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ON APPLICATIONS OF ALGEBRAIC FUNCTION FIELDS TO CODES

Abstract

The relation between algebraic function fields over finite fields and coding the-
ory started with Goppa’s important code construction, which is nowadays called
geometric Goppa codes. He used Riemann-Roch spaces of divisors and degree one
(rational) places of a function field to write codes with good parameters.

Since Goppa’s work, interaction between function fields and codes has been in-
vestigated extensively and further applications in coding theory have been found.
The aim of this thesis is to describe two of these applications. The first is Goppa’s
idea and its generalization by Xing-Niederreiter-Lam and Heydtmann using higher
degree places of the function field. The second application is the use of number of
rational places of a function field to estimate the minimum distance of cyclic codes.
We give two examples of cyclic codes; binary Hamming and BCH codes.

Keywords: Algebraic function field, coding theory, geometric Goppa code, cyclic

code.
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CEBIRSEL FONKSIYON CISIMLERININ KODLAMA
TEORISINE UYGULAMARI UZERINE

Ozet

Sonlu cisimler iizerinde tanimlanmig fonksiyon cisimleri ve kodlama teorisi arasindaki
iliski Goppa’nin geometrik Goppa kodlar:1 olarak bilinen 6nemli gézlemiyle bagladi.
Goppa, fonksiyon cisimlerinin Riemann-Roch uzaylar1 ve bir dereceli (rasyonel) asal
bolenlerini kullanarak iyi parametrelere sahip kodlar olugturdu.

Goppa'nin calismasindan bu yana kodlar ve fonksiyon cisimleri arasindaki iligki
yogun olarak caligildi ve kodlama teorisine bagka uygulamalar da bulundu. Bu
tezin amaci ozellikle iki uygulamay1 anlamaktir. Birincisi Goppa’nin fikri ve yiiksek
dereceli asal bolenler kullanarak Xing-Niederreiter-Lam ve Heydtmann tarafindan
elde edilen genellemedir. Ikinci uygulama fonksiyon cisimlerinin rasyonel asal bolen
sayilarin1 kullanarak cyclic kod adi verilen kodlarin minimum uzakliklar1 hakkinda
sonuglara varma metodur. Burda ozellike iki kod ornegi incelenmistir; binary Ham-
ming ve BCH kodlar1.

Anahtar kelimeler: Cebirsel fonksiyon cismi, kodlama teorisi, geometrik Goppa

kodu, cyclic kod.
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CHAPTER 1

INTRODUCTION

Goppa found the so-called geometric Goppa codes ( [1]) using algebraic function
fields over finite fields. Using the Riemann-Roch theorem, one could find or estimate
the parameters of these codes. Soon after Tsfasman-Vladut-Zink ( [7]) showed that
this construction yields an improvement on the Gilbert-Varshamov bound (Theorem
5.1.91in [4]), a bound which was thought best possible by coding theorists. Since then
there has been an extensive research on possible applications of algebraic function
fields over finite fields to coding theory.

In this chapter we summarize basic notions and necessary results related to
function fields and coding theory. We do not prove any results. The reader is

referred to [6] for function fields and to [4] for coding theory.

1.1. Algebraic Function Fields

Let K be a field. An algebraic function field F/K of one variable over K is an
extension F'/K such that F is a finite algebraic extension of K (x) for some element
x € F which is transcendental over K. We will simply call F'/K a function field. The

set K := {z € F| z is algebraic over K} is a subfield of F', since sums, products and

1



inverses of algebraic elements are also algebraic. We have K C K C F. The field
K is called the field of constants of F/K. The extension K /K is a finite extension
and K is called the full constant field of F if K =K.

Example 1.1.1 The simplest example of an algebraic function field is the rational
function field F' = K(x), where z is a transcendental element over K. Any element

0 # z € K(z) has a unique representation
z=a]]pi=)™, (1.1)

where 0 # a € K, p;(x) € K|x] are monic, pairwise distinct irreducible polynomials

and n,; € Z for all 7.

If K is taken to be a perfect field, i.e. every algebraic extension is separable,
then an arbitrary function field F//K can be represented as F' = K(x,y), where
K (z) is the rational function field and y is separable over K(x). Such a function
field F//K is said to be separably generated. Note that if K is a finite field or a field

of characteristics zero, every function field F'/K is separably generated.

Definition 1.1.1 A wvaluation ring of a function field F//K is a ring O C F with
the following properties :
() KCOCF,

(ii) for any 2 € F, z€ O or 271 € O.

A valuation ring O of F//K is a principal ideal domain. In fact, O is also a local
ring, i.e. a ring which has a unique maximal ideal. This unique maximal ideal is,

clearly, the set {z € O | z € O*} where O* denotes the group of units of O.

Definition 1.1.2 A place P of the function field F'/ K is the maximal ideal of some
valuation ring O of F//K. Any element ¢t € P such that P = tQO is called a prime

element for P.

We denote the set of places of a function field F'/K by Pp. This set is known
to be an infinite set for any function field. Furthermore, a valuation ring O and a

place P of F//K uniquely determine each other with the following relation:

2



for0£zeF,xeP < 271 ¢0.

Therefore, the valuation ring associated with the place P € P is denoted by Op.
Another notion which is in one to one correspondence with valuation rings, and

hence with places, of a function field is the so-called discrete valuation.

Definition 1.1.3 A discrete valuation of F/K is a function v : FF — Z U {00}
with the following properties :

(i) v(z) = 00 <= x = 0.

(ii) v(zy) = v(x) + v(y) for any z,y € F.

(#i) (Triangle inequality) v(xz + y) > min{v(x),v(y)} for any =,y € F.

(iv) There exists an element z € F' with v(z) = 1.

(v) v(a) =0 for any 0 # a € K.

Triangle inequality becomes an equality in some cases.

Lemma 1.1.1 (Strict Triangle Inequality) Let v be a discrete valuation of F'// K
and z,y € F with v(z) # v(y). Then

o(x +y) = minfu(x), v(y)}. (1.2)

Now we will see how to relate discrete valuations and valuation rings (or equiv-
alently places). If ¢ is a prime element for P, then every 0 # z € F has a unique
representation z = t"u for some u € O} and integer n. The number n is independent
of the prime element chosen. Hence, we define vp(2) = n. It is not difficult to see
that this function is a discrete valuation . Conversely, let v be a discrete valuation
of F/K. The set {z € F|v(z) > 0} determines a place P of F//K. Corresponding
valuation ring Op is {z € F| v(z) > 0}. Therefore, discrete valuations, valuation

rings, and places of a function field are in one to one correspondence.

Example 1.1.2 If F'//K is a function field, where K =K , then note that any
0 # k € K is contained in O} for any P € Pr. Therefore, k = t°k is the unique

representation mentioned above. Hence, vp(k) = 0, for any P € Pp and any

ke K —{0}.



For a valuation ring Op, the quotient ring Op /P is a field, since P is maximal
in Op. This field is denoted by Fp and it is called the residue class field of P. For
an element z € Op, we denote the coset z + P € Op /P by z(P). For z € F' — Op,
we set z(P) = oco. Hence, we have a map from F to Fp U {oo} via the assignment
z — z(P) for any z € F. Under this map, K C Op is mapped injectively into Fp,
i.e. there exists an isomorphic copy of K in Fp. Therefore, Fp can be viewed as a

K-vector space. In fact, Fp is a finite dimensional vector space over K.

Definition 1.1.4 For a place P of F/K, the degree of P is defined by
deg P= dlmK FP.

Definition 1.1.5 Let 0 # 2z € F and P € Pr. We say that P is a zero of z of order

m if vp(z) =m > 0 and P is a pole of z of order m if vp(z) = —m < 0.

For a nonzero element x € F', there are finitely many zeros and poles. Note that
there are, in fact, no zeros or poles for an element 0 # k € K, by Example 1.1.2. We
try to explain the meanings of these fundamental concepts for the simplest function

field, that is the rational function field.

Example 1.1.3 Let F' = K(x) be the rational function field over K. It is clear
that K is the full constant field of K(z)/K since every element in K(x) — K is

transcendental over K. For any monic, irreducible polynomial p(x) € K|[z], there is

an affine place P,y of K(x) defined by

Py = { 23] 0)0t0) € KELate) | F0) @) o)} (13
Its corresponding valuation ring is given by

O = { L] 110).9t0) € Kal,pto) ot (1)

g(x)
We can describe the corresponding discrete valuation vp for P = P,y € Pg(y) as
follows: Note that p(z) is a prime element for P,,). Any z € K(z) — {0} can
be uniquely written as z = p(x)"(f(x)/g(x)) with n € Z and f(x),g(z) € K|z]
both of which are not divisible by p(x). Then vp(z) = n. The residue class field

4



K(z)p = Op/P of P is isomorphic to Kz]/(p(z)). Therefore, deg P = deg(p(z)).
If p(z) is linear, i.e. p(z) = x — « for some a € K, we denote its affine place by
P,. In this case the degree of P = P, is one. Another place of the rational function

field K (x) is the infinite place which is

()
P = {L0] f0).900) € Klal des(f(0) < denlo() |- (19

Valuation ring O of the infinite place P,, can be described by

_ [ 1)
O = {@‘ f(x),9(x) € Klz], deg(f(x)) < deg(g(x))}- (1.6)

The element 1/x is a prime element for P,,, and corresponding discrete valuation v,
for the infinite place is given by vo.(f(x)/g(x)) = deg(g(x)) — deg(f(x)). Another
fact is that deg P, = 1. All places of the rational function field K (x)/K are only the
infinite place P, and the affine places P,y for irreducible polynomials p(z) € K|x].
Therefore, the set of degree one places of K(x)/K is in one to one correspondence

with K [ J{oo}.

From here on F//K will always denote an algebraic function field of one variable
such that K is the full constant field of F//K, unless otherwise specified. We will
further assume that K is a perfect field. For our interests later, K will be a finite

field which is perfect.

Theorem 1.1.2 (Weak approzimation Theorem) Let F'/K be a function field,
Py, P, ..., P, be pairwise distinct places of F/K |, 1,29, ...,x, € F and 1,79, .7, €
Z.. Then there exists x € F such that

vp(x —x;) =r; for i=1,2,....n (1.7)

Definition 1.1.6 The (additively written) free abelian group which is generated
by the places of F'/K is denoted by Dr and it is called the divisor group of F/K.
The elements of D are called divisors of F//K. In other words, a divisor is a formal

Ssui
D= n,P (1.8)

where np € Z and np = 0 for almost all P € Pg.
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For Q € Pp and D = ) pp, 1, P, we define vg(D) = nq. Note that vg(D) =0
for almost all () € Pr, by definition of a divisor. This allows us to define a partial
order on the divisor group D via the relation Dy < Dy < vp(D;) < vp(D3) for
all P € Pr. We call D € Dg a positive divisor if D > 0. We extend the notion
of degree of a place to the divisor group by setting deg D = deg(}_pcp, npP) =
> pep, pdeg P =3 pcp vp(D)deg P. Note that deg D is an integer.

We know that a nonzero element x € F' has finitely many zeros and poles. Denote
by Z (respectively N) the set of zeros (poles) of z in Pr. Then we define the zero

divisor of x by

(x)o = Y _wp(x)P, (1.9)

pPez

and the pole divisor of x by
(@)oo == Y —vp(x)P. (1.10)
PeEN
Note that both (z)p and (z). are positive divisors. Finally, we define the principal
divisor of x € F' by

() = ()0 — (T)oo- (1.11)
An important fact is that deg(z)y = deg(z)oo = [F : K(2)] < o0, if z € F — K.
This means that any nonconstant function has as many poles as zeros, counted with

multiplicities. For a nonzero constant function k € K, (k)o = (k) = (k) = 0 by

Example 1.1.2. We now associate an important space to a divisor of F/K.
Definition 1.1.7 For a divisor A € Dy we set
L(A)={ze€F| (z) > —-A}U{0}. (1.12)

L(A) is a finite dimensional K-vector space for any A € Dp. It is called the
Riemann-Roch space of A and we define the dimension of a divisor to be dim A :=
dimg L(A). If deg A < 0, then we have dim A = 0. It is also easy to see that
dim 0 = 1. Calculating the dimension of a divisor is a difficult problem in general.
The main tool for this is the Riemann-Roch Theorem, which will be stated after

more preperation.



Definition 1.1.8 The genus of F/K is defined by
g(F) = max{deg A —dim A+ 1| A € Dr}. (1.13)

The genus of the rational function field is zero. In general, genus is a nonnegative
integer (if A =0, then deg A =0 and dim A = 1). The following genus formula for

the so-called Artin-Schreier extensions will be used in Chapter 3.

Proposition 1.1.3 Let F' = Fym(z,y) be defined by y! —y = f(x), where m > 1
and f(z) € Fym[z] such that ged(deg f, charF,) = 1. Then the genus of F is

(q—1)(deg f — 1)
> .

Here, we also mention a result of great importance which will be used in Chapter 3.

Theorem 1.1.4 (Hasse- Weil Bound) Let F be a function field over F, of genus
g and let N denote the number of rational places of F'. Then

[N = (g+1) <294

For any A € Dp, the quantity i(A) = dim A —deg A + g — 1 is called the index
of speciality of A. Index of speciality of a divisor of a function field is always a

non-negative integer.
Definition 1.1.9 An adele of F'//K is a mapping

a:Pr— F

P~ ap

such that ap € Op for almost all P € Pg.

An adele can be regarded as an element of the direct product [] pep, P - We
will use the notation o« = (ap)pep, for an adele. The set of all adeles of F/K
forms a K-vector space and it is called the adele space of F'/K, and denoted by
Ap. The principal adele of an element x € F is defined to be the adele all of

whose components equal to z. This way we can view F' as a subspace of Ap.
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Embedding of F' into Ap this way is called the diagonal embedding. We can extend
the valuation vp to Ap by setting vp(a) := vp(ap). For any A € Dp, the set
Ap(A) :={a € Ap|vp(a) > —vp(A) for all P € Pr} is a K-subspace of Ap.

Definition 1.1.10 A Weil differential of F/K is a K-linear map w : Ap — K
vanishing on Ap(A) + F for some divisor A € Dp.

The set Qp := {w | w is a Weil differential of F//K} is called the module of Weil
differentials of F'/K. Note that Qp is a K vector space. For A € Dr we let

Qp(A) :={w € Qp |w vanishes on Ap(A)+ F}
It is easy to see that Qp(A) is a K-subspace of Qp.

Lemma 1.1.5 For A € Dy we have
dim Qp(A) =i(A). (1.14)
The following definition gives Q2r the structure of a vector space over F.

Definition 1.1.11 Forz € F, o € Ar and w € Qp we set
(2w)(a) = w(za) (1.15)

where (za) denotes the adele obtained by multiplying each component of a by

z e F.

For any Weil differential w of F//K there exists unique divisor (w) of F'/K such
that for every divisor A € Dp with A < (w), w vanishes on Ap(A)+ F. This unique
divisor called the canonical divisor of w. It follows immediately from this definition
that Qp(A) ={w € Qp |w =0or (w) >A} for A € Dp. The degree of a canonical

divisor is 2g — 2, and the dimension is g.

Theorem 1.1.6 Let A be an arbitrary divisor and W = (w) a canonical divisor of

F/K. Then the mapping

a: LW —A) — Qp(A)

r = Tw



1s an isomorphism of K-vector spaces.

Now we can state one of the most important theorems in the theory of algebraic

function fields.

Theorem 1.1.7 (Riemann-Roch Theorem) Let W be a canonical divisor of

F/K. Then for any A € Dg, we have
dimA =degA+1— g+ dim(W — A). (1.16)

Note that dim A > deg A+1— g in general. It follows that if deg A > 2g —1 then
dim A = deg A+1—g. This is because deg(W — A) < 0 and hence dim(W —A) = 0.
In the following definition another embedding of the F' into Ap will be introduced
apart from the the diagonal embedding defined before. This leads to the definition

of a local component of a Weil differential.

Definition 1.1.12 (a) For x € F, let ip(x) be the adele whose P-component is z,
and all other components are 0.

(b) For a Weil differential w € Qp its local component at P is defined as

wp:F — K

x +— w(ip(x))

Lemma 1.1.8 Let w € Qp and a = (ap) € Ap. Then wp(ap) # 0 for at most
finitely many places P, and
w(a) = Z wp(ap) (1.17)
PcPp

In particular,

> wp(1)=0. (1.18)

PePr

The following is a useful lemma second part of which says that a Weil differential is

uniquely determined by any of its local components.



Lemma 1.1.9 (a) Let w # 0 be a Weil differential of F/K and P € Pr. Then
vp(w) =max{r € Z |wp(x) =0 for all x € F with vp(x) > —r}. (1.19)
(b) If w,w' € Qp and wp = wp for some P € Pp, then w = w'.

Now we define algebraic extensions of function fields. We call a function field
F'/K’ an algebraic extension of F/K if F' O F is an algebraic field extension with
K' D K. If [F": F] < oo, this algebraic extension is called a finite extension. For
any finite extension, we have [K’ : K| < co. Let P € Pr and P’ € Ppr. If P C P,
then a place P’ € Pp is said to lie over P € Pr. We also say P’ is an extension of

P or P lies under P" and we denote this relation by P’ | P.

Theorem 1.1.10 Let F'/K' be an algebraic extension of F/K. Let P (respectively
P’) be a place of F/K (respectively F'/K') and let Op C F' (respectively Opr C F')
be the corresponding valuation ring. Suppose that vp, vp: are corresponding discrete
valuations. Then the following are equivalent:

(a) P'| P.

(b) Op C Op.

(c¢) There exists an integer e > 1 such that vp/(x) = evp(x) for all x € F.

If P'| P, we have P = P'NF and Op = Op: N F. An important fact is that any

place P € Pr has finitely many places in Pp: over it.

The number in part (c) can be defined as follows: If ¢ € F'is a prime for P, then
e=vp(t).
Definition 1.1.13 Let F’/K’ be an algebraic extension of F'/K, and let P' € P,
be a place of F'/K’ lying over P € Pp.
(i) The integer e(P'|P) := e with vp(z) = evp(z) for any = € F is called the
ramification index of P’ over P.

(ii) f(P'|P) := [F} : Fp] is called the relative degree of P’ over P.

An important fact related to the numbers e and f is:

Y e(P | P)(P'| P)=[F : F].

P'|P

10



The ramification index e(P’|P) is an integer which is greater than or equal to 1. We
say that P’|P is unramified if e(P'|P) = 1. Otherwise, i.e. e(P’|P) > 1, we say P'|P
is ramified. We say that P is ramified (respectively, unramified ) in F’/F if there
is at least one P’ € Pr over P such that P’|P is ramified (respectively, if P'|P is

unramified for all P’|P). P is totally ramified in F'/F if there is only one extension
P’ € Pp of P and the ramification index is e(P'|P) = [F' : F|. The following

definition allows us to define homomorphism from divisor group Dp to Dy

Definition 1.1.14 Let F'/K' be an algebraic extension of F/K. For a place

P € Pp, we define its conorm by

Cong p(P) =Y e(P" | P)P. (1.20)

P'|P

The conorm map can be extended to homomorphism from Dp to Dy by setting:

ConF//F(anP) = anC’OnF//F(P) (1.21)

Now we will associate any Weil differential of F'//K with a Weil differential of
F'/K', where F'/F is finite separable extension. For this we need to consider the
set A /p = {a € Ap | apr = ayp whenever P'NF =Q NF}. This setisa F'
subspace of Aps. Note that trace mapping T'rps /p : F " — F is nondegenerate since

F'/F is separable. This map can be extended to Apip as

(Trp jpla))p = Trpplap) (1.22)
for a € Ay JF where P’ is any place lying over P.

Theorem 1.1.11 In accordance with the definition above, for every Weil differen-

tial w of F/K, there exists a unique Weil differential w' of F' /K  such that

’

Tr kw (@) =wrp pla) for al o€ App (1.23)

This unique Weil differential is called the cotrace of w in F'/ F, and denoted by

Cotrp p(w). The map Cotrp  p(w) can be constructed explicitly . For this, let’s
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consider the dual space K* = {p: K — K | ¢ is K-linear} of K  over K. If we set
Mo(u) = (M) for ¢ € K* and A\, u € K', then K* is a K -vector space of dimension
L. Ty 1s also an element of K. So we can regard it as a K "basis for K*, which
implies that there exists a unique A € K such that ¢ = N7 e /K- Keeping this
fact in mind, we can state the following lemma which gives explicit construction of

Cotrace.

Lemma 1.1.12 Let F'/K' be a finite separable extension of function field F/K,
and consider w € Qp. Define wi = wolrp p + App — K and wy : A —
K such that wy(a') = wy(a) where & = a + § such that o € Ap g and €
Ap (Congr jp((w))).  For o € Ap define o € K* by o (1) = wy(ua') where
pe€ K. Let \y € K' such that o, = A LTy e Then

CotrF//F(w)(al) =\ (1.24)

Now we define constant field extensions of function fields. For this we consider
the function field /K where K is assumed to be perfect. Let K’ /K be an algebraic
extension. The compositum F' := FK is a function field over K, and it is called

the constant field extension of F//K.

Lemma 1.1.13 Let F = FK' be an algebraic constant field extension of F/K.
Then we have:
(a) K' is the full constant field of F'.
(b) Any subset of F that is linearly independent over K remains so over K'.
(c) [F:K(x)]=[F: K (x)] for any v € F\K.
Next theorem states some of the most important properties of constant field

extensions.

Theorem 1.1.14 In an algebraic constant field extension F = FK' of F/K, the
following holds:

(a) F'/F is unramified, that is, e(P' | P) =1 for all P € Pp and all P | P.

(b) F'/K' has the same genus as F/K.
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(c) For any divisor A € D, we have deg(COan/Kf (A)) = degA.
d) If W is a canonical divisor of F/K then Cong (W) s also a canonical divisor
(d) FF
of F'/K'.
e) The residue class field F., of any place P' € P, is the compositum FpK', where
P F
P=PnNF
(f) For any w € Qr we have Conp p((w)) = (Cotrp jp(w)).

When the base field is finite, we have:

Lemma 1.1.15 Consider a function field F/F, and let F, = FF,/F, be a con-
stant field extension of F/F,. Then, for any place P € Pg of degree m, we have
Cong,/p(P) = Py + ...+ Py with d = ged(m, r) pairwise distinct places P; € P, and
deg P, = m/d.

An extension F'/K' of F/K is said to be Galois if F'/F is a Galois extension
of finite degree. The following lemma is about the action of automorphisms in

Gal(F'/F) on the places of the function field F' /K.

Lemma 1.1.16 Let F' D F be an algebraic extension of function fields, P € Pg
and P € P with P' | P. Consider an automorphism o of F'/F. Then o(P') =
{0(2) | z € P’} is a place of F', and we have

(0) 0y )(f) = 0pr (07 (f)) for all f € F

(b) o(P)| P

(c) The Galois group acts transitively on the set of extensions of P, i.e. if Pi, Py €
P such that Py | P and Py | P, then Py, = o(Py) for some o € Gal(F'/F).

We finish the introduction of algebraic function fields with the notion of differ-
entials and how these are related to the notion of Weil differentials. For this we

begin with the following definition.

Definition 1.1.15 Let M be a module over F. A mapping ¢ : F' — M is said to
be a derivation of F/K if ¢ is K-linear and satisfies the product rule:

d(uv) = ud(v) +vé(u), for any wu,v € F. (1.25)
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An element z € F is called a separating element of F/K if F/K(x) is finite
separable extension. The following lemma helps us to determine whether an element

of a function field is separating or not.

Lemma 1.1.17 Let F/K be a function field where K is a perfect field of charac-
teristic p. Then any element z € F satisfying vp(z) # 0 (mod p) for some place
P € Pr is a separating element of F/K.

Suppose z is a separating element of F'//K and that 41,02 : F' — F are derivations
of F/K with 6;(x) = d2(x). Then d; = s, i.e. a derivation is uniquely determined
by its value on a separating element. For any separating element x of F'/K there
exist a unique derivation § : F' — F such that §(x) = 1. This unique deriva-
tion of F'/K is called the derivation with respect to x and denoted by J,. The set
Derp :={n: F — F | nis aderivation of F//K} is called the module of derivations
of F/K. For ny,my € Derp we define

(m +m)(2) :=m1(2) + m2(2) and (um)(z) :=uni(2) for ny,m2 € Derp, z,u € F.

For any separating element x of F/K and n € Derp, we have (n(x)d,)(z) =
n(x)d.(x) = n(x). So Derp is a one dimensional F- module. Furthermore, if z and
y are two separating elements of F//K, then §, = 0,(x)d,. This is called the the

chain rule. Now the notion of the differential follows.

Definition 1.1.16 (a) On the set Z := {(u,z) € F' X F | x separating } we define
a relation ~ by

(u, ) ~ (v,y) <= v =udy(z). (1.26)

By the chain rule, ~ is a equivalence relation.
(b) The equivalence class of (u,x) with respect to ~ is called a differential of F/K
and denoted by udz. We denote the equivalence class of (1, z) simply by dz.

Let Ap :={udx | u € F and = € F is separating} be the set of all differentials.

For a separating element ¢ € F' and udx,vdy € Ap, we have udxr = (ud;(x))dt and
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vdy = (v (y))dt. So, we define:

udzr+udy = (udy(x)+vd(y))dt and z(udr):= (zu)dx for udr,vdy € A, z € F.

By these definitions, /A turns out to be an F-module. In fact, A is a 1-dimensional
F-module just like Qp.

We have defined the notion of discrete valuation of a function field in Definition.
1.1.3. We can define a discrete valuation on any field F. In general, it is a map
v: F — Z U {oco} satistying properties (i)-(iv) in Definition. 1.1.3. Given a field F’
and a discrete valuation v on F; we call the pair (F,v) a valued field. We say that
a sequence (z,),>0 € F'is convergent if there exists an element x € F' such that for
any ¢ € R there is an index ng such that v(z —x,) > ¢ whenever n > ng. A sequence
(Tn)n>0 is called a cauchy sequence if for any ¢ € R there is an index ng such that
v(Zy, — x,) > ¢ whenever n,m > ngy. It can be easily verified that if a sequence is
convergent, then its limit is unique. Also, all convergent sequences are cauchy but
the converse is not true in general. A valued field is said to be complete if all cauchy
sequences are convergent. The valued field (F ,0) is said to be a completion of the
valued field (F,v) if
(a) ' C F and v is restriction of @ to F,

(b) F is complete with respect to ,
(¢) F is dense in F.

It can be shown that a completion can be found for every valued field (F,v). For
a place P of a function field F)/K, (F,v,) is a valued field. The completion of F
with respect to v, is called the P-adic completion of F'. We denote this completion

by Fp and the valuation of Fp by vp.

Theorem 1.1.18 Let P € Pg be a place of degree one and t € F be a P-prime

element. Then any element z € Fp has a unique representation of the form

z= Zaiti with n€Z anda; € K. (1.27)

=n

This is called the P-adic power series expansion of z with respect to t.
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Conversely, if (¢;)i>n is a sequence in K, then the series Y .o ¢;t" converges in

F s and we have

'Up(ZCiti) = min{i | ¢; # 0}. (1.28)

Definition 1.1.17 Assume P is a place of F'/K of degree one, and let t € F' be a

o
i=n

P-prime element. If z € F has the P-adic expansion z = Y .- a;t' with n € Z and

a; € K, we define the residue of z with respect to P and t by
respi(z) = a_y. (1.29)

Likewise, we can define the residue of a differential w € Ar with respect to a place
P of degree one. For this, we choose a P-prime element t € F' and write w = udt
with v € F'. Note that we can write w in this form since Ar is a one dimensional

F-module. Then we define residue of w at P by
resp(w) = resp(u). (1.30)
It is easy to see that (1.30) is independent of the choice of prime element ¢ for P.

Lemma 1.1.19 Consider the rational function field K(x). There exists a unique

Weil differential n € Qg (r) with (n) = —2Ps and np, (z7') = —1.
Now we will consider the map 0 : F' — Qp which is defined as

0: F — Qp (1.31)

= 0(),

where 6(x) = Cotrp/k ) (n) for a separating element x of F/K and §(x) := 0 if x is

not a separating element.

Theorem 1.1.20 Let F'/K be an algebraic function field over the perfect field K
and x € F' be separating element. Then

(a) The map § defined above is a derivation of F/K.

(b) The map
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o AF — QF
zdr — zd(x)
is an isomorphism of differential module Ar onto Qp.

As a consequence of this theorem, we can identify the differential module Ap
with the module Qg of Weil differentials of F// K, where K is a perfect field. So any
differential w = zdx € Ap is the same as the Weil differential w = zd(x) € Qp,

where x is separating, z € F, and ¢ is defined as in (1.31).
1.2. Coding Theory

Let IF, be a finite field with g elements. We consider the n-dimensional vector

space F7. For a = (a1,as, ....,a,) and b = (b, by, ..., b,) € Fy, let
d(a,b) =| {i|a; # bi} | - (1.32)
This is called the Hamming Distance on Fy. We define the weight of a € Fy as
w(a) =| {i | a; # 0} |= d(a,0). (1.33)

A g-ary linear code C' is a linear subspace of . Elements of C' are called
codewords. We call n the length of C'and dimg, C' the dimension of C'. The minimum

distance d(C) of a code C # 0 is defined as
d(C) = min{d(a,b) | a,b € C, a # b} = min{w(c) | ¢ # 0}. (1.34)

So, an [n, k, d] code is a code with length n, dimension & and minimum distance d.
The dual code of C, denoted by C+, is the orthogonal of C' with respect to the

usual inner product on Fy, i.e.

Ct={(a1,...,a,) € F} | Zaici =0 for all (¢q,...,¢,) € C}.
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Obviously, dim C+ = n — dim C.
The weight distribution of an [n, k] code is the (n+1)—tuple (Ao, ...A,) given by

A =|{ceC|w(c)=1i}|.

It is often given by a polynomial W (X) € Z[X]| which is called the weight enumer-

ator :
We(X) =) AX'
i=0

The following theorem gives a relation between the weight distribution of the

codes C' and its dual C*.

Theorem 1.2.21 (The MacWilliams Identity) Let C be a q-ary code of length
n with weight enumerator We(X). Then,

1—-X

X)=q¢*1 - 1H)X)" —_— ).

Wer (X) = a0+ (0= D" We (%)

A g-ary linear code C of length n which is closed under cyclic shift is called a

cyclic code, i.e.
(coy ey Cna1) € C = (1, €0y ooy Cn2) € C.

In general, one assumes that ged(n,q) = 1. Note the following F -linear isomor-

phism:

Under this correspondence, a cyclic code can be viewed a subset of R. In fact, it
is an ideal in the quotient ring. Since R is a principal ideal ring, C' has a unique
generating polynomial g(x), called the generator polynomial of C'. An important

fact is that dim C' = n — deg(g(t)).

18



CHAPTER 2

GENERALIZED GEOMETRIC GOPPA CODES

In this chapter, we will first present Goppa’s construction [1] of the codes using
algebraic function fields. In his construction, Goppa used rational places. The codes
could be defined both in terms of Riemann-Roch spaces or spaces of Weil differen-
tials. Later, the notion of generalized geometric Goppa codes were introduced by
Xing-Niederreiter-Lam [9] using places of arbitrary degree, and Heydtmann [2] in-
vestigated the duals of the generalized codes. These works are explained in Sections

2 and 3.

2.1. Geometric Goppa Codes

We refer to Section I1.2 in [6] for the proofs of the results in this section. We fix
some notation:
F/F, is an algebraic function field of genus g,
Py, P, .., P, are pairwise distinct rational places of F'/F,
D=P +P.. +PF,
G is a divisor of F/F, with SuppG N SuppD = 0,
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Now we consider the map

a: L(G) — Ty (2.1)

Since f € L(G) and SuppG N SuppD = 0, vp,(f) > 0 and this definition makes
sense. The image of « is called Geometric Goppa Code associated with the divisors
D and G. It is denoted by CL(D,G). One can calculate its parameters k and d by

means of Riemann-Roch theorem (Theorem 1.1.7).
Theorem 2.1.1 C(D,G) is a g-ary [n, k,d] code with parameters
k =dim G —dim(G — D) and d > n — degG. (2.3)
If deg G < n then the map o in (2.1) is injective and
k=dimG > degG+1—g. (2.4)

Furthermore, k = degG +1— g if degG > 2g — 1.

Another code associated with the divisors G and D is introduced now. Let G
and D = P, + P+ ...+ P, be divisors as before. Then the code Cq(D, G) is defined
as

Co(D,G) = {(wp(1),wp,(1), ywp, (1) |w € Qp(G — D)}, (2.5)

The following theorem is analogous to Theorem 2.1.1.
Theorem 2.1.2 Cq(D,G) is a g-ary [n', k', d] code with parameters
k' =i(G — D) —i(G) and d > degG — (29 — 2). (2.6)
If deg G > 2g — 2, then we have
k' =i(G—D)>n+g—1-degG. (2.7)

Furthermore, k¥ =n+¢g—1—degG if 2g — 2 < deg G < n.
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There is a close relation between Cq(D, G) and CL(D, G), which is that they are

dual to each other with respect to canonical inner product on . That is,
CL(D,G) = Cqo(D,G)*. (2.8)

Furthermore, Cq(D, G) can be written as Cr(D, H) for a suitable divisor H. The

following lemma states how we choose H.

Lemma 2.1.3 (a) Let F//K be an algebraic function field. Then there ezists a Weil
differential n such that vp,(n) = —1 and np,(1) =1 for i =1,2, ... n.
(b) If n is the Weil differential as above and H = D — G + (1), then

Co(D,G) = CL(D,G)* = CL(D, H). (2.9)

2.2. Generalization

In order to define the generalization of geomtric Goppa codes, we first need to
extend the notion of a code, which was defined in Chapter 1, Section 2.

Let F, be a finite field with ¢ elements, and ki, ..., k,, be natural numbers. Let
[T Fx denote the cartesian product of extensions of F,. A code C' (over a mized
alphabet) is an F - subspace of [[\_, F . The length of C'is n and the dimension &
of C is dimp, C. Note that £ > n could happen in this case, unlike the situation in
the usual linear codes. For a = (ay, ..., a5),0 = (b1, ...,bn) € [[}_; Fri, we define the
distance of a to b by

d(a,b) =| {i| a; # bi} |,
the weight of a by
w(a) =[{i| ai # 0} |,

and the minimum distance of C' by
d = min{w(a) | a # 0}.
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Note that when k1 = ky = ... = k,, = 1, all these definitions reduce to the case of the
usual linear codes over IF,. The context will make it clear whether we are dealing
with a code in the sense of Chapter 1 or as above (over a mixed alphabet).

We have seen in the previous section that classical geometric Goppa codes are
constructed via rational places of a function field. Unlike these codes, generalized
geometric Goppa codes are constructed using places of arbitrary degree of a function
field F'//K. Before the construction, let’s fix some notation which will be valid for
the rest of this chapter:

F/F, is an algebraic function field of genus g,

Py, P, .., P, are pairwise distinct places of F'/F,,
ki = degP; for 1 < i <n,

D=P +P...+ P,

G is a divisor of F/F, with SuppG N SuppD = 0.

Now we define generalized geometric Goppa code as follows.

Definition 2.2.1 The image of the following map is called a generalized geometric

Goppa code associated with the divisor D and G.

n

a:L(G) — []Fpx (2.10)
f e (PP, F(P) (2.11)

Note that this definition makes sense: for f € L(G), we have vp,(f) > 0 because
suppG N suppD = (), and for a place P of F of degree k; and a function f € F
with v,(f) > 0, the residue class f(P) of f in the residue class field of P can be
associated with an element of F ;. The image of « is obviously a I, vector space.
The following lemma states the parameters of this code. Note the similarity of the

results to those of Theorem 2.1.1.

Lemma 2.2.4 C(D,G) is an [n,kr,dr]| code with the parameters
kp =dim G —dim(G — D) and d;, > n — degG. (2.12)

In addition, if degG < N where N = " | k;, then k;, = dimG > degG — g + 1,
and consequently we have kp, = degG — g+ 1 if 29 —2 < deg G < N.
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Proof: For the proof we consider the kernel of the associated mapping.

Ker(a) = {fe€L(G)|f(P)=0 for i=1,...n}
= {feLG)|feP fori=1,..n)
= {feLG)|vp(f)>0 for i=1,..,n}
— L(G - D).

So, we have dim C(D,G) = dim G — dim(G — D). If deg G < deg D then deg(G —
D) < 0 and dim(G — D) = 0. Therefore, k;, = dim G > deg G — 1 + g with equality
holding if 29 — 2 < deg G < N by the Riemann-Roch Theorem (Theorem 1.1.7).
For the minimum distance, let us take 0 # f € L(G) with w(a(f)) = d. Then
such that f(F;;) = 0for 1 < j <n —dy.

there exists n — dj, places P, ..., Rn_dL

Therefore,

0#f€LG—(Py+ Py + P ,))

Since it is a non-zero element, we have
n—dr,

0<deg(G— (P, +Py..+ P, ) = degG— > k
j=1

n—dy,

= degG— ) (ky—1)—n+d,
j=1

which yields,

n—dL

dp, >n—degG + Z(l{;z] —1)>n—degG.
J=1

Xing, Nedereiter and Lam were the first to introduce generalization of classical
geometric Goppa codes using higher degree places (see [9]). Their generalization
via a g-ary code in the sense of Chapter 1 and can be recovered from our general
code (over mixed alphabet) definition. For this, let C1,...,C, be g-ary linear code
with parameters [n;, k;,d;] for i = 1,...,n. Since dimC; = k;, F», and C; are

[F,—isomorphic for all 7. Let my, ..., 7, be fixed isomorphisms from F, to C; C Fye.
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This way, an element of F , can be viewed as an element of Cj, i.e. n;-tuple over
F, for each . This idea is called concetenation in coding theory. Now the Xing

-Nedereiter-Lam construction can be given.

Definition 2.2.2 The image of the following map is called the concatenated gener-

alized geometric Goppa code:

a:L(G) — F;n
fo= (m(f(P), o ma(f ()

where m = """ | n;.

We denote this concatenated code by C(P, ..., Py; G; Ch, ..., Cy).

Theorem 2.2.5 IfdegG < Y1 k; then C(Py, ..., P,; G; C1, ...,Cy,) is a g-ary [m, k, d]

code with
k> degG —g+1, equality holding if degG > 2g—1
and
d > Y di—degG—max{) (di—k)|RC{1,.n}},
i=1 i€R

where the empty sum is defined to be 0 as usual.
Proof: We consider the kernel of o again.
Ker(a) = {feL(G)|m(f(F)) =0 for 1 <i<n}

= {feL(@G ] f(R)=0 for 1 <i<n} (m’s are isomorphisms)
= L(G-D).

Since deg G < deg D we have dim(G — D) = 0, which implies £ = dimG. So, it
is again an immediate consequence of Riemann-Roch Theorem that the dimension

k satisfies k = dim G > degG — g + 1 with equality if degG > 2g — 1. For the
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minimum distance, let’s take an arbitrary nonzero function f € L(G).

the following subset of {1,...,n} :
R={i| f(P) =0}

Let T be complement of R in {1,...,n}. Then,
w(o(f) = Y wlw(f(R) 2 Y d.
i€T i€T
(2.13) implies that f € L(G =, . F;). So we have
degG > degPi=> k=Y di— Y (di— k)
i€R i€R i€R i€R
Adding the equations (2.14) and (2.15) we get

w(a(f) +degG > > di— > (di — k).

i=1 i€ER

We define

(2.13)

(2.14)

(2.15)

Taking the maximum of both sides over all the subsets of {1,...,n}, we obtain the

desired result. O

An immediate corollary of this theorem is that if we have k; > d; for 1 <

i < n with the inequality degG < Y " | k;, then the minimum distance d of the

Cc(P,..., P,;G;Ch, ..., C,) satisfies

d> idi—degG.

=1

2.3. Dual of the Generalized Geometric Goppa Code

We know that the dual of the classical geometric Goppa code CL(D, G), which is
constructed via rational places, is Cq(D, G) (2.8). The code Cq(D, G) was defined

as an evaluation of local components of Weil differentials of Qr(G — D) at rational
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places. Now we will define a new code which is again denoted by Cq(D, G) without
restrictions on the degrees of the places Py, ..., P,.

As before, let P, ..., P, be arbitrary places of F'/F, with degrees k;, for 1 < i < n,
and let Fy be smallest field containing all Fx; for ¢ = 1,..,n. We will consider
the constant field extension F' = F F,/Fu. We will also consider the conorms
D' = Cong /(D) and G = Cong p(G). Since suppG N suppD = ) the code
CL(D',G') C Fé\ﬁ is a ¢‘-ary classical geometric Goppa code, where N = Y7 k;. We
will also need the constant field extensions Fy, = F'F / [ and the corresponding
conorms Dy, = C’oani/F(D) and Gy, = Coani/F(G) fori =1,..n.

Throughout the section, we let Py be a fixed place of Fj, /F, above P; for
1 <1 < n. Since deg P/ = 1, the residue class fields of these places Fp, and Fy, pr
satisfy Fp, = Fi,pr = Fp. It QF € Pp is an arbitrary place above F; then there
exists only one place of degree 1 in I above Q*, which will be denoted by @;. Then
the residue class fields Fp,, F}, pr can be considered as subfields of the residue class
field of P/, which implies we can identify f(P) = f(P;) = f(P;) € Fy, for any
f € L(G) C L(Gy,) € L(G"). Keeping these facts in mind we have the following

construction.
Definition 2.3.3 We define the code Cq(D, G) as follows:

Co(D,G) = {(Cotrp, /r(w)py, ..., Cotrr, jr(w)p;) | w € Qp(G — D)}
Cq(D,G) is an F, subspace of [[I_, F

s> 1.6, a code over mixed alphabet. The

following lemma gives us information about the parameters of this code.
Lemma 2.3.6 Cqo(D,G) is an [n, kq,dq| code with parameters,
ko =i(G — D) —i(G) and dg > deg G — (N —n) — (29 — 2),

where N =deg D = Y7 | k.
In addition, if degG > 2g — 2 then

ko=1i(G—D)>N—degG+g—1
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and as a result, we have
ko=N+g—1—degG if 29—2<degG < N.

Proof: Let P € Pr be a place of degree one and w be a Weil differential with

vp(w) > —1. Then we claim
wp(l) =0 < vp(w) > 0.

The implication < is an immediate result of Lemma 1.1.9 by choosing r = 0.
Conversely, let’s assume that wp(1l) = 0. Let x € F with vp(xz) > 0. Since deg P =

1, we can write x = a +y with @ € F, and vp(y) > 1. Then we have,
wp(z) =wp(a+y) =wp(a) + wp(y) = awp(1) + 0= 0. (2.16)

So, again by Lemma 1.1.9 we have vp(w) > 0.

Now we will consider the following mapping

a:Qp(G—-D) — Cqo(D,G)

w (COtTFkl/F(W)pl*(l), e C’otrpkn/p(w)p;(l))

We know that (Cotrg, /r(w)) = Cong, /r(w) in constant field extensions by The-
orem 1.1.14. Since w € Qp(G — D) and constant field extensions are unramified,
we have vp, (w) = vps(Cotrg, jr(w)) > —1. Now we can consider the kernel of the

mapping «:

Ker(a) = {w€Qp(G—D)|Cotrg, /p(w)p;(1) =0 for 1 <i<n}
= {w €Qp(G—D)|vp:(Colrg, jr(w)) =vp(w) >0 for 1 <i<nt}

= Qp(G)

Thus, kg = dimQp(G — D) — dimQp(G) = i(G — D) — i(G). If degG > 29 — 2
then i(G) = dim G —deg G+ g — 1 = 0 by the Riemann-Roch theorem. Therefore,
ko =1i(G—D) =dim(G—D)—deg(G—D)+g—1=dim(G— D) — degG+deg D+
g—1> N—degG+g—1. In addition, if 2g —2 < deg G < N then dim(G — D) =0
which implies kg = N — deg G + g — 1.
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For the minimum distance, let’s choose w € Qp(G — D) such that w(a(w)) = dq.
Then there exists n — dg places Py, ..., P,_q4, such that C’otrpki_/p(w)p; (1) = 0 for

Jj=1,...,n—dg. Then we have

n—dgo
0£weQp(G-D+ Y P,
k=1
which implies that
n—dg n—dg
29—2>deg(G—D+ Y P,) = degG—N+ > k
n=1 j=1
n—dgo
= degG—N—i— Z(kzj —1)+n—dg
j=1
Hence
dg > degG — (N —n) — (29 — 2).
O

Remark 2.3.1 We can obviously concatenate these codes as we did with the gener-
alized geometric Goppa codes C(D, G). Let’s take again n distinct codes C1, ..., C,,
with parameters [n;, k;, d;] for 1 <1i <n, and let 7y, ...7,, be F -linear isomorphisms

mapping F  onto C,. Then define
Ca(D; G; Ch, ..., Cp) = {(mi(er), oos malcn)) | (c1, - cn) € Ca(D, G)}

The length m of this code is obviously ZZT n; . By an argument similar to that of
Theorem 2.2.5, it can be easily shown that Cq(D; G;CY,...,C,,) is an [m, k, d] code
with

k>N —degG+g—1 equality holding if degG < degD = N,

and we also have

n

d>degG—(29—-2)— > (ki—d;) —max{> (d— k)| RC1,..n}.

i=1 i€R
In analogy with the classical geometric Goppa code Cf(D, G) and its dual Cq(D, G),
we want to show that the generalized geometric Goppa code CL(D,G) (Definition
2.2.1) and the code Cq (D, G) (Definition 2.3.3) are “dual” to each other. For this,

we introduce an inner product on [ | F .
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Definition 2.3.4 (a) For a = (a1, ...,a,) and b = (b1, ..., b,) € [];_; Fr,, we define

<a,b>= ZTrFqki ir, (aiby). (2.17)

i=1
(b) The dual of a code C' C J]'_; Fx, with respect to above inner product is

defined in the usual manner, i.e.
Ct={ac HFqki |<a,c>=0, Vece C}.
i=1

It is clear that dimC+ = N — dim C.
Before we state and prove the main theorem, i.e. Cr(D,G)* = Cq(D,G), we
will need some lemmas. Note that for each i = 1, ..., n, the extension Fj, /F is galois,

and hence the galois group acts transitively on the set of the extensions of P; by

Lemma 1.1.16.

Lemma 2.3.7 Let w € Qp and f € F. Then for any o € Gal(Fy,/F), we have

o(Cotrp, p(w)pr(f)) = Cotre, /r(w)a(pr(f)-

Proof: We prove this lemma using the construction of Cotr(w) in Lemma 1.1.12.

So the notation will be consistent with that lemma. For p € Fu;, we define o}, =

q
(o) = ips(uf) € Ap,. . Then by the weak approximation theorem, there exists

xp, € Iy, such that
UQ;«(&ZQ* —xp) > —er(C’oani/F((w))) for all Q| P (2.18)

Now we let 3 = (850.) = D g+ p, iQ:(zp,). Since Q; N F = P, for all Qf | F; we
have 3 € Ap, , and oy, — 3, € Ap, (Cong, jr((w)) . Thus, in accordance with the
Lemma 2.3.6, we get par = wp(paj) = wi(B;). For a fixed o € Gal(F},/F), the

following hold

UU(Q;)(U(QZQ:) —o(zp)) = UQ;«(U*I(U(QZQ;) —o(zp))) (by Lemma 1.1.16)
vg: (g — xp,) 2 —vg: (Cong, /r((w))) (by (2.18))

= —Uyqy(Cong, jr((w))), forall Q; | P
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The last equation is due to the fact that a constant field extension is unramified.
Likewise, we let v = o(u) and define ap = (ayg+) = iopr)(vf) = igps)(o(pnf). By

the same argument above we have

va: (- — o(ap)) = vg;(0(a,,-1gs) — o(zp)) = —vg: (Cong, /r((W))),

for all Q7 | ;. Now, let 87 = (85g-) = >_q+p i@:(0(zp,)). Then we have ) €

v

Ap, s and ap — 87 € Ap, (Cong, jr((w)), so

o)

Pas = wa(vay) = wi(By) = W(TTFki/F(ﬂg) = Wp (TTF;%./F(O'(IPZ-»)

= wp,( Z O'IOO'(IPi))

o’ €Gal(Fy, /F)

= sz‘( Z Ul(xpi))
o’ €Gal(Fy, /F)

*

= wp(Trp, r(zp)) = wi(B)) = wa(pai) = ga; (1)

In the above equations, we use again Lemma 1.1.12 and the extended definition of

trace. We continue as follows,

Paz(i) = @ar(07 (1) = Aa; Trw , p, (0 (1) = 75, (Naz-0 (1))
= > 0 (AagoH ()

o' €Gal(Fy, /F)

_ Z 0/00_1(0()\@)-(#))

o' €Gal(Fy, /F)

= Yo (o))

o’ €Gal(Fy, /F)

= TT]Fqki /¥, (a()\ai«),u)
= 0’()\0/1‘>.T7'Fqki /F, (,U)
In the end we have Cotrp, /p(w)ps(f) = Aoy and Cotrp, jr(W)opy)(f) = 0(Aaz) s0

the proof is completed. O

Lemma 2.3.8 Let F/K be an algebraic function field, and F'/K' be a finite sepa-

rable extension of F/K. For any w € Qp and P € Pgr, we have

ZC’otrF//F(w)P/(f) =wp(f), for allf € F.

P'|P
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Proof: Note that by Lemma 1.1.8, we have

Z COtTF'/F(M)P’ (f) = COtTF’/F(W)< Z ip! (f))

P'|p
We also have } o pip (f) € Ap ), so we can use Lemma 1.1.12 for calculating the

value of this adele at Cotrp p(w). With the same notation as in this lemma, we

have

O i (1) = W) i (f)) =w1(D nip(f))

P'|P P'|P

= WOTTF'/F(Z ip (1))
P'|P
= w(ip(Trp p(nf))) (Definition of Trace function)

(ip(

= w(ip(fTrg (1)) (since f€F and p€ K"
(ip(f)Trg /K(N))
(ip(f

= w(ip(f)Trg () (since w is K-linear)

I
S

= WP(f)TTK’/K(#)

So, we have

Cotrp p(W)( D ip () =wp(f) =D Cotrp p(w)p(f).

P'|P P'|P

Now the main theorem follows.
Theorem 2.3.9 The codes Cr(D,G) and Cqo(D,G) are dual to each other with

respect to inner product defined in Definition 2.3.4.

Proof: First we will prove the inclusion Cp(D,G)* 2 Cq(D,G). For this, let
a = (Cotrp, r(w)p;(1),....,Cotrg, /r(w)p:(1)) € Cao(D,G) and let’s take b =
(f(Pr), ..., [(Pn)) = (f(P)),.... f(PF)) € CL(D,G). Then, by definition of inner
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product, given in Definition 2.3.4, we have

<a,b> = ZTTFqki/Fq(COtrFki/F(w)Pi*(1)'f<Pi))

i=1

= ZTrIFqki/Fq<OOtTFki/F(w)PZ-*(1)'f<Pi*))

=1

- Z Z U(C’otrpki/p(w)P;(1)-f(Pi*>>

i=1 o€Gal(Fy, /F)

= Z Z O‘(COt?”FkZ_/F(UJ)P;‘(1))-U(f(Pi*))

i=1 o€Gal(Fy, /F)

= Z Z Cotrg, /r(W)opr)(1).(f +0(F)) (by lemma 2.3.7)

i=1 o€Gal(Fy, /F)

= > Cotr yr(w)g; (1).4(Q))
=1 QiR

- Z Z Cotrp/py, (COtTFki/F(w)Q;(l)'f(Q;) (by lemma 2.3.8)
=1 QiR

= S Cotrpr @) (1.£(Q)

i=1 Q¥|P;
= 0.

To prove the converse, it is enough to show that the dimension of two spaces are

equal.

dimCo(D,G) = i(G—D)—i(G) (by lemma 2.3.6)
= dim(G — D) —deg(G—D)+g—1—(dimG —degG +g—1)
— deg D +dim(G — D) — dim G
= N —dimCy(D,G) =dimCr(D,G)".

After establishing the duality, our next aim is to show that Cq(D,G) can be
represented as C(D, H) with an appropriate divisor H as it is the case for the dual
of a classical geometric Goppa code (Lemma 2.1.3). For this we begin with the

following lemma.
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Lemma 2.3.10 Let P, ..., P, be distinct places of F/IF, as before. Then there exists
z,t € F' such that

vp(2) =0, 2(P) =1 and vp,(t) =1 for i=1,..,n.

Proof: We know that there exists z € F such that vp(z —1) > 0 for i = 1,...n,
by the Weak Approximation Theorem (Theorem 1.1.2). If vp(z) < 0 , then
by the Strict Triangle Inequality (Lemma 1.1.5), we would have vp(z — 1) =
min{vp, (2),vp,(—1)} < 0, which is a contradiction. If vp(z) > 0 then we would
have, again by Strict Triangle Inequality, vp,(z — 1) = 0 which is also a contradic-
tion. So we have vp(z) = 0 for i = 1,....,n. Since z—1 € P, for i = 1,...,n we
have z(P;) = 1(P;) = 1. Existence of the ¢ with vp, (t) =1 for i = 1,...,n is again an

immediate result of the Weak Approximation Theorem. O

Lemma 2.3.11 Let Py, ..., P, be rational places of a function field F/K and z and
t be elements of F with the properties in previous lemma. Then the differential

w = z.dt/t satisfies
vp,(w) = —1 and resp,(w) =1 for i=1,...,n. (2.19)

Proof: Since vp(t) = 1, t is a P-prime element. Then, we have resp (w) =
respy(z/t). So we look at the P-adic expansion of z/t with respect tot. Aswvp,(2) =0

this expansion has the form
1 1
(I+art+ ... ); = (;—i—al—i— ...... ) by Theorem 1.1.18.
So we get vp,(w) = —1 and resp,(w) = 1 by Theorem 1.1.18. O

Lemma 2.3.12 Let z,t € F with the properties in the previous lemmas. Then the
Weil differentials w = z/t.dt € Qp and W' = z/t.dt € Qu satisfy

w = Cotrp p(w).

Proof: As vp,(t) = 1, dt is a non-trivial element of both function fields F'/F, and
F'/ F,, by Lemma 1.1.17. Let n and 7 be the the unique Weil differentials of the
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rational function fields F,(¢)/F, and F(t)/F, with the properties

/ /

(n) =—-2P, and ()= —2P

o0

np. (t71) = —1 and 77;3, t ) =—1

where P,, and P, are the infinite places of the rational function fields F,(t)/F,
and F¢(t)/IF ., respectively. The existence of these Weil differentials is assured by
Lemma 1.1.19.

The function field F(t)/F, is a constant field extension of F,(t)/F,. So (') =
(Cotrpqz(t))/pq(t)(n) for deg P, = 1, and we have C’Otrpqé(t)/Fq(t)(77)13oo (t71) = —1 by
Lemma 2.3.8. This shows that CO”tTFqé )/ Fat) (n) has the same two properties as

n'. Asn is the unique Weil differential of 7 satisfying these properties we have

77/ = Cotrﬂ?qz(t)/[ﬁ‘q(t)<n) (2.20)

Keeping this fact in mind, we have

i

W =z/tdl = z[t.Cotrp g, iy(0) (by Theorem 2.3.6)
= z/t.Contrp /qu(t)(ContrFq[(t) e,n(n) (by Equation (2.20))
= z/t.Colrp g 1y(n) (by  Definition 1.1.11)

= CotrF//F(Z/t.COTLtT‘F/]Fq(t) (77))

The following lemma gives us the existence of a Weil differential which we will
need for writing Cqo(D,G) as a generalized geometric Goppa code Cp(D, H) for

some divisor H.

Lemma 2.3.13 Let z,t € F with vp(z) = 1, 2(P;) = 1 and vp,(t) = 1 fori =
1,....,n. Then the Weil differential w = z/t.dt € Qr has the following properties

vp,(w) = —1 and Cotrg, jp(w)ps(1) =1, for all i=1,..n.
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Proof: Let z,t € F with properties as stated. Since F’ /F, is a constant field
extension of F'/F,, these elements also satisfy v,/ (2) = 0, 2(P) = 1 and v, (t) = 1
for i = 1,...,n. Since all Pil’s are rational, the Weil differential w' = z/t.dt € Qg

satisfies

!

Vp(w) =—1 and resp(w) = 1.
by Lemma 2.3.11 hence,

/

1= vy (W) = 0y (Cotrpe p(w)) = vp, ().

k3

by Lemma 2.3.12. We also have

!

1 =resp (w)= w;,(l) = CotrF//F(w)PZ_/(l) = Cotrg, jr(w)ps(1).

These equalities complete the proof. O
After we assure the existence of the Weil differential in Lemma 1.1.19, we can

state the following lemma.

Lemma 2.3.14 Suppose w € Qr is a Weil differential with the properties in previ-

ous lemma. Namely,
vp(w) = —1 and Cotrp, jp(w)ps(1) =1, fori=1,..,n. (2.21)
Then we have
CrL(D,G)* = Cqo(D,G) = CL(D,D — G + (w)).

Proof: Note that D = > | P; and vp,(w) = —1, for all ¢ = 1,...,n. This implies
supp(D — G+ (w))NSuppD = (). Hence the code Cr(D, D— G+ (w)) is well-defined.

By Theorem 1.1.6 we know that there exists an isomorphism

(673 Lg(D—G+ (w)) — QF(G—D)

r = TWw.
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So,

Cotrp, jr(zw)pr (1)
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CHAPTER 3

ON THE WEIGHTS OF SOME CYCLIC CODES

In this chapter we exhibit an application of algebraic function fields over finite
fields to codes, which is different than the idea in Chapter 2. The method is to
relate the weights of codewords to the number of rational places of function fields.
Then, using the Hasse-Weil Bound one can write a lower bound on the minimum
distance of the codes studied. Our main reference is Schoof’s nice paper [5].

Throughout this chapter we will assume the following fact: If f(x,y) € Fy(z,y) is
an irreducible polynomial, then the number of the [ -rational points of f(x,y) =0
is the same as the number of degree one (rational) places of the function field

F =TF,(x,y) defined by f(x,y) = 0. The reader is referred to Appendix B in [6].

3.1. Subfield Subcodes and Trace Codes

In this short section we introduce two ways of constructing linear codes over I,
from a given linear code C' over Fym, m > 1. Let C be a ¢™-ary linear [n, k, d] code

and for simplicity let T'r denote the trace map Trg, . /r, : -F.

o — Iy, for.

Definition 3.1.1 Let C' C (Fym)™ be a code over Fym.
(a) C'|g,= CNTFY is called the subfield subcode (or restriction of C to Fy).
(b) Tr(C)=A{Tr(c) | c € C} is called the trace code of C
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Note that both C' |, and Tr(C') are g-ary linear codes of length n. An important

theorem which relates these codes is due to Delsarte (see Theorem VIII.1.2 in [6]).

Theorem 3.1.1 (Delsarte) For any code C over Fm, we have

(C |g,)*" = Tr(CH).

3.2. On the Weights of Binary Hamming and Dual BCH Codes

Let ¢ = 2™, where m > 1. Let « be a primitive element, i.e. < a >= F}.
Let f.(t) € Fy[t] be the minimal polynomial of o over Fo. We define the binary
Hamming Code as the cyclic code of length ¢ — 1 = 2™ — 1, where the generator

polynomial is f,(t), i.e.
H,, =< f.(t) >C Fy[t]/ (1 —1).

We know that dim H,, = ¢ — 1 — m since deg f,(t) = m. Let C be the cyclic code

over FF, of length ¢ — 1 with the generator polynomial (t — «) € F,[t], i.e.
C=<t—a>CF,t]/t"" -1).

Note that C' consists of the polynomials a(t) = S.%_2 a;t' € F,[t] which vanish at
a. Hence, C' |p,= H,, as the restriction consists exactly of the polynomials with
binary coefficients that vanish at «, i.e. they are multiples of f,(¢). Therefore, by

Delsarte’s theorem, we have

HE: = Tr(CH).

Note that if a(t) = ag + a1t + ... + a4_2t?"? € C then by the above discussion we

have

0=ala) = ay+aa+..+a, 097>

= (ag, .., aq-9).(1,a,...,a?"?),
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where . denotes the usual dot product in Fgfl. Hence (1,0, ...,a472) € C*. Note

that dim C* = deg(t — a) = 1. Hence,(1, , ...,a?72) is a basis for C* and we have
ct = {\l,a,..,077%) | X€F,}

= {()‘x)xEIFZ

reF,},

where (Ax)er; denotes a vector of length ¢ — 1 whose coordinates are obtained by

evaluating z at the elements of ;. Then, Delsarte’s theorem implies that
H: = {(T’f’()\fﬂ))xe[g; | AeF,}.
At this point, we need to recall a well known fact.

Theorem 3.2.2 (Hilbert’s Theorem 90) Given F, and an extension F,, we
have

Try,./r,(8) = 0 <= thereexistsp € Fyssuchthatp? — = 3.

Proof: See Theorem 2.5 in [3].0

Lemma 3.2.3 Let ¢y = (T7(\x))ser: € Hyy, be a codeword, where A € F;. Then
the weight of ¢y is
w(cy) =q¢—1—N/2

where N is defined by
N={(z,y)eF:| vy’ —y=Avandz € F}}.

Proof: By Hilbert’s Theorem 90, for z € F;, Tr(Ar) = 0 if and only if there exists

y € F; such that y* —y = Az. In this case, note that
Y+’ @+ =y +1-y—1l=y—y=X

is also true, i.e. each x € F; with Tr(Az) = 0 brings two solutions to the equation

y? —y = Mx. Hence

w(Tr(A\r)) = q—1-[{x € F,| Tr(Azr) =0} |

= q¢q—1—NJ/2.
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If A # 0, then studying F,-solutions of y* —y = Az is the same as studying
[F,-rational places of the function field F' = F,(z,y) defined by y* — y = Az, by our
discussion at the beginning of the chapter. The genus of F is (2 — 1)(1 —1)/2 =
0 by Proposition 1.1.3, i.e. F' is a rational function field. Hence, it has ¢ + 1
rational places. Disregarding the unique place at infinity and the two rational places

corresponding to x = 0, we have N = ¢ — 2 in Lemma 3.2.3. Hence, we obtained

Corollary 3.2.4 The code H: has ¢ — 1 codewords of weight q/2.

Proof: Put N = ¢ — 2 in Lemma 3.2.3. This implies that

q—2 q
— —1——:_
w(cy) =q 5 5

for any A € F. O
Corollary 3.2.4 gives us the weight enumerator of the dual of H,,. Hence, one

can find the weight enumerator of H,, via the McWilliams Identity. Namely:
1 q
Wh,(2) = 5((1 +2)1 4 (g = D)(1—2) (1 +2)2 7).

The numbers Ay, ..., A,—1 can be found by expanding the polynomial above.

The method mentioned above can also be used for other cyclic codes. As an
example, we briefly discuss the double error correcting BCH codes. Again, ¢ = 2™,
with m > 1, o € F} is a primitive element and f,(t), fo3(t) € Fa[t] are the minimal
polynomials of a and a® over Fy, respectively. We define the code B,, as a binary

code of length ¢ — 1 = 2™ — 1 whose generator polynomial is f,(t) f,3(), i.e.
B =< fa(®)fas(8) >C Faft]/ (¢~ = 1).

Since deg(f,(t)) = deg(fa3(t)) = m, we have dim B,, = ¢—1—2m and dim B;- = 2m.

Arguing as in the case of Hamming code, one can show that

Bnﬁ ={(Tr(Mz+ AQJZB))xe[F;

)\1, Ay € Fq}

Note that B has ¢*> = 22" codewords, which is consistent with the fact that

dim B,,, = 2m. If ¢y, 5, € B#l such that Ay = 0, then the weight of ¢y, », is ¢/2, since
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it is just a codeword associated with the rational field as in H,,. If Ay # 0, then the

related equation via Hilbert’s Theorem 90 is
2 _ 3
Yy -y =M+ Ao (3.1)

If F' denotes the function field F' = F,(z,y) defined by (3.1), then the genus is
g=(2-1)(3—-1)/2 = 1. This time we do not know the exact number of rational
places, the Hasse -Weil bound gives us the upper bound of ¢+ 1+ 2,/q. The weight

of ¢y, », 1s as before,

N

w(CAlJ\z) =q— 1 - 5

where N is the number of rational places except the place at infinity and the two

places corresponding to z = 0. Hence, N < g — 2 + 2,/q. Therefore, we have

N
w(c)\l,)a) = q_1_5
— 242
> g1 TP
_ 2q—2—q+2—2\/§:q—2\/§
2 2 ’

So, for some of the codes in B (those with Ay = 0) we know that the exact weight
is q/2. For other codewords (A2 # 0), we just know the weight is at least #,
which is a number less than ¢/2. In this case, what we can conclude is that the
minimum distance of B:: satisfies

q—2\/4q
BLy>*1 VI
d(B,,) > 5

Remark 3.2.1 Using properties of genus 1 (elliptic) function fields, Schoof [5] ob-

tains the complete weight enumerator of B- (and hence of B,,).

Remark 3.2.2 Using the method described here, Wolfmann [8] gives a lower bound

on the minimum distance of a large class of cyclic codes.
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