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Analysis of electron trajectories with two-color strong-field ionization
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Two-color ionization of atoms with a strong 800-nm fundamental component and a weak 400-nm component
with perpendicular polarization gives detailed insight into the ionization dynamics. When the delay between the
two colors is varied on a subcycle scale, the slow-electron signal shows an oscillatory structure due to intracycle
interference between different ionization times. Using a trajectory-based interference model, we extract the
relative strength of the two contributing pathways. Ionization times can be read directly from the delay scan, and
the times for the long trajectories agree well with the quantum-orbit model. The fast electrons arise predominantly
from long rescattering trajectories.
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I. INTRODUCTION

In the physics of atoms and molecules interacting with
strong laser pulses, it has become a standard approach to
interpret strongly nonperturbative phenomena in terms of
electron trajectories: In a strong field an electron is freed from
its bound state and is then driven by the force of the oscillatory
field [1]. Depending on the exact timing of ionization and
on the initial conditions, different kinds of trajectories are
possible. Some of these trajectories return to the parent ion,
leading to elastic or inelastic scattering or recombination of the
electron with its parent ion. The latter leads to the emission of
high-energy radiation in a process called high-harmonic gen-
eration (HHG) [2,3]. Numerous applications of strong fields
are closely connected to the trajectory-based interpretation
of the ionization mechanism. For example, interference of
trajectories launched within the same quarter cycle of the laser
field leads to photoelectron holography [4,5]. The control of
trajectories via the carrier-envelope phase allows enhancement
or suppression of molecular fragmentation by few-cycle
pulses [6]. With HHG spectroscopy temporal information
about the recombination timing [7] as well as structural [8,9]
or dynamical [10–12] properties of the ion can be extracted.
These applications underline the need for precise knowledge
about the electron trajectories.

Since HHG and double ionization depend strongly on
the recollision event [3,13,14], they can be controlled by
introducing a second harmonic field with orthogonal po-
larization that makes some trajectories miss the parent ion
due to the incurred lateral offset [9,15–17]. By scanning the
subcycle delay between the two fields, a variation of the
HHG emission intensity was observed [18]. Analyzing the
observables with the help of trajectory models allowed
the reconstruction of ionization and recollision times. The
experiment showed excellent agreement with the quantum-
orbit (QO) model [19,20] and lesser agreement with the
purely classical model. Theoretical analysis using the time-
dependent Schrödinger equation (TDSE) also confirmed the
QO model [21,22]. Despite strong interest in the subject,
only few investigations of the accompanying photoelectrons
have been reported for two-color ionization in fields with
orthogonal polarization [23,24], compared to fields with
parallel polarization [25–32].

A key aspect of strong-field ionization is that different time
instants of ionization can produce electrons with the same final
momentum. The coherence of the process implies interference
between these trajectories. Various types of interference can
be distinguished. The periodic repetition of ionization in every
full period of the laser field leads to peaks in the photoelectron
spectrum separated by the laser frequency, a phenomenon
known as above-threshold ionization (ATI) [33]. In contrast
to these intercycle interferences, ionization pathways starting
in two neighboring quarter cycles of the field can lead to
intracycle interference [34,35]. The two pathways are fun-
damentally different as only electrons from the quarter cycle
with decreasing field are able to recollide with the parent ion.

In this article, we present a theoretical analysis of ionization
in a two-color field consisting of an 800-nm fundamental
field and a weak 400-nm second harmonic field polarized
perpendicularly to the first. We show that not only ionization
times but also the relative strengths of different pathways
can be extracted from the photoelectron distributions. This
arises from the clear visibility of intracycle interference in the
two-color delay scan.

The paper is organized as follows. Parameters for the laser
field and computational details are given in Sec. II. Results
and discussion are presented in Sec. III, and the summary is
provided in Sec. IV.

II. PARAMETERS AND COMPUTATIONAL DETAILS

The two-dimensional TDSE (atomic units are used in the
equations)

i ∂tψ(t) = [
1
2 [p + A(t,φ)]2 + V (r)

]
ψ(t), (1)

is solved with the electric field E(t) = −Ȧ(t) chosen as

E(t) = f (t)E0[êx cos(ωt) + êyε cos(2ωt + φ)]. (2)

The frequency ω = 0.05695 a.u. corresponds to 800-nm
wavelength. The small relative strength ε = 0.1 of the second
harmonic field allows us to view it as a perturbation [18,21].
The field strength is E0 = 0.107 a.u., corresponding to an
intensity of 4.0 × 1014 W/cm2 for the component along x.
The phase φ has the role of a delay between the two
field components and is scanned between 0 and 2π . The
trapezoidal envelope f (t) consists of a constant part of 6
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fundamental periods and a leading and trailing ramp of
two periods each. After propagation of the wave function,
starting from the ground state, the photoelectron momentum
distribution is calculated as in Ref. [36]. We use a soft-
core potential V (r) = −1/

√
α + r2 with the parameter α

chosen to reproduce the ionization potential of helium (Ip =
0.904 a.u. = 24.6 eV). Additionally, we have performed cal-
culations with a soft-core potential reproducing the ionization
potential of krypton (Ip = 0.515 a.u. = 14.0 eV) and for
helium with a higher intensity 4.5 × 1014 W/cm2 to verify
the consistency of our results.

III. RESULTS AND DISCUSSION

Figure 1(a) gives an example of a momentum distribution
from two-color irradiation. In Fig. 1(b) we show the delay
dependence of the electron yield in three different energy
ranges. Slow electrons that undergo the ionization process
without gaining additional energy from a recollision with the
parent ion have a maximum energy of 2Up according to the
classical model with zero initial velocity, corresponding to
the momentum px = ±E0/ω = ±A0. Here, Up = E2

0/(4ω2)
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FIG. 1. (Color online) (a) Photoelectron momentum distribution
at the two-color delay φ = 0.96π , which gives the largest fast-
electron yield; the black line shows the positive px axis and the
circles indicate the integration limits used to obtain the results in
panel (b). (b) Delay scan of the photoelectron signal integrated over
three different energy ranges. The signal is given relative to the signal
from an 800-nm single-color field.
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FIG. 2. (Color online) (a) Photoelectron spectrum from the
800-nm single-color field at py = 0. (b) Contrast for every momentum
of the delay scan. (c) Delay scan at py = 0. The two horizontal
dotted orange (gray) lines show the classical limits of slow (px =
A0 = √

2Up) and fast electrons (px = √
2(10Up) [40]). Within the

slow electrons two dashed lines (red and blue) give the results for the
classical model. The two solid lines give the corresponding solutions
of the QO model. The descending branch of the models (red [gray]
lines) corresponds to electrons born while the electric field decreases,
i.e., electrons able to recollide. At high momenta a classical model
for the fast electrons is shown, with the colors indicating the short
(dot-dashed green [gray] line) and long trajectories (yellow [light
gray] solid line) according to HHG conventions. The inset in panel
(b) illustrates the respective ionization times using the same colors.

is the pondermotive potential of the fundamental field. The
second harmonic is a weak probing field, which is confirmed
by the weak delay dependence of the slow-electron yield. Fast
electrons, however, are due to recollisions, and in analogy to
the HHG experiments [15,18] the fast-electron yield is strongly
delay dependent. The strongest enhancement for electrons
above 4Up is around φ ≈ 0.96π and φ ≈ 1.96π , which
represents a shift of about π/2 compared to HHG [18,21].
We show below that this is due to the dominance of the long
rescattering trajectories.

A. Two-color delay scan

In the following, we restrict our analysis to photoelectrons
with zero final lateral momentum (py = 0). The momentum
distribution for single-color ionization is shown in Fig. 2(a).
The pulses are sufficiently long to avoid forward-backward
asymmetries (effects depending on the carrier-envelope phase
of the fundamental field). Therefore, only positive momenta
px > 0 are analyzed. The calculated two-color delay scan is
periodic in φ with period π due to symmetry reasons. For
better visual presentation, we have averaged the distribution
by integrating over each ATI peak. Figure 2(b) shows the
(Michelson) contrast of the φ dependence for each momentum.
In Fig. 2(c), the φ-dependent signal is shown after it has been
normalized separately for each momentum px . The signal
has been linearly rescaled so that it varies between zero and
one. Therefore, Fig. 2(c) has no information on the original
modulation depth of the φ dependence. This information is
provided separately by Fig. 2(b).

Slow electrons exhibit rapid oscillations in the delay scan,
i.e., a change in the phase of the oscillation with px , whereas
the fast electrons show almost no px dependence. Both energy
ranges show a contrast of about 0.1. At intermediate momenta
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between 0.8 and 1.4A0 we have an overlap region where slow
and fast electrons have comparable contributions leading to
interference. This is supported by an increased contrast of
about 0.5 [Fig. 2(b)] and a different φ dependence; see Figs. 1
and 2(c).

In Fig. 2(c) the low-energy part of the delay scan is
compared with the predictions for the positions of maximum
signal made by classical and QO models with f (t) = 1. They
are obtained by first finding the ionization instants ti for every
final momentum px . Here, we neglect the second harmonic
field, using only the fundamental field in

(px + Ax(ti))2

2
+ ε0 = 0, (3)

where ε0 = 0 for the classical model and ε0 = Ip in the QO
case. Ionization is strongest for zero transverse initial velocity,
i.e., Re[vy,i] = Re[py + Ay(ti,φ)] = 0, where the real part is
used because ti is complex in the QO model [21]. Therefore, we
find the delay φi(px) maximizing the signal on axis (py = 0)
by solving

Re[Ay(ti,φi)] = 0. (4)

In both models, two branches can be seen, corresponding to
ionization times ti,a in the ascending and ti,b in the descending
part of the fundamental electric field. These contributions are
known as short and long ATI trajectories [37]. Electrons in
the ascending branch (blue [gray] solid line crossing px = 0
at φ = 0) are born during an ascending electric field (short
trajectories). These electrons cannot recollide with the ion [3].
The results from the TDSE suggest a major contribution
from the descending branch, corresponding to trajectories
starting in an descending field, which can revisit the core (long
trajectories). Their dominance might be caused by Coulomb
focusing [38], as in holography [4]. The rapid oscillations,
however, hint at an interference of both branches.

B. Intracycle interference

To explain the rapid oscillations for the slow electrons in
Fig. 2(c) we find the delay values at the TDSE delay-scan
maxima. We compare them with the momentum spectrum
along the x axis from ionization with the 800-nm single-color
field (integrated over py); see Figs. 3(a) and 3(b). It is striking
that peaks in the spectrum are in good coincidence with
extrema in the oscillations of the delay value. These peaks
can be explained by a constructive intracycle interference
of the weak signal from the short ATI trajectories with the
dominant long ATI trajectories. We take these two contribu-
tions as complex amplitudes a(φ) and b(φ) corresponding
to the ascending and descending branch, respectively. A
measured signal shows the interference |a + b|2 = |a|2 +
|b|2 + 2|a||b| cos(ϕa − ϕb), with phases ϕa and ϕb. We assume
|a| to be small enough to neglect |a|2, whereas the interference
is linear in |a| and thus not necessarily negligible. A peak
in the electron spectrum indicates constructive interference
|b|2 + 2|a||b|. In the two-color scheme this corresponds to
a shift of the maximum to smaller φ, if the maximum of
|a(φ)| lies at smaller φ but within a range of less than π/2
from the maximum of |b(φ)|. A minimum in the spectrum
|b|2 − 2|a||b| accordingly leads to a shift of the maximum
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FIG. 3. (Color online) Comparison of the spectrum from the
800-nm single-color field and observables from the two-color
calculation. (a) Single-color spectrum before (black dashed line)
and after averaging over the ATI peaks (red [gray] solid line). (b)
Positions of the maxima in Fig. 2 (red [gray] solid line), compared
to the maximum of |b| (black dashed line) and a modified QO model
(blue [gray] dashed line). (c) Interference term extracted from the
averaged TDSE spectrum in panel (a) with the maxima highlighted
by gray dotted vertical lines.

in opposite direction. From the QO model in Fig. 2(c) this
behavior is expected for px > pcrit ≈ 0.48A0, while below
pcrit the shift directions are reversed (see also Fig. 3).

To quantify the explained effects we calculate the semiclas-
sical action [19]

S(p,φ) = −1

2

∫
ti

[p + A(t ′,φ)]2dt ′ + Ip ti, (5)

and insert the complex ionization times obtained from Eq. (3)
for the QO model to get a = exp(iSa) and b = exp(iSb).
The maximum of |a| (|b|) along φ now corresponds exactly
to the ascending (descending) line in Fig. 2. Calculation
of the intracycle interference with this model [35] does
not reproduce the TDSE result. This could be corrected by
including Coulomb effects in the SFA [37,39]. Instead, we
extract the phase difference ζ (px) between the two branches
from the TDSE single-color ATI result in Fig. 3(a), which
intrinsically contains Coulomb effects. To this end, we find
the local extrema after dividing by the rapidly decreasing
smoothed signal (averaged over intracycle structures). Moving
from zero to high momentum we assign each maximum
n at position px(n) (gray dotted vertical lines) a value
of ζ (px(n)) = 2π (n − 1) and each minimum m the value
ζ (px(m)) = π [2(m − 1) + 1]. Intermediate values are linearly
interpolated and the cosine of the resulting phase difference is
displayed in Fig. 3(c). We then write the complex amplitudes
as

a′ = |a| exp

{
−i

1

2
Re

[∫
ti,a

Ay(t ′,φ)2dt ′
]}

, (6)

b ′ = |b| exp

{
iζ (px) − i

1

2
Re

[∫
ti,b

Ay(t ′,φ)2dt ′
]}

. (7)
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This includes the phase caused by the second-color field to
retain the delay dependence in the phase.

We perform a least-square fit of the model signal
|M(px,φ)|2 = |a′ + βb ′|2 to the two-color TDSE from
Fig. 2(c). The single parameter β quantifies the relative
strength of the two branches. The delay values at the maxima
of the obtained delay dependence are depicted in Fig. 3(b). We
restrict the fit to momenta px < 0.8A0 as the model does not
cover the above-mentioned interference with fast electrons.
The fit parameter is returned as β ≈ 2.3.

It is also possible to estimate β from the modulation depth
of the intracycle interference in the electron spectrum of the
800-nm field. After dividing by the smoothed signal as above,
we use the ratio of subsequent maxima and minima to obtain
β at the corresponding momentum values. In the momentum
range 0.4A0 < px < 0.8A0 we find values of β ≈ 5. These
higher values might originate from a background due to
other ionization pathways, which affects the modulation depth.
Thus, the two-color-based retrieval has two advantages: (i) it is
unaffected by such a background, as we scale both the TDSE
and the model distribution to the range between zero and one
and (ii) it allows us to directly identify the long-trajectory
branch as the stronger contribution. Similar results are obtained
for the two calculations with higher intensity and with krypton.

C. Extraction of ionization times

Importantly, we can use the two-color TDSE results for
py = 0 to extract the ionization times. Inverting Eq. (4) yields

Re[ti(px)] = 1

2ω
[nπ − φi(px)]. (8)

For this particular choice of observation no knowledge about
laser intensity E0 or ionization potential Ip is necessary to
obtain Re[ti]. Also, the result is independent of Im[ti], unlike
the situation in HHG [21]. The integer n has to be chosen
appropriately to match the correct laser quarter cycle (here
n = 1). Our understanding of the oscillations allows us to
extract the dominant branch from the TDSE scan. By applying
a low-pass filter in the Fourier space conjugated to px to
the maximum positions φi(px) we obtain a smoothed curve
shown in Fig. 4(b). Inserting this into Eq. (8) then yields the
ionization times shown in Fig. 4(a), which in the momentum
range 0.4A0 < px < 0.75A0 follows closely the predictions
made by the QO model. The mean deviation from the QO
model in this range is about 11 as. Thus, measurement of the
electron momentum distribution in the presented two-color
scheme allows the extraction of ionization times for those
electrons that revisit the ion core. These trajectories begin
up to 110 as earlier than predicted by the classical model.
If conditions can be found where the short trajectories can
be identified in the delay scan, our scheme will allow us to
measure their ionization times, which are inaccessible by the
two-color HHG schemes used in Refs. [18,21].
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FIG. 4. (Color online) (a) Comparison of reconstructed and pre-
dicted ionization times. (b) Delay scan from Fig. 2 for the slow
electrons, with the original (blue [gray] dashed line) and smoothed
(red [gray] solid line) maxima φi(px).

For the fast electrons we use a classical model where
we solve the equation of motion for x to find the first
recollision time tr from the condition x(ti,tr) = 0 for every
ionization time ti. Inserting these times into the condition
y(ti,tr,φr) = 0 gives the delay φr that allows recollision in both
dimensions. Assuming that the electron can be scattered into
any direction [40], we select the trajectory with py = 0 and
find the final momentum px ; see the curve in the high-energy
region of Fig. 2(c). In the figure, we distinguish into short and
long trajectories as in HHG; i.e., the long trajectories have
a decreasing return energy over return time. We find a good
agreement of the TDSE delay scan with the long trajectories
in the model. While HHG experiments normally focus on
the short trajectories, we explain the dominance of the long
trajectories [41,42] in the present case by the higher ionization
rate and the absence of phase matching.

IV. SUMMARY

In summary, we have investigated the ionization process in
a two-color field with perpendicular polarizations by solving
the time-dependent Schrödinger equation. Selecting electrons
with zero lateral final momentum reveals rapid oscillations
for the slow electrons. We identify the main signal as the
recolliding electrons, but the recollison-free short-trajectory
electrons become visible through oscillations due to intracycle
interference. From these oscillations we find the relative
strengths of the contributing trajectories. In addition, the
two-color scheme gives access to the ionization times for
the electrons with fewer assumptions than in the HHG
experiments. It is therefore a powerful tool to investigate
electron dynamics on the attosecond time scale.
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