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Robust regression with imprecise data

Marco E. G. V. Cattaneo, Andrea Wiencierz

Department of Statistics, LMU Munich, Ludwigstrafie 33, 80539 Miinchen, Germany

Abstract

We consider the problem of regression analysis with imprecise data. By imprecise data we mean imprecise observa-
tions of precise quantities in the form of sets of values. In this paper, we explore a recently introduced likelihood-based
approach to regression with such data. The approach is very general, since it covers all kinds of imprecise data (i.e.
not only intervals) and it is not restricted to linear regression. Its result consists of a set of functions, reflecting the
entire uncertainty of the regression problem. Here we study in particular a robust special case of the likelihood-based
imprecise regression, which can be interpreted as a generalization of the method of least median of squares. Moreover,
we apply it to data from a social survey, and compare it with other approaches to regression with imprecise data. It
turns out that the likelihood-based approach is the most generally applicable one and is the only approach accounting
for multiple sources of uncertainty at the same time.

Keywords: robust regression, imprecise data, nonparametric statistics, likelihood inference, statistical uncertainty,
indetermination

1. Introduction

Regression analysis is perhaps the most widely used method of statistical data analysis. The goal of a regression
analysis is to learn the relationship between some variables from data. The relationship is typically modeled in
expressing one of the quantities (so-called dependent variable) as a function of the other ones (so-called independent
variables). Regression analyses are mainly conducted for two major purposes: to predict future observations of the
dependent variable or to explain the relationship between the analyzed variables within the population from which
the observed sample was drawn. There is a large variety of specific regression methods that can be applied to many
different problems of prediction and explanation. Most of these statistical methods are based on the (implicit or
explicit) assumption that the data are precise and correct measurements of the quantities of interest. However, this is
hardly ever the case. For example, if data are obtained by questionnaires there are many different sources of errors or
biases in the data: for instance, for numerical quantities there may be measurement errors due to rounding behavior,
and for categorical variables there may be multiple observed categories if respondents cannot decide for one of the
categories (see for instance [3]). Some of those errors, like the two examples mentioned, may be accounted for
by considering subsets of the observation space, rather than precise values, as data. Similarly, technical measuring
instruments usually provide not only a precise measurement but also an assessment of the measurement uncertainty,
which translates the measured value into an interval of possible values. The measurement uncertainty should not
be ignored in the statistical analysis, therefore, the entire interval of possible values of the measurement could be
considered as the observation rather than the precise but possibly incorrect value. Moreover, all continuous variables
are generally measured only with a limited precision depending on the number of reported significant digits. That is,
we only know that the true value lies in a small interval around the measured value. Thus, data often contain only the
information that the (true precise) values of the quantities of interest are in certain subsets of the observation space.
We call data that are in this sense imprecise observations (of precise quantities) imprecise data.
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How can we do regression analysis with imprecisely observed quantities? An intuitive, ad hoc solution to this
problem consists in reducing it to one or more regression problems with precise data, to which the usual regression
methods can be applied. In particular, we can apply the usual regression methods to all possible precise data sets
compatible with the imprecise observations (that is, all precise data sets where each value lies in the corresponding
observed set). This idea was used in [1] to study the stability of the regression results obtained without considering
the limited precision of the measurements of continuous variables. With this approach, we obtain a set of precise
regressions, meaning the set of the (precise) results of the regressions with all possible precise data sets compatible
with the imprecise observations. We can consider this set of precise regressions as the imprecise result of the regression
with imprecise data: this idea was studied extensively in [16], and for some special cases was already considered in
[32, 19, 27]. A closely related idea was studied in more detail in [44].

Another, simpler way of reducing the imprecise data to precise ones (in order to apply the usual regression meth-
ods to them) is to represent the imprecise observations by some precise values. In particular, (bounded) interval
observations can be represented by their midpoints and lengths. Midpoint regression is very often implicitly or ex-
plicitly used with interval data, although it is well known that it can lead to severe error [40, 1, 11]. The literature
on regression with interval observations is vast, and it is important to distinguish between authors who interpret
them as precise observations of interval-valued quantities, and authors who interpret them as imprecise observations
of precise values (as we do in this paper). With the former interpretation we obtain in fact a different problem,
and it is difficult in the present framework (based on the latter interpretation) to evaluate the proposed solutions
[12, 4, 5, 18, 17, 34, 29, 13, 15, 14, 6, 7]. However, in most of these works the regression with interval data re-
duces in practice to two regressions with precise data: one for the midpoints of the intervals, and the other for their
lengths. When the interval observations are interpreted as in the present paper (that is, as imprecise observations of
precise values), the regression problem is complicated by the assumptions about the “coarsening process” connecting
the unobserved precise data with the observed interval data. For several special cases, regression methods based on
maximum likelihood estimation and its variations have been proposed [11, 30, 28, 20, 10, 43].

In [9] we have introduced a new likelihood-based approach to regression with imprecisely observed data. We call
it Likelihood-based Imprecise Regression (LIR): the regression is imprecise in the sense that the result is usually a set
of regression functions, instead of a single function. The idea of allowing imprecise results is shared by several other
approaches to regression with imprecise data [31, 32, 19, 27, 44, 34, 16, 39, 36]. In our approach the imprecision of the
results reflects two kinds of uncertainty: the statistical uncertainty (due to the finite sample) and the indetermination
(due to the imprecision of the data). These two kinds of uncertainty in the imprecise results are discerned for example
also in [31, 44]. In [9] we have considered in particular the case in which nothing is assumed about the distribution of
the (unobserved) precise data or about the “coarsening process”. With such extremely weak assumptions, LIR leads
to a very robust regression method. In the present paper, we study its most important special case in much more detail,
and compare it to alternative methods of regression with imprecise data.

The paper is organized as follows. In Section 2 we formalize the problem of regression with imprecise data and
two of its possible solutions. Our robust regression method is presented in Sections 3, 4, and 5: it is first formulated
mathematically, then illustrated with a simple example, and finally applied to real data from a social survey. In
Section 6 the method is compared to the alternative solutions presented in Section 2, going back to the simple example
studied in Section 4. Finally, Section 7 gives some conclusions and outlooks.

2. Regression problem with imprecise data

In regression analysis, we investigate the relationship between a dependent variable Y and one or more independent
variables X. We assume that Y is a real number, while X can take values in any set X. In particular, if we have d
independent variables, then X is a d-tuple and X is the Cartesian product of d sets (for instance, X = R¢). The goal of
the regression analysis is to describe the relationship between Y and X by means of some function f : X — R, chosen
from a particular set  of possible functions. For example, the regression is called linear when X = R¢ and F is the
set of all affine functions f : R — R.

The possible regression functions f € F are compared on the basis of some data points Vi, ..., V,, where each data
point corresponds to a realization of the independent and dependent variables: V; = (X, ¥;). The regression problem
consists in trying to identify the function f € ¥ minimizing in some sense the absolute residuals Ry; := |Y; — f(X;)|.
For example, the choice of the function minimizing the sum of the absolute residuals (that is, argminses )." | Ry;)
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seems to have been the first solution to the regression problem (see for instance [41, 21]). The most common solution
is of course the method of least squares the choice of the function minimizing the sum of the squares of the (absolute)
residuals (that is, arg minger 37, R ). However, these two methods are not robust: they are very sensitive to outliers
(including leverage points). In fact the breakdown point of these two methods is 0, which means that they cannot
even handle a single outlier (see for example [22, 24, 38, 33]).

The method of least squares can also be interpreted as the choice of the function minimizing the mean of the
squared residuals (that is, argminges 1/n 31| R}’i). The mean is a nonrobust estimator of location: a very robust
alternative is the median. If we replace the mean by the median in the previous interpretation of the method of least
squares, we obtain a very robust alternative: the so called method of least median of squares (that is, the choice of
arg min fes mea?(R2 .. R2 ). More generally, for some p € (0, 1), we can use the p-quantile instead of the median
(which corresponds to the '/2 quantile): we obtain the so called method of least quantile of squares. The nearer p is
to 1/2, the more robust is this method. In fact, its breakdown point is min{p, 1 — p}: the highest possible breakdown
point 1/2 is reached for p = 1/2 (that is, for the method of least median of squares [38]). Of course, these two methods
involving quantiles of the squared residuals are left essentially unchanged when we replace the squared residuals
R2 ; by the absolute residuals Ry, (the possible differences depend on the exact definition of quantile: that is, on the
mterpolatron scheme used; see for instance [25]).

In this paper, we consider the regression problem when the data are only imprecisely observed, in the following
sense: Instead of a data point V; € X X R, we observe only a subset Vrc X X R, whose interpretation is that we only
know that V; € V. As extreme cases we have the observations of a singleton V' = {V;} and of the whole sample space

= X X R. In the former case the data point V; is in fact precisely observed, while in the latter case V; is in fact a
missing data point (since we have learned nothing about it by observing V;). Between these two extreme cases, there
is of course a large variety of possible kinds of imprecise observations. Of particular importance in applications is the
case in which the imprecise observations V" are (multidimensional) intervals: that is, the data are interval-censored
(see for instance [26]). By including degenerate and unbounded intervals, this case covers all situations in which
each one of the independent and dependent variables are either precisely observed, interval-censored, or missing. In
all the examples of the present paper, we shall in fact consider this kind of imprecise data, but our approach can be
applied to any kind of imprecise observations V. Moreover, in our approach we can also allow the imprecise data to
be wrong (with a bounded probability): that is, it is sometimes possible that V; ¢ V. In order to precisely formulate
this assumption, we need a probabilistic model, which will be introduced in the next section.

A simple example of (artificial) imprecise data is displayed in Figure 1. In this example, X = R, and the imprecise
observations V! C R? are (possibly degenerate) two-dimensional intervals (i.e., rectangles). Hence, we can write
V! = X?xY! and interpret the intervals X and Y;" as the imprecise observations of X; and Y;, respectively. The example
data set contains 17 observations with varying amounts of imprecision: there is one actually precisely observed data
point V; = (1,1) (that is, X] = Y7 = {1}), there are two line segments (which are imprecise observations where either
X or Y is a singleton), and, finally, there are 14 rectangles of different sizes and shapes. This example data set will be
used in Sections 4 and 6 to illustrate our approach and compare it with other approaches to regression with imprecise
data.

In general, when the data points V; are only imprecisely observed, the absolute residuals Ry; are imprecisely
observed as well (for each function f € ), and therefore the above mentioned regression methods cannot be directly
applied. As noted in Section 1, an intuitive, ad hoc solution to this problem consists in reducing the imprecise data set
to one or more precise data sets, to which the usual regression methods can be applied. We mentioned in particular
the set of precise regressions approach and the midpoint regression approach: both ideas are usually considered in
connection with the method of least squares. The imprecise result of the former approach consists then of the least
squares regression functions corresponding to all possible precise data sets vy, ..., v, with v; € V. When the imprecise
observations V" are (multidimensional) bounded intervals, it is possible to define their midpoint mid(V}). In this case,
the (precise) result of the latter approach is the least squares regression function corresponding to the precise data set
Vi,..., vy With v; = mid(V?). It is important to note that the midpoint regression approach cannot be applied when
some imprecise observations V; are unbounded (as for example in the case of missing data). In this case, the set of
precise regressions approach would also break down, but the problem could be resolved by using for instance the
method of least median (or quantile) of squares instead of the method of least squares.



Figure 1: Example data set consisting of 17 imprecise observations V' C R2.

3. Likelihood-Based Imprecise Regression (LIR)

LIR is a new approach to regression, directly applicable to the case of imprecise data. The regression is imprecise,
in the sense that in general the result is a set of regression functions (that is, a subset of ), whose extent reflects the
total amount of uncertainty (about which f € ¥ best describes the relationship between the dependent and independent
variables). The approach is likelihood-based, which means that it relies on a probabilistic model, and the data are
used only through the induced likelihood function. In particular, the robustness of the resulting regression method
depends on the strength of the assumptions in the probabilistic model: the weaker the assumptions, the more robust
the method. In the present paper we study a very robust regression method, resulting from the following nonparametric
probabilistic model.

We assume that the pairs (V1, V7)), ..., (V,, V,) are n independent realizations from a joint probability distribution
for the precise (unobserved) data V; € X X R and the imprecise (observed) data V7 C X X R. The only assumption
about this joint distribution is that

P(VieV)>1-g, (1)

where € € [0, 1/2) is a fixed bound on the probability of error for the imprecise observations (that is, the probability that
Vi ¢ V). The usual assumption in alternative approaches to regression with imprecise data is & = 0: the possibility of
allowing the imprecise data to be wrong seems to be new. A positive value of € means that it is considered possible
that some (imprecise) data are incorrectly measured or reported, for instance when the precise data are misclassified.
An extreme case of incorrect data are imprecise observations that are empty (i.e., V' = @), for example when the
reported right endpoint of an interval is lower that the left one: such data are very problematic when & = 0, but not
when € > 0. Even if the choice of a particular positive value for & can be difficult in many applications, it can at least
be very interesting to study how the regression results change when ¢ is increased.

The above probabilistic model is completely nonparametric: there is no assumption at all about the distribution of
the data points V; = (X;, ¥;). In particular, we do not assume that the error ¥; — f(X;) is independent of X; (for some
theoretically correct function f € 7). Moreover, the only assumption about the “coarsening process” connecting each
data point V; with its imprecise observation V} is the assumption (1). In particular, we do not assume that the data are
coarsened at random [23]. It is important to note that an additional assumption that only some imprecise observations
are possible (that is, the assumption that V' € V", for some fixed set V* of subsets of X X R) would not change the
regression results, although it would change the probabilistic model.

Assuming the above probabilistic model, it is possible to estimate the quantiles of the distribution of the absolute
residuals Ry; on the basis of the imprecise observations V7,. ..,V (for each function f € ). The regression method
introduced in [9] basically consists in choosing the regression function f € F by minimizing for some p € (0, 1)
the estimate of the p-quantile of the distribution of the absolute residuals Ry,;. Hence, this method can be interpreted
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as a generalization of the method of least quantile of squares (or least quantile of absolute residuals), discussed in
Section 2. In the present paper, we consider only the generalization of the method of least median of squares: that is,
we set p = 1/2, which is the choice of p leading to the most robust regression method.

For each f € ¥, let Cy be the likelihood-based confidence interval with cutoff point 8 for the median of the
distribution of the absolute residuals Ry;. That is, Cy is the set of all values of the median of Ry; corresponding to
probability distributions whose (normalized) likelihood is larger than 8. We refer to [9] for a more detailed mathemat-
ical description, and to Section 4 for a practical illustration of the method. To obtain the confidence interval Cy, the
cutoff point 8 € (0, 1) must be chosen: this choice can be guided by the following simple connection between 8 and
the confidence level of Cy. When & = 0, the confidence level is asymptotically at least F,2(—2 logf5), where F. is
the cumulative distribution function of the chi-square distribution with one degree of freedom (see for example [35]).
As shown in [9], the likelihood-based confidence intervals Cy can be easily calculated: the results for the case with
p = !/2 can be formulated as follows. Assume that the imprecise observations V7, ..., V, are nonempty, and that 8 and
n are sufficiently large to satisfy /8 > 1/2 + & (when these assumptions are not satisfied, the method is still applicable,
only the expressions below must be modified). Letd : (0,1/2 —¢) — (1/2 + &, 1) be the decreasing bijection defined by

1/2 —e 1)2—g—y 1/2 +e 12+e+y
diy) =|——— _ .
l2—g—-vy 2+e+y
Hence, 6 := d~! (\/B) is well-defined, and it decreases when § or n increase, with limg; 6 = lim,1e 6 = 0. We can
now define the integers 3
k:=1(/2—e=98)n] and k:=[(l/2+&+0)n], 2)

which satisfy 0 < k < (I2—g)n <2< (l2+&)n < k <nand k=n-— k (that is, k and k are symmetric around 7/2).
Then the confidence interval Cy consists of all g € [0, +o0) that are sufficiently large for the closed band (of width 2 g
around f)

Bry = {(x,y) e XXR: |y - f(0] < g)

to intersect at least k + 1 imprecise observations, and sufficiently small for the open band (of width 2 g around f)

g ={(xy) e XXR:|y— f()| < g}

to contain at most k — 1 imprecise observations. Therefore, the left endpoint ¢ of the interval Cy is the largest
g € [0, +o0) such that By, intersect at most k imprecise data, while the right endpoint g is the smallest g € [0, +00)
such that Efq contains at least k imprecise data. In other words, for each function f € ¥ we consider the open and
closed bands around f: the widest open band intersecting at most k imprecise observations is B B, while the thinnest
closed band containing at least k imprecise observations is By .

In particular, when 3 is sufficiently large, k is the largest integer less than (1/2 — &) n, and k is the smallest integer
greater than (1/2 + &) n. In this case, for each f € F, the interval C represents the maximum likelihood estimate
of the median of the distribution of the absolute residuals Ry; (in the sense that all ¢ € C; are maximum likelihood
estimates). In general Cy is a proper interval, even when it represents the maximum likelihood estimate, &£ = 0, and
the data points V; are in fact precisely observed (i.e., the imprecise observations V; are the singletons {V;}). Since in
general the maximum likelihood estimate of the median of Ry; is a proper interval, there is no particular reason to
prefer it to an interval estimate C, with a higher confidence level (that is, a lower cutoff point £).

For each f € ¥ we thus have an interval estimate Cy of the median of the distribution of the absolute residuals
Ry,i. The goal is to choose the regression function f by minimizing this estimate. In order to obtain a single regression
function, we could reduce in some way the interval estimate to a single value, but this would be somewhat unjustified.
Instead, the idea of LIR is to consider as the imprecise result of the regression the set of all functions that cannot
be excluded on the basis of the likelihood inference. That is, the imprecise result consists of all regression functions
f € F that are not (strictly) dominated by another function f” € ¥, in the sense that there is no /' € ¥ such that
q <qforallg’ € Cp andall g € Cy.

The set of all undominated functions (that is, the imprecise result of the regression) has a simple geometrical
interpretation. Let By,,,, 7,.,, be the thinnest band of the form B, containing at least k imprecise observations, for all
f € F and all g € [0, +o0). For simplicity, assume that this band is unique and the interval Cy,,,, is right-closed. Then
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the set of all undominated functions consists of all functions f € F such that Ef@uw (that is, the closed band of width
2 qrry around f) intersects at least k + 1 imprecise observations. In other words, to determine the set of undominated
functions, we first look for the thinnest band containing at least k imprecise data, and then consider all bands of the
same width intersecting at least k + 1 imprecise data: the “centers” of these bands are the undominated functions. This
procedure is exemplified in the next section: see in particular Figure 2.

The “center” f;zy of the thinnest band containing at least k imprecise data is the regression function obtained by
minimizing the right endpoint g of the interval estimate C; (that is, argminsc# supCy). Hence, frgy is a minimax
solution to the problem described by the likelihood-based confidence intervals C;: in fact, LRM means “Likelihood-
based Region Minimax™ [8]. When the data points V; are precisely observed (i.e., the imprecise observations V" are
the singletons {V;}), the absolute residuals R; are precisely observed as well (for each function f € ), and from the
above considerations it follows that 7 is simply the k-th ordered absolute residual R, % Therefore, in this case the
regression function frzys corresponds to the (precise) result of the method of least quantile of squares, when the */n-
quantile is considered (and the inverse of the empirical distribution function is used as definition of sample quantiles:
see for instance [25]). In particular, if &£ = 0 and § is sufficiently large for C to represent the maximum likelihood
estimate, then fj gy corresponds to the result of the method of least median of squares. Hence, in general f;zy can be
seen as the result of a generalization of the method of least median (or quantile) of squares to the case of imprecise
data. This is of great practical importance, because we can calculate f; gy by adapting to the case of imprecise data the
algorithms for the method of least median (or quantile) of squares (see for example [2, 38, 45]), but this goes beyond
the scope of the present paper.

The extent of the imprecise result of the regression (that is, of the set of all undominated functions) reflects the
total amount of uncertainty about which function f € F best describes the relationship between the dependent and
independent variables. This total uncertainty consists of two different kinds of uncertainty. On the one hand we have
the statistical uncertainty, which is due to the fact that we have only n (imprecise) observations: it decreases when n
increases. On the other hand we have the indetermination, which is due to the fact that the n observations are imprecise:
this kind of uncertainty is unavoidable under our very weak assumption (1). In the above geometrical interpretation of
the imprecise result of the regression, the statistical uncertainty is reflected by the spread between &+1)/, and ¥/, while
the indetermination is reflected by the difference between “containing” and “intersecting” the imprecise observations.
When the observations are in fact precise, the result of the regression is in general still imprecise, but its extent reflects
only the statistical uncertainty. By contrast, with the usual choices of ¢ = 0 and maximum likelihood estimation
(that is, B sufficiently large), the extent of the imprecise result reflects only the indetermination. In this case, very
many imprecise data always give an imprecise result, while very few precise data always give a precise result. This
is unsatisfactory for a statistical analysis, because in general very few precise data contain less information than very
many imprecise data: this topic will be further discussed in Section 6.

4. Illustration of the regression method

In this section, some features of the presented LIR method are studied and illustrated. For this purpose, we
consider a simple linear regression problem with the example data set of Section 2. As the majority of the data
indicate a (decreasing) linear relationship, we consider the set ¥ = {f,, : fap(X) =a+bX, (a,b) € R?} as the set
of possible regression functions. Note, however, that within the LIR framework, it is possible to consider arbitrary
functions to describe the relationship between the analyzed variables, i.e. LIR is not restricted to linear regression.

Then, for some choice of 8 and &, our regression method consists in finding the function fj gy minimizing the right
endpoint of the interval estimate of the median of the absolute residuals and then identifying all regression functions
that are not (strictly) dominated (in the above described sense) by figy. For the present linear regression problem,
we have implemented this search as a random search over the parameter space of (a, b), namely R2. All computations
and graphs are made within the statistical software environment R [37].

At first, we determine the integers k and %, on the basis of which the endpoints of the confidence intervals for
the median of the absolute residuals can be computed. Since the absolute residuals are imprecise in the case of
imprecise data, for each observation and each function f € ¥, the corresponding infimum and supremum of the
absolute residuals are considered. Then, for any function f € ¥, the left endpoint g of the confidence interval Cy is
given by the (k + 1)-th of the ordered infima of the residuals, while the right endpoint g is given by the k-th ordered
supremum. This way, we determine the confidence intervals for a large set of possible regression functions randomly
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chosen from # and identify the one whose confidence interval has the smallest right endpoint. Finally, we determine
the set of undominated regression functions in comparing the left endpoints of the other confidence intervals with this
smallest right endpoint g gy. Figure 2 shows the results obtained in the regression analysis of the example data set,
for the choice 8 = 0.5 and & = 0. In the following, we examine how different choices of 5 and ¢ affect the regression’s
result.

Figure 2: Function frrpy (left, solid line) with closed band EfLRMﬁLRM (left, dashed lines) and set of undominated regression functions (right), for
B=05and e =0.

Different choices of g € (0, 1) imply different confidence levels of the interval estimates C;. For example, when
& = 0, a likelihood-based confidence interval with cutoff point § = 0.5 would be a conservative 76% confidence
interval for the median of the (precise) residuals, given the imprecise data. It corresponds to the set of median values
that would not be rejected by a corresponding likelihood ratio test at level 14%. Therefore, 8 determines how much
of the statistical uncertainty is accounted for in the result of the LIR analysis. A high confidence level of the interval
estimates of the median of the absolute residuals requires a small choice of 8 and vice versa. Thus, the higher 3, the
lower the confidence level and consequently the narrower the set of undominated regression functions. In Figure 3
different results of LIR analyses with other choices of 8 are displayed. For a low cutoff point such as 8 = 0.15, the
regression’s result is very imprecise, admitting different directions of the relationship between the analyzed variables.
In contrast to that, a high cutoff point such as § = 0.8 leads to a less imprecise result containing practically only
decreasing lines. Thus, there is a trade off between confidence in the result and inferential strength of the result. In a
practical setting, the two characteristics have to be balanced in light of the analyzed question and the purpose of the
analysis in order to choose an appropriate value for 3.

Figure 3: Sets of undominated regression functions for £ = 0 and three different choices of 3, namely g = 0.15 (left), 8 = 0.26 (middle), and
B = 0.8 (right), corresponding to the confidence levels 95%, 90%, and 50%, respectively.
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In addition to the cutoff point for the likelihood also £ has to be chosen. In the probability model underlying the
presented LIR method, € is the upper bound to the probability that an imprecise observation does not contain the
correct precise value. Usually it is assumed that £ = 0, but there might be situations in which the analyst has concerns
about the correctness of the imprecise data. For example, as mentioned in the introduction, there are various sources
for biases in survey data which should be accounted for in the analysis of such data, at least with a small probability.
Hence, the consideration of an & > 0 means to account for some more uncertainty about the data in addition to the
indetermination issuing from the coarseness of the data. It follows directly from definition (2) that increasing & has the
same effect on the width of the confidence intervals as decreasing 3, since in both cases, k decreases and k increases.
Thus, the worse the assumed data quality, the more imprecise the result. If we set 8 = 0.5 in our example and assume
& = 0.01, we obtain the same result as for 8 = 0.26 assuming & = 0, shown in Figure 3. However, the interpretation is
different: Whereas in the case of increasing 3 for a fixed & the amount of statistical uncertainty reflected by the result
is reduced, in the case of increasing & for a fixed 8 the assumptions of the underlying nonparametric probability model
are weakened.

Both aspects of the uncertainty of a statistical analysis of imprecise data — statistical uncertainty and indetermi-
nation — are crucial and should be reflected in the result. Within the LIR framework, both parts of the uncertainty
are expressed in the same way, that is, they determine the extent of the imprecise result of the regression analysis. So
far, we have seen how different choices of the confidence level and different assumptions about the correctness of the
(imprecise) data are reflected in the regression’s result. In order to illustrate how varying degrees of imprecision of
the data are represented in the result of a LIR analysis, we consider an application example in the following section.

5. Application to social survey data

One interesting question in the social sciences is how the individual income evolves with age. Yet, analyzing this
question on the basis of data is a particular challenge. Personal income is a very sensitive information that respondents
in a social survey often give only imprecisely, incorrectly, or do not give at all. Furthermore, it is a common practice in
surveys to gather data about continuous variables in a discretized way, i.e. with predefined answer categories that form
a partition of the possible range of the variables. Finally, also for privacy reasons, personal data might be available
in categories only. Thus, the available data are often imprecise, which makes the presented LIR method perfectly
suitable to investigate this question.

Here, we analyze data from the “Allgemeine Bevolkerungsumfrage der Sozialwissenschaften (ALLBUS) — Ger-
man General Social Survey” of 2008, provided by GESIS — Leibniz Institute for the Social Sciences, to investigate
the above question. In this survey, 3 469 persons have been interviewed. The data set contains the age of the respon-
dents as a precise variable (in years) as well as categorized into six age classes. In both cases, there are 12 missing
values. For the income data there are also two variables: a precise variable with the net personal income (on average
per month in euros) and a discrete variable with 22 possible income classes. Here, 1 063 respondents did not give their
precise income, 381 of which however gave their income class, while 682 values are completely missing. (Details on
the data set can be found in [42].)

Thanks to the multiple information, the ALLBUS data set allows us to consider situations with different degrees
of imprecision of the data. First, we analyze a data set composed of the most precise available information: for
income there are the available 2 406 precise values together with the 381 income classes for which no precise value is
available, and age is given by intervals X7 = [age, age + 1), because the “precise” age of a person (in years) actually
contains this imprecise information. We then consider the more imprecise case where the income data is only available
in income classes, while the age data is again almost precise. Finally, we analyze the most imprecise data set where
both, age and income, are categorized. The missing values are always replaced by the entire observation space as
imprecise observation, i.e., X} = [18,100) and ¥} = [0, +00), respectively.

For each of the three data situations, we conduct a LIR analysis. As the relationship between income and age
is usually modeled by a quadratic function in age, we consider the following set of possible regression functions
F =ASab by o Jaby X)) =a+b1 X +by X2, (a,b;, by) € R3}. Here, we conduct the regression analyses by means of a
grid search over the parameter space R?. We set 8 = 0.15, aiming at very reliable results, and & = 0, assuming that the
data are correct. Although the latter assumption is highly questionable as regards the variable income, we leave these
concerns aside here, since we are mainly interested in the impact of the indetermination issuing from the coarseness
of the observations.
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Figure 4: Regression analysis of the ALLBUS data set with age in one-year intervals and income partly in classes.
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Figure 5: Regression analysis of the ALLBUS data set with age in one-year intervals and income in classes.

The results of the regressions are displayed in Figures 4, 5, and 6. Each of these shows a two-dimensional
histogram of the considered data set (left) and the corresponding set of undominated functions obtained from the LIR
analysis (right). All results are fairly imprecise admitting all kinds of shapes for the age-income profile. For example,
a decreasing line or a concave parabolic curve are both plausible descriptions of the relationship between income
and age. From a social scientist’s viewpoint this result might be unsatisfactory even though it is almost sure that the
true curve is included in the sets of undominated regression functions due to the low choice of the cutoff point here.
However, the imprecise result also reflects the indetermination induced by the data. The regression analysis based
on the data set with the most precise information clearly yields the smallest set of undominated functions (Figure 4),
whereas the extent of the result for the most imprecise data set is visibly the largest (Figure 6). Thus, the extent of the
imprecise result of a LIR analysis is strongly influenced by the degree of imprecision of the data.

Besides serving as an illustration for the effect of the coarseness of the data on the regression’s result, this ap-
plication example further reveals an advantage of LIR over other approaches to regression with interval data. In the
ALLBUS data set, the upper income class is [7 500, +c0). If a regression method based on the interval midpoints
shall be applied to analyze the age-income profile, an upper endpoint for this income class has to be fixed in order to
determine the midpoint of this interval. The choice of the upper endpoint may have a strong impact on the result, for
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Figure 6: Regression analysis of the ALLBUS data set with both, age and income, in classes.

example, if least squares estimation is used. For the ALLBUS data set, the effect of choosing different bounds for the
upper income class in a least squares regression based on the interval midpoints was studied in [9]. In contrast to that,
in the LIR framework it is not necessary to fix an upper endpoint of the income range, i.e. the results are independent
of the upper limit, as long as there are at least k bounded data. If there are missing values in the data set, the application
of a midpoint regression with an (arbitrarily) chosen upper limit is even more questionable, because then the midpoint
of the (arbitrarily) bounded range is assigned to the missing values. This is especially problematic in the application
example above, where missing income values are much more likely to be values at the margins of the range, that is,
particularly high or low incomes. In the LIR approach, the missing values are replaced by the (possibly unbounded)
entire observation space, and thus this bias towards the center is avoided.

6. Comparison of LIR with other approaches to regression with imprecise data

Two other types of regression methods for imprecise data were mentioned in Sections 1 and 2: regression methods
based (among other things) on interval midpoints and those considering the set of all precise regressions compatible
with the imprecise data. In this section, these two approaches are compared with LIR. In the beginning, the general
case of regression with imprecise data is discussed, before the special case of precise observations is considered.

In the previous sections, two drawbacks of the midpoint approach to regression with imprecise data were already
pointed out. First, reducing interval data to their midpoints and then applying precise regression methods to the
midpoint data ignores the uncertainty induced by the coarseness of the observations and generally leads to biased
results [40, 1, 11]. The second drawback is that it is impossible to handle unbounded intervals. Furthermore, this
approach is restricted to interval data, whereas the LIR framework allows the imprecise observations to be any possible
subset of the observation space. Finally, it is important to mention that a midpoint regression yields a precise result,
i.e. a point estimate of the regression function, which does not unveil the statistical uncertainty behind it.

The set of precise regressions approach suggests a pragmatic way to take the imprecision of the data into account,
but also ignores the statistical uncertainty of the regression problem. Two applications of this approach to the example
data set of Section 2 are displayed in Figure 7. The results are approximated by the precise regression estimates of
100 000 randomly drawn precise data sets compatible with the imprecise data. The plot on the left shows the set of
least squares regression lines, whereas the one on the right shows the result of a robust variant of this approach using
the least median of squares estimation. Both resulting sets are much narrower than all of the LIR results shown in
Section 4. This is due to the fact that the LIR results additionally reflect the statistical uncertainty, which is relatively
large here, since the example data set contains only 17 observations. In contrast to that, the set of precise regression
lines is in fact a set-valued point estimate, therefore, it does not capture the entire information about the relationship
between X and Y that is provided by the observations. In the present example, most of the (imprecise) observations
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indicate a decreasing linear relationship, however, there are also two observations further away and the sample size is
fairly small. Therefore, we actually know only very little about the relationship of interest and inferences should be
drawn carefully, accounting for both sources of uncertainty.
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Figure 7: Sets of precise linear regressions compatible with the example data set: least squares estimation (left), and least median of squares
estimation (right).

When the data are in fact precise, the set of precise regressions approach always yields a precise result, expressing
that there is no uncertainty about the exact data values. In this special case, the simple midpoint regression approach
and the set of precise regressions approach lead to the same precise result, if they are based on the same regression
method. For example, if they are based on least squares estimation, both methods coincide with the least squares
regression. A LIR analysis, by contrast, generally yields an imprecise result, which, in the special case of precise
data, reflects only the statistical uncertainty. To illustrate the differences between the approaches in this case, we use
the midpoints of the example data set as a precise data set and apply the different regression methods to this data set.
In Figure 8, the results of the least squares estimation (left) and of the least median of squares estimation (right) are
compared with the set of undominated regression functions obtained by the LIR analysis with 8 = 0.5 and € = 0.
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Figure 8: Results of applying the LIR method with 8 = 0.5 and & = 0 (grey lines) versus least squares estimation (left, dark line) and least median
of squares estimation (right, dark line) in the case of precise data (consisting of the midpoints of the imprecise example data set).
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In standard statistics (implying an ideal precise data situation) it is agreed that obtaining reliable inferences from
a point estimate requires an assessment of the statistical uncertainty about this estimate. In this context, such an
assessment is often provided in the form of standard errors for the corresponding parameter estimates or (simulta-
neous) confidence bands for the estimated regression function. Within the frameworks of the other two considered
approaches to regression with imprecise data, however, no evaluation of the statistical uncertainty is provided. Neither
does the result reflect the statistical uncertainty nor is there a recommendation of how to assess the statistical uncer-
tainty, which means that an estimated regression line based on three observations could be interpreted in the same
way as a regression estimate based on 3 000 observations. In contrast to that, in the LIR approach, both aspects of the
uncertainty of the regression problem are directly incorporated in the regression method and expressed by the extent
of the resulting set of undominated functions, as illustrated in Sections 4 and 5.

One way to account also for the statistical uncertainty in the sets of precise regressions approach could be to
consider as its result the set of all functions included in the union of all (simultaneous) confidence bands derived
from the precise regressions instead of simply the set of all point estimates. A similar idea was studied in [44], but a
thorough analysis of it goes beyond the scope of the present paper.

7. Conclusion

In this paper, we studied a special case of the new LIR approach to regression with imprecise data introduced in
[9]. We presented the general framework of LIR and summarized the theoretical results for the special case where we
assume only (1) and generalize the least median of squares regression method [38]. Furthermore, some features of
the presented LIR method were studied in detail and illustrated with the help of two regression problems: one based
on artificial data and the other on real data from a social survey. Finally we compared this method with two other
approaches to regression with imprecise data. It turns out that LIR is the most generally applicable approach and is
the only one accounting for different sources of uncertainty at the same time.

The result of a LIR analysis is imprecise: it consists of all regression functions that cannot be excluded on the
basis of the likelihood inference. Both aspects of the uncertainty, indetermination and statistical uncertainty, affect the
extent of the regression’s result. That is, the more imprecise the data or the less observations, the larger the resulting
set of regression functions. Moreover, the LIR method yields very robust results, because the underlying probability
model is completely nonparametric and the regression method is based on sample quantiles of the residuals.

As regards the computational aspect, algorithms for the precise regression method of least median of squares can
be adapted to be used for the LIR method. This will be one topic of future work, together with a more thorough
evaluation of the confidence level of the imprecise results of LIR analyses.
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