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A N O T E O N T H E O R D I N A L A N A L Y S I S O F K P M 

W . B U C H H O L Z 1 

T h i s n o t e e x t e n d s o u r m e t h o d f r o m ( B u c h h o l z [2]) i n s u c h a w a y t h a t i t 

app l i e s a l s o t o t h e r a t h e r s t r o n g t h e o r y K P M . T h i s t h e o r y was i n t r o d u c e d a n d 

a n a l y z e d p r o o f - t h e o r e t i c a l l y i n ( R a t h j e n [6]), w h e r e R a t h j e n e s t ab l i shes a n u p p e r 

b o u n d for i t s p r o o f t h e o r e t i c o r d i n a l | K P M | . T h e b o u n d was g i v e n i n t e r m s of 

a p r i m i t i v e r e c u r s i v e s y s t e m T ( M ) of o r d i n a l n o t a t i o n s b a s e d o n c e r t a i n o r d i n a l 

f u n c t i o n s x , i>K < *> < M , K r e g u l a r ) 2 t h a t h a d b e e n i n t r o d u c e d a n d s t u d i e d 

i n ( R a t h j e n [5]). 3 I n s e c t i o n 1 o f th i s n o t e w e def ine a n d s t u d y a s l i g h t l y d i f f e rent 

s y s t e m o f f u n c t i o n s yjK (K < M ) — w h e r e 0 M p l a y s t h e rôle o f R a t h j e n ' s x—that is 

p a r t i c u l a r l y w e l l s u i t e d for o u r p u r p o s e o f e x t e n d i n g [2]. I n s e c t i o n 2 we d e s c r i b e 

how o n e o b t a i n s , b y a s u i t a b l e m o d i f i c a t i o n o f [2], a n u p p e r b o u n d for | K P M | i n 

t e r m s o f t h e f r o m s e c t i o n 1. W e c o n j e c t u r e t h a t t h i s b o u n d is bes t p o s s i b l e 

a n d c o i n c i d e s w i t h t h e b o u n d g i v e n i n [6]. I n s e c t i o n 3 we p r o v e s o m e a d d i t i o n a l 

p r o p e r t i e s of t h e f u n c t i o n s ißK w h i c h a re n e e d e d to set u p a p r i m i t i v e r e c u r s i v e 

o r d i n a l n o t a t i o n s y s t e m o f o r d e r t y p e > w h e r e i?* := V ' Q ^ M + I is t h e u p p e r 

b o u n d for | K P M | d e t e r m i n e d i n s e c t i o n 2. 

Remark: A n o t h e r o r d i n a l a n a l y s i s o f K P M has been o b t a i n e d i n d e p e n d e n t l y 

b y T . A r a i i n Proof theory for reflecting ordinals II: recursively Mahlo ordinals 

( h a n d w r i t t e n n o t e s , 1989 ) . 

§1. B a s i c p r o p e r t i e s o f t h e f u n c t i o n s 0 K (/c < M ) . Preliminaries. T h e l e t t e r s 

a , /?, 7 , £, cr, £, 77, ( a l w a y s d e n o t e o r d i n a l s . O n deno tes the c lass of a l l o r d i n a l s , 

a n d L i m t h e c lass o f a l l l i m i t n u m b e r s . E v e r y o r d i n a l a is i d e n t i f i e d w i t h t h e set 

{£ G O n : £ < a] of i t s p r edecesso r s . F o r a < ß we set [a , ß[ := {( : a < £ < ß}. 

B y -f we d e n o t e o r d i n a r y ( n o n c o m m u t a t i v e ) o r d i n a l addition. A n o r d i n a l a > 0 

w h i c h is c l o s e d u n d e r + is c a l l e d an additive principal number. T h e c lass o f a l l 

a d d i t i v e p r i n c i p a l n u m b e r s is d e n o t e d by A P . T h e Veblen function y> is de f ined b y 

(paß \— y>a{ß)i w h e r e tpa i s t he o r d e r i n g f u n c t i o n of t h e c lass {ß G A P : V£ < 

a(ipc(ß) = /?)}. A n o r d i n a l 7 > 0 w h i c h is c l o s ed u n d e r (p ( a n d t h u s a lso u n d e r -f) 

is s a i d to be strongly critical. T h e c lass o f a l l s t r o n g l y c r i t i c a l o r d i n a l s is d e n o t e d 

b y S C . 

^ h e final v e r s i o n o f t h i s p a p e r was w r i t t e n w h i l e the a u t h o r was v i s i t i n g C a r n e g i e M e l l o n 

U n i v e r s i t y d u r i n g the a c a d e m i c year 1990/91 . I w o u l d l i k e to express m y s incere t h a n k s to 

W i l f r i e d S i e g ( w h o i n v i t e d me ) a n d a l l m e m b e r s o f t h e P h i l o s o p h y D e p a r t m e n t o f C M U for the i r 

generous h o s p i t a l i t y . 
2 M denotes the f i rs t w e a k l y M a h l o c a r d i n a l . 
3 T h e essen t i a l n ew f e a tu r e o f [5] is the f u n c t i o n x> w h i l e the Î/^'S (AC < M ) are o b t a i n e d by a 

s t r a i g h t f o r w a r d g e n e r a l i z a t i o n o f p r e v i o u s c o n s t r u c t i o n s i n [1], [3], [4]. 
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S o m e b a s i c f ac t s : 

1. A P = {u>a : a G O n } 

2. tpOß = üüß , iplß = eß 

3. F o r e a ch 7 > 0 the r e are u n i q u e l y d e t e r m i n e d n G N a n d a d d i t i v e p r i n ­

c i p a l n u m b e r s 7 0 > • • • > 7 n s u c h t h a t 7 = j0 + • • • - f 7 n . 

4 . F o r e a c h 7 G A P \ S C the r e are u n i q u e l y d e t e r m i n e d £, 77 < 7 s u c h t h a t 

7 = ^ 7 7 . 

5. E v e r y u n c o u n t a b l e c a r d i n a l is s t r o n g l y c r i t i c a l . 

D e f i n i t i o n o f SC(j): 

1. 5 C ( O ) : = 0 

2. S C ( 7 ) : = { 7 } , i f 7 € S C 

3. S C ( 7 o + " - + 7n) := 5 C ( 7 o ) U . . . U 5 C ( 7 n ) , i f n > 1 a n d 7 o > ••• > 7n 

are a d d i t i v e p r i n c i p a l n u m b e r s . 

4. S C ( ^ ) := S C t f ) U 5 C f a ) , i f V < Y*>7-

PVe assume the existence of a weakly Mahlo cardinal M . So e v e r y c l o sed 

u n b o u n d e d ( c l u b ) set X Ç M c o n t a i n s at l east one r e g u l a r c a r d i n a l , a n d M i t s e l f 

is a r e g u l a r c a r d i n a l . 

D E F I N I T I O N 1.1. 

R := { a : u; < a < M & a r egu la r } 

M r := m i n { 7 G S C : M < 7} = c l o su r e of M U { M } u n d e r + , ip 

5 C M ( 7 ) := S C ( 7 ) H M 
n 0 := 0 , na := K a for cr > 0. 

O := t h e f u n c t i o n a Ç\o r e s t r i c t e d to cr < M 

R e m a r k : VAC G R ( AC = n „ o r AC G : cr < M } ) 

C o n v e n t i o n . 7?i the following the letters AC,7T,T always denote elements of R . 

D E F I N I T I O N 1.2 ( T h e c o l l a p s i n g f u n c t i o n s V > J . 

B y t r a n s f i n i t e r e c u r s i o n o n a we de f ine o r d i n a l s xj>Ka a n d sets C(a,ß) Ç O n as 

f o l l ows . U n d e r t h e i n d u c t i o n h y p o t h e s i s t h a t a n d C(£,r}) a r e a l r e a d y de f ined 

for a l l £ < a , 7r G R , 7/ G O n we set 

1. C(a,ß) := c l o s u r e o f /? U { 0 , M } u n d e r + , v? , î 2 ,^|a , 

w h e r e ip\a d eno t es the b i n a r y f u n c t i o n g i v e n b y 

d o m a l a ) := { (TT ,0 : ( < a & ir e R & e C ( £ , ^ ) } 

(i/>|a)(7r,£) := tf)v(. 

2. : = G D K ( a ) : C ( a , /?) f i AC Ç £ } 

w i t h V {ßeR:aeC(a,M)^aeC(aJ)} i f AC = M 
* l j . I { / J : Ä € AC) ^ AC G C ( a , /?)} i f AC < M 

Abbreviation: CK(a) := C (a r , 

T h e first t w o l e m m a t a are i m m e d i a t e c onsequences o f D e f i n i t i o n 1.2. 

L E M M A 1.1. 

a) <*o < ÖL & ß0 < ß => C{a0iß0) Ç C(a,ß) 

b j 0 ^ X Ç O n & /? = s u p ( J 0 = > C ( û ^ ) = U , a C ( a , i / ) 

c) ß < K => c a r d ( C ( a , ß ) ) < AC 
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L E M M A 1.2. 

C ( a , ß) = Un<u, C n ( a , /?), where C » ( a , ß) is defined by 

(i) C°(a,ß):=ßU{0,M}, 
(ii) Cn^(aJ) := {7 : 5 C ( 7 ) Ç Cn(a,ß)} U { 0 „ : er G Cn{a,ß)} U 

U { ^ : £ < a & , , ( G C ^ , / ? ) n C , ( ( ) } 

L E M M A 1.3. 

a) C K ( a ) f i AC = - 0 K a < AC 

b) AC < M £ R 

c j ^ a e S C \ { n a : a < ^ } 

d) AC G C ( a , AC) AC E C K ( a ) 

e ; C ( a , M ) = M r = {{ : { € C M ( 0 } 
f) 7 € C » 7 e C M ( 7 ) & 5 C M ( 7 ) = 5 C ( 7 ) \ { M } 

g) 7 < a & 7 € C ( a , / ? ) 0 M 7 e C ( a , / 9 ) 

Proo/. 
a) ,b) 1. CK(a) f i AC = is a t r i v i a l c o n s e q u e n c e o f t h e d e f i n i t i o n o f ipKa. 

2. L e t AC = M . O b v i o u s l y the re e x i s t s a S < AC s u c h t h a t R f i [6, AC[C D K ( a ) . T h e r e ­

fore i n o r d e r to get ipKa < AC i t suff ices t o p r o v e t h a t t h e set 

U : = { / ? € AC : C(a,ß) f i AC Ç ß} is c l o s ed u n b o u n d e d ( c l u b ) i n AC. 

i ) closed: L e t 0 ^ X Ç U a n d /3 := s u p ( X ) < AC. T h e n C(a,ß) f i AC = 

0 n AC) ç \jux e = /?, i .e. ßeU. 

i i ) unbounded: L e t /30 < AC. W e de f ine / ? n + 1 := min{77 : C(a,ßn) f i AC Ç 77} a n d 

/? := s u p n < u , / ? n . U s i n g L . l . l c we o b t a i n ßn < / ? N + 1 < AC. H e n c e ßQ < ß < AC 

a n d C ( a , / ? ) f i AC = U n < U C ( a , / ? n ) 0 AC) Ç ( J n < u A + i = ^ ßo < ß e U. 

3. L e t AC < M . S t a r t i n g w i t h /?0 := m i n ( D K ( a ) ) we de f ine t h e o r d i n a l s ßn a n d /? 

as i n 2 . ( i i ) . T h e n we have ß G VK(a) f i U a n d the re f o r e t/>Ka < ß < AC. — N o w 

a s s u m e t h a t ^/>Ka G R . W e p ro v e ßn < x^Ka ( V n ) . B y d e f i n i t i o n of /?0 a n d b y 

L . l . l a we h a v e ß0 < tßKa & ß0 £ L i m . H e n c e ß0 < ißKa. F r o m ßn < yjKa G R 

i t f o l l ows t h a t C ( a , / ? n ) fì AC Ç i/jKa a n d c a r d ( C ( a , ßn) f l AC) < V>K<2, a n < ^ the re ­

fore ßn+1 < tßKa. F r o m Vn(/? n < 0 K a G R ) we get ß < tpKa. Contradiction. 

c) 1. O b v i o u s l y CK(a) 0 AC is c l o s ed u n d e r <p. T o g e t h e r w i t h a) t h i s i m p l i e s 

ipKa G S C . — 2. W e have (xpKa = ùa > a G C Ä ( a ) ) a n d ( b y a) ) 

i û i CK(a). H e n c e 0 K a ^ {Cta : a <Vta). 

d) f o l l ows f r o m L . l . l a , L . 1 . 3 a a n d the d e f i n i t i o n of ipKa. 

e) B y L . 1 . 3 a VireR^^ < M ) a n d there fo re C ( a , M ) = M r . A s i n d) one o b t a i n s 

( a G C ( a , M ) a G C M ( a ) ) . 

f) a n d g) f o l l ow f r o m e). 

L E M M A 1.4. 

a) 1 e C ( a J ) ^ S C ( 1 ) C C ( a J ) 

b) QaeC{a,ß)<=>creC{aJ) 

C) AC = fia+1 = > H , , < V\c<* < + 1 

cfj n K = AC n ^ K t t = x/>Ka 

f ) fi. < 7 < fia+i & 7 € C ( a , / J ) = > a G C ( a , 0 ) 

Proof, a) a n d b) f o l l ow f r o m L .1 .2 a n d L . 1 . 3 c . — e) f o l l ows f r o m d ) , s ince 
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M G R a n d H M — M . — f) f o l l ows f r o m a ) ,b ) , c ) ,d ) a n d L . 1 . 2 . 

c) L e t AC = n a + 1 . T h e n AC G C ( a , AC) a n d t h u s AC G C K ( a ) . B y a) a n d b) f r o m 

AC = G C K ( a ) we get Çl0 G C K ( a ) H AC = ^ a . 

d ) T a k e j G O n s u c h t h a t H a < ißKa < i ì a + ì . T h e n we h a v e a + 1 < AC a n d t h u s 

C K ( a ) Pi AC — - 0 K a < n a + 1 < H K = AC. T h i s i m p l i e s n a + 1 ^ C K ( a ) a n d t h e n (by 

a ) ,b ) ) a £ CK(a). H e n c e \jjKa < a < Vta < r^Ka. 

L E M M A 1.5. 

a) a0 < a & a0 G CM{a) => ipMa0 < ipMa 

b) i>Mao = ^ M ^ I & ot0,al < M r = > a 0 = a 1 

a) F r o m t h e p r e m i s e we get V > M a 0 £ C M ! 0 ) H M = t/>Ma b y L . 1 . 3 a , g . 

b ) A s s u m e " 0 M a o = ^ M a i & a o < a i < M r . T h e n a 0 G C 7 M ( a 0 ) Ç C ^ o ^ ) a n d 

there f o re b y a) Î / ; M Û 0 < ^ M
f t i - Contradiction. 

L E M M A 1.6. 

For AC < M the following holds 

a) a 0 < a => i^Ka0 < ipKa 

b) a 0 < a & A c , a 0 G C K ( a 0 ) t/>Ka0 < 

Proo/. 

a) F r o m a0 < a i t f o l l ows t h a t C ( a 0 , ^ K a ) f i AC Ç xpKa. B y d e f i n i t i o n of ^ K a 0 

i t there fore suff ices t o p r o v e ipKa G {ß : AC G C ( a 0 , A c ) AC G C ( a 0 , / ? ) } . So le t 

AC G C ( a 0 , / c ) . — W e h a v e to p r o v e AC G C(a0ìt^Ka). 

C A S E 1: AC = B y L e m m a 1.4c we have Cta < xpKa a n d the re f o r e a - f 1 G 

C ( a 0 , î / > K a ) w h i c h i m p l i e s AC G C ( a 0 , ^ K a ) . 

C A S E 2: AC = F r o m AC G C ( a 0 , A c ) Ç C ( a , AC) we o b t a i n AC G C K ( a 0 ) f l CK(a). 

F r o m t h i s b y L . 1 . 2 , L . 1 . 3 b , L . 1 . 5 b i t f o l l ows t h a t AC = T/>M£ w i t h £ < a0 a n d 

£ G C K ( a ) . N o w b y L . 1 . 4 a , L .1 .3a , e we get SCM{Ç) Ç C K ( a ) f i C M ( £ ) f i M = 

CK(a) f i AC = t/>Ka, a n d t h e n £ G C ( a 0 , ^ K a ) ( by L .1 . 3 f ) . F r o m t h i s t o g e t h e r w i t h 

£ < a0 we o b t a i n AC = ipM( G C(a0,ipKa) ( by L .1 .3g ) . 

b ) T h e p r e m i s e t o g e t h e r w i t h a) i m p l i e s a0 < a h A c , a 0 G CK(a) f l CK(a0) w h i c h 

g ives us ipKa0 G CK(a) f l AC = 0 K a . 

D E F I N I T I O N 1.3. 

F o r each set X Ç O n we set H^(X) := n { C ( a , / ? ) : X Ç C ( a , / 3 ) & 7 < a } . 

§2 . O r d i n a l ana l y s i s o f K P M . 

In t h i s s e c t i o n we show h o w one has to m o d i f y ( a n d e x t e n d ) [2] i n o r d e r t o 

e s t a b l i s h t h a t t h e o r d i n a l ^ n , £ M + i i S a n u p p e r b o u n d f o i | K P M | . O f c o u i s e we 

n o w a s s u m e t h a t t h e r eade r is f a m i l i a r w i t h [2]. 

T h e t h e o r y K P M is o b t a i n e d f r o m K P i b y a d d i n g t h e f o l l o w i n g a x i o m s c h e m e : 

( M a h l o ) \/x3y<j)(x, y , z) —» 3w[Ad(w) A Vxew 3yew </>(x, y , z)} (</> G A 0 ) 

W e e x t e n d t h e i n f i n i t a r y s y s t e m RS° ° i n t r o d u c e d i n S e c t i o n 3 o f [2] b y a d d i n g 

t h e f o l l o w i n g i n f e r ence r u l e : 
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( M a h ) (aQ + M < a) 
T,3weLM{Ad(w) AB{w)) :a 

where B(w) is of the form\/x£w3yÇ:wA(xiy) with k(A) Ç M . 

W e set R := {a : UJ < a < M & a r e g u l a r } . 

T h e n a l l l e m m a t a a n d t h e o r e m s of S e c t i o n 3 4 a re a l so t r u e for t h e e x t e n d e d 

s y s t e m RS ° ° (w i th a l m o s t l i t e r a l l y t h e s a m e p r o o f s ) 5 , a n d as a n easy c o n s e q u e n c e 

f r o m T h e o r e m 3.12 one o b t a i n s t h e 

E M B E D D I N G T H E O R E M for K P M . 

IfMeH and if H is closed under £ H-> £ r t h e n for each theorem <j> of K P M there 

is an n G N such that ^ 1 ^ + " ^ <£M-

S o m e m o r e severe m o d i f i c a t i o n s hav e to b e c a r r i e d o u t o n S e c t i o n 4 . T h e 

first p a r t o f t h i s s e c t i o n ( d o w n to L e m m a 4 .5) has to be r e p l a c e d b y S e c t i o n 1 

o f t h e p resen t p a p e r . T h e n t h e sets C(a,ß) are no l o n g e r c l o s ed u n d e r (7r,£) H-• 

Vv£ (( < a ) î D U t o n l y u n d e r (ip\a) as de f ined i n D e f i n i t i o n 1.2 above . T h e r e f o r e 

we have t o a d d u7r,£ G C 7 r ( £ ) " t o the p r e m i s e o f L e m m a 4 . 6 c , a n d a c c o r d i n g l y 

a m i n o r m o d i f i c a t i o n as to be m a d e i n the p r o o f o f L e m m a 4.7 (^41) . B u t t h i s 

causes no p r o b l e m s . A l i t t l e b i t p r o b l e m a t i c is t h e fact t h a t t h e f u n c t i o n ^ M is 

n o t w e a k l y i n c r e a s i n g . In o r d e r to o v e r c o m e t h i s d i f f i c u l t y we p r o v e the f o l l o w i n g 

l e m m a . 

D E F I N I T I O N 2 .1 . 

F o r 7 = -f • • • + to^n w i t h 7 0 > • • • > 7 n we set e(7) := u T ^ + 1 . 

F u r t h e r we set e(0) := O n . 

L E M M A 2 . 1 . 

For 7 G C M ( 7 + 1) and 0 < a < e(7) the following holds 

V>M(7 + 1) < V>M(7 + or) & C M ( 7 + 1) Ç C M ( 7 + a ) 

b) 0 < a 0 < a & a 0 G C M ( 7 + 1) = > 0 M ( 7 + <*o) < </>M(7 + or) 

Proo/; 
a) f o l l ows f r o m b ) . 

b ) W e w i l l p r o v e (*) V>M(7 + 1) ^ V>M(7 + a ) - F r o m t h i s we get 7 + a 0 G C M ( 7 + 1) Ç 

C M ( 7 + a) a n < ^ t h e n b y L . 1 . 5 a t h e a s s e r t i o n . 

F o r 7 = 0 (*) is t r i v i a l . If 7 ^ 0 t h e n 7 - f a < M r a n d the re f o r e 7 + a G C M ( 7 + a ) 

w h i c h ( t o g e the r w i t h a < e(*y)) i m p l i e s 7 + 1 E C M ( 7 + a ) . H e n c e V>M(T + 1) < 

^ M ( 7 + a ) b y L . 1 . 5 a . 

N o w we g i v e a c o m p l e t e l i s t o f a l l m o d i f i c a t i o n s w h i c h h a v e to be c a r r i e d o u t 

i n [2] s u b s e q u e n t t o L e m m a 4 . 6 . 

4 W e use b o l d f a c e n u m e r a l s to i n d i c a t e reference to [2] 
5 I n T h e o r e m 3 . 8 one has to a d d the c l ause w h i c h c o r r e s p o n d s to the new in ference ru l e ( M a h ) . 

T h e las t l i n e i n t h e p r o o f o f L e m m a 3 . 1 4 has to be m o d i f i e d t o u... cannot be the main part of 
a ( R e f ) - or (Mah.)-inference. ". A t the e n d o f the p r o o f o f L e m m a 3 . 1 7 one m a y a d d the r e m a r k 
"Due to the premise a < ß < K we have a < M , and therefore the given derivation ofT,C does 
not contain any applications o / ( M a h ) . " . 
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(1) R e p l a c e I b y M i n t h e d e f i n i t i o n o f K . 

(2) A d d "77 < 7 - f e(7)" t o t h e p r e m i s e o f L e m m a 4.7(A2). 

(3) A d d "u>»+a < e(7)" to t h e p r e m i s e o f T h e o r e m 4.8. 

(4) A d d W7T < 6 (7 ' ) " t o the p r e m i s e o f (•) i n t h e p r o o f o f T h e o r e m 4.8. 
(5) Inser t t h e f o l l o w i n g p r o o f o f utftKa* < i/>Kotn a t t h e e n d o f t h e p r o o f o f (•): 

"From 7 ' , G W y [ 0 ] we get a * G H y [ 0 ] . From k ( 0 ) Ç CK(j - f 1) Ç 

C Ä ( S ) & 7 ' < 5 it follows that W y [ 0 ] Ç C K ( S ) . Hence a * G C K ( a ) ana 1 

^ K a * £ V * * ^ s m c e a * < 5 ." 

(6) E x t e n d t h e p r o o f o f T h e o r e m 4.8 b y t h e f o l l o w i n g t r e a t m e n t o f t h e case w h e r e 

t h e l as t i n f e r ence i n t h e g i v e n d e r i v a t i o n o f T is a n a p p l i c a t i o n o f ( M a h ) : 

o. Suppose that 3weiM(Ad(w) A B{w)) G T and H^[Q) \^ T , B{lM) with 

B(w) = \/xew3yewA(xiy) & a0 + M < a k k(A) Ç M . 

Then K = M (since T Ç £(/c) a n d K < M). 

For i G TM we set 7 t := 7 + Ü^+*O+M. T A e n C M ( 7 + 1) Ç C M ( 7 i ) > 

ana 7 s i n c e 

SC(\i\) Ç 5 C M ( 7 t ) Ç ^ M 7 t , we Aave H < î/>M7* and t h u s k ( 0 , t ) Ç C M ( 7 t ) . 

F r o m 7 , / z , a 0 G H 7 [ 0 ] we #e£ 7, G 7 i 7 [ 0 , ^ ] . Consequently A(Q, i\ 7,, M , //), 

ana 7 £Ae Inversion-Lemma gives us H^[Q\[i] \jf- T,i j£ L 0 —* 3 y G L Mv4(*,,?y). 

N o w we apply the LH. and obtain H a * [ 0 ] [& ] | ^ M a ^ T , £ ^ L 0 —* 3y G LMA(i, y) 
with a* := 7, + u^+ a o < 7 + u;M+ao+M a * < & 

Let-K \—%l)ua* & ßt:=ipMa*. Then by LA.7 7r G W ^ [ 0 ] & TT < tpMa. 

W e a/50 Aave V i G 7 ^ ( a * G C M ( a * ) ) ana 7 iAu5 yiteTir(ßl < 7r). 

TAe Boundedness-Lemma gives us now 

W € %{ W s [ 6 ] [ t ] | A r , t ^ L 0 - 3 y e L , / l ( 4 , y ) ). 

F r o m £Az*5 6y a n application of (f\) we obtain H^[&] \-r T , J B ( L X ) . 

F r o m L . 2 . 5 h and L . 3 . 1 0 we #e* H ~ [ 0 ] || T , ̂ ( L J wt*A (5 : = C J ^ 5 . W e a/50 Aave 

W~ [0 ] £ T , L„ £ U . //enee W - [ 0 ] ^ r > L 0 A M U ) A B ( L . ) . N o w we 

app/y ( V ) ana 1 o/^am W - [ 0 ] \ ^ T 
(7) R e p l a c e I b y M i n t h e C o r o l l a r y t o T h e o r e m 4.8 a n d i n T h e o r e m 4 .9. 

T h i s y i e l d s t h e f o l l o w i n g T h e o r e m . 

T H E O R E M . 

Let := V t o j ^ M + i ) - Then for each T>l-sentence (f) of C we have: 

K P M h Vx(Ad{x) -+ <p) = = » V N ^ 

C O R O L L A R Y . | K P M | < ^ n i ( e M + i ) -

§3. F u r t h e r p r o p e r t i e s o f the f u n c t i o n s 

W e p r o v e f our t h e o r e m s w h i c h t o g e t h e r w i t h L .1 . .3a,b ,c a n d L . L 4 a - e p r o v i d e 

a c o m p l e t e bas i s for t h e d e f i n i t i o n o f a p r i m i t i v e r e c u r s i v e w e l l - o r d e r i n g ( O T , ^ ) 

w h i c h is i s o m o r p h i c t o ( C ( M r , 0 ) , < ) . ( T h e set O T c o n s i s t s o f t e r m s b u i l t u p 

f r o m t h e c o n s t a n t s 0 , M b y t h e f u n c t i o n s y m b o l s <£, £2, 0 , s u c h t h a t for e a c h 

7 G C ( M r , 0) t h e r e is a u n i q u e t e r m t G O T w i t h \t \ = 7, a n d for a l l 5, t G O T one 

has (5 -< t <=ï \s\ < \t\). H e r e \t\ d eno t es t h e c a n o n i c a l v a l u e o f t. F o r d e t a i l s see 

[1], W , [5].) 
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N o w t h e l e t t e r s a , /?, 7, 8, fi, a , £, 77, ( a l w a y s d e n o t e o r d i n a l s less t h a n M r . S o , 

for a l l a we h a v e a G C M ( a ) a n d SC (a) \ { M } = SCM(a) Ç - 0 M a . 

D E F I N I T I O N 3 .1 . 
f m a x S C M ( a ) i f AC = M k SCM{a) ^ 0 

s c * V a J — I Q o t h e r w i s e 

L E M M A 3 .1 . 

a) scK(a) < ipKa 

b) TT = M k sc^ß) <xßKa ße CK(a) 

Proof. T r i v i a l (cf. L . l . a , e , f a n d L . L 4 a ) . 

L E M M A 3 .2 . 

Let AC G CK{a) & TT G C„{ß). Then 

jp^ß < AC < TT & sc7r(/3) < t/>Ka = > < i/?Ka. 

Proof B y L . 1 . 4 c , d i t f o l l ows t h a t fì^ = 7T a n d = ip^ß- T h e r e f o r e i f 

AC = t h e n ipnß < Çla < a n d we m a y n o w a s s u m e t h a t fiK = AC. T h e n b y 

L . 1 . 2 a n d L . 1 . 3 b we o b t a i n AC = t/>M7 w i t h 7 < a k 7 G CK{ot)f)Cf^(j). B y L . 1 . 4 a 

a n d L I . 3 a we get SCM(i) Ç CK(a) D CM(i) 0 M = C K ( a ) 0 AC = F r o m < 

AC = -0 M 7 < 7T i t f o l l ows t h a t Î/>M7 g Cn(ß) a n d t h u s /? < 7 o r < s c M ( 7 ) . — If 

V v ß < s c M ( 7 ) t h e n W/? < 4>Ka, s i n c e 5 C M ( 7 ) Ç xj)Ka. If s c M ( 7 ) < W/? & TT = M 

t h e n we h a v e /? < 7 < a a n d /? G C K ( a ) ( s ince sc 7 r(/î) < î/> Ka), f r o m w h i c h we 

get -07T/? £ fl AC = tl>Kct. — F o r ir = M t h e p r o o f is n o w finished. — If 

s c M ( 7 ) < if>nß & 7T < M t h e n ^ 7 < 7r < M & s c M ( 7 ) < ifr^ß w h i c h ( a c c o r d i n g 

t o w h a t we a l r e a d y p r o v e d for ir = M ) i m p l i e s AC = T/>M7 < ^ K a - Contradiction. 

D E F I N I T I O N 3 . 2 . 

/C(7T,/?, AC, a ) a b b r e v i a t e s t h e d i s j u n c t i o n o f (/C 1 ) , . . . , (/C 4) b e l o w : 

(/Cl) 7T < t/>Ka 

(/C2) ^ß<scK(a) 

(AC3) TT = K k ß<a k s c , (0 ) < </>Ka 

(AC 4) 4>J<K<7T k scT(ß) < xl>Ka 

L E M M A 3 .3 . 

Let K 6 CK{a) k we Cv(ß). 

à) ->AC(7T,/9, K,a) k -<IC(K,,a,ir,ß) = > K = IT k a = ß 

b) fC{Tr,ß,K,a) faß < i « 

£ ( * , / ? , « , a ) & /? e 0 , ( 0 ) faß < fact 

Proof a) is a l o g i c a l c onsequence o f t h e l i n e a r i t y o f < . b ) a n d c) f o l l ow 

i m m e d i a t e l y f r o m L . 1 . 3 a , L . 1 . 5 a , L . 1 . 6 , L . 3 . 1 , L . 3 . 2 . 

A s a n i m m e d i a t e c o n s e q u e n c e f r o m l e m m a 3.3 we get 

T H E O R E M 3 .1 . 

A C , a G C » k 7T,ßeC„(ß) k 1>Ka = tl>irß = ï K = * k a = ß. 

T H E O R E M 3.2. 

Let A c G C . ( a ) k TT, ß G C^ß). 

a) il>vß<\l)KOL /C(?r,^,Ac,a) 

b) ^ßeCK{a) {il>J<rl>Kaor[ß<a k ir,ßeCK(a))) 

Ì 
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Proof, a) " V f o l l ows f r o m L . 3 . 3 b . f o l l ows f r o m L . 3 . 3 a , c . 

b) T h e "<É=" p a r t is t r i v i a l . So le t us a s s u m e t h a t ipKa < ip^ß G CK(a). B y 

L . 1 . 2 a n d L . 1 . 3 c t h i s i m p l i e s t h e e x i s t e n c e o f r ,£ € CK(a) f l C T ( £ ) w i t h £ < a 

a n d ^ r / ? = T/V£- F r o m t h i s b y T h e o r e m 3.1 we o b t a i n ir = r 6 C K ( c * ) a n d 

/J = ( ^ K ( a ) n a . 

T H E O R E M 3 .3 . 

K G C Ä ( a ) 4=> /c G { f ì a + 1 : a < M } U {</>M£ : £ < a } U { M } 

Proo/ . 1. f o l l ows f r o m L . 1 . 2 a n d L . 1 . 3 b . — 2. B y L . 1 . 3 d we have 

(AC G CK(a) AC G C ( a , AC)). — 3. I f AC = fì<7+1 t h e n a - f 1 < AC a n d t h u s 

AC G C(CX,K). — 4. I f AC = V M £ w i t h <f < a t h e n <f G C M ( £ ) = C ( £ , AC) Ç C ( a , AC) 

a n d t h u s AC G C ( a , AC). 

T H E O R E M 3.4. 

* = Î W i = > C » = C ( a , n a + l ) 

Proof by induction on ex. So le t us a s s u m e t h a t CK(£) = C ^ f i ^ + 1) , for a l l 

£ < a. — W e h a v e t o p r o v e ißKa Ç C(a, Qa + 1). A s we w i l l show b e l o w t h e I . H . 

i m p l i e s t h a t ß := C(a, -f-1) f l AC is i n fac t a n o r d i n a l . O b v i o u s l y AC G C ( a , ß) a n d 

C(a,ß) H AC Ç C{a,Çla + 1) H AC = ß a n d t h u s </>Ka < ß, i .e. </>Ka Ç C ( a , fìa + 1). 

— C L A I M : 7 G C ( a , n a + l ) n A c 7 C C ( a , f ì , + l ) . 

P r o o f . 1. n a < 7 G S C . T h e n 7 = ^ w i t h £ < a k £ G C ^ ) - S i n c e f l , < 7 < 

AC = fia+1, we have 7r = AC a n d there fo re b y t h e above I . H . CK(£) = ( 7 ( ^ , 0 ^ + 1). 

H e n c e 7 - t/v£ Ç C t f . f i , + 1) Ç C ( a , fi, + 1). 

2. L e t 7 b e a r b i t r a r y a n d 7 0 := m a x ( { 0 } öSC(~/)). T h e n (by 1. above ) 7 o U { 7 0 } Ç 

C(a, fta + 1). F r o m t h i s w e get 7 Ç 7* C C(a, f î , + 1), whe r e 7* := min{ry G S C : 

7o < 

C O R O L L A R Y . ^ Q l a = C ( a , 0 ) n 
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