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ABSTRACT: The aim of this paper is the qualitative analysis from theoretical and
numerical points of view of an integro-differential initial boundary value problem
where the reaction term presents a certain memory effect. Stability results are
established in both cases. As in certain cases the integro-differential initial bound-
ary value problem can be seen as a differential initial boundary value problem,
the results obtained for the integro-differential formulation are compared with the
correspondent results stated for the differential initial boundary value problem. Nu-
merical results illustrating the theoretical results are also included.
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1. Introduction

In this paper we study, from theoretical and numerical point of view, the
initial boundary values problem (IBVP)

ou 0%u t
T _pZ~— —(t—s)
5 =D =8 [ s s+ ), te T,
where v and [ are positive constants,
u(a,t) = uq(t), u(b,t) =uy(t), te (0,77, (2)
u(z,0) =uo(x), € (a,b). (3)

In (1), f represents a nonlinear term depending on w. In certain applications
f takes the form

flu) =u(l —u)(u—a), (4)
where « is a positive constant with 0 < a < 1.
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Equation (1) with f defined by (4) was studied for instance in [3] and [9]
and arises naturally from the system of partial differential equations

ou 0*u

ot~ Dot/ - 5)
@—Bu— v

ot v

This system, with f defined by (4), is used to model the nerve impulse
transmission and is known by FitzHugh-Nagumo equation. In this case u
represents the membrane potential , x measures the distance along the axon,
t represents the time, the term u(1 — u)(u — «) is analogous to an instanta-
neous turning on of sodium permeability and v is a recovery variable and is
analogous to the turning on of potassium permeability. In the last decade
this problem has been largely considered in the literature and without be
exhaustive we mention [1], [6], [7], [8], [10] and [11].

Stability estimates with respect to the L?-norm of the solution of the
integro-differential model (1), (2), (3) and of its "weight past in time” will
be established in this paper. The approach used here was considered by
the authors and their collaborators for instance in [2], [4] and [5]. As the
integro-differential IBVP (1), (2), (3) can be seen as the differential IBVP
(2), (3), (5), with convenient boundary and initial conditions on v, such sta-
bility estimates will be compared with the ones that will be deduced for the
last problem.

This paper also focuses the study of finite difference methods (FDM) to
solve numerically the IBVP (1), (2), (3) which can be seen as a fully piecewise
linear finite element method. Stability results for such FDM are established
being the stability estimates discrete versions of the correspondent estimates
for the continuous model. As the integro-differential IBVP (1), (2), (3), is
equivalent to the differential IBVP (2), (3), (5), the stability estimates for
the FDM of the the differential IBVP are compared with the ones obtained
for the discretizations of the integro-differential problem.

An inspection to the numerical methods studied enable us to conclude that
their application leads to the need of great storage of information in each
time level. However, as we will see, this disadvantage is apparent because
the methods can be rewritten as three times level schemes.

The paper is organized as follows. In Section 2 the stability of the integro-
differential problem (1),(2), (3) is studied. The correspondent study for the
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differential problem (2), (3), (5), is presented also in this section. FDM for
the integro-differential problem are proposed in Section 3. In this section are
also presented stability results for the FDM for IBVP (2), (3), (5). Finally,
in Section 4 are included some numerical results illustrating the theoretical
results.

2. Stability analysis

2.1. Integro-differential IBVP. By L?(a,b), H'(a,b) and H}(a,b) we rep-
resent the usual spaces. The norm in L?(a,b) and H'(a,b) are denoted by
|.]| and ||.||1, respectively. Let L?(0,T, Hi(a, b)) be the space of functions u
defined on [a, b] x [0, T] such that, for each t € [0,T], u(t) € Hj(a,b) and the

norm T
/0 la(t)|12 dt

is finite. By u(t) we represent the z-function u(.,t).
As our aim is to establish stability results, we assume that the bound-

ary conditions (2) are homogeneous. Moreover the stability result is estab-

lished for the weak solution u € L*(0,T, H(a,b)) such that, for ¢t € (0,77,

ou 9
8t()EL (a,b) and

(G0 w)+ DG w) = =5( [ 7 u(s) ds,w) + (F(u®) w),
\ Yw € Hy(a,b),
u(0) = uyg .

‘ (6)

The proof is based on the energy method.
Theorem 1. Let f be such that f(0) = 0 and f' is bounded. If u €
L*(0,T, H}(a,b)) satisfies (6) and is such that %(t) € L*(a,b) then, for
t € 0,7,

(1)

lu(t)]2+ 81 / e 09 y(s) ds||? ds+ 2D / 124 5) |2 ds < Sy () uol®, (7)

with
Si,g (t) 2 max{ fi,,, O}t (8)
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(2)
[Ju(t H2+/3H/ e 1 u(s) ds||” < Sit) |uoll?, (9)
with
Sl(t) _ 2max{fsup b—a)z —7}t, (10)

where fsup = sup f'(y).
yeR

Proof: Considering in (6) w replaced by u(t) we easily get

S0l + 0% (15 as == ([ eIty ds, utr)
+(Fu®).u))

Due to the fact that f(0) = 0, we have f(u(t)) = f'(n)u(t), for some 7
between 0 and u(t), and so (f(u(t)) ult )) < fro ()| As

([ utsrasntn) =l [ e uts)asf

t S d 2
byl [t sl
we deduce

d t
& (It 81 [ et utsyast?+2 [ 15417 as)

< mm/?”ts (5) ds|I” + 2f ()

The inequality (11) enable us to conclude (7) with S; 4(¢) given by (8).

(11)

As |lu(t)]|* < (b — a)? H Ou ( )||* the proof of inequality (9) follows the proof
of (7).
-

Remark 1. Theorem 1 was established under the condition that [’ is bounded.
This assumption can be weakened if the solution of (6) satisfies

lu(z,t)| < L, x€la,b], te[0,T], (12)
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for some positive constant L. Supposing that u satisfies (12) then we only

need to assume that f’ is bounded in [—L, L]. Moreover, if f' is continuous

then fi,, should be replaced by fi.. = ﬁ&}g f(y).
y|=

Remark 2. From the inequality (7) we conclude that if fg,, > 0 then

lu(@)]* < M,

H/ AW0=9) (5 ds |2 ds < M,

/H 9I2ds < M,

for some positive constant M when we consider bounded time intervals. More-
over from the inequality (9) we also conclude that if

D
/
— 1
fsup< (b_a>27 ( 3)
then
lu(®)|I” =0,
(14)

H/ =) u(s) ds ||* ds — 0,

when t — +00.

2.2. Differential IBVP. Let L?*(0,T, L*(a,b)) be the space of functions v
defined on [a,b] x [0, T] such that, for each ¢, v(t) € L?*(a,b) and

T
/ lo(®)|2dt < oo.
0

Let uw € L*(0,T, Hi(a,b)) and v € L*(0,T, L*(a,b)) be such that, for each
time ¢ € (0, 7]

vla,t) = v(b,t) = 0, g“(w gj( t) € L*(a,b)
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and
(20 0) + DD, 0') = (Flult)),w) — (ol w), Yo € Hy(a,b),
) G0 = Bu(t).0) = 3(0(0).0). Vo € L¥{ab),
u(0) = o,
L 0(0) = vp.

(15)
In what follows an estimate for ||u(t)||*+ ||v(¢)]|? is established being its proof
based on the energy method.

Theorem 2. Let f be such that f(0) = 0 and f' is bounded. If u €
L*(0,T, H}(a,b)) and v € L*(0,T, L*(a,b)) satisfying (15) and are such that

@(t), %(t) € L*(a,b) then, fort € [0,T],

ot
(1)
2 2 " 0u 2 2 2
[u(@®)[]” + lo(®)]]" + 2D O 15 ()7 ds < Say(t) ([luoll® + [Jvoll?),  (16)
with
Sag(t) = eI+ 2 foup, [B-1[=27,0} (17)
2) 2 2 2 2
[u()]]? + lo(@)]1> < Sp(t) (luoll® + llvoll?), (18)
with
Sp(t) _ emax{|3—1|+2fs/up—2ﬁza|ﬁ—1|—27}f. (19)

Proof: Taking in (15) w and ¢ replaced by u(t) and v(t) respectively, we
easily obtain

1d 5 N ou,
S (@I + o@1?) = =Dl=—®]*+ (f(u(t)), u(t))

(8= 1) (v, u(t)) = o).
Following the proof of Theorem 1 we conclude the proof of Theorem 2. m

Remark 3. A remark analogous to Remak 1 can be stated for the smoothness
of the reaction term f.
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Remark 4. Let us suppose that we compute v(t) from the second equation
of (5) using the boundary and initial conditions such that (5) leads to (1).
Looking to the stability factors Sq4(t) and Sp(t) arising in the stability upper
bounds established in Theorem 2, we observe that they are greater than the
correspondent stability factors S; 4(t) and Si(t).

Remark 5. In the context of the previous remark, we are not able to conclude
the convergence (14) when fi,, satisfies (13).

3. FDM

3.1. Integro-differential IBVP. Let us consider in [a,b] the grid ), :=
{z; :i=0,...,N} with xg = a, zxy = b and x; — z;_1 = h. In [0,T] we
define a time grid {¢; : j =0,..., M} with ) =0, tyy =T and t;41 —t; = At.
We discretize the second partial derivative of w with respect to x in (1)
using the second order centered finite-difference operator D, defined by

1 7t' -2 iat' i—7t' .
Dy ywp (@, t5) 1= i ty) w(; 3) £ wl@ioy ]), i1=1,...,N—1.

By D_, and D_; we denote the backward finite-difference operators defined
by

wp (24, t5) — wp(Ti-1, 1))

D_I’th(in,tj) = A ’ L= 17 '7N7
iat' - iat'— .
D_twh(xi,tj) = wh(w j) A;Uh(x ] 1)7 J = L, )

The stability results will be established with respect to a norm that we
present in what follows and that can be seen as a natural descritization of
the L2-norm. By L3(I;) we denote the space of grid functions wy, defined in I},
such that
wp(zo) = wi(za) = 0. In L(I;) we consider the discrete inner product

(v, wp)p = h z_: vp(i) wp(x;),  vp,wp € Lg([h) , (20)

1=1

and ||.||, denotes the norm induced by the above inner product.
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In this section we study the following FDM

n+1
Dyup™(w;) = D Dy g™ (w3) — BAL Y eIt () + f (up ™ (),
=1

1=1,..N—1, n=0,....M —1,
(21)
where

(w0) = ua(ty), wp(en) =wp(ty), j=1,...,M,
x

(x;) = up(z;), i=0,...,N.

) (22)

J
h
0
up,

This method can be seen as a discretization of the integro-differential IBVP
(1), (2), (3), when the spatial derivative is discretized by the operator Dy,
and the right rectangular rule is considered on the discretization of integral
term. However, method (21) can also be seen as a discretization of the weak
differential problem (6). In order to show that, at least for homogeneous
boundary conditions, let P, be the piecewise linear interpolation operator
induced by the grid I,. Let ¢;, i = 1,..., N — 1, be the usual hat functions.
Considering in the variational equality of (6) u(¢) and w replaced by

N-1
Pyun(t) =Y up(zi, t)o(x)

1=1

and
N-1
Pywp, = Z wh (i) di(),
i=1

respectively, we get

@Phuh
ox

@Phuh

( By (t), Powp) + D(

t
(1), Pawy) = —6(/ e =) Py (s) ds, Pywy)
0

+(f(Prun(t)), Pawn),
(23)
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for all wy, € L3(I;). Replacing in (23) the inner product (.,.) by the discrete
inner product (.,.), we obtain

d

(%Uh(t), wp)n + D(D_gup(t), D_ywp)ny = —5(/ e 1wy (s) ds, w)n
0

+(f (un(t)), wn)n ,
(24)
for all wy, € L3(I;), where

N
(D_yun(t), D_ywp)ns = h Y D_yup(wi, t)D_gwy(z;).
i=1
Taking in (24) ¢t = t,41 and considering the time derivative replaced by the
backward finite difference operator and the integral term descritized by the
right-hand side rectangular rule we obtain

n+1
(D™ wi)n + D(D_puy ™, D_ywp)ny = —BAEY e =8 (g ),

J=1

+(fup ™), wan,
(25)
for all wy, € L3(1y).
Finally, the method (21)-(22) is established using the fact

(D—xu2+1a D—xwh)h,—i— = _(D2,xu2+17 wh)ha

and replacing in (25) wy, by the grid function

)1, 5=1
wnil®i) = { 0.5 #1,
fore=1,...,N — 1.
The previous considerations allow us to conclude that the numerical ap-
proximation computed with method (21),(22), u}(z;),¢ = 1,...,N,n =
1,...,M — 1, is a finite difference approximation for wu(x;,t,), where u is

solution of (1),(2),(3) being Pyu} an approximation for the weak solution
defined by (6).

Theorem 3. Let ufl be defined by (21), (22) with homogeneous boundary
conditions. If the source term f is such that f(0) = 0 and f' is bounded,
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then
n+1
MG + BIAEY ety |7 < (S(AD)"™ uollh,  (26)
j=1
where
1
Si(At) = (27)
provided that At satisfies
D /
1+ At(ﬁAt + Q(W - fsup>> > 0. (28)

Proof:

(a) Let us consider (21) with n € N. Taking in (25) wy, replaced by u}*!
and combining the obtained equality with

n+1 n+1 .
2(2 e~ V(tnt1—1; )u% UZH)h — | Z B_W(tn-kl_tj)ugLH%
j=1 j=1
n .
st DO R a7

j=1
and with the discrete Friedrich-Poincaré inequality

lug I < (b= a)* | D—guy

where HD_;CuhHHhJr (D_pui™ D_yui™), 1, we deduce

1
i AtD i -

™ 1 + At2”“2+1”h+(b—)” up T+ At2\|Ze A
j=1

S <uh’u2+1>h+ —2vAt BAt2‘|Ze y(tn—t;) ]Hh"'_At(f( n+1) uz+1>h.

(29)
Using the Cauchy-Schwarz inequality and the estimate

(Pl ™) < Pl ™I,
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we obtain
2At D <= -
(1+6A¥+—w_%UQ—ZAUQQH%?Wﬁ+¢WAt§:e”@”“WUﬂﬁ
. (30)
< lupllh + e 23 BlAE Y e D I3
j=1
The inequality (30) easily leads to
nt1 n
™ 7+ BllAEY e Tty |F < S(A) (IUZI;% +BAtY 6”@”’)%@) :
j=1 j=1

with S;(At) defined by (27) and provided that At satisfies (28).
(b) We now consider (21) with n = 0. From (25) with n = 0 and wy,
replaced by u}, following (a) it can be shown that

2D
(1 Au(Bat+ = = 2f0) Il + BlAL b < 1l

Finally, the inequality (26) follows from (a) and (b).
-

Remark 6. Theorem 3 holds assuming that [’ is bounded. This assumption
can be weakened if |uj(x;)| < L for all i and for all n, for some constant
L > 0. In this case, Theorem 3 can be established if f' is bounded in [—L, L]

being fi., = sup f'(y). Moreover, f' is continuous in [~L, L], then Theorem
ly|<L

3 holds with fl,, replaced by fy,.. = max I(y).
Remark 7. Theorem 3 is established provided that the time stepsize At sat-
isfies (28). We consider in what follows practical conditions that imply the
last stepsize restriction.

If foup, D and B are such that

(wD = Jan) <8 3y
or

(e~ o) >0 and 2= fly 20, (3
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then (28) holds for all time stepsize. Otherwise, if

D, D
((b—a)2_ ) > 6 and (b—ay

_ fs/up < 07 (33)

then At satisfies (28) if and only if

st< = (o e (o 1) =) 0

Remark 8. i) If (32) holds then min{1, 14+At <6At—|—2( max))} =
1 and consequently S;(At) = 1. In this case (26) is equzvalent to
nt1
lui 15 + Bl ALY e g < ullf
j=1

without any restriction on the time stepsize which means that the
method (21) is unconditionally stable.
ii) If (33) holds then for At satisfying

At < Aty := min{— ( “up ﬁ) , Ato}, (35)

the inequality (26) holds. Since S;(At) verifies

sup ~ r-a)?

2( / D )
Si(At) <1+ At |
1+ At <6At1 + 2(<b = 4UP>>

from (26) we obtain

n+1
g IR + BllAEY e ity |17 < eCTDAT g7
7=1

D
2(fa ~ )
1+ Aty <6At1 + 2<(b——Da)2 — s/up>>
(21) is stable for At € (0, Aty) with Aty defined by (35).

. In this case the method

with n =

Remark 9. In the computation of the numerical solution at time level n+ 1
with the method (21) we use uj,j = 0,...,n. Consequently, if n increases
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then increases the storage of needed information. Nevertheless this disadvan-
tage 1s only apparent because the method can be rewritten in the following
form:

D_uj(2;) = DDy up () — BAte 2l () + flup(x)),i=1,...,N — 1,
D_ tUZH( i) = DDqu”H( i) — BAtunH(%) + f(u n+1( i)

e (D guj(g) = DDaui(wi) — f(uj(w) ), i =1, N = 1,
n=1,...,M — 1.

In the method (21),(22) the reaction term f is considered at time level
t,.+1. Due to this fact, we need to solve a nonlinear system in each time step.
When the reaction term f is nonstiff this term can be considered at time
level t,,. In this case the previous method is replaced by the following one

n+1

D_ tuZ“( i) = D Dy ul™ 1 BAtZ (tn1=t5) xl) + f(uh(xl)) ,

i=1,...,N—1, n:O,...,M—l,
(36)
that belongs to the well known class of IMEX methods.
For the IMEX method (36) holds a stability result analogous to Theorem
3. In fact, as

n n 1 n
(P ™) < Sl + 5 £l

following the proof of this result, it can be shown that

_ 2DAt s
mln{l—l_ﬁAt?—’_ (b_a)z 5upAt 1} <|Uh|h+6|AtZ€ Yn1=55) ]|h>
7j=1

< max{1 4 A1) (mm N mmzeww»um) |

j=1
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which is equivalent to

n+1

g7 + Bll At Z A

< Sic(At) <| hl\ﬁﬁl\AtZe " Uili) :

j=1
with
14+ At

Sie(At) = — : 37
(A1) m1n{1+At(ﬁAt+%— 12),1} (37)

provided that the time stepsize At satisfies

2D

1+ At(BAL + b—aF fig) > 0. (38)

The stability result for the IMEX method (36) is established now.

Theorem 4. Let ufl be defined by (36) with homogeneous boundary condi-
tions. Under the assumptions of Theorem 8 we have

n+1

n+1
H%“Hfrﬁ\lﬁtze Wby |12 < (Sie(A))" uflh,  (39)

provided that At satisfies (38) and with S; .(At) defined by (37).

Remark 10. i) For the IMEX method (36) hold remarks analogous to
1
Remark 6 and 7 with f] .. and replaced by §f1'nix and f

bup sup’
spectively.

ii) Remark 8 also holds for the IMEX method (36) with Si(At) and fg,,

replaced by S; (At) and f respectively. For S;. holds

sup?

D
1+ 2( sup (b—a)2>
1+ At (6At1 + 2(W ~1 s{u2p))

Sio(At) <1+ At

where Aty is defined by (35) with f;,, replaced by fsup



INTEGRO-DIFFERENTIAL IBVP VERSUS DIFFERENTIAL IBVP: STABILITY ANALYSIS 15

3.2. Differential IBVP. We mentioned above that the integro-differential
IBVP (1), (2), (3) is equivalent, for certain initial and boundary conditions,
to the differential IBVP (2),(3), (5). Then we can solve computationally the
first problem considering numerical methods for the second one.

In this section we study the implicit FDM

D_yup ™ (w) = DDoup™ () — o™ () + f (™ (20))

(40)
Dy ™ (i) = Buy ™ (i) — yop (i)
1=1,....N—1,n=0,...,M —1, and
ul (z0) = ua(ty), ul(zn) =w(t;), j=1,..., M,
vi(z0) = va(ty), vp(zn) = w(ty), G=1,..., M, (41)

ud (z;) = uo(x;), vi(x;) =vo(z;), i=1,...,N—1,
where f(u) represents the reaction, not necessarily defined by f(u) = u(1 —
u)(u — «). This methods can be seen as a discretization of the differential
problem (2), (3), (5) or it can be used to compute an approximation to
the weak solution of the variational problem (15) because, for homogeneous
boundary conditions, u}, vy’ satisty

{ (D—tuz—i_l) wh)h + D(D—xuz—i_la D—xwh)h,—l- = _(UZ+17 wh)h + (f('LLZ+1), wh)h)

(Do ™ an)n = Blup ™ qn)n — (v ™ )
(42)
for all wy, g, € L3(I,), with u), v defined as in (41).

Theorem 5. Let u{b, vi, j=1,..., M, be defined by (40), (41) with homo-
geneous boundary conditions. If f(0) =0 and f' is bounded then

n+1
e 2+ o < (Satan) (lali? + IRIR), (43)
with the stability factor Sy(At) defined by
1
Su(At) = — .
min {1 ARy —2fl, — 18— 1), 1+ At(2y — [ — 1|)}
(44)

and provided that At satisfies

1 4+ At( —2flp = 1B—=1]) >0 and 1+ At(2y—|3—1]) > 0. (45)

2D
(b—a)?
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Proof: Let us consider (42) with wy, and g, replaced by u}*! and v*!,

respectively. It is easy to show that the following inequality holds
sl ™R + G+ Al < sllupll + slloplli — At Doyt 4
A (™), ™) + ALS = 1) (w0,

(46)
Considering in (46) the discrete Friedrich-Poincaré inequality

g I < (0= a)* | Doy

and the inequality (f(u n—i—l) UZH) < fsupHUZHH, we obtain
2D )

G~ Mo = 1B = DI+ (14 A2 =18 = 1)) i

< luplli + lloplli

witch allow us to conclude (43) provided that the time stepsize satisfies (45).
m

(1 + A

Remark 11. Theorem 5 was established assuming that the reaction term f' is
bounded. This assumption can be weakened if we suppose that the numerical
solution uj(x;) is bounded for all i and n.

Remark 12. If the coefficients D,~ and the reaction term t are such that

ﬁ — fowp — 7 <0, (47)
and Aty is fized satisfying the following restriction
Lt Aoz = 2y = 10 1) > (15)
then (43) holds, for At € (0, Aty], with Sy(At) such that
Sa(At) =1+ Atn (49)
and
i
T Am(m o — 18— 1)

Consequently we have

e 12 + e 1 < el DA (il + oI )
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for At € (0, Aty), which means that the implicit method (40) is conditionally
stable.
Otherwise, if (47) does not holds then (43) holds with

A2y —[1-4))
1+ Atg(2y — 1= 3])’

for At € (0, Atg] where Aty satisfies 1+ Aty (27 — |1 - 5\) > 0.
and without any restriction on the stepsize At. Consequently we have

Sd(At) =1

e Ml A+ o R < Nl + lloglls
which means that the implicit method (40) is conditionally stable.

If the reaction term in nonstiff then the term f can be considered evaluated
at u}, and the method (40) is replaced by the IMEX method

D_up ™ (2:) = D Doy ™ () — op ™ () + f (u (7))
Doy (w3) = Buy ™ () — yop (i),

i=1,...,N—1,n=0,...,M —1. Using the IMEX method (50) we reduce

the computational cost of method (40) because in each time step we only

need to solve a linear system.
For the IMEX method (50) holds a result analogous to Theorem 5 with

1
' replaced by 3 f/2 that is

(50)

sup sup’?

(b—a)2  Tow

Moreover Remarks 11 and 12 also hold with the previous modifications.

1+ At(

B-1))>0 and 1+ A2y — |8 —1])>0. (51)

4. Numerical results

In this section our aim is to illustrate the theoretical results obtained in
the last section. Let SC; and SCj . be defined by

2D ,

SCZ = maX{O, 1+ At(ﬁAt + m — 2fsup>}
and
2D /9
SC;. = max{0, 1 + At(BAt + — fsup) }-

(b—a)?
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These two terms arise in the definitions of the stability conditions (28) and
(38) and allow us to compare these conditions when the implicit method (21)
and the IMEX method (36) are used.

By SC,; and SCy, we represent the following quantities

(1)2——Da)2 flo—1B8=1]), 1+ AL 2y —[8—1))} },

= = 1A= 1), 1+ At =51}

which arise in the stability restrictions (45) and (51) for the methods (40)
and (50), respectively.

In what follows we measure the stability conditions (28), (38), (45) and
(51) using SC;, SC; ., SCyq and SCy.. We consider D = 1, § = 0.008, v =
0.02032, (a,b) = (0,100) and different values of fg,

In Figure 1 we plot SC;, SC;., SCy and SCy, for S’up = —1. The condi-
tions (38), (45) for the methods (36) and (40), respectively, have the same
behaviour. The condition (51) for the method (50) is the strongest condition

being the condition (28) the weaker one.

SCyq = max{0, min{1+ At(

SCye = max{0, min{1+ At(

1 + A+ttt i
+ SG * * x
091 * x
X SCi,e * X X*
0.8f . SC, * X,
* x><
o7t * SCae * %
* X
X
0.6 * X
Xo
* X
e
0.5 * % i
* >
»*
0.4} * %
* N
%
0.3} * 5 4
* X
0.2} * R
"
0.1f * 3
* A
0 3 2 ) 0
10 10° 107" 10
At

sup

In Figure 2 we plot SC;, SC; ., SCyq and SCy . for fs’up = 0.5. In this case the
IMEX method (36) presents the weaker stability condition and the strongest
condition is presented by the implicit method (40).



INTEGRO-DIFFERENTIAL IBVP VERSUS DIFFERENTIAL IBVP: STABILITY ANALYSIS 19

b3 X %
+ SCi * * ) "o
0.9h . % t i
X SCi e . ¥+
o8l{ . sc, . *;++ |
. K
sc
o7f ¥ de * 1
. **1
0.6 - xw A
W
* +

0.5 * + i

*h

*
L . * 4

0.4 *E

. * i

*

0.3} Yt
E
0.2} :ff
+
* +
0.1f %+
3
+
0 ‘ e
10° 107 10" 10°

At

FIGURE 2. SC;, SC; ., SCy and SCy, for fsfup =0.5

The functions SC;, SC; ., SCq and SCy . for slup =

5 are plotted in Figure 3.

The stability restrictions for the two methods (28) and (40) with the implicit
reaction term present the same behaviour while the stability restrictions for
the methods (36) and (50) have the same behaviour.

1
*
+ SC +
oorl SCo | & + N 1
08f . SC, + |
scC t
07t * de * + 1
T+
0.6 3 ‘4 b
+
0.5F " |
X
£ "
041 + B
X +
03f * + ]
X .+
0.2 * + B
+
0.1r X 4 i
* .
0 -3 ‘72 -1
10 10 10 10

At

FIGURE 3. SC;, SCi., SCy and SCy, for fsfup = 5.

From Figures 1, 2 and 3 we observe that the stability restrictions for the

methods for the IBVP in the integro-differential fo

rm are weaker than the
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stability conditions for the correspondent methods for the IBVP in the dif-
ferential form.

We now illustrate the behaviour of the stability factors S;(At) and S; .(At)
defined by (27), (37), respectively, for the methods (21) and (36) used for the
IBVP in the integro-differential form. In what follows we also consider the
behaviour of the stability factors Sy(At) defined by (44) and S .(At) defined
by

14+ At
min{1 + (22— f12 = |3 — 1)), 1+ Aty — [5— 1))}

for the methods (40) and (50), respectively, that were considered for the
IBVP in the differential form.

In Figure 4 we plot S;(At), S; (At), Sqc(At) and SCy, for fi,, = —1. The
stability factors of the implicit methods are lower than the stability factors
of the correspondent IMEX methods. Moreover, when the parameter fs’up
increases the same behaviour can be observed as it can be seen in Figure 5.
However the methods (40), (50) for the IBVP in the differential form present
higher stability factors. For greater values of f  the implicit methods (21)
and (40) present lower stability factors. This behaviour is well illustrated in

Figure 6.

SCy.(At) =

+ S
1.03 x Sie F
s, %
*
10251 * Sge o
*
*
1.02} * 4
* x
* X
X
1.015 * oo
** *
* 5
1.01 *  x
* X
*
% X
1.005 x
* x
X .
1 %5 ‘1. t =
10 10° 107

At

FIGURE 4. The stability factors S;(At), S;c(At), Sq(At) and
dee(At) for — —1.

sup ~
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FIGURE 5. The stability factors S;(At),S;.(At), Sqa(At) and
Sae(At) for fi,, = 0.5.
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FIGURE 6. The stability factors S;(At), S;c(At), Sq(At) and
dee(At) for ! = 5.

sup

21

Finally, we illustrate the performance of the methods considered for the
IBVP in the integro-differential form. In Figures 7 we plot the numerical solu-
tions obtained with the implicit method (21) and with the IMEX method (36)
for f(u) =u(l —u)(u—a), D=1, =0.008, v =0.0203, « = 0.1, (a,b) =
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(0,100), T'= 200, h = 1, At = 4 and ug(z) = 0,z € (0,100),u(0,¢) = 1,¢ >
0 u(lOO t)=0,t>0.

As fi,p < 0 the stability condition (28) is verified for the previous parame-
ters being the condition (38) violated, which leads to a pathologic behaviour
of the method (36) as it can be seen in Figures 7 and 8. In this last figure

we plot time and space cuts of the IMEX solution presented in Figure 7.

FIGURE 7. The implicit solution (left side) and the IMEX solu-
tion (right side) defined by (21) and (36), respectively.

1.2 T T T T 1
+o b + - x=25
— o x=
| e | ° X_?g ot
X T2 05F x= o e
x - 3714 ¥ L j *y
+ +
osfl—* T , o o,
0.6 B + ;
E] S -05F
0.4px
* +
X -1r *
0.2 %
X +
o]
o -15F 4
X

-0.2 I I I I 2 I I I
0 20 40 60 80 100 0 50 100 150 200

X t

FIGURE 8. The IMEX solution defined by (36).

5. Conclusions

In this paper we studied the stability of the IBVP (1), (2), (3) and IBVP
(5), (2), (3). For convenient initial and boundary conditions these two IBVPs
are equivalent. In this case, in Theorems 1 and 2 are obtained estimates for

ou
Fuou(®) = IO+ ol [ e uts)asi? 20 [ 154 P as,
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for o0 = 3,0 = B

If 5 > 1 the upper bound obtained using the differential form of the IBVP
is greater than the upper bound obtained using the integro-differential form
provided that | — 1| — 2y > 0. If § = 1 then the two results give the same
upper bound. Finally, if 0 < 8 < 1 and | — 1| — 2y > 0, then the upper
bound given by the second result is greater than the one given by the first

result.
For

Eao(u(t)) = Ju(®)]]? + o] / ey (s) ds |,

with ¢ = 3,0 = 2, hold conclusions analogous to those established for
El,a(u(t>)7 for o = 4, 52-

From the previous considerations we conclude that the integro-differential
form (1), (2), (3) leads to more accurate estimates than the differential form
(5), (2), (3) for convenient initial and boundary conditions for v.

Let us compare now the stability properties of the methods (21) and (36)
for the integro-differential IVBP (1), (2), (3), with the stability properties of
the methods (40) and (50) for the IBVP (2), (3), (5).

In what concerns the stability restrictions (28) and (38) for the methods
(21) and (36) we remark that for lower value of f;  the two conditions
have the same behaviour which means that the stability behaviour of both
methods will be the same. When [’ increases the first method will be more
stable than the IMEX method because in the condition (38) arises the term

Sup 2 which is negative.

Con81der1ng now the methods (21) and (36), for the integro-differential
IVBP (1), (2), (3) and the methods (40) and (50), for the IBVP (2), (3), (5),
we conclude that the first group is more stable than the second one.

As the stability condition (51) for the method (50) can be obtained from

(45) replacing fg,, by fsup we conclude that the two methods (40) and (50)

have the same stablhty behaviour for lower values of f , being the implicit
method (40) more stable than the IMEX method (50) for higher values of
this parameter.
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