CODES OVER A WEIGHTED TORUS

EDUARDO DIAS AND JORGE NEVES

ABSTRACT. We define the notion of weighted projective Reed—Muller codes over a subset
X C P(wy,...,ws) of a weighted projective space over a finite field. We focus on the case
when X is a projective weighted torus. We show that the vanishing ideal of X is a lattice ideal
and relate it with the lattice ideal of a minimal presentation of the semigroup algebra of the
numerical semigroup @ = (wy, ..., ws) C N. We compute the index of regularity of the vanishing
ideal of X in terms of the weights of the projective space and the Frobenius number of Q). We
compute the basic parameters of weighted projective Reed—Muller codes over a 1-dimensional

weighted torus and prove they are maximum distance separable codes.

1. INTRODUCTION

A standard projective Reed-Muller code, Cx(d), is the image of the degree d homogeneous
component of a standard polynomial ring K[t ... ,ts] over a finite field K by a homomorphism
defined by evaluation of forms of degree d on the points of and arbitrary subset X C P°. In
this work we define the notion of weighted projective Reed—Muller code (see Definition 3.1). This
notion differs from the standard definition in that the grading of Kti, ..., %], which is given by
deg(t;) = w; > 1, for coprime integers w;, is not necessarily the standard one. We focus on the
family of codes Cr(d) associated to a weighted (s—1)-dimensional projective torus T(wy, ..., wy)
(see Definition 2.4).

Standard projective Reed—Muller codes of order d < ¢ were defined and studied by Lachaud
in [17, 18] and, for all d > 0, by Sgrensen in [31]. Much of the recent research on projective
Reed-Muller codes over an arbitrary subset of X C P° focuses on the computation of their
basic parameters: length, dimension and minimum distance (see Definition 3.3). When X = P*
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all the basic parameters are known (cf. [18, 31]); in particular, projective Reed-Muller codes
over P! are mazimum distance separable codes. In general, an approach to this computation
using commutative algebra (as in [26]) relies on a good understanding of Ix C Kty,...,ts], the
vanishing ideal of X. Many authors have studied projective Reed—Muller codes over a subset
X C P? for which the ideal Ix is well understood; e.g., when X is the set of rational points of
a complete intersection, cf. [1, 4, 5, 7, 11, 15, 29, 30], when X is the Segre embedding of the
product of two projective spaces, cf. [12], when X is the Veronese variety cf. [13], when X is an
affine Cartesian product cf. [3, 19, 10], when X is the projective torus in P* and, more generally,
when X is an algebraic toric subset, cf. 21, 22, 23, 25, 28, 29].

The advantage of working with subsets of the torus is that for a certain subclass of these
subsets (consisting of algebraic toric subsets, as defined by Villarreal et al. in [25, 27]) the ideal
Ix is a lattice ideal. Like in the standard case, It, the vanishing ideal of the weighted torus
T(ws,...,ws), is also a lattice ideal. Indeed, we show that It is Cohen—Macaulay, 1-dimensional
and can be obtained from the lattice ideal of a minimal presentation of the semigroup algebra
of the numerical semigroup @ = (wy,...,ws) C N (¢f. Theorem 2.8). The lattice ideal of a
minimal presentation of the semigroup algebra was first studied by Herzog in [16]. He gives
a sufficient condition for this ideal to be a complete intersection (see Remark 2.12), which,
combined with our results, is also a sufficient condition for It to be a complete intersection. The
relation between It and the lattice ideal of a minimal presentation of () enables the computation
of the Hilbert Series and the index of regularity of Klty,...,ts|/It in terms of wy, ..., ws and
the Frobenius number of @ (¢f. Theorem 3.8 and Corollary 3.9). The importance, from a coding
theory point of view, of the knowledge of the index of regularity is clearer in the case of standard
projective Reed—Muller codes. Here, the function dimg Cx (d) is strictly increasing and the value
of d for which dimg C'x(d) becomes constant and equal to the dimension of the ambient space
(thus, for which Cx(d) becomes the trivial code) is precisely given by the index of regularity.
In the weighted case dimg C'x(d) is not necessarily an increasing function and we may get some
trivial codes C'x(d) before d reaches the index of regularity (cf. Example 3.11).

The structure of the article is as follows. In Section 2 we study the vanishing ideal of a weighted
projective torus. The basic definitions are recalled. We show that I is a 1-dimensional, Cohen-
Macaulay lattice ideal and relate it to the lattice ideal of a minimal presentation of the semigroup
algebra of Q = (wy, ..., ws). In Section 3 we define weighted projective Reed-Muller codes. We
compute the length of the weighted projective Reed—Muller codes over the weighted torus (cf.
Proposition 3.5) and we compute the Hilbert Series and the index of regularity of K[t ..., ts]/It
(cf. Theorem 3.8 and Corollary 3.9). In Section 4 we study projective Reed—Muller codes over a
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1-dimensional weighted torus T(w;, ws). We compute their dimensions and minimum distances

(cf. Proposition 4.1 and Theorem 4.4) and we show they are maximum distance separable codes.

Acknowledgements. The authors thank Mesut Sahin and Olav Geil for their feedback on a initial

version of the manuscript.

2. VANISHING IDEAL OF A WEIGHTED TORUS

Let K be a finite field with ¢ elements. We denote by K* the cyclic group of invertible elements
of K. Given two s-tuples v = (nq,...,ns) € N* and u = (uy,...,us) € R*, where R is a
commutative ring with identity, u¥ denotes uj" ---ul* € R.

Definition 2.1. Set t = (t1,...,t5). Anideal I C Klty,...,ts| generated by binomials, i.e. poly-
nomials of the form at? — 5tP, for some «, 3 € K and a,b € N*, is called a binomial ideal.

We will only deal with pure binomials, i.e., binomials for which o = § = 1.

Definition 2.2. Let £ C 7Z° be a lattice. The lattice ideal I C K][ty,...,ts] is the ideal
generated by 2 — tP for all a,b € N* such that a —b € L.

Definition 2.3. Let wy, ..., w, be positive integers satisfying ged(wy, . .., ws) = 1. The weighted
projective space with weights wy, . . ., ws, that we denote by P(wy, . . ., ws), is the quotient (K*\ 0)/K*,
where A € K* acts by A(xq,...,2z5) = (A2, ..., AW xy).

Let K[ty,...,ts] be the coordinate ring of P(wy,...,ws), endowed with the grading given by
deg(t;) = wy, for all 1 <i < s. Set w = (wy,...,w,). We remark that a binomial ¢* — t®, with
a,b € N* is homogeneous if and only if (a — b, w) = 0, where (-) is the canonical inner product.

Definition 2.4. The weighted projective torus, T(wy,...,ws) C P(wy,...,w,) is the set:
T(wy,...,ws) = {(x1,...,25) € P(wy,...,ws) a1+ x5 # 0}.

Definition 2.5. For a set X C P(wy,...,ws) the ideal of Klty, ..., t] generated by all homo-
geneous polynomials that vanish on X is called the vanishing ideal of X and is denoted by Ix.
We denote the vanishing ideal of T(wy, ..., ws) by I.

Over an infinite field It = (0). its multiplicative group is cyclic of order ¢ — 1, we get

(o) —grelam ) e sl Dy g

For general wy, ..., w, this inclusion is strict. The precise structure of a minimal generating set
of Iy is closely related with the numerical semigroup @ = (wy,...,ws) C N, ¢f. Remark 2.12.
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The proof of the next lemma follows closely that of Theorem 2.1 in [25].

Lemma 2.6. In the polynomial ring extension K[ty,... ts] C Klt1, ... ts, Y1, -, Vs, 2],
(21) ]'IF = ({tz — yz‘Zwi}jzl U {y;}—l — ]'}le) N K[tl, e ,ts].

In particular, It is generated by homogeneous pure binomials.

Proof. Let J denote the ideal on the right hand side of (2.1). We start by showing that It C J.
Let f = Z;Zl a;tVi € It, for some a; € K and v; € N® be a homogeneous polynomial of degree
d. Let u= (uq,...,us) € N° then

v = tlltl . 'tgs _ (tl o ylzwl + yle/'l)’ul . (ts o yszws + yszws)us — Z(tl o yizwi)gu,i T Zdyu,
i=1
where gy ; € Kt1,...,ts,y1,...,Ys, 2] and d = Y7, u;w;. Notice that since f is homogeneous
of degree d, this sum with u replaced by v; equals d. Expanding each Y7 in this way, we get

F=) (= pz")gi + 24 oy,
i=1 j=1

where g; = 7% gy, ;- Dividing the polynomial 377, a;y¥ by the set {y2~' — 1}, in the
polynomial ring K[y, ..., ys], we deduce that there exist h;, g € K[y1,...,ys], with g of degree
< q — 1 in each variable such that

(2.2) f= 2:(75z — ;2" gi + 2 Z(yf_l — 1)h; + 2%g.
i=1 i=1

Let us show that g(xy,...,xs) = 0 for all (xy,...,xs) € (K*)®, since, by the Combinatorial Null-
stellensatz, this implies that g = 0. Regarding (x4, ...,z,) € (K*)® as a system of homogeneous
coordinates of a point in T(wq, ..., ws) we get, by assumption, f(xi,...,xs) = 0. Hence, setting
ti=y; =z;and z =1 in (2.2):

S

0= Z(x?il — Dhi(x,...,z5) + g(x1, ..., 25) = g(21, ..., x6).
i=1
To show the reverse inclusion we start by remarking that J, being an elimination of an ideal
generated by pure binomials, is itself generated by pure binomials (cf. [8]). It suffices to show
that any pure binomial in J is also in It. In passing we will show that such a binomial is

homogeneous. This will imply the assertion that It is generated by homogeneous pure binomials.
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Let t* — tP € J for some a,b € N°. Then there exist g;, h; € K[t1,...,ts, Y1, .,Ys, 2] such that

s

(2.3) 2=t = Y (=g + Y (T = Dha.

i=1 i=1
In (2.3), substituting 1 for y; and 2% for t; we get z91%t . .. z8sWs — ghrwr ... 2bsws — () and therefore
(a,w) = (b,w), i.e., t* — t? is homogeneous. Finally, to show that it vanishes on an arbitrary
point (z1,...,x,) of the weighted torus, we use (2.3) but this time substituting ¢; and y; by z;
and z by 1. 0

Remark 2.7. More generally, it can be shown that Lemma 2.6 holds for the vanishing ideal of
a weighted toric subset X C T(wy,...,ws) parameterized by vy,...,vs € N for some integer
n > 0. More precisely, by analogy with the standard case (cf. [25, §2]), when X is the subset
defined by:

X ={(z",....z2%) e P(wy,...,ws) : x € (K*)"},

where w; = 5370 (vi);, with d = ged{}>"_; (v1);, ..., 271 (Vvs);}. In the case when vy, ..., v,
coincide with the incidence vectors of a uniform clutter (and, in particular, of a graph), this

notion coincides with the notion of toric subset parameterized by vy, ..., vy, as defined in [25, 28].

We denote by wt the orthogonal in R® of (w), with respect to the canonical inner product.

Theorem 2.8. Let £ = (q—1)(wNZ*). Then It = I and, in particular, It is 1-dimensional
and Cohen—Macaulay.

Proof. To prove the equality we need to show the inclusion It C ;. Let 28—t € K[t1,...,t,] be
a homogeneous binomial vanishing on T(wy, ..., w,). Fixi € {1,..., s} and let a be a generator
of K*. Consider (1,...,1,a,1,...,1) € T(wy,...,ws), with a in the i-th position. Evaluating
t8 — tP at this point we obtain

Q% —a’ =0 = a“ =1 a;—b;=0 (modq—1).

Since this holds for any i € {1,...,s} we obtain a — b € (¢ — 1)N*. As & — tP is homogeneous
we get (a —b,w) = 0 and hence a — b € L. This proves that It = I;. Since the rank of £ is
s — 1 we deduce that It is 1-dimensional (cf. [20, Proposition 7.5]). Furthermore, since

(24) (t;’)l(q_l) - tiuQ(q_l)a s 7t§UI(q_1) - t;US(q_l)) C I’]T

and consequently V' (It,t;) = {0}, by [24, Proposition 5.3], It is Cohen—Macaulay. O
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Definition 2.9. Let () C N denote the submonoid of N generated by wy,...,ws € N. Since
ged(wy, ..., ws) =1, Q is a numerical semigroup, i.e., it has finite complement. The semigroup

algebra, denoted by K[@Q)] is the subalgebra of the polynomial ring K[z] given by K[z*1, ... z*s].

Lemma 2.10. Let £” = wtNZ* and consider I C K|ty ..., ts] the corresponding lattice ideal.
Then Iy is a homogeneous ideal and K[ty ... ts]/Ir ~ K[Q)].

Proof. See [20, Theorem 7.3] and also [16, Proposition 1.4]. O
The following lemma yields a relation between It and [.

Lemma 2.11. Let £ = w* N Z°. Suppose that I, = (t2 — tP1 ... & — ) for some
a;, b; € N°. Then Iy = (tlaVar —¢la=bb1 - gla=Dar _ ¢la=1bry

Proof. Let J = (tla=Dar —¢la=bbi  la=Dar _ 4la=1)br) - GQince (¢ — 1)a; — (¢ — 1)b; € L, the
inclusion .JJ C Ir is clear. Conversely, let t2 — P € Ir. Then there exist ¢t,c™ € N* such that
ct—c €L anda—b = (g—1)(ct —c™). Since t —t¢ € I there exist h; € K[t1,...,t,] such
that t<" —t° = > (1Y — tPi)h;. Substituting in this equality t7" for t; for every i = 1,..., s,
we deduce that t2 — t? € J. Hence Iy C J. O

Remark 2.12. In [16], Herzog shows that if the condition

(2.5) lem(ged {wy, ..., wis1},w;) € (wy, ..., wi_1)

is satisfied, for every ¢ = 2,...,s, then I, is generated by the binomials ;" — H;;ll t;” , Where,
fori=2,...,s, ¢ =ged{wy,..., w1} /ged{ws,...,w;}, and r;; € N are nonnegative integers
such that lem(ged {wy, ..., w;_1},w;) = w; = Z;;ll rijw;. In particular, in this situation, I, is

a complete intersection and, by Lemma 2.11, It is also a complete intersection. It can be checked
that (2.5) is satisfied for s = 2 or if w; = 1 or 2. The case when w; = 1 for all i = 1,...,s,
is worth highlighting, for these w; (2.4) is an equality. If s = 3 then (2.5) is also a necessary
condition for I, to be a complete intersection (cf. [16, Theorem 3.10]). This condition is no
longer necessary when s = 4; it can be shown (cf. [9, Example 3.9]) that if w = (20, 30, 33,44)
then I, is a complete intersection, despite the fact that no ordering of 20,30, 33,44 satisfies
(2.5). A recursive method for deciding whether, for a given w, the ideal I, is a complete

intersection is given by Delorme in [6].

3. WEIGHTED PROJECTIVE REED—MULLER CODES

Definition 3.1. Let X C P(wy,...,ws) and set m = |X|. Fix z,,...,z,, € K*® systems of
homogeneous coordinates for the points of X. Given d > 0, let evy: Klt1,...,tslqa = K™ be the
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map defined by f — (f(z;),..., f(z,,)) for all f € K[t1,...,ts]s. The image of evy, denoted
by Cx(d), is called the weighted projective Reed—Muller code over X (or, if the context is clear,
simply the code over X)) of order d.

Remark 3.2. Let zi,...,2/, be a different choice of homogeneous coordinates of the points
of X. Denote by ev) the corresponding evaluation map. Then, there exist A,..., A\, € K*
such that ev)(K[t1,...,ts]q) is the image of evg(K[ty,...,t5]a) by the linear map defined by
Y1y Ym) = (MY1y - - oy AmUm), Tor every (y1,...,ym) € K™. Le., the 2 codes are equivalent.

Definition 3.3. The basic parameters of a linear code 0 # C' C K™ are the length, the dimension
and the minimum distance. The length is m, the dimension of the ambient vector space; the
dimension is its dimension as a vector space and the minimum distance, that is denoted by d¢,
is given by min {||z|| : z € C'\ 0} where ||z|| is the Hamming weight of x, i.e., the number of

nonzero components of x. A code is said mazimum distance separable if the singleton bound:
dc < length(C) — dimg C' + 1,
which is always satisfied for a linear code, is an equality.

Remark 3.4. If C = Cx(d) is a weighted projective Reed-Muller code over X C P(wy, ..., wy)
of order d, the length is equal to |X| (thus is independent of d) and the minimum distance can
be computed as m minus the maximum number of zeros a homogeneous polynomial of degree
d can attain on X without belonging to Iy. Maximum distance separable codes are codes that,
for their length and dimension, maximize minimum distance, in other words, have maximum

error-correcting capability.

In this work we shall focus on the codes over X = T(wy,...,w,). We abbreviate the notation
for the codes to Cr(d) and for their minimum distance to dr(d).

Proposition 3.5. The length of Cr(d) is (¢ — 1)* 1.

Proof. The length of Ct(d) coincides with the cardinality of the set of K-points of X. Since this
set can be seen as the quotient (K*)*/K* by the induced action of K*, all we need to check is
that the orbits have cardinality ¢ — 1. Assume that

Mz, xs) = p(xy, ... xy)

for some A\, € K*. Then \"iz; = p%ix; < (A/p)" =1, hence ord(A/u) divides w;, for all
i. Since, by assumption, ged {wy, ..., ws} = 1 we deduce that A = p. O
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Let M be a finitely generated graded Klti,...,ts]-module. The Hilbert function of M is the
function @y Z — 7Z defined by ¢y (d) = dimg My. This function is quasi-polynomial, i.e.,
there exist a positive integer g (the period) and F, ..., P,_1, polynomials, such that, for d > 0,
om(d) = P(d), where d =i (mod g) (cf. Serre’s Theorem [2, Theorem 4.4.3)).

Definition 3.6. The index of reqularity of M is the least r > 0 such that for d > r,
d=i (modg) — pu(d) = Pi(d).

The Hilbert series of M is given by Hys(t) = >0, oar(d)t?. Hy(t) is a rational function (cf. [32,
Proposition 4.1.3] or [2, Proposition 4.4.1]) and its degree is called the a-invariant of M. By
Serre’s theorem the index of regularity of M is equal to deg Hy(t) + 1.

When M = Klty,...,ts]/Ir, we abbreviate the notation for its Hilbert function and Hilbert
series to w1 and Hrp(7T'), respectively. We remark that dimg Cr(d) = pr(d).

Remark 3.7. If one of the weights is equal to 1, say w; = 1, then multiplication by ¢; induces
a monomorphism Cr(d) < Cr(d + 1). Moreover, one can also check that dr(d) > dr(d + 1).
In the standard case (i.e. when all w; = 1), for d up to the index of regularity minus 1, this
inclusion is proper and the inequality is strict, implying that dimg Cr(d) is strictly increasing
and 67(d) is strictly decreasing.

Let G := N\ @ denote the set of gaps of the numerical semigroup @) and denote by gg := max G
the Frobenius number of Q.

Theorem 3.8. The Hilbert series of Klti,...,ts|/It is given by

e D) T, (1 — o)
[ (1 =) '

Proof. Let M = K[ty,...,ts]/I. By Lemma 2.10, M ~ K|[Q], hence

(L = Y, to) T, (1 — )
(32) HM = Za ta — % _ Za ta — 1—t CLEG ’L—.l ]
€Q 1—t €G Hi:l(l — th)

Notice that, since (1 —¢*1)/(1 —t) is a polynomial, the numerator of (3.2) is a polynomial. Let
Iy = (t31 — b1 t3 —¢P) for some a;, b; € N°. Then, by Lemma 2.11,

(3.1) () = T

Iy = (t(qfl)al _ t(qfl)bl’ o ,t(qfl)ar _ t(qfl)b,«)
and by [22, Lemma 3.7] we get (3.1). O

Corollary 3.9. The index of reqularity of K|ty,... ts]/It is (¢ — 2) (Z;l w; + gQ) +go+ 1.
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Remark 3.10. From the formula for Hilbert series of K[ty,...,t,]/It given in (3.1), one can
show directly that ¢r(d) = (¢ — 1)*7!, for all d > 0. Indeed, assuming that ged(wi,q —1) =1
(such w; exists since ged(wy, ..., ws) = 1) from (3.1) we get:

Hy = <ZaeQ ta(q71)> (1 L tw1(q72)) Hf:z(l NPTV .th'(qf2))'
It will suffice to show that for all d > 0, the coefficient of ¢¢ in
(33) (ZaEQ ta(qfl)) (1 R tw1(6172)>

is equal to 1. Since ged(wq,q — 1) = 1, the integers 0,wy,...,wi(q¢ — 2) form a full system
of residues modulo ¢ — 1. Hence no power of ¢ appears repeated in the expansion of (3.3).
To see that for all d > 0 the power t¢ occurs in the expansion (3.3), let 0 < k < q¢ — 2 be
such that d = w1k (mod ¢ — 1). Since d > 0, (d — wik)/(q — 1) € @, hence t**** occurs in
> aco t*@=1) and this implies that ¢? occurs in the expansion of (3.3). We conclude that in our
case, the polynomials expressing the Hilbert function of Klty,...,t,]/Ir for large d are constant
and equal to (¢ —1)*. In particular, for d larger than or equal to the index of regularity of this
module, which is given by the preceding corollary, the Hilbert function is equal to (¢ — 1)*71.
By consequence, for d in this range the codes Cr(d) are trivial.

Example 3.11. Suppose K = GF(4), X = T(3,4,5) and consider the corresponding family of
codes Cr(d). By Proposition 3.5, these are codes of length 9. Using [14], we can check that the
ideal I is minimally generated by the binomials t§ + 563, t] + ¢3¢3, t9¢3 + t$ and thus is not a
complete intersection. From Theorem 3.8,
1 — 424 _ 427 _ 430 | 439 | 442

(1—t5)(1—th(1—13)
Hence the index of regularity of K[ty,...,ts|/It is 42 — 12 + 1 = 31. This number can also be
computed using Corollary 3.9. Table 1 shows the dimension and minimum distance of Cr(d),

HT(t) -

for d = 0,...,30, computed using [14]. One feature to bear in mind is that, unlike standard
projective Reed—Muller codes, dimg Ct(d) is not strictly increasing and dr(d) is not strictly
decreasing. Nevertheless, this family of codes is not necessarily redundant. For example, the
two 4-dimensional codes with equal minimum distance (d = 15 and 16) are not equivalent.
Indeed, these codes have generating matrices in standard form (/4|A) and (14| B) where A, B €
M5 GF(4) are given by:

1 1 0 0 0 a+1 a+1 a+1 1 1
0 0 1 1 0 q 0 0 1 0 1
l o o a+1 a+1 an a a+1l a+1 1 1
l o oo a+1 «o 0 1 0 1 0
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TABLE 1. Parameters of Cp(d), with w = (3,4,5) and K = GF(4)

d o 1 2 3 4 5 6 7 8 9 10 11 12 13
dm 1 0 O 1 1 1 1 1 2 2 2 2 3 3
6

6 6 6 6 6

14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

3 4 4 4 5 5 6 6 6 7 7 8 & 7 9 9 8
6 3 3 4 3 3 3 3 3 2 2 2 2 2 1 1 2

4. CODES OVER T(wy, ws)

In this section we study the weighted projective Reed—Muller codes over a 1-dimensional torus

T(wy,ws). In this case I is always a complete intersection (cf. Remark 2.12):
e — (07 _ oy,

By a classical result of Sylvester, the Frobenius number of Q = (wy, ws) is gg = wiws —wy — ws.
According to Corollary 3.9, the index of regularity of K[tq,. .., ts]/Itis (¢—1)wiwe —w; —we+1.
Hence, we restrict to the range 1 < d < (¢ — Dwjw; — w; — wy. We will show below in
Corollary 4.5 that all weighted projective Reed-Muller codes over a 1-dimensional (weighted)
torus are maximum distance separable codes.

Given a semigroup ) C N, let us denote by xo: N — {0, 1} the characteristic function of @ C N,
i.e., the function given by xg(d) =1 if and only if d € Q) and xg(d) = 0 otherwise. We use this
function for the semigroup @ = (wy,ws) only; to ease notation we will write simply .

Proposition 4.1. Let 0 < d < wjwy(q — 1) — wy — we. Write d = kwyws + I, where k > 0 and
0 <l <wywy. Then, dimg Cr(d) =k + x(1).

Proof. The Hilbert series of I is
1 — tle—Dwiws

) = )

_ (l—l—twl +,,,+t(q—1)w1w2—W1)(1+tw2 +t2w2+---).

Hence, the dimension of Cp(d) coincides with the coefficient of the monomial in ¢¢ on the right
hand side of the above equation. Suppose that a,b € N are such that d = aw; + bwy. Then
aw; < aw; + bwy < (g — 1)wyw, implies that a < (¢ — 1)wy — 1. Hence the coefficient of ¢? on
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the right hand side of the equation, is the number of pairs (a,b) € N? such that d = aw; + bws,,

or, in the context of numerical semigroups, the number of factorizations of d in Q = (wy, w,).

Let us compute this number. Since gg = wjws — wy — wy, we see that I + (1 — x(1))wiws € Q.
Let a,b € N be such that [ 4+ (1 — x(I))wyws = aw; + bws. Then

d = kwywy + 1 = (a+iwg)wy + (b+ (k — 1+ x(I) — i)wr)ws

for i =0,...,k—1+ x(1), yields k + x(I) distinct factorizations of d. Consider {(a;, b;)};_, the
set of all factorizations of d. We may assume a, > a,_1 > --- > a; > 0. Since the difference

a; — a;—1 must be divisible by ws we get a, > (r — 1)wy. Therefore
(4.1) d— (r—Dwws = (a, — (r — Dwy)wy + bywy € Q = (wy,ws) .
Additionally, (r — 1) wiwe < a,wy < d = kwywy +1 < kwywsy, hence r < k+1. Now, if r = k+1,

then, by (4.1), [ € Q. This shows that r» < k + x(I). O

Let us denote by a € K* a choice of generator of the cyclic group K*. Given a homogeneous
f € K|ty,...,ts], we denote by V(f) its set of zeros in P(wy, ..., w;).

Lemma 4.2. For each 0 < r < g —2, V(t* — a"ty") C T(wy,ws) consists of a single point.
Moreover, as r varies in {0, ...,q — 2}, every point of T(wy,ws) is obtained in this way.

Proof. Fix a,b € Z such that aw; + bwy = 1. Clearly (o’ a™") € V(¢ — a"ty*). Suppose
(x1,22) € T(wy,ws) belongs to V (t1? — a’ty?), i.e., 21? = a’z5*. Then:

(21,2) = (z1(o7 3" )" ooy w3 ")"?) = (272, ™ 20 " a5™) = (a7, 07").
Hence V (t}? — a"ty") = {(a"®,a™*)}. To show that every point in (z,22) € T(wy,w,) is the

zero of one such polynomial it suffices to notice that z{?/xy* = a”, for some 0 <r < ¢g—2. O

Proposition 4.3. Let f € K|t,t5] be nonzero, homogeneous of degree d. Write d = kwywy + 1,
where k>0 and 0 < 1 < wywy. Then |V (f) NT(wy,ws)| < k—1+ x(I).

Proof. We argue by induction on k. Suppose that £ = 0. Then d < w;wy and, by an argument
similar to the one used in the proof of Proposition 4.1, we deduce that there is only one factori-
zation of d in @, hence f is a monomial and thus |V (f) N T(wy,wy)| = 0. Additionally, if £ =0
then [ = d € @ and so x(I) = 1 and the inequality of the statement holds.

Suppose k > 1. Let us write f = gt4t}, for some g € K|[t1,1,], such that neither ¢; nor t, divides
g. Let d = d — aw; — bwq, be the degree of g. If d < wywy then g = 1. In this situation
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V(f) N T(wy,ws) is empty and there is nothing to show. Suppose d' > wjwy. Let us write
d = Kwywy +1' for 1 <k <kand 0 <! <wws. If ¥ <k, by induction we get:

(4.2) V() NT(wi,we)| = [V(g) N T(wr, wo)| <& — 14 x(I') <k —1+x(0).

If k =k then [ = I' + aw; + bws and thus x(I') < x(I). We may assume there exists (z1,z2) €
V(f) N T(wy,ws). Let us write g = S7_, c;t{ty, with r > 1 and, without loss in generality,
0=ap<a; <---<a,. Since wia; +wyb; = d = wyby, we deduce that there exist m; > 0 such
that a; = m;ws and b; = by — m;w,. Hence, we may write in Frac K[tq,ts]:
b\ 2\
o=t o, (r) — G ),
i=0 2
where G(z) = Y ;_, ;2™ € K|z] has degree m, = a,/w,. We see that z1?/z3" is a zero of G.
Let 0 < r < g — 2 be such that o = z}?/z{". Then G(2) = H(z)(z — a"), for some H € K]|z],
of degree a, /wy — 1. Accordingly, g = t2" H (t{? /t5*) (£12 /3" — a”). Since

bo — wy > wi(a,/we — 1) < bywy > wia, < d > wa,,

clearing denominators, we conclude that there exists h € K][t1, 5], homogeneous, such that
g = (t1? — a"t3*)h. Since the degree of h is (k' — 1)wjwq + I, by induction and Lemma 4.2

V()N T(wy,we)| = |V (h) NT(wy,wa)| +1 < (K'—=1) =1+ x()+1<k—1+x(0).

We now address the computation of the minimum distance of the weighted projective Reecp
Muller codes over a weighted torus. Recall that the minimum distance is defined for a nonzero
code. Thus, the assumption that d € @, equivalent to dimg Cr(d) # 0, is necessary in the
statement of the theorem.

Theorem 4.4. If0 < d < wywy(q—1)—wy—wy and d € Q. Write d = kwywy+1 with k > 0 and
0 <1 < wywy. Then the minimum distance of the evaluation code Cp(d) is (¢—1) —k+1—x(1).

Proof. Let f € K|t1,t5] be a homogeneous polynomial of degree d. Then, by Proposition 4.3, f
has at most k — 1 + x({) zeros on T'(wy,ws). Since, by Proposition 3.5, the length of Cp(d) is
qg—1weget dr(d) > (¢ —1) — k+1— x(I). To prove the reverse inequality, we split the proof
into 2 cases. If x(I) =1, let a,b € N be such that | = aw; + bwy. Then, the polynomial

f=tt T, (12 — a'ts)
has degree d and, since d < wjwy(q — 1) — wy — we implies that 0 < k < ¢ — 2, by Lemma 4.2,

has exactly k = k — 1 + x () zeros on T(wy,wsy). If x(I) = 0 then, since d = kwywy +1 € Q we
must have £ > 0. Additionally, since d — wywq(k — 1) > wiwe > gg, there exist a,b € N such
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that aw;, + bwy = d — wywy(k — 1). Then the polynomial f = ¢3¢} Hf:_ll (112 — a'ty") has degree
d and has exactly k — 1 =k — 1 + x(I) zeros on T(wy, ws). O

Corollary 4.5. The weighted projective Reed—Muller codes Cr(d) over a (weighted) torus are
mazimum distance separable codes, i.e., for d € Q, ér(d) = (¢ — 1) — dim Cr(d) + 1.

1]
2]
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