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Blind Deconvolution of Sparse Pulse Sequences
Under a Minimum Distance Constraint: A Partially
Collapsed Gibbs Sampler Method

Georg Kail, Jean-Yves Tourneret, Senior Member, |IEEE, Franz Hlawatsch, Fellow, |IEEE, and
Nicolas Dobigeon, Member, |EEE

Abstract—For blind deconvolution of an unknown sparse se-
guence convolved with an unknown pulse, a powerful Bayesian
method employs the Gibbs sampler in combination with a
Bernoulli-Gaussian prior modeling sparsity. In this paper, we
extend this method by introducing a minimum distance constraint
for the pulses in the sequence. This is physically relevant in ap-
plications including layer detection, medical imaging, seismology,
and multipath parameter estimation. We propose a Bayesian
method for blind deconvolution that is based on a modified
Bernoulli-Gaussian prior including a minimum distance con-
straint factor. The core of our method isa partially collapsed Gibbs
sampler (PCGS) that tolerates and even exploits the strong local
dependencies introduced by the minimum distance constraint.
Simulation results demonstrate significant performance gains
compared to a recently proposed PCGS. The main advantages
of the minimum distance constraint are a substantial reduction
of computational complexity and of the number of spurious
componentsin the deconvolution result.

Index Terms—Bernoulli-Gaussian prior, blind deconvolution,
Markov chain Monte Carlo method, partially collapsed Gibbs
sampler, spar se deconvolution.

I. INTRODUCTION

HE problem of blind deconvolution (BD) arises in many

applications where some desired signal isto be recovered
from a distorted observation, e.g., in digital communications
[1]-[5], seismology [6]-{9], biomedical signal processing
[10]13], and astronomy [14], [15]. The BD problem is
ill-posed since different input sequences and impul se responses
can provide the same observation. As a consequence, additional
assumptions or constraints have to be considered in order to re-
duce the number of solutions. Examples of constraintsthat have
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been considered are monotonicity [16], positivity [17]-{19],
and sparsity [20]-{22]. In the Bayesian setting, which will be
adopted here, constraints can be modeled through appropriate
prior distributions.

In this paper, we propose aBayesian BD method that is based
on anovel combined sparsity and minimum distance constraint.
We consider a sparse, random sequence a = (a1 ---ax)T €
C¥ convolved with a pulse of unknown shape. For a conve-
nient modeling of the sparsity of a, we use arandom binary in-
dicator sequenceb = (by -+ - bx )T € {0, 1}%, whereb;, = 1 at
each temporal position £ where a;, is nonzero and b, = 0 else.
The binary indicators thus mark the positions of the weighted
replicas of the pulse in the observed sequence. Our godl is to
detect the positions of the nonzero o, (equivalently, to detect
the indicators b;) and to estimate their amplitudes (the values
of the nonzero ;) as well as the pulse shape.

Most Bayesian BD approaches exploiting sparsity use a
Bernoulli—Gaussian prior for the sparse sequence a, i.e., the b,
are independent and Bernoulli distributed and the nonzero ay,
are Gaussian distributed [7], [8], [23]-{26]. However, here we
will use a modified Bernoulli—-Gaussian prior incorporating a
hard minimum distance constraint that requires the temporal
distance between any two nonzero a, (or two nonzero indica-
tors b, = 1) to be not smaller than some prescribed minimum
distance. This is physically relevant in many applications,
including layer detection [12], biomedica signal processing
[11], [13], seismology, and multipath parameter estimation
[27], [28]. We will demonstrate that the minimum distance
constraint provides a computationally efficient way to ensure
sparsity, avoid overfitting, and improve resolution. To the best
of our knowledge, a minimum distance constraint has not been
considered previously for BD (prior to our work in [12]).

The proposed BD method is based on a Bayesian strategy
using a Markov chain Monte Carlo (MCMC) agorithm, which
is a powerful approach for complex problems with a large
number of parameters[29], [30]. The Gibbs sampler isasimple
and widely used MCMC method with interesting properties for
BD [9], [24], [26], [31]; however, it is computationally ineffi-
cient when there are strong dependencies among the parameters
[23], [32]. Such dependencies are caused by our minimum dis-
tance constraint, since a nonzero indicator b;, determines all
indicators within a certain neighborhood to be zero. There-
fore, we will use a partially collapsed Gibbs sampler (PCGS)
[33], which is arecently proposed generalization of the Gibbs
sampler with significantly faster convergence for strongly



dependent parameters. The PCGS has been applied to various
estimation problems [34] including blind Bernoulli-Gaussian
deconvolution [23], [35]. Here, elaborating on our work in
[36], we develop a PCGS for BD subject to a minimum dis-
tance constraint. Our method tolerates and even exploits the
challenging probabilistic structure imposed by the minimum
distance constraint.

This paper isorganized asfollows. In Section |1, we describe
the signal model, our choice of prior distributions, and the
minimum distance constraint. Section Il discusses the esti-
mators and detectors underlying the proposed PCGS method.
The PCGS is then presented in Section 1V. In Section V, the
proposed method is extended in order to resolve a scale and
shift ambiguity. Finaly, simulation results assessing the per-
formance of the proposed method are presented in Section V1.

Il. SIGNAL MODEL AND PARAMETER PRIORS

A. Sgnal Model

We consider a sparse sequence a;, of length K, whichis con-
volved with an unknown pulse f; and corrupted by additive
noise ny., yielding the observed sequence z;.. All sequences are
complex-valued. The pulse f;, isdefined for & = —Q. ..., Q,
where typicaly @ <« K. The observed sequence can be ex-
pressed as

K
Ty = Z Je—eag+ng, k=1

LK (1)

where for convenience we have set f; 2 0 for k 4

{-Q,...,Q}. Like zy, ag is defined for £ = 1,...,K;
thus, nonzero values of «; for & near 1 or K correspond to
copies of the pulse in z;, that are cut off at the edges. Defi ning

the vectors x = (w1 w)T, £ 2 (fo-fo)',a= (a1~~~
ax)T, andn 2 (ny---nx)T, the signal model (1) can be
written as

x=Fa+n )

with the K x K Toeplitz matrix F 2 toep(f) that has (fy f1
- fo 0---0)T asitsfirst columnand (fo f-1 - f-g O+~
0) asitsfirst row.

Our goal is to estimate the sparse sequence a along with the
pulse shape f and noise variance 2 from the observation x.
For this, following [23], [25], [32], [37], it will be convenient to
introduce the binary indicator sequence

A0, ifa, =0,
bk_{L

If (Lk ;& 05
Letb 2 (by---bg)T € {0,1}% denote the corresponding
vector. The number of nonzero b, (equlvalently, NONZEro ay)
will be denoted as B; note that B = S8 by = S5, b2 =
|b||?. We can rewrite (2) as

k=1,...,K. 3)

x=Fia, +n 4

whereF', denotesthe matrix of size K x B that isobtained from
F by removing all columns k& such that b;, = 0 and a; denotes

the vector of length B that contains the corresponding a, i.€.,
all nonzero entries of a.

The indicator sequence b is subject to a hard minimum dis-
tance constraint b € C, wherethe “ constraint set” C C {0, 1}
isthe set of al b such that the temporal distance between any
two nonzero entries b, = 1 and by = 1 (equivalently, any
ag, ap # 0) satisfies |k — &'| > dmin, With a given dp,.
Thereby, the set of possible hypotheses for b is significantly re-
duced (b € C rather thanb € {0,1}%). This reduction of the
number of hypotheses resultsin large complexity savingsin the
deconvolution algorithms to be presented later.

For estimation of the pulse shape vector £, it is convenient to
represent £ by a basis expansion

U
f= Z 'Yuhu = H’Y (5)

u=1

wherey 2 (71 - - -vo) T isarandom coefficient vector and H 2
(hy ---hy) isaknown (2¢ + 1) x U matrix containing the U
basis vectors h,,. The basis vectors are fixed; their number U
and their shapes (viewed as time-domain signals) express some
prior information about the pulsef, e.g., regarding its maximum
possibletime and frequency supports. Here, we choose the basis
functions h,, as the first U Hermite functions [12], [38], [39],
centered at the (¢) + 1)th entry. The first U Hermite functions
cover an elliptic region in the time-frequency plane whose area
isroughly equal to U [40Q], [41, p. 26]. Using (5), we can rewrite
the signal model in (2) as

x=Af+n=AHy+n (6)

where A is the K x (2¢ + 1) Toeplitz matrix with
first column (agi1 agi2---ax 0---0)T and first row
(ag+1 ag---a1 0---0). Because of (5), estimation of the
length-(2¢) + 1) pulse vector f reduces to estimation of the
length-U coefficient vector . Typicaly, U < 2Q + 1, so that
a parsimonious parametric representation of f is obtained.

B. Parameter Priors

Our god is to estimate the sparse sequence a, along with
the unknown pulse coefficients y and noise variance o2. The
Bayesian methodology adopted in this study requwes the
specification of prior distributions for al unknown quantities
[42, p. 9]. The priors we will use are described in what follows.

Sparse Sequence: Rather than specifying the prior prob-
ability density function (pdf) p(a) directly, we will specify

p(a|b) and p(b), as previously donein [23], [25], and [32]. To

ensure consistency with Section 11-A, p(a|b) must be chosen
such that (3) is true and p(b) must be chosen suchthat b € €
is guaranteed. Assuming that different random transitions
br — ay, (i.e., for different k) are statistically independent, we
have

p(alb) = H plae|be). (7)
Furthermore, we assume (note that b, = 0 impliesa;, = 0)

) _ 6((Lk), |f bk — 0
plarlbn) = {CN(akSU,Ug) s ifby =1 ®



where §(-) isthe Dirac deltafunction, o2 isafixed hyperparam-
eter, and CN(-; i1, o%) denotes the ci rcularly symmetric com-
plex Gaussian pdf with mean 1 and variance o2, Consequently,
the conditional prior of a; is
p(ay|[b) = CA(a,;0,071) . 9

Here, CA/(; 1, C) denotes the multivariate circularly sym-
metric complex Gaussian pdf with mean p and covariance
matrix C. Note that a; depends on b because its dimension is
B = ||

Indicator Sequence: For a compact formulation of the prior
of b, we will use the indicator function

af0, ifbgc
IC(b)—{L ifh e C.

We then define p(b), up to an irrelevant normalization factor, as
the product of I (b)—expressing the minimum distance con-
straint—and an independent and identically distributed (i.i.d.)
Bernoulli pdf B(b; =), i.e

Pl (1 — ) K-IP1° 1 (b). (10)

p(b) x B(b;m)Ie(b) =
Here, o means “proportional to,” and the “1-probability”
is a fixed hyperparameter. Together, 71 and d,;, determinel
E{B/K},i.e,theapriori meanrateof I'sinb. For dp;, =1,
the priors (7)—(10) simplify to the classical Bernoulli—-Gaussian
model. We note that our model can be extended by assigning
prior distributions also to d.,;, and hyperparameterslike 7, etc.
that are assumed fixed here; these hyperparameters can then be
estimated along with the model parameters using a hierarchical
Bayesian algorithm. Furthermore, the modified Bernoulli prior
in (10) can be replaced by amore sophisticated Markovian prior
(cf. [43]).

Pulse Shape: We choose the prior of 4 asi.i.d., zero-mean,
and circularly symmetric complex Gaussian, i.e.,

p(y)

where the variance af, is a fixed hyperparameter.

Noise Variance: The noise ;. ismodeled asi.i.d. circularly
symmetric complex Gaussian with a constant variance o2,
which is treated as a random hyperparameter and is estimated
jointly with the other unknown parameters. Our stochastic
model is thus a hierarchical Bayesian model. For the prior of
a2, we choose an inverse gamma pdf, i.e.,

7t 1 7,
fome ()
h " (12)

whereI'(¢) isthegammafunction, Ir+ (x) isthe unit step func-
tion, and £ and ; arefixed hyperparameters. Theinverse gamma

=CN(%;0,071) (11)

Hon)=2G(on:6m) =

Ut can be shown that E{B/EK} & &1 2 1/(¢ % + duin — 1/2),

Where ¢ is the positive real solution of the eguation @*¥min 4
(4d2 [ K)ptimintE — ( w1 )4dmin/1i.

1—m)

distribution is convenient (and commonly used in similar con-
texts) because it is the conjugate prior for the Gaussian likeli-
hood function [42, p. 152]. The sameistruefor the priorsp(a|b)
and p(7).

C. Posterior Distribution

The unknown quantities to be esti mated are b, a, v, and o2
or, equivalently, b, a;, v, and ¢2. According to the adopted
Bayesian methodology, their esti matlon is based on the poste-
rior distribution, whose determination involves the likelihood
function and the priors[42, p. 9]. Thelikelihood function of our
model is, according to (2), (4), (6), and thei.i.d. Gaussian prior
for the ny.,

pxla,y,02) = CN(x;Fa,o 1) = CN(x; Fya,, 021)

= CN(x; AHy,0.1) . (13)

Assuming that a, <, and o2 are a priori independent, the joint
posterior distribution of b, a, y, and o2 is then obtained from
the likelihood function and priors as

p(b., a.”y, (TT2L|X) x p(x, b,a,%, (f?l)
o) p(alb)p(b)p(v)p(or) (14)

where the factors in the final expression are given in (7), (8),
and (10)—(13).

I11. MONTE CARLO DETECTION-ESTIMATION METHOD

In this and the next two sections, we will develop a Monte
Carlo detection-estimation method for BD. Following [37], our
approach isto first detect b € € C {0,1}* (i.e., detect which
by or, equivalently, ;. are nonzero) and then estimate the cor-
responding nonzero a;. Without the detection step, sparsity of
a would not be ensured [37]. In addition, we will esti mate the
unknown pulse coefficients ¢ and noise variance o2 . We first
present the basic detector and estimators and their conceptual
relation to optimal detectors and estimators.

A. Sequence and Component Detectors

MAP Sequence and Component Detectors: As a motivation
for the block detector to be proposed in Section I11-B, we first
consider two well-known optimal methods for detecting the in-
dicator sequence b and their Monte Carlo (sample-based) coun-
terparts. The MAP sequence detector
IA)I(\I)AP 2 argmax p(b|x) = arg max p(b|x)

be{0,1} % bel

(15

isoptimal inthat it minimizesthe probability of asequenceerror
P{b # b} [44, p. 80]. Notethat b}, , € C. Similarly, the MAP
component detector

bg“%\[ AP 2 (ﬂg md.X[)(bk |X)
bre{0,1}

minimizes the probability of a component error P{?)k # bi};
it is aso known as “maximum posterior marginal/mode



(M PM) detector” (e.g., [45]). It can be shown that b\?, , 2

b(I:)I\I—\P) €C.

In pr|n0|ple both p(b|x) used in (15) and p(bx|x) used in
(16) can be derived from the joint posterior p(b, a, %y, 2 |x)
by marginalization. However, due to the high dlmenson—
aity of p(b,a,v,02|x), we will use a Monte Carlo ap-
proach [29, p. 79], [46], i.e, we will generate a sample
S 2 {(bm alm ym) G2NM - of reglizations
(b("‘),a(””),fy("‘),az(’”)) from p(b,a,v,02|x) and then
perform the detection based on this sample Note that S
depends on the observation x. The generation of S will be
discussed in Section V.

Sample-Based Sequence Detector: Using the sample S,
marginalizations are easily done by ignoring the undesired
components of each redlization (b(™, a(m) y(m) 52(™)) we
first consider the marginalization that corresponds to the mar-
ginal posterior p(b|x) underlying the MAP sequence detector
b{i\p in (15). Let (b) denote the relative multiplicity of
someb € {0,1}* in S, i.e., the number of occurrences of b
in & normalized by the sample size |S| = M. In particular,
g(b) = 0 if b does not occur in S. Let B denote the set of the
b € {0,1}* contained in S (i.e., for which ¢(b) # 0); note
that B C C due to our minimum distance constraint. If the
process generating S does not exclude parts of the support of
p(b|x), i.e., parts of C, then ¢(b) converges to p(b|x) as M
increases without bound [46, p. 5]. Therefore, the sample-based
sequence detector

BS) 2 arg max g(b) = arg max q(b)
be{0,1}¥ beB

approximates Bl(\j)AP for M sufficiently large. Note that BS) is
simply the b occurring most oftenin S.

Unfortunately, M = |S| isusually not sufficiently large; it is
much smaller than the number |C| of hypothesesb € ¢ among
which Bl(\j)AP in (15) selects the best. This meansthat ¢(b) cor-
responds to a very coarse quantization of the probability distri-
bution p{b|x) of the |C| admissible hypothesesb € C in steps
of 1 . This often leads to ties among multiple hypotheses that
s multaneously maximize ¢(b) even though their true posterior
probabilities p(b|x) are not equal (see Section VI-B).

Sample-Based Component Detector: The above problem is
avoided by the sasmple-based version of the MAP component
detector (16), which is given by

b(c)q 2 arg max q(by),

bke{o 1}

k=1,...,K.

Here, ¢(b:) is the relative multiplicity of someb;, € {0,1} in
S, i.e., the number of redizations b in S that have the |ven
b, at position &, normalized by the sample size M . Thus, b S is
theb,, € {0, 1} that themajority of therealizationsb(™) contain
at position k. If the process generating S does not exclude parts
of the support of p(b;|x), i.e., of {0,1}, then ¢(b;.) convergesto
p(br|x) as M increases without bound [46, p. 5]. Therefore, the
sample-based component detector b,(ffg is an approximation of

the M AP component detector bﬁ\,[ Ap- Thefactthat M isusually

rather small isno problem here sincethere are only two possible
hypotheses for b;,. Hence, ¢(b:.) will be a good approximation
of p(bi|x) and, in turn, b,(fzg will be a good approximation of

b\, sp- Again, Y 2 (b ... f)ﬁ?s)T isinC. Thisis because
each realization b(™) isin C, and hence, for k and k' such that
|k — k'| < dumin, noneof therealizationsb("™) can contain 1'sat
both positions & and &’. Thus, it isimpossible that the majority
of therealizationsb{"™ containal at position % and, at the same
time, themajority of therealizationsb™) containal at position
K.

However, the MAP component detector ZA),(C“?\,IAP has itself a
problem that renders it unsuitable in our context. In regarding
only one marginal p(bs|x) at atime, f)%mp ignores a signif-
icant part of the information contai ned in the joint posterior
p(b|x), which may yield counterintuitive results. In particular,
consider afixed timeinterval K of length |K| < d,i,, and sup-
pose that for a given observed x, the probability that there is
exactly one active indicator b, = 1 in K is 1. Equivaently,
Yorex p(br = 1]x) = 1 since the events b, = 1 are mu-
tually exclusive for £ € K (there may not be more than one
br = 1 in K because of the minimum distance constraint). Sup-
pose further that p(h, = 1|x) is not much larger at any of
the possible positions £ € K than at the respective other po-
sitions, so p(b, = 1]x) < 1/2 for al k& € K. This means that
p(by = 0|x) > p(b, = 1|x) for al k € K, which implies that
b 4p = 0 foral k € K, i.e, the MAP component detector
does not detect any pulsein K. Thisis clearly counterintuitive
as the probability that thereis no pulsein K is zero.

B. The Proposed Block Detector

In order to mitigate the problems described above, we con-
sider a block detector that is a compromise between the se-
guence detector and the component detector. The sequence b
is split into .J nonoverlapping blocks 3; of generally different

. . T T\ T
lengths K;,j =1,...,J,i.e,b=(8; ---8;) .Eachblock
is detected independently of the others. Thus, the MAP block
detector is given by
z A
ﬂJ MAP — aIgimax P(ﬂ x)
8,¢{0, 1} %

= arg max p(8,|x),
ﬂj GCj ’

j=1,...,J

Here, p(B;|x) is again a margina of p(b|x) and C; is the set
of all B; € {0,1}*/ conforming to the minimum distance con-
straint. The M AP block detector minimizesthe block error prob-

ability P{B # B,}. The overal detection result is obtained

by concatenatmg all detected blocks ,BJ MAP 1€, bl(\??w 2

(ﬁ1,MAP ﬂJ amap) L. Note that the MAP sequence detector
Bl(\j)AP and the M AP component detector BI(&LP arespecial cases
of the MAP block detector Bl(\]}’)AP corresponding to J = 1,
K; =KandJ = K, K; =1, respectively.

The sample-based approximation of the MAP block detector
ﬂA,,MAP is given by

5 A
Bis= arg max q(B;) = argmax q(8,).
8,€{o0, 1} 5 B,€B;



Here, ¢(B;) is the relative multiplicity of 8; € {0.1}%7 in S,
i.e., the number of b(™ in S that havethegiven 8, € {0,1}%
as the jth block, normalized by M, and B; C C; is the set
of all B, € {0,1}* that are featured by the b contained in
S (i.e, theﬂ for which q(8,) # 0). The overall detection
result is agam obtaJ ned by concatenating all detected blocks,

e, bb) (ﬁls ﬂJs) :
For the definition of the block intervals, we can exploit the

typical structure of ¢(b;) induced by the sparsity of b. Wefirst
calculate g, 2 g(br = 1), i.e, the relative multiplicity of
br = 1, a each position k£ € {1,...,K}. We have observed
empirically that, for a sparse b, and assuming that the signal
model is well matched to the problem, the sequence ¢ typi-
cally consists of long “zero intervals’ and short “nonzero in-
tervals.” That is, the intervals of positions £ where some re-
alizations contain nonzero indicators are separated by longer
intervals where no realization contains a nonzero indicator. We
propose to use these zero intervals and nonzero intervals as
blocks. Within zero intervals, ¢, = 0, which means that no
b{™) in § features a nonzero indicator b, = 1 in the interval
considered, and thus the sample-based block detector trivially
yieldsthe zero block. Nonzero intervals, on the other hand, have
gr > 0 at al positions. They are typically short enough to avoid
the problems of the sequence detector. M oreover, they are sepa-
rated from each other by the zero intervals, which reduces their
statistical dependence and thus avoids the problems of the com-
ponent detector.

The block detector will perform well if the nonzero intervals
are short (not much longer than d,,;,) and the zero intervals
are long (longer than d,.;,,). We note that Bg)) iS not guaran-
teed to be an element of S, or even of C, because the different
blocks are processed independently; only the special cases b< )
and b( ) are guaranteed to be in C. However, if ¢(b;) has the
interval structure described above, b(b is highly likely to sat-
isfy the minimum distance constraint. Also, sparsity of stb)
is ensured because all redizations b{™) satisfy the minimum
distance constraint. Conditions for ¢(b;) to feature zero and
nonzero intervals include a well-matched signal model, time-
shift compen&ation (see Section V), and a close match between

p(b,a,v,02|x) and the process generating S. In the case of
MCMC methods—see Section |V—the last condition presup-
poses convergence of the Markov chain, i.e., a long enough
burn-in period. For a given sample &, it is easy to calculate
q(br) and check if it has the desired interval structure. When
it does not, a more sophisticated detector like the sequence de-
tector proposed in [47] may be used. This detector maximizes
aspecially designed metric that is calculated from all ¢, jointly
and enforces the minimum distance constraint.

C. Estimation of Amplitudes, Pulse Coefficients, and
Noise Variance

Amplitudes: For estimation of the amplitudesa € C* given
the previously detected indicator sequence bfgb) , weideally use
the minimum mean sguare error (MM SE) estimator

Avnise = E{alx,b = stb)} - /ap(a = ASV))da'

However, calculating p(a|x, b) x p(b, a|x) by marginalization
of p(b, a,v, 02 |x) isnot feasible. A solution is again provided
by a sample-based estimator. Unfortunately, asample-based ap-
proximation of p(alx, b = b") isnot available because b\
is not guaranteed to be an element of S. We therefore condi-
tion each a,, € C only on the respective detected indicator
lffb?; € {0,1}, i.e, we consider the componentwise MM SE
estimator

i)

N A
Gk MMSE =
= /(Lkp((Lk|X,b lA)g ;)dak

Accordingly, we use a sample-based approximation of

plaglx,bi = b"%) rather than of p(ax/x,b = bY’). Note
that, in contrast to bg’), b(kb; is guaranteed to occur in S due
to our definition of the block detector in Section 111-B. The
sample-based version of a;. sk 1S then obtained as follows.
For each k € {1,..., K}, we partition the set of realization
indices {1,..., M } mto two complementary subsets M. (1)
and M, (0) Contammg all indices m. for which b{™ = 1 and
bgfm) = 0, respectively. Then, «;, is estimated as

>

meEMy (i’ib;)

A 1

. (m)
s = ———~— a,, 17
M (b))

where a{™ is the kth entry of a™ and |M(-)| denotes the
cardinality of M(-). Note that | M (b{})| # 0 because b}
occursin S. Furthermore note that b% = 0 entails az,s = 0,
because all realizations a%’") withm € M .(0) are zero; thus,

(17) has to be calculated only for those k where b} = 1.

The above sample-based componentwise estimator is com-
putationally efficient and performed well in our simulations. An
alternativeis provided by the joint conditional MM SE estimator

= 0',2“5} .

Using the Gaussianity of p(ay|x, b, 7, c?), one easily obtains

A — aro 1] ||X B Fbah”Q ||ab||2
ap MMSE = arginin — + .
a,eCs U%.S Oa

/\ —1
(FHFb + I SI) FHx

(1,

A (b> 2
ab,MMSE— {ab\Xb by =4, 02

(18)

where F,, isthe F, that correspondsto b = b ) and ¥ = 'y‘5
Note that &; mnsE Presupposes prior esti matlon of 4 and o2,
to be discussed below. In our simulations, the performance of
a, mvse Was consistently—if only slightly—Dbetter than that of
ax,s in (17). However, the complexity is higher.

Pulse Coefficients and Noise Variance: For estimation of the
pulse coefficientsy and noise variance 2, we use the sample-
based versions of the respective MM SE est| mator, i.e.,

Al M
’AYS = M Z ,y('m)7 f Z (fn m).

m=1 m=1

Un S



IV. PARTIALLY COLLAPSED GIBBS SAMPLER

MCMC methods [29], [30] are often used when the analytic
expression of a detector or estimator is too complex to be cal-
culated directly. The detector or estimator is approximated by a
sample-based scheme (as, e.g., in Section I11), where a sample
is generated by means of an ergodic Markov chain whose sta-
tionary distribution is the target distribution from which the
sample realizations are to be drawn. In this section, we first re-
view the Gibbs sampler and the PCGS and discuss their suit-
ability for problems with deterministic constraints such as our
minimum distance constraint. Then, we propose a PCGS that
exhibitsfast convergencein the presence of aminimum distance
constraint.

A. Review of Gibbs Sampler and PCGS

Gibbs Sampler: Consider arandom vector ¢ = (1 - - 9)*
€ CF, and let ¥, denote ¥ without the /th entry ¥,. (The
generalization to the case where the ¥, are themselves vec-
tors is straightforward.) To obtain realizations from the joint
distribution p(#|x)—which corresponds to p(b, a, v, o2 |x) in
our problem—the Gibbs sampler iteratively samples each 9,
from p(¥¢|#.,, x) in an arbitrary order. This strategy is known
to converge to the target distribution p(#|x), which is the sta-
tionary distribution of the underlying Markov chain [29, p. 378],
[46]. After convergence, L such sampling steps produce a new
realization ¥ from p(#|x); thiswill be referred to as one itera-
tion of the Gibbs sampler. Since the initialization may strongly
influence the first few realizations, only the realizations after
a certain “burn-in period” are used in the sample. The main
strengths of the Gibbs sampler are the generality of its formu-
lation and the fact that it circumvents the “ curse of dimension-
ality.” However, aknown weaknessisthat statistical dependen-
cies between (some of ) the¥, tend to result in slow convergence
of the Markov chain to its stationary distribution [23], [32].

PCGS. The PCGSis an extension of the Gibbs sampler that
allows the following three modifications [33].

» Marginalization. Rather than sampling only theentry . in
step ¢, some other entriesmay be sampled along with#; in-
stead of being conditioned upon. Let £(¢) C {1,...,L},
and let the vectors ¥, and ¥..(,) contain the en-
tries of ¥ indexed by £(¢) and by its complement
{1,..., L} \ L(#), respectively. Then step £ may sample
from p(ﬂc(gﬂ'ﬂwﬁ(g),x) instead of p(?9(|19Ng,X). This
can improve the convergence rate significantly, especially
when there are strong dependencies between the +%,. Note
that, in general, some £(¢) for different ¢ overlap. Within
one entire PCGS iteration, some ¥, are thus sampled
several times.

o Trimming. If a4, is sampled severa times in consecu-
tive steps, only the last value is relevant, since the other
values are never used. Such unused entries can thus be
dropped from the respective sampling distribution. We can
formulate this as follows; For any ¢ € {1,...,L — 1},
let the vector ¥, (4 contain those entries of ¥, that
are not contained in 9,41y, i.e, L*(£) = L(£)\ L(£ +
1). Then step £ may sample from p(d ;. ¢y |92, X) in-
stead of p(d;(¢)|P (¢, %), Wwhich may reduce the com-

plexity of the sampling steps. The convergence behavior is
not affected. Note that the distributions used for sampling
aregenerally nolonger conditional distributions associated
with the full joint distribution p(##|x), but conditional dis-
tributions associated with certain marginal distributions of
p(d]x).

» Permutation. It isreasonable to choosethe (arbitrary) sam-
pling order such that trimming can be performed to a max-
imum extent. After trimming, permutations are only a-
lowed if they preserve the justification of the trimming al-
ready applied.

These modifications do not change the stationary distribution
of the Markov chain [33]. The PCGS s flexibility regarding the
choice of the sampling distributions makesit applicable to many
casesin which the sampling distributions required by the Gibbs
sampler cannot be calculated analytically (see [34] and refer-
ences therein).

Deterministic Constraints: Deterministic constraints such as
our minimum distance constraint may cause slow convergence
of the Gibbs sampler and may even inhibit its convergence alto-
gether. Thisis because each of the I sampling steps constitutes
ajump along one of the axes of the L-dimensional hypothesis
space. A deterministic constraint may restrict the hypotheses
with nonzero probability to disjoint regions such that oneregion
cannot be reached from another by such jumps. Sampling sev-
eral 9, jointly, asin the PCGS, corresponds to ajump along the
linear span of the axes associated with these ;. Thus, there are
more configurations of digjoint regions in the hypothesis space
between which the sasmpler can jump. In the Gibbs sampler, the
¥ may be grouped into vectors, too, but these vectors must be
digoint. Therefore, the possible directions of the jumps are still
orthogonal to each other. The restricted hypothesis space typi-
cally demands more freedom for the jumps, which can be pro-
vided by the overlapping subvectors 4.,y that are possible in
the PCGS.

B. The Proposed PCGS

We recall that our goal is to obtain a sample & =
{(b(m).,a(m),fy(m),03,(m'))}ij:1 from the posterior distri-
bution p(b, a, v, 77 |x) x p(x|a, v, 07 )p(alb)p(b)p(v)p(a});
from this sample, the unknown parameters b, a, %, and o2
can be detected or estimated as discussed in Sections |11-B
and I11-C. We now present a PCGS—briefly referred to as
“proposed sampler” and abbreviated PS—that exhibits fast
convergence in the presence of a minimum distance constraint.
For now, we ignore the scale and time shift ambiguity inherent
to BD; amadification of the PS that accounts for this ambiguity
will be discussed in Section V. /

For agiventime k € {1,...,K}, let 7(k) 2 {k.k +
1,..., kmax(k)} denote aright-hand neighborhood of & whose
length is d(k) = d,., except when % is so close to the se-
quence end point X that less than d.;, entries are left, i.e.,
we set kyax (k) = b+ d(k) — 1 = min{k + dmin — 1, K}
and d(k) = Hlin{dmimK —k+ 1} < duin. Let bj(k> =
(bi brg1 -+ b, (v))T denote the corresponding subvector of
b,andb., () the complementary subvector. Anal ogous defini-
tions apply to a. The neighborhoods 7 (%) are special instances



of the parameter index subsets £(¢) consideredin Section IV-A.
One iteration of the PS is stated as follows.

One PS iteration

+ Sample~y from p(y|a, o2, x).
e Fork=1,....K,

— sample by, from p(bi|b.. s (k): a7 k), ¥, 02, X);

— sample ay, from p(ax|bi, bk, 8 (k). Y, Oas X).
« Sample o2 from p(o2|a,,x

Thus, a PS iteration consists of three sampling steps, where the
second step is split into K substeps. The kth substep samples
br and ay, and is equivalent to jointly sampling (b, ax) from
p(bk, a'k|b~(7(k,): AT (k)Y O',QL7 X). The PSisnot aGibbs sam-
pler because p(by, ar|b 7y, an7(k), ¥, 02, X) iS NOt @ con-
ditional distribution associated with p(b,a, v, ¢2|x). Rather,
it is a conditional distribution associated with p(b, a,v, o2 |x)
marginalized with respect to all parametersin 7 (k) without bj,
and ar.. Thus, b 7(;) and a 7 ;) are not contained in the condi-
tion for (b, ax ), which is hence sampled regardless of the pre-
vious realization of b 7 ;) and a7 (x. This difference from the
Gibbs sampler allowsthe PSto explorethe restricted hypothesis
space efficiently.

The PS is a valid PCGS, because it is the trimmed
version of a sampler that samples (b ), a7)) from
b7y, 876y Doy (k). Bug k), Y, 02.X) rather than just
(br,ar) from  p(be, ar|bug k), ang k), Y 0n, %), In the
untrimmed version of the sampler, al the sampling distribu-
tions are conditional distributions associated with the full joint
posterior. The trimming is justified because all elements of

T(k) =1k, ... kmax ()} except k itself are also contained in
TJk+1)= {k + 1,... krm(k + 1)} (cf. Section IV-A).2

The fact that p(fy\a, 02,x) and p(o2 ) do not contain
b in their conditions is not the result of trlmml ng but reflects
the fact that v and o2 are conditionaly independent of b
when a is given, i.e, p(y|b,a,02.x) = p(y|a,o2,x) and
plog|b.a,y,x) = p(o)]ay.x).

For afull validation of the PSasaPCGS, Appendix A derives
the PS from aclassical Gibbs sampler, using only modifications
that are allowed by the PCGS concept.

C. Sampling Distributions

Wewill now present closed-form expressions of the sampling
distributions involved in the PS. Detailed derivations of these
distributions are provided in Appendix B.

Pulse Coefficients: The sampling distribution for « is

p(vla, o). x) = CN (7 1, By) (19)

2Thisalso explainswhy we define 7 (k) asaone-sided neighborhood: within
(bs(x).a7(k))s (be,ar) isthe only entry that cannot be trimmed because it
is conditioned upon in the next substep. If we defined 7 (k) as a two-sided
neighborhood, supported on both sides of %, we would not be allowed to trim
the entries with indices lower than k. Thisis adirect consequence of the order
of sampling steps and substeps we choose for the algorithm, namely with % as-
cending from 1to /. If wechose arandom order of these substeps (which would
not violate the PCGS concept), no trimming could be performed at all, regard-
less of how we define [7(k); i.e., we would have to sample (b7 (x). az(x))
fromp(b T (k) AT (k) |bN T(k)s A T (k)Y (7 X) in each substep

-1
T, = ( HYAYAH + —I)
O-TL U ¥

(20)
Thanks to the moderate size of  and its jointly Gaussian pos-
terior, the entries of v can be sampled jointly. (Thisis the point
where we exploit the benefit of the basis expansion, i.e., the
lower dimensionality of ¥ compared to f.) Before-y is sampled,
A is constructed from the most recent realization of a. Simi-
larly, after v issampled, F is updated using the new realization
of v before the other parameters are sampled (see below).

Indicators: In order to obtain the sampling distribution

p(bi|b g () A7 (1) Y- 02, %) andytically, we would have

to marginalize the joint posterior p(b, a, v, o2 |x) with respect
to azy and by, ., 05, (k). While the marginalization
with respect to aj () is easlly done in closed form, we
want to avoid the marginalization with respect to the dis
crete-vaued by, ..., bp, (k). INStead, we sample b,
from p(bJ(k)|b~J(k)7awj(k)v’YvU?mX) and then use the b
contained in the sampled b (. The sampling distribution is

2
P (b Pagiy avs )Y, 0. X) X 0p exp ('l:;;' )P(b)
" (@)
with
fy = 7P ;(L)X (k), op = !
o ||F7<A3:j sl + L
(22)

Here, /) 2 x — F.y(awsm, ) consists of the
columns of F indexed by 7 (&), and F . 7 (1) isF without these
columns. We evaluate (21) for all hypotheses b 7 (xy; summing
the results yields the normalization constant which makes (21)
avalid probability mass function (pmf). In this step, we exploit
the minimum distance constraint: since p(b) in (21) contains
thefactor I (b), al hypothesesb 7, that violate the constraint
have a probability of zero. Because the length d(k) of 7 (k) is
at most dy,in, this appliesto al hypotheses b () that contain
more than one 1. Without the minimum d|stance constraint,
there would be 24(*) hypotheses with potentially nonzero prob-
ability. With the constraint, there are only d(k) + 1, namely
one which contains no 1's and d(%) which contain one 1. We
only need to evaluate (21) for these d(k) + 1 hypotheses. This
drastic reduction of the number of hypotheses is the key to the
high efficiency of the PS.

The b;, are sampled in ascending order £ = 1,..., K, and
the sampling distribution of each b, is conditioned on the pre-
viously sampled by, ..., b, 1 (contained inb.. 7(x)). Together
with thefactor /¢ (b) in (21), this guarantees that the realization
b{™) obtained after the K substepsisinC. Thus, b{™) ¢ C for
al b(™ inS.

Amplitudes: The sampling distribution for a;, is

P (0xl0r, Doy (k) 3 g (), Y, 725 X)
) ifb, =0

ith, =1 (2

- CJV(GJk=; [Lau 5—2) 5



with
flo = w} 52 = 2;
o a HﬁJI L
Here, f;, isthe £th column of F. When the sampled b, equals 1,
thenF 7 (1)b 7y = £ in (22), and thusof = 62 and pup, = fia -
This means that /i, and 52 need not be cal culated.
Noise Variance: The sampling distribution for o2 is

(24)

n

p(0i|a, ~, x) = Ig(ﬁi; E+K,p+|x— Fa||2) (25)

where, asin (12), ZG(-; &, n) denotes the inverse gamma pdf
with parameters £, 7.
D. An Alternative PCGS

An dternative PCGS, referred to as “adternative sampler”
(AS), can be formulated as follows.

One ASiiteration

« Sample~ from p(y|b, a;, 02, x).

e Fork = 1,...,K, sample b, from
p(bk|ij(k)7’YaUrQva)'

+ Sample a;, from p(ay|b, 7, 02, x).

+ Sample o2 from p(c2|b, as, v, x).

This sampler, too, is avalid PCGS. The difference from the
PS is that in the sampling substeps for the b, a is entirely
marginalized out, which is similar to the samplers proposed in
[23] and [35]. (Subsequently, a; can be sampled jointly be-
cause it is of moderate dimension and jointly Gaussian.) At
first sight, the AS appears to be a promising alternative to the
PS, because it is “more collapsed” than the PS, i.e., its sam-
pling distributions are conditioned on fewer parameters. There-
fore, the gain in convergence rate relative to the Gibbs sampler
is dightly larger than for the PS. However, the complexity of
computing the sampling distributions is)much higher. In partic-
ular, thesimpleexpression oy exp (%) in(21) isreplaced by
|2, exp(plS, ' p,), with alength-B vector p, andaB x B
matrix X, that have to be cal culated for each of thed (k) +1 hy-
potheses, each time a by, is sampled. An efficient update method
described in [23] can be used for arecursive calculation of the
relevant pmf, thus avoiding the explicit inversion of a B x B
matrix for each hypothesis. However, even in that case, the AS
is still significantly more complex than the PS.

E. Reducing Complexity

The complexity of the PS depends strongly on the number
N of hypotheses b 7 (for al k) for which the probabilities
(b7 1y [Py (k) @n (k)Y 02, X) have to be evaluated in
one PS iteration. An approximation of N can be obtained by
ignoring the reduced neighborhood lengths near the block
boundary £ = K, i.e., by assuming that all K neighborhoods
J(k), k= 1,...,K have length d,,i,. Then, each of the K’
sampling substeps of b, for & = 1,..., K requires evau-
ating p(b g (k) [b g (k) An 7 (1), Y- 05, %) i (21) fO dyyin + 1
hypotheses, and therefore, N =~ K(duin + 1). We can use

two modifications of the PS to reduce N approximately by
the factor d,,,;, + 1, so that N ~ K, without changing the
sampler results. For simplicity, we assume that % is not near
the block boundary K, which means that d(k) = dp, and
kmax(k) =k+ dmin - L.

For the first modification, assume that we sample b, = 1
a position &£. This b, = 1 will be present in the condition
of the sampling distributions of all subsequent indicators
by, k' = k+1,...,K, and it forces the next d,,;, — 1 in-
dicators to be zero. This is because the factor p(b) in (21)
assigns zero probability to all hypotheses b 7,y in which not
al bgiy1,...,bk14,,,—1 ae zero. Therefore, after sampling
b = 1, the subsequent indicators bx+1, ..., brtd,,,—1 CaN
be set to zero and the corresponding d.i, — 1 sampling sub-
steps can be skipped. This includes skipping the sampling of
Gkt 1s - - - Ohdy, —1 aNd Setting these amplitudes to zero.

The second modification applies to the complementary case,
i.e., after sampling 4, = 0. As amotivation, we note that (21)
is proportional to p(b,awj(k),'y,a,ﬂx). Here, b consists of
b and b ), which are contained in the argument and
condition of p(b 7 (k)b (k) 8m 7 (k)> ¥, 02, X) iN(21), respec-
tively. Let H;. denote the set of the d,;, + 1 hypotheses b con-
sisting of therespectiveb (i) andb.. 71 (thelatter isthe same
for al hypotheses). It can be shown—the case &' = £ + 1 will
be elaborated presently—that p(b, a.. 7 1), ¥ o5 [x) isinvariant
to a shift of the neighborhood 7 (k) to J (k') for agiven k' if
the nonoverlapping parts of b, ;) and b 7y contain only
zeros. (In that case, also the nonoverlapping parts of a. )
and a. 7(;) contain only zeros.) This means that, if someb is
contained in both H,;, and H;+ and the nonoverlapping parts of
b7 and b s contain only zeros, the probability of this
b is the same in the sampling substeps corresponding to % and
k’; thus, it has to be calculated only once.

An example for the case ¥’ = k& + 1 (corresponding to
hypothesis sets'H;, and Hy 1) isshown in Fig. 1. It is assumed
that duin = 3, so there are dyni, + 1 = 4 hypotheses in
Hi and also in Hyy1. In H; [see the left box in Fig. 1(a)],
there is one hypothesis b with al indicators in 7 (k)—i.e,
biy...,bkra, .. —1—equal to zero. The other d,.;,, hypotheses
each contain exactly one 1 in J(k). The indicators at the
remaining positions, b1,...,bx_1 and bx44,,..---,bx, ae
the same for al d,;, + 1 hypotheses. (Among them, note that
bitad,,, in particular, is equal to the respective realization
drawn in the previous sampler iteration.)

Similarly, in He41 [see the right box in Fig. 1(a)], there
is one hypothesis with al indicators in J(k + 1)—i.e,

hypotheses contains exactly one 1in 7 (k + 1). The remaining
indicators by, ...,b, and by+q4_, +1,.-.,bx arethe same for
al d,,;, + 1 hypotheses. (Among them, in particular, b, isequal
to the respective realization drawn in the previous substep.)
The following can now be verified by inspection [see
Fig. 1(b)]: If both by 4 . drawn in the previous sampler
iteration and b drawn in substep £ [highlighted by boxes
in Fig. 1(b)] are zero, then d;, of the hypotheses in Hy.1
appeared already in Hy. (In Fig. 1(b), these d,,;;, = 3 hy-
potheses are indicated by arrows.) This means that only one
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b1 b 0 1 0 bria
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Fig. 1. (a) Hypothesis sets . and H i+ for dmin = 3. White (black) nodes depict zero (nonzero) indicators. Gray nodes may be zero or nonzero, depending
on the outcome of the past sampling substeps. (b) The same, under the condition that b, 3 in"H, (left set) and by, in H .1 (right set)—both are highlighted by
boxes—are zero (white). It can be seen that d...in» = 3 sequencesin H; also appear in 7.+, asindicated by the arrows.

hypothesis is new. Therefore, p(b,a. 7)., 03|x) has to be
calculated only for one hypothesis; for all others, the values
of p(b,a. ;.70 |x) from the previous sampling substep
can be reused. (Note, however, that the values to be reused are
those of (21), i.e., before normalization.)

Therefore, after sampling b;, = 0, (21) is calculated for only
one hypothesis in substep % + 1 (unless by, 44, = 1), which
amountsto an average computation of little more than one prob-
ability per substep.3 In the complementary case, i.e., after sam-
pling b, = 1, we apply the first modification and skip dy,;,, — 1
substeps. Then, we calculate (21) for d,.,;, + 1 hypothesesin the
following substep k& + dmin. Adain, this amounts to an average
computation of approximately one probability per substep. The
effects of the two modifications thus complement each other.
When both modifications are used, the overall average com-
plexity per PSiteration, N, isreduced from about K (i, + 1)
to about K, the number of substeps.

V. RESOLVING THE SCALE AND SHIFT AMBIGUITY

A. Problem Formulation

Assuming for the moment an infinite temporal domain of z;,
ax, and fi,, we have fi x a, = f] * a}, for o}, = cayy, and

S3Theeffect of thecasedy. 14, = 1ontheoverall complexity issmall, since
b is sparse and thus contains only few nonzero entries. This meansthat the case
by = 1 occurs very rarely.

min

ft = L i, with an arbitrary amplitude scale factor c € C \
{0} and an arbitrary time shift x € Z. Provided that some v’
exists such that (Hy'), = 1(Hy);_ ., this can be expressed
astoep(Hy)a = toep(H~')a’. This equality has the following
two consequences.

First, the observation x isinvariant to amplitude scalings and
time shifts of the true a and . Thus, unless the true parame-
ters are constrained in away that uniquely defines ¢ and «, BD
methods are inherently invariant to amplitude scalings and time
shifts of the true a and . This means that the BD result may
feature an incorrect amplitude scale and time shift. In practice,
thisis not necessarily a major problem.

Second, the likelihood function in (13) isinvariant to ampli-
tude scalings and time shifts of its arguments:

Kxl|a,y,0) = CN(x;toep(Hy)a, 021) = p(x|a’,v, 07) .

Therefore, the likelihood function is strongly multimodal: in-
stead of aglobal maximum, thereisan equivalence classof com-
binations (a’, 4, o2 ) with different ¢ and « that maximizes the
likelihood. With respect to time shifts, however, the ambiguity
isrelaxed in our case because our system model does not satisfy
the two assumptions made above, namely, infinite temporal sup-
port and existence of a-y” such that (Hv');, = (H~v);_ .. Infact,
since ay, and f;, are confined to the time intervals {1,..., K}
and{—Q....,Q},respectively, sometimeshiftslead to theloss



of nonzero values a;, or f; asthey are shifted outside their re-
spective interval. In this case, the likelihood changes. Further-
more, ay’ satisfying thetimeshiftinvariancerelation (Hy');, =
(H~):—,. exactly typically does not exist; the relation can only
be satisfied approximately. This means that the likelihood func-
tion is only approximately invariant to time shifts. Therefore,
there is generally one specific time shift that fits the data best,
athough others may be almost as good.

As explained in Section 11-C, our BD method is based
on the joint posterior distribution p(b,a,y.02|x)
p(x|a,v,a2)p(a/b)p(b)p(y)p(c?), where the likelihood
appears as one of the factors. Due to the other factors, the pos-
terior is not invariant to scalings and time shifts. Nevertheless,
it usually preserves a multimodal structure similar to that of
the likelihood function. This is problematic for both phases of
MCM C detection/estimation: the generation of the sample and
the sample-based detection/estimation.

B. Scale and Shift Ambiguity in the Sampling Phase

In the sampling phase, the multimodality of the posterior
leads to slow convergence of the sampler. In fact, each a has
an “ideal partner” f with respect to scale and shift, and vice
versa. The sampling steps proposed in Section IV-B generate
new realizations of a and <y conditioned on the respective other
vector, rather than jointly. Therefore, the scale and shift param-
eters hardly change, i.e., the sampler stays within one mode of
the likelihood for many iterations. Following [23], [48], this
problem can be avoided by adding two joint sampling steps for
(b, a,+), one for shift compensation and one for scale compen-
sation. Both areinserted after thefirst PSstep, i.e., after sampling
4 (see Section 1V-B), and they use the Metropolis—Hastings
(MH) sampling algorithm [29, p. 267]. Based on the current
redlization (b, a, <), wefirst sasmpleaproposal (b’,a’, ") from
some proposal kernel 7(b’,a’,4'|b,a,«). Then, with some
acceptance probability P, we replace (b, a,y) by (b’,a’,v'),
i.e, (b’,a’,v") becomes the current realization of the sampler,
whereas with probability 1 — P, (b, a, <) remains the current
realization. Here, P is determined by =(b’.a’,4'|b,a.~) and
the stationary distribution of the sampler, p(b, a,«, o2 |x) (see
[29, p. 267] and [48] for details).

Thefirst MH sampling step isfor shift compensation and con-
sists of the following substeps.

» Sample x from a uniform distribution on {—&max, - - -,

Fmax |, denoted p(r), with some fixed fmax € N.

e Obtain a’ and b’ from a and b by means of a circular
shift by K steps, i.e., CL;{, = Q(k—r—1)modK]+1 and b;c =
b[(kfﬁfl)modK}+l .

« Sample 4’ from p(y|a’,02.x) [see (19)]. (It can be
shown that this corresponds to the proposal kernel
(b2’ ' [b.a.y) = p(y'|x. 2", 02)p(k).)

 With probability P,, replace b, a, and«y by b’, a’, and«/',

respectively. Here,
Wx|a’,02) Ie(b') }

p(x|a, o7)

P. = min {17

wherep (x|a, 02) x [E] cxp (;LEZ;I/,LY) , with u. and
Y., as defined in (20).

This shift compensation method differs from that in [23] and
[48] by the support of the uniform distribution of «, which is
{—FKmax: -+ fmax} instead of {—1,0,1}. This alows larger
jumps, which we observed to be beneficial. Another difference,
due to our different priors, is the presence of Io(b’) in the
expression of P,.

The MH sampling step for shift compensation is succeeded
by that for scale compensation, which is based on the same con-
cept and consists of the following substeps:

+ Generate ¢ = e**7¢ py sampling o from N (a;0,02)
with some fixed #2 and ¢ from a uniform distribution on
[—7, 7). (These pdf'swill be denoted by p(«) and p(¢).)

* The proposal consists of b’ = b, a’ = ca, andy’ = I,
where b, a, and « denote the realizations that were
accepted in the shift compensation step. (It can be
shown that this corresponds to the proposal kernel
m(b'.a’,¥'[b,a,v) = p(c) = e *pla)p(4).)

« With probability P., replacea by a’ and -« by 4. Here,

P, = min {1 2o LEIP(Y) W)}

p(a)p(y)
J2a 1 2
= min {17 CXp (QCM — w
O.(l
(6—2(1

Dl

After shift/scale compensation, the PS continues with the by,
sampling step, as described in Section IV-B.

C. Scale and Shift Ambiguity in the
Detection/Estimation Phase

In the sample-based detection/estimation algorithms of
Section I11, the scale and shift ambiguity causes severe prob-
lems. For example, the estimators a{le averages over the sample
S = {(blm alm) ym) 2" " which become mean-
ingless if the individual realizations (b{™), a(m) y(m) 520y
feature different scales and shifts. A method for achieving
identical scales and shiftsin all realizationsis described in [48].

V1. NUMERICAL STUDY

A. Smulation Setup

We will compare the performance of the proposed sampling
method (PS) with that of the AS described in Section IV-D. As
a performance benchmark, we also consider the following “ref-
erence sampler” (abbreviated RS) that does not exploit the min-
imum-distance constraint.

One RSiteration

+ Sampley from p(q|b, a;, 02, x).

e Fork=1,...,K,sampleb; fromp(by|bk, 7,02, x).
+ Sample a;, from p(ay|b. 7y, 02, x).

+ Sample o2 from p(a2|b, ay, 7, x).

This sampling algorithm, up to minor modifications, was pro-
posed in [23] for a Bernoulli—-Gaussian sequence ;. Note that
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Fig. 2. Resultsof detection/estimation: (a) Signa x, (b) estimatesa’, (c) esti matesf’. The results shown here are obtained after 60 iterations (PSand AS) or 1500
iterations (RS-A and RS-B). The vertical linesin (b) indicate the true a. Real parts are shown.

our signal model is different because the Bernoulli-Gaussian
prior of ay, ismodified by the minimum-distance constraint. Just
asthe PSand AS, the RSisa PCGS, not aclassical Gibbs sam-
pler, because the sampling distribution for b is a conditional
distribution associated with p(b,«, o2|x), rather than with the
full joint posterior p(b, a;, v, ¢2|x). The RS differs from the
ASin that the AS exploits the minimum distance constraint by
sampling by, from p(b|b. 7.7, 04, %). Likethe AS, the RS
requires many matrix inversions. It is much more complex than
the PS, even if the recursive inversion method of [23] is used.

We consider two versions of the RS. Thefirst, denoted RS-A,
is based on the true signal model (with minimum distance con-
straint), in which p(b) « B(b;71)Ic(b). Since the RS be-
haves like a classical Gibbs sampler with respect to dependen-
cieswithin b, it is not well suited to this prior. Therefore, we
consider also a second RS version, denoted RS-B, which (at
the cost of a model mismatch) is based on the unconstrained
Bernoulli-Gaussian model for which the RS was proposed in
[23]. We thus interpret realizations from p(b) as Bernoulli se-
quences from p(b) = B(b; 71 ), where 7, is the approximation
of E{B/K} described in Section I1-B. It can be shown that the
average distances between 1's in sequences drawn from p(b)
and p(b) are approximately identical. Consistently replacing
p(b) by p(b) and 7, by 71 in RS-A, we obtain RS-B.

We generated 100 redlizations of x from parameters ran-
domly drawn according to the priors given in Section |1-B,
using K = 1024, @ = 64, U = 5, dpiy = 30, 11 = 0.15,
o; = 10,02 = 24,¢ = 11, and np = 0.5 (the latter two
parameters provide a noninformative prior for #2). For each
realization of x, we generated four Markov chains according
to the four sampler methods. Detection and estimation were
then performed on each of the four samples as described in
Section 1Il. As mentioned in Section V, the time shift and
amplitude scale of the estimate a are arbitrary and, indeed,
usually irrelevant. Therefore, for performance assessment, we
matched the time shift and amplitude scale of each estimate a
tothetruea, i.e., we calculated the shifted/scaled version a’ of
4 minimizing ||&’ — a||?, and the corresponding shifted/scaled
f = HY .

B. Smulation Results

As an example, the result of one simulation run—corre-
sponding to one realization of x—is shown in Fig. 2. Here, the
detected/estimated sequences &’ and pulse shapesf’ = H4' of
both the PS and AS are seen to coincide with the true a and f
after only 60 iterations. The results of RS-A and RS-B after
1500 iterations are significantly worse. We note that all methods
use the joint conditional estimator &, \ivse in (18); however,
almost identical results are obtained with the componentwise
sample-based estimator ay. s in (17).

To assess the convergence rates of the various samplers,
Fig. 3(a) shows the empirica normalized mean-square error
(NMSE) of &’ versus the number of iterations. The empirical
NMSE is defined as the average (over the 100 realizations) of
|l&" — al|? normalized by the average of ||a]|%. The number of
iterations indicated on the abscissa equalsthe total length of the
Markov chain. Out of each chain, the last 20% of the iterations
were used for detection/estimation. Again, a, mvse Was used
for amplitude estimation; however, the NMSE obtained with
ay,s 1S effectively equal for AS, RS-A, and RS-B and only
about 0.3 dB higher for PS. The values of the NMSE of &’
after 60 and 1500 iterations are also given in the first two rows
of Table 1. It is seen from Fig. 3(a) that RS-A fails to produce
satisfactory results, and its error does not decrease with time.
This is easily explained by the bad match between model and
algorithm: the model features strongly dependent indicators
because of the minimum distance constraint, whereas RS-A
treats the indicators like a classical Gibbs sampler, which
performs poorly in the presence of strong dependencies. This
problem is circumvented in RS-B, since the model is adapted
to the algorithm by dropping the minimum distance constraint.
Indeed, we observe a steady decrease of the error, but at avery
low rate: after 1500 iterations, the NMSE has only decreased
by less than 2 dB. By contrast, both PS and AS achieve a
low error after about 50 iterations. This fast convergence may
appear surprising, asthe MCMC concept is based on the law of
large numbers. It can, however, be explained by the fact that the
minimum distance constraint excludes large parts of the param-
eter space that would otherwise have a honnegligible posterior
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Fig. 3. Detection/estimation performance versus the number of iterations: (2) Empirical NMSE of &', (b) normalized average error of 3 = ||b]|?, (c) empirical

NMSE of 4.

TABLE |
REPRESENTATIVE SELECTION OF SIMULATION RESULTS
PS AS RS-A RS-B
Empirical NMSE of a’ after 60 iterations —9.94 —8.12 —0.38 —0.74
in dB (cf. Fig. 3(a)) after 1500 iterations —10.89 —10.07 —0.38 —1.55
Normalized average error of B | after 60 iterations | 3.6-1072 | 3.8.10~2 | 7.5.10~2 3.5
(cf. Fig. 3(b)) after 1500 iterations | 2.9-1072 | 3.1:1072 | 8.5-1072 1.7
Computation time after 20 iterations 1.63s 14.15s 4.48s 27.26s

probability. Within the remaining parts of the parameter space,
the posterior probability isthusincreased, which leads to faster
convergence. From the superiority of the results of PS and AS
over those of RS-A and RS-B, we can conclude that the use of
the minimum distance constraint is highly beneficial.

In Fig. 3(b), we study the sparsity of the estimates a (or,
equivalently, a') by assessing the accuracy of B3 £ 16]12. More
specifically, we show the average (over the 100 realizations) of
|B — B| normalized by the average of B versus the number
of iterations. The values of the normalized average error of B
after 60 and 1500 iterations are also given in the third and fourth
rows of Table I. In RS-B, the absence of a strict sparsity con-
straint leads to very high values of B (up to 5 times the true
3) in the first iterations. After the first 10 iterations, the error
slowly but steadily decreases. In RS-A, a certain level of spar-
sity is enforced by the minimum distance constraint, leading to
anormalized error between 0.07 and 0.09 after about 10 itera-
tions. This error does not decrease with further iterations. The
sparsity achieved by RS-A may be meaningless in view of the
failed convergence of a’. By contrast, both PS and AS reach er-
rors below 0.04 after about 25 iterations.

Fig. 3(c) showsthe empirical NMSE of 4" versus the number
of iterations. Theresultsareroughly similar tothosein Fig. 3(a).
It can be seen that, in general, the error of the estimated pulse
shapes is smaller than that of the estimated sparse sequences.
Furthermore, RS-A outperforms RS-B because its realizations
of a are more sparse due to the minimum distance constraint.
However, thisis of little relevance since both RS-A and RS-B
fail to estimate a appropriately.

Onereason why RS-B converges so slowly appears to be our
choice of arelatively wide class of random pulse shapesin our
simulation. To study this issue, we generated 100 realizations

=)

=

w

L

(=]

e

w

=

< ——RS-A

] ~-RS-B |

= ——AS

5 -e-ps
e

Number of iterations (logarithmic scale)

Fig. 4. Empirical NMSE of a’ versus the number of iterations, for realizations
of x using the pulse shape described in [23].

of x from parameters drawn as described above, except that
the pulse shape was fixed, namely, the one used in [23]. The
estimation methods were not changed, i.e., they still estimated
the pulse shape rather than using the true one. Fig. 4 shows the
empirical NMSE of &’ versus the number of iterations for this
case. Itisseenthat theerror of RS-B (and also that of PSand AS)
decreases significantly faster than in Fig. 3(a). We can conclude
that many of the pulse shapes that we generated randomly are
harder to detect and estimate than the pulse shape used in [23].
Next, we illustrate the rationale of our choice of the block
detector b\ (see Section I11-B). Out of a Markov chain of
length 1000 generated by the PS, the last 200 realizations of
b were used as a sample. Within the sample, two realizations
appear 22 times and no realization appears more than 22 times.
In this case, the sample-based MAP sequence detector BS) in
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Section I11-A would fail, since the maximum g(b)(= 2%) is

achieved by two redlizations b simultaneously. As explained
in Section Il1-A, this is due to the coarse quantization of the
probability. In another simulation run, again with sample size
200, we obtained a sequence ¢, = ¢(b;, = 1) that is depicted
for k € {700,...,750} in Fig. 5. Within that interval, there
aretwo “zero intervals’ (where no realization containsa 1, and
thus ¢, = 0 in the zero intervals); these zero intervals are sep-
arated by the “nonzero interval” {733,...,737} (i.e, g > 0
forall £ € {733,...,737}). Within the sample, the following
different realizations of (b733....,b737) occurred. Out of the
200 realizations, 89 contain a 1 at position 733, 42 contain a
1 at position 734, 22 contain a 1 at position 735, 4 contain a
1 at position 736, and 2 contain a 1 at position 737. The re-
maining 41 realizations contain no 1 within {733,...,737}.
No realization contains more than one 1 within {733, ..., 737}.
Thus, at each position £ € {733,...,737}, less than half of
the 200 realizations contain a 1; therefore, the component de-
tector would not detect any 1's. In the block detector, on the
other hand, thefive positions & € {733, ..., 737} arecombined
into ablock 8 = (b733 - - - br37)T. According to the multiplici-
tiesin the sample listed above, there are six hypotheses # with
relative multiplicities ¢(8) given by 89/200, 42/200, 22/200,
4/200, 2/200, and 41/200. The maximum relative multiplicity
q(B) (89/200) is achieved by the hypothesis 8 with a 1 at po-
sition 733. Thus, the MAP block detector would detect a 1 at
position 733, which is more intuitive than the result of the com-
ponent detector.

Wefinally notethat the computational complexitiesof the PS,
AS, RS-A, and RS-B differ significantly. Exemplary computa-
tiontimesfor 20 iterations are reported in the last row of Tablel
for an unoptimized Matlab R2009b 64-bit implementation on
a2.2-GHz Intel Core 2 Duo processor. The processing time of
the ASis aimost 9 times that of the PS. This high complexity
isnot justified by a better performance, since (as shown by our
simulation results) the performance of the ASisvery similar to
that of the PS. The processing times of the RS-A and RS-B are
about 3 and 17 times that of the PS, respectively.

VIl. CONCLUSION

We studied Bayesian blind deconvolution of an unknown
sparse sequence convolved with an unknown pulse. Our ap-
proach extended the conventional Bernoulli-Gaussian prior

(modeling sparsity) by a hard minimum distance constraint,
which requires any two detected pulse locations to have a
certain minimum separation. Such a constraint is physicaly
motivated in many applications and is an effective means of
avoiding spurious detected pulses. However, the minimum
distance constraint implies strong dependencies, which lead to
slow convergence of the classical Gibbs sampler. We demon-
strated that this problem can be overcome by a new Monte
Carlo blind deconvolution method based on the recently in-
troduced PCGS principle. The proposed method exploits the
structure that the constraint imposes on the parameter space to
achieve fast convergence and low computational complexity.
Our simulation results demonstrated a significant reduction of
both the complexity and the number of spurious components
compared to a recently proposed PCGS that is not specifically
designed for the minimum distance constraint.

The proposed method can be easily generaized to inverse
problems with a minimum distance constraint that are not de-
scribed by a convolution model. Thismakesit potentially inter-
esting for many signal processing applicationsincluding signal
segmentation [49], optical coherence tomography [50], elec-
tromyography [10], [11], and electrocardiography [13], [51].
Furthermore, the minimum distance constraint itself can be gen-
eralized to a wider class of “local deterministic constraints,”
which can be exploited in an analogous way [36].

APPENDIX A
V ALIDATION OF THE PS

To validate the PS as a PCGS, we will derive it from a clas-
sical Gibbs sampler by means of marginalization and trimming
(see [33] and Section IV-A). These modifications are allowed
because they do not change the stationary distribution of the
sampler. One iteration of the Gibbs sampler is given asfollows:

« Sample+y from p(y|a, 02, x).

e Fork =1,...,K, sample (bk7 (Lk) from p(bk., (L];-,“I)N]C7

avk,Y,02,X).

+ Sample o2 from p(o2|a, ., x).

Thisisavalid Gibbs sampler, since each parameter is sampled
once per iteration and each sampling distribution is conditioned
on al other parameters (i.e., al except those being sampled).4
This concept is not compromised by the fact that some parame-
tersare sampled jointly, namely b;, and a;, aswell asall entries
of ~.

The first modification we use is a marginalization, which
leadsto asampler in which the second step of the Gibbs sampler
is replaced by the following:

 Fork =1,...,K,sample (b7, az)) from p(b 7,

a7 (k) D7 (k) A (k) Y2 T35 X)-
Here, additional parameters are sampled in each sampling step.
The sampler is no longer a Gibbs sampler, since the b, and ay,
(for al k) are now sampled several timeswithin each sampler it-
eration, in varying combinations. The choice of (b 7 (xy. a7 (1))
as a replacement of the tuple (b, a)) sampled by the original
Gibbs sampler is key to the fast convergence of the PS. On

4As mentioned in Section IV-B, b does not appear in the conditions of the
sampling distributions of ¥ and o2 because, for a given a, b is conditionally
independent of 4 and o2 .



the one hand, the subvector (b (1), a)) islarge enough so
that the parameters that strongly depend on each other (due to
the minimum distance constraint) are sampled jointly. On the
other hand, it is small enough to allow efficient sampling as
discussed below (22). Note that all sampling distributions are
till conditioned on all parameters except those sampled. Thus,
they are still conditionals associated with the joint posterior
p(b,a,7,02|x).

Next, we apply trimming to obtain the following modified
second step:

e Fork=1,..., K %u‘nple(bk ak) fromp(bk ak|ij(k)

avg(k): Y Umx)
Since some entries of (b ), azx))—namely, al except
(b, ar, )—are removed from the argument of the sampling dis-
tribution of the respective substeps, these sampling distributions
areno longer proportional to thejoint posterior p(b, a, v, o2|x).
As previously explained in Section IV-B, the trimming is justi-
fied becauseall elementsof 7 (k) = {k, ..., kmax(k)} except k
itself arealso contained in 7 (k+1) = {k+1,. .., kmax(k+1)}.
Therefore, out of (b 1), a7 ), the untrimmed sampler uses
only (b, ax) in the condition of the next substep, whereas the
other entriesareignored. (Thisistrueevenfor £ = K, trivialy,
since 7(K) = {K}.)

Finaly, joint sampling of (b, ax) can be achieved by first
sampling b, and then sampling a; conditioned on the b, thus
obtained. Thus, the following final version of the second stepis
obtained:

— sample by, from p(br.[boy k), a7 (> ¥: 0. X);

— sample ax, from p(ar|be, bog k), 2 (x). Y 05s X).
Together with the first and third steps of the Gibbs sampler, this
is equal to the PS described in Section IV-B.

APPENDIX B
SAMPLING DISTRIBUTIONS

In this appendix, we derive the sampling distributions used
by the PS (cf. Section IV-C).
Pulse Coefficients. To obtain the sampling distribution for «
in (19) and (20), we note that
wvla, o7, %) o< ga, v, 05 |x) o f(x[a, ¥, 0%) p(¥)-
We now insert (13) and (11), and obtain

x—AH~y|]? |2
p(vlac?, x)mp(_ |072|>0Xp(_ ]

n ¥

1 1
:exp( s (x— AHy)H(x— Any)fO_2 fnyy) .

n ¥

This can be rewritten in terms of p., and £, as defined in (20):

LX) o CXp ( —(v— )8 (v — )

p(v

|2
b By ey =

X exp (—(7 — )R (y - uy)) :

Finally, normalizationleadsto p(v|a, o7, x) = CN (; pty, E),

which equals (19).

Indicators: In order to derive (21) and (22), we start from

(bj(k) aj(k)|bN_7(k) A T (k)» 'y,rrn,x) N0t|ng that b is

composed of b 7y and b7 () and a is composed of a 7,
and a. 7(x), and using (14), we obtaln

p(bj(k)n AT (k) |b~J(k)7a~J(k)a'Yv Ui-, X)

X p(b/ a,”, O-Z|X)

o px[a, v, 07,) p(ab)p(b)p(v)p(o7)

o p(x|a, v, 05) Hag o) p(b).
Inthelast step, we used (7) and dropped factorsthat are constant
withrespect tob 7 () and a 7). Using (13) and again (7) yields

#Hbswyazml---)
X — Fa
X CXp ( ” I )P(aj )b x)) p(b)

= exp (_ ||5<‘7 o Fywag )| )

2
On

(26)

X { 1T P(ﬂ'k/|bk')} p(b)

k' eT(k)

wherex?® = x — F_7asx) and F 7 consists of the
columns of F indexed by 7 (k).

We now exploit the minimum distance constraint, i.e., thefact
that a7y can contain at most one nonzero entry. We will con-
sider thecases||b 71| = 1 and||bs(1)|| = 0 separately. (This
means that we may not drop any constant factors until wefind a
joint expression for both cases.) For the case [|b 7 || = 1, let
k denote the (unknown) position of the nonzero entry. Noting
that a7y = a;b 7 x) and using (8), we can write (26) as

1 |ag|”
wo2 P oz

p(bj(k:), azl-- )

7 (k 2
<xexp<— |27 % ~F 51y by | )
o2

X ’V H é"(a,k/)-l p(b)
\Jc’ej(k‘)\{fﬂ} J
F .0 b
:W}T? exp( IF 7 Jk)|| +U ja,
~ 2
+2Re{ bj(k)FHz(k>xj(k)} 7 )
(J.T?, O-Tl,

[T

X |: 6((Lkr)] p(b).
k€7 (k)\{k}

Using /4, and o as defined in (22), this can be rewritten as

pbry,azml- )
. 2
1 o —mo)? w2 ||XT®]
exp | — 2 T - 2
a O'b O-b Un

(S(akr)} p(b).

X

200

(27)

X
L

ke T (\{k}



Integrating out a7z, then yields
Kb Pug ), a7 (h) Y, Trrs X)

2

1 2 ‘Mb|
X —5 WO}, €Xp 5 —
o ot o

ESESITN

5 )p(b)~ (28)

"

For the case [|b 7 1)|| = 0, we can rewrite (26) as

wbrmy.azml--.)

( ||5<‘7('“)||2>
o CXPp —T

Integrating out a 7 (1) gives

[T éaw)|po).

k' eT (k)

2T )|
BT,
U’Il
(29)
Now according to (22), ||b )|l = 0 impliesthat 14, = 0 and
of = o2. Formally inserting these valuesinto (28) yields (29).
Therefore, (28)isvalidfor both [|b 71y [| = 1 and||b || = 0.
Finally, dropping the constant factorsi m (28) yields (recall from
(22) that 1, and o, depend on b 7 (1))

]’(bJ(k) |ij(k)v AT (k)Y o_",2” X) ocexp(—

2
H
| U‘;' ) p(b)
b
which is (21).

Amplitudes: For the derivation of the distributionin (23), we
first note that

[)([Lk“)k.b

Kb 7k [P 7 (k)s An 7 (k) Vs Tis X) X Op €XP (

~T () AT (k) Yy UTZL?X)
o P(bks k[P 7 (k) B 7 () Vs O X)

The right-hand side can be calculated by marginalizing
(b7(k) a7(k)|bN T(k): BT (k) ’Y,O' X) with respectN to all
entries of b 7,y and a7y except b, and ax: using J (k) to
denote 7 (k) \ {k}, we have

7J(CLk|bk, ~T(k)s BT (B): V> O n’ )
x Z /pbj(k)aaj(k)|b~._7(k)-,awj(k)f)'vo';zwx) da}(k)'

Tk
(30)

We will develop this expression separately for the two casesin
(23), i.e, for by, = 1 and by = 0. For b, = 1, the summation
collapses:

p(()k|bk =Lbogk)acg®), .0 a )

X Z /p bk = 1ab}(k)aa‘_7(k)|b~.,7(k)a

T

AT (k)Y 0-31,7 X) da}(k)

= /P(bk =1,b3, = 0,870 by

AT (k) Vs Uerv X) da?}(k) . (31)

This is due to the minimum distance constraint: if &, = 1, then
the only hypothesis for b Gk with potentially nonzero proba-

bility isb~,, . = 0. Our caseb, = 1,b~, . = 0 isaspecia

T (k) J (k)

case of ||b.s (x|l = 1, namely with & = k. We now recall that
an expression of p(b 7). a7 | - - .) forthecase||b gy || = 1
was givenin (27). For k = k, (27) reads

by

wexp( 1) o (Il (
(i )())

where constant factors have been dropped. Inserting this into
(31) yields

77(a'k|bk =1, bN[f(k)? AT (k)Y O-rzn X)
/ i ( |ak—ub|2> <|Mb|2>
x [exp| ———— | exp | ——
. Th b

x| J] élaw)]| p(b)da

k€T (k)

|as — Mb|2 |l1'b|2
—exp [ =P Y exp (2L ) (b
PXp< = exp p p(b)

lag — pn |
b

or, equivaently, p(ax|by = 1, bo7w),avr().7, 05, X) =
CN(ak,ub,ab) As explained below (24) dueto b = k, pp
and o} equal, respectively, ji, and 2 as given in (24). Thus,
we have verified (23) for b, = 1.

In the complementary case b, = 0, we can rewrite (26) as

),aj(k)|...)

11 mk,}

K eT (k)

7 (k)

by, azml-..)

2
RN
T(k) Tk .
2( ) Jk) §az)

a

X exp
n

x| ] plawlbe)| p(b).

k€T (k)

Inserting thisinto (30) yields

p((Lk|bk =0, ij(k> aNJ(k) v. 0’2 X)

’ o §(k>33<k>H
8(ar) Z /exp 3
J(f) "

X H plag by ) p(b)daz(k) x d(a).

k€T (k)

After proper normalization, we obtain p(ax|br = 0,b. 7 (k)
a.7(k),7 0a:X) = 6(ax), whichis (23) for b, = 0.

Noise Variance: To derive the sampling distribution for o2
in (25), we first use

Hoola. v, x) x pla,y,001x) o« p(x|a,y,02%) plol) .



Inserting (13) and (12), we obtain further

plol]a,y.x)

1 |lx — Fa|? 1
[o’e —(UVQ)K exp | — 0_3 (0_2 )§+1

X exp <—;—’2) IR+((7,‘,2L)

n

1 1+ ||x — Fa||® 2
= (o2 P (0—2 In+(07) -

Normalization then leadsto p(o2 |a,y,x) = ZG(02; E+ K, n+
|x — Fal|?), which is (25).
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