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Binder parameter of a Heisenberg spin-glass model in four dimensions
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We studied the phase transition of the6J Heisenberg model with and without a random anisotropy on
four-dimensional latticeL3L3L3(L11)(L<9). We showed that the Binder parametersg(L,T)’s for dif-
ferent sizes do not cross even when the anisotropy is present. On the contrary, when a strong anisotropy exists,
g(L,T) exhibits a steep negative dip near the spin-glass phase-transition temperatureTSG similarly to the
p-state infinite-range Potts glass model withp>3, in which the one-step replica-symmetry breaking~RSB!
occurs. We speculated that a one-step RSB-like state occurs belowTSG, which breaks the usual crossing
behavior ofg(L,T).
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Recently, the low-temperature phase of theXY and
Heisenberg spin-glass~SG! models has been attacked a gre
interest. It is known that vector SG models have a ch
symmetry in addition to the continuous symmetry.1 Conse-
quently, these models may have both SG order and ch
glass ~CG! order. Kawamura and co-workers claimed th
decoupling of the spin and chiral variables occurs at lo
distances,2,3 and that the CG order is realized at low tempe
tures in three dimensions (d53), but the SG order is not.4–7

Although the existence of the CG order has been accep
controversy exists on the SG order. Maucourt and Grem8

studied the domain-wall energyW(L) of the 6J XY model
on finite d53 lattices ofL3 at absolute zero temperatu
(T50) and speculated thatW(L) may increase with the lin-
ear sizeL. The same speculation was also given by Koster
and Akino.9 The present authors examined the stiffness of
6J Heisenberg model atT50 ~Ref. 10! and TÞ0,11 and
suggested that the stiffness exponentu in d53 has a positive
value for T/J&0.19. They also performed a Monte Car
~MC! simulation of the same model and found that the
susceptibilityxSG exhibits a divergent behavior toward th
temperature ofT/J;0.18.12 These facts strongly sugges
that the SG order also occurs in theXY and Heisenberg
models ind53. This view of the SG order was supported
recent studies of the aging effect of the spin autocorrela
function ^Si(0)Si(t)& ~Ref. 13! and the nonequilibrium re
laxation ofxSG.14 However, the Binder parametersg(L,T)’s
for different L neither cross nor come together in both t
XY ~Ref. 7! and Heisenberg6 SG models.

This fact raises an objection against the occurrence of
SG order, because it is believed that the most reliable
dence of the occurrence of the SG phase transition is
crossing ofg(L,T)’s at the same temperature ofTSG.15–17In
fact, it was reported that the crossing ofg(L,T)’s occurs in
both theXY ~Ref. 18! and Heisenberg19 SG models in four
dimensions (d54). Thus we are faced by a serious proble
that we have gotten from the opposite views of the SG or
from the studies of the different quantities.

The problem may arise from a poor knowledge of t
property ofg(L,T) of the vector SG model. In the nonfrus
trated system, the crossing ofg(L,T)’s occurs atTC with
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some positive value ofg̃ @[g(L,TC)#. This property results
from the fact that, in the thermodynamic limit,g(`,T)50
for T.TC and g(`,T)51 for T,TC. However, the same
will not always be true in the SG model, becauseg(`,T) for
T,TSG will take different values due to the occurrence
the replica-symmetry breaking~RSB!. In fact, it was re-
vealed by Hukushima and Kawamura20 thatg(`,TSG

2 ) of the
infinite-rangep-state Potts glass model21 takes different val-
ues depending on the state numberp, whereT25 lime→0(T
2e). Therefore, it is crucially important to reveal the pro
erty of g(L,T) in such vector SG models, in which the S
phase transition occurs atTSGÞ0.

In this paper, we report thatg(L,T) of the Heisenberg SG
model in d54 exhibits a behavior quite different from tha
of the Ising SG model. We reexaminedg(L,T) of the 6J
Heisenberg models ind54 with and without a random an
isotropy of magnitudeD. In the case ofD50, whenL is
increased, the increment ofg(L,T) with decreasing tempera
ture becomes less steep at low temperatures, and the cro
of g(L,T)’s which was suggested19 for small L disappears.
When DÞ0, g(L,T) for each L decreases, particularly
aroundTSG, and this property is enhanced whenD is in-
creased, whereTSG is the SG transition temperature es
mated from the scaling plot ofxSG. In particular, g(L,T) for
large D exhibits a negative dip nearTSG which deepens with
increasingL. These facts are quite interesting, because
anisotropy would stabilize the SG order.22,23 We believe,
hence, thatthe absence of the crossing of g(L,T)’s for fini
L says nothing about the presence of the SG order in
model.We speculate that, even forD50, g(`,TSG

2 ) takes a
small positive value~or a negative value! due to the occur-
rence of a one-step RSB-like state. We hope our findings
help to understand the low-temperature phase of the Hei
berg SG model ind53.

We start with the anisotropic6J Heisenberg model on a
hypercubic lattice ofL3L3L3(L11)([N) with skew
boundary conditions along threeL directions and a periodic
boundary condition along the (L11) direction. The Hamil-
tonian is described by

H52(̂
i j &

FJi j SiSj1 (
aÞb

Di j
abSi

aSj
bG , ~1!
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whereSi is the Heisenberg spin ofuSi u51 andSi
a is its a

component (a5x,y,z), and ^ i j & runs over all nearest
neighbor pairs. The exchange interactionJi j takes on either
1J or 2J with the same probability of 1/2. We assume th
the anisotropy comes from pseudodipolar couplings and
pose the restrictionDi j

ab5D ji
ab5Di j

ba . We further assume
thatDi j

ab are uniform random values between2D andD. We
note that the role of the anisotropy is to break the rotatio
symmetry of the model and to stabilize the SG order.

We performed an MC simulation of the two-replica sy
tems of$Si% and$S̃i% using an exchange MC algorithm.24 We
calculated the order-parameter probability distributionPL(q)
of

PL~q!5@^d~q2Q!&#, ~2!

where ^•••& and @•••# mean the thermal average and t
bond distribution average, respectively. HereQ is the spin
overlap defined by

Q5A1

3 (
a,b

~qab!2 ~3!

with qab[1/N( i 51
N Si

aS̃i
b . UsingPL(q), we obtained the SG

susceptibilityxSG and the Binder parameterg(L,T) which
are defined by

xSG53N@^q2&#, ~4!

g~L,T!5
1

2 S 1129
@^q4&#

@^q2&#2D , ~5!

where @^qn&#5*qnPL(q)dq. To examine whether the SG
order occurs or not, we also calculated quantitiesA(L,T)
and G(L,T) that measure the order-parameter fluctuatio
~OPF!:

A~L,T!5
@^q2&2#2@^q2&#2

@^q2&#2
, ~6!

G~L,T!5
@^q2&2#2@^q2&#2

@^q4&#2@^q2&#2
. ~7!

Each of these quantities will exhibit a crossing behavior
TSG when the SG transition occurs.25,26 We performed the
MC simulation of model~1! with various values ofD50,
0.1J, 0.2J, 0.5J, and 1.0J. The linear sizes of the lattice
studied here areL53;9. Equilibration was checked b
monitoring the stability of the results against at least tw
times longer runs. The numbers of the samples were 480
L53, 288 for L55, 96 for L57, and 48 forL59. The
details of the MC simulation will be reported in a futu
publication.

In Fig. 1~a!, we show results ofxSG in D50 and D
50.5J. In both the cases,xSG for largerL increases rapidly
as the temperature is decreased. The same was true fo
ferent values ofD. The finite-size scaling analysis in eachD
suggested the divergence ofxSG for L→` at a finite, non-
zero temperature. An example of the scaling plot in the c
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of D50 is presented in Fig. 1~b!. Hereafter, we tentatively
call this temperature the SG transition temperature and
note it by TSG. Note thatTSG increases with increasingD.
These results are compatible with a common belief that
SG order occurs ind54 even forD50, and that the SG
order is stabilized by the anisotropy.22,23

Now we showg(L,T) in differentD ’s in Figs. 2~a!–2~c!.
When D50, g(L,T)’s for L53 and 5 come close to eac
other nearTSG. But they do not cross, because the increm
of g(L,T) for L55 is suppressed belowTSG. This suppres-
sion does not reduce for largerL. Therefore we believe that
contrary to the previous suggestion,19 g(L,T)’s for large L

do not cross but converge on some nonzero valueg̃ at T
5TSG.27 WhenDÞ0, the suppression is enhanced more.
particular, for largeD, g(L,T) exhibits a dip nearTSG which
deepens asL is increased. This result is also incompatib
with our naive expectation that, asD is increased,g(L,T)’s
would tend to cross with some positiveg̃, because the an
isotropy will stabilize the SG order.

We next examinedG(L,T) that would exhibit a crossing
behavior atTSG even wheng(L,T) did not exhibit the cross-

FIG. 1. ~a! Temperature dependences of the spin-glass susc
bility xSG of the 6J Heisenberg model ind54 for different sizes
of the lattice. Open symbols represent those forD50 and closed
ones those forD50.5J. ~b! An example of the scaling plot ofxSG

for D50.
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ing behavior.20,26 Here, in Figs. 3~a! and 3~b!, we show
G(L,T)’s for different L in the cases ofD50 and D
50.5J, respectively. WhenD50 ~and also D<0.2J),
G(L,T)’s for largeL(>5) seem to come together nearTSG.
This property becomes more prominent in largeD, and the
data forL53 joins. A similar crossing has also been found
the other quantityA(L,T).

We have calculated four quantitiesxSG, g(L,T),
G(L,T), andA(L,T) to examine the SG phase transition. A
the quantities except forg(L,T) suggested the occurrence
the SG order belowTSG. Considering the facts thatG(L,T)
and A(L,T) can be used to determine the value ofTSG of
such SG models in whichTSG is hardly determined by the
usual crossing behavior ofg(L,T),20,26and that theL depen-
dence ofxSG clearly suggests the divergence of the sp

FIG. 2. Temperature dependences of the Binder param
g(L,T) of the 6J Heisenberg model ind54 for different magni-
tude of the anisotropyD and for different sizes of the lattice;~a!
D50, ~b! D50.1J, and ~c! D50.5J ~open symbols! and D
51.0J ~closed symbols!. Arrows indicate the SG transition tem
peratureTSG estimated from the scaling plots of the SG suscepti
ity.
10040
correlation length atTSG, it is natural to conclude that the
SG order occurs belowTSG. Therefore, the absence of th
crossing ofg(L,T)’s for finite L would say nothing about the
SG phase transition in this model.

What occurs ing(L,T) at TSG for L→`? The occurrence
of a dip ofg(L,T) nearTSG for largeD (D50.5J and 1.0J)
is suggestive. The dip deepens asL is increased implying a

er

-

FIG. 3. Temperature dependences of the order-parameter
tuations~OPF! G(L,T) of the 6J Heisenberg model ind54 for
different sizes of the lattice and for different magnitude of the a
isotropy; ~a! D50 and~b! D50.5J. Arrows indicate the SG tran-
sition temperatureTSG estimated from the scaling plots of the S
susceptibility.

FIG. 4. The order-parameter probability distributionPL(q) of
the 6J Heisenberg model ind54 for D51.0J at a low tempera-
ture of T50.6J(,TSG;0.95J).
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negative divergence ofg(`,TSG
2 ). It is known that, in the

infinite-range p-state Potts glass, the value ofg(`,TPG
2 )

changes continuously from 1 forp52 ~Ising model! to
2` for p54 due to the occurrence of the one-step RSB
p.2.20,21 Therefore, we suggest thatg(`,T) takes2` or
some very large negative value atTSG

2 due to the occurrence
of a one-step RSB-like state. In fact, as shown in Fig. 4,
order-parameter distribution functionPL(q) for D51.0J ex-
hibits a double peak at low temperatures.28

On the other hand, in the case of smallD, no distinct dip
but a bending ofg(L,T) was seen aroundTSG. We may also
explain this behavior based on a plausible assumption
g(`,TSG

2 ) takes a negative value or a small positive va
due to the occurrence of the one-step RSB-like state. W
D50, the rotational symmetry recovers andg(`,T) might
exhibit some different property. We think, however, th
g(`,TSG

2 ) also takes a small positive value~or a negative
value!, because our data of Figs. 2~a!–2~c! imply the pres-
ence of no gap between the cases ofD50 andDÞ0. Of
course, we could not rule out the possibility that there ex
.

.
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some thresholdD* , includingD* 50, below which the na-
ture of g(`,T) changes qualitatively.

In summary, we reexamined the spin-glass phase tra
tion of the 6J Heisenberg model in four dimensions (d
54) and gave a confirmation that the SG transition rea
occurs even when the anisotropy is absent atD50. How-
ever, its transition temperatureTSG could not be determined
from the usual crossing behavior of the Binder parame
g(L,T),19 but from the crossing ofG(L,T)’s ~and also
A(L,T)’s!, as well as from the divergence of the SG susc
tibility xSG. These results show clearly that the naive exte
sion of finite-size scaling concepts for standard phase tra
tions ~such as Ising and Potts ferromagnets! to spin glasses
do not work. We suggest that the source of the problem
in the special properties of the order-parameter distribut
function resulting from broken replica symmetry, and o
urgently needs a valid theory of finite-size scaling in syste
with quenched disorder.

The authors would like to thank Mr. S. Endoh and Dr.
Nakamura for their valuable discussions.
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