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ABSTRACT: 3-quasi-Sasakian manifolds were studied systematically by the authors
in a recent paper as a suitable setting unifying 3-Sasakian and 3-cosymplectic ge-
ometries. In this paper many geometric properties of this class of almost 3-contact
metric manifolds are found. In particular, it is proved that the only 3-quasi-Sasakian
manifolds of rank 4] + 1 are the 3-cosymplectic manifolds and any 3-quasi-Sasakian
manifold of maximal rank is necessarily 3-a-Sasakian. Furthermore, the trans-
verse geometry of a 3-quasi-Sasakian manifold is studied, proving that any 3-quasi-
Sasakian manifold admits a canonical transversal, projectable quaternionic-Kéahler
structure and a canonical transversal, projectable 3-a-Sasakian structure.
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1. Introduction

The well-known classes of 3-Sasakian and 3-cosymplectic manifolds belong
to the wider family of almost 3-contact metric manifolds. Nevertheless, both
classes sit also perfectly into the narrower class of 3-quasi-Sasakian manifolds
which, as we will see, is a very natural framework for a unified study of the
aforementioned geometries. A similar chain of inclusions takes place in the
case of a single almost contact metric structure, whereas the class of quasi-
Sasakian manifolds encloses both Sasakian and cosymplectic manifolds, but
in the setting of 3-structures the interrelations between the triples of tensors
produce key additional properties making the choice of the 3-quasi-Sasakian
framework still more natural. 3-quasi-Sasakian manifolds were introduced
long ago but their first systematic study was carried out by the authors in [5].
There, it was proven that in any 3-quasi-Sasakian manifold (M, ¢, &a, e, 9)
of dimension 4n + 3 the vertical distribution V generated by the three Reeb
vector fields is completely integrable determining a canonical totally geodesic
and Riemannian foliation. The characteristic vector fields obey the commu-
tation relations [£,, &3] = &, for any even permutation («, 3,7) of {1,2,3}
and some ¢ € R. Furthermore, it was shown that the ranks of the 1-forms
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M, M2, N3 coincide giving a single well-defined rank which falls into one of two
possible families: 41+ 3 or 41+ 1 for some 0 < [ < n. A splitting theorem was
proven for the manifolds in the first of the two families just for the case ¢ = 2,
under some additional hypotheses, while a sufficient condition for those of
rank 4/ + 1 to be 3-cosymplectic was found. In this paper, beside obtain-
ing many additional properties of 3-quasi-Sasakian manifolds, we strongly
improve the splitting results previously found, and we succeed in studying
the geometries of the spaces of leaves. In fact, it turned out that there are
three distinct fundamental foliations for 3-quasi-Sasakian manifolds. The
study of the transversal geometries with respect to those foliations allowed
us to link 3-quasi-Sasakian manifolds to the more famous hyper-Kahlerian
and quaternionic-Kahlerian sisters.

The article is organized as follows. In Section 2 we briefly recall the re-
quired preliminaries about almost contact metric geometry and 3-structures
which are the two pillars supporting 3-quasi-Sasakian geometry. The most
relevant results already known about 3-quasi-Sasakian manifolds are also
summarized. In the third section we mainly prove that all 3-quasi-Sasakian
manifolds of rank 4[4 1 are 3-cosymplectic. It follows that a 3-quasi-Sasakian
manifold is Ricci-flat if and only if it is 3-cosymplectic. Such a corollary may
be thought as an odd-dimensional analogue of the well-known fact that any
quaternionic-Kéhler manifold is Ricci-flat if and only if it is (locally) hyper-
Kahler. Section 4 is devoted to the study of the complementary class: 3-
quasi-Sasakian manifolds of rank 4/ 4+ 3. We show that any 3-quasi-Sasakian
manifold of maximal rank is 3-a-Sasakian (cf. [9]) and it is 3-Sasakian if and
only if the constant c in the commutators [&,, {3] = ¢, is equal to 2. Next, a
new, much better splitting theorem is obtained (cf. [5], Theorem 5.6) proving
that any 3-quasi-Sasakian manifold of rank 4/ 4+ 3 with at least one of the
almost product structures integrable is locally the product of a 3-a-Sasakian
manifold and a hyper-Kahlerian manifold. We do not make any assumption
neither on the metric nor on the constant c. Finally, in Section 5 we study
the geometries of the spaces of leaves corresponding to three fundamental
foliations canonically associated to a 3-quasi-Sasakian manifold. We start by
analyzing the vertical foliation V. The use of an adapted connection (cf. [6])
derived from the Bott connection allows us to show that it exists a canoni-
cal transversal projectable almost quaternionic structure with respect to V.
The projectability of the structure tensors ¢, with respect to ¥V characterizes
the integrability of the horizontal distribution which turns out also to be a
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sufficient condition for the corresponding leaf space to be hyper-Kahlerian
and for the 3-quasi-Sasakian manifold to be n-Einstein. Next, we prove the
integrability of a second fundamental distribution, denoted by £%”, in any
3-quasi-Sasakian manifold of rank 4/ 4+ 3. The leaves turn out to be hyper-
Kahlerian while the leaf space is 3-a-Sasakian. Finally, we prove that the
integrability of the distribution £+ = £4" @V gives rise to a foliation with
3-cosymplectic leaves whose leaf space has quaternionic-Kéahler structure. In
this way we generalize to the class of 3-quasi-Sasakian manifold a fundamen-
tal result proven by Ishiara [8] for 3-Sasakian manifolds with respect to the
foliation V which revealed to be fundamental for the subsequent studies of
Boyer, Galicki and many others giving to that class of manifolds their current
relevance.

2. Preliminaries

An almost contact manifold is an odd-dimensional manifold M which car-
ries a tensor field ¢ of type (1,1), a vector field £, called characteristic or
Reeb vector field, and a 1-form 7 satisfying ¢?> = —I +n ® ¢ and n (§) = 1,
where [: T'M — T'M is the identity mapping. From the definition it follows
also that ¢¢ = 0, no ¢ = 0 and that the (1, 1)-tensor field ¢ has constant
rank 2n (cf. [3]). An almost contact manifold is said to be normal if the
tensor field N = [¢, ¢] 4+ 2dn & & vanishes identically. It is known that any
almost contact manifold (M, ¢, £, n) admits a Riemannian metric g such that
g (¢, 0) =g (+,-)—n®mn holds. This metric, in general not unique, is called a
compatible metric and the manifold M together with the structure (¢, &, 7, g)
is called an almost contact metric manifold. As an immediate consequence
one has n = g(§,-). The 2-form ® on M defined by ® (X,Y) = ¢g(X, ¢Y)
is called the fundamental 2-form of the almost contact metric manifold M.
The following formula gives the expression of the covariant derivative of ¢
in terms of the remaining structure tensors in any almost contact metric
manifold ([3]) and it will be useful in the sequel,

29((Vx9)Y, Z) = 3d®(X, Y, $Z) — 3d®(X,Y, Z) + g(NV (Y, Z), o X)
+ NV, Z)n(X) + 2dn(¢Y, X)n(Z) — 2dn(¢Z, X)n((Y)-)
2.1

Almost contact metric manifolds such that both n and ® are closed are
called almost cosymplectic manifolds and almost contact metric manifolds
such that dn = ® are called contact metric manifolds. Finally, a normal



4 B. CAPPELLETTI MONTANO, A. DE NICOLA AND G. DILEO

almost cosymplectic manifold is called a cosymplectic manifold and a normal
contact metric manifold is said to be a Sasakian manifold.

The notion of quasi-Sasakian structure, introduced by D. E. Blair in [2],
unifies those of Sasakian and cosymplectic structures. A quasi-Sasakian man-
ifold is a normal almost contact metric manifold such that d® = 0. A
quasi-Sasakian manifold M (or more generally an almost contact manifold)
of dimension 2n + 1 is said to be of rank 2p (for some p < n) if (dn)” # 0 and
n A (dn)” = 0 on M, and to be of rank 2p+1 if n A (dn)? # 0 and (dn)*™ =0
on M (cf. [2, 20]). It was proven in [2] that there are no quasi-Sasakian man-
ifolds of even rank. Let the rank of M be 2p + 1. Then, the tangent bundle
of M splits into two subbundles as follows: TM = E¥M @ % p+q = n,
where

£ ={X €TM |ixn=0and ixdy =0}

and E%1L = £20 @ (€), E% being the orthogonal complement of £2¢ @ (£) in
TM. These distributions satisfy ¢£%’ = €2 and ¢p&£2 = £ (cf. [20]). Notice
that the subspace £,% = {X € T,M | ixn = 0 and ixdn = 0} determined
by £2¢ in any point & € M coincides with the characteristic system defined
by Cartan in [7] for an arbitrary differential form. The class of a differential
form is one of the integral invariants defined by Cartan. The codimension
2p + 1 of £,% is called by Cartan the class of n in x. It is easy to verify
that when the class of 7 is constant the characteristic system has constant
rank in any point and the determined distribution is integrable. This is the
case in all important examples of quasi-Sasakian manifolds, such as Sasakian
and cosymplectic manifolds. Thus, we will only consider, as Blair and Tanno
implicitly did, quasi-Sasakian manifolds of constant class, i.e., of fixed (odd)
rank. So, the rank of Blair and Tanno coincides with the class of Cartan.

Some useful properties of quasi-Sasakian manifolds will be now mentioned.
For a quasi-Sasakian manifold we have the relation (cf. [17])

(Vx9)Y = =g (Vx&,0Y)§ —n(Y) oV xE, (2.2)

which generalizes the well-known conditions V¢p = 0 and (Vx¢) Y = g (X,Y) {—
n (Y) X characterizing respectively cosymplectic and Sasakian manifolds.
The quasi-Sasakian condition reflects also in some properties of curvature
and of the Reeb vector field. In fact we have the following results.

Lemma 2.1 ([2],[17]). Let (M, ¢,&,n,9) be a quasi-Sasakian manifold. Then

(i) the Reeb vector field £ is Killing and its integral curves are geodesics;
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(ii) the Ricci curvature in the direction of £ is given by
Ric () = [|V¢|. (2.3)

We now come to the main topic of our paper, i.e. 3-quasi-Sasakian geome-
try, which is framed into the more general setting of almost 3-contact geom-
etry. An almost 3-contact manifold is a (4n + 3)-dimensional smooth mani-
fold M endowed with three almost contact structures (¢1,&1,m), (¢2, &2, 12),
(¢3, &3, 13) satisfying the following relations, for any even permutation (o, 3, %)
of {1,2,3},

Oy = PP — Mg @ Ea = —PaPa + 1a @ &g,

57 = Qbozgﬂ = _Qbﬁgon Ty = Ta © Qbﬂ = —Tpo Qboz-
This notion was introduced by Y. Y. Kuo ([15]) and, independently, by C.
Udriste ([22]). In [15] Kuo proved that given an almost contact 3-structure
(has Eas Ma), there exists a Riemannian metric g compatible with each of them
and hence we can speak of almost contact metric 3-structures. It is well
known that in any almost 3-contact metric manifold the Reeb vector fields
&1, &, &3 are orthonormal with respect to the compatible metric g and that the
structural group of the tangent bundle is reducible to Sp (n) x I3. Moreover,
by putting H = ﬂzzl ker (7),) one obtains a 4n-dimensional distribution on
M and the tangent bundle splits as the orthogonal sum TM ="H &V, where
V = (£1,6,&). We will call any vector belonging to the distribution H
horizontal and any vector belonging to the distribution V vertical. An almost
3-contact manifold M is said to be hyper-normal if each almost contact
structure (g, €4, 7a) is normal.

A 3-quasi-Sasakian manifold is, by definition, an almost 3-contact metric
manifold such that each structure (dq, &a, 10, 9) is quasi-Sasakian. Important
subclasses of the above defined class are the well-known 3-Sasakian and 3-
cosymplectic manifolds. Many results about 3-quasi-Sasakian manifolds have
been found in [5].

Theorem 2.2 ([5]). Let (M, ¢u, &, N0, g) be a 3-quasi-Sasakian manifold.
Then the distribution spanned by the Reeb wvector fields &, &, & is inte-
grable and defines a totally geodesic and Riemannian foliation YV of M. More
in particular, we have, for an even permutation («,3,7) of {1,2,3}, that

[€as €8] = c&, for some ¢ € R.

According to Theorem 2.2, the geometry of 3-quasi-Sasakian manifolds
with ¢ = 0 and those with ¢ # 0, is very different. This can be seen, for

(2.4)
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instance, in the notion of the “rank” of a 3-quasi-Sasakian manifold, which
is well defined due to the following theorem.

Theorem 2.3 ([5]). Let (M, ¢, &a, N0y g) be a 3-quasi-Sasakian manifold of
dimension 4n + 3. Then the 1-forms n1, 12, N3 have the same rank, which s
called the rank of the 3-quasi-Sasakian manifold M. Furthermore, this rank
1s equal to 41 + 1 or 4l + 3, for some [ < n, according to ¢ = 0 or ¢ # 0
respectively.

Now we collect some results on 3-quasi-Sasakian manifolds, which we will
use in the sequel. As before, we refer the reader to [5] for the details.

Proposition 2.4. In any 3-quasi-Sasakian manifold (M, ¢, Ea,Na, g) we
have:
(1) dna(X,&3) =0 for all X € I'(H) and o, B € {1,2,3};
(ii) every Reeb vector field &, is an infinitesimal automorphism with re-
spect to the distribution H;
(i) dny = 5L¢,®,, for any even permutation («, 3,7) of {1,2,3};
(iv) dne (X, ¢0aY) = dng (X, ¢gY) forall X, Y € F( )anda, B € {1,2,3};
V) dne (ppX, pgY ) = —dn, (X,Y) for all X, Y € I'(H) and o # [3;
(vi) dna(¢pX,Y) = dny(X,Y) for all XY € I'(H) and for any even
permutation (o, 5,7) of {1,2,3}.

3. Further results on 3-quasi-Sasakian manifolds

In the following we will use the notation £4™ := {X € H | for some a €
{1,2,3} ixdn, = 0}, while £4 will be the orthogonal complement of £4™ in H,
EU3 .= 8PV, and E1H3 .= £ @ V. Tt is easy to see that ¢, (£4™) = £4m
and ¢, (EY) = 5‘” for each a € {1,2,3}. Note also that, regarding to the
definition of £4™ if ixdn, = 0 for some o € {1,2,3} then by [5, Lemma 5.4]
ixdns =0 for any 0 € {1,2,3}.

According to [5], we define for each a € {1,2,3} two tensor fields of type
(1,1) ¢, and 6, on M. We put, for a 3-quasi-Sasakian manifold of rank
4l + 37

DX — o X, if X € T(EMH3); o x40 if X € ['(E413);
0, if X e D(EM™); YT 9o X, if X e T(EM™),
and for a 3-quasi-Sasakian manifold of rank 4/ + 1,

[ 9o X, if X e T(EM); 0, if X e ['(EY);
YaX = { 0, it xer(emy. DX =00 x i x e (g,
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Note that, for each a € {1,2,3} we have ¢, = ¥, + 0,. We have given
two different definitions of ¢, and 6,, depending on the two possible ranks
(for each [) that correspond to the two types of 3-quasi-Sasakian manifolds.
It should be noted, however, that in both cases v, and 6, coincide in the
horizontal subbundle H. Next, we define a new (pseudo-Riemannian, in
general) metric g on M setting

B | —dne (X, 0,Y), for X, Y € T(EY);
g(X,Y) = { g(X,Y), elsewhere.

Note that this definition is well-posed by virtue of Proposition 2.4. The
metric g is in fact a compatible metric and (¢4, &q, a, §) 18 @ normal almost
3-contact metric structure, in general non-3-quasi-Sasakian (cf. [5]). Con-
cerning the Levi Civita connection V of the metric g we prove the following
useful formula.

Proposition 3.1. With the notation above, one has in a 3-quasi-Sasakian
manzifold

vXfa = —tho X (31)
for any X € T'(H) and a € {1,2,3}.

Proof: In the case ¢ = 0 the result is an immediate consequence of [20,
Lemma 2.3]. As for the case ¢ # 0, using the same Lemma, we have

vc/vgoz = _¢;7 (32)

where
YX = { 0o X, if X €T(E @ (€5, 6,));
o 0, if X e (& @ (£))

and V/, is the Levi-Civita connection associated to the compatible metric g,
defined by

» _ [ —dna (X, 9aY), for X, Y € T(EY @ (£5,6)));
Ja (X,Y) = { g(X,Y), elsewhere.
Note that ¢, = ¢/, on I'(H). Now, considering X € ['(H), we prove that
v(;Xgoz = ngow (33)

It should be noted that the metric g/, as well as g, preserves the orthogonal
decomposition TM = H @& V, whereas &1, &2, &3 are only orthogonal and not
orthonormal with respect to g;,: indeed g,,(£s,&s) = §. Then gly.n = GolHxn
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and glyxy = G,|lnxy. Now, in order to prove (3.3), we show preliminarily
that V! x&., Vx&, € I' (H). Indeed,

200 (Vex€a: &) = X(G0(6ar &) + £a(G0 (65, X)) — &5(90(X, &)
+g;([X7 504}755) =+ §;([€5,X],§a) - géy([gaagé]aX) =

since g, (&a, §s) is constant, [§5, I'(H)] C I'(H) for any d, and V is integrable.
Analogously, §.(Vx&a,&s) = 0. Then, using the definitions of g and g/,, we
have that for any X, Y € T (H),

20(Vx&a — Voxéa, V) = X(9(6,Y)) + &(9(X.Y)) = Y (9(&a. X))

+9([X, &l Y) + 9([Y, X1, &) = 9([6a, Y], X)

— X(70(80:Y)) = &al8a(X,Y)) + Y (70,(0s X))
(X, €a), Y) = Go([Y; XT, €0) + 9060, Y1, X)

(X, V) +g([X, &, Y) + (Y, X], &)

= 9([§a: Y], X) = £a(Ga (X, Y)) = Ga([X, &), Y)

—g([Y, X], &) + 9o ([0, Y], X) = 0.

Therefore we have that Vx&, = Vix&, = — ¢/ X = —1,X and (3.1) is
proved. u

/
«

9

/\Q|

= &a

Q I

[
[

Lemma 3.2. In any 3-quasi-Sasakian manifold we have, for a cyclic permu-

tation (o, 8,7) of {1,2, 3},
Le dng = cdn,.

Proof: From the Cartan formula for the Lie derivative it follows that L¢, dng =
ie, d’ng + dig,dng = dig, dng, so that it is enough to find ¢ dng. By (i) of
Proposition 2.4 we have, for any X € I' (H),

(e, dng)(X) = 2dns(€a, X) = 0 = cn, (X).

Now, distinguishing the cases ¢ = 0 and ¢ # 0, one can verify that i dng =
cn, also holds on I'(V), thus getting the result. |

Lemma 3.3. For any X € I'(H) and Y € I'(E*™) we have [X,Y] € T(H).

Proof: For any a € {1,2,3} one hasn, ([ X,Y]) = —2dn, (X,Y) = (iydn,) (X) =
0, since Y € T'(£*"). Hence [X,Y] € N°_, ker (1) = H. |
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Lemma 3.4. Let (M**3 ¢, &0, 00, g) be a 3-quasi-Sasakian manifold. Then
the Reeb vector fields are infinitesimal automorphisms with respect to the
distributions EY and ™.

Proof: Let us assume ¢ # 0. Fixing an o € {1,2,3}, by [20, Lemma 2.2] we
have that [, T(EY)] € T(EY @ (£5,&,)) and [€,, T(EM™)] € T(E*™). Then
the result follows from (ii) of Proposition 2.4. Analogously one obtains the
claim for ¢ = 0. ]

Proposition 3.5. In any 3-quasi-Sasakian manifold we have

Le, g = iy, (3.4)
for any cyclic permutation («, 3,7) of {1,2,3}.

Proof: That (3.4) holds on V follows immediately from a direct computation
and from the definitions of the tensors v,. Next, for any X € I" (H) we have

(Le,9)X = [€ar 5X] — 05 [€ar X]
= Ve, 0pX — Vy,x€a — 0sVe, X + 05V x&, (3.5)
= (Ve.98)X — V,x€ + 95V x&0-

Now, using (2.1), we compute ?&ﬁg. Taking into account the normality of
(¢3,€5,m3), (i) of Proposition 2.4 and the horizontality of X we have

20((Ve,03)X,Y) = 3dPs(En, ¢pX, ¢pY) — 3dPs(&, X, Y). (3.6)

If Y = & for some 6 € {1, 2,3}, by (ii) of Proposition 2.4 and the integrability
of the distribution spanned by &1, &, &3, we have

Sd(i)ﬁ(fa?Xa 55) - ga(éﬁ(Xa 55)) + X(éﬁ(féafa)) + fé(éﬁ(faa X))
- (i)ﬁ([faaXL&S) - (i)ﬁ([Xv 55]7560 - (i)ﬁ([g&;fa]?X) =0,

and, in the same way, we find 3d®s(&,, dsX, ds&s) = 0, so that (Ve ¢s)X €
['(H). Now we prove that

9((Ve,98)X,Y) = (c = 2)g(¢, X,Y) (3.7)
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for every X,Y € I'(H). Indeed, by (3.6) we have

2((Ve,99) X, Y) = &a(@s(05X, 95Y)) + 05X (Ps(d5Y. &) (3.8)
+¢pY (Pp(Ear 95X)) — @5([€a, 95X, d5Y)
— O5([0pX, 95Y], €a) — p([95Y Eal, 95 X)
—&a(Pp(X,Y)) = X(5(Y. &) — Y (Pp(as X))
+ @p([6a, X1, Y) + @p([X, Y], &) + ([, &), X)
= £a(Pp(0pX, 05Y)) — @p([éa, 05 X], PY)
— O5([0pX, d5Y], &a) — Pp([05Y. &l P5X)
- ga(&)ﬁ(Xv Y)) + (i)ﬂ([gow X]v Y)
+ (i)ﬁ([Xv Y], 504) + (i)g([Y, 504]7 X)
Because of the g-orthogonal decomposition H = E¥@ £ we can distinguish
the cases (i) X,Y € I'(EY), (i) X € I'(EY), Y € I'(&*™), (iii) X € TI'(&*™),
Y € T(EY), (iv) X, Y € T(EY). In the first case, taking into account that
Ps(EM) = EM and [€,, T(EM)] C T(EY) (cf. Lemma 3.4) we get
29((Ve,05)X,Y) = (Le,dns) (95X, ¢5Y) + 0y (05X, 05Y])  (3.9)
— (Le,dng)(X,Y) —n,y([X, Y])
= (Le,dnp)(9pX, ¢3Y) — 2dn, (dpX, dpY)
= (Le,dnp)(X,Y) + 2dn, (X, Y).

Continuing the computation and using Lemma 3.2 and (v) of Proposition
2.4, (3.9) becomes

29((Ve,03) X, Y) = edny (65X, ¢Y) — 2dn (65X, ¢5Y) — cdn, (X, Y) + 2dn, (X, Y)
= —cdny(X,Y) 4+ 2dn,(X,Y) — cdn,(X,Y) + 2dn,(X,Y)
=2(2—c)dn,(X,Y)

— 2(c— 251 X,Y).
If we take X € I'(EY) and Y € T'(£%), then, due to the orthogonality
between £ and £, (3.8) reduces to
29((Ve,05)X,Y) = =P5([03X, d3Y], &) + P5([X, Y], &)
= 1y([¢pX, 95Y]) — ([ X, Y]) =0
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by Lemma 3.3. Since g(¢,X,Y) = 0, we get (3.7). Next, arguing as above,
one finds that (3.7) also holds for X € T'(£*") and Y € I'(€%). Finally, if
X,Y € ('), by the definition of § and d®s = 0, one has

29((Ve,03) X, Y) = 3dPp(&a, 39X, ¢5Y) — 3dPs(&a, X, Y) =0
which proves (3.7), since 1), X = 0. Therefore we get that
(Ve,dg) X = (c = 2)9, X (3.10)

for any X € I'(H). Continuing the computation in (3.5), we obtain, by
virtue of (3.10) and (3.1),

(Le,95) X = (¢ = 2)s X + YadpX — dp10aX,
so that (L¢,¢p) X = co, X if X € T(EY) and (Le, ¢p) X = 0 if X € T(EM™),
from which the assertion follows. ]

Lemma 3.6. In any 3-quasi-Sasakian manifold we have
(Le,p)(X,Y) = g(X, (Le,d5)Y). (3.11)
forall X, Y € T'(TM) and o, 5 € {1,2,3}.

Proof: The assertion follows immediately from the fact that each &, is Killing.
|

Theorem 3.7. Every 3-quasi-Sasakian manifold of rank 4141 s 3-cosymplectic.

Proof: Using (iii) of Proposition 2.4 and (3.11), we have
2d77a(X7 Y) = (Efﬁq)v)(Xa Y) = g(X, (‘C§B¢7)Y)

and the last term vanishes since, for ¢ = 0, L¢,¢, = 0 due to Proposition
3.5. m

Corollary 3.8. Any 3-quasi-Sasakian manifold is Ricci-flat if and only if it
15 3-cosymplectic.

Proof: That any 3-cosymplectic manifold is Ricci-flat has been proved in [6].
Conversely, if a 3-quasi-Sasakian manifold (M, ¢, €q, Ma, g) is Ricci-flat, then
by (2.3) we get V&, = 0 for all @ € {1,2,3}, hence ¢ = 0. Thus applying
Theorem 3.7 we get the result. u

It should be remarked that Corollary 3.8 may be thought as an odd-
dimensional analogue of the well-known fact that any quaternionic-Kahler
manifold is Ricci-flat if and only if it is (locally) hyper-Kéhler.
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4. 3-quasi-Sasakian manifolds of rank 4/ + 3

We recall that an almost a-Sasakian manifold ([11]) is an almost contact
metric manifold satisfying dn = a® for some a € R*. An almost a-Sasakian
manifold which is also normal is called an «-Sasakian manifold. It is well-
known that an almost contact metric manifold is a-Sasakian if and only if

(Vx¢)V = a(g(X,V)§ —n(Y)X) (4.1)
holds for all X,Y € I'(T'M), for some o € R*. From (4.1) it follows also that
Vx€=—adX, Rxy§=o’(n(Y)X —n(X)Y). (4.2)

Since the fundamental 2-form of an a-Sasakian manifold is exact (in partic-
ular closed) then the manifold is quasi-Sasakian.

Now consider an almost 3-contact metric manifold (M, ¢s, &5, 15, 9) of di-
mension 4n + 3, such that each structure is a-Sasakian, and suppose dns =
asPs for any § € {1,2,3}. Then, as it has been showed in [14], a; = s =
a3 := a, and we have

(€0, 85) = Ve.&s — Ve, o = —agpba + adap = 2a,. (4.3)

Hence, M is 3-quasi-Sasakian with ¢ = 2a and maximal rank 4n + 3.

We will call an almost 3-contact metric manifold such that each structure
is (almost) a-Sasakian simply by a (almost) 3-a-Sasakian manifold.

An example of these manifolds is given by the sphere S¥*3(r) of radius 7,
considered as a hypersurface in H**!'. Indeed, taking the quaternionic struc-
ture (Jy, J2, J3) on H"™ one can define three vector fields on the sphere,
£, = —Jov, v being a unit normal of S*3(r). Next, one defines the tensor
fields ¢, of type (1,1) and the 1-forms 7, by requiring that, for any vector
field X tangent to the sphere, ¢, X and 7,(X)v are respectively the tan-
gential and the normal component of J,X to the sphere. Considering the
induced Riemannian metric g, one obtains an almost 3-contact metric struc-
ture (Pa, &a, Na, g) Which is 3-a-Sasakian, since it is hyper-normal and the
fundamental 2-forms satisfy dn, = %Cba.

We prove that, in fact, strictly almost 3-a-Sasakian manifolds do not exist.
This is a consequence of a generalization of the Hitchin Lemma, due to

Kashiwada, which we now recall.

Lemma 4.1 ([13]). Let (M*", J,,G), a € {1,2,3}, be an almost hyper-
Hermitian manifold such that each fundamental 2-form . satisfies dS), =
2w A Qy, for some 1-form w. Then each J, is integrable.
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Proposition 4.2. Fvery almost 3-a-Sasakian manifold is necessarily 3-a-
Sasakian.

Proof: Let (M, ¢u,€asNa, g), @ € {1,2,3}, be an almost 3-a-Sasakian mani-
fold and let us consider on the product manifold M xR the almost Hermitian
structures .J;, Jo, J3 defined by

d d
Jo (X7 f&) = <¢o¢X - ffa,ﬁa (X) a> )

for any vector field X on M and any smooth function f on M x R, where we
have denoted by t the global coordinate on R. A straightforward computation
shows that J,Jg = —J3J, = J, for an even permutation («, 3,7) of {1, 2, 3}.
Moreover, it is simple to check that the Riemannian metric G = ¢ + dt? is
compatible with respect to the hyper-complex structure (J, Jo, J3). Com-
puting the expressions of the fundamental 2-forms we find

Qu (X,Y) = &, (X,Y), Q (X, %) — (X)), (4.4)

forall X, Y e I'(T'M) and o € {1,2,3}. From (4.4) it follows that

2
dQ. (X,Y, 7)) =dd, (X,Y,Z) =0, dS, (X,Y i) = —=dn, (X,Y),

" dt 3
(4.5)
for every X,Y,Z € I'(TM). In particular, we have that, for each § €
{1,2,3}, dQ2s = 2w A 5, where w = —adt. By Lemma 4.1, this concludes
the proof. m

We will prove that every 3-quasi-Sasakian manifold of maximal rank is nec-
essarily 3-a-Sasakian. This will be an immediate consequence of the following
result, which is an analogue of Theorem 3.7 for the class of 3-quasi-Sasakian
manifolds which are not 3-cosymplectic.

Theorem 4.3. Let (M*"3 ¢,,&0, N0, g) be a 3-quasi-Sasakian manifold
such that [€a,&p) = c&,, ¢ # 0. Let 41 + 3 be the rank of M*"™3. Then, for
each a € {1,2,3},

c
Aa(X,Y) = Sg(X, 1Y) (4.6)
for all X,Y € T(TM). Consequently, on E4F3,

dn = gcpa. (4.7)
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Proof: Using (3.11) and (3.4), for all X, Y € I'(T'M), we have

([’55(1)’7) (X,Y) = g(X, (Efﬁ(rb'}/)y) = cg(X,9.Y).
On the other hand, by (iii) of Proposition 2.4, L¢,®, = 2dn, from which
(4.6) follows. m

Corollary 4.4. FEvery 3-quasi-Sasakian manifold of mazximal rank 1is
necessarily 3-a-Sasakian.

Remark 4.5. Tt should be emphasized that in general no analogue of Theorem
4.3, as well as of Corollary 4.4, holds for a quasi-Sasakian manifold. These
properties are thus a special feature of 3-quasi-Sasakian manifolds.

Corollary 4.6. Let (M, ¢u, €0, Nas g) be a 3-quasi-Sasakian manifold. Then
for each o € {1,2,3}
c
Vga = _iwa- (48)
Proof: By Theorem 3.7 the assertion easily holds for ¢ = 0, so that we can
assume ¢ # 0. Then by (2.1) we have ¢((Vxda)a, Z) = dna(dala, X)Na(Z)—

AN (PaZ, X )Mo (€n) = —dne(0aZ, X), from which, applying (4.6), it follows
that

9(Vx&a, 0aZ) = —dna(daZ, X) = _gg(%X, $aZ).

Therefore, tacking into account the fact that g(Vx&a, &) = 0 = —59(1aX, &a),
(4.8) is proved. =

Corollary 4.7. In any 3-quasi-Sasakian manifold one has, for each o €
{1,2,3},

(Vxoa)Y =
for any X, Y € I'(TM).

Proof: Tt is a consequence of (2.2), (4.8) and the fact that ¢, = ¢2. =

(1 (Y) o X — g (V2 X,Y) &), (4.9)

oo

5. Transverse geometry of a 3-quasi-Sasakian manifold

In this section we study the leaf space of some foliations canonically asso-
ciated to a 3-quasi-Sasakian manifold.

We start with the study of the 3-dimensional foliation V defined by the
Reeb vector fields. Let V? be the Bott connection associated to V, that is
the partial connection on the normal bundle TM/V = H of V defined by

V8Z =V, Z]n
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forall V € T'(V) and Z € I'(H). Following [21] we may construct an adapted
connection on ‘H putting

ooy .- [ VRY, i Xel(V)
X (VXY)H, if X € T(H).

This connection can be also extended to a connection on all 7'M by requiring
that V&, = 0 for each o € {1,2,3}. Some properties of this global connection
have been considered in [6] for any almost 3-contact metric manifold. Now
combining Theorem 2.2 with [6, Theorem 3.6] we have:

Theorem 5.1. Let (M, ¢pa,&a,Ma,9) be a 3-quasi-Sasakian manifold. Then
there exists a unique connection V on M satisfying the following properties:

(1) Vna —0 Vé, =0, for each o € {1,2,3},
(ii) Vg
(iif) T (X, Y) =230 dno(X,Y)E,, for all X,Y € T (T'M).

Furthermore, we have, for any cyclic permutation (c, 3,7),

(ﬁbeoa)Y = —C (UB(X)@/JW(YH) - UW(X)@bB(YH)) -

Proof: Theorem 3.6 of [6] guarantees the existence and the uniqueness of
a linear connection V on M such that V&, = 0, (@Zg)(X Y) = 0 for all
X,Y,Z € T(H) and T(X,Y) = 22(1 LN (X, Y)E, T(X, &) = 0 for all
X,Y € I'(H). This connection is explicitly defined as above. Since each &,
is Killing we have that V is metric ([6]). Moreover, (i) of Proposition 2.4
implies that each 1-form 7, is V-parallel and, for the torsion tensor field,
T(X, &) =0=>33_,2dns(X, £,)&s for any X € T'(H) (cf. [6]). Finally, from

the integrability of V it follows also T(Sa, £3) = [€3,6a) = 2321 2dns(&a, €3)Es.
It remains to check the final part of the statement. We prove that

N B 0, forXEF('H)orX:gaOI“YEF(V);
(Vx¢a)Y = { —cp,Y, for X =&3, Y € I'(H) and (o, 3, 7) cyclic. (5-1)

Firstly, since the Reeb vector fields &, are parallel with respect to @, one
has (Vx¢1)é, = 0 for any o € {1,2,3}. Next, taking X, Y € ' (H) we have,
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using (2.2),
(Vxd)Y = (Vxd1Y)n — ¢1(VxY )y

3 3
=Vxp1Y — Z g(VX¢1Y, 504)504 — 01 VxY + Z g(VXYa £a>¢1€a

3
= (ngbl)Y =+ Z g((rble nga)ga + g(VXY, 52)53 - g(vaa 53)52

a=1

= —g(VXfl, ¢1Y)€1 - 771(Y)¢1VX§1 + g(¢1Y7 VX£1)£1
+9(01Y, Vx&)6a + g(01Y, Vx&3)65 — g(Y, Vx&2)&s + g(Y, Vx&3)&a
= —g9(1Vx&+ Vx&,Y)E — g(01Vx&e — Vix&3,Y)E = 0.

Indeed, one has Vx& = —Vx1&3 = — 1V x&s, since (2.2) and the facts that
& is killing and V is totally geodesic imply

(Vx#1)& = 9(Vx&,&)6 = —9(Veéh, X)& = 0.

Analogously, Vx&; = ¢1Vx&. Finally, for any Y € T' (H), by the definition
of V and by (ii) of Proposition 2.4 one has

(Ve d)Y = VEOY — 01 VEY = [6,01Y] — 61 [&1,Y] = (Led) Y =0.

Similarly, using also Proposition 3.5 we have (Vg,¢1)Y = (Le,¢1) Y = —cip3Y
and (Ve,1)Y = (Le,d1) Y = cibpY. We have thus proved (5.1). Now, decom-
posing any vector fields X and Y in their horizontal and vertical components
one easily gets the claimed formula for V. u

Using the constructions above, we prove the projectability of a 3-quasi-
Sasakian structure. Indeed we know by Theorem 2.2 that a 3-quasi-Sasakian
manifold M of dimension 4n + 3 is foliated by a 3-dimensional foliation V
which, as we have seen, influences greatly the geometry of M. It can be very
useful to know more about the space of leaves M’ = M /V generated by this
foliation, which is, under some assumptions of regularity, a 4n-dimensional
smooth manifold, more in general an orbifold. AsV is a Riemannian foliation,
the metric g projects along the leaves onto a Riemannian metric ¢’ on M’.
What we have to study is the (local) projectability of the tensor fields ¢, or,
more in general, of the subbundle of End(7' M) that they span. This question
is solved by the following Theorem.
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Theorem 5.2. Every 3-quasi-Sasakian manifold admits a canonical pro-
jectable, transversal almost quaternionic-Hermitian structure.

Proof: Let (M*"%3, ¢, €4y Ny g) be a 3-quasi-Sasakian manifold of rank 41+3.
We first notice that the distributions £ and £*" are foliated objects, i.e.
they locally project along the leaves of V onto two distributions on the space
of leaves which we denote by &% and £*™, respectively. In order to prove
this, let m be a local submersion defining the foliation V. We note that, as
V is a Riemannian foliation, 7 is in fact a Riemannian submersion. We have
to prove that, given any two points x and y on the same fiber, one has

Firstly observe that from Lemma 3.4 it follows immediately that the Bott
connection preserves the distributions £ and £*". In particular these dis-
tributions are preserved by the parallel transport along vertical curves. Now,
let z,y € M such that 7(x) = 2’ = 7(y) and let v be a leaf curve such that
v(0) = = and (1) = y. Let 7 denote the parallel transport with respect to
the Bott connection along the curve . Then we preliminarily prove that the
following diagram commutes on £,

H, . H,

T. M’

Indeed, let v € £ and X : I — H be the unique vector field along v such
that VEX = 0 and X (0) = v, so that 7(v) = X(1). Let Y’ be any vector
field on the base space and Y be the corresponding basic vector field on M.
Then we have

d d

EQI(WWQ(X@)); Y;(y(t))) ey

tg/(ﬂ-*%t) (X(t))7 Tr*y(t) (Y’Y(t)))

= ag(X(t)v Yw(t))
= g(@v’Xa Yy + 9(X, @W'Y)’Y(t)

= g(VIX,Y )y + 9(X, VEY )0
= g(X, VYY),
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Now, as for all t € I ¥'(t) € Vyu), v/ = 22:1 fa&o for some functions f,,
hence

3 3
VIV =3 fuVEY =) falba Y] =0
a=1 a=1

because Y is assumed to be basic. Therefore

9r(3(0) (Te,00) (X (0)): Yo 0) = Gy a)) (T (X (1)), Vs 1)),
that is
o (7, (0), Y3) = g (7, (7(v)), V).

By the arbitrariness of Y’ we conclude that m, (v) = (7., o 7)(v). Thus
T, (&) = m (1(E))) = 7., (E,)) and arguing analogously for £ one has
T, (E47) = m, (E,"). Hence (5.2) are proved and X £ project to well-
defined distributions £, £*™ which are also mutually orthogonal since the
Riemannian metric g is bundle-like. We can now construct an almost quater-
nionic structure on the space of leaves M’. By an abuse of notation we will
denote, for each o € {1,2,3}, by v, and 6, the restriction of ¢, to £ and
E4m, respectively. Let @ be the subbundle of End(£Y) spanned by 1,19, 13

and @ be the subbundle of End(£%*™) spanned by 61, 5, #3. For any X € &
we have

(VEYs) X = a0 X]n — Vpléa, X]n = (Le,dp) X = e, X,

by Lemma 3.4 and Proposition 3.5. Thus the Bott connection preserves
the subbundle () and this guarantees the projectability of () onto an almost
quaternionic structure @' C End(E"*) on the space of leaves of the foliation
V (cf. [19]). For the subbundle Q) we can prove something more, namely that
each 0, is projectable. Indeed, for any Y € £4™ we have

(Le,08)Y = [Sa, 05Y] — dplba, Y] = (Le,93)Y = ey Y =0
again by Lemma 3.4 and Proposition 3.5. Thus each 6, projects to a tensor
field ¢/, defined on ™. Let us denote by @' the subbundle of End(£"™)
that is spanned by 6,05, 605. Since TM' = £ @ £*™ from Q' and Q' we
can define an almost quaternionic structure on M’ in the following way. Let

Y, Y, ¢ be a local basis for Q' defined on an open coordinate neighborhood
U’ . Then we define three tensor fields, defined on U’, by

/ 141

o = h, on & N
L / 14m
a 0., on ™M
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for each a € {1,2,3}. Let @’ be the subbundle of End(TM’) spanned by
1, &5, @%5. Since in the overlapping of two coordinate neighborhoods U’ and
V'’ the matrix of the components of the ¢! |y with respect to the ¢/ |, has

the form
A 0
0 Iy,

for some A € SO(4l), we conclude that @' defines an almost quaternionic-
Hermitian structure on M. u

We now examine more explicitly the case when a 3-quasi-Sasakian manifold
projects (locally) onto a hyper-Kéhlerian manifold.

Proposition 5.3. Let (M, ¢u, Eas Nas g) be a 3-quasi-Sasakian manifold. Then
the following statements are equivalent:

(i) each structure tensor ¢, is projectable (locally) on the space of the
leaves of V;
(ii) for all o € {1,2,3} dno, =0 on 'H;
(iii) the horizontal subbundle H is integrable;
(iv) M is locally a Riemannian product of a hyper-Kdhler manifold and
SO(3) (or SU(2)).
Furthermore, if one of the above conditions holds, then the transverse mani-
fold is hyper-Kahlerian and the Ricci tensor of M is given by

2

, c
Rl(::5(771®771+772®772+773®773), (5.3)

hence M is n-Finstein.

Proof: Each ¢, is projectable if and only if (L¢,¢,)X = 0 for all 5 € {1, 2,3}
and X € I'(H), which, by virtue of (3.11), is equivalent to the vanishing
of (L¢,®,)(X,Y) for all 8 € {1,2,3} and X,Y € I'(H). This proves the
equivalence between (i) and (ii). Moreover, that (ii) is equivalent to (iii) is
obvious. The equivalence of (iii) and (iv) is a consequence of the fact that
) defines a Riemannian foliation with totally geodesic leaves. Now we know
that the Riemannian metric g projects locally onto a Riemannian metric G
on the space of leaves of V because each &, is Killing. Moreover, by (i), the
tensor fields ¢y, @9, ¢3 project to three tensor fields J;, Jo, J3 on M’ and it
is easy to check that they satisfy the quaternionic relations. In fact (J,, G)
are Hermitian structures which are integrable because N, = 0. Finally, we
compute the Ricci tensor of M. Using (5.5) and (4.8) one easily finds that
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Ric(X,&,) = 0 for any X € I'(H) and Ric(&,,&3) = 0 for o # 3, whereas,
by (2.3), Ric(&,&n) = % for each a € {1,2,3}. Thus it remains to compute
Ric(X,Y) forall X, Y € I'(H). It is not restrictive to assume X and Y basic.
Then by a well-known formula (cf. [1]) the Ricci tensor on the horizontal
distribution H is related to the Ricci tensor on the transverse manifold by
the following relation

1
Ric(X,Y) = Ric/(m. X, mY) + 5 (9 (VxN.Y) + g (Vy N, X))

4n 3
—2 Zg (AXXia AYXZ) - Zg (TfaXa Tfay) )
=1 a=1

where, 7 is a (local) submersion defining the foliation V, A and T are the

O’Neill tensors, {X;,&,} is a local adapted orthonormal basis and N =
5 Te &,. Now, the total geodesicity of V and the integrability of H yield,
a=1 ga

respectively, the vanishing of T"and A. On the other hand Ric’ = 0, since M’

is hyper-Kéhlerian. Thus M is horizontally Ricci-flat and (5.3) is proven. =

Theorem 5.4. Let (M, ¢u, &q, Na, g) be a 3-quasi-Sasakian manifold of rank
41 + 3. Then the distribution 4™ is integrable and defines a foliation of
dimensiton 4m whose leaves are hyper-Kahlerian manifolds. Furthermore,
the space of leaves of this foliation is 3-a-Sasakian.

Proof: Let X,Y € T'(E'). For each a € {1,2,3} one has n.([X,Y]) =
—2dn.(X,Y) =0, hence [X,Y] € I'(H). Moreover, for any Z € I'(T"M) and
for any o € {1, 2, 3},

dno([X, Y], Z) = =3d*na(X. Y, Z) + X (dna(Y, Z)) + Y (dna(Z, X))
+ Z(dna(Xv Y)) - dﬁa([Y7 Z]vX) - dﬁa([Z X],Y) =0

because ixdn, = iydn, = 0. Thus [X,Y] € T['(EY). In order to prove
the second part of the statement, let N be a leaf of this foliation and let,
for each o € {1,2,3}, J,, Qa, G be the tensors on N obtained from ¢,,
®,,, g by restriction. Then (J,, 2, G) defines an hyper-Hermitian structure
on N which is integrable because its Nijenhuis tensor satisfies [J,, J,| =
(D0, Dal|N = ([Pas Pa] +dNa®EL)|n = 0, since M is normal. We prove that the
foliation £4™ is transversely 3-a-Sasakian. We begin observing that, for each
a € {1,2,3}, the forms 7, and dn, are projectable, since for all V € I'(£4™)
we have iy, = 0 and iydn, = 0 by definition of £4™. Next, by Lemma,
3.4, the Reeb vector fields &, &, & are basic vector fields. More delicate
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is the projectability of the tensor fields ¢,. First note that as each 2-form
dne, is non-degenerate on £, it induces a musical isomorphism (dn,)’ : X
dn.(X,-) between £4 and the 1-forms which vanish on £4"*3. We denote its
inverse by (dn,)*. We prove that

daX = —(dng)*(dn,)(X) (5.4)

for all X € I'(EY), where as usual («, 3, ) is an even permutation of {1, 2, 3}.
Indeed, let us consider X,Y € ['(E%) such that (dn,)’(X) = (dns)’(Y). The
forms dn, (X, ) and dns(—¢.X, -) vanish on I'(V) and coincide on I'(H) by
virtue of (i) and (vi) in Proposition 2.4. It follows that dns(Y’, -) coincides with
dng(—daX,-) and thus Y + ¢, X € T(EY™), which implies that Y = —¢,X.
In order to prove that each ¢, is foliate with respect to the foliation £, it
is sufficient to show that ¢, maps basic vector fields to basic vector fields. In
view of (5.4) we prove in fact that for each § € {1,2,3} (dn;)’ (respectively,
(dns)*) maps basic vector fields (respectively, basic 1-forms) to basic 1-forms
(respectively, basic vector fields). Indeed let X € I'(E*) be a basic vector
field. Then we have immediately iy ((dns)’(X))) = dns(X,V) = 0 for any
V € I'(EY"). Next, we have to compute iy (d((dn;)’(X)))(Y) for all Y €
[(EY). Tt is not restrictive to assume Y basic. Moreover for simplify the
notation we put w := (dn;)’(X). Then we have

iv (d((dns)’ (X)))(Y) = 2dw(V,Y) = V(w(Y)) = Y (w(V)) = w([V,Y])
= V(dns(X,Y)) = Y(dns(X,V)) — dns(X, [V, Y])
= V(dns(X,Y)) = Y(dns(X,V)) — dns(X, [V, Y])
— X(dns(V,Y)) + dns(Y, [V, X]) + dns(V, [ X, Y])
= 3d*ns(X,Y,V) =0,

for all V€ I'(€Y"), so that the 1-form (dn;)’(X) is basic. Conversely, let w
be a basic 1-form which vanishes on £4"*3. Then we prove that, for each
a € {1,2,3}, the vector field X = (dn,)*(w) is basic, that is [X, V] € T'(£4™)
for any V € I'(£%™). Since, by Lemma 3.3, [X, V] € T'(H), the last condition
is equivalent to require that dn.([X,V],Y) = 0 for any Y € T'(E¥). Without
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loss in generality we can assume Y to be a basic vector field. We have
dno([X,V],Y) = 3dna(V, X,Y) = V(dna(X,Y)) + dna(X, [V, Y])
— X(dna(Y,V)) = Y (dno(V, X)) + dno([X, Y], V)

= —V(dna(X,Y)) = =V((dn.)" (X)(Y)) = =V (w(Y))

= V() +Y (V) +w(V,Y]) = =2dw(V,Y)

= —(iydw)(Y) =0
since w is basic. This proves that X is basic. Therefore by (5.4) we get the
projectability of ¢,. Finally we show that £%" is a Riemannian foliation,
that is for any V' € T(EY) (Lyg)|nm) = 0, where N(EY") = TM/E¥™ is
the normal bundle of the foliation £¥™ which is identified with £% @&V via
the Riemannian metric g. For any V € I'(£%) and Y, Y’ € T'(EY)

(Lvg)(X,Y) = V(g(X,Y)) = g([V, X]gu, V) — g(X [V Y]eu)
= —V(dna(X, oY) + dna([V, X],%Y) + dna(X [V, % 1)
= —(Lydna.)(X, .Y ) =0,
where we have used the projectability of dn, and ¢,. Moreover, by Lemma
3.3 and Lemma 3.4 we get that (Lxg)(&,Y) = (£x9)(&,&,) = 0. Thus
the situation is the following: for each a € {1,2,3} n, and dn, project to a
1-form 7., and a 2-form ®/ = dn’,; the vector field £, projects to a vector field
¢! satisfying n/ (£,) = 1 and dn (£,,-) = 0; the tensor field ¢, projects to a
tensor field ¢/, such that ¢/ = —I+n,,®&,. Moreover the Riemannian metric

g projects to a Riemannian metric ¢’ compatible with each almost contact
structure (¢, &, n.). Then one easily checks that (2.4) hold. Finally, that

)

this projected structure is in fact 3-a-Sasakian follows directly from Corollary
4.7. u

Corollary 5.5. Let (M, ¢u,€as N0y g) be a 3-quasi-Sasakian manifold. Then
the curvature tensor field satisfies

RXYSOL =0, RXﬁggoz =0 (55)
for any X, Y € T'(E*) and any o, 8 € {1,2,3}.

Proof: The assertion follows by a straightforward computation using (4.8)

and taking into account the integrability of the distribution £4" and Lemma
3.4. u
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Theorem 5.6. Fvery 3-quasi-Sasakian manifold of rank 4l + 3 admits a
canonical transversal quaternionic-Kahler structure given by a foliation whose
leaves are 3-cosymplectic manifolds.

Proof: By the integrability of £4™ and (ii) of Proposition 2.4, it follows eas-
ily that the distribution £4"*3 = £%" ¢V is involutive, hence it defines a
(4m + 3)-dimensional foliation of M. Let N be a leaf of this foliation and
(oY, N ¥ g™) be the normal almost 3-contact metric structure on N ob-
tained from M by restriction. Then since each 1-form 7, is closed on £4m+3
and d®, = 0 we have that NV is endowed with a canonical 3-cosymplectic
structure. Next, that £4"*3 is a Riemannian foliation follows from the fact
that each Reeb vector field is Killing and Ly glgu = 0, V € T'(€*™), (cf.
Theorem 5.4). Finally, let @) be the subbundle of the endomorphism bundle
End(£Y) spanned by ¢1, ¢o, ¢3. Then, since each ¢, is foliate with respect to
the foliation £4™ (cf. Theorem 5.4) and by (3.4), we have that the subbundle
Q is projectable with respect to the foliation £%"*3. Arguing as in [8] one
can prove that the space of leaves is in fact quaternionic-Kahler. u

Theorem 5.7. Fvery 3-quasi-Sasakian manifold of rank 4l + 3 admits a
canonical transversal hyper-Kdhler structure given by a foliation whose leaves
are 3-a-Sasakian manifolds.

Proof: We first prove that the distribution £%*2 is integrable and defines a
Riemannian foliation of the 3-quasi-Sasakian manifold (M*"*3, ¢, qy1as ).
Let Y, Y’ € T'(E%). Then for any X € I'(£*™) we have

0 = 3d®,(X,Y,Y")
= X(0,(Y,Y") + YV(Qu(Y, X)) + V'(@u(X,Y)) — o ([X, Y], Y)
— o ([Y, Y], X) — @0 (Y, X],Y)
= (Lx®a)(Y,Y") = o ([Y, Y], X)
= (Lxg)(Y,0aY") + 9(Y, (Lx¢a)Y") = Pu([Y; Y], X)
= —g([Y,Y"], 9 X)),

where we have used the projectability of the metric ¢ and of the tensor
field ¢, with respect to the foliation £, proved in Theorem 5.4. It follows
that [Y,Y’] is orthogonal to £ and hence belongs to £4%3. Moreover,
by Theorem 2.2 and (ii) of Proposition 2.4 we have also [Y,&,] € T'(EY) C
L(EMT3) and [€,, &3] € T(V) C T(EVT3) forall Y € T(EY) and o, 3 € {1,2,3}.



24 B. CAPPELLETTI MONTANO, A. DE NICOLA AND G. DILEO

Thus £4+3 is integrable and it is easy to check, using (4.7), that the normal
almost 3-contact metric structure induced from (¢, &4, 74, g) On each leaf of
EY+3 is in fact 3-a-Sasakian. Now we pass to study the space of leaves of
EYNF3. We prove that £4%3 is a Riemannian foliation and that the tensor
fields ¢1, ¢o, @3 locally project, together with g, to a hyper-Kéahler structure
on the space of leaves. For all Y € I'(£4%3) and X, X' € I'(§*™) we have

thus each fundamental 2-form ®, projects to a 2-form €2/, which is closed
since P, is. Next we prove that also each tensor field ¢, is foliate, that is it
maps basic vector fields to basic vector fields. By virtue of [6, Lemma 4.1]
we have that, for an even permutation («, 3,7) of {1,2,3},

P X = —(0p) ()X (5.6)

for all X € I'(£*™), where, for each § € {1,2,3}, (®5)" : X s ®s5(X,-) is the
musical isomorphism induced from ®; between £*™ and the 1-forms which
vanish on £473 and (®;)* denotes its inverse. Therefore, in order to prove
that ¢, is foliate it is sufficient to check that, for each § € {1,2,3}, (®5)’ maps
basic vector fields to basic 1-forms and, conversely, (®;)* maps basic 1-forms
to basic vector fields. Let X € I'(£%™) be a basic vector field. We have to
show that the 1-form w := (®5)’X is basic, i.e. satisfies iyw = iydw = 0 for
all Y € T(E4%3). Indeed we have iyw = w(Y) = ®5(X,Y) = g(X,¢sY) =0
since ¢5(EMT3) € £4F3. Next, one has iydw(X') = 2dw(Y, X') = Y (w(X")) —
X'(w)) —w([Y, X)) = (Ly®s)(X,X") = 0 for any X' € T'(£%™) (which
is not restrictive to assume basic). Conversely, for any basic 1-form w we
have to show that the vector field X := (®s)%(w) is basic, that is [X,Y] €
[(EYH3) for any Y € T(E43). This last condition is equivalent to require
that ®;([X,Y], X’) = 0 for any X’ € I'(§£%™). It is not restrictive to assume
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X’ basic. Then we have

O5([X, Y], X') = =3d*®s(X,Y, X) + X (®5(Y, X)) + Y (®5(X', X))
+ X'(25(X,Y)) — 5([Y, X], X) — @5([X", X].Y)
= -V (®5(X, X))
= iydw(X') = 0.

It remains to prove that the Riemannian metric g is bundle-like. This follows
easily from the projectability of ®, and ¢,. Indeed for any Y € I'(£¥) and
X, X' € T(E*) we have

(Lyg)(X, X') = =(LyPa)(X, 9aX') + 9(X, (Lyda)daX') = 0,

whereas (L¢,g)(X, X’) = 0 since £, is Killing. We denote by J/ and ¢’ the
tensor field and the Riemannian metric induced on the space of leaves by each
¢, and by the Riemannian metric g. Then a straightforward computation
yields that (J!,Q,¢') is an almost hyper-Hermitian structure. Thus, the
closedness of 7, €2, 5 imply, by the Hitchin Lemma ([10]), that (J, 2, ¢")
is in fact hyper-Kahler. n

Corollary 5.8. Let (M*""3, ¢, &0y N0y g) be a 3-quasi-Sasakian manifold of
rank 41 + 3 with [£., &) = &, ¢ # 0. Then M*"™3 is locally the Riemann-
ian product of a 3-a-Sasakian manifold M3, where o = 5, and a hyper-
Kihlerian manifold M*™, with m =n — L.

Proof: The tangent bundle of M43 splits up as the orthogonal sum of the
Riemannian foliations £473 and £%". Because of the duality Riemannian-
totally geodesic, £473 and £ are also totally geodesic foliations. It follows
that M %3 is the Riemannian product of a leaf M4+3 of £4+3 and a leaf M*™
of £4m. Tacking into account that v, and ¢, agree on £¥*3 and applying
(4.7), we have that (¥, &q, Na, g)|euts is an almost 3-a-Sasakian structure
over M**3 where we have put o = 5. Hence, by Proposition 4.2, it is
3-a-Sasakian. Since 6, agrees with ¢, on £%" the maps 0,|gin define a
quaternionic structure which is compatible with the metric g|esm. Finally,
define the 2-forms O, by O, (X,Y) = ¢(X,0,Y) for any X,Y € I'(&*™).
We have ©, = ®,|esn and hence dO, = 0. By virtue of the mentioned
Hitchin Lemma ([10]) the structure defined on M%™ turns out to be hyper-

Kahlerian. ]
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Remark 5.9. Note that Corollary 5.8 strongly improves, both in the assump-
tions and in the results, the splitting theorem [5, Theorem 5.6]. It should be
also emphasized that an analogous result does not hold for a quasi-Sasakian
manifold.

A consequence of Corollary 5.8 is an improving of Theorem 5.2. Namely,
under the assumption of regularity for the foliation V, the space of leaves
M/V is an almost quaternionic-Hermitian manifold which is the local Rie-
mannian product of a quaternionic-Kahler manifold and a hyper-Kahler man-
ifold.

Now using Corollary 5.8 we can compute the complete expression of the
Ricci tensor in any 3-quasi-Sasakian manifold. Before, we prove the following
preliminary result.

Proposition 5.10. Every 3-a-Sasakian manifold of dimension 4n + 3 is an
Einstein manifold with Einstein constant 202(2n + 1).

Proof: Let (M, ¢s,&5,m5,9), 0 € {1,2,3}, be a 3-a-Sasakian manifold. Then
by virtue of (4.2) and [17, Proposition 4.4] we have that (¢s, &5, s, g) can be
obtained by a homothetic deformation of a 3-Sasakian structure (¢s, &5, 75, §)
given by

_ _ 1 B B
G5 = Ps, S5 = 555, s = ams, § = a’g.
Then, since it is well known that any 3-Sasakian manifold is Einstein, we

conclude that also the metric g is Einstein. For computing the Einstein
constant A we use (2.3) and (4.2) getting

A = Ag(&,&5) = Ric(&s, &) = || V&P = 207 (2n + 1).
|

Theorem 5.11. In any 3-quasi-Sasakian manifold of dimension 4n + 3 the
Ricci tensor is given by

C@2n+ 1)g(X,Y), if X,Y € D(E4+3);

0, elsewere. (5.7)

Ric(X,Y) = {
Proof: 1f ¢ = 0 then the manifold is 3-cosymplectic and hence Ricci-flat, so
we can assume that ¢ # 0 and the 3-quasi-Sasakian manifold (M, ¢, &n, e, 9)
in question has rank 4/ + 3. Then, in view of Corollary 5.8, M is locally the
Riemannian product of a (4] 4+ 3)-dimensional 3-a-Sasakian manifold M’,
with o = ¢, and of a 4m-dimensional hyper-Kahler manifold M"”. Thus, the
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Ricci tensor of M is nothing that the sum of the Ricci tensors of M" and M”.
So, because of Proposition 5.10 and of the Ricci-flatness of M”, we get the
assertion. m

Remark 5.12. For a 3-quasi-Sasakian manifold of rank 41 + 3 the expression
of the Ricci tensor (5.7) can be written also in the more concise form

Ric(X,Y) = %2(271 +1)g(rX,Y), (5.8)

where 7 = —92 + 1, ® &, (independent of a € {1,2,3}) is the projection
onto 43,

Corollary 5.13. Every 3-quasi-Sasakian manifold has non negative scalar
curvature given by %(271 +1)(4l + 3).

Corollary 5.14. No 3-quasi-Sasakian manifold is n-FEinstein unless the fol-
lowing cases:

(i) 3-a-Sasakian manifolds, which are Finstein with strictly positive scalar
curvature;
(ii) 3-cosymplectic manifolds, which are Ricci-flat;
(iii) 3-quasi-Sasakian manifolds with integrable horizontal distribution (cf.
Proposition 5.3), which are n-FEinstein non-FEinstein.

Remark 5.15. Applying the Pasternack’s refinement [18] of the classical Bott
vanishing theorem to the Riemannian foliations V, £, £4"+3 and £4+3,
considered in Theorem 5.2, Theorem 5.4, Theorem 5.6 and Theorem 5.7, re-
spectively, we get the following topological obstructions to the existence of a
3-quasi-Sasakian structure of rank 4/43 on a manifold M of dimension 4n+3:
Pont/(H) = 0 for all j > 4n, Pont/(£4+3) = 0 for all j > 4m, Pont’ (£%) =0
for all j > 4m + 3 and Pont/ (£4") = 0 for all j > 4l + 3 , where Pont(H),
Pont(£4%3) = 0, Pont(E) and Pont(£*™) denote, respectively, the Pontrya-
gin algebras of the subbundles H, £4*3, £4 and £ of the tangent bundle of
M. Furthermore, the vanishing of these primary charactestic classes permits

also the construction of some secondary characteristic classes as it is done in
[16] and [19].
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