the output of the plant is fedback to the consequent part as it is for series-
parallel configuration, which is shown in Fig. 4.5. It is a well-established fact that the premise
part of each rule in fuzzy models exemplifies a local region in the input space in which
consequent part act as a local model for the output space [Sugeno'93, Takagi'85- Sugeno'88,
Zeng'94- Zeng'95]. These local models in the output space are approximated by linear or non-
linear function of the premise variables. In CS-P configuration, the plant inputs and output with
its delays are employed to approximate the local models in the consequent part of the TSK
model, whereas the inputs and the delays of the model output are utilized to comprehend the

input space region. The premise inputs in this configuration are denoted by:

X= {xl""’x(r,,+..,+t,~,+r)’x(r,-,+“.+t,~,+r+l)""’xn} 418
= (O) =7,y () o, =7, ) 9 -1), 5 -2, )} 19

where input to the consequent part in CS-P configuration is:
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' —
X' = {xl”"’x(f,|+...+t,,+r)’x(r,|+...+‘r,,+r+l)""’xn}

= {u1 (t), ey Uy (t -7, ), u, (t), v U, (t -7, ), y(t - 1),.., y(t -7, )}

(4.19)

Model 4, (t), voes Uy (t - r,,), u, (), (t-7,) l l y(t - 1),y(t - 2),.., y(t - ‘ro)

1

]

! 1

i Premise Part '—> Consequent Part
1 [}

]

j»(t—l),j)(t—2),..,j»(t-ro)l |u,(t),...,u,(t—r,,),uz(t),...,u,(t—z',,)

Fig. 4.5. Output of the plant feedback to the consequent part and the output of model feedback to
the premise part

b) Premise Series-Parallel configuration (PS-P)

In PS-P, the output of the model feedback to the consequent part and the plant output is
used for the premise part as shown in Fig. 4.6. In PS-P configuration, the model inputs and
output with its delays are employed to approximate local models in the consequent part of the
TSK model whereas the inputs and the plant output with their delays are utilized to comprehend

the input space region. The premise inputs in this configuration are denoted by:

X= {xl"“’x(r,l+ +r,,+r)’x(r“+ +r,,+r+l)""’xn}

(4.20
={u () o (=70 ) ) e, (=7, ) e -1), e -7, )} )
and input to the consequent part in PS-P configuration is

X'= {xl""’x(r,,+ +r,,+r)’x(r,,+ +r,,+r+l)""’xn} 421)

=l @)t (=7, ), () o, = 7, ) P -1} 50 -7, )}
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Fig. 4.6. Output of the plant feedback to the premise and the output of model feedback to the
consequent part

4-4 Learning procedure

In this section, structure determination and initialization of the neuro-fuzzy model are
presented. Discussion of different configurations in parameter learning of the neuro-fuzzy
models also is including. In this section, an adaptive learning algorithm is introduced to learn the
parameters of the model.

4-4.1 Structure determination and Initialization

Structure determination in neuro-fuzzy models means determination of the number of
rules and input membership function. Initialization of the neuro-fuzzy models means that
initializes center and standard deviation of membership function and initializes each linear
function in consequent parts. In present work, Gaussian membership function is used. To
determine number of necessary rules Modified Mountain Clustering (MMC) is applied
[Azeem'03a, Yager'94, Chiu'96). The purpose of clustering is to do natural grouping of large
set of data, producing a concise representation of system's behavior. Azeem et.al., [Azeem'03a]
have proposed a simple and easy way to implement, MMC for estimating the number and
location of cluster centers. A brief discussion about MMC and its parameter is covered in

Appendix B.
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4-4.2 Training

To adjust the learning parameter of the model, the performance index J as given in (2.18)
is minimized by Gradient Descent (GD) algorithm. In this section, the GD based algorithm is
applied. Since the parallel, CS-P and PS-P configurations include external recurrent to the model
during learning procedure; criterion for learning stability and convergence has been evolved. To
learn the parameters of the recurrent network, based on the gradient descent, different methods
are presented in literature. All learning methods are the same as of back-propagation-through-
time [Rumelhart'86- Werbos'88] or real-time recurrent learning algorithm [Williams'89] and it
can be applied to adjust parameters of the recurrent network. In this work, by applying Lyapunov
theorem, the learning stability and the convergence of learning procedure is guaranteed. To
guarantee the speed of the convergence an adaptive learning rate with upper bound is applied.

a) Gradient Descent Technique of the parameters
For fine-tuning of initialized model/network parameters, a GD technique with momentum

update and forgetting factor, as discussed in chapter 2, is applied to modify the parameters X ,0

and W in (4.4 - 4.5). The parameter update formula for p"‘ data set is as follows:

aJ 1 )4
A™(q)= -1y STl Py e an{ (4.23)
r r
& 1 o7 |
=1, =1, ‘e 4.24
APO'”" (q) N, ao_m P P. yrz e 60'”"- IP ( )
_ aJ 1 oY
A %.\q)=-7; = E (4.25)
mi r mt P

where e=y-j is the error between the plant output and the model output. By applying the
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chain rule to the above equation, g’;’” , %"1— and —ZYi for different configurations are derived
o

L3 ~mi mi

£ (X)
M—"——— then,

Y n.(X)

as follows: Define g, =

— =B (4.26)

—¥ =x -8, (4.27)

Oy
ox

m 4

2

m

v, (X)L (1 ) 5= Fn) (4.28)

Lar o, (k) Lo (- p,) 0T Eu)

4.29
oo 't H o 31m ( )

X and X' in above equation are determined by (4.14) and (4.16) for P and S-P configurations,
respectively. In CS-P configurations, X and X' are obtained by (4.18) and (4.19), respectively.
With PS-P configuration, (4.20) and (4.21) are used to extract X and X', respectively. Fig. 4.7
shows the learning algorithm for TSK Neuro-Fuzzy model with different configuration. Using
performance indexes J as in (2.18) convergence theorem of the learning procedure is stated as
follows:

b) Learning Convergence theorems

Small value of learning rate 7 results in slower speed of convergence. Large value of 7
causes the learning procedure non-stable. Therefore learning rate should be chosen in such a way
that the stability and convergence be guaranteed. To guarantee the stability during the learning

procedure, Lyapunov stability theorem is applied. This formulates the appropriate range of
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learning rate. Following Theorems guarantees the convergence stability of the neuro-fuzzy

models:

Theorem 4.1: The asymptotic learning convergence of S-P and CS-P configurations (since local
models have same variables i.e. X ) are guaranteed if the learning rate for

different learning parameters follows the upper bound as mentioned below:
0<np,<2-P-y? (4.30)
2:P-y:

max [w(X)’ [%3]2

(4.31)

O0<n, <

2-P.y?

max w(X ) '(cj )2

min

(4.32)

O<n; <

Theorem 4.2: The asymptotic learning convergence of P and PS-P configurations (since local
models have same variables i.e. X' ) are guaranteed if the learning rate for

different learning parameters follows the upper bound as mentioned below:

0<n,<2-P-y? (4.33)
2
0<n, < 2Py 5 (4.34)
2
max [w(X'Y* -| =
JCRES
2
0<7; < 2Py _ (4.35)
N2 2
max (X' [a J

Stability analysis and convergence is carried out in Appendix C.
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c) Adaptive learning rate

The learning rate is adaptive with the lower and upper bounds as mentioned in the above
stated Theorem. Whether the learning rate (;7) is increased or decreased, it depends on the
change in the value of performance index J. A two-phase adaptive scheme, to make the learning
rate adaptive, is used in the GD technique. The initial value of learning rate is kept at 0.1 for all
applications. In the first phase either it increases or decreases by a factor of “10”, When it
reaches within bounds, in a very few epochs (i.e. < 10), then the second phase starts. This
increase or decrease is dependent upon the acceptance or rejection, respectively, for updating the
parameters. In the second phase, involving the operation7 « yn; we choose y=1.05 for the
acceptance of parameter updates and y =0.7 for the rejection of the same. In the first phase, if
the learning rate is continuously decreasing due to the rejection for update of the parameter, and
the learning rate reaches with in a bound, the update of the parameter is accepted. This
acceptance forces the learning rate to increase according to the second phase. If the learning rate
is continuously increasing, in the first phase due to the acceptance for update of the parameter,
and this increase in learning rate goes beyond the upper bound, the update of the parameter is
rejected. This rejection forces the learning rate to decrease according to the second phase. Once

first phase finishes learning rate follows the rule of second phase until the learning last.
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4-5 Simulation Results

In this section, different types of dynamic systems that have been discussed in chapter 1
is considered. The selected dynamic examples are different nonlinear equation with different

dynamic order. First 4 example are dynamical equations and Example 5 is a general benchmark

problem.

Revisited Example 1: Linear regression with nonlinear input

By applying modified clustering and cluster validity function [Azeem'03a, Xie'87], five
rules are obtained. Figure 4.8 illustrates the learning pattern and Table 4.1 shows the value of
performance index of models obtained for all configurations. In this figure, the parallel-series
category has shown by solid-blue, parallel with dot-black, PS-P with dot-slash & green and CS-P
with slash-dot. The S-P and the CS-P configurations have better performance and CS-P is the

best. It means that when the actual output of the system feedback to consequent part it yield

better result. The initial fuzzy rules for the models are listed below:

R:if uk)isA' A pk-1)is 45 A pk)is4, then y'(k+1)is w'(X)
then y*(k+1)is w*(X)

RY: if u(k) is A2
R: if ulk) is 47
R*: if u(k)is A
R if u(k)is 4

where,

A

A

AN

A

Pk-1)is A
yk-1)is 43
yk-1) is 4

yk-1)is 4;

A

A

A

A

ylk) is 43
yk) is 43
k) is 4]
ylk) is 43

then

Y (k+1) is w'(X)

then y*(k+1)is w'(X)

then

Y (k+1) is w'(X)

w' (X)=0.0200 — 0.0356 u(k ) - 0.7385 y(k —1)+1.7168 y(k)
w?(X)=-0.2127 +0.5018u(k) - 0.7315y(k —1)+1.7663y(k)
w*(X) = 0.0727 + 0.0387u(k) - 0.9743y(k — 1) + 1.8446y(k)
w*(X)=-1.4026 +3.6808u(k) - 0.13761y(k — 1)+ 1.0485 y(k)
w*(X) = 0.4522 - 0.6490u(k ) —1.0283y(k —1)+1.8407 (k)
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The premise variable membership function 4;'-4,%, 4,'-4,° and 45'-45° for inputs u(k), H(k-1)
and (k) are shown in Fig. 4.9. The fuzzy rules corresponding to the learned network are listed

below:

RV : if ulk)isA” A plk-1)is 47 A pk)isA” then y'(k+1)is w/(X)
RY: if ulk)isA” A pk-1)is 4 A pK)is4> then y*(k+1)is w?/(X)
RY:if ulk)is4” A pk-1)is 47 A $K)is4 then y(k+1)is w”/(X)
RY:if ulk)is4¥ A pk-1)is 47 A $K)is4 then p*(k+1)is w/(X)

RY:if uk)is4’ A pk-1)is 47 A $(k)is4¥ then y*(k+1)is w*/ (X)
where,

w' (X) = 0.0246 — 0.0248u(k) - 0.7424y(k - 1)+1.7156 (k)
w! (X) = —0.2026 + 0.5045u(k)— 0.7499 y(k — 1)+ 1.7484 y(k)
w (X)=0.0757 +0.0399u(k) - 0.9761y(k — 1)+ 1.8385(k)
w* (X) = —1.4054 + 3.6797u(k) - 0.1360y(k 1)+ 1.0498 (k)

w’/ (X ) = 0.4420 — 0.6545u(k) - 1.0201y(k - 1)+ 1.8430(k)

The learned premise variable membership functions 4; V_4,Y, Azlf -4;Y and A3V -45Y for
inputs u(k), y(k-1) and (k) are shown in Fig. 4.10. Figure 4.11 shows the actual output,
model output and model error with CS-P configuration. In this figure, actual output of the plant
is solid-blue and the model output is dot-red. The error is solid-blue. The value of performance

index J=1.8694x10 for the model obtained for CS-P configuration.
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Fig. 4.11. Actual output & model output with CS-P configuration and the error for Example 1
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Revisited Example 2: Non-linear regression with random input
Figure 4.12 and Table 4.1, show the performance index for different identification

configuration. The CS-P configuration model yields better result with five rules, obtained by
MMC and cluster validity function. The initial fuzzy rule of the CS-P configuration is listed

below:

R':if uk)isd A pk-1)is 4 A j(k)is4 then »'(k+1)is w'(X)

=

R:if ulk)is4? A pk-1)is 42 A pk)is4? then p*(k+1)is w(X)
R:if uk)is4a® A pk-1)is 42 A pk)is4; then y(k+1)is w(X)
R:if ulk)isA4' A plk-1)is 4 A pk)isA] then y*(k+1)is w'(X)
where,

w'(X)=0.3527 + 0.6184u(k) - 0.5301y(k — 1)+ 0.5573y(k)

w?(X)=0.3308+0.7160u(k) - 0.3063 y(k —1)—0.1194 y(k)

)-
w*(X)=0.6575 +0.6492u(k)—-0.3711y(k — 1) 0.2846 y(k)
WAl )-

*(X)=10.5092 +0.7051u(k) - 0.6 106 (k —1)— 0.4889 y(k)
The premise variable membership function 4, LA4* 4,'-45* and As'-45* for inputs u(k) , j)(k - 1)

and jl(k) are shown in Fig. 4.13. The fuzzy rules corresponding to the learned non-normalized

network are listed below:

RV : if uk)isA” A pk-1)is 4Y A pk)isA)Y then y'(k+1)is w'’/(X)
2 if ulk)isd¥ A pk-1)is A A pk)isA4¥  then p*(k+1)is w/(X)

RY:if ulk)isdA” A pk-1)is 47 A pk)isA then y*(k+1)is w*/(X)

RY : if ulk)isA” A pk-1)is 47 A pk)isA4Y then y*(k+1)is w'/(X)
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where,

w" (X)=0.4130+0.7532u(k) - 0.4786 y(k — 1)+ 0.4839y(k

i

w? (X
( 0.1121y(k -1

) ) )
0.3017 +0.7805u(k) - 0.3881y(k —1)— 0.1744 y(k)
)- )-0.2307y(k)
) )

)
w* (X )= 0.6266 +0.5967u(k
)=

w* (X)=0.5018 +0.8116u(k) - 0.4932y(k —1)- 0.6007 y(k

The learned premise variable membership function functions AV -4, 4,Y -4,Y and 45V
-4;Y for inputs u(k), $(k~1) and (k) are shown in Fig. 4.14. Figure 4.15 shows actual output
and model output of the CS-P model. The error for learning and prediction section is shown in

Fig. 4.15. The value of performance Index J=1.1040x10"® is obtained for CS-P configuration.

10

0 200 400 600 800 1000
epoch

Fig. 4.12. Learning pattern of all configurations for Example 2

128



0 L. ‘_M ol .\"»-
0 02 04 yk-1) 06 08 1

0 02 04y 08 08 1

\’ .»""# {!_;.'\,:::;\
f \ \, r‘/ A '\,‘\‘
05} 4 At \./ N3
e ' 52
0 “ =.--“'"’: et ol ~"'°-_’,_
0 0.2 04 (k) 06 08 1

Fig. 4.14. Learned membership functions of the normalized inputs for Example 2
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Fig. 4.15. Actual output & model output with CS-P configuration and the error for Example 2

Revisited Example 3: Non-Linear Regression with Non-Linear Input
By applying MMC and cluster validity, three rules are generated. Figure 4.16 and Table

4.1, show performance index for different configuration of the identification models. CS-P
configuration model yield better result with performance Index J=3.2015x10. Next on S-P
model is better. The initial fuzzy rule of the CS-P configuration is listed below:

R':if u(k)isd! A pk)is Ay then y'(k+1)is w'(X)

R*: if u(k)isA? A p(k)is A7 then py*(k+1)is w(X)

R: if u(k)is4® A pk)is A7 then y*(k+1)is w'(X)

where,

w'(X)=-1.3762 + 2.5888u(k)+1.0779y(k)
w?(X)=~3.8700 + 7.7564u(k) - 0.0247 y(k)
w* (X)=~2.9392 +8.0787u(k )+ 0.0428 (k)
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algorithms have been proposed [Davis’89, Shaefer’87, Whitley’9S, Lobo’97, Azeem'03b].
Azeem et.al. [Azeem'03b] introduced a hybrid method based on GD and GA. They have applied
GA in each epoch of GD to increase the convergence and also to maximize the possibility of
localizing in the region of global minimum. In this work we applied GA to initialization the
proposed WNF models. Later by using GD we tune the learning parameters of the WNF model.
The organization of this chapter is as follows: Wavelet Neuro-Fuzzy model is introduced
in Section 5-2. Section 5-3 envelops the initialization of the learning algorithm based on genetic
algorithm and fine tuning of the WNF parameter by gradient descent. Examples and simulation

are discussed in section 5-4 followed by the conclusion in section 5-5.

5-2 Wavelet Neuro-Fuzzy

In this section, based on MS-W neuron model, which has yield better performance as
discussed in chapter 3, WNF model is proposed. The antecedent part of each fuzzy rule in the
proposed neuro-fuzzy model represents input space in which a local model operates. These local

models are estimated by MS-W neuron model, see chapter 3: Fig. 3.2 and Fig. 3.3.

5-2.1 Architecture of Proposed Wavelet Neuro-Fuzzy

Figure 5.1 shows a wavelet neuro-fuzzy model. This model can be described by a set of
following fuzzy rules:

m

oom . m ~ 5
R : IF xyisd4 and - and x, is A, THEN y = YWNN,,, .1y

Where R™ is the m™ rule; X, is the i" input variable; p,, is the output of the m™ local model for

ruleR"™; fWNN,,, is output of local, MS-W neuron network, model; and A,-m is the linguistic

term of the premise part with Gaussian membership function given by (4.7). From the Fig. 5.1,

structure of WNF is described as follows:
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Layer 1: Nodes in layer 1 represent input variable. Every node accepts input values and transmits
it to the next layer.
Layer 2: Nodes in this layer represent the terms of the respective linguistic variables. Every node

operates on incoming signal with Gaussian membership function expressed by (4.7).

The parameters to be learned in this layer are X, and o,,. Corresponding to each rule

the learning parameter are expressed in vector form as X, = {J?,,,,,f,,,z,..., .}

ando, = {0',,,,, Opaseees a,,,,,}.
Layer 3: Each node in layer 3 represents a fuzzy rule. The output from the nodes in layer 2,
specified for a fuzzy rule, is being input to the nodes, specified for that rule, in layer 3.
The output of each node in layer 3 is the product of all inputs; it represents the firing
strength of that rule. Thus the firing strength of the m™ rule is specified as (4.4).
Layer 4: Nodes in layer 4 are called consequent nodes. Two inputs are applied to each node in
this layer, namely the output from the layer 3 node and the output from its corresponding

local model approximated by MS-W neuron network. The output of each node is the

product of both input and given by (5.2).

o}

Yyne, = H m (X) 5, WNN,, (X') (5.2)
Layer 5: There are three nodes in this layer that constitutes the aggregation and defuzzification of
fuzzy rules. The output of all nodes from layer 4 is the input to the first node and its
output is the summation of all inputs and expressed as (5.3). The output of all nodes from
layer 3 is the input to the second node and its output is the summation of all inputs and
expressed as (5.4). Inputs to the third node in this layer are the output from first and
second node. The output of the third node is the ratio of these two input and given in

(5.5). The output of the third node in this layer is the output of WNF.
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Fig. 5.1. Proposed Wavelet Neuro-Fuzzy Model



In these equations 7 is the number of inputs and M is number of rules and the number of
fuzzy sets for each input is supposed to be equal to the number of rules. To determine number of
necessary rules Modified Mountain Clustering (MMC) is applied. The purpose of clustering is to
do natural grouping of large set of data, producing a concise representation of system's behavior.

The description of MMC can be found in Appendix B.

5-3 Genetic Algorithm and Gradient Descent

In this section a hybrid algorithm based on GA and GD introduced for learning of the parameter.
We use the GA for initialization of the learning parameter. After that by applying GD technique
the learning parameters are adjusted. In this chapter we have applied CS-P configuration that
yield better performance as discussed in chapter 4. In CS-P configuration, the plant inputs and
output with its delays are employed to approximate local models in consequent part of the fuzzy
rules, whereas inputs and delays of the model output are utilized to comprehend the input space
region. The premise and the consequent inputs in this configuration are denoted by (4.18) and

(4.19), respectively.

5-3.1 Basic of the Genetic Algorithm

The basic theory of GA can be found in [Goldberg’89], and in this Section we will
discuss in brief what are the components of GA and how they function in the solution process.
Suppose we are seeking to find a solution to a problem. To apply a genetic algorithm to

that problem, the first thing to do is to encode the problem into artificial chromosomes. These
artificial chromosomes can be the strings of 1°s and 0’s, or the parameter lists, or even the
complex computer codes, but the key thing to keep in mind is that the genetic machinery will

manipulate a finite representation of the solutions, not the solutions themselves. The second
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thing to do to solve a problem is to have some means of discriminating good solutions from bad
ones. This can be as simple as having a human intuitively choose better solutions, or it can be an
elaborate computer simulation or a model that helps to determine the quality of a solution. But
the idea is to ascertain a solution's relative fitness to purpose by some means. The genetic
algorithm will use theée very means to guide the evolution of future generations.

Having encoded the problem in terms of chromosomes and having devised a means of
discriminating good solutions from bad ones, we prepare to evolve solutions to our problem by
creating an initial population of encoded solutions. The population can be created randomly or
by using prior knowledge of possible good solutions, but either way GA will search from a
population, not from a single point.

There are various types of operators that are used in GA, but quite often (i) selection, (ii)
recombination and (iii) mutation. The selection and genetic operators can process the population
iteratively to create a sequence of populations that will hopefully contain more and more good
solutions to our problem over a period of time.

To cite briefly, selection operator allocates greater survival to better individuals. This is
what is known as the survival of the fittest mechanism, which we impose on our solutions. This
can be accomplished in a variety of ways. Weighted roulette wheels can be spun, local
tournaments can be held, various ranking schemes can be invoked, but whatever we do, the main
task is to seek better solutions over worse ones. Of course, if we were to only choose better
solutions repeatedly from the original database of initial solutions, we would expect the
population to contain the best solution of the first generation. However, simply selecting the best
is not enough, and some means of creating new, possibly better individuals must be found. This

is where the mechanisms like recombination and mutation emerge.
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Recombination is a genetic operator that combines bits and pieces of parental solutions to
form new, possibly better offspring. Again, there are many ways of accomplishing this.
Achieving desirable performance does depend on getting the recombination mechanism designed
properly; but the primary concern is to see that the offspring under recombination will not be
identical to any particular parent, so we combine the parental traits in a novel manner.
Recombination by itself is not very useful, because a population of individuals processed under
repeated recombination alone will undergo what amounts to a random shuffling of existing traits.

As against recombination, which creates a new individual by combining the traits of two
or more parents, mutation acts by simply modifying a single individual. There are many
variations of mutation, but the main constraint is that the offspring must have traits identical to
the individual parental traits except that the operator may make one or more changes to an
individual’s traits. Mutation by itself represents a ‘random walk" in the neighborhood of a
particular solution. If applied repeatedly over a population of individuals, we might expect the

resulting population to be indistinguishable from the one created at random.

5-3.2 Components of GA ‘

There are various possible combinations of different components to construct a GA. A
detailed description of different combinations can be found in [Goldberg’89, Davis’91]. Here

we shall give a brief description of the combinations used in this thesis.

a) Solution Representation (Encoding & Decoding)
Binary string representation scheme is used to perform GA evolution. Since we are

required to encode the center matrix ce R” *" ., we normalize each element of ¢ in the search

space by the Span, i°e" (clu,max - cla,mm )’ to yleld cla,nor = (ck: —'ckt,mm )/ (cla,max _clu,mm) . The
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decimal value, decimal(c,,i'2 ), of each element of ¢, for the binary string of length A, is obtained
from the relation: decimal (ch,2)= Chomor / (2" - 1) and the resolution of the binary string is

(c,,,,,m —c,,,_m,,,)/ 2" . Now the decimal(ck,'z) is converted into the binary string by adding

sufficient number of “0s” on the left side of the string in order to complete the specified string

length, i.e. . With this, the total binary length for each solution (chromosome) is Axmxn. A
fixed binary length 4 is taken as 10 for each ¢,,. Further, it may be noted that gradient descent

learning takes care of resolution interval, inherited by the genetic coding, if the solution lands in
the region of basin.

The solution must be decoded before it is evaluated. Steps involved in decoding are (i)
separate the string of length % corresponding to each ¢,,, (ii) convert this string into decimal
value decimallc,;,) and (iii) obtain the value of ¢, from decimallc,,) by the following

formula:

Cy = Cyyon + decimal(c,,,) (c"""(“zx,,__cl*j"““) (5.6)

b) Initialization
A specified number of solution strings of 0’s and 1’s is generated randomly as an initial

population.
c) Evaluation function
Each decoded solution represents a model. An evaluation (fitness) function is defined to
evaluate the degree of fitness of all the models with respect to learning data set. Our goal is to
minimize the objective function J defined by (2.18). Since, GA is used strictly for the

maximization problems, without loss of generality; fitness function is defined as the reciprocal of
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the objective function J. So, minimization of J and maximization of fitness function are
equivalent.
d) Selection, Crossover, Mutation and Reproduction

Weighted roulette wheels approach is opted for parent selection. In the parent selection
care has to be taken such as two identical parents should not crossover, to prevent the production
of two identical children similar to their parent, whose fitness has already been tested.

The two-point crossover is used for the reproduction of offspring. One point is applied to
the premise part of the rules and one point to the consequent part. The two points for the
crossover in the chromosome string are selected randomly. The probability of crossover is set at
pc.=0.8.

The number of mutations in a solution is randomly selected with a very small value of
probability, i.e., p, =0.02.

The technique of generational replacement without duplication is used for reproduction,
and to test for a new solution. In this technique, all the solutions of one generation are replaced

by the solutions of the next generation.

5-3.3 Gradient Descent learning of parameters

After initialization of the learning parameters by GA, we apply gradient descent
technique. Figure 5.2 shows algorithm for initialization by GA and fine tuning of the learning

parameter of the WNF model. The parameter update formulas for p™ data set are as follows:

8J ~1 )¢
A _ — . —a . . . .7
Pam: (q) na' 50‘,,,,- ﬂa Py,z e 60'",, , (5 )
-1 or
A f . ' # A e . . e . .
pmi (q) Ux &?m, 77.\' P yf 55?,,,,- , (5 8)

150



START

Initialize Population

¥
Learning Evaluation of )
Data Set each.
population

ApCs;' (q)'_‘ -n ac

A

Target reached
or
8 max?

Select Best Solution

.......................

|

GD Technique
Fig. 3.7

aJ 1 o7

Selection

'

]

Crossove '
'

)

P —t |
: Mutation :

Fig. 5.2. Algorithm for initialized and learning of the learning parameters

A W"(q)=- —f——
14 l(q) namm n Py2 e amm'

r

aJ 1 oY |
AC..(q)=- = ‘e
+Cy-(2) T =T P e
i Ip
oJ 1 a?|
TP 8
"V, Sln'p

Sl

151

(5.9)

(5.10)

(5.11)

where e =Y -7 is the error between the plant output, ¥, and the model output, Y. By applying



chain rule to the above equation or , or , or , oY and or are derived as follows:
x,, oo, ow" oC,. oC..

/

m

#A.( )

Define g = , then
ey
m=]
Y o, (X)L (1 p,) 26 %) 612
axm: ¥ ,uAm mi .
o N DBn 2-(x,-x, )
oo = b, (X)- =1 5, )———— (5.13)
O, A m
)4 ai;WNN (X')
=f N 7 5.14
an/lm ﬂm alem ( )
oY, (X
oY =, - WNN,,,( ) (5.15)
6CW, GCW,,
oY oy, WNN (X')
= LA R 5.
aC.. B oC.. (5.16)
oY, oY, oY,
WN , il #Nn  in (5.14) to (5.16) for WNF model are expressed by (3.24) to
BCWI,., oC, . oC, .
(3.26), respectively.

5-3.4 Learning Convergence theorem

To consider stability of learning procedure Lyapunov stability theorem is applied.
Theorem 5.1 shows convergence condition for proposed neuro-fuzzy models. The proof of this
theorem is derived in Appendix C.

Theorem 5.1: The asymptotic learning convergence is guaranteed if the learning rate for different

learning parameters follows the upper bound as mentioned below:
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0<n, < ; Y (5.17)
2
Y. X' =
et
2:P.y?
O0<m; < Y 3 (5.18)
i} (lez . 2
o max o':nn
2
0<n, <22 ¥ (5.19)
Oy (X)
aw max
Y
0<n <2t Ve (5.20)
Yy (X')
aCs
2
0<ng, <2 PJ”'Z (5.21)
Oy (X)
Cy |

5-4 Simulation Results

In this chapter, Multiplication Sigmoid-Wavelet (MS-W) network with the Morlet
wavelet function is used in consequent part of the neuro-fuzzy model. In this chapter, the weights
between input layer and hidden layer in MS-W neuron model, Cs and Cy in Fig. 3.2 & 3.3, for
all rules are same and only the output weights, W in Fig. 3.2, are changed. Consequent Series-
Parallel (CS-P) configuration that result better performance as mentioned in chapter 4 is selected
to learn the parameters of the WNF model. MMC and GA have been applied to determine the

structure and to initialize the network.
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Revisited Example 1: Linear regression with nonlinear input

genetic algorithm with 100 populations. We have fed the initial parameters for GA randomly.
Figure 5.3 shows the maximum fitness of to each generation. The initial solution for GD is

obtained over 250 generation. The value of performance index J, obtained by GA for

With five rules as mentioned in Revisited Example 1 in section 4-5, we have applied

initialization of the parameter, is 2.1062x10°.

5

x10

50

100 150
Generation number

200 250

Fig. 5.3. Maximum fitness of GA up to each generation for Example 1

The initial fuzzy rules generalized by GA are listed below:

R':
R*:
R:
R*:

R:

if ulk)isAl A Pk-1)is A} A k) isA}

if

if

if

if

u(k) is A]
u(k) is A}
u(k) is A}

u(k) is A}

A

A

plk-1)is A2
Pk-1) is A3
pk-1)is Al

(k-1)is A3

A

A

k) is A3
k) is A3
y(k) is A

k) is A3
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then y'(k+1)is Fy(X)
then y*(k+1)is F2,, (X)
then y*(k+1)is £y (X)
then y*(k+1)is Ty (X)

then y*(k+1) is ¥jy (X)



where ?,}NN (x), IA’,ﬁNN (x), ..., )},jNN (X) are the outputs of initialized MS-W neuron models by

GA in consequent parts of R' to R, respectively. Initialization of the learning parameters Cs, Cw

and W’, o W , for R'to Rs, are as follow:

0.53891 0.69682 0.62516 0.052127 0.82934 0.9143
Cs =10.12482 0.37344 0.48868 C, =]0.89941 0.98358 0.28005
0.21126 0.33559 0.25978 0.30861 0.34731 0.77825

r -

W'| 03613 0079 0.6563]
w?| 109821 0.1616 0.9548
w=|w|=|09242 00984 09061
w| 06155 02415 0.1252
ws| [0.0079 06479 0.9080

- =

Each hidden neuron in MS-W neuron model is conjunction of Sigmoid and Wavelet
activation functions. Rows and column in Cs and Cy are corresponding to the number of hidden
neurons in MS-W neuron model and the number of inputs. The number of rows in W is equal to
the number of rules whereas number of column is equal to the number of hidden neuron in MS-
W neuron model.

The premise variable membership function 4,'-4,%, 4,'-4,° and 43'-45° for inputs u(k), $(k-1)
and j)(k) are shown in Fig. 5.4. The fuzzy rules corresponding to the learned WNF are listed
below:

RV : if uk)isAY A pk-1)is AY A 3(k)isAY then y'(k+1)is ¥, (X)

RY ¢ if u(k)isAY” A pk-1)is AY A 3k)isAY then y*(k+1)is ¥, (X)

RV :if uk)isAY A pk-1)is AY A pk)isAY then y(k+1)is % (X)

RY . if ulk)isAY A pk-1)is AY A pk)isAY then y*(k+1)is Fyp(X)

RY :if ulk)isAY A pk-1)is AY A §k)isAY then y*(k+1)is 73 (X)
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where 77 (X), B, (X), ..., T35, (X) are the outputs of learned MS-W neuron models in

consequent parts of R! to R®, respectively. The learned parameters Cs, Cy and W', ..., W’ , for R’

to R’ , are as follow.

0.30781 072408  0.39893 0.75462 0.58899  0.83937

C, =|0.56248 081377 040816 C, =|0.52688 098164 022244
0.55692 021718  0.14845 0.62958 0.17485  0.80545
[W'] T 01990 00922 0.0276]

w? 0.7190 0.8573  0.7294
w=|w? 0.3221 -0.0464 0.4456
W 0.1704 05098 0.9124
ws| |-03468 0.5898 1.2822

Fig. 5.4. Initialized membership functions, learned by GA, of the normalized inputs for Examplel
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The learned premise variable membership functions 4, V.4,Y, 4,Y -4,Y and 45V -45Y for
inputs u(k), (k -1) and (k) are shown in Fig. 5.5. Figure 5.6 shows learning pattern of WNF
model by Genetic Algorithm and Gradient Descent.

Figure 5.7 shows the actual output, WNF model output and model error with CS-P
configuration. In this figure, actual output of the plant is solid line and the model output is dot
line. The error also is solid line. The value of performance index J=1.6078x10" for the WNF

model obtained by CS-P configuration.

. A94f

Fig. 5.5. Learned membership functions, obtained by GA & GD, of the normalized inputs for
Example 1
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Fig. 5.7. Actual output & WNF model output and the error for Example 1
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Revisited Example 2: Non-linear regression with random input
Figure 5.8 shows the maximum fitness up to each generation. With five rules as

mentioned in Revisited Example 2 in section 4-5, the initial solution for GD is obtained over 84
generations. The value of performance index J, initialize by GA, is 3.7761x10. The initial

fuzzy rules that generalize by GA are listed below:

R':if ulk)isA! A pk-1)is A A pk)isA} then '(k+1)is ¥y, (X)

R*: if u(k)isA? A pk-1)is A2 A j(k)isA? then »y*(k+1)is Y2, (X)

R:if ulk)isA> A pk-1)is A2 A pk)isA) then y*(k+1)is ¥2y, (X)

R :if uk)isA! A Pk-1)is AL A pk)isA? then y*(k+1)is T,y (X)

where ¥, (X), 72, (X), ..., ¥4, (X) are the outputs of initialized MS-W neuron models by

GA in consequent parts of R! to R*, respectively. Initialization of the learning parameters Cs, Cw

and W',.., w* , for R! to RY, are as follows.

[0.93219  0.26576  0.40402 ] [0.15223 0.059269 0.32979 ]
0.6945 0.72642  0.39803 0.091864 0.5911 0.50546
c - 0.62394  0.85308  0.75822 Cc. - 0.97296 0.38809 0.67765
¥ 1053891  0.53226 0.10993 ¥ 10.22407 0.87127 0.70714
0.096502 036611 0.51334 0.73784 0.78032 0.64164
071281  0.18501  0.64408 |  0.23561 0.33492 0.2195

-

W'l 0.0896 02914 0.1925 07222 0.1387 0.5118
w? _[0.1087  0.3501 0.1027  0.5249 0.9884  0.8257
wi| (08718 0.0204 03778 05875 0.4351  0.2690
w* | 0.2809 0.6385 0.1134  0.5698 0.8121  0.6706

The premise variable membership function 4;'-4,*, 4;'-4;* and 43'-4;* for inputs u(k), Pk -1)

and (k) are shown in Fig. 5.9.
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Fig. 5.8. Maximum fitness of GA up to each generation for Example 2
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The fuzzy rules corresponding to the learned WNF are listed below:

RV : if ulk)isAY A

RY : if u(k)
RY :

RY : if u(k)

if u(k)isAY A

isAY A

isAY A

Jk-1)is AY
yk-1)is AY A
Hk-1)is AY A

Hk-1)is AY A

A plk)isAY
ylk) is AY
k) is AY

() is A

then y'(k+1)is Fih,(X)
then y(k+1)is Y2 (X)
then y*(k+1)is 13, (X)

then y*(k+1)is 3 (X)

where I},l,,{m (X), };,,3,{” (X), ..., ¥pl(X) are the outputs of learned MS-W neuron models in

consequent parts of R' to R?, respectively. The learned parameters Cs, Cy and wl..., w forR

to R“, are as follow:

[0.41275 0.98765

0.38067 0.67522
o _| 073688 0.55452

$710.21594 0.71215

0.095634  0.968

0.31845 0.7872

w'] [ 01203 09867

w? 0.5563  1.0486
W = =

The learned premise variable membership function functions Al'f -AY, Azlf -4, and 45V -A3

w3l |-0.1189 -0.0259

0.4445 0.9755

0.65899 0.28676 0.15502
0.4018 0.13362 1.2506
083829 | . _|021895 0.50995
0.28372 ¥ 71-0.10607  0.042429
0.089004 0.23543 0.23625
0.38511 | 0.90667 0.6037
0.0945 0.8781 0.6765 0.8026
0.1301 0.7541 0.8585 0.9176
0.3733  0.4619 0.9993  0.0928
0.5684 0.3725 0.7328 0.1458

-

1.0851

0.66065
0.90713
0.94806
0.82982
0.4772 |

vl

for inputs u(k), $(k-1) and (k) are shown in Fig. 5.10. Figure 5.11 shows learning pattern of

WNF model by Genetic Algorithm and Gradient Descent. Figure 5.12 shows actual output and

model output of the CS-P model. The error for learning and prediction section has been shown in

Fig. 5.12. The value of performance Index J= 7.9356x1077 is obtained for CS-P configuration.
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Fig. 5.10. Learned membership functions, obtained by GA & GD, of the normalized inputs for
Example 2
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Fig. 5.11. Learning pattern of WNF model by Genetic Algorithm and Gradient Descent for
Example 2
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Fig. 5.12. Actual output & WNF model output and the error for Example 2

Revisited Example 3: Non-Linear Regression with Non-Linear Input
Figure 5.13 shows the maximum fitness up to each generation. With three rules as

mentioned in Revisited Example 3 in section 4-5, the initial solution for GD is obtained over 120
generations. The value of performance index J after initialization by GA is 6.8541x10°. The

initial fuzzy rules generalized by GA are listed below:

R:if ulk)isA! A Pk)is A, then y'(k+1)is Fpu(X)
R: if ulk)isA2 A p(k)is A2 then p*(k+1)is ¥, (X)

R: if u(k)isAl A pk)is A2 then y(k+1)is Fow(X)

163



where Ty (X), ¥2,(X) and 72, (X) are the outputs of initialized MS-W neuron models by

GA in consequent parts of R' to R?, respectively. Initialization of the learning parameters Cs, Cy

and W',..., W, forR' to R3, are as follow.

Fitness

20 40 60 80 100 120
Generation number

10 .
0

Fig. 5.13. Maximum fitness of GA up to each generation for Example 3

0.66001 0.58115 0.96533 0.39193
Cs =10.95581 0.6237 C,, =10.74907 0.82067
0.11402 0.81176 0.42654 0.6591

w'| [03183 0.1168 0.8820
W=|w?*|={03587 0.7858 0.6068
wi| 103324 09688 0.4925
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The premise variable membership function 4;'-4;> and 4,'-4;® for inputs u(k) and (k)

are shown in Fig. 5.14. The fuzzy rules corresponding to the learned WNF are listed below:

RV :if ulk)isAY A p(k)is AY then y'(k+1)is Fphy (X)
RY . if uk)isAY” A plk)is AV then y*(k+1)is I, (X) |

R7:if ulk)isAY A 3(k)is AY then y*(k+1)is 73, (X)

where P (X), ¥, (X) and ¥3},(X) are the outputs of learned MS-W neuron models in

consequent parts of R' to R®, respectively. Initialization of the learning parameters Cs, Cy and

w'... W, for R! to R?, are as follow:

0.65531 0.58598 1.0845 0.27657
C, =|0.95526 0.62217 C, =10.76702 0.83148
0.11587 0.77571 0.3453 0.37021

w' 0.2809 0.0518 0.8880
w=|\w?|=| 08177 1.0447 1.1052
w3 | [-0.0105 0.6968 0.7751

The learned premise variable membership functions 4;" -4, and 4, -4, for inputs
u(k) and $(k) are shown in Fig. 5.15. Figure 5.16 shows learning pattern of WNF model by

Genetic Algorithm and Gradient Descent. Figure 5.17 shows actual output and model output of
the CS-P model. The error for learning and prediction section is shown in Fig. 5.17. The value of

performance Index J=2.7545x107® is obtained for CS-P configuration.
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Fig. 5.14. Initialized membership functions, learned by GA, of the normalized inputs for
Example 3

Fig. 5.15. Learned membership functions, obtained by GA & GD, of the normalized inputs for
Example 3
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Fig. 5.16. Learning pattern of WNF model by Genetic Algorithm and Gradient Descent for
Example 3
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Fig. 5.17. Actual output & WNF model output and the error for Example 3
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Revisited Example 4: Non-linear Regression of Input and output
Figure 5.18 shows the maximum fitness up to each generation. The initial solution for

GD is obtained over 208 generation with three rules as mentioned in Revisited Example 4 in

section 4-5. The value of performance index J after initialization by GA is 4.3790x10°. The

initial fuzzy rules that generalize by GA are listed below:

R': if ulk)isAl A pk)is A, then py'(k+1)is T}, (X)
R*: if u(k)isA2 A p(k)is A2 then y*(k+1)is P2, (X)

R: if u(k)isA® A $(k)is A then y'(k+1)is ¥, (X)

where Fh(X), %2, (X) and 73, (X) are the outputs of initialized MS-W neuron models by

GA in consequent parts of R' to R?, respectively.

10

Fitness

10

F ]
0 50 100 150 200
Generation number

Fig. 5.18. Maximum fitness of GA up to each generation for Example 4
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Initialization of the learning parameters Cs, Cy and w .., W, forR' to R3, are as follow:

0.17347 0.25368 0.84472 0.13111
C, =|0.81066 0.34084 C, =|0.33315 0.83605
0.63248 0.74944 0.95483 0.10688

W'l 106327 0.0317 0.7779
W=|W?=]06670 0.5752 0.8146
w3l 10.0078 05692 0.9209

The premise variable membership function 4,'-4,> and 4,'-4,® for inputs u(k) and (k) are

shown in Fig. 5.19. The fuzzy rules corresponding to the learned WNF are listed below:

RV : if uk)isAY A p(k)is AY then y'(k+1)is 7, (X)
RY . if ulk)isA” A plk)is AY then y(k+1)is 2 (X)

RY . if u(k)isAY A j(k)is AY then »*(k+1)is ¥y (X)

where f’,,'q{,,, (x), f’,ﬁ,{,v (X) and ?"37{” (X) are the outputs of learned MS-W neuron models in
consequent parts of R' to R?, respectively.

Initialization of the learning parameters Cs, Cw and w ..., W, for R to RS, are as follow:

0.026068 0.63253 0.15438 0.91355
C, =(0.18761 0.67029 Cy =10.19916 0.71218
0.076676 0.90617 0.61996 0.28396

W'l 04932 0.0088 0.5814
w=|w?|=04242 0.8924 0.9438
w3 | 102665 02291  1.0572
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Fig. 5.19. Initialized membership functions, learned by GA, of the normalized inputs for
Example 4

The learned premise variable membership functions AV -4\Y and 4,Y -4;Y for inputs u(k) and
j/(k) are shown in Fig. 5.20. Figure 5.21 shows learning pattern of WNF model by Genetic
Algorithm and Gradient Descent. The models .have been learned with all (one thousand) data to
identify output y(k +1). Figure 5.22 shows actual output and model output of the CS-P model.
The error for learning and prediction section is shown in Fig. 5.22. The value of performance

Index J=3.3841x10 is obtained for CS-P configuration.
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Fig. 5.20. Learned membership functions, obtained by GA & GD, of the normalized inputs for
Example 4

GA

-------

0 200 400 600 800 1000 1200
Generation epoch

Fig. 5.21. Learning pattern of WNF model by Genetic Algorithm and Gradient Descent for
Example 4
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Fig. 5.22. Actual output & WNF model output and the error for Example 4

Revisited Example 5: Gas Furnace Data
Figure 5.23 shows the maximum fitness up to each generation. With five rules as

mentioned in Revisited Example 5 in section 4-5, the initial solution for GD is obtained over 118

generations. The value of performance index J after initialization by GA is 1.2569x107. The

initial fuzzy rules that generalize by GA are listed below:

R': if ulk-2)isAl A

R*: if u(k-2)isA? A

R*: if u(k-2)isA} A
R': if uk-2)isA] A
R :if u(k-2)isA} A

u(k-3) is A}
u(k-3) is Al
u(k-3) is A3
u(k-3)is A}

u(k-3) is AS

>

P(k-1) is A}
Pk-1) is A2
k1) is A3
Pk-1) is A

Pk-1) is A}

then y'(k) is Yy (X)
then y*(k)is 12, (X)
then (k) is Y2, (X)
then y*(k)is T, (X)

then y*(k)is %, (X)

where Tl (X), T2 (X), ..., T (X) are the outputs of initialized MS-W neuron models by

GA in consequent parts of R! to R®, respectively. Initialization of the learning parameters Cs, Cw
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and W,..., W, for R! to R’, are as follow:

0.84557 0.34688 0.21425 0.42105 0.19557 0.09284
Cs =10.22682 0.52268 0.81884 Cy =10.76817 0.018312 0.98541
0.89416 0.96521 0.022035 0.577 0.82293 0.34646

('] T05491 07375  0.1560]
w?| 06525 0.6169 0.8344
W=|W|=[0.1843 06985 02811
wé| |0.0581 0.1842 0.6572
ws| 101355 09379 08700

7

10 ] K - - - - 3
106; 3
]
i ]
I L
g L -
g 10} ;
T [ ]
|
10°] 3
3
10 ] 1 1 1 '
0 10 20 30 40 50

Generation number

Fig. 5.23. Maximum fitness of GA up to each generation for Example 5

The premise variable membership function A'-A°, 451-47° and 45'-45° for inputs u(k—2),
u(k ~3) and $(k ~1) are shown in Fig. 5.24. The fuzzy rules corresponding to the learned WNF

are listed below:
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k-1)isAY  then y'(k) is Fyfy (X)
k-1)isAY then y(k)is T4 (X)
pk-1)isAY then y*(k) is B34, (X)
$k-1)isAY  then y*(k) is T, (X)
Pk-1)is A3 then y*(k)is ¥ (X)

u(k-3)is AY
u(k-3) is AY
u(k-3)is AY
u(k-3)is AV .
u(k-3)is A/

RV : if u(k-2)isA)
RY . if u(k-2)isAY
R : if u(k-2)isAY
RY . if u(k-2)isA}/
R+ if u(k-2)isA}

> > > > >
> > > > >

where )A’,,',,{,N (x), }A’,ﬁ,{,,, x), ..., }A’,,f,{N (x ) are the outputs of learned MS-W neuron models in

consequent parts of R' to R’, respectively.

» "
g s e, L T,

utk3) 0.6 0.8 1

0 0.2 0.4

Fig. 5.24. Initialized membership functions, learned by GA, of the normalized inputs for

Example 5

Initialization of the learning parameters Cs, C and w' ..., W, for R' to R, are as follow:

0.84612 0.34695 0.21303 0.41147 0.18949 0.082668
Cs =|0.22651 0.52271 0.81928 C, =(0.76163 0.014421 1.0007
0.89424 0.96529 0.022302 0.57856 0.82369 0.34636

174



[0.5456

w?| [0.6521
W=|w?|=]0.1843
w*| |0.0581

w3 ]  0.0994

0.7397
0.6135
0.6985
0.1842
0.9778

0.1621]
0.8289
0.2811
0.6572
0.9129 |

The learned premise variable membership function functions 4, -4, 4,Y -4, and 45"
-A;Y for inputs u(k-2), u(k-3) and j(k—1) are shown in Fig. 5.25. Figure 5.26 shows
learning pattern of WNF model by Genetic Algorithm and Gradient Descent. The models have
been learned with all (one thousand) data, to identify output y(k +1). Figure 5.27 shows actual

output and model output of the CS-P model. The error for learning and prediction section has

been shown in Fig. 5.27. The value of performance Index J=9.5489x10® is obtained for CS-P

configuration.
A
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Fig. 5.25. Learned membership functions, obtained by GA & GD, of the normalized inputs for
Example 5 )

175



BA GD

-7 -----------
L1 S :

Gen?aration 200 400 epo%?\o 800 1000

Fig. 5.26. Learning pattern of WNF model by Genetic Algorithm and Gradient Descent for
Example 5
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Fig. 5.27. Actual output & WNF model output and the error for Example 5
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Revisited Example 6: Human Operation at a Chemical Plant
S-P configuration is selected to learn the learning parameters of the WNF model. Figure

5.28 shows the maximum fitness up to each generation. By applying modified mountain
clustering and cluster validity function, three rules are generated. The value of performance
index J is 6.7911x10® after initialization by GA over 135 generations. The initial fuzzy rules

generalized by GA and S-P configuration are listed below:

R':if u(k)isAl A wuk)is Ay then y'(k+1)is ¥} (X)
R*: if u(k)isA? A wu,(k)is A2 then y*(k+1)is F2, (X)

R:if u(k)isAd A wu,(k)is A2 then y*(k+1)is ¥} (X)

where ¥l (X), F2, (X) and T2, (X) are the outputs of initialized MS-W neuron models by

GA in consequent parts of R' to R’, respectively. Initialization of the learning parameters Cs, Cw

and W',..., W, for R! to R®, are as follow:

[0.57029  0.93597] [0.088689  0.31038]
0.08844  0.50082 0.66819  0.47977
C. | 056852 0.38607 . - 0.92346  0.41842
S 10.60258 0.24153 ¥ 109140 0.44003
0.86175 0.34633 0.31936  0.34145
032271 0.41873 | 057572 0.39694

w' 0.1673 0.4499 0.2877 0.6862 0.8148 0.4063
W={W?*|=/0.0559 03691 04679 0.1667 09771 0.2477
w? 0.7635 0.3202 0.2123 0.5041 0.7642 0.7494

The premise variable membership function 4;'-4;> and 4,'-4,® for inputs u,(k) and u,(k) are
shown in Fig. 5.29. The fuzzy rules corresponding to the learned WNF and S-P configuration are

listed below:
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RV : if u(k)isAY A ulk)is AY then y'(k+1)is ¥, (X)
RY . if u(k)isAY A u(k)is A¥ then p*(k+1)is ¥, (X)
RY :if w(k)isAY A wu(k)is AY  then »(k+1)is Y2/ (X)

where T (X), PX.(X) and P2/ (X) are the outputs of leamed MS-W neuron models in

consequent parts of R! to R>, respectively. Initialization of the learning parameters Cs, Cy and

w! ..., W, for R' to R, are as follow:

[0.57029  0.93597]] [0.088689  0.31036]
0.08844  0.50083 0.66819  0.47974
c. - 0.56852 0.38607 c - 0.92346  0.41844
5 10.60258 0.24154 ¥ 10.9140 0.44002
0.86175 0.34634 0.31936  0.34149
032271 0.41872 0.57572  0.39693 |

w! 0.1674 04500 0.2877 0.6862 0.8148 0.4062
W=|w*|=|0.0813 03595 0.4747 0.1559 0.9985 0.2587
w? 0.7635 03202 0.2123 0.5041 0.7642 0.7494

105-[ ]

Fithess

10*| :

0 20 40 60 80 100 120
Generation number

Fig. 5.28. Maximum fitness of GA up to each generation for Example 6
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Fig. 5.29. Initialized membership functions, learned by GA, of the normalized inputs for
Example 6

The learned premise variable membership function 4, -4,¥ and A5 -4,Y for inputs
u,(k) and u,(k) are shown in Fig. 5.30. Figure 5.31 shows learning pattern of WNF model by
Genetic Algorithm and Gradient Descent. The models have been learned with all (one thousand)
data, to identify output y(k + 1). Figure 5.32 shows actual output and model output of the CS-P

model. The error for learning and prediction section is shown in Fig. 5.32. The value of

performance Index J= 6.7658x10° is obtained for CS-P configuration.
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Fig. 5.30. Learned membership functions, obtained by GA & GD, of the normalized inputs for

Example 6
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Fig. 5.31. Learning pattern of WNF model by Genetic Algorithm and Gradient Descent for
Example 6
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Fig. 5.32. Actual output & WNF model output and the error for Example 6

Table 5.1: Performance Index (J) of MS-W neuron model, NF and WNF models

MS-W NF WNF
Performance Index (J) |Performance Index (/) | Performance Index (J)

Example1 |  7-585x107 1.8694x107 1.6078x10°
Example 2 1.145x107 1.1040x10° 7.9356x10”
Example 3 1.361x10™ 3.2015x107 2.7545x10°
Example 4 6.394x10° 5.3610x10° 3.3841x10°
Example 5 1.665x10” 6.8899x10° 9.5489x107
Example6 |  7-479x10° 9.1412x10° |  6.7658x10°
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Table 5.1 shows the performance index J for three models: MS-W neuron model, Neuro-Fuzzy
(NF) and Wavelet Neuro-Fuzzy (WNF) model. In this table, the model with the better

performance, for each example, is Bold.

5-5 Conclusions

In this chapter based on MS-W neuron model that yields better result than SS-W neuron
model, as discussed in chapter 2, WNF model is proposed. The consequent parts of each rule in
WNF model is localized by MS-W neuron model. The proposed neuro-fuzzy model is initialized
by GA and to learn learning parameter of the proposed model, CS-P configuration which had
better performance in chapter 3, is applied. The proposed model examine by six dynamic
examples.

Table 5.1 shows that fuzzy models have better performance than MS-W neuron model.

The propose WNF model also mostly yields better performance than TSK neuro-fuzzy model.
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Chapter 6

Recurrent Wavelet Networks

6-1 Introduction

Science has evolved from trying to understand and predict the behavior of the universe
and systems within it. Much of this owes to the development of suitable models, which is in
conformity with the observations. These models are in symbolic form, which the humans use,
and in mathematical form that are found from physical laws. Most systems are causal, which can
be categorized as either static where the output depends on the current inputs, or dynamic where
the output not only depends on the current inputs, but also on the past inputs and outputs. Many
systems also possess unobservable inputs, which cannot be measured, but they affect the
system’s output, i.e., time series system. These inputs are known as disturbances and aggravate
the modeling process.

To cope with the complexity of dynamic systems, there have been significant
developments in the field of Artificial Neural Network (ANN), applied for identification and
modeling, during last three decades [Narendra'90, Zhang'92]. One major application for

proposing the different types of the network is to predict the dynamic behavior of many systems
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in nature. ANN is a powerful method in approximation of nonlinear system and mapping
between input-output data [Narendra'90].

Due to the dynamic behavior of recurrent network, they are suitable in dealing with the
modeling of dynamic systems as compared ;o static behavior of feed-forward network [Qin'92,
Li'05]. Owing to the above fact, the presented work proposes different types of recurrent
neurons. Since the proposed neurons are used in feed-forward network making them as recurrent
network. It has already been shown that the recurrent networks are less sensitive to noise with
relatively smaller network size and simpler structure. Their long-term prediction property makes
the recurrent network much powerful in dealing with dynamic systems. Recurrent networks are
less sensitive to noise because, the recurrent network could recognize and generate periodic
waves in spite of the existence of a large number of noises. This means that the network is able
to regenerate the original periodic waves in the process of learning the teachers' signals with
noises [Qin'92]. For unknown dynamic system, recurrent network results in a smaller size
network as compared to feed-forward network [Li'05, Juang'02]. For time-series modeling, it
generates a simpler structure [Lee'00, Mastorocostas'02, Yo00'06] and gives long-term
prediction [Mastorocostas'02, Barbounis'06]. Because of dynamic behavior of recurrent
networks, they are suitable in dealing with the modeling of dynamic systems as compared to
static behavior of feed-forward network [Serinivasan'94, Lee'00]. Recurrent network for system
modeling, learn and memorize information in terms of embedded weights [Lee'00].

Each neuron model in the proposed SS-W and MS-W neuron models, as discussed in
chapter 2, comprise Sigmoid Activation Function (SAF) and Wavelet Activation Function
(WAF). Morlet wavelet function that yield better result with both SS-W and MS-W neuron

model is applied to recurrent model. In the series of development of different recurrent network
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and neuron model, the presented work is an attempt to proposed different type of recurrent
neuron model. Several types of recurrent network can be introduced by combining the output
from SAF and WAF with product operator. In Sigmoid-Recurrent Wavelet (S-RW), the output of
the wavelet function feedbacks to itself. When the output of Sigmoid function feedbacks to itself,
it results a Recurrent Sigmoid—Wavelet (RS-W). In Feedback to Sigmoid from Wavelet (FS-W)
neuron, the output of wavelet function, feedback to sigmoid function within a neuron unit. When
output of sigmoid function feedbacks to wavelet function, within a neuron unit, it is called as
Feedback to Wavelet from Sigmoid (FW-S). A Recurrent Neuron (RN) is also proposed in which
the output of the neuron unit is feedback to itself. The idea of using different neuron models is to
introduce recurrent network in modeling of dynamic systems and to perform a comparative study
of recurrent neuron models consist of sigmoid and wavelet activation function in feed-forward
neural network architecture. In proposed recurrent neurons, the SAF can administer the system
dynamics by inputting the delayed output of wavelets to it. On the other hand, the delayed output
of SAF feedback to WAF ascertains that dynamic of the system is accumulated in WAF.
However, when the output of the recurrent neurons feedback to both wavelet and SAF, dynamics
of the plant is attributed to SAF and WAF together. Since the convergence analysis plays an
important role in the recurrent networks, the Lyapunov stability approach is employed to
guarantee the convergence of network.

In this chapter, section 6-2, presents structure of the proposed recurrent S-W neuron
models. Universal approximation theories of the proposed recurrent neuron models are described
in section 6-3. Gradient Descent learning of learning parameters is draw up in section 6-3.

Simulation result is given in section 6-5 and finally the conclusions are relegated in section 6-6.
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6-2 Structures of Recurrent Neuron Models

In this section, based on proposed SS-W and MS-W neuron model (Fig. 2.7, Fig. 2.8 and

Fig. 2.9), five types of recurrent networks are introduced for each SS-W and MS-W neuron

model. In the proposed recurrent networks, outputs of SAF and WAF are fedback. Structure of

the proposed networks is presented in this section.

6-2.1 Sigmoid-Recurrent Wavelet (S-RW) Neuron

In this neuron model, the output of WAF is feedback to itself. Parameter O, is feedback

weight for first order dynamic of network. The dynamics of WAF is given in (6.1) and output of

SAF is same as given in (3.21). Figure 6.1 and Fig. 6.2 show the architecture of Summation S-

RW (SS-RW) and Multiplication S-RW (MS-RW) neuron models, respectively.
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Fig. 6.1. Summation Sigmoid-Recurrent Wavelet (SS-RW) neuron model
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Fig. 6.2. Multiplication Sigmoid-Recurrent Wavelet (MS-RW) neuron model

6-2.2 Recurrent Sigmoid-Wavelet (RS-W) Neuron

In this neuron model, the output of SAF is feedback to itself with feedback weight QOs.
Equation (6.2) represents the dynamics of SAF while (2.22) represents the output of WAF for
RS-W neuron models. Summation RS-W (SRS-W) and Multiplication RS-W (MRS-W) neuron

models, are shown in Fig. 6.3 and Fig. 6.4, respectively.
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Fig. 6.3. Summation Recurrent Sigmoid—Wavelet (SRS-W) neuron model
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Fig. 6.4. Multiplication Recurrent Sigmoid—Wavelet (MRS-W) neuron model

6-2.3 Feedback to Sigmoid from Wavelet (FS-W) Neuron

In Feedback to Sigmoid from Wavelet (FS-W) neuron model, the weighted single
delayed output of the WAF is feedback as the input to the SAF. Oy is the weight to the delayed
output of WAF when feedback as the input to the SAF. The output of the SAF is given in (6.3)
while the outputs of the WAF as (2.22). Figure 6.5 and Fig. 6.6 show the structure of

Summation FS-W (SFS-W) and Multiplication FS-W (MFS-W) neuron models, respectively.
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Fig. 6.5. Summation Feedback to Sigmoid from Wavelet (SFS-W) neuron model
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Fig. 6.6. Multiplication Feedback to Sigmoid from Wavelet (MFS-W) neuron model

6-2.4 Feedback to Wavelet from Sigmoid (FW-S) Neuron

In Feedback to Wavelet from Sigmoid (FW-S) neuron model, the weighted single

delayed output of the SAF is feedback as the input to the WAF. Qg is the weight to the delayed

output of SAF when feedback as the input to the WAF. The output of the WAF is given in (6.4)

while the output of the SAF is the same as (2.21). Figure 6.7 and Fig. 6.8 show the structure of

Summation FW-S (SFW-S) and Multiplication FW-S (MFW-S) neuron models, respectively.
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Fig. 6.7. Summation Feedback to Wavelet from Sigmoid (SFW -S) neuron model
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Fig. 6.8. Multiplication Feedback to Wavelet from Sigmoid (MFW -S) neuron model

6-2.5 Recurrent Neuron (RN)
Figure 6.9 and Fig. 6.10 show the architecture of the Summation RN (SRN) and

Multiplication RN (MRN), respectively. In these neuron models, the weighted delayed output of

hidden neuron is feedback itself. It results the feedback of the neuron’s delayed output to both

SAF and WAF with weight O, . The output of the WAF, y¥, and the SAF, y’ are given in

equations (6.5-6.6).
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i= J
x; O— g"
5 O+ 3 ¥ yy
. c,
*a Q ..---I”' z ' yJ
E S E
| e )L T
T :

Fig. 6.9. Summation Recurrent Neuron (SRN)
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Fig. 6.10. Multiplication Recurrent Neuron (MRN)

6-3 Universal approximation of the proposed recurrent
neuron models

By applying Stone-Weierstrass Theorem, the proposed SS-W & MS-W neuron models
can be shown to be a universal approximate for continuous functions over compact set if it
satisfies a certain condition. Then we have the following theorems, Theorems 6.1 to 6.5, for
different recurrent network. Approve of the Theorems is presented in Appendix A.

Theorem 6.1: Universal approximation theorem of recurrent SS-W neuron models, for any real
function 4:R" — R"™ which is continuous on a compact set A —c R" and for any

given & >0 there is an recurrent SS-W network f', for all recurrent SS-W neuron

models, such that sup|f(x)-A(x)| < £ . Here ||| can be any norm.
xef

Theorem 6.2: Universal approximation theorem of MS-RW neuron model, for any real function

h:R" —> R” which is continuous on a compact set A c R” and for any given
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£ >0, there is an MS-RW neuron model f that satisfies condition (6.7), such that

sup|f(x)-A(x) < €. Here || can be any norm.
xef

Cy X +0,y" (k-1)=b+a(Zp +1)% 6.7)

Whete Cp ={CysCrssCi by O =100 Q. vsOn 3 =00 M3t}
X ={x,,%,,....x,} and p is any integer value.
Theorem 6.3: Universal approximation theorem of MRS-W neuron model, for any real function

h:R" - R™ which is continuous on a compact set A c R" and for any given

£>0 there is an MRS-W neuron model f that satisfies condition (2.28), such as
sup|f(x)~A(x) < €. Here || can be any norm.
xeA

Theorem 6.4: Universal approximation theorem of MFS-W neuron model, for any real function

h:R" - R™ which is continuous on a compact set A < R" and for any given

€ >0 there is an MFS-W neuron model f that satisfies condition (2.28), such as

sup] f(x)- h(x)| < £ . Here ||| can be any norm.
xef

Theorem 6.5: Universal approximation theorem of MFW-S neuron model, for any real function

h:R" - R™ which is continuous on a compact set A < R" and for any given

£ >0 there is an MFW-S neuron model f that satisfies condition (6.8), such that

sup|| (x)- h(xll <. Here || can be any norm.
xef

CyX +0gy* (k-1)%b +a(2p+1)% | (6.8)

where CW = {C"’I ,C'W2 goeey CW,, }, QSW = {st' ast2 ’"-stWL }’ yW = {yr/’y;’,,y{/},

X ={x,,x,,....x,} and p is any integer value. Then we have the following result.
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Theorem 6.6: Universal approximation theorem of MRN neuron model, for any real function

h:R" - R" which is continuous on a compact set A c R" and for any given

£ >0 there is an RN neuron model f that satisfies condition (6.9), such that

sup|f(x)- h(x)| < £ . Here ||| can be any norm.
xeA

C,X+Q y(k—l)¢b+a(2p+l)% (6.9)

Where Cy = {Cw, ’CW, 3eees Cw,, }, Q= {QI’Q2""’QL}’ y= {)’1 » V2 ’""yL}’

X= {x,,xz,...,x,,} and p is any integer value. Then we have the following result.

6-4 Gradient Descent learning of parameters
We apply gradient descent technique as discussed in chapter 2 to modify the parameters
W, Cy, Cg and delay elements Q,, O; and Q in different recurrent neuron models. The

parameter update formula for p™ data set is discussed in (2.18). This equation for the parameters

W, Cy, Cs in different recurrent neuron model is as follows:

oJ 1 % |
AW. = - — . . .
Mi(9) Tow, =TTy o). 6.10)
aJ 1 %
AC = =n. e
S, () "3, Ty ¢, ] (6.11)
/ P
aJ 1 % |
A C. (q)=- U S
,Cs, (@) ﬂaCs, T ac, | (6.12)
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2 ,in (6.10) for all recurrent neuron models is calculated by (6.13) and (6.14) for SS-W and

J

MSW, respectively.
~ k )
B, )= 3506+ 0 613
J
a?;,‘ =y,(k)=y%(k)- »* (k) (6.14)
J

yf (k) and »y (k) change depend on the different recurrent models as discussed in section 6.2.

& , & and delay elements Q,, O, and Q in different recurrent neuron models are
oW, oW,

calculated as follow:

6-4.1 Sigmoid-Recurrent Wavelet (S-RW) Neuron
In S-RW network, feedback is only in WAF then (6.15) and (6.16) is applied to evaluate

M in SS-RW and MS-RW neuron models, respectively.

acl
M:x‘(k)-Wm@' g C? -x.(k)

o, e Lox, (6.15)
k) _ . 0)w () v (0)0] $ CLk)

i (k)_xi(k) Wj(k) » (k)6 ,ElCS' (k) xl.(k) (6.16)

By applying chain rule, the following equations are obtained to learn parameters Cy and

Ow in recurrent (a) SS-RW and (b) MS-RW neuron models:
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a) S-RW with Summation (SS-RW)

Q(lj‘—)ﬂ,.(k) W ( T Gy (k)+Qd,-y¢(k—1)) (6.17)

ac;, =

)y - w[ 2y k)45 k- 1)] 619
W i=1

b) S-RW with Mulitiplication (MS-RW)
P )7 1) 5, (kw( 3 Cy (k) (6)+ 0 (6)-y (k- 1)) 619

]_

56 .,
B0 1) 57 l)yocw[

II M>

Cy (k) X, (k)+ 0y (k) y¥ (k- I)J (6.20)

6-4.2 Recurrent Sigmoid-Wavelet (RS-W) Neuron

In this network, the output of SAF is feedback to itself with feedback weight QOs.

Therefore (6.21) and (6.22), can be applied to evaluate —g%gf) in SRS-W and MRS-W,

W

respectively.
le@:x.(k)-Wj-l//' g: Cj -x.(k) 2
o) =" Z Cix (6.21)
aj}(k) _ . .9 ' L J .
B w0160 § 4l 6) -

Learning for Cg and Q,, parameters can be achieved by applying chain rule as follows

for recurrent (a) SRS-W and (b) MRS-W neuron models.
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a) RS-W with Summation (SRS-W)
BE) _ ) -
s @r-0f £ 00 te-1)

By pe-10{ § om0+
00 i=1 !

b) RS-W with Multiplication (MRS-W)

T 690y 00 [z cik)-x (k)+Q§(k)°Yf(k-1)]

ocy (k) ;o

aanylzz) W (k)yy (k1) (k )6"[é C4 (k )-x,-(k)+Qé(k)-y7(k—1)J

6-4.3 Feedback to Sigmoid from Wavelet (FS-W) Neuron

(6.23)

(6.24)

(6.25)

(6.26)

Since there is not any feedback to WAF the updated equation for parameter C,,,/ is

achieved by (6.21) and (6.22) for SFS-W and MFS-W neuron models, respectively. Update

equation for C; and Q,, is achieved by applying chain rule method as follows for recurrent (a)

SFS-W and (b) MFS-W neuron models:

a) FS-W with Summation (SFS-W)
(k)-w’-6 ( > C ,-(k)+Q/ys’y¢(k-l)]

i=1

i=1

) 1y a- 1)6[2 Cj-x (k)+vas-y;(k—1)]

196

(6.27)

(6.28)



b) FS-W with Multiplication (MFS-W)

25w 000 £ cs@ro@ 6| e

1=

aj)(k) - J v v 4 L J J 4
200" (k)-y; (k-1)- 1 (k)-6 [iglcs, (k)-x,(6)+ Qi (k)- * (k—l)] (6.30)

6-4.4 Feedback to Wavelet from Sigmoid (FW-S) Neuron

Equation (6.15) and (6.16) are applied to update learning parameter Cg in SS-RW and
MS-RW neuron models, respectively. Applying the chain rule method results following

equations for Cy and Q, parameters of recurrent (a) SFW-S and (b) MFW-S neuron models:

a) FW-S with Summation (SFW-S)

M=x,(k)-W’ "I/'[ 5 Cp,x,(k)+ Oy -yé(k—l)] (6.31)
oCy, i=1 !

) g yye-1)4] £ chx0)+04 -yé(k—l)J (632)
00w i=1 '

b) FW-S with Multiplication (MFW-S)

—a?:ﬁf,fzz),)”l(")w ’(")'yf’(k)'v”(él%(k)-x,-(k)+Q;W(k)-yj’(k-l)) (6:33)

004y (k) > C, (k) x,(k)+ Qg (k) 7 (k - 1)J (6.34)

9() =W'(k)-yf(k—1)'y5’(k)-w'[

6-4.5 Recurrent Neuron (RN)

The following equations are drawn by applying chain rule method for updating the

parameters Cy, Cg and Q, for recurrent (a) SRN and (b) MRN neuron models.
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a) RN with Summation (SRN)

-] § im0 vte-n) 39
%”‘ (k)-w .e'[élc;, x; (k) + 0’ -yf(k—l)) (6.36)
%’jlwuy!(k-l)[ [m 10 o)
i=1 (6.37)
o]
b) RN with Multiplication (MRN)
a@%jfz)=x,(k>-Wf(k)-yf(k)-w'[élcxy,(k)-x,-(k)+Qf(k)-y,(k—l)] 639

I _ . (1) (h) SAGE 9{ 2 C4(k)-x,(k)+ 0" (k)-», (k- 1)] (639)

oci k) =1
) _ ) N J
20" (")'yf(k-l)-[yj k}v] 2 G5 k)0 (k)'y,(k—l)J+

(6.40)

\i=1

ol & c;,<k)-x,.(k>+gl(k)-y,(k-l)ﬂ

6-4.6 Stability analysis of the recurrent neuron models

A small value of learning rate 7 leads to the lower speed of convergence, while a large
value causes the learning procedure unstable. Therefore learning parameter is selected large
enough so the convergence speed and stability should be guaranteed. To guarantee stability
during the learning procedure, we have applied the Lyapunov stability theorem. The speed of

convergence is guaranteed with selecting adaptive learning rate with the lower and upper bound
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as mentioned in the stability Theorem (2.1). Following theorems guarantees the convergence

stability of the recurrent neuron models. The proof of the all theorems is derived in Appendix C.

Theorem 6.7: The convergence and stability of the learning procedure, for recurrent SS-RW and

MS-RW neuron models, guaranteed if the upper bound of the learning parameters

Mws N, » T, and 1, for recurrent (a) SS-RW and (b) MS-RW neuron models

are selected as follows:

a) For recurrent SS-RW neuron model

2

P-y;
2

O<ny <

2-P.y?
49

O<n, <

0<7e, <2:P-y}

2-P-yf
49

0<1,, <
b) For recurrent MS-RW neuron model
0<n, <2-P-y?

2-P-y,2
49

0<n, <

0<7g, <2:P-y;

2Py
49

0<ny, <
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(6.42)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)



Lemma 6.1: The range of learning parameter 7, is the same as (6.42) and (6.45) for all

summation and multiplication recurrent neuron models, respectively.

Theorem 6.8: The convergence and stability of the learning procedure, for recurrent SRS-W and

MRS-W neuron models, guaranteed if the upper bound of the learning parameters

Mc,» Mc, and 7, for recurrent (a) SRS-W and (b) MRS-W neuron models are

selected as follows:

a) For recurrent SRS-W neuron model

2-P.y?
0< <L
e =49
0<ng, <2:P-y;

2

0<my <2-P-y,

b) For recurrent MRS-W neuron model

2

2:-P-y,

0< <
Tew <49

2

0<ne, <2-P-y,

0<7gy <2-P.y?

(6.49)

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)

Theorem 6.9: The convergence and stability of the learning procedure, for recurrent SFS-W and

MFS-W neuron models, guaranteed if the upper bound of the learning parameters
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e, » M, and Mo,, for recurrent (a) SFS-W and (b) MFS-W neuron models are

selected as follows:

a) For recurrent SFS-W neuron model

0<7g, < -2'%9')’2 (6.55)

0<7c, <2-P-y} (6.56)

0<n,, <2-P-y; (6.57)
b) For recurrent MFS-W neuron model

0<ne, < Z‘Z—gy’i (6.58)

0 <7, <2-P-y? (6.59)

0<7g, <2-P-y; (6.60)

Theorem 6.10: The convergence and stability of the learning procedure, for recurrent SFW-S and
MFW-S neuron models, guaranteed if the upper bound of the learning parameters

N, s Mc, and 1, for recurrent (a) SFW-S and (b) MFW-S neuron models are
selected as follows:

a) For recurrent SFW-S neuron model

2:P-y;

0< <
Tlc, 49

(6.61)
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0<7ne, <2-P-y?

2-P-y;

0< Moy, < 49

b) For recurrent MFW-S neuron model

2.P-y?
0< < —"r
Ter =49
0<7e, <2-P-y;

2-P-y;

0< Mo < m

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)

Theorem 6.11: The convergence and stability of the learning procedure, for recurrent SRN and

MRN neuron models, guaranteed if the upper bound of the learning parameters

M, » Mc, and n, for recurrent (a) SRN and (b) MRN neuron models are selected

as follows:

a) For recurrent SRN neuron model

2.P-y?
0<n. <=—~2r
ey 49

0<nc, <2-P-y’

2

P-y,
18

0<n, <
b) For recurrent MRN neuron model
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2-P-y?

0<7n, < 29 . (6.70)

0<ne, <2-P-y; (6.71)
2-P-y’

0<779<——§g)—1’— (6.72)

6-5 Simulation Results

The structure of the proposed recurrent S-W neuron models is determined as discussed in
chapter 2. Since this chapter presents a comparative study of different types of recurrent
networks, initialization of all the networks should be the same to compare the results and to
suggest an acceptable network. By keeping the weight O in the recurrent networks equal to zero
all recurrent networks will reduce to S-W network. Hence, with a given number of hidden
neuron unit, it is possible to initialize all the networks with the same initial weights value excepts

the weights Q. For a given number of hidden layer neuron unit, we initialize the weighted Cy ,

Cs and W for recurrent SS-W and MS-W neuron models, the same as chapter 3 and the same
initial weights are used for all recurrent network. In all recurrent S-W neuron models, Morlet
activation function that yield better performance in chapter 2 is exploited.
Revisited Example 1: Linear regression with nonlinear input

Figure 6.11 shows the performance index for SS-W neuron model and proposed recurrent
neuron models. In Fig. 13 the learning pattern for the SS-W model is shown by solid blue line,
for SS-RW model it is shown by solid red line, for SRS-W model it is shown by dashed black

line, for SFS-W model it is shown by dotted green line, for SFW-S model it is shown by dashed-
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dotted magenta line and for SRN model it is shown by solid cyan line. In recurrent SS-W neuron
models, as shown in Fig. 13, S-RW model yield better result with J=1.185x105. Next to S-RW,
SRN and SFW-S have better performance. It shows that recurrent models have much better
performance as compared to the feed-forv;'ard SS-W model. Table 6.1 shows the performance

index of different recurrent SS-W neuron models.

10

0 200 400 600 800 1000
epoch

Fig. 6.11. Learning pattern of feed-forward network with recurrent SS-W neuron models for

Example 1

The learning parameter W, Cs, Cy and delay elements Qw, Os, Osw, Ows and Q in SS-RW, SRS-
W, SFW-S, SFS-W and SRN networks, respectively, are as follow. The columns in # and delay

element and the rows in Cs and Cy are equal to the number of hidden neuron from the
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conjunction of the SAF and WAF that is equal to a-(a+1)/2. The numbers of columns in Cg

and Cy are also equal to the number of inputs.

For recurrent SS-RW neuron model:

w/'=[0.7858 -0.0602 1.2423] Q) =[-02738 0.0797 -0.2738]
0.1215  0.0466 0.92747 0.8857 0.2208 0.1571

C{ =[02044 0.7577 0.53309 CJ =10.0519 0.7589 0.9126
0.1819  0.4949  0.33326 04286 -0.0114 0.6155

For recurrent SRS-W neuron model:

w' =[0.4955 -0.0874 1.2831] Q! =[-0.0147 -0.0057  0.0087]
0.1324  0.0559  0.9233 1.1292  0.2876  0.0292

C/={02035 0.7569 0.5313 CJ=10.1041 08346 0.9817
0.1977 0.5108 0.3530 0.5324 -0.0762 0.5315

For recurrent SFW-S neuron model:

w' =[0.5760 -0.1290 1.2986] 04, =[-0.1631 02359 0.0122]
0.1314 00535 0.9278 1.0413 03853  0.1459

C{=|02034 07570 0.5285 CJ=[0.0936 08177 0.9555
0.1972 05058 0.3531 0.5087 -0.0964 0.5564

For recurrent SFS-W neuron model:

w/ =[0.5015 -0.0867 1.2830] 0/ =[-0.0036  0.0098  0.0022]
0.1320  0.0553  0.9227 1.1322  0.2847  0.0285

C{=102035 0.7567 0.5311 C) =[0.1060 0.8354 0.9824
0.1974  0.5106 0.3525 0.5325 -0.0754 0.5315

For recurrent SRN neuron model:

w/ =[0.5164 -0.0571 1.2942] o’ =[-d.2471 0.0869  0.0023]
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0.1303  0.0567 0.9299 1.1798 0.2485 0.0588
C{=/02033 0.7570 0.5324 Cy =[0.1047 0.8444 0.9911
0.1951 05126 0.3623 0.5047 -0.1111 0.5727

Figure 6.12 shows the performance index for MS-W neuron model and proposed
recurrent networks. In Fig. 6.12, the learning pattern for the MS-W network it is shown by solid
blue line, for MS-RW network it is shown by solid red line, for MRS-W network it is shown by
dashed black line, for MFS-W network by dotted green line, for MFW-S network by dashed-
dotted magenta line and for R-N network by solid cyan line. MFW-S network yield better result
with J=4.834x107. Next to MFW-S, MRN and MS-RW have better performance. It shows that
recurrent networks have much better performance as compared to the feed-forward MS-W

network. Table 6.2 shows the performance index of different recurrent MS-W neuron models.

0 200 400 600 800 1000
epoch

Fig. 6.12. Learning pattern of feed-forward network with recurrent MS-W neuron models for

Example 1

206



The learning parameter #, Cs, Cy and delay elements Qw, Os, Osw, Qws and Q in MS-
RW, MRS-W, MFW-§, MFS-W and MRN networks, respectively, are as follow. The columns in
W and delay elements and the number of rows in Cs and Cy are equal to the number of the

conjunction of the SAF and WAF that is a-(a +1)/2. The numbers of columns in Cs and Cy are

equal to the number of inputs.

For recurrent MS-RW neuron model:

w' =[0.0503 05608 1.1975] 0) =[-0.3649 -0.1212 -0.1803]
0.8186 0.6630  0.3420 0.7199 02217  0.5000

C{={0.6343 03432 0.5925 Cyy =|-0.0960 0.4452 -0.0279
0.8934 0.3332 0.8072 0.3855 -0.0782  0.6968

For recurrent MRS-W neuron model:

w’ =[-00637 05714 1.1174] 0/ =[0.0168 0.0435 0.0819]
0.8188 0.6608 0.3416 0.6078 0.3342  0.5475
CJ =]0.6343 0.3400 0.5878 Cy =|-0.1647 04310 -0.0904
0.8847 0.3311  0.8069 0.4010 -0.1124 0.6301

For recurrent MFW-S neuron model:

w/=[-0.1116 05607 1.0017] 04, =[ 00235 -0.8195 -0.1304]

0.81963 0.6613  0.3426 0.6121 0.2552 0.4587
C{=|06402 03532 0.6162 Ch=[0.1147 06284 0.2643
0.8849 02941  0.7741 0.5286 -0.0471  0.6943

For recurrent MFS-W neuron model:

w' =[-0.0651 05712 1.1237] 0l =[0.0190  -0.0094  0.0378]
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0.6609
0.3405
0.3325

0.3417
0.5868
0.8088

0.8188
C{ =0.6342
0.8866

For recurrent MRN neuron model;

w'=[-00317 05776 1.1715]
0.8189  0.6621 0.3423

C{=/0.6393 03528 0.5980
0.8909 03392 0.8152

CJ =[-0.1651

0’ =[-0.1605

C} =|-0.0829

0.5457
-0.0878
0.6330

0.3335
0.4326
-0.1115

0.6060

0.4018

-0.0991  -0.0697]

0.3016
0.4576
-0.0781

0.5397
-0.0602
0.6354

0.6690

0.3905

Figure 6.13 shows the output of system by solid line and output of the network with

MFW-S neuron model by dotted line. The error between them is indicated by solid line.
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Fig. 6.13. Actual output and network output with MFW-S model and the error for Example 1
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Revisited Example 2: Non-linear regression with random input
In the recurrent SS-W networks, SS-RW model with performance index J=1.302x107

yields better result than other recurrent model as shown in Fig. 6.14 and Table 6.1. Next to SS-
RW, SR-N and SFW-S have better performance. The learning parameters of different recurrent

networks are as follows.

For recurrent SS-RW neuron model:

W’ =[05566 0.4771 -03027 1.0627 0.1647 0.4851]

Ql{,=[-0.1070 -0.3436  -0.1295 0.1571 0.0095 -0.1064]

07077 0.1828  0.0759 02598 0.0335  1.6424]
0.6543 1.0056 -0.0894 1.4870  0.9909 0.8475
of - 0.8019 0.2871 0.9134 ol - 0.8356 0.4410 0.6125
57109994 02598 0.0091 ¥ 1-0.2087 1.2168 1.3101
0.5487 0.8794 0.2656 0.7640  0.7533  0.2526
0.9052  0.7431  0.5793 | | 0.9763  0.4307 0.3870

For recurrent SRS-W neuron model:

W/ =[05269 02537 -03296 1.0858 02574 0.5696]

0f =[-0.0778 -0.0993 0.0253 -0.2476 -0.0329 -0.1260]

[0.7173  0.1765  0.0545] [ 0.4289 -0.0238 1.5433]
0.6632 0.9921 -0.0881 1.4794  0.8287  0.8646
cr |07978 02849 09168 or | 07144 03212 0.6088
* 7110241 02473 -0.0394 ¥ 71-01423 10215 1.3574
0.5491 0.8775  0.2550 07773  0.8884  0.1715
09138 07426  0.5484] | 1.1249 04935 03710 |
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For recurrent SFW-S neuron model;

w/=[05341 03347 -03750 1.1418 03878 0.5070]

0%, =[03643 02995 0.1790 02168 -0.2220 -0.1084]

[0.7140  0.1733  0.0660] [ 0.3739 -0.1058
0.6596  0.9850 -0.0827 1.4434  0.7800
of - 0.7942 02819 0.9175 cr | 07152 02892
S 711.0194 02320 -0.0186 ¥ 1-0.1662  0.9524
0.5496 0.8768 0.2416 0.8440  0.9158
0.9089  0.7335  0.5753 | 0.8877  0.3338

For recurrent SFS-W neuron model:

w/ =[0.5354 02526 -03566 1.0641 0.2962 0.5808]

0hs =[0.01861  -0.1029 0.0232 -0.1035 -0.0507 -0.1212]

[0.7169  0.1790  0.0484 ] [ 0.4461 -0.0187
0.6646 0.9952 -0.0867 1.4699  0.8141
of - 0.7976 0.2839  0.9185 or | 07035 03190
5 11.0209 02392 -0.0351 ¥ 1-0.1440 1.0186
0.5494 0.8794 0.2484 0.7792  0.9216
(09146  0.7486  0.5414 | | 1.1136  0.4745

For recurrent SRN neuron model:

w’=[0.5671 0.1588 -0.3664 1.1152 0.4033 0.5583]

0’ =[0.1745 -0.0796 0.1228 0.1530 -0.2681 -0.1929]
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1.3028
0.6558
0.5277
1.1292
0.0623
0.3423 |

1.5227
0.8647
0.6063
1.3652
0.1011
0.3424 |




[0.7162
0.6573
0.7947
1.0172
0.5485
0.9117

1 0-4.9

Fig. 6.14. Learning pattern of feed-forward network with recurrent SS-W neuron models for

Ll

0.1718  0.0495]] [ 0.5252 -0.0829 1.3926 ]
0.9825 -0.0758 1.3068 0.6994  0.8555
0.2834 0.9175 cf - 0.7123 03367 0.5597
0.2341 -0.0250 ¥ 71-0.1217 10799  1.2495
0.8764 0.2418 0.8748 0.9394 0.0553
0.7383  0.5503 | 1.0153  0.4033 0.3887 |
— SS-W
----- SFW.S
—— SRN
— SS-RW
........ SFS-W
---- SRS-W

Example 2

As shown in Fig. 6.16 and Table 6.2, MFW-S neuron model with performance index
J=1.034x10 yields better result than other recurrent model. Next to MFW-S, MS-RW and
MRN have better performance. Figure 6.16 shows the output of system and output of the

network with MS-RW neuron model and the error between them. The learning parameters for
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recurrent MS-W neuron models are as follows.
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For recurrent MS-RW neuron model:

w/ =[0.4311 0.3929

05 =[0.0093  0.1076

[0.6873 02138
0.6161 0.9781
0.8383  0.2516
0.9856  0.1763
0.5984  0.9089
0.8748  0.7581

For recurrent MRS-W neuron model:

w' =[0.3902 0.5236
0! =[0.0065 0.0604

0.6946  0.2026
0.6292  0.9859
0.8367 0.2651
0.9834 0.1641
0.6054  0.8865
0.8718  0.7523

For recurrent MFW-S neuron model:

0.3828

0.0165

0.1457 ]
0.0473
0.9249
0.2347
0.3798
0.6400 |

0.4225

-0.0421

-

0.1448
0.0477
0.9264
0.2508
0.4574

0.6385 |

w/ =[0.3398 0.5024  0.4007

1.0594  0.9677

-0.0962 0

2079

[ 0.6497
0.9668
0.7452

-0.0041
0.4751

1.1127  1.0827

| 0.8913

0.0502 -0.0393

[ 0.6166
0.9379
0.7151

-0.0121
0.5192

| 0.8942

0.3993]

0.1346)

0.0340
0.7472
0.3453
0.8706
0.9872
0.4890

0.2837]

-0.0120]

0.0096
0.7219
0.3136
1.0353
1.0117
0.4705

1.0600 1.0523 0.2724]

0, =[03212 -0.0324 -0.0450 -0.0268
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-0.0222  -0.0887]

1.2251]]
0.4461
0.2009
1.0682
-0.2128
0.4386 |

-

12631
0.4026
0.3276
0.9956
-0.0977
0.5315




[0.6900 0.1917  0.1426]] 04685 -0.1246
0.6257 0.9892  0.0455 1.0030  0.7672
of - 0.8372 02793  0.9156 of - 0.8335  0.3094
5 7109706 0.1680 0.2373 ¥ 1-0.0717  1.0539
0.6166 0.8860  0.4350 0.5153  1.0234
08714 0.7500  0.6404 ] | 0.8932  0.4719

For recurrent MFS-W neuron model:

w/=[03922 05125 0.4203 1.1142 1.0943 0.2814]

Q,£s=[0.0424 0.0462 0.0097 0.0429 -0.0708 0.0104]

0.6945 02019  0.1433] [ 06182  0.0175
0.6298 0.9858  0.0485 0.9425  0.7081
s |08373 02631 09253 s _| 06996 03164
57109895 0.1632 0.2436 ¥ 71-0.0071 1.0423
0.6084 0.8923  0.4560 0.5185  1.0050
08722 07511 0.6385 | | 0.8956  0.4654

For recurrent MRN neuron model:

W/ =[04493 04299 03876 1.0802 09642 0.3774]

0’ =[-0.0497 0.1402 -0.0012 -0.1486 0.1668 0.1778]

[0.6870 0.2104  0.1476] [0.6090  0.0564
0.6203 0.9812  0.0495 0.9576 0.7774

ol = 0.8381 02540 0.9263 cl = 0.7221 0.3710
5109893 0.1657 0.2363 ¥ ~10.0033 0.8730
0.6030 09164 0.3859 0.5098 1.0019
10.8736  0.7564  0.638 | 0.8862  0.5007
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1.1818 ]
0.4588
0.4544
1.0358
-0.0828
0.5240

1.2642 ]
0.4014
0.3137
0.9892
-0.0886
0.5303 |

1.2406 |
0.4294
0.2023
1.0577
-0.1563
0.4449
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Fig. 6.15. Learning pattern of feed-forward network with recurrent MS-W neuron models for

Example 2
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Fig. 6.16. Actual output and network output with MFW-S model and the error for Example 2
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Revisited Example 3: Non-Linear Regression with Non-Linear Input
Figure 6.17 shows that the learning pattern of different recurrent SS-W models and SS-W

neuron model. This figure and Table 6.1 confers that SS-RW model acquiesces better

performance with performance index J=6.780x107. The learning parameters of the different SS-

W recurrent networks are as follows.

For recurrent SS-RW neuron model:

w’=[02024 -05754 1.1774]
0.4170  0.1409
Cl={0.8930 0.2077
0.0985  0.2266

For recurrent SRS-W neuron model:

w/=[-0.1857 -0.6370 1.5149]
04127  0.1439

C{ =/0.8858 0.2146
0.1525 0.2266

For recurrent SFW-S neuron model:

w' =[-00612 -0.5232 1.3009]
0.4158  0.1437
C/=[0.9004 0.2181
0.0941  0.2066

For recurrent SFS-W neuron model:

05 =[-03545 03830 -0.4477]
03538  0.9240
CJ =10.1336  0.7471
1.5150  0.4963
{ =[-0.0066 -0.0513 0.2438]
0.6561  0.8826
Cy =|-0.1428  0.7984
1.4177 -0.0874
04, =[0.0729 04031 -0.9716]
0.5720  0.9767
Cyy =|-0.2987 0.7164
1.5651  0.0971
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w/ =[-0.1879 -0.6429 1.5074] 0L =[0.0519 02605 0.2611]

0.4126  0.1440 0.6641 0.8874
C{=[0.8825 0.2117 CJ =1-0.1568 0.7938
0.1524  0.2266 1.4336 -0.0770

For recurrent SRN neuron model:

w'=[02384 -0.6434 1.0101] 0’ =[-0.5980 0.8200 -0.3562]
04129 0.1422 0.7107  0.9037
Cl=[0.8955 0.2035 CJ=02756 0.8195
0.0941  0.2257 1.4850  0.4119

— SS-W
— SS-RW
---- SRS-W
........ SFS-W
= - SFW-S

0 200 400 600 800 1000
epoch

Fig. 6.17. Learning pattern of feed-forward network with recurrent SS-W neuron models for

Example 3
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Figure 6.18 and Table 6.2 show the learning pattern and performance index of different

recurrent MS-W models and MS-W neuron model. MFW-S model acquiesces better

performance with J=9.053x10%, Next to MFW-S, MR-N and MS-RW have better performance.

Figure 6.19 illustrate system and network output of MFW-S neuron model as well as the etror

between them. The learning parameters of the different recurrent network are given follows.

For recurrent MS-RW neuron model:;

w' =[-0.5088 0.5206 0.7630]

0.1866  0.7425
C{ =|0.7252 04753
0.7185  0.5668

For recurrent MRS-W neuron model:

w’ =[-0.7121 02410 0.7390]

0.1744  0.6949
C/=10.7310 0.4534
0.6894  0.5671

For recurrent MFW-S neuron model:

w' =[-05266 0.4847 0.4822]

0.1260  0.6279
Cc! =/0.7089  0.4955
0.6656  0.5987
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0 =[0.0828
0.7804
C} =|0.5089
0.6318
Q! =[0.2001
1.0024
CJ =[0.1262
0.6552

04, =[-0.6001

1.0142

Cl =|0.2532

0.3081

-0.6553  -0.2861]

0.1132
0.1940
0.3624

0.1464  0.1617]

-0.0174
0.0311
0.2242

-0.3007  -0.0250]

0.2498
0.0844
0.6824



For recurrent MFS-W neuron model:

w' =[-0.7326 02392 0.7448] 0l =[02296 0.0009  0.1324]
0.1734  0.6964 1.0189 -0.0228
C{=10.7346  0.4579 Cy=/0.1288 0.0262
0.6911  0.5750 0.6347  0.2358

For recurrent MRN neuron model:

w! =[-05290 0.6739 0.8909] 0’ =[-01352 -1.0723 -0.5520]
0.1685  0.7340 0.7934 -0.0181
c{=(0.7717 05126 C) =(0.4401 0.2042
0.7251 0.5862 0.5856  0.2934

0 200 400 600 800 1000
epoch

Fig. 6.18. Learning pattern of feed-forward network with recurrent MS-W neuron models for

Example 3

218



10

1 J 1

|Prediction

Learning
-
3
S
10 ' - - ‘
0 20 40 60 80 100
0.2 — r - .
— Learning | Prediction
3 |
o
= 0
e |
[
L |
0.2 : ' ' 1
0 20 40 60 80 100

Data

Fig. 6.19. Actual output and network output with SS-RW model and the error for Example 3

Revisited Example 4: Non-linear Regression of Iinput and output
Figure 6.20 and Table 6.1 show that the SRN model yields better result than other

recurrent models with performance index J=9.824x10", Next to SRN model, SS-RW and SFW-

S models are better. Learning parameters of the recurrent summation network are as follows.

For recurrent SS-RW neuron model:

w/ =[-02980 02765 1.1226] 05 =[0.1266
0.1673  0.6126 0.5524
c{ =|02540 0.3389 C} =10.9275
0.2492  0.3203 0.4877

219
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0.6794



For recurrent SRS-W neuron model:

w/=[-02935 0.5270 1.0867] ! =[02318 -04205 -0.9303]
0.1773  0.6167 0.6096  0.7516

C{ =102257 0.3360 C} =[0.9606  1.1120
0.1665 0.2765 0.7749  0.4434

For recurrent SFW-S neuron model:

W/ =[-03127 04535 1.0243] 04 =[0.3264 -0.1772  -0.4966]
0.1646  0.6139 0.4005 0.4878
C{=/02562 0.3413 C} =[0.9198 1.0168
02534  0.2965 0.7770  0.5688

For recurrent SFS-W neuron model:

W/ =[-02768 04240 1.1041] Ops =[0.1110  -0.3262 -0.5268]
0.1589  0.6148 0.5811  0.7354

C{ =10.2655 0.3409 C) =(1.0302  0.9997
02752 0.3009 0.6747  0.4743

For recurrent SRN neuron model:

W’/ =[-03768 03959 1.0940] 0’ =[0.2964 -0.1282 -0.2628]
0.1541 0.6183 0.4475  0.6136
C{=|02638 0.3289 C} =|1.0185  0.9459
02775 02730 0.6938  0.5948
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Fig. 6.20. Learning pattern of feed-forward network with recurrent SS-W neuron models for

Example 4

Figure 6.21 shows that in recurrent MS-W neuron models, the MFW-S network has
better result than other recurrent networks. As shown in Table 6.2 the performance index of this
model is J=1.320x10S, Next to MFW-S network, MS-RW and MRN networks are better.
Network output (with SRN neuron model) and the system output with error between them is

shown in Fig. 6.22. Learning parameters of the recurrent MW-S network are as follows.

For recurrent MS-RW neuron model:

w/ =[02244 0.6028 1.2509] Q) =[-0.0840 -0.1840  -0.0720]
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0.2641 0.2703 0.4903  0.5522
C{=[0.1149 0.6295 C} =|0.5389  0.4530
0.7313  1.0391 0.4755 0.7396
For recurrent MRS-W neuron model:
w' =[0.4615 0.7514 2.0308] !/ =[0.0662 02127 -0.2387]
0.4307  0.4525 0.0453  0.6066
C/=/03826 0.8448 Cj =]0.6875 0.6239
0.3789  0.7182 0.5311  0.6046
For recurrent MFW-S neuron model:
w/ =[0.4547 0.7641 1.8686] 04, =[-0.2560 0.1754  -0.2684]
0.4637 0.5243 0.1276 0.7714
C/ =] 0.3286 0.8680 CJ =|0.6232 0.3968
0.4899 0.7130 0.5051 0.9219
For recurrent MFS-W neuron model:
w/ =[0.5257 0.7500 1.9448] O) =[0.0712  0.1454 -0.2262]
04272 04572 0.0329  0.6211
C{ =[03511 0.8261 C} =/0.7003  0.6371
0.5446  0.8501 0.5227  0.6181
For recurrent MRN neuron model:
w’' =[0.3634 0.5970 1.3249] 0’ =[-0.1444  -03730 -0.0414]
02726  0.2749 04217  0.5909
c{=/0.1143 0.6018 C} ={0.6335 0.4248
0.7449  1.0679 0.4458  0.8089
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Fig. 6.21. Learning pattern of feed-forward network with recurrent MS-W neuron models for

Example 4
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Fig. 6.22. Actual output and network output with SRN model and the error for Example 4
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Revisited Example 5: Gas Furnace Data
From the Fig. 6.23 SS-RW yields better result than other recurrent SS-W neuron models

with performance index, as shown in Table 6.1, J=1.405x10". Next to SS-RW model, SRN and
SFW-S have better performances. Learning parameters of the recurrent SS-W neuron model are

as follows.

For recurrent SS-RW neuron model:

w/=[0.8219 01574 06369 03447 06124 0.9757)

y =[-0.0703 -0.0791 0.1707 0.1572 02236 -0.0063]

[0.0995 -0.0228 0.8470]] [0.0733  0.5494  0.8444
0.1944 0.7387 0.5276 0.0764 0.7942  0.8905

cf = 0.1683 0.4155 0.2103 of = 0.8380 0.1956 -0.3959
5 10.5875 09160 0.6828 ¥ 710.5290  0.4882  0.3944
0.2413  0.4361 0.8471 0.6120  0.9367 1.0686
10.1543  0.3752  0.0313 [0.8808  1.0045 -0.3664

For recurrent SRS-W neuron model:

W’ =[09527 -0.0335 05899 03333 0.6765 1.0553]

Qf =[-0.0066 0.0031 -0.0021 -0.00002 -0.0016 -0.0098]

(0.0899 -0.0320  0.8731] [0.2004 0.6780 0.6519]
0.1993 0.7434  0.5275 0.0449  0.7639 0.9310
cf = 0.1672 0.4146 0.2316 of - 0.7755 0.1303 -0.5126
5 10.5852 0.9139 0.6920 ¥ 710.5264 0.4848  0.3451
0.2345 0.4296 0.8660 0.5273  0.8503 0.9611
10.1474  0.3690  0.0672 10.9061  1.0261 -0.4920 |

For recurrent SFW-S neuron model:

w’ =[0.9405 0.0007 0.6091 03448 0.6692 1.0368]
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0f, =[-0.0036 0.0363 -0.1348 0.1009 0.0955 0.0290]

[0.0918 -0.0302  0.8692] [0.1825  0.6602  0.6793]
0.1982 0.7424  0.5282 0.0513 0.7699  0.9286
or -|01677 04150 0.2285 cr _|0788¢  0.1434 -0.5027
5 10.5855 0.9141  0.6906 ¥ 10.5308 0.4892 0.3474
0.2359  0.4309 0.8629 0.5449 0.8676 0.9571
01495 0.3709  0.0610 0.8987  1.0194 -0.4705 |

For recurrent SFS-W neuron model:

w/ =[09542 -0.0348 0.5881 0.3329 0.6786 1.0550]

0l =[ -0.0354  0.0078 -0.0181 -0.0088 -0.0304 -0.0680]

[0.0902 -0.0318 0.8731] [0.2057 0.6830 0.6501]
0.1993 0.7434  0.5276 0.0448 0.7638  0.9309
ol - 0.1675 0.4148 0.2316 /- 0.7745 0.1295 -0.5087
5 105854 0.9140 0.6920 ¥ 710.5257 0.4843  0.3440
0.2348 0.4298 0.8659 0.5273 0.8503  0.9580
0.1479 03694  0.0671 | 0.9047  1.0250 -0.4903

For recurrent SRN neuron model:

W’ =[09277 0.0360 05890 03370 0.6569 1.0244]

0’ =[-0.1518 0.0106 0.0054 00456 0.1385 -0.0249]

[0.0918 -0.0295 0.8638 [0.1274  0.6110  0.7297]
0.1977 0.7420 0.5280 0.0552 0.7734  0.9238
of - 0.1678 0.4156 0.2236 ol - 0.7818  0.1364 -0.4985
5 710.5860 0.9149  0.6880 ¥ 105265 0.4839 0.3659
02371 0.4325 0.8581 0.5626 0.8855 0.9937
0.1494 03716  0.0533 | 10.8976  1.0161 -0.4478 |
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Fig. 6.23. Learning pattern of feed-forward network with recurrent SS-W neuron models for

Example 5

From the Fig. 6.24 MFW-S yield better learning pattern. The performance index of this model

as shown in Table 6.2 is J=9.738x10%, Next to MFW-S network, MS-RW has better

performances. Figure 6.25 shows actual and network with MFW-S network as well as error.

Learning parameters of the MFW-S recurrent networks are as follows.

For recurrent MS-RW neuron model:

w’ =[0.8039 0.1272

0.1331  0.1680
C/=|0.0681 09113
0.1288  0.1396

0.6507] 07 =[0.0514
0.6760 0.1997
0.2672 C} =|0.6465
0.3051 0.0566
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0.0022

0.2138
0.6624
0.3145

0.0068]

-0.0373
0.6043
1.0313



For MRS-W recurrent network:

w! =[0.9120
0.1151
c{ ={0.0677
0.1156

0.0835

0.1452
0.9107
0.1225

0.8625]

0.7416
0.2665
0.4071

For recurrent MFW-S network:

w’ =[0.9029

0.1134
c! =|0.0676
0.1151

For recurrent MFS-W neuron model:

w' =[0.9116

0.1149
c{ =|0.0677
0.1155

0.0812

0.1454
0.9107
0.1236

0.0880

0.1449
0.9107
0.1224

0.8557]

0.7408
0.2666
0.4046

0.8594]

0.7415
0.2667
0.4055

For recurrent MRN neuron model:

w/ =[0.8999

0.1129
c{ ={0.0678
0.1128

0.1467

0.1448
0.9108
0.1211

0.7803]

0.7214
0.2691
0.3742

/ =[-0.0052
0.3250

Cl=| 0.6611
-0.0238

Q! =[0.2783

0.2865

Cyy =| 0.6626
-0.0270
s =[-0.0228
0.3246
Cy =| 0.6613
-0.0254

0’ =[0.2818
0.3206
Cy=| 0.6648
-0.0265
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-0.0196

-0.0019  0.0284]

0.0745
0.5598
0.7597

0.3746
0.6803
0.2133

-0.0235  -0.0680]

0.3188
0.6805
0.2194

-0.1471
0.5600
0.7761

-0.0029  0.0239]

0.0732
0.5597
0.7591

0.3743
0.6807
0.2114

0.0087]

-0.1192
0.5724
0.7740

0.3603
0.6838
0.2192
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Fig. 6.24. Learning pattern of feed-forward network with recurrent MS-W neuron models for

Example 5
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Fig. 6.25. Actual output and network output with MFW-S model and the error for Example 5
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Revisited Example 6: Human Operation at a Chemical Plant
Figure 6.26 shows that the learning pattern of the recurrent SS-W network with SS-RW

neuron yields better result with performance index J=7.832x10°. Table 6.1 show the
performance index of the different recurrent SS-W models. Learning parameters of the SS-W

recurrent networks are as follows.

For recurrent SS-RW neuron model:

W’ =[0.1907 00266 . 0.8936 0.0965 0.7763 0.3453]

; =[0.0247  -0.0414 -0.0684 -0.0485 0.1958 -0.1399)

[0.0150  0.4910] [0.3797  0.1124]
0.7679  0.2224 0.7833  0.5154
cl = 0.9707  0.6945 ¢l = 0.6804  0.3814
0.9900 0.3306 0.4611 0.3790
0.7888  0.9991 0.5674  0.6367
0.4386  0.7456 | 10.7942  0.9453

For recurrent SRS-W neuron model:

w/=[-02109 00160 09114 00659 08823 0.2137]

/ =[-0.0080 00117 0.0769 00162 0.0550 0.0366]

[0.0150  0.4913 [0.3798  0.0465]]
0.7679  0.2267 0.7833  0.5024
e 0.9707 0.7162 ¢l - 0.6805  0.3709
¥ 10.9900 0.3359 0.4610 0.3788
0.7887 1.0230 0.5674  0.8701
0.4386  0.7516 ] 10.7942  0.8780
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For recurrent SFW-S neuron model:

w/=[-0.1887 0.0224 0.8852 0.0839 0.7864 0.2678]

04y =[-0.0059  -0.0157 0.0519 -0.0075 02344 0.0122]

[0.0150  0.4909] [0.3797  0.0722]
0.7679  0.2228 0.7833  0.5227
cl = 0.9707  0.6967 ¢l = 0.6803  0.3750
0.9900 0.3304 0.4611 0.3849
0.7887 1.0029 0.5673  0.7241
0.4386  0.7447 | 0.7942  0.9070

For recurrent SFS-W neuron model:

w/=[-02061 0.0172 0.9038 0.0703 0.8761 0.2137]

OJs =[-0.0007 0.0059 0.0181 0.0055 0.0295 0.0245]

[0.0150  0.4896 ] [0.3798  0.0505]
0.7679  0.2240 0.7833  0.5099
¢l 0.9707 0.7146 ¢l - 0.6804 0.3761
0.9900 0.3337 104611 0.3817
0.7887 1.0212 0.5673  0.8755
04386 0.7522 ] (0.7942  0.8826

For recurrent SRN neuron model:

w/=[-02225 0.0437 09071 0.0700 0.8463 0.2475]

Q7 =[0.0135 -0.0717 0.00004 -0.0497 0.0396 -0.0468]

[0.0150  0.4886 ] [0.3797  0.0773]
0.7679  0.2238 0.7833  0.5154
¢l 0.9707  0.7099 ¢l = 0.6805 0.3875
0.9900 0.3323 0.4610 0.3822
0.7888 1.0165 0.5674 0.8420
0.4386  0.7500 | 0.7942  0.8976 |
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Fig. 6.26. Learning pattern of feed-forward network with recurrent SS-W neuron models for

Example 6

Figure 6.27 shows that the learning pattern of the recurrent MS-W network with MS-RW
neuron yields better result with performance index J=6.190x10" as shown in Table 6.2.

Learning parameters of the MS-W recurrent network are as follows.

For recurrent MS-RW neuron model:

w/ =[0.1292 0.6108 0.5087 0.2991 0.9034 0.9322]

0, =[0.0169 -0.1169 -0.1769 -0.0720 -0.0636 -0.0936]
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[0.7035 0.5454] [0.3717 0.6686 |
0.4848 0.8529 0.4253 0.3327
¢l = 0.1146 0.6661 ¢l - 0.5943 0.3298
0.6648 1.0111 0.5657 0.6159
0.3653 1.0134 0.7161 1.0572
01401 0.0308 | 05112 0.9514

For recurrent MRS-W neuron model:

w/ =[0.1048 0.6058 0.4824 0.3036 0.9293  0.9226]
0f =[-0.0140 0.0428 -0.0186 0.0216 0.0437 -0.0469]

[0.7035  0.5461 ] [0.3717  0.6996]
0.4848 0.8514 0.4254  0.2656
¢l = 0.1146 0.6642 cl - 0.5943  0.3397
0.6648 1.0121 0.5658  0.6045
0.3653 1.0193 | 0.7160  1.0946
0.1401  0.0252 | 05112 0.9534]

For recurrent MFW-S neuron model:

w’ =[0.1319 0.5972 04949 02975 09156 0.9215]
05, =[0.0084 -0.1283 0.0672 -0.0650 0.0761 0.0050]

[0.7035  0.5477] (03716 0.7698]
0.4849  0.8525 04252 03133
cr | 01146 06628 cp | 05945 03249
0.6648 1.0127 0.5657  0.6241
0.3653  1.0073 0.7163 1.1123
0.1401  0.0249 | 05113 0.9183

For recurrent MFS-W neuron model:

w’'=[0.1249 0.6001 0.4934 03011 0.9587 0.9189]
Js =[-0.0112  0.0111 -0.0033 0.0092 0.0378 -0.0287]
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[0.7035  0.5487] [0.3717  0.7456]
0.4848  0.8578 0.4253 02714
¢l 0.1146  0.6604 ¢l = 0.5944  0.3473
0.6648 1.0154 0.5657  0.6087
03653 1.0124 07161 1.1211
0.1401  0.0201 | 05113 0.9358 |

For recurrent MRN neuron model:

w/=[0.1110 06070 04954 03041 09330 0.9216]
0/ =[-0.0396 -0.0330 -0.1087 -0.0232 0.0249  0.0255]

[0.7035  0.5456] [0.3717  0.7407]
0.4848  0.8545 0.4253  0.2945
¢l < 0.1146  0.6641 ¢l - 0.5944  0.3480
0.6648 1.0126 0.5657  0.6094
0.3653 1.0176 0.7162 1.0879
0.1401  0.0248 | 05112 0.9560 |

0 200 400 600 800 1000
epoch

Fig. 6.27. Learning pattern of feed-forward network with recurrent MS-W neuron models for

Example 6
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Figure 6.28 shows the actual control action of the operator and the network output with

error for MS-RW neuron model.

10000 ' , - . , r
Learning PrLdiction
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|
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Fig. 6.28. Actual output and network output with MS-RW model and the error for Example 6

Table 6.1: Performance Index for Recurrent SS-W neuron models

ExamplesS. F. (@) | SS-W SS-RW | SRS-W | SFS-W | SFW-S SRN
Example 1] a=2 | 1.734x10™ | 1.185x10° | 1.740x10° | 1.733x10™ [ 1.676x10° [1.838x10"
Example 2| a=3 [1.648x10” | 1.302x107 | 1.626x10” | 1.576x10™ | 1.400x107 [1.487x10”
Example 3| a=2 |[1.283x10™ | 6.780x10™ [ 1.261x10™ | 1.225x10™ [ 9.689x107 [7.770x10>
Example 4 a=2 |[5.814x10° [ 1.515%x10° | 2.492x10° | 1.985x10° | 1.738x10™ [9.824x10”’
Example 5| a=3 |1.676x10" | 1.405x107" | 1.576x10”" | 1.571x107" | 1.413x10”" | 1.668x10”
Example 6| a=3 |8.674x10° | 7.832x10” | 7.980x107 | 8.165x10” | 8.765x10” {7.918x10°
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Table 6.2: Performance Index for Recurrent MS-W neuron models

ExamplesS.F. (@)| MS-W | MS-RW | MRS-W | MFS-W | MFW-S | MRN

Example 1| a=2 [ 7.585x107 [ 6.112x107 [6.150x107 [6.510x107| 4.834x107 [6.102x10”
Example 2| a=3 [1.145x107 | 1.080x107 | 1.151x10” [1.145x107| 1.034x10> |1.086x10”
Example 3] a=2 [ 1.361x107[9.559x10” [ 1.356x107 [1.351x10%| 9.053%x10~ [9.405x10”
Example 4| =2 |6.394x10° [ 1.428x10° [2.177x10° [1.840x10°| 1.320x10° (1.492x10°
Example 5| a=2 | 1.685x107 [ 1.296x107 [ 1.560x10" |1.579x107"| 9.738x10™ [1.653x10”
Example 6| a=3 | 7.479x10° | 6.190x10° | 7.041x10° [7.344x10°| 7.396x10™ [6.895x10°

Tables 6.1 & 6.2, show the performance index of different recurrent neurons as well as SS-W &
MS-W neuron models, respectively. Scaling Factor (S.F.), a, which calculated in chapter 3, is
shown in second column. In these two tables, the performance index of best model, for each

example is Bold.

6-6 Conclusions

In this chapter, based on proposed SS-W and MS-W neuron models in chapter2, five
recurrent neuron models namely SS-RW, SRS-W, SFW-S, SFS-W, SR-N and MS-RW, MRS-W,
MFW-§, MFS-W, MR-N for SS-W and MS-W neuron models, respectively, are proposed. In
proposed recurrent neuron models, the systems' dynamic is saved in sigmoid or wavelet

activation function. Therefore, they predict the system dynamics well.

One important point should be noted that when the wavelet activation function used as
memory element these recurrent neuron models in the feed-forward network yield better result. It

means that sigmoid activation function do not have the same capability as of wavelet activation
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function to save the systems' dynamics. Therefore, the dynamic of the system can be predicted

well by recurrent model with feedback to wavelet activation function.

The results show that if the dynamic is accumulated in wavelet section of the recurrent
models, namely SS-RW, SR-N, SFW-S or MS-RW, MR-N, MFW-§, in SS-W or MS-W neuron
models, respectively, the performance will be better than in sigmoid function, i.e., SRS-W , SFS-

W or MRS-W , MFS-W, in SS-W or MS-W, respectively.

Among the recurrent neurons model, in which feedback is to wavelet activation function,
in recurrent SS-W neuron models, SS-RW model has best performance index and in recurrent

MS-W neuron models, MFW-S model has best performance index.
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Chapter 7

CASE STUDY : Indian Summer Monsoon Rainfall

(June-September)

7.1 Introduction

" The agricultural economy of India is closely linked to the performance of summer
monsoon rainfall all over India. The ability to understand and predict circulation and rainfall
during the Asian summer monsoon on various time-scales is of prime importance to the
economy of several nations of this region because of its affect on agriculture, drinking water,
transportation, health, power, and the very livelihood of billions of people living in the
monsoon region. To mitigate this and also with increasing population, effective planning and
management of water resources is necessary [Pal'99, Singhrattnal'04].

Indian summer monsoon is one of the major components of the tropical circulation
and its simulation using numerical models is one of the most challenging aspects because of
its complex interactions between orography, convection and surface processes [Kang'0$,
Pal'99].

The major drought of 2002 [Gadgil'05, Gadgil'02, Kalsi'04, Sikka'03], with the all-

India Summer Monsoon Rainfall (ISMR) (June-September) being 19% less than the long-
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term average, led to considerable concern in the meteorological community since none of the
predictions had suggested a large deficit in the ISMR. This was irrespective of the
predictions, whether it were based on empirical models used in the country for generating
operational/experimental forecasts, or generated in the different centers in the world using the
atmospheric general circulation models. Fortunately, the unanticipated failure of the Indian
monsoon in the summer of 2002 was followed by the summer monsoon of 2003 for which the
ISMR was 2% more than the average [Rajeevan'04]. However, the relief was short-lived
since the summer monsoon of 2004 has again been a drought (defined as a summer monsoon
season for which the deficit in ISMR is larger than 10% of the long-term average), with the
ISMR being 87% of the average. As in 2002, neither the forecast of the India Meteorological
Department (IMD) for the ISMR nor the predictions from the international centers using
atmospheric General Circulation Models (GCM), suggested that there would be a drought.
Clearly, it is far more important to generate accurate predictions of droughts/excess rainfall
seasons than of fluctuations within 10% of the average.

Different forecasting methods were suggested by researchers [Pal'99, Gowarikar'89,
Krishnamurti'98] and also predictability of monsoon were considered by some researchers
[Kang'05, Palmer'94]. Here our attempt is the prediction of Indian summer monsoon
rainfall, between June to September, by using previous rainfall data. The data used in this
chapter is available in the website of Indian Institute of Tropical Meteorology department
[OTM].

The chapter is organized as follow: In section 7.2 forecasting ability of the Indian
summer rainfall data is considered. Application of the proposed networks and neuro-fuzzy
models in forecasting of rainfall data are presented in section 7.3 and finally conclusions are

derived in section 7.4.
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7.2 Forecasting Ability of Rainfall Data

One of the main question in time series analysis is the ability of the time series data
(here rainfall data) to predict future change in rainfall data. There are several unknown things,
which have effect on rainfall. During last decades, several methods are developed to analyze,
predict ability of the data in time series, same as Rescaled Range Analysis [Hurst'51],
Correlation Dimension Estimate [Brock'92, Isham'93] and Largest Lyapunov Exponents
[Benettin'80, Oseledec'68].

Rescaled Range (RR) analysis is a robust statistical method used to evaluate the
degree of the presence of noise in a process, which has capability to identify a random series
from a non-random one. It can also be used to determine the average length of non-periodic

cycles. The computation procedure for Rescaled Range is as follows [Hurst'S1,

Khaloozadeh'04]:
RN=Max[Xt,N] -Min[Xt’N] ; 1St<N 7.1)
X, = ]Z\‘,’(X —m) (7.2)
t,N { t ’

where m is the mean value of original time series (X,). NV is the number of observations and

R captures the maximum and minimum cumulative deviations of the observations function of

the number of observations X, of the time series from its mean m, and it is a function of N, R

is defined using the following relation:
X N7 (7.3)

Where S, the standard deviation of X,, and 0<H <1 are given by (7.4) and (7.5),

respectively.
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N V2
S= [Z (X, -m)’ /N - 1} (7.4)
=1
H= M (7.5)
log(N)
H is known as the Hurst exponent, which shows the similarity between two successive

events. An estimate of H can be obtained by calculating the slope of log(R, /S) versus

log(N ) The largest value for H shows the mean orbital period of the process.

The value of the Hurst exponent for rainfall data is H=0.6436, which denotes long-
memory effect in time series. Validity of the Hurst exponent is tested by randomly
interchanging the order of data points in the original time series and calculating the Hurst
exponent for a new series. In fact, for the long memory effect the order of data is important so
that a new series should have a lower H estimate. The average H estimate obtained is much
lower than the original series (0.4815).

Various log(R, /S) values are regressed on their corresponding log(N) values and

the resulting slope is the estimate for H. Fig. 7.1 shows the H estimate for original series and

shuffling series versus N, respectively.

0.8 T - T -

0.7f Original data H=0.6436 '

0.6 W
0PN on e N

Random data H=0.4815
04}

H {(Hurst exponent)

0.3}

0.2

40 60 20 100 120

Fig. 7.1. H estimate for the original and random rainfall data
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7.3 Simulation Resulits

The monthly rainfall data from 1871 to 2003 for period June to September has been
taken and their average is considered in this section. There is 133 available rainfall data. Here
we predict the present data, x(?), by using five past inputs, x(t-1), x(t-2), x(1-3), x(t-4) & x(1-5).
Therefore, a time series with 128 data is available. The models \ networks are trained with
100 data and tested by remaining 28 data. In this section, the best-proposed networks in

earlier chapters are applied to predict average of Indian summer monsoon rainfall data

Wavelet Neural Network (WNN):

Figures 7.2, shows the performance index of WNN (WANN in chapter 2) with
different scaling factor ‘a’. The structure determination of the networks are started from 'a=1".
We increase scaling factor one by one. By increasing scaling factor from 6 to 7 in WNN, the
performance index does not improve. So scaling factors 'a=6' is selected for this network. The

performance index for this model, with scaling factor a=6, is /=4.8031x10™,

107} 1

w
Neuron=6*7/2=21

b
o

1 2 3 4 5 6 ; 7
a
Fig. 7.2. Performance index of Wavelet Neural Network (WNN) with different scaling factor a
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Summation & Multiplication Sigmoid-Wavelet (SS_W & MS-W) Neuron networks:
Figures 7.3 and 7.4 show the performance index of feed-forward SS-W and MS-W
neuron networks, respectively, with different scaling factor ‘a’. The structure determination of
the networks are started from ‘a=1’. We increase scaling factor one by one. For every scaling
factor, the model is being learned. By increasing scaling factor from 3 to 4 and from 4 to 5
for SS-W and MS-W neuron models, respectively, the performance index does not improve.
Therefore, scaling factors "a=3" and "a=4" are selected for SS-W and MS-W neuron
networks, respectively. The performance indexes of SS-W and MS-W neuron networks are

equal to J=4.7597x10™ and J=4.7981x10™, respectively.

1 0-3.1 i —

1074}

10}

-

1 1.5

Fig. 7.3. Performance index of feed-forward SS-W neuron model with different scaling

factor a
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W S
Neuron=10+10=20

Fig. 7.4. Performance index of feed-forward MS-W neuron model with different scaling

factor a

Wavelet Neuro-Fuzzy (WNF) model:

By applying modified clustering and cluster validity function [Azeem'03a, Xie'87],
five rules are obtained. The performance index of different networks for rainfall data has
been listed in Table 7.1. WNF model yields better performance. In this model, we have
applied genetic algorithm with 100 populations. We have fed the initial parameters for GA
randomly. Figure 7.5 shows the maximum fitness of to each generation. The initial solution
for GD is obtained over 30 generation. The value of performance index J, obtained by GA for

initialization of the parameter, is 8.0885x10™,
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Fig. 7.5. Maximum fitness of GA up to each generation for rainfall data

Figure 7.6 shows learning pattern of WNF model, after initialization by Genetic

Algorithm, with Gradient Descent. The performance index after training with 4000 epochs is

J=1.5697x10*.

1 0-3-1 | T Ll T i
10> ]
J
10| ]
10| ]
0 1000 2000 30100 4000

epoch

Fig. 7.6. Learning pattern of WNF model by Gradient Descent for rainfall data
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The learned premise variable membership functions 4;" -4, 4,V -4,Y, 45V -45Y, 45

-4;¥ and 45V -45 for inputs x(t-1), x(t-2), x(t-3), x(t-4) & x(t-5) are shown in Fig. 7.7 to 7.11,

respectively. The fuzzy rules corresponding to the learned WNF are listed below:

RV :

if x(t-1)isAY A x(t-2) is AY A x(t-3) isAY A x(t-4) isAY

A X(t-5) isAY  then x(t) is ¥, (X)

RY .

if x(t-1)isAY A x(t-2) is AY A x(t-3) isAY A x(t-4) isAY

A x(t-5) isAY  then x(t) is F2,(X)

RY .

if x(t-1) isAY A x(t-2) is AY A x(t-3) isAY A x(t-4) isAY

A x(t-5) isAY  then x(t) is ¥2L, (X)

RY .

if x(t-1)isA}/ A x(t-2) is Ay A x(t-3) isAY A x(t-4) isA}

A x(t-5) isAY  then x(t) is Yif, (X)

R :

if x(t-1)isAY A x(t-2) is A A x(t-3) isA} A x(t-4) isA}Y

A x(t-5) isAY  then x(t) is ¥, (X)

where 7}, (X), $25,(X), ..., %3y (X) are the outputs of learned MS-W neuron models in

consequent parts of R' to R, respectively. The learned parameters Cs, Cy and W', ..., W’ , for

R' to R?, are as follow.

[0.767 0.886 0.050 0.736 0.255]
0.142 0298 0.772 0.552 0.209
0.830 0.010 0.580 0.444 0913
0.528 0.478 0.301 0.472 0.603
0.570 0.542 0.645 0.151 0.236
0.987 0202 0.641 0.073 0.508
0.487 0.853 0.526 0.532 0.808
0.090 0202 0.395 0.459 0.664
0.114 0265 0420 0.347 0.876

[0.557 0515 0903 0.767 0.216
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[0.629 0.682 0.659 0226 0.542]
0332 0.721 0.500 0.826 0.558
0.657 0.334 0318 0.809 0.792
0.295 0.112 0.791 0.871 0.994
0.756  0.657 0.881 0.421 0.864
0.708 1.018 1.052 0926 0.848
0.144 0.706 0.505 0.108 0.737
1.015 0.669 0.790 0.817 0.869
0.459 0.118 0.024 0.381 0.379
[0.008 0.752  0.601 0.654 0.204

w' (0.556 0.351 0.050 0.067 0.833 0.581 0.530 0.882 0.608 0.293]
w*| 10581 0.593 0.357 0.528 0.355 0.500 0.602 0.868 0.790 0.569
W={Ww?[=|0227 0.820 0.025 0.878 0.013 0.651 0.648 0.819 0.679 0.598
w*| |0.618 0.822 0.060 0.713 0.979 0.358 0.133 0.875 0.938 0.441
w* | 0.538 0.818 0216 0367 0.523 0.961 0.131 0.445 0.395 0.396 |

Each hidden neuron in MS-W neuron model is conjunction of sigmoid and wavelet
function. Rows and column in Cs and Cy are corresponding to the number of hidden neurons
in MS-W neuron model and the number of inputs, respectively. The number of rows in W is

equal to the number of rules whereas number of column is equal to the number of hidden

neuron in MS-W neuron model.
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x(t-1)

Fig. 7.7. Learned membership function, obtained by GA & GD, of the normalized input
x(t-1) for rainfall data

x{t-2)

Fig. 7.8. Learned membership function, obtained by GA & GD, of the normalized input
x(t-2) for rainfall data
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x{t-3)

Fig. 7.9. Learned membership function, obtained by GA & GD, of the normalized input
x(t-3) for rainfall data

x({t-4)
Fig. 7.10. Learned membership function, obtained by GA & GD, of the normalized input
x(1-4) for rainfall data

248
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x(t=5)

Fig. 7.11. Learned membership function, obtained by GA & GD, of the normalized input
x(t-5) for rainfall data

Figure 7.12 shows the actual rainfall data and WNF model output and the model error.

In this figure, actual output of the plant is solid line and the model output is dot line. The

error also is solid line. The horizontal-dash line shows the 13 percent of the error.
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4000
= 3000

= 2000

Fig. 7.12. Actual output and model output with WNF model and the error for Indian monsoon

Real rainfall & rainfall prediction by WNF model

Learning

| Prediction

rainfall data

Table 7-1: Performance Index (J) with different networks for rainfall data

Model Number of Hidden Performance Index (J) Performance Index (J)
Neuron (Training) (Prediction)

NN 25 1.0523x10” 4.2587x10™
WNN 21 (a=6) 4.8031x10° 9.0682x10™
SS-W 12 (a=3) 4.7981x107 2.8863x107
MS-W 20 (a=4) 4.7597x10% 6.2543x10™
SS-RW 12 (a=3) 3.0719 x107 6.1013x107

MFW-S 20 (a=4) 3.1463 x10™ 4.1925x10*

NF M=5 2.3469 x10™ 5.700x10™

WNF M=5 a=4 1.5697x10° 7.6275x10™
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Table 7.1 shows the performance index of different model / network for rainfall data.
First column in this table is the name of the models. The second layer presents the number of
hidden layer and rules in the networks and fuzzy models, respectively. For wavelet networks,
the number of scaling factor (a) also is shown. Third and forth columns, are performance
index of rainfall data for training and prediction section. The best result in both columns is

Bold.

7.4 Conclusions

In this chapter, we have considered Indian monsoon rainfall data. In the short term,
this requires a good idea of the upcoming monsoon season rainfall, i.e. good seasonal
forecast. In the long term, it needs realistic projections of scenarios of future variability and
change.

Ability of rainfall data has been checked by rescaled range analysis. By using last five
years rainfalls as inputs and the present data as an output, we have applied the proposed
network / models to predict present data. The results show that Wavelet Neuro-Fuzzy (WNF)
model yields better performance than others do. However, the Multiplication Feedback to

Wavelet from Sigmoid (MFW-S) has better performance with testing data (for prediction).
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Chapter 8

Conclusions & Future work

8-1 Conclusions
In this presented work, two types of WNN networks (i.e., SS-W and MS-W neuron

model) are introduced. The application of proposed neuron models in recurrent network and
neuro-fuzzy models also considered. Three wavelet functions namely Mexican hat, Morlet and
Sinc wavelet function are tested in present wavelet functions and also proposed wavelet neuron
models network.

SS-W and MS-W neuron models are single hidden layer networks. Each neuron in the
hidden layer comprised of WAF and SAF. When the summation operator is used to combine
them, it results in Summation Sigmoid-Wavelet (SS-W) neuron network, whereas the product
operator results in Multiplication Sigmoid-Wavelet (MS-W) neuron network.

Three types of WAF, namely Mexican, Morlet and Sinc are tested in the S-W model. The
comparative result of different wavelets shows that Morlet activation function yields better
performance in either SS-W or MS-W neuron models.

The proposed SS-W or MS-W neuron models, have better performance than WNN
network with WAF only and NN with SAF only, even with fewer number of hidden layer

neurons. MS-W neuron model yields better performance in comparison to SS-W neuron model.
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Based on MS-W neuron model that yields better result than SS-W neuron model, WNF
model is proposed. The consequent parts of each rule in WNF model is localized by MS-W
neuron model. |

Two new configurations, namely CS-P and PS-P, for parameter identification of TSK
neuro-fuzzy model have been compared with two existing configurations, namely P and S-P. The
comparative studies have been performed on five different examples. The result shows that CS-P
configuration yields best results, for all the examples, among all the four configurations. It is
because of the local models of TSK neuro-fuzzy model, obtained from CS-P configuration,
catering the actual dynamics of the system in the space that covers TSK neuro-fuzzy model
dynamics.

GA initializes the proposed WNF model and learning parameter of the proposed model
is learned by CS-P configuration, which has better performance. Result shows that MWNF has
better performance than MS-W neuron model. The propose MWNF model also yields better
result than TSK neuro-fuzzy model.

In this thesis, based on SS-W and MS-W neuron models five recurrent neuron models,
namely S-RW, RS-W, FW-S, FS-W and R-N, have been proposed. These proposed neuron
model are used in the hidden layer of a standard one hidden layered feed-forward network. Their
performance is evaluated by modeling of dynamic system. In proposed recurrent neuron model,
the systems' dynamic is saved in sigmoid or wavelet activation functions. Therefore, they predict
the system dynamics well. The results show that if the dynamic accumulated in wavelet section
of the recurrent models, namely FW-S, S-RW and R-N, the performance are better than in
sigmoid function, i.e., RS-W and FS-W. Among the recurrent neurons model, in which feedback

is to wavelet activation function, FW-S model has best performance index.
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In this thesis, application of proposed network \ models in forecasting of Indian summer
monsoon is considered. WNF model has better performance in training whereas the MFW-S

recurrent neuron yields better performance in forecasting of the rainfall data.

8-2 Future work
In the present work, we supposed that the wavelet parameters scaling factor and shifting

are fixed. It is research topic to work on adaptive wavelet network, which wavelet parameters
and weights are tuning.

In the wavelet neuro-fuzzy models, the procedure of the learning is already sleepy. This
is because of initialization of the consequent part is based on the GA. If the GA method does not
convergence to a good solution, it will take huge time. Therefore, an initialization method based
on the wavelet parameters and fuzzy models is necessary.

Forecasting of rainfall data not only depends on last behavior of data, it also depends of
another parameters same as pressure, humidity, etc. It is a complete work if we used those data
also in prediction of rainfall. In this thesis, we have used previous rainfall data to predict future
rainfall. For an accurate long-range prediction, Multi-step forecasting can be extended to this
work. It is an ideal work if it predicts monthly rainfall and then applies this local's model to
predict all data. In this work, we have selected the five last data to predict the present rainfall

data. A methodology of input selection can be applied to find out best-input candidate.
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Appendix A

Universal Approximation Theory

Definition A-1: A sequence of functions { f,,}, n=123,..., convergence uniformly on K to a

function f if for every &£>0 there is an integer N such that n> N implies

£, (x)- f(x) <& forall xeK .

In order to prove universal approximation of proposed neuron models the Stone-Weierstrass

Theorem is applied.
Universal Approximation Theorem: (Stone-Weierstrass Theorem)
Let K be a set of real continues functions on a compact set K . The uniform closure of
K consists of all real continuous function on K , if:
(@ K is an algebra
(b) K separates point on K
(¢) K vanishes at no point of K
Definition A-2: A real functions family A defined on a set K is an algebra if: (i) f+g € K
(ii) fgek and (iii) ¢f ek are satisfied, where feA, gex,andcisa
complex constant. i.e., K is closed under addition, multiplication, and scalar
multiplication. For example, the set of all polynomials is an algebra.

Definition A-3: A family K is uniformly closed if f ek whenever f, €A, n=12,... and
f, = f uniformly onK .

Definition A-4: The uniform closure of K , denoted by B is the set of all functions that are

limits of uniformly convergent sequences of members of K . By the Stone-
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Weierstrass theorem, it is known that the set of continuous function on [a, b] is
the uniform closure of the set of polynomials on [a, b].

Definition A-5: K separates points on a set K if for every x, y in K ,x# y, there is a
function f in K such that f(x)= f(y).

Definition A-6: K vanishes at no point of K if for each x in K , there is a function f in
A such that f(x)#0.

By applying conditions (a) to (c) in Stone-Weierstrass Theorem and using definitions A-2 to

A-5 the universal approximation of the proposed networks is achieved.

A-1 Proof of Universal Approximation Theorems of SS-W and MS-W
neuron models

Suppose function in (3.5) been the output of feed-forward network. (3.6) and (3.9)

evaluate the output of each neuron in SS-W and MS-W neuron model, respectively.

Lemma A-1: Let F" be the family of ¥ defined in (3.5). ThenF" ck, where K is a

compact set.

Proof: T’he output of the SAF (3.7) is bounded by (A.1).

1

—_<l1
1+ exp(s) < A.D

0<yi(s)=

where S = ZC§I X, The outputs of the WAF (3.8) for Mexican hat, Morlet

=l

and Sinc wavelet functions are also bounded by (A.2) to (A.4), respectively.

Suppose Z = .Cj, +x; and G=[Z;b].
i=]
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Mexican hat wavelet function: To find lower and upper bounded of the y}” (2)

for Mexican hat function differential of the yj‘,’ (z)=e‘G2 (1_2(;2) is taken

equal zero.
G=0
2 2 2
%yj =—2Ge~C —2[—2Ge‘G G?+2Ge=C }:o = G=i\/§

The upper bounded of the yz‘,’ (2) is known by G =0and lower bounded by

G=i‘/§:
2

2
~0.4463=¢=C (1 - 202) < e'm(] - 2%) <Y (@)< (A2)

Morlet wavelet function: Since 0 < e <1 and —1<cosG <1 therefore

~1<y¥(z) =€ cosG <1 (A3)

. . . . sin
Sinc wavelet function: Since Gllm —_— =1, therefore
>t

this function is bounded between [0, 1], but this function in G = 0should be

stated equal 1.

0 < y¥(2) =sin(2G)/(2G) <1 (A4)
From (A.2) to (A.4), the continuous function W,-(yf(s)+ y}’.'(z)) or

W, yf(s). ¥% (2) in (3.5) for SS-W and MS-W neuron models, respectively,
with the Mexican hat, Morlet and Sinc wavelet functions is closed. That is,

F'"ck.

Lemma A-2: Let F" be the family of Y defined in (3.5). Then F" is an algebra.
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Proof. let f,g e F" as shown in (3.5). Then we can write

flx)= i W'y, (A.5)

s

g(x)= f: w?.y; (A.6)

J=1
where W /' and W f € R, Vj. Therefore for SS-W neuron model we have:

f+g=iWI'-y;+in-yf
J=1 J=1
qu (A7)
) J 1W’ i

Since W, eR, thenf+geF", That is, F" is closed under addition.

Similarly for MS-W neuron model,

L
f-g =iW,' -y ZW,’ %

Jj=t J=
=W'Y, Wit =W (¢, -1, 0, =W (v?-x7)(ve -y )W, (A8)

=wi(re-v?)(vr vy, =w7 (08 -xr W, =W 1w,
where W, =[w,’ wL]T e R, W, =[wf wi]r € R™. Since, the
product of SAF or WAF is neither also SAF nor WAF, thus /- g e F". That

is, F" is closed under multiplication. Finally, for arbitrary ¢ ¢ R

c-f=i(c-W/')-y;=in‘-yj (A.9)

=1 j=t
Since W/ =c-W,‘ € R, Vj thus ¢- f € F". Thatis, F" is closed under scalar

multiplication.
From Definition A-2 and above discussion, we conclude that F" in both SS-

W and MS-W neuron models, is algebra.
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Lemma A-3: F" separates points on K .

Proof: From Definition A-3 we show that for V x°, y° € F"if x° # y°, there is a

function f e F" such that f(x“);t f(y°).

f(x°)=ZL:W, -7,(°) (A.10)

J=l

£6°)=3w,-5,6*) (A.11)

J=1

Suppose Z* =ZC,{,, %% & S* =ZCSJ, .x%and Z” =ZC;§, Y% &
i=1

i=] =]

s’ = ZC;i -% . From (2.11-2.13) for SS-W and MS-W neuron model with

i=l]
different wavelet function we have:

SS-W neuron model with Mexican wavelet function:

Yo (0 )+ ¥ () = — 0+e{¢]-[1-2{£'—b)] (A.12)

1+e™™ a

N +e{”:"’]-[1-2(2"’-b]] wr

l+e a

MS-W neuron model with Mexican wavelet function:

) )= —— .e{":"’] _[1_2[2‘° _b]] (A.14)

1+~ a

¥ )y ()= ! °e{£:;b]{l—2[zyo _bn (A.15)

1+e=" a
Thus, from (A.12) to (A.15), it is easy to verify that for SS-W and MS-W neuron
models with Mexican hat wavelet function, f (x°)¢ f (yo) if x° #°.

SS-W neuron model with Morlet wavelet function:
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{5
Yol )y ()= L el cos[z —b) (A.16)

1+e~ a

a

1 {‘z_b] A
()3 ()= —te cos( ] (A.17)

MS-W neuron model with Morlet wavelet function:

Yo ) vy ()= —2 o-e{ ’ J COS(—Z—J‘O—_QJ (A.18)

1+e~ a

() v () =— = -e{T]COS(Zy _b) (A.19)

1+e™ a
Thus, from (A.16) to (A.19), it is easy to verify that for SS-W and MS-W neuron
models with Morlet wavelet function f (x°);t f (y°) if x° = )°.
SS-W neuron model with Sinc wavelet function:

{7
sin| 7
| a
(A.20)

I
l+e [ J

A,
T
a

Yj

”(V°)+y§”(y°)=l l °+Si'{”[ ya_b]] (A21)

MS-W neuron model with Sinc wavelet function:

o(x0). y¥ (x7)=— .Si"[”{ Zxoa—b]) (A22)

y - 0 o
! e (27—
a
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$06°) v (0)=—1 'Sil{”( y;—b)) (A.23)

1+ 2 zZ” -b
a

Thus, from (A.20) to (A.23), it is easy to verify that for SS-W and MS-W neuron

models with Sinc wavelet function f(x°)% f (y°) if x° = y°.

From above discussion and Definition A-3, F" , in both proposed SS-W and MS-W

neuron models, separates points on K .

Lemma 4: F" vanished at no point of K .
Proof: if we choose W, #0 (=1, 2, ..., L) in (3.5) then f(x)= ¥ # 0 unless in those
point that y, are equal zero. In SS-W neuron model y, =y/ +y/. Since
y,”(x):# 0 for all x, f(x)= Y#0. In MS-W neuron model network
y, =y} -y¢. Since y9(x)>0 the condition is limited to »¥(x)#0. In

following we consider this condition for different wavelet function.

Mexican wavelet function:

[1—2(Z’b) }e{_});&o:l-z(‘z"’J #0 (A.24)

a a

Then Z should be selected as:

Z#zbt a—? (A.25)
Morlet wavelet function:
{22 _ -
yj’(Z):e( ) cos(Z bJ;:o = cos(z b);eo (A.26)
a a

Then Z should be selected as:
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Z=b+a(2k+ 1)% (A27)

Sinc wavelet function:

M;to:sin(n(z—_bnato (A28)

Then Z should be selected as:
Z#b+ka (A.29)
From above discussion and Stone-Weierstrass Theorem, we can easily approve the
following Universal Approximation Theorems.

Theorem 3.1: Universal approximation theorem of SS-W neuron model, for any real function

h:R" —> R™ which is continuous on a compact set A — R" and for any given

£ >0 there is an SS-W network f, with Mexican hat, Morlet or Sinc WAF,

such that sup||f(x)- A(x)| < €. Here || can be any norm.
xefl

Proof: From Lemma 1 to 4, it is easy to show that SS-W neuron model is universal

approximation,

Theorem 3.2: Universal approximation theorem of MS-W neuron model with Mexican hat
WAF, for any real function A:R" — R™ which is continuous on a compact set
A cR" and for any given £>0 there is an MS-W network f,with Mexican

hat WAF that satisfies condition (A.30), such that sup||f(x)- h(x)| < &. Here ||
xed

can be any norm.

C, X#bt a% (A.30)

where C,, ={Cy, Cy. s Ci o X = {81, X0000%, }.
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Proof: MS-W neuron model with Mexican hat is universal approximation if satisfy A.25 that

is (A.30).

Theorem 3.3: Universal approximation theorem of MS-W neuron model with Morlet WAF,
for any real function h:R" - R™ which is continuous on a compact set
AcR" and for any given £>0 there is an MS-W network f ,with Morlet

WATF that satisfies condition (A.31), such that sup|f(x)- h(x)| < &. Here ||| can
xef

be any norm.

C,,X:eb+a(2p+1)% (A31)

where C,, = {CW,’CW,’---, Cy, }, X = {x,,xz,...,x,,} and p is any integer value.

Proof: MS-W neuron model with Morlet is universal approximation if satisfy A.27 that is

(A.31).

Theorem 3.4: Universal approximation theorem of MS-W neuron model with Sinc WAF, for
any real function A#:R" - R"™ which is continuous on a compact set A c R"

and for any given £>0 there is an MS-W network f ,with Sinc WAF that

satisfies condition (A.32), such that sup|f(x)-h(x)| <. Here || can be any
xef

norm.,

C,X#b+pa (A32)

where C,, = {CWl sCiys e Cy, }, X= {x,,x,,...,x,,} and p is any integer value.

Proof: MS-W neuron model with Sinc is universal approximation if satisfy A.29 that is

(A.32).
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A-2 Proof of Universal Approximation Theorems of Recurrent SS-W
and MS-W neuron models with Morlet wavelet function

Theorem 6.1: Universal approximation theorem of recurrent SS-W neuron models, for any
real function A:R" - R™ which is continuous on a compact set A c R" and

for any given £ > 0 there is an recurrent SS-W network f, for all recurrent SS-

W neuron models, such that sup|f(x)- h(x)| < £ . Here ||| can be any norm.
xef

Proof: From Lemma 1 to 4, it is easy to show that all recurrent SS-W neuron models are

universal approximation.

Theorem 6.2: Universal approximation theorem of MS-RW neuron model, for any real
function A:R" —» R" which is continuous on a compact set A c R" and for

any given &> 0, there is an MS-RW neuron model f that satisfies condition

(A.33), such that sup|f(x)- h(x)| < £. Here ||| can be any norm.
xeA

C,X+0, yV(k—1)¢b+a(2p+1)§ (A.33)

Where C, = {C,,,l,C,,,z,..., Cy, }, O, = {QW,’QWZ”"’QWL }, y = b/f,yg’,...,y{'},
X ={x,,%;,....%,} and p is any integer value.
Proof: The variable Z in (A.27) in MS-RW neuron model is Z=C, X +Q,y"(k-1).

Therefore (A.33) is draw out.

Theorem 6.3: Universal approximation theorem of MRS-W neuron model, for any real

function h:R" —» R™ which is continuous on a compact set A cR" and for

any given £>0 there is an MRS-W neuron model f that satisfies condition

(A.30), such that sup|f(x)- k(x)| < . Here || can be any norm.
xefd
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Proof: The variable Z in (A.27) in MRS-W neuron model is same as (A.27) or (A.30).

Theorem 6.4: Universal approximation theorem of MFS-W neuron model, for any real

function A:R" — R™ which is continuous on a compact set A c R" and for

any given £ >0 there is an MFS-W neuron model f that satisfies condition

(A.30), such that sup)f(x)- h(x)| < . Here ||| can be any norm.
xesA

Proof: The variable Z in (A.27) in MFS-W neuron model is same as (A.27) or (A.30).

Theorem 6.5: Universal approximation theorem of MFW-S neuron model, for any real

function A:R" — R™ which is continuous on a compact set A < R" and for

any given £ >0 there is an MFW-S neuron model f that satisfies condition

(A.34), such that sup|f(x)-h(x)| < £. Here ||| can be any norm.
xefd

Cy X +Qgp " (k=1)# b+a(2p+1)32'- (A34)

where Cyy =1{Cyy.Chsos C }» O = Ot Qs o0 O, ¥ = W0Vl s Ve ),
X ={x,x,,..,x,} and p is any integer value. Then we have the following result.
Proof: The variable Z in (A.27) in MFW-S neuron model is Z=C, X +Q, y“’(k—l).

Therefore (A.34) is draw out.

Theorem 6.6: Universal approximation theorem of MRN neuron model, for any real function

h:R" - R™ which is continuous on a compact set A < R” and for any given

£ >0 there is an RN neuron model f that satisfies condition (A.35), such that

sup|f(x)— A(x)| < &. Here || can be any norm.
xef
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C,X+0Q y(k—l)¢b+a(2p+l)% (A.35)

Where CW = {CW. ’ CW2 PRI CW,. }’ Q = {QI’QZ""’ QL }’ y= {yl s V2 Yy, }’
X ={x,,%,,...x,} and p is any integer value. Then we have the following

result.

Proof: The variable Z in (A.27) in MRN neuron model is Z=C, X +Q y(k—l). Therefore

(A.35) is draw out.
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Appendix B

Modified Mountain Clustering

The purpose of clustering is to do natural grouping of large set of data,
producing a concise representation of system's behavior. [Azeem'03a] have proposed
a, simple and easy to implement, mountain clustering algorithm for estimating the
number and location of cluster centers. The proposed modified mountain clustering in
unit hypercube (normalized space of data) is as follows:

We assume that each data point has potential to become a cluster center and

calculate its potential by:

o) =Z":exp(-a||x, —x,|]’) ,i=12:n (B.1)
Jj=

Where a = —42- and n is number of data.
r

l§ denote the Euclidian distance and r, is a positive constant, which defines the
neighborhood of datum. A data point with many neighboring data points will have a

high potential value and data points outside radial distance », have a little influence

on the potential. After the potential of every data point has been evaluated, the data

with highest potential is selected as first center:

x; &0 =max(0}) (B.2)
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For the selection of second cluster center, the potential value of each datum is revised

in order to deduce the effect of mountain function around the first cluster center as

follows:
0: =0! -0 exp(~ A, -xi[') (B3)

Where = —47 and second cluster center will be:
)

n-1
%; < 0] = max(0?) (B.4)

Iy is a positive constant, which defines the neighborhood of cluster center. Thus, we

subtract an amount of potential from each data point as a function of its distance from
the first cluster center. It is evident from the above equation that the data points near
the first cluster center have greatly reduced potential value and are unlikely to be
selected as the next cluster center. After revision of.the potential value of each datum,
second cluster center is selected with highest remaining potential. Similarly, for the

selection of ™ cluster center, revision of the potential value for each datum is done
by:
-l _ k-l . _ RO

QI ~Xi _Qk-l exp( ﬂllxi X-1 " ) (B.5)
Where x;_, is location of (k-1yrh cluster center and P is its potential value and the
k'th cluster will be:

. . n-k+1 i
X, & Oy =max(Q), ) (B.6)

To stop the procedure we use the criterion O} /Q <& (& is a small fraction).

Number of resulting cluster centers and distance between them are highly dependent

upon the mountain clustering parameters, i.e., the neighborhood of datum or radius of
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influence r,, neighborhood of clusters 7, , gray region parameter & . A brief analysis

of their choice is presented as follows:

a) Neighborhood of datum 7,

Smaller the value of r,, smaller the values of potential value of first centers
and 7, which result in the large number of cluster centers and vice versa. The number
of cluster centers approaches the number of data points thereby defeating the purpose
of clustering. The maximum value for r, is half of the principal diagonal of unit
hypercube, i, r,_ =4(n+1)/2 and the minimum value may be taken as

rog =02r, .

b) Neighborhood of cluster centers
The spaces among the resulting clusters are highly depending upon the value
of r,. To avoid obtaining closely spaced cluster centers, set 7, to be somewhat

greater than r,.

c¢) Gray region of parameters 6, and &,
The number of cluster centers is also depends upon the position and range of
gray region. Small value of & results in a large number of cluster centers vice versa.
It is difficult to establish a single value for & that works well for all data. A good

choice of the upper and lower limits is to take J, =0.15 and 6; =0.0.
The number of optimum clusters for the data set {xp, Yy }Z_ , is decided by the

validity function S which is the ratio of compactness to separation, [Xie'87)

M P ) 2
22'@’"’ "xpy _cmy"
§ = 2= — ; foreach M=
p-mine, -2,

M

max

(B.7)

min? *
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where g = M,u 4~ . The membership function u . represents the degree of
2 Ay

m=|

association of p" data to the m™ cluster canter and is defined as:

B = exp{— @’('—’_‘M){Z} (B.8)

O'MP

(B.8) assures the most valid fuzzy clustering of the data set.

Denoting the optimal candidate at each M by Q,, the solution to the following

minimization problem

min (min S ) (B.9)

MunS M < Mpge \ Qy
is ensured to yield the most valid fuzzy clustering of the data set. S has a tendency to
decrease eventually when M is very large. So, the values of § are meaningless when
M gets close to P. Since in practice the feasible number of clusters M is much smaller
than the number of data points P, we apply two heuristic methods for the
determination of M, for both small and large values of P.

In the first method, we plot the optimal values of S for M =M, to P-1
when P takes small values, and select the starting point of monotonically decreasing
tendency of S at M, .

In the second method, we need not compute S for very large M when P takes

large values. It is almost always the case that M at the stop-value is << P. We can

choose M, apriori, e.g.,, say M, = % which is not likely to reach the starting

point of the decreasing tendency.
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Appendix C

Stability and Convergence Analysis of Gradient Descent Learning
Algorithm

C-1 Lyapunov method in analysis of stability
Consider a dynamic system, which satisfies:
5c=f(x,t) x(t0)=xo xeR (C.1)
The equilibrium point x* =0 is stable (in the sense of Lyapunov) at ¢ =¢, if forany £> 0
there exists a 5(t,,£)> 0 such that

) <6 = [x()]<e  vezy (C2)

C-1.1 Lyapunov Stability Theorem

Let V(x,t) be a non-negative function with derivative ¥ along the trajectories of the

system, then

e The origin of the system is locally stable (in the sense of Lyapunov) if V(x,t) is
locally positive definite and —¥(x,1)< 0 locally in x and for allz.
e The origin of the system is globally uniformly asymptotically stable if ¥(x,t) is

positive definite and excrescent, and - ¥ (x,¢) is positive definite.

To approve stability analysis based on GD learning algorithm we can define discreet

function as:

V(k)= E(k)==- ()} (€3)
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Change of Lyapunov function is:

AV ()=V(k+1)-V ()= 2+ )=o) 4
From

e(k +1)=e(k)+ Ae(k)= e(k +1)= e (k) + Ae(k)+ 2 - e(k)- Ae(k) (C.5)
Then

V()= delk) | et} 5-2e(t) €9
Difference of error is:

selt)= etk 1))~ 2] o €

where @ is leamning parameter and e(k)= (k) y(k) is error between output of plant and

present output of network.

As discussed in section 2-5:

aJ
Ao=--= (C.8)

By using equations (C.7, 2.18) and putting them in (C.6):

AV (k)= [ai(k—)]r - Av

ov

or AV(k) =[ o

or

or

(k)

AV(k)=-

ae(k)

[ aE""J{Of) [

av(k)= [ae(k)"

27,

| dv

AV(k)=e*(k)- {-

-{e(k)+%-[a—;(:—)]r -Au}
)

! k)
ry,z"‘*")'ﬁr}

(%]

) s o) 28 { o1 {28 )

), I[Mk)] [@(k)] 1

P yi v dv v (p vif

1 (6);%))’, {2 2 (6;(:))} (C9)
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where y, = (n;g,x »(p)- nﬁp y(p)) ,

Therefore

AV(k)=-A-e*(k) (C.10)
Where ,1=1._17_2.(%))2.{2__'7_2.(M)’}

2 P-y. \ Ov P.y, \ ov

From the Laypunov stability theorem, the stability is guarantied if V(k) be positive and V(k)
be negative. From (C.3), ¥ (k) is already positive. The condition of stability is depending on
¥ (k) to be negative. Therefore, we consider 4> 0 for all models.

7 ( (k)

1
B __.
I dv

2
5 ) > 0 then the convergence condition is limited to:
Ve

2 —"—--(i("))2>0 = —”—-(@-(’iz)zd = n<(2-P-y3)/(9y;E)—k—))2 (C.11)

Py (v P-y? \ ov

Maximum of learning rate 7 changes in a fixed range. Since 2 P- y,2 is not depending of

the model, the value of 7,,, guarantees the convergence can be found out by minimizing the

o3(k)

Y,

term of . Therefore,

0<7 <My (C.12)

where 7, = (2-P- y? )/Max(a);—(:)jz

C-2 (Chapter 4): Convergence theorems of TSK neuro-
fuzzy model

Theorem 4.1: The asymptotic learning convergence of S-P and CS-P configurations are
guaranteed if the learning rate for different learning parameters follows the

upper bound as mentioned below:
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0<p, <2-P-y? (C.13)

2:P-y!
0<7, < L (C.14)
2
max w(X ) .| =
SCEY
2:P-y!
0<n; < > (C.15)
2
max jw(X )" -
" l ( 1 [a:ﬁn)
Proof: (C.12) for NF models can be written as:
2.P-y?
0<n, <—3 (C.16)
OY\e
ov |
Because g -_—_h'_u-ﬂ-'-'(i)sl for all m and since local models have same variables i.e. X,

> . (X)

therefore, from (4.26-4.29), equations (C.13 to C.15) easily can be derived.

Theorem 4.2: The asymptotic learning convergence of P and PS-P configurations are
guaranteed if the learning rate for different learning parameters follows the

upper bound as mentioned below:

0<n,<2-P-y? (C.17)
2
0<n, < 2Py, . (C.18)
2
)G i =
mgxlw( )| (Ul]
2
0<7; < 2Py, . (C.19)
2
XY
s
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# . (X)

M

> n,.(X)

m=l

Proof: Because g, =

therefore, from (4.26-4.29), equations (C.17 to C.19) easily can be derived.

C-3 (Chapter 5): Convergence theorems of WNF model

<1 and since local models have same variables i.e. X',

Theorem 5.1: The asymptotic learning convergence is guaranteed if the learning rate for

different learning parameters follows the upper bound as mentioned below:

2-P-y,2

’afm

aC,

max

2-P-y}?

0<77C»'< 5

WNN

ac,

max

Proof: (C.12) for WNF models can be written as:

2:P.y?

r
2

0<ny, <

WNF

ov

max
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(C.22)

(C.23)
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where v in consequent part of the rules isW, C, or C, and in premise part of the rules is

o or X. For the parameters W, C,, and C, by applying the partial derivatives to (5.5), we

have:
afm ) .af;WNN_,
ow " ow
BI’;WF ny .a?mwv,,
ocC, " 8Cy
aimvp y .a);WN_
oc, " aC,

Because g = _ﬁﬂ'_(& <1 for all m, therefore (C.22 to C.24) easily is derived.

M

du.(X)

From (5.5, 4.4, 4.7) for parameters o or X there is:

oo

s (1-8,) 2-x-%.)
=Yon_ M ) 3

" Su.  Om

6?,,,NF ol ﬂ 2'(x1 -fmt)
=7 Pm g )V
P WNN,, i, ( ﬂm) 0_:"

and therefore (C.20 to C.21) is derived:
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6YWNF =};WNNm .f_n,__(l_ﬂm)'z-(x, _3me)
4m

(C.26)

(€27

(C.28)

(C.29)

(C.30)



C+4 (Chapter 6): Convergence theorems of Recurrent SS-W
and MS-W neuron models

To prove convergence of the recurrent networks these facts are needed:

Fact 1: Let g(y)=ye("’2). Then [g(y) < Lvye®

Fact 2: let f(y)=y2e('y2).Then lf) < Lvyem

1
l+e™”

Fact 3: let 6(y)= a sigmoid function. Then [8(y] < LVye®

y-bY:
a -b .
Fact 4: let Wa,b()’)=e ( ) °°S(5ya ) a Morlet wavelet function. Then

Was0) < LVpabe

C-4.1 Stability analysis of the Recurrent SS-W neuron models

In this section, Theorems (6.7) to (6.11) for convergence analysis of the SS-RW,

SRS-W, SFS-W, SFW-S, SRN, respectively, are presented.

a) Summation Sigmoid-Recurrent Wavelet (SS-RW)

n n
Suppose Z= ¥ Cj -xi(k) and S= ¥ Cj, -xi(k)+Q,f,. yi(k-1)
=1

i=1 l=
From the facts 3 and 4:

For parameter # in all models:

¥
W:yj<'yd,+yé|<]+l=2 (C.31)

z.p.yrz_p.yz
> =

r

Therefore 0 <77, < >
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Differential of output of the model for another learning parameter is:

-Z%ZL (k)W -y (EICJ, x,(k)+ Oy -y, k ')J<

NERA _ (88Y _
1-1-'—2-S‘b-e(") -cos(SS b)—e(") ~-§--sin(5s b)< (C.32)
a a a a a
{ 2 .1.1+—5—.1}<7
amin amln
2.p.y’2 2-P-y?
Therefore 0<7., <——5"= .
v 49
93(k)
L =xlk)W' - Cs -x
acl (k) E i®)< (C.33)

1.1.6(z)-(1-6(z)) < 1-1=1

2

Therefore 0 <7, < 2'};2'})’ =2.P.y?

Tt £ iz o)

1.1.|L2.S—b-e—(s7.b) -cos(SS_b)—e—(E;—b) -E-sin(SS_b)<
a a a a a

{—2—.1.1+ > .1}<7
amin amin

2.P.y? 2.p.y?
Therefore 0<7g, < 7 ST

(C.34)

b) Summation Recurrent Sigmoid—Wavelet (SRS-W)

Suppose Z = z; oy} x(k)+Qs J(k-1) and S = z Ci - x(k)

i=1 i=1

By using the facts 1 to 4 and differential of network output to learning parameters:
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(5-b) _p) A=Y -
1-1 ’—2 Sl e("J -cos(SS b)— ("] --5--sin(5s b)< (C.35)
a a a a a
{i.l.n > .1}<7
a,n Grin
Th 2:P-y? 2Py}
erefore 0<7., < P
k) _ { 5
Fcz_x,(k)-wne iz:lcg,-xi(k)+Q§-yé(k-1) < (C36)
1-1.6(z)-(1-6(z)) <1-1<1
2
Therefore 0 <7, <'2'.fT.yL=2°P'yr2
a}(k)__f,!_.’n/- d - ylk-
507 =W’y (k-1)-6 ,E]CS' xi(k)+Qs, Yk -1)|< (C.37)

1-1-0(z)- 1-6(2)) < 1-1<1

2
Therefore 0 <7, <—2—1;)2—y—’=2-P-y,2

¢) Summation Feedback to Sigmoid from Wavelet (SFS-W)

n n
Suppose Z= ¥, C} -xi(k)+Q,{,S~ yilk-1)and S= ¥ C}, -xi(k)
: =1

1= 1=
By calculating the maximum value of the difference of the network output to the learning

parameter:
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(k) _ (k)W v/(g cl, -x,-(k)J<

o

1.1.}:3-'5~b-e_(£?) -cos(SEi)—e-(?] -z-sin(Ss_b)
a a a a a

{ 2 L1+ > .1}<7
amin amin

2-P-y} 2-P-y}
2 49

<

Therefore 0<7, <

@-(k—)=x,(k)-Wf-9'[ 5 C} -x.(k)+Q,f,s-yf(k—1)]<
6Cs’, i=1 ! v

1-1-8(2)-(1-6(z)) <1-1<1

2

Therefore 0 <7, < 2'1192'}” =2.P.y

) _p .y (e-1)-0] £ g x k)0l 2lk-1)|<
804 i=1 !

1-1-6(2)-(1-6(z)) < 1-1<1

2

Therefore 0 <, _< 2 1])2' 2 =2.p.

d) Summation Feedback to Wavelet from Sigmoid (SFW -S)

n n
Suppose Z= X Cf -x,(k)+ 04y - yy(k-1)and S= 3 Cj, - x,(k)
i:l i= I
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P _ ) ( % Gl -x,(6)+ 0l -y;(k—l)]<
BC’ i=1 C

(s=8) _ (=8} _
1-1- &—'2 §-5, (") 'cos(SS bj—e("] -—5--sin(5S b)<
a a a a a
{ 2 Ja+ > .1}<7
B gin in
Therefore 0<p, 2Py 2Py
o 2 49
(k) _ N
FC-Z-—x,(k)-W -6 iglc;, x (k)| <
1-1-6(z)-(1-6(z)) <1-1<1
. . 2
Therefore 0 <7, <2 }1)2 e =2-P.y?
&
ay(J)=Wl'y;(k_1) Z Ct{' x( )+st }’9(k 1)
304, it
<

1.1.>_—2.S_b-e-(¥) -co{SS_b)—e-(%) 3. sm(Si—bJ
a a a a a

{2 J1+ > .1}<7
a. a.

min min

2-P-y} 2Py
7 49

Therefore 0<n, <

e) Summation Recurrent Neuron (SRN)

Suppose Z = Z Cl -x, (k)+Qs yi(k-1)and S = Z Ch-x. (k)
i=1 i=1
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%y“éf—)q,.m).,,,{g G -x,.<k)+Qf-yf<k-1>)<

1=

NESAY _ [s=8) :
1-1-—2-S_b-e(") -Co SS b —e(") -E-sin 5S b < (C.44)
a a a a a
{ 2 J14+ > .1}<7
Qin Ain
2-P-y} 2-P-y}
Therefore 0 <7, <——*= m
aj}(k) J [ n
—=x(k)Ww’ -6 Clxk)+Q -y (k-1)|<
2w o] £ s o0 v s
1-1-6(z)-(1-6(z)) < 1-1 <1
2
Therefore 0<77Cs<Z-'—1:21=2-P-y,2
(k) )
P _w. -1)-
50 ()
n
[w'[ 3 ca,,-x,-(k)+gf-yf(k—1)]+e'[ £ e .xi(k)+Q/.yJ(,,_1)H<
=1 i=t (C46)

a

1-1-)—72--'2;-—17-e{%&)2 -cos(ss—;lz)—e 539)‘ -%-sin(S S_b)+0(z)-(1 —0(2)4<

_2.1.1- >
a a

d+1-1<6

.p2 .2
Therefore 0<7, < 2Py Py
6’ 18

C-4.2 Stability analysis of the Recurrent MS-W neuron models

In this section, Theorems (6.7) to (6.11) for convergence analysis of the MS-RW,

MRS-W, MFS-W, MFW-S, MRN, respectively, are presented.
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a) Multiplication Sigmoid-Recurrent Wavelet (MS-RW)
From fact 3 and 4:

Suppose Z = z C} -x (k) and S = z Cj, - x ()+QW yi(k-1)
i=1 i=1

For parameter W in all networks:

Dy eyl <li<] (C47)

- . 2
Therefore 0<77,,<2 Pl Y ¢2.P.y?

a5’(’,‘)=x,(k)-Wf-¢9 §c§ -x.(k)] (z cs, x(k)+Q,,, yilk-1)|<
oCy, i=1 ! i=1
) (C.48)

S-b S-b

1.1.14'—2-3'1’-{(7) -cos(Sﬂ)—e_(T) -f-sin(ss‘bj<{ 2 Lie .1}<7
a a a a a a,, a
Therefore 0 <7 <2-P-yf=2-P-y,2
“

%?:x,(k).Wl.e{élcf (k)) (él Cl,x,(K)+ 04 -yl - 1)) (C49)

1-1-5(2)-(1-49(2))-1<1.1<1

2'P'y3 :2'P'y2

1y

Therefore 0 <7, <

%W—) W yl(k- 1)6(}: Ci - x(k)) {ﬁc&.xi(k%g;.y;(k_l)}(

S~b
L1, 1‘—2- cos( ) ela sm(ss—[lj {2 .1.1+i.1}<7
a a a am amia

2.P.y? 2.P.y?
Therefore 0 < < L= L
T STEy T

(C.50)
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b) Multiplication Recurrent Sigmoid-Wavelet (MRS-W)

n
Suppose Z= ¥ C} -xi(k)+Qs J(k—1) and S = z c,; x,(k)
i=1

ﬂ")n,(k).wug(_ﬁ Cl-x,(K)+ 04 - yilk- I)J w{ e x(k)]<
S~

aCy, (C.51)
g S-b
1-1-1.}— =2 S b -( ) co{SﬁJ e_{T) —5- 'n(S bj<{ 2 A+ > .l}<7
a a a a a amm amm
. . 2 . . 2
Therefore 0 < 7., <2 sz’ 2Py
" () 49
%UfJ:x,(k).W/.o{'glci-xi(k)+Qs (k- 1)] [ z G x(k)J (C.52)
S, =
1.1.6(2)-1-6(2))- 1<1-1<1
. . 2
Therefore 0 <7, < 2 g)zy’ =2.P.y}
k | D
) _ y;(k-1)-9( p) Csf'.x’.(k)+Q§1-y‘{,(k—l)] [z Ci, -, (k)) (C.53)
aQS i=1 i=1 )
1-1-6(2)-(1-6(2))-1<1-1<1
2
Therefore 0 <7, <2%&=2-P-y,2
c) Multiplication Feedback to Sigmoid from Wavelet (MFS-W)
Suppose Z = }: Ci -x, (k)+ Ois - yi(k—1)and S = z Cy, - x,(k)
i=1 i=1
~ n
) (- H[z ¢4 (6)+ 01k 1)] {z ¢ x,(k))<
Cy, i i= (C.54)
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2-P-y! =2-P-y3
(7 49

Therefore 0 <7, <

B, 9'[,56’ (k)+g,f,s-y;(k—n)] (E ch x<k)) cs9
1-1.6(2)-(1-8(2))-1<1-1<1

Therefore 0 <7, <2:-P-y}

Zwspte-tvof & crnreomntedly Ees@)s s
111-6(2)-1-6(2)-1<1-1<1

Therefore 0 <7, _<2-P-y!

d) Multiplication Sigmoid Feedback to Wavelet (MS-FW)

Suppose Z = Z o) x(k)+ Q- vylk~1) and S = Z Cy, - x,(k)
i=1 i=

T st o] § i s e} £ ctx )

WI (C.57)
= S-b
l'l‘|-‘2'ﬂ"e{—a—) -cos(SE——b)—e-(T) .é..sin(SS-b).l<{ 2 L+ > .l}<7
a a a a a a,., a.
Therefore 0 < <2'P'yr2_2'P'}’r2
e, (7)2 49

S(k .
aayc(g)zxf(k)-wj [l§ Cl X, (k)+ st yo(k ])J [ EIC;‘ .x’_(k)]< (C.58)

1.1-1-6(2)-1-6(2)) <11 <1

Therefore 0 <., <2-P- !
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20t £ 45000 nite-)f £ it
i=1 i=1

J
s (C.59)
58y’ sy
l-l.i-ﬁ-e{ a ) -cos(ss_b)—e—( ") -z-sin(s-‘-g-_—b-j-k{ 2 A0+ 3 .1}<7
a a a a a a.. Ao
Therefore 0 < <2-P-y,2__2-P-y,’
e tTEy W
e) Multiplication Recurrent to Sigmoid and Recurrent to Wavelet (MRN)
n n
Suppose Z= Y. Ci -xi(k)+ Q- yik-1)and S= ¥ Cj, -xi(k)
i=1 i=1
k) _ ;
"a'c—’{"‘ =X, (k) W
n n
w’[ fq -x,.(k)+Qf-yf(k—1)}o[ 5 ¢ -x,.<k)+gf-y1(k-1>)< (C.60)
i=1 i=1

s-bY s-b\
1-1-’:-2-S_b-e{") -cos(SS-b)—e{") -i'sin(ss_b)!~l<{ 2 BRES > .1}<7
a a a a a Qi A

2.P-y} 2.P-y

Therefore 0< 7, < F @

aj"(k) — x,(k)- w.

oC
w( f; C,{,l-xi(k)+Q’-y’(k—l)]-9{ § Csfl-xi(k)+Q’-y’(k—l) < (C.61)
i=1 i=

1-1-1-6(2)-(1-6(2)) <1-1<1

Therefore 0 <7 <2-P-y}
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vk

M £ chnroryteon £ ciosre oo
i=1 i=1 (C.62)

W{. > G x,(k)+ 0’ -yf(k—l)]-ﬁ'(,fl% x;(k)+ Q" .yf(k-l)ﬂ<

i=

[:;2_ S-b -e{%l -co{sﬂ)- e{%z -%-sin[s%—b)]. 1+1-6(2)-(1- a(z))} <

1-1-

a a

——A———

|

{' .1.1——5-.1+l-1}<|—2—5+1|<6
N a..

alnlll min

2Py} 2Py

Therefore 0 <7, <
ore U<l <63 36
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