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1 Introduction

In a recent paper [4] written jointly with G.Savaré, the first and second author introduced
a notion of Riemannian Ricci lower bound for metric measure spaces (X,d, m), relying on
the calculus tools developed in [3]. This definition, in the spirit of the CD(K, N) theory
proposed by Lott-Villani [22] and Sturm [29, 30] relies on optimal transportation tools and
suitable convexity properties of the relative entropy functional Enty. In the framework of
[4], these conditions are enforced adding the assumption that the so-called Cheeger energy
(playing here the role of the classical Dirichlet energy) is quadratic.

More precisely, the class of RCD(K, o0) spaces of [4] can be defined in 3 equivalent ways
thanks to this equivalence result (see below for the precise meaning of the various symbols):

Theorem 1.1. Let (X,d, m) be a metric measure space with (X,d) complete and separable,
m(X) € (0,00) and suppm = X. Then the following are equivalent.

(i) (X,d,m) is a strict CD(K,o0) space and the Wy-gradient flow 74 of Enty on P2(X)

s additive.
(i) (X,d, m) is a strict CD(K,o0o) space and Ch is a quadratic form on L*(X, m).

(ii3) (X,d, m) is a length space and any p € Po(X) is the starting point of an EV I gradient
flow of Enty,.

This equivalence is crucial for the study of the spaces RCD(K,c0): for instance the fine
properties of the heat flow and the Bakry-Emery condition obtained in [4] need (ii), while
stability of RCD(K,c0) spaces under Sturm’s convergence [30] of metric measure spaces (a
variant of measured Gromov-Hausdorff convergence) depends on a crucial way on (iii) and on
the stability properties of EV Ik flows.

Aim of this paper is the extension of the theory of RC'D(K, c0) spaces to a class of o-finite
metric measure spaces. This extension includes fundamental examples such as the Lebesgue
measure in R” and noncompact Riemannian manifolds with bounded geometry. In our class
of spaces we obtain the perfect analogue of Theorem 1.1 (see Theorem 6.1). Actually, even
in the finite case we improve Theorem 1.1, replacing strict CD(K, co) with CD(K, o) in (i)
and (ii): this is possible mainly thanks to the fine results of Section 4. The measures m we
will be dealing with satisfy the quantitative o-finiteness condition

/Xe_°d2(x0’x) dm(z) < o0 (1.1)

for some zg € X and c € (0,00). As illustrated in [3, Remark 4.21] this condition is already
needed and close to being sharp for stochastic completeness (i.e. mass conservation for the
heat flow) and it is also a consequence of the C'D(K, o0) condition as formulated in [29], so
it is very natural within this theory.

Let us now briefly and informally explain the terminology implicit in Theorem 1.1 and
the technical difficulties arising when one considers o-finite reference measures m. Cheeger’s
energy Ch can be defined in L?(X, m) by a relaxation procedure

1
Ch(f) := 2inf{lihrggf/x |Dfn|?dm : f), locally Lipschitz, f, — f in LQ(X,m)},



where |Df] is the slope, see (2.4). Associated to this procedure is a notion of weak upper
1

gradient |D f|,, that provides integral representation to Ch, namely Ch(f) = 5 [|Df 2 dm
whenever Ch(f) < co. Since Ch is convex and lower semicontinuous on L?(X,m), its gradient
flow hyf is well defined starting from any initial condition, and one of the main results of
[3] is the coincidence of hy with the quadratic optimal transport distance semigroup 7 (the
W, gradient flow of Enty) under the CD(K, o0o) assumption: more precisely, if f € L?(X,m)
and [ f(z)d*(z,x0) dm(z) is finite, then J4(fm) = (h;f)m. This explains the connection
between (i) and (ii), where finiteness of m does not play any role. Passing to the EV g
condition, deeply studied in [2, 15], it amounts to a family of differential inequalities indexed

by 0 € P2(X):
d1

K
EEWQQ(M, 0) < Entn(o) — Entm (pe) — EWQQ(Mt,U) for a.e. t € (0,00). (1.2)

Set py = (hyf)m and let ¢, be Kantorovich potentials from p; to o. The analysis in [4] shows
that

d1. . Ch(ft —epr) — Ch(fy)
—Z < .
3 MR, o) < lim ¢ (13)
on the one hand, and that the CD(K, co) condition gives
Ch(p: — —Ch K
lim (i gf;) () « Bt (o) — Ent() — 5 W3 (,0) (1.4)
[

on the other hand. If Ch is quadratic, then we can formally write that both the right hand
side in (1.3) and the left hand side in (1.4) coincide with — [ D f; - Dy dm, thus providing
the connection from (ii) to (iii). However, in the derivation of (1.4) a key role is played
by the Sobolev regularity of log f;, that can be easily achieved if f; > ¢ > 0. But, this
assumption is not compatible with the o-finite case, since f; is a probability density, and
even local space-time lower bounds on f; can hardly be obtained in our framework, where no
finite dimensionality assumption on (X, d, m) is made. It turns out that this derivation is still
possible, but working so to speak in a time-dependent weighted Sobolev space: formally we
write

/ th'D%dm—/ Dlog fi - D¢ d(fym)
X X

and, thanks to the energy dissipation estimate

T
Entm(frm) —1—/0 /X wﬁﬁ”dmdt < Entp(fm),

we know that log f; belongs for a.e. ¢ to the Sobolev space with weight f;. Then we prove
that for a.e. ¢ > 0 the first inequality (1.3) holds, when written in terms of weighted Sobolev
spaces, for any choice of the Kantorovich potential o;, while the second inequality (1.4) holds
for at least one. This suffices for the derivation of (1.2).

Besides the application to o-finite RC' D (K, o0) spaces, several results of this paper have an
independent interest and do not rely on curvature assumptions: for instance the compactness
properties of Kantorovich potentials and the analysis of weighted Cheeger energies performed
in Section 3. Also, it is worthwhile to mention that existence of geodesics with L bounds of
Section 4 applies to o-finite C'D(K, 00) spaces, i.e. no quadratic assumption on Ch is needed
for the results of the section. Also, since finiteness of m was used in [4] essentially only for



the equivalence of Theorem 1.1, we describe in the last section the properties of RCD(K, o)
spaces proved in [4], whose proof extends with no additional effort to the o-finite case: among
them we just mention the Bakry-Emery condition

ID(hef)2 < e 2K Df)2 m-a.e. in X.

In connection with the Bakry-Emery condition, we also mention the forthcoming paper [6]. In
connection with stability, instead, the extension to the o-finite case is far from being trivial.
We devoted to this a separate paper [7].

The paper is organized as follows. In Section 2 we gather a few facts on relative entropy
and optimal transportation, mostly stated without proofs (standard references are [1], [2],
[31]); the only original contribution is a compactness result for Kantorovich potentials via De
Giorgi’s I'-convergence stated in Lemma 2.3.

In Section 3 we recall the main results of the theory of weak gradients as developed in
[3], emphasizing also the connections with the points of view developed in [13, 20, 27]. The
main result of the section is that, for probability densities p = gm with g € L*°(X, m) and
Ch(y/g) < oo, roughly speaking weak gradients w.r.t to m and weak gradients with respect to
p are the same, even though no (local) lower bound on g is assumed. Furthermore, Cheeger’s
energy Ch, induced by p is quadratic if Ch is quadratic. Section 4 is crucial for the development
of (short time) L estimates for displacement interpolation which are new in the situation
when (X, d) is unbounded and m is not finite. These estimates, which hold when the density
of the first measure decays at least as cle*@dz(x’zo) for some c1, co > 0 and the second measure
has bounded density and support, are obtained combining carefully entropy minimization (an
approach proposed by Sturm and then developed in [25, 24]) and splitting of optimal geodesic
plans. Section 5 is devoted to the proof of some auxiliary convergence results dealing with
entropy, difference quotients of probability densities and Kantorovich potentials, bilinear form
Ch, associated to a measure p € Z5(X) as in Section 3. Section 6 contains the proof of the
equivalence result analogous to Theorem 1.1 in the present o-finite setting.

Acknowledgement. The authors warmly thank G.Savaré for his detailed and helpful com-
ments on a preliminary version of this paper. The authors acknowledge the support of the
ERC ADG GeMeThNES. T.R. acknowledges the support of the Academy of Finland, project
no. 137528.

2 Preliminaries

We assume throughout the paper that (X, d, m) is a metric measure space with (X, d) complete
and separable. We assume that m is a nonnegative Borel measure satisfying suppm = X and
(1.1) for some ¢ > 0 and zg € X. This assumption includes finite measures and large classes of
measures finite on bounded sets as the Lebesgue measure or the Riemannian volume measure
of manifolds with bounded geometry.

We denote by #(X) the space of Borel probability measures on (X,d) and set

Po(X) = {ue P(X) : /

d?(zg, ) du(z) < oo for some (and hence all) zq € X}.
X

According to (1.1) we denote z = [ e~ed*(®20) dm and

M= ie—ch(x,mo)m c @(X)’ V(l‘) = d(q;7:p0), (21)



Given a nonnegative Borel measure n, the relative entropy functional Ent, : P2(X) —
(—o0, 0o] with respect to n is defined by

Jx flog fdn if p= fu;

] (2.2)
00 otherwise.

Ent,(p) := {

By Jensen’s inequality, this functional is nonnegative when n € Z(X). More generally, we
recall (see [3, Lemma 7.2] for the simple proof) that when n = m the formula above makes
sense on measures p = fm € P5(X), thanks to the fact that the negative part of flog f is
m-integrable. More precisely, defining m € Z(X) as in (2.1), the following formula for the
change of reference measure will be useful:

Entm(p) = Entg(p) — c/ VZdp —log . (2.3)
X
In the sequel we shall denote by D(Enty) C Z2(X) the finiteness domain of Enty,.

2.1 Metric structure

We shall denote by Lip(X) the space of Lipschitz functions f : X — R and by Lip,(X) the
subspace of bounded Lipschitz functions.
Given f: X — R we define its slope |Df| by

. 1f(y) — f(@)]
Df|:=limsup ————~—. 2.4
We shall also use, in connection with Kantorovich potentials, the one-sided counterparts of
the slope, namely the ascending slope and descending slopes:
fly) — f@)]”
] .

|DY f(x)| := limsup [F(y) — )] |D™ f(x)| := limsup [ )

7 2.5
y—T d(y, ) y—z ( )

Given an open interval J C R, an exponent p € [1,00] and v : J — X, we say that ~
belongs to ACP(J; X) if

t
dm,ms/ g(r)dr Vs, teld s<t

for some g € LP(J). The case p = 1 corresponds to absolutely continuous curves. It turns
out that, if v belongs to ACP(J; X), there is a minimal function g with this property, called
metric derivative and given for a.e. t € J by

. . d(yssm)
= lim ————=.
h/t‘ slig ‘S — t‘

See [2, Theorem 1.1.2] for the simple proof. We say that an absolutely continuous curve 4
has constant speed if || is (equivalent to) a constant.

We call (X,d) a geodesic space if for any zg, z1 € X there exists v : [0,1] — X satisfying
Y0 = Zo, 71 = @1 and

d(vs, ) = [t = sld(v0.,m1) Vs, te€[0,1]. (2.6)



We will denote by Geo(X) the space of all constant speed geodesics 7 : [0,1] — X, namely
v € Geo(X) if (2.6) holds. Recall also that the weaker notion of length space: for all
zg, v1 € X and € > 0 there exists v € AC([0,1]; X) such that fol Y4 dt < d(xg,x1) + €.
From the measure-theoretic point of view, when considering measures on AC?(J; X)) (resp.
Geo(X)), we shall consider them as measures on the Polish space C(J; X) endowed with the
sup norm, concentrated on the Borel set ACP(J;X) (resp. closed set Geo(X)). We shall
also use the notation e; : C(J; X) — X, t € J, for the evaluation map at time ¢, namely

et(y) =

2.2 Optimal transport

Given p, v € P5(X), we define the quadratic optimal transport distance Wa between them
as

W3 (u, v) = inf/XXx d*(2,y) dy(z,y), (2.7)

where the infimum is taken among all Kantorovich transport plans, namely probability mea-
sures v on X x X such that

7rﬁl'y = u, 7r§'y =
Here, for p € 2(X), a topological space Y and a p-measurable map T : X — Y, the
push-forward measure Tyu € Z(Y) is defined by Tyu(B) := pu(T~'(B)) for every Borel set
BCY.

Since (X, d) is complete and separable, the space (ZP2(X), Ws) is complete and separable.
Since the cost d? is lower semicontinuous, the infimum in the definition (2.7) of W3 is attained
and we call optimal the plans -« realizing the minimum; in addition, Kantorovich’s duality
formula holds:

s =sw{ [ pdut [ wavs o) 4o < @)} @8

where the functions ¢ and 1 in the supremum are respectively in L!'(X, 1) and in L'(X,v).
Recall that the c-transform ¢° of ¢ : X — R U {—o00} is defined by

d*(z,y)
2

©°(y) = inf{ —p(x): e X}

and that 1 is said to be c-concave if 1 = @° for some .

Definition 2.1 (Kantorovich potential). We say that a map ¢ : X — R U {—o0} is a
Kantorovich potential relative to (u,v) if:

(i) there exists a Borel map 1 : X — RU{—o0} such that ¢ € L'(X,v) and ¢ = ¢°;
(ii) ¢ € LY (X, u) and the pair (¢,v) mazimizes (2.8).

Notice that the inequality ¢(z) + ¥ (y) < %dQ(m,y), when integrated against an optimal
plan =, forces the integrability of the positive part of ¢. For this reason, in (ii) we may
equivalently require integrability of the negative part of ¢ only.



Proposition 2.2 (Existence and choice of gauge of Kantorovich potentials). If u, v € P2(X),
then Kantorovich potentials ¢ relative to (u,v) exist and satisfy

e(2) +¢(y) = 3d*(z,y) ~-a.e. in X x X (2.9)
for any optimal Kantorovich plan v and

DV o|(x) < d(x,vy) for v-a.e. (z,y). (2.10)

In addition, if suppv C Bgr(yo) for some R > 1, then a locally Lipschitz Kantorovich potential
© = ° exists with ¢ = —co on X \ suppv, ¥ < R%/2 on suppv and

[Del(x) < R+d(z,50),  |p(@)] < 2R*(1+d*(z, y0))- (2.11)

Proof. Since any complete and separable metric space can be isometrically embedded in a
complete, separable and geodesic metric space we can assume with no loss of generality that
the space (X, d) is geodesic. The existence part is well known, so let us discuss briefly (2.10),
the choice of gauge and the regularity properties of ¢ when v has bounded support. From
(2.9) and the inequality ¢ + ¢¢ < d?/2 we get

p(2) —p(r) < L (d*(2z,y) — d*(z,y)) for all z

=2
for v-a.e. (x,y), so that |DTp|(x) < d(z,y) for v-a.e. (z,y).
Now, let us set

() =

~ Y(x) if x € suppu; . ~

= . Y
—oo otherwise,

Since ¢ > ¢, it is obvious that its negative part is p-integrable and that (@, 1;) is a maximizing

pair, so that ¢ is a Kantorovich potential. From

Pla)= inf d(wy)— D)
and the inclusion suppr C Bpg(yo) it is immediate to obtain the linear growth of |D¢|, in
the form stated in (2.11). Finally, possibly adding and subtracting the same constant to
the potentials in the maximizing pair, we can assume that @¢(yo) = 0. Then, the inequality
Y < %dQ(yg, -) gives ¥ < R? /2 on suppv and the linear growth of |D@| gives the quadratic
growth of ||, since (X,d) is geodesic. O

Lemma 2.3 (Compactness of Kantorovich potentials). Consider probability densities o, n =
foy ny, = fom € Po(X) satisfying the following conditions:

(a) o has compact support;
(b) fn— f m-a.e. in X and sup,, fn(z)(1+ d*(z,z0)) € LY(X, m) for some ¢ € X.

Let @, = ¢ be Kantorovich potentials relative to (n,,0), in the sense of Definition 2.1,
satisfying
on(2)] < C(1+ d*(z, 20)) (2.12)



and
Yy, = —00 on X \suppo, ¢, <C (2.13)

for some constant C independent of n. Then there exist a subsequence n(k) and a Kantorovich
potential @ = ¢ of the transportation problem relative to (n, o) such that Pn(k) — P pointwise.
In addition (2.12) is fulfilled by ¢ and ¥ < C.

Proof. In this proof we shall use De Giorgi’s I'-convergence (strictly speaking, the I"'~-convergence,
the one designed for convergence of minimum problems, see [14]). Since X is separable, by
compactness of I'-convergence (see for instance Proposition 1.42 in [11]) we can assume with
no loss of generality that —1,, I'-converges as n — 0o, and we shall denote by —1) its I'-limit.
Observe that, since by definition of I'-convergence for every x € X there exists a sequence
xn — x such that —,(x,) — —1(x), ¥ still satisfies (2.13).

By invariance of I'-convergence under continuous additive perturbations (see for instance
Remark 1.7 in [11]) we get

(36 —0) =T~ i (G w)  weex. (214)

2 n—o00

Because of (2.13) and of the compactness of supp o, the I'-convergent functionals above are
equi-coercive, so that the minimum values of the functionals converge to the minimum of the
[-limit (see for instance Theorem 1.21 in [11]), yielding

eole) = min (5620, =) i (5@ —0) =) (219)

where the last equality has to be understood as the definition of ¢(z). Obviously (2.12) is
fulfilled by ¢, so that ¢ € L'(X, fm). In connection with v, obviously its positive part is
o-integrable.

Now we claim that ¢ = ¢ is a Kantorovich potential for the limit transportation problem
(fm,0); we have to prove that

[ edtrmy+ [ wdo= w3 smo), (216)
X X

since this inequality provides at the same time also integrability of the negative part of .
Since by assumption ¢, = ¥¢ is a Kantorovich potential for (f,m, o), we already know that

[ endttim) + [ vudo = JWR(fum.0). (2.17)
X X

Using (b) it is immediate to check the weak convergence of f,m to fm, so that (see for instance
Proposition 2.5 in [1])
W3(fm, o) < liminf W3 (f,m, o). (2.18)
n

Moreover, using (b) and (2.12), the dominated convergence theorem gives

[ endttam) > [ pairm) (219)
X X
Finally, by the very definition of I'-limit we have

—1(x) = inf {hnrglcgf —p(xp)| 20 — x} < linrr_ljcgf — ().

8



Moreover, by assumption (2.13), —1»,, > —C. Hence Fatou’s lemma gives

lim sup/ pdo < / 1 do. (2.20)
n—oo JX X
Putting together (2.17), (2.18), (2.19) and (2.20) we get (2.16) as desired. O

Let us close this section by discussing the geodesic structure of (F2(X),Wa), see [1,
Theorem 2.10] or [21]. If pg, p1 € P2(X) are connected by a constant speed geodesic p; in
(P2(X),W3), then there exists w € &?(Geo(X)) with (e;)ym = p; for all ¢ € [0, 1] and

W5 (s, ) =/

&2 (e, ) dre() = (5 — 1)? / 2)dn(y) Vs te o],
Geo(X)

Geo(X)

where ¢(y) = d(70,71) is the length of the geodesic 7. The collection of all the measures
7« with the above properties is denoted by OptGeo(u,r). The measure 7 is not uniquely
determined by g, unless (X, d) is non-branching, while the relation between optimal geodesic
plans and optimal Kantorovich plans is given by the fact that v := (ep,e;)y7 is optimal
whenever € OptGeo(p, v).

3 Weak gradients and weighted Cheeger energies

In the next two definitions we consider test plans and “Sobolev” functions with respect to a
reference nonnegative Borel measure n in X, finite on bounded sets. In the sequel we shall
denote by M this class of measures, including both probability measures and our reference
measure m.

Definition 3.1 (Test plan). We say that w € Z(C([0,1]; X)) is a 2-test plan relative to
neM if:

(i) 7 is concentrated on AC?([0,1]; X) and the 2-action of m is finite:
1
Ao () 1= // 4|2 dt dre () < oo,
0

(ii) There exists C > 0 such that (e;)ym < Cn for all t € [0,1].

The following definition is inspired by the classical concept [18] of upper gradient, that
we now illustrate. A Borel function G : X — [0, 00] is an upper gradient of a Borel function
f: X —>Rif

b
F) = Fa)] < / G (72)is] ds

for any absolutely continuous curve 7 : [a,b] — X. Being the inequality invariant under
reparameterization one can also reduce to curves defined in [0, 1].

Let € (X) be the set of continuous parametric curves C C X with finite length, where
curves equivalent under reparameterization are identified. Recall that any such curve C' can
be written as ([0, ¢]), where ¢ is the length of C' and ~ : [0,¢] — X is Lipschitz with |§| =1
a.e. in [0, £]. We shall denote by i : AC2([0,1]; X) — € (X) the natural surjection. As shown



in [27], functions that have an upper gradient in L?(X,n) are absolutely continuous along
Mods n-a.e. curve, where

Modg o(I') := inf {/ g?dn: g: X — [0, 00] Borel, /g > 1 forall v € F} (3.1)
X Y

for any I' C ¢’ (X). We also recall the following simple consequence of (3.1): for any Mods »-
negligible set I' there exist Borel functions r, : X — [0, 00] satisfying [ P r,% dn — 0 and
fﬁ{rh = oo forall y € I.

Definition 3.2 (The space 82 and weak upper gradients). Let f: X — R, G : X — [0, ]
be Borel functions. We say that G is a 2-weak upper gradient relative to n of f if

1
Fn) — Flo)l < /0 COr)lislds  for m-ae. o

for all 2-test plans ™ relative to n.

We write f € 82 if f has a 2-weak upper gradient in L*>(X,n). The 2-weak upper gradient
relative to n with minimal L?(X,n) norm (the so-called minimal 2-weak upper gradient) will
be denoted by |D flyn-

Remark 3.3 (Sobolev regularity along curves). A consequence of 82 regularity is (see [5,
Remark 4.10]) the Sobolev property along curves, namely for any 2-test plan 7 relative to n
the function ¢ — f(7;) belongs to the Sobolev space W11(0,1) and

d
/Ol < IDflu(w)lyel  ae in (0,1)

for m-a.e. . Conversely, assume that g is Borel nonnegative, that for any 2-test plan 7 the
map t — f(y;) is W1(0,1) and that

S0l < gt ae in (0,1)

for -a.e. v. Then, the fundamental theorem of calculus in W1(0, 1) gives that g is a 2-weak
upper gradient of f.

Because of the absolute continuity condition (e;)ym < n imposed on test plans, it is
immediate to check that the property of being in 82, as well as |Df|,n, are invariant under
modifications of f in n-negligible sets. Furthermore, these concepts are easily seen to be local
with respect to n in the following sense: if f € 82 then f € 8121, for all measures n’ = nL_ B
with B C X Borel, and |Df|yw < |Df|wn n'-a.e. on B: this is due to the fact that test plans

relative to n’ are test plans relative to n. Conversely,
fe SER with ng := nL Bg(xo), s%p/ |Df|%umR dng <oo =— fe82 (3.2)
X

This is due to the fact that any curve is bounded, hence any test plan 7 relative to n can
be monotonically approximated by test plans concentrated on curves contained in a bounded
set.

Another property we shall need is the locality with respect to f, see [6] for the simple
proof.

10



Proposition 3.4 (Locality). Let fi, fo : X — R Borel and let G1, G2 € L*(X,n) be 2-weak
upper gradients of f1, fo relative to n. Then

e on (i # fa);
| min{G1,G2} on {fi = fo}

s a 2-weak upper gradient of fi. In particular, by minimality we get

|D filwn = |Df2lwn n-a.e. on {f1 = fa}. (3.3)

Weak gradients share with classical gradients many features, in particular the chain rule
[3, Proposition 5.14]
[DO(f)lwn = &' (F)IDflun n-a.e. in X (3.4)

for all ¢ : R — R Lipschitz and nondecreasing on an interval containing the image of f. By
convention, as in the classical chain rule, ¢'(f) is arbitrarily defined at all points x such that
¢ is not differentiable at z, taking into account the fact that |D f|,n = 0 n-a.e. on this set of
points.

In the sequel we shall adopt the conventions

’Df‘w = ‘Df|w,m7 82 = Sgw

analyzing in detail, in Theorem 3.5 below, the behaviour of | D f|,, » and 82 under modifications
of the reference measure n.

Theorem 3.5. The following properties hold:

(a) If n € M and I' C ¢(X) is Modg n-negligible, then any Borel set I c AC?([0,1]; X)
such that i(T') C T is mw-negligible for any 2-test plan w relative to n. In addition, for
any Borel and n-negligible set N C X it holds

Mody., ({7 € #(X) - /

[4]dt > 0}) = 0.
L)
(b) If either n € P(X) and f € 82, orn € M and f € 82N LY(X,n), there exist ¢, €
Lipy(X) N L3(X,n) satisfying ¢n, — f n-a.e. in X and |D¢y| — |Df|wn in L?(X,n).

(c) If either n € P(X) and f € 82, orn € M and f € 82N LY(X,n), then there exists
a Borel function f coinciding with f out of an n-negligible set and having an upper
gradient in L*(X,n); in addition, there exist upper gradients G, of f converging to
|Dflwn in L?(X,n).

Proof. (a) The first statement is a simple consequence of Hoélder inequality, see [3, Re-
mark 5.3]. The second one follows just by taking the function g identically equal to oo
on N and null out of N in (3.1).

(b) Using the chain rule (3.4) we reduce the proof to the case of nonnegative functions f.
If f belong to L?(X,n) the existence of ¢, is one of the main results of [3], see Theorem 6.2
therein. In the general case we approximate f by the truncated functions fy = min{f, N}
and use the chain rule again to show |Dfy|wn — |Df|wn in L2(X,n). Then, a diagonal
argument provides the result.
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(c) This is part of the theory developed in [20, 27]: if f, — f n-a.e. and G, are upper
gradients of f, weakly convergent to G in L?(X,n), then we can find a Borel function f equal
to f n-a.e. and a Borel function G equal to G n-a.e. such that G satisfies the upper gradient
property relative to f along Mods n-almost every curve. In our case when f € 82 we may
apply statement (b) with G = |D f|,,» and choose f, = ¢, to find f and G. Then, denoting
by I" the set of curves where the upper gradient property fails and considering

Gy = é—i—rh,

where r, € L?(X,n) satisfy Ix rZ2dn — 0 and f,y re = oo for all v € ', we obtain upper
gradients G}, of f approximating IDf|wn in L?(X,n). O

Theorem 3.6 (Change of reference measure). Assume that p = gm € Po(X) with g €
L*>(X,m) and Ch(,/g) < co. Then:

(a) f €8 and |Df|, € L*(X,p) imply f € 8% and |D f

wp = |Df|w p-a.e. in X;
(b) logg € Sl% and |D1og glw,p, = |Dglw/g p-a.e. in X.

Proof. (a) Thanks to the locality properties with respect to m stated after Definition 3.2 (see
in particular (3.2)) we can reduce ourselves to the case when m(X) = 1. Since the statement
is invariant under modification of f and g in m-negligible sets, by Theorem 3.5(b) we can
assume that /g and f are absolutely continuous along Modz y-almost every curve in ¢'(X);
even more, we can assume that f has an upper gradient H with [ H 2dm < oo.

Let us prove first the inequality |Df|y , < |Df|w p-a.e. in X. By a truncation argument
we can assume with no loss of generality that f is bounded; under this assumption we can
find bounded Lipschitz functions ¢,, with |D¢,| — |Df|, in L?(X,m). Since g is bounded
it follows that |D¢,| — |Df|, in L?(X, p); we can now use the stability properties of weak
upper gradients [3, Theorem 5.12] to obtain that |Df|, , < |Dfl|y, p-a.e. in X.

In order to prove the converse inequality |Dfl|y, > |Df|w p-a.e. in X, we consider a
function f coinciding with f p-a.e. in X and an upper gradient L of f with [L?dp < oo.
The converse inequality follows by letting L — |Df]y,, in L*(X, p), if we are able to show

that
H(z if g(x) = 0;
min{H(x), L(x)} if g(x) >0,
is a 2-weak upper gradient of f relative to m. More precisely, we will prove that the upper

gradient inequality with L; in the right hand side holds along Mods -almost every curve.
We notice first that

F (i) — F0)] < / L
:

along Modg n-a.e. curve 7 satisfying inf, g > 0 (here we are using the invariance under
reparameterization, selecting the arclength one, with ¢(vy) equal to the length of ~). Indeed,
by definition of 2-modulus, the set

{VE%(X): infg > 0, /L:oo}
K gl
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is not only Mody ,-negligible, but also Mods y-negligible. Now, if we write the upper gradient
inequality in averaged form

1
el(v)

and using Theorem 3.5(a) with the m-negligible set N = {f # f}N{g > 0}, we may replace f
with f in the previous inequality. Now we use the absolute continuity of f along Mods y-a.e.
curve and pass to the limit along a sequence € | 0 to get

el(y) - ‘ 1
/0 |f (Yey)=r) = ()| dr < /L with €< o
Y

o) — Fa)l < / L

along Mods m-a.e. curve 7 : [a,b] — X with inf, g > 0.

Now, the set of curves v € €(X) containing a subcurve 7' : [a,b] — X with inf,, g > 0
and [f(y;) — f(7,)] > fv’ L is Mods m-negligible as well. If v does not belong to this set and
f oy is absolutely continuous, it is immediate to check (recall that g is continuous along
Modg w-almost every curve) that its derivative is bounded a.e. by Lj o~y|¥|, whence the upper
gradient inequality along ~ follows.

(b) We consider the functions f- = log(g + €). Since |Dgl|3/g? € L*(X, p) it is immediate
to check that all functions f. satisfy the assumption in (a), hence f. € 8?) and |Dfe|w, =
|D felw = |Dglw/(g + €) p-a.e. in X. We can now pass to the limit as € | 0 and use again
the stability of weak upper gradients to get |Df|w,, < |Dglw/g p-a.e. in X. The converse
inequality follows by the chain rule (3.4) with ¢(s) := log(e® + 1):

|Dglw
g+1

= |Df1|w,p = ¢/(f)|Df’w,p = ggﬁ’Dﬂw,p-
OJ

Remark 3.7. Notice that for the validity of (a) suffices, as the proof shows, the existence of
a nonnegative function g continuous along Mods yn-a.e. curve and satisfying m({g # g}) = 0.

We shall define Ch : L*(X,m) — [0, 0], Chy, : L}(X,n) — [0, 0] by
Ch(f) == ;/ IDf2dm fes?,  Cha / Df2,dn fes  (3.5)
X

with the conventions Ch(f) = oo on L'(X,m) \ 82, Chy(f) = co on L}(X,n)\ 82. We will
choose n, as explained in the introduction, to be probability measures.
We shall also denote, whenever Ch (resp. Chy,) is a quadratic form, by

1

&(f,g) = (Ch(f +9) —Ch(f —9)) <resp- En(f,9) = 5 (Cha(f +9) = Cha(f — 9)))

2
the associated symmetric bilinear form, defined on 82 N L'(X,m) (resp. 82 N LY(X,n)).

Still under the assumption that Ch is quadratic, as in [4, Definition 4.13] (see also [17] for
a more general, non-quadratic framework) we can define

82 3.6
i 5 f,g¢€8, (3.6)
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where the limit takes place in L'(X, m). Notice that G(f, f) = |Df|2, m-a.e. and that G(-,-)
provides integral representation to £, namely

&(f,9) = /XG(f,g) dm.

The inequality | D(f+29)% < (1D flw-+¢|Dglw)? = [DF %425 Df|u Dglu+22| Dgl?, provides
the bound

|G(f.9)| <|DflwlDgly  m-a.e. in X. (3.7)
Also, locality of weak gradients gives
G(f, g) = G(f, g’) m-a.e. on {g =g} (3.8)

We will need a chain rule with respect to the second argument, see [4, Lemma 4.7] for the

simple proof:
| Gro) = [ #96(r.g)  mac inx (39)
X X

for all @ : R — R nondecreasing and Lipschitz on an interval containing the image of g,
with the same convention on the value of ¢/(g) mentioned in (3.4). Finally, we will need the
following lemma, whose proof is more delicate: it relies on the chain rule for G(-, ) also with
respect to the first factor and on the Leibniz rule with respect to the second factor (see [4]
for finite measures and [17, Proposition 4.20] for the general case).

Lemma 3.8. If Ch is quadratic, then G(-,~) is a symmetric bilinear form. In particular
[IDfi2gdm = [ G(f, f)g dm is a quadratic form for any nonnegative g € L>°(X,m).

Theorem 3.9 (Weighted Cheeger energy). Assume that p = gm € Po(X) with g € L (X, m)
and Ch(,/g) < oo. If Ch is a quadratic form, then Ch, is a quadratic form and

Ep(logg, ) = E(g,¢) for all p : X — R Lipschitz with bounded support. (3.10)

Proof. By Theorem 3.6(a) and Lemma 3.8, Ch, is a quadratic form on bounded Lipschitz
functions with bounded support. By approximation Ch, is a quadratic form on bounded
Lipschitz functions and eventually, taking Theorem 3.5(b) into account, on L?(X, p).

Let f- = log(g + ¢) € 82. Then, using again the independence of weak gradients upon the
reference measure given by Theorem 3.6(a) and (3.9) we get

. Chy(p+df) —Ch |D( 90+5f€ |2 Dol
Eplef) = lim : ~tim [

_ /XG(gp,fE)dp:/);G((p, )g?dm

Passing to the limit as € | 0 provides the result, since convergence of the right hand sides is
obvious, while convergence of the left hand sides can be obtained working in the vector space
H := L*(X, p/) N 82 endowed with the scalar product

1

h, ::/ hh dp’ + &,(h,h') with p = ———F—p.

< > X P ol ) P 1+ log? gp
This is indeed a Hilbert space because Ch,, is easily seen to be lower semicontinuous (since a
truncation argument allows the reduction to sequences uniformly bounded in L>(X, p)) also
w.r.t. L2(X,p') convergence; moreover, clearly f. — f in L?(X,p) and since their norms are
uniformly bounded we have weak convergence in H. Finally g — &,(y,g) is continuous in
H. O
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4 Existence of good geodesics

This section is devoted to the proof of the existence of geodesics in (H2(X), Wa) which are (at
least for some initial time interval) better than the ones given directly by the usual CD(K, o0)
inequality. Recall that in a CD(K, co) space we have for any o, 1 € D(Enty) the existence
of a geodesic (u) € Geo(P2(X)) which satisfies the convexity inequality

Enty(pe) < (1 —t)Entm(po) + tEntm(u1) — gt(l — )W3 (0, 1) (4.1)

for all t € [0, 1].

The idea of constructing good geodesics in CD(K, N) spaces was recently used in [25].
There the initial motivation was to obtain geodesics good enough so that the approach of
[26] for proving local Poincaré inequalities could be adapted to these spaces. Constructions
of geodesics by selecting midpoints have been used also earlier, see for example [9].

Here we modify some results from [25] and [24] to the setting of this paper, repeating
with some details the arguments because on some occasions the adaptation is not trivial. The
version of these results which we will need in the later sections is the following.

Theorem 4.1. Let (X,d,m) be a CD(K,0) space and let pg = pom, pu1 = pym € D(Enty,).
Assume in addition that 1 has bounded support and density and that the density py satisfies

the growth-bound ,
po(z) < ¢re= 2 (@0) Ve e X (4.2)

for some c1, ca > 0 and xg € X.
Then there exist tg € (0,1) and a geodesic (pu) € Geo(P2(X)) between ug, p1 satisfying
the convexity inequality (4.1) for all t € [0,1] and the density bound

sup ||pe]| oo (x,m) < 00. (4.3)
t€(0,to]

We will construct the geodesic of Theorem 4.1 by connecting measures of minimal entropy.
A similar construction was done recently in [24] in C'D*(K, N) spaces.

4.1 Intermediate measures and the existence of minimizers

The measures with minimal entropy will be selected from the set of all intermediate measures.
Recall that for any two measures pg, u1 € HP2(X) the set of all intermediate points (with a
parameter ¢ € (0, 1)), which is easily seen to be a convex and closed subset of Z5(X), will be
denoted by

Jie(po, 1) = {v € P2(X) + Walpo,v) = tWa(po, p1) and Wa(pur,v) = (1 — )Wa(po, 1) }-

Even though the selection process is countable, it will define the whole geodesic by com-
pletion. To get the convexity inequality (4.1) for all times we will then need the lower
semicontinuity of the entropy w.r.t. Wa-convergence (a direct consequence of (2.3) and of the
weak lower semicontinuity of Ent, in #(X) when n € Z(X)) and tightness estimates. Let
us now indicate how the first property of the good geodesics follows easily if we define the
geodesic by taking any intermediate point where (4.1) is satisfied.
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Proposition 4.2. Let ug, p1 € P2(X). Suppose that we have selected inductively at step
(n+ 1) measures pip € Je—s (s, pr) satisfying

r—t t—s Kt—sr—t
Enty (p) < Enty (us) + Enty (pr) — —
r—s r—5 2r—sr—s

22(N87Nr)7

where s < t < r and the times s and r are two consecutive timepoints in the set of times
where the measures have already been selected at step n.

Then (4.1) holds for all u; chosen at the (n + 1)-th step. In particular, if the closure of
the selected times is the whole interval [0, 1], defining py by completion, we have a geodesic
between o and py along which (4.1) holds.

Proof. Suppose that we have selected a measure p; € J¢(po, p1) satisfying

K
Ente () < (1= £)Entw (10) + tEnten (111) — (1 = W5 (o, 1)

and after it a measure s € J5(uo, p¢) satisfying

K
Bt (p115) < (1= 5)Entm(10) + sEnten (1) = <-5(1 = 8)W5 (10, p)-

Then for the measure p;s we also have pgs € Jys(po, 1) and

Entm (pes) < (1 = 8)Entw(po) + sEntm(pe) — §8(1 — 5)W3 (o, pie)
< (1= 5)Butm() + 5 ( (1~ OBitmo) + tEntnjr) — 01— W3 o, )

K
— S5l — )W 0, )

= (1= 5) + 5(1 — 1)) Entw (j10) + tsBnte(111) — g (ts(1— 0) + (1 — ) W2(j10,p12)
= (1 —ts)Entm(po) + tsEntm(p1) — %ts(l — t8) W3 (1o, f11)-

Therefore the claim holds for all the points ¢;. By the lower semicontinuity of the entropy it
then holds also for the closure. O

Now that we know from Proposition 4.2 that the first property of the geodesic in Theo-
rem 4.1 is easily satisfied we turn to the more difficult part of obtaining the density bound
(4.3). To do this we will not only select intermediate measures that satisfy (4.1), but measures
where the entropy is minimal. The obvious first step is then to prove that there indeed exist
such minimizers. In general the set J;(uo, p1), though closed, is not compact in (P2(X), Wa).
However, when we consider a subset of J;(uo, 11) with the entropy bounded from above, we
have compactness. In particular, we therefore have the existence of minimizers.

Lemma 4.3. Let ug, p1 € Po(X). Then for all t € [0,1] there exists a minimizer of the
entropy in Jy(pio, pu1).-
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Proof. Without loss of generality we can assume the existence of v € J; (g, 1) with Enty (v) <
oo. We know that the entropy is lower semicontinuous and that J;(uo, 1£1) is closed. The claim
then follows if we are able to show that the set

X ={n € Je(po, pn) : Entw(p) < Entn(v)} C Z2(X)

is relatively compact in (25(X), W2). It suffices to prove that the set K is uniformly 2-
integrable and tight, see [2, Proposition 7.15]. Let us first prove the uniform 2-integrability
of the set J¢ (10, p1). This follows from the fact that for any p € J¢(po, 1) we have

[ Renadis [ adaa)dom) >0, as ko
X\B(zo,k) X\B(z0,k/2)

since po, p1 € P2(X).

Let us next prove that X is tight. If m € &2(X) is defined as in (2.1), (2.3) shows that
SUp e Entg (p) is finite. Then, tightness of K is a simple consequence of the equi-integrability
of the densities w.r.t. m.

O

As a technical tool we will need the excess mass functional Fo: Po(X) — [0, 1] which is
defined for all thresholds C > 0 as

Fo(p) =1(p = C) L1 (xm) + #3(X),

where 4 = pm + p® with 4® L m. This functional, lower semicontinuous under weak conver-
gence, was used in [25] to obtain the first good geodesics in C'D(K, N) spaces. The motivation
for using the excess mass functional is that its variations under perturbation of the minimizer
are easier to estimate, since one only cares about the amount of mass exceeding the threshold.

4.2 Localization in transport distance

As we will later see, the task of finding the first good intermediate measure between pg and
(1 is slightly more difficult than finding the rest of the geodesic. This is due to the fact that
after some p; with ¢ € (0,1) has been fixed we can consider the transport distances to be
essentially constant. This useful observation was made in [24]. It follows from two simple
statements. First of all when one fixes an intermediate measure, also the lengths of the curves
along which the transport is done gets fixed. This is the content of the next proposition which
was proved in [24, Proposition 2.5].

Proposition 4.4. Let pg, p1 € P2(X) and to € (0,1). Suppose that there exist constants
0 < Cy <Cy < oo and a measure ™ € OptGeo(pug, p1) with

Ci <l(v) <Cqy for w-a.e. v € Geo(X). (4.4)
Then the bounds in (4.4) hold -a.e. for any ™ € OptGeo(po, 1) with (e, )37 = (e, )s7r.

In order to use the previous proposition we will need another observation which is a simple
consequence of cyclical monotonicity. Namely, when we work on a part of the transport with
some bounds on the lengths of the curves, this part will not get mixed with other parts of
the measure at any intermediate time. For the proof of this fact see [24, Lemma 2.6].
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Lemma 4.5. Take 0 < (1 < (s < C3 < Cy < 00 and define
Al ={y€Geo(X) : C1 <l(y) <Cqo} and Ay ={y€ Geo(X) : C5 <I(vy) < Cy}.

Then for any w € OptGeo(uo, 1) and any t € (0,1) there exists a Borel set E C Geo(X)
with w(E) = 0 such that

{(v,9) € (AL\E) x (A2\ E) : v =4} = 0.

4.3 Density bounds for the minimizers

The information from the minimizers of the entropy and of the excess mass functional are
obtained with a contradiction argument. First we assume that there exists a minimizer which
does not have the desired density bound. After this we isolate the part of the minimizer where
the density bound is exceeded and redefine this part of the measure to be something slightly
better. If this new measure is again an intermediate point and we have decreased the energy
we are minimizing (the entropy or the excess mass) we are done. To prove that we indeed
get an intermediate point we use the next lemma, whose proof relies on the joint convexity
of (u,v) — W3(u,v), which was again proved in [25, Lemma 3.5].

Lemma 4.6. Let ug, 1 € P2(X). Then for any A € (0,1), any ™ € OptGeo(po, 1), any
Borel function f: Geo(X) — [0,1] with ¢ = (fm)(Geo(X)) € (0,1) and any

vt (e (), e (7))

we have
(ex)s (1 = f)m) + cv € In(po, ).

The first step which uses the minimization of functionals is the same one that was taken
in [25, Proposition 3.11]. We repeat some key points of the proof for the convenience of the
reader. In [25] the functionals Fo were minimized only in the bounded case. A reduction
to this case can be also made here and so the following proposition which was proved in a
slightly different form in [25, Proposition 3.9 and Proposition 3.11] will suffice.

Proposition 4.7. Assume that (X,d) is a bounded metric space with a finite measure m. Let
vo, V1 € Po(X) and t € [0,1]. Suppose that there exists a constant C > 0 so that for any
7 € OptGeo(vp,v1) and A C X Borel with 7(e; ' (A)) > 0 we have that for the measures

vy = 71'(et11(A))(e0)ﬁ (ﬂl_egl(A)) , = m<el)ﬁ (7"|—et_1(A)) (4.5)

there exists a measure U € Jy(Dg, 1) with
C
Enty(7) < log —————.
" (e, I(A))

Then there exists a minimizer of Fc in I (vo, v1) and the minimum is zero.
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Proof. Take a threshold C’ > C. Tt suffices to prove that the minimum of Fer in J¢ (v, 1) is
zero and then let C’ | C. Without loss of generality we may assume that all minimizers, whose
existence is ensured by tightness of J; (1, 1) in Z(X) and lower semicontinuity, are absolutely
continuous with respect to m. Indeed, suppose that there is a measure w € J; (v, 1) with a
singular part. Take as A a m-negligible Borel set where the singular part of w is concentrated.
By the assumption of the Proposition together with Lemma 4.6 we can then redefine the part
of w which is supported on A to be a measure having finite entropy. In particular it will be
absolutely continuous with respect to m. Since we are redefining only the singular part of w,
the value of the functional F does not increase after the redefinition.
Assume, contrary to the claim, that the infimum of Fer in J4(vp, 1) is positive. Denote
by Muin C J¢(vp,v1) the set of minimizers of Fer in J¢(vp, v1). With a similar proof as for [25,
Proposition 3.9] we see that the set My, is always nonempty. Take v € My, for which
O\
m{z e X : p,(x)>C"}) > <> sup m({z € X : py(z) > C'}), (4.7)
C’ wWEMmin
where v = p,m and w = p,m. Let w € OptGeo(vp, 1) be such that (e;)ym = v.
There exists > 0 so that

m(A) > <g,>2m(A’)
with
A={zeX : px)>C'} and A={zec A : p(x)>C" +}. (4.8)

From the assumption of the proposition we know the existence of a measure 7 = pm €
J¢(0, 1) with Enty(?) < log(C/v(A)), where ©y and 2y are given by (4.5). By Jensen’s
inequality we then have

N

m((5 >0y > 44 > T > (g) () (49)

We can now consider a new measure o = pm defined as the combination

_ C’ )

vV = I/L(X\A) + ml/LA—F ml/
By Lemma 4.6 and the convexity of J; we have v € J;(vp,v1). Due to the definition (4.8)
we only redistribute some of the mass above the density C’ when we replace the measure v
by the measure U, so that 7 € Myi,. Let us calculate how much the excess mass functional

changes in this replacement:

J
For(v) —For (D) = min<{ C" — p,, ———v(A)p p dm.
o0)-Tow)= [ min {0~ p a5
Because of the minimality of Fo» at v this integral must be zero. Therefore {p > 0}N{p, < C'}
is m-negligible. On the other hand, for any y € {6 > 0} N {p, > C'} we have p(y) > C’ (if
y € X \ A this is trivial, if y € A the second term in (4.10) gives a contribution larger than
C"). This, together with our choice (4.7) of v, leads to a contradiction:

(A)p. (4.10)

m({5 > C'}) > m({p > 0}) > (g) *m(4) > (g) sup m({py > C')).

WeMmin
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Next we make another minimization. This time for the entropy itself. A similar argument
was used in [24] to obtain good geodesics in metric spaces satisfying the reduced curvature
dimension condition CD*(K, N).

Proposition 4.8. Let pg, 1 € P2(X) and t € [0,1]. Suppose that there exists a constant
C > 0 so that for any ® € OptGeo(uo, 1) and A C X Borel with w(e; ' (A)) > 0 we have
that for the restricted measures vy, 1 in (4.5) there exists a measure v € Jy(fio, f11) satisfying
(4.6). Then for any minimizer fmi, of the entropy in Jy(uo, 1) we have fimymi, < Cm.

Proof. Without loss of generality, we can assume t € (0,1). Let v = pm be one of the
minimizers of the entropy in J¢(po, 1), which by Lemma 4.3 we know to exist. By (4.6) with
A = X we know that Enty(v) < co. We will show that Fo(v) = 0.

Let m € OptGeo(po, 1) be such that (e;)ym = v. Suppose now by contradiction that
Fe(v) > 0, let n > 0 be such that m({p > C + 2n}) > 0 and define

Cr= L m{p>C+n}) —m({p>C+2})] > 0.

3

Since 7 +— ¢(7) := m({p > C + 7}) is nonincreasing, there exists § € (n,2n) such that
—¢'(0) < Cy. In particular, choosing § in this way and fixing 2o € X, for ¢ € (0,1/3)
sufficiently small and R = R(¢) sufficiently large it holds m(L') < m(L) + (1 + C})¢, where

L ={x € B(zo,R) : p(z)>C+0} and L'={ze X : p(x) >C+3— 3¢}

Since L is bounded it follows from cyclical monotonicity (see [31, Theorem 8.22]) that
mle, 1(L) is supported in a uniformly bounded set of curves. Therefore we can use Proposi-
tion 4.7 with v; = (v(L)) ™ (e;)ymwLe; ' (L) to find a measure

_ (eo)gmle; '(L) (e1)ymloe; (L)
”‘““E”( WD) w(D) )

with p < C/v(L) m-a.e. in X.
Now consider a new measure © = pm defined as the combination

5 — C+o-¢ ¢ N
v=vL(X\L)+ 1o Z/LL+C+51/(L)1/.
By Lemma 4.6 we have v € J¢(puo, pi1)-
For z € L we have the estimates
A C+o6—¢ ¢ " (C+d—9)p(x) +Co
< "= < .
o) < S 0w) + S onmpta) < O (411)
_ (C —p(z))¢ 09
A s A oy
and Ctré—¢
) > 1~ 7 — . .
o) L2l > cvi-g (4.12)
For z € L'\ L we have
p(z) < p(z) + 4 v(L)p(z) < p(x) + Co <CH+d+¢ (4.13)
- C+9o - C+4
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and for z € X \ L' we get

¢ v
C+é

Co
C+9é

plx) < p(z) + (L)p(x) <C+6—3¢+ <C+0—2¢. (4.14)
Write Cy = c%&m(l’)‘ Let us estimate the change in the entropy when we replace v by
v: using the convexity inequality zlogx — ylogy < (x — y)(logx + 1) we can estimate from

above Enty, (7)) — Enty, (v) by

/Xm—p)(logw 1) dm = /X(ﬁ—p)logﬁdm-

Now, we set w := p—p, split X as LU(X \ L')U(L'\ L) and use the fact that w < 0 on L and
w >0 on X \ L, the inequalities (4.11), (4.12), (4.13), (4.14) and eventually the concavity of
log to get

/wlog(C+5—¢) dm+/ wlog (C'+ 6 — 2¢) dm+/ wlog (C'+6 + ¢) dm
L X\L/ \L

= (log(C’+5—qf))—log(C’+5—2¢))/wdm+(log(0+5+¢)—log(C+5—2¢))/ wdm

L L\L

0¢

< —(log (C+0—¢) —log (C +6 —2¢)) mm(L)
C
+ (108 (C+5+ 6) ~ o5 (' +5 ~ 26)) o —=m(I/\ 1)
< = (log (C +6 — ¢) —1og (C + 8 — 2¢)) Ca + (log (C + 6 + ¢) — log (C + 6 — 2¢)) (1 + C1)¢”
¢ 2 3¢

< _ - v
< 02¢C+5_2¢+(1+01)¢ 0102 <0
for small enough ¢ € (0,1/3). This contradicts the minimality of the entropy at v. O

4.4 Construction of the geodesic

Proof of Theorem 4.1. In this proof, to avoid a cumbersome notation, we switch to the exp
notation and set C1 := ||p1[|po(x,m)- Let D > 0 be such that supp(u1) C B(zo, D). We will

prove the claim with
1

)

The geodesic is constructed as follows. First we fix the measure p, = prem € g, (10, 1) toO
be a minimizer of the entropy in Ji,(uo, p1). After this we define the rest of the geodesic
for times t € (0,tp) inductively. Suppose that for some n € N we have defined fix9-n;, for
all k = 0,1,...,2". Then for all odd k¥ € N with 0 < k& < 2" we define Hpa-n-1¢, tO
be a minimizer of the entropy in J%(M(k_l)anfltO,/.L(k_;'_l)anfltO). We construct the geodesic

tg := min{%,

on the interval (to,1] in a similar way by iteratively selecting the midpoints with minimal
entropy. The rest of the geodesic is given by completion. Let @ € OptGeo(ug, 1) be such
that (e;)ym = py for all ¢t € [0, 1].

Since we are selecting minimizers of the entropy among all the possible intermediate
measures in a CD(K,co)-space, the selected measures satisfy the convexity inequality (4.1)
between the given endpoint measures. Therefore, by Proposition 4.2 the inequality (4.1) holds
for all t € [0, 1].
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Let us then concentrate on the entropy estimates assumed in Proposition 4.7 and Propo-
sition 4.8. Let 7 € OptGeo(po, 1) and A C X Borel with M := W(e;}l(A)) > 0, write

o | _ o 1 .
fio = pom = - (eo)s (wloey ' (A)) and  fin = prm = (e1)y (wloeg (4)),

and take a measure v € Jy (fi0, f11) which satisfies the convexity inequality (4.1) between
these measures. Now, using (4.2), we have the estimate (with V(z) = d(x, z¢))

X . K~ A
Entm(l/) < (1 — to)Entm (/L()) + toEnty, (M1> + 7t0(1 — to)WQQ (,ug, Ml)

tolog G’:}) + (1 — tg) /X po(x) <log po(x) + %to(D - V(x))2> dm(z)

IN

c

mbgCE)+ﬂ—wﬁ£ﬁd@0%(ﬁ)—@V%@+Kfm@ﬂ+V%wDdm@)

-2
< log (IIMLQ}) + K~ D? =log (maX{Cl,cl}exp[K D ]> ’

A

M M
since Kty < co by the choice of t3. By Proposition 4.8 we then have the estimate
Pt Loo (xm) < max{C1, cl}exp[K_DQ] < max{C1y,c; Jexp[(2K~ + CQ)DQ] =:C.

Next we prove that for all ¢ € [0,ty] we have p; = pym with the estimate

pt(1) < Cexp[—%(l - tl;)(cz - K_tto)EQ('y)] for w-a.e. v € Geo(X). (4.15)

First of all the estimate (4.15) is true for ¢ = tg. For ¢ = 0 we have that, thanks to (4.2),
po(70) can be estimated from above by

crexp[—cad? (70, 20)| < crexp[—co([¢(7)—D])?] < crexp [—%252(7)4—02D2} < C’exp(—%zﬁ(’y))

and so (4.15) holds also at ¢t = 0.

Suppose that for some n € N the estimate (4.15) holds for all ¢ = k27 "ty with k =
0,1,...,2". Take an odd integer k with 0 < k < 27!, Our aim is to prove (4.15) for
t = k27" 1.

Let [ € (0,00) and € > 0 be such that we have M = w({y : [ <I(7) <1+¢€}) > 0. Then
by Proposition 4.4 we know that any measure

7 € OptGeo (Alz(eo)uﬂl—{'y t1<L(y) <€}, ]\g(el)ﬁﬂl—{’y U< (y) <1+ 6}>

is concentrated on geodesics with lengths in the interval [I,] + €¢]. On the other hand, by
Lemma 4.5 we know that

(egan100 )57 L (ekn1gy )y Ly ¢ £7) & [1,1+ ¢ and ypn 1y, € A}.

Therefore, in proving (4.15) we may separately deal with the parts of the measure where
all the geodesics have lengths in an interval [[,[+¢€]|. Take now a Borel set A C X such that for
the measure = 7wl {y : [ </{(y) <1+ € and ypo-n-14, € A} we have M = 7 (Geo(X)) > 0.
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Suppose that the measure

- 1 1
Ve 9% (M(e(k—l)Z”1to)ﬁ“7M(e(k+1)2n1to)ﬂ7">

satisfies the convexity inequality (4.1). Then

- 1 ~ . 1 .
Enty (7) < iEntm(M 1(e(k_1)27n71t0)ﬁ7r)+iEntm(M 1(e(k+1)27n71t0)ﬁ77)

K N L .
+ 7W22 (M l(e(k’—l)Q_n_lt())ﬁﬂ7 M 1(e(k+1)2—n—1t0)ﬁ7r>

8
1 c 1 -1 - —n—1,2\72
< Zlog— —=((1—(k—1)27" — K (k—1)2™"
< glers (A= (k=1 )(c2 (k—1) t)Il7)
+ 11og c_ 1((1 —(k+ 127" Y (ea — K~ (k+1)27"143)1?)
2 ° N 4 0
o
+ ?(2*%(1 +€))?
1 K-
= log z\i - 51— k27" N (eo — K™ k27" H2)2) + ?2—2”753(% + €)e.

Proposition 4.8 then gives
1 t vz KT o
pe(1e) < Cexp[—§(1 — t—)(cQ — K™ ttp)l” + 3 276 (20 + e)e}
0

for m-a.e. v € Geo(X) with ¢(y) € [, + ¢]. By letting € | 0 we then obtain (4.15) for
t = k27",

Notice that the estimate (4.15) gives py(vy) < Cexp[—35(1 —
for all t € [0, to] for m-a.e v € Geo(X), which is equivalent to (4.3

)(c2 — K~ tto)?(7)] < C

i
to
). 0

5 Convergence results
This section is devoted to the proof of some auxiliary convergence results. The first one deals
with entropy convergence.

Lemma 5.1. Let fym, fm be positive finite measures in X. If f, T f m-a.e. and ffV2 dm <
o0, then

/ fnlog frdm — / flog f dm. (5.1)
X X

The same conclusion holds if f, | f m-a.e. and ff1V2 dm < oo.

Proof. Let us first consider the case f, T f. In this case we can use formula (2.3) to reduce
ourselves to the case when m is a finite measure. Observe that the function ¢t — tlogt is
decreasing on [0,e~!] and increasing on [e~!,00); we write it as the difference ¢; — ¢, with

-1 if 2 € [0, 1]; -1zl if z € [0, 1];
CE S a(z) = | e T FlorE T2 e bl
zlogz if 2 > <, 0 it 2 > <.

Notice that ¢; are nondecreasing and bounded from below. Therefore we can apply the
monotone convergence theorem for [ ¢;(f,)dm to conclude. In the case f,, | f the argument
is the same, noticing that dominated convergence gives [ fV2dm — Irf V2dm < oo. O
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Lemma 5.2. Let 9 € X, fm, gm € Po(X) with f(z) < cle*Cde(x’mO) for some c1, co >
0, infg,(z0) f > 0 for all R > 0 and g € L*(X, m) and with bounded support. Let w €
OptGeo(u, o) be a good geodesic given by Theorem 4.1. Then:

(1) For h € 8 with |Dh|,, € L*(X, fm) and
|Dh|%u(x) <C(+ dQ(SL‘, xg)) for any x € By (xo) (5.2)

for some C, R, > 0, it holds

hmsup/ ‘h(%) — h(70)
£10 d(¢, )

(2) For all Kantorovich potentials ¢ relative to (u, o) with |V| having linear growth it holds

2
dm(y) < / DA, (7o) dre (7). (5.3)

lgnglgg‘w:wmw in I2(C(0.1: X), 7). (5.4)

Proof. (1) Call f; the density of (e;)y7, i.e. (e¢)ym = fym; we know that for ¢ > 0 sufficiently
small, say ¢t € (0,tp), f; exists and there exists a constant C, such that f; < C, m-a.e. in X
for all t € (0,t9). By definition of weak upper gradient, for any t € (0,t9) and m-a.e. - it
holds

20 =4 2 (J5 Dkl ulds) <[ o
d(’Yta’YO) N d2(’Yt7’YO v 75
therefore
/’h(%)_h(%) an(y) </<1 /t|Dh]2(7 )ds) dm(v) :/ (1 /tfds> |Dh|? dm
d(7t,70) - t Jo e x\tJo "’ b
(5.5)
The conclusion of the lemma follows once the following claim is proved:
: I 2 2
lim — [ fsds ) |Dhl;,dm = [ |Dhl; fdm. (5.6)
t0 Jx \t Jo X

In order to prove the claim we use both the uniform L°° estimates on f; and the 2-
uniform integrability of V2 w.r.t. f;m. Notice first that the local boundedness of f~! implies
|Dh|2, € LY(Bgr(z0), m) for all R > 0; moreover

fi = (1/ fsds) — f in duality with L'(Bg(z0), m). (5.7)

Indeed the weak convergence fym — fm implies the weak convergence of fi to f in the duality
with Cy(Br(zo)); then (5.7) follows by the uniform L*° bound on f;. Second, observe that
(5.2) gives

t
|/ f:|Dh|? dm — ft\DhﬁUdm‘ < f//( (1+ d*(z, z0)) fs dmds (5.8)
X < (x0

Br(zo)

— 0 as R — oo uniformly in t € (0,t);
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the second line comes from the observation that the geodesic (fsm) sefo,1] is a compact subset
in (Z2(X), W), hence tight and 2-uniformly integrable (see [2, Proposition 7.1.5]). The claim
(5.6) follows then combining (5.8) and (5.7).

(2) Observe we are under the assumptions of the Metric Brenier Theorem 10.3 in [3], therefore
there exists a Borel function L satisfying L(vy) := d(90,71) for m-a.e. v € Geo(X) and, in
addition,

|Dglw(x) = |D p|(z) = L(z) for mae. z€ X, (5.9)
It trivially follows that for mw-a.e. v € Geo(X)
d(7o,
[Deglw(v0) = d(70,m) = (%t ) for every t € (0,1).

The missing part is the L? convergence of difference quotients, proved and stated in [3] under
a different set of assumptions: we adapt the argument to our case, where |V¢| has linear
growth. Since by optimality we have for mw-a.e. v that

d2(’7t7 ’Yl)
2 )

~ d*(50, 1)

©(70) +¢°(m) = 5 () + (1) <

we get with a subtraction that

1—(1—1)?2 2t — t2
2 2

Therefore, dividing both sides by d(7y¢,v0) = td(y1,70), for w-a.e. v it holds

i inf ©(v0) — ©(7t)
40 d(v0, V)

On the other hand, by definition of ascending slope

©(v0) — () > d*(v0,71) = d*(y0,71) for m-a.e. .

> d(70,7) = [D¢lw(70)- (5.10)

#(0) — p()

lim sup < |D* . 5.11
) d(y0,7t) | #l(0) ( )
So, combining (5.9) and (5.10) with (5.11) we get
. p(h0) = v(1)
lim —————= = | Doy, for mw-a.e. 7. 5.12
£10 d(’YO, ’Yt) ‘ 90| (VO) Y ( )
Now we claim that
£00) =208 1 pot ey weakly in L2(Geo(X), 7). (5.13)

d(/y[)a ’Yt)

Since by assumption |Vy| has linear growth, by part (1) of the present lemma we have

hmsup/ ‘90(70) — (1)
£10 d(y0,7)

If ¥ is a weak limit point of the difference quotients as ¢ | 0, by Mazur’s lemma a sequence
of convex combinations of these difference quotients strongly converges in L?(Geo(X), ) to
1. Since a further subsequence converges m-a.e., from (5.12) we obtain that ¢ = |[VTp|. By
weak compactness, the claim follows.

We conclude by observing that the lower semicontinuity of the norm under weak conver-
gence together with (5.14) ensure convergence of the L?(Geo(X), ) norms. Since in Hilbert
spaces weak convergence and convergence of the norms give strong convergence, the lemma
is proved. O

2
dn < [ 1Dgf ) d. (5.14)
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Our third result deals with weak convergence in the weighted Cheeger space: it will be
applied to sequences of Kantorovich potentials. In this and in the next lemma we assume
that Ch is quadratic, so that Ch, is quadratic whenever p = gm € (X)) with g € L>®(X, m)
and with Ch(,/g) < oo.

Lemma 5.3. Let n = gm € Po(X) with g € L*(X,m) and Ch(,/g) < oo. Consider a
sequence (f,) C 8% with

sup/ |Dfn|? dn < oo, sup | ful(x) < C(1 4 d*(z, 0)), (5.15)
neNJX neN

and assume that f, — f m-a.e. in X. Then
Jim &, (fn,logg) = &(f,logg). (5.16)

Proof. We argue as in Theorem 3.9. Let us consider the weighted measure

1
T ixve!

A=}

and the corresponding weighted Sobolev space H := L?(X,#) N 8727, endowed with the scalar
product

(. ghr = /X f9dii+ &n(f.9)-

Observe that, since L?(X,7) is a Hilbert space, in order to check the completeness of the
norm || - ||z induced by this scalar product it is enough to check the lower semicontinuity
of || - || with respect to strong convergence in L?(X,7); but this is clear since Ch,, is lower
semicontinuous with respect to L?(X,n) convergence and, on sequences uniformly bounded
in L>(X,n), the finiteness of n turns L?(X,7) convergence into L?(X,7) convergence. By
a truncation argument one obtains that Ch,, is L?(X, 7j)-lower semicontinuous. We conclude
that (H, (-,-)m) is a Hilbert space (it is even separable, see [4, Proposition 4.10], but we shall
not need this fact in the sequel).

Now since n € Z(X), from the second assumption (5.15) and dominated convergence we
have that f, — f strongly in L?(X,7). On the other hand, the first assumption in (5.15)
implies that || f, ||z is bounded. By reflexivity if follows that f,, — f weakly in H. The
conclusion follows by noticing that, since Ch(,/g) < oo, the map

h — &,(h,logg)
is linear and continuous from H to R. O

In this last result we estimate how much €,(logg, ) changes under modifications of the
density g of p.

Lemma 5.4. Let n = gm, ' = g'm € P5(X) with g, ¢ € L>(X,m) and Ch(,/g), Ch(\/¢')
finite. Let ¢ : X — R be a locally Lipschitz function whose gradient has linear growth. Then,
setting E := {g # ¢'}, it holds

€,(log g, ) — &y (logg', )| (5.17)
1/2 1/2 1/2 1/2
< ( / |D¢§\%Udm) ( / rDsoﬁudn) +< / |D¢g7|%udm> ( / |Dso|3,dn') .
E E E E
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Proof. By Lemma 5.3 we can assume, by a simple approximation argument, that ¢ has
bounded support. Under this assumption the quantity to be estimated reduces, thanks to
(3.10) and (3.8), to

‘/ (.9) —G(e,g dm’ ’/ (¢.9) —G(e. 9 dm‘ S/E(IDglw!lewHDg’!w!D@Iw) dm

and, after dividing and multiplying by /g and /¢, we can use Hélder’s inequality to provide
the result. 0

6 Equivalence of the different formulations of RCD(K, o)

In this section we prove this result, extending Theorem 1.1 to a class of o-finite metric measure
spaces.

Theorem 6.1. Let (X,d, m) be a metric measure space with (X,d) complete, separable, sa-
tisfying (1.1) and suppm = X. Then the following properties are equivalent.

(i) (X,d,m) is a CD(K,0) space and the semigroup 4 on P2(X) is additive.
(ii) (X,d, m) is a CD(K, o) space and Ch is a quadratic form on L*(X,m).

(iii) (X,d, m) is a length space and any p € Po(X) is the starting point of an EV I gradient
flow of Enty,.

Any metric measure space (X,d,m) satisfying these assumptions and one of the equivalent
properties (1), (i), (i) will be called (o-finite) RCD(K, c0) space.

Recall that h; stands for the L?(X, m)-gradient flow of Ch, while J# is the Wh-gradient
flow of Enty,. As mentioned in the introduction, the key implication from (ii) (or (i)) to (iii)
is given by the derivative of quadratic optimal transport distance along the heat flow and of
the entropy along a geodesic, estimated in the next two subsections. Consequently we shall
always assume in this section that Ch is quadratic.

6.1 Derivative of W}(-,0) along the heat flow

Notice that this result, whose proof is achieved by a duality argument, requires no curvature
assumption.

Theorem 6.2. Let p = fm € D(Enty) and define py := (hef)m = fym. Let 0 € P5(X)
with bounded support. Then, for a.e. t > 0 the following property holds: for any Kantorovich
potential @y relative to (ug, o) whose slope has linear growth, it holds

d1

dt 2W2 (,Ut, ) = _8ut(§0t,10g ft) (61)

Proof. By the conservation laws and the energy dissipation estimates proved in [3] (see The-
orem 4.20 and Proposition 4.22 therein), we have [;* Ch(v/f;) dt < oo and f; < || f[lec m-a.e.
in X for all t > 0. Also, by Proposition 2.2 the potential ¢; belongs to L!'(X,v) for all
v € P5(X) and its slope has linear growth. Furthermore, the L! estimate is uniform in ¢ and
in bounded subsets of #5(X) and the estimate on the slope depends on o only.
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Since t — pym is a locally absolutely continuous curve in Z(X), the derivative on the
left hand side of (6.1) exists for a.e. t > 0. Also, the derivative of ¢ — f; exists in L?(X, m)
for a.e. t > 0. Fix ty > 0 where both derivatives exist which is also a Lebesgue point for

Ch(\/T).

We now claim that

: Jto = Jro—n
jim [ wle=totan— —e,,, (v.10z £i)
for all locally Lipschitz functions ¢ whose gradient has linear growth. The proof of the claim is
easy if we assume, in addition, that ¢ has bounded support. Indeed, h ™1 (fry1n — fi) = Aft,
as h — 0 in L?(X,m), so that (3.10) gives

g [ T I d— [ A dm = 86 fy) =~ (6108 ).
h—0 Jx h X

For the general case, let xn : X — [0,1] be satisfying Lip(xn) < 1, x5 = 1 on By(zo)
and Yy = 0 on X \ Bon(zg) and define ¢ := ¢yy. Applying Lemma 6.3 below with
on = 1h — YN we get

to+|h|
2
— 8
sup /w%”‘pmdm‘ < sup o / Ch(\/fs)/\DsoN\i,dusds
h|<to/2 h |h|<t0/2ht " X
o

and hence (by our choice of ¢y and the 2-uniform integrability of 1)

/(’Dtho-‘rh_fto dm‘ :0’
X

limsup sup h

N—oo |h|<to/2

which, taking into account that &,, (YN log fi,) — € ps (¥ 10g fi,) thanks to Lemma 5.3, is
sufficient to conclude.
Now, notice that since ¢y, is a Kantorovich potential for (y,,o) it holds

1
§W§(utma) = /X Pty dpigy + / ¢, do

1
EWg(utO_h, o) > / Ot Aftg—h + /@fo do for all h such that tg — h > 0.
X

Taking the difference between the first identity and the second inequality and using the claim
with ¢ = ¢y, we get

1 1
§W22(:U’to+hv U) - §W22(Mt07 U) > _hguto (Iog ftov 90150) + O(h)

Since t +— WZ(ut, o) is differentiable at t = t; we conclude. d

Lemma 6.3. Let us = fsm be as in the previous theorem and let ¢ : X — R be locally
Lipschitz, with |Dg| having linear growth. Then, for [s,t] C (0,00) it holds

_ 2 t
\/sof;_fdm <5 [/ ( [ Do ) ar (6.2)
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Proof. Assume first that ¢ € L?(X, m). Then integrating by parts we get

i i 2 DSz,
eAfrdm| < |Dolw |Dfrlwdm ) < [ |Depl;, dpr I dm,
.
for all » > 0, and the thesis follows by integration in (s,t). For the general case, we approxi-
mate ¢ by @xn, with xx chosen as in the proof of the previous theorem. O

6.2 Derivative of the entropy along Ent,-convex L*°-bounded geodesics

The goal of this subsection is to prove the following theorem, where the curvature condition
plays a role.

Theorem 6.4 (Entropy inequality). Assume that (X,d,m) is a CD(K,00) space. Let n =
fm, 0 = gm € Po(X) with g uniformly bounded and having compact support, f uniformly
bounded with Ch(y/f) < oco. Then there exists a Kantorovich potential ¢ from n to o such
that |V| has linear growth and

Entn(a) — Ente(n) — 5 W3(1,0) > —&,(p,105 f). (6.3)

The proof of Theorem 6.4, carried by approximation, is presented at the end of the subsec-
tion; the first crucial step is the following proposition, whose proof relies on Proposition 2.2
and Lemma 5.2.

Proposition 6.5. Under the assumptions of Theorem 6.4, for 6 > 0 call

—20\/2]

fé,n = C6,n[(X31)77 V de 3 (64)

where ¢ is strictly larger than the constant c in (1.1), ¢5, ts the normalizing constant such
that fs,m is a probability density, xn is a 1-Lipschitz cut-off function equal to 1 on By(xo)
and null outside Boy(x0).

Then there exists a Kantorovich potential o5, from ns, = fs,m to o satisfying the growth
conditions

5.0 (2)] < Co)(1 + d*(z, 20)), [Dpsnl(z) < Clo)(1 + d(z, 20)), (6.5)

such that

K
—W35 Moy 0) = —Eny (950,108 fin)- (6.6)

Bt (o) — Bitm (15) — -

Proof. First of all we are under the assumptions of Theorem 4.1, so let @ € OptGeo(ns,, )
and let (e;)ym = py = fyrm, t € [0, 1], be the associated good geodesic from 75, to o with a
uniform L bound on the density for ¢ € (0,%p) and the K-convexity of the entropy. Let also
© be the Kantorovich potential, given by Proposition 2.2, with quadratic growth and whose
slope has linear growth.

Let us now check that fs, satisfies the assumptions of Lemma 5.2. Indeed, |D log f5,| <
C(1+d(x,z0)) whenever d(x,zg) > 2n, because in this set fs5, coincides with 057n56_20V2; i
addition, the locality of weak gradients and the partition X = {x2n > 5e*26V2} U {x3n <
§e72¢V*Y ensure that | D log fsnlw € L*(X,ns.,) because the finiteness of Ch(y/f) ensures that
Dlog flu € L2(X,n).

n
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Observe that the convexity of z — zlog z gives

Entm(:ut) - Entm(’]zi,n) > / IOg f&nft - f(S,n dm = / lOg(f(S,n o et) - IOg(f(S,n o eO) dr.
¢ " nT t
(6.7)
Define the functions Fy, Gy : AC?([0,1]; X) — R as
1 —1 —
Ft(’}/) — Og(f&,n Oeo) Og(fé,n Oet)7 Gt(’)/) — ® ©€p @Y oe (68)

d(v0,vt) d(v0,7¢)

Multiplying and dividing the right hand side of (6.7) by d(70,7:) we obtain

Ent — Ent n d(7o, )
lim inf — m(40) Bt (15,0 1) > —limsup/Ft(’y)wdﬂ(’y) = —hmsup/Fthdﬂ',

tl0 13 £10 t 10
(6.9)
where, in the last equality, we used that
. d(’)/[)a ’Yt) 2 o 2
lim [ |Gi(y) — ————=| dw =0 and sup [ |[Fi|*dw < cc.
tl0 t t<to
The first fact is ensured by (2) of Lemma 5.2, as well as the identity
/’Dgp’i} oepdm = 1%1/ Gy |*dr. (6.10)
The second fact is ensured by (1) of the same lemma applied to h = log f5.
Now, applying Lemma 5.2 to h = ¢ + €log fs5,, gives that
/ |D(¢ + elog f5.0)[7 © codm > limisup/ |G (7) + eFy(7)[Pdm (7). (6.11)
£}0

Subtracting to (6.11) the equality (6.10) and dividing by € gives

/ |D( <p+elogfan)!2 — |Dyl2,

lim Sup/GtFt dm < lim&)nf fomdm =&, (log f5n,¢),
tl0 € '

(6.12)
where we used again the uniform bound on the L? norm of F;. Combining (6.9) and (6.12)

we obtain . .
t — t
lica dnf Wonl(tt) ~ Ettn(ton) 5 g, (108 frn. ). (6.13)

The conclusion follows by (6.13) recalling that, by construction, the entropy is K-convex
along the geodesic (j1t).e(0,1], see (4.1). O

Proof of Theorem 6.4. For every § € (0, 1) define the density
fs:=fV (56_20V2) and f5:=csfs withcs T 1asd )0 (6.14)

(here ¢ > 0 is the constant in (1.1)), so that f5 > f and ¢4 are the normalizing constants. We
need a further regularization of fs; to this aim, let x, be standard cut-off functions, namely
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0 < xn <1, Lip(xn) <1, xn = 1 on By(xp) and x,, = 0 on BS, (x¢). Then, for every
n > 1, § > 0 we define the densities

f&n = (X%f) Vv (5e*20V2) and fs, = c(;mﬁ;,n with ¢s,, | cs as n — oo, (6.15)

so that f:;,n < f(; and c;,, are the normalizing constants. Of course fs,, is uniformly bounded
and 715, = fsom € P2(X), moreover Ch(y/fs5,) is finite. Indeed by the chain rule and the
locality of the weak gradients we have that

|D\/ fé,n’w - m’v(Xn\/?)’w )
< VCon (Xn|D\/ﬂw + \/ﬂDXn’w) if x2f > de 2V

|D\/ fé,n”w =V 505,n|De_2CVQ |'w

<dey/Oespnd(-, xo) e—2eV? otherwise.

Since by assumption Ch(+/f) < oo, it follows not only that |D+/fs |2 are uniformly bounded
in L!'(X,m), but also that they are equi-integrable:

sup  Ch(\/fsn) <oco and E; |0 = sup / |DA/ fsnl? dm — 0. (6.16)
4€(0,1),neN 5€(0,1),neNJE;

Observe that (75,,0) has the structure described in Proposition 6.5, so there exists a Kan-
torovich potential ¢, from 75, to o satisfying the growth conditions (6.5) and such that the
entropy inequality holds:

K
Bt (o) — Bt (150) = 5 W (0150, 7) > s, (950,108 fin)- (6.17)

Passage to the limit as n — co. Consider the transportation problem from 75 := fsm to
0. We claim the existence of a Kantorovich potential s such that

K
Entm (o) — Enty(ns) — §W22(7767 o) > =& (ps,log fs). (6.18)

We would like to pass to the limit as n — oo in (6.17). Let us start by considering the left
hand side: applying Lemma 5.1 to s, T 75 m-a.e, and recalling that cs,, | cs as n — oo, we
get

Entw(n5,) — Entm(ns) as n — oo. (6.19)

It is easy to check that 7, weakly converge to ns; and have uniformly integrable 2-moments,
so by [2, Proposition 7.1.5] we have

Lim W3 (1, 0) = W5 (ns, 0).- (6.20)

Now let us show the convergence of the right hand side of (6.17). To simplify the problem
we prove first that

. Cs,
Tim [€5,, (950,108 fin) — 7;8775(@5,71, log f5)| = 0. (6.21)
Notice that, calling A5 := {z € X : f(z) > e 2V} we have fom = C‘Z—;"fg on the

complement (A5 N By (z0)) U A§ of As \ Bp(xo). Since As\ Bp(xo) | 0 we can use (5.17) of
Lemma 5.4 to obtain (6.21), taking (6.16) into account.
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From (6.21), and taking into account that c5,, — ¢5 as n — oo, in order to prove the
convergence of the right hand side of (6.17), it is enough to show the existence of a Kantorovich
potential @5 for (ns,0) such that

Ens (s.n:10g f5) — Ey5 (s, 1og f5) as n — oo. (6.22)

Now we use in a crucial way Lemma 2.3, which ensures the existence of a Kantorovich potential
@5 for (ns,0) and of a subsequence n(k) such that s, — s pointwise in X. Recalling
that |5, < C(1+ V?) and that [ |Vpsn,|? dns is uniformly bounded, we are in position to
apply Lemma 5.3 and to conclude that (6.22) holds. Therefore we proved the convergence of
all terms in (6.17), so that (6.18) holds.

Passage to the limit as 6 | 0. The inequality (6.18) passes to the limit as J | 0: more
precisely, we claim the existence of a Kantorovich potential ¢ from fm to o such that

K

Entm(o) — Entw(n) — 5

W3(n,0) 2 —&y(p,log f). (6.23)
As in the passage to the limit as n — oo, Lemma 5.1 easily implies that Enty(ns) — Entm(n),
moreover it is easy to check that ns weakly converge to 1 and have uniformly integrable
2-moments, so [2, Proposition 7.1.5] gives Wa(ns,0) — Wa(n, o). In order to show the con-
vergence of the right hand side of (6.23) we first prove that

i |€y; (105, 10g f5) — cs€q(ips, log )] = 0. (6.24)

First of all notice that, after calling As := {x € X : f(x) > 5e*20V2($)}, we have fs = ¢sf on
As. Since X \ As | {f =0} as 6 L 0 and |Df|, = 0 m-a.e. on {f = 0}, we can use (5.17) of
Lemma 5.4 to show (6.24), taking (6.16) into account.

Now that (6.24) is proved, taking into account that cs — 1 as 6 | 0, it is enough to prove
the existence of a Kantorovich potential ¢ from 1 to o such that

lim &, (s, 1og f) = &;(p, log f)- (6.25)

for some sequence 6§; | 0. Recall that 5 were constructed using Lemma 2.3, so they still satisfy
the growth condition (6.5); applying again Lemma 2.3 we get the existence of a Kantorovich
potential ¢ from 7 to o and ¢; | 0 such that ¢s5, — ¢ pointwise in X as ¢ — oo. Moreover,
by (2.10) and f < cglf(; < 2f5 for § small enough, we have

for i large enough. Hence we can apply Lemma 5.3 and conclude that (6.25) holds. Therefore
(6.23) is proved and the proof of Theorem 6.4 is then complete. O

Proof of Theorem 6.1. The implications from (i) to (ii) and from (iii) to (i) can be proved
exactly as in [4] (and these proofs need no finiteness assumption on m), so let us focus on the
implication from (ii) to (iii). Let us first remark that a CD(K, co) space (X,d, m) satisfies
the length property, more precisely suppm is a length space if [29, Remark 4.6(iii)] (the proof
therein, based on an approximate midpoint construction, does not use the local compactness).

It remains to show that the E'V Ix-condition holds assuming the CD(K, co) condition and
the fact that Ch is quadratic. By the contractivity properties of EV Ix-gradient flows it is
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sufficient to show that u; := (hyf)mis an EV Ik gradient flow for Enty, for any initial measure
fm € P5(X) whose density f is bounded and satisfies Ch(y/f) < co. By the conservation laws
and the energy dissipation estimates proved in [3] (see Theorem 4.20 and Proposition 4.22
therein), these properties are preserved in time, so that hyf < || || ec(x m) m-a.e. in X for all
t >0, {u: t€[0,T]} is a bounded subset of P5(X) for all T > 0 and

/OO Ch(v/hyf) dt < cc. (6.26)
0

By a simple density argument on the class of “test” measures o in (1.2) (see for instance [4,
Proposition 2.20]), we can restrict ourselves to measures o of the form gm with g € L>(X, m)
and supp o compact.

By (6.1) of Theorem 6.2 we get that for a.e. ¢ > 0, for any choice of a Kantorovich
potential ¢, from p; to o whose slope has linear growth, it holds

d1
32 V2 (1, 0) = =€ (e, Toghi f). (6.27)
Therefore, to conclude that (1.2) holds, it suffices to show for a.e. ¢t > 0 the existence of a
Kantorovich potential o; from p; to o whose slope has linear growth and satisfies

K
—Ep(pr,log hef) < Entm(0) — Enten () — 5 W3 (1, 0). (6.28)

This is precisely the statement of Theorem 6.4 (with n = u;) and this concludes the proof.

7 Properties of RCD(K, o) spaces

In this section we state without proof some properties of RCD(K, o0) spaces whose proofs,
given in [4], do not rely on the finiteness assumption of m, referring to [4] for details of proofs
and a more complete discussion.

7.1 The heat semigroup and its regularizing properties

In this section we describe more in detail the properties of the L?-semigroup h; in a RC'D(K, 00)
space and the additional information that one can obtain from the identification with Ws-
semigroup . By the definition of RCD(K, o) spaces, we know that for any = € X there
exists a unique EV I gradient flow J4(J,) of Enty, starting from d,, related to h; by

(hef)m = / f(2) #(5,)dm(z)  Vf € L2(X,m). (7.1)

Since Enty (74(z)) < oo for any t > 0, it holds 7 (6;) < m, so that J#(J;) has a density,
that we shall denote by p:[z]. The functions p.[z](y) are the so-called transition probabilities
of the semigroup. By standard measurable selection arguments we can choose versions of
these densities in such a way that the map (x,y) — pi[z](y) is m x m-measurable for all ¢ > 0.

In the next theorem we prove additional properties of the flows. The information on
both benefits of the identification theorem: for instance the symmetry property of transition
probabilities is not at all obvious when looking at % only from the optimal transport point
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of view, and heavily relies on (7.1). On the other hand, the regularizing properties of h; are
deduced by duality by those of 7, using in particular the contractivity estimate

WQ(%(/‘)’%(V)) < e_KtWQ(:qu) t >0, w, v e QQ(Xa m) (72)

and the regularization estimates for the Entropy and its slope

1 (Bt (50) + SO DB A (0) < 2930 m) (73)

N =

which are typical of EV Ig-solutions, with Ix () := Ot e dr. Notice also that (7.2) yields
W1 (H(62), #(5y)) < e Kld(z,y) for all x, y € X and ¢ > 0. This implies that RCD(K, o)
spaces have Ricci curvature bounded from below by K according to [23], [19].

Theorem 7.1 (Regularizing properties of the heat flow). Let (X,d,m) be a RCD(K, o)
space. Then:

(i) The transition probability densities are symmetric
pelx](y) = ptly](z) m x m-a.e. in X x X, forallt >0, (7.4)

and satisfy for all x € X the Chapman-Kolmogorov formula:
preslx](y) = /pt[x](z)ps[z] (y)dm(z) form-a.e. y € X, for allt, s >0. (7.5)

(i) The formula
hef () = / fW) G  weX (7.6)

provides a version of hyf for every f € L*(X,m), an extension of hy to a continuous con-
traction semigroup in L' (X, m) which is pointwise everywhere defined if f € L>(X, m).

(iii) The semigroup h, maps contractively L°°(X, m) in Cy(X) and, in addition, hyf(z) be-
longs to Cy,((0,00) x X).

(i) If f : X — R is Lipschitz, then h.f is Lipschitz on X as well and Lip(ﬁtf) <
e~ X' Lip(f).

Theorem 7.2 (Bakry-Emery in RCD(K, o) spaces). For any f € L*(X,m)N 8% and t > 0
we have
ID(hef)]2, < e 25 (IDf|2)  m-a.e in X. (7.7)

In addition, if |Dfl|, € L>®(X,m) and t > 0, then e_Kt(ﬁt\Dfﬁ))l/Q is an upper gradient of
hef on X, so that
|ID~h,f| < e*Kt(Flt]Df\i})l/z pointwise in X, (7.8)

and f has a Lipschitz version f : X — R, with Lip(f) < |[|Df]w]c-

34



The regularization properties (7.3) of EV Ix-flows provide an L log L regularization of the
semigroup 77 starting from arbitrary measures in #3(X). When X is a RCD(K, co)-space
with K > 0, then combining the slope inequality for K-geodesically convex functionals [2,
Lemma 2.4.13]

1,
Entn(11) < 5 [D” Entn (1)

with the identity |D~Enty|?(fm) = [ |Df|%/f dm between slope and Fisher information, we
get the Logarithmic-Sobolev inequality

1 IDf12
flog fdm < — —
/X 2K >0 f

which in particular yields the hypercontractivity of hy, see e.g. [8]. When h; is ultracontractive,
i.e. there exists p > 1 such that

dm if \/f e WH(X,d,m), fm e 2(X), (7.9)

Ihefll, < C@O| f]lx for every f € L*(X,m), t > 0, (7.10)

then one can also obtain global Lipschitz regularity for the transition probabilities [4, Propo-
sition 6.4], see also [16, Proposition 4.4]. The stronger regularizing property (7.10) is known
to be true, for instance, if doubling and Poincaré hold in (X,d, m), see [28, Corollary 4.2].

We conclude this section with an example of application of the Bakry—Emery estimate
(7.2), which can be proved following the ideas of [10].

Theorem 7.3 (Lipschitz regularization). If f € L?>(X,m) then h.f € 82 for every t > 0 and
2ok ()| DhefI2 < hef? m-a.e. in X; (7.11)
in particular, if f € L>®°(X,m) then h,f € Lip(X) for every t > 0 with

V2T (t) Lip(he f) < ||fllse  for every t > 0. (7.12)

7.2 Connections with Dirichlet forms and Markov processes

Since Ch is quadratic, lower semicontinuous in L?(X,m) and since |Df|, has strong locality
properties, it turns out that the bilinear form € associated to Ch, whose domain is from now
on restricted from L'(X, m) N 82 to L?(X,m) N 82, is a local Dirichlet form. In the theory of
Dirichlet forms a canonical object is the induced distance, namely

de(z,y) :=sup{|g(x) —g(y)|: g € D(E), [g] <m}  V(z,y) € X x X, (7.13)

where the function § is the continuous representative in the Lebesgue class of g, see The-
orem 7.2). Another canonical object is the local energy measure, namely the measure [u]
defined by

() = € (u, ugp) — %8(u2,g0) o € I2(X,m) N S2.

A consequence of Lemma 3.8 is that [u] = |Du|?m for all u € L?(X, m)N8?. Also the distances
can be identified:

Theorem 7.4 (Identification of d¢ and d). The function dg¢ in (7.13) coincides with d on
X xX.
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Finally, using a tightness property of &, the theory of Dirichlet forms can be applied to
obtain the representation of transition probabilities in terms of a continuous Markov process:

Theorem 7.5 (Brownian motion). Let (X,d,m) be a RCD(K, o) space. There exists a
unique (in law) Markov process {Xi} >0y in (X,d) with continuous sample paths in [0, 00)
and transition probabilities Hi(d,), i.e.

P (X, € A|X, = 2) = H4(6,)(A) Vs, t >0, A Borel (7.14)

form-a.e. x € X.

7.3 Tensorization

Recall that a metric space (X, d) is said to be non branching if the map (eg, ;) : Geo(X) — X2
is injective for all ¢ € (0,1), i.e., geodesics do not split.

Theorem 7.6 (Tensorization). Let (X,dx,mx), (Y,dy,my) be metric measure spaces and
define the product space (Z,d,m) as Z := X xY, m:=mx X my and

d((z.y), (@'3) = \/dk (w.2!) + 02 (4,¥/).

Assume that both (X,dx,mx) and (Y,dy,my) are RCD(K,o00) and non branching. Then
(Z,d,m) is RCD(K,o0) and non branching as well.

In the forthcoming paper [6] we will actually be able to prove that the tensorization
property of RC'D(K, co) persists even when the non branching assumption on the base spaces
is removed.
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