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It is shown that the conformal group of compactified Minkowski space is isomorphic to a group 
of rays of semilinear transformations of twistor space. The action of the conformal group on twistor 
space is given by an explicit realisation of this isomorphism. In this way we determine the 
transformation of twistor space under space inversion and time inversion. 

1. Introduction 

The theory of twistors, developed by Penrose’,2,3) gives an alternative geometry 
of Minkowski space. It is therefore remarkable that the symmetry group of 
compactified Minkowski space, the conformal group C, is different from the 
symmetry group of twistor space, which is SU(2,2). The relation between these 
two groups is that SU(2,2) is 4: 1 homomorphic to C,, the identity-connected 
component of C. 

The aim of this paper is to present an alternative approach to the symmetry 
transformations of twistor space which answers the following two questions: 

i) Why is the homomorphism between the two symmetry groups a 4: 1 
homomorphism? 

ii) What about the components of C which are not connected with the identity? 
We will take the view that the symmetry group of the twistor formalism is the 

group G of transformations of projective twistor space which preserve the 
orthogonality of projective twistors. It will be shown that G is isomorphic to C. 
Also it will be shown that G is isomorphic to a group G of rays of semilinear 
transformations of twistor space; this will reveal the relationship between C and 
SU(2,2). 

The transformation of twistor space under the conformal group is given by an 
explicit realization of the isomorphism between C and G. This explicit realisation 
will be established; in particular the transformation of twistor space under space 
inversion and time inversion is determined. 
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2. The symmetry group of twistor space 

Twistor space, which is denoted by .Y, is equal to c4 with the Hermitian form 

(L. L’) = L,,,Li + c,L; + L2L;, + &,L; 

If 

1 

0 0 1 0 

0 0 0 1 

rl= 1 0 0 0 ’ 0 1 0 0 1 I 
then we can write 

(2.1) 

(2.2) 

CL, L’) = (L, VL’), (2.3) 

where ( . ) denotes the usual scalar product on F. 

Elements of .Y are called twistors. The one-dimensional linear subspaces of .F 

are called projective twistors. The set of all projective twistors is called projective 

twistor space and is denoted by .YF. If L EY and L # 0 then L denotes the 

projective twistor which contains L. 

The projective twistors L, and & are said to be orthogonal (denoted by 

(L, *Lz) = 0) if and only if (L,, L,) = 0 for each L,E&, and each L2eL2. Let C 

be the conformal group of compactified Minkowski space. C has the coset 

decomposition 

C = C,, + PC,, + tC,, + prc,, 1 (2.4) 

where C,, is the normal subgroup of C consisting of the conformal transformations 

which are continuously connected with the identity transformation, p denotes 

space inversion and t denotes time inversion. Let G be the group of bijective 

mappings T of .YF onto itself which have the property that 

(~5.~~5.t) =oo(~-L’) =o vL, I,‘E.Y,~-. (2.5) 

Since it are the projective twistors, not the twistors themselves. which have a 

physical meaning, and since the only structure in .?F is the orthogonality of 

projective twistors, it is natural to consider G as the symmetry group of the twistor 

formalism. We will show that C and G are isomorphic. 

According to Penrose’) there corresponds to each conformal transformation 

/I EC a transformation T(~)E G; this mapping T: C+G is a monomorphism. Let 

U be a semilinear transformation of .Y onto itself. The set {nU 1 i E@, i # 01 is 

called a ray of semilinear transformations and is denoted by U. Let I; be the group 

of rays of semilinear transformations of F which satisfy 

(UL. UL’) = C[((L, L’)) (2.6) 
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where C E Iw and the mapping 5 : C-42 satisfies c(1) = 2 for each 1 E@ if U is linear 
and ((2) = 1 for each 3, E@ if U is antilinear. 

It is shown in “) that for each T E G there exists a unique u E I; such that if U E u 
then 

LE&*ULET& VLEF. (2.7) 

Moreover, G and I; are isomorphic; the correspondence above is an isomorphism 
between G and G, which we will denote by Q. 

So the mapping r = QT from C into I; is a monomorphism. Let I;0 denote the 
subgroup of G which consists of the rays of linear transformations of 9 which 
satisfy eq. (2.6) with C > 0. 

Then we have the coset decomposition 

G =Go+Al;o+BGo+ABG0, (2.8) 

where the coset representatives A and B are chosen in such a way that they contain 
semilinear transformations A and B respectively which satisfy 

(AL,AL~)= -(L,L'), VL,L~~-, (2.9) 

(BL,BL')=(L',L), VL,L+~. (2.10) 

The restriction 7’ of 7 to C, is, by continuity, a monomorphism from C, into G. 
We will show that 7 is an isomorphism by showing that 7’ is an isomorphism. 

The group of linear transformations U and F which satisfy eq. (2.6) and have 
determinant equal to one is SU(2,2). Each element of G0 contain 4 elements of 
SU(2,2). Let C, be the group consisting of { 1, il, - I, - il} where 1 is the identity 
operator on F then G, and SU(2,2)/C4 are isomorphic. 

Let r~ : G,-SU(2,2)/C, denote this isomorphism then QZ’ is a monomorphism 
from C,, into SU(2,2)/C4. It is however well known that 07’ is an isomorphism’). 
As a consequence, 7’ is an isomorphism from C, into I;0 and thus 7 is an 
isomorphism from C onto I;. It follows that C, G and I; are isomorphic. As we 
have seen, SU(2,2) is obtained as symmetry group of F by taking G, instead of 
G, i.e. by ignoring the inversions of space and time, and putting the (unnecessary) 
restriction that from the elements of G0 only those transformations are taken 
which have determinant equal to one. This leads to the 4: 1 homomorphism 
between SU(2,2) and C,, because 5 is a 4-dimensional space. 

3. Conformal transformations in twistor space 

In this section we will first give the relation between compactified Minkowski 
space M and twistor space F and then describe how for each ray of semilinear 
transformations of Y which satisfy eq. (2.6) the corresponding conformal 
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transformation of M is obtained. This gives us an explicit realisation of the 
isomorphism of C and C. We will explicitly consider the case of time inversion 
and space inversion since these results are new; the results for the identity- 
connected conformal transformations and the inversion for both space and time 
have been previously obtained in ‘) and ‘). However these results are also given 
here, both for completeness and for the fact that, due to reasons of notation and 
conventions, these results take different forms with different authors. 

Let the Hermitian 2 x 2-matrices op (p = 0, 1,2,3) be equal to 2p’/2 times the 
unit matrix and the Pauli spin matrices: 

(3.1) 

The equation 

xah = agxg (3.2) 

and its inverse 

x”=uPx ab ah (3.3) 

give a one-to-one correspondence between the vectors of Minkowski space and 
the Hermitian 2 x 2-matrices. Here and in the sequel we adopt the convention that 
there is a summation over repeated indices. 

Let L be a twistor, define the 2-vectors w and rr by 

(L,, L,, L,, L3) = (a, 02, Xl, x2) (3.4) 

and consider the equation 

w, = ix,& . (3.5) 

If (L, L) = 0 the real solutions xV of eqs. (3.2) and (3.5) form a null line in m 

which is determined uniquely by &, and conversely to every null line in M 
corresponds via eqs. (3.2) and (3.5) uniquely a projective twistor L with 
(&L)=O. T wtstors with rr = 0 correspond to null lines “at infinity”. 

If (L, L) # 0 then eqs. (3.2) and (3.5) have no real solutions for x”. 
The isomorphism T of C and I; which was introduced in the previous section 

is obtained in the following way. A semilinear transformation U of F belonging 
to a ray u E I; transforms null twistors (twistors L which satisfy (L, L) = 0) into 
null twistors. So there corresponds via eqs. (3.2) and (3.5) a transformation of null 
lines in M. This transformation of null lines in M determines the conformal 
transformation d E C which corresponds to UEI;, i.e. z(d) = U. 
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The transformed twistor UL will be denoted by L”; the transforms of o and a 

by c3 and 5, respectively. 
Let A be the semilinear transformation of Y given by 

6=---o, lY=?t. (3.6) 

Then 4 EI; and A satisfies eq. (2.9). From eqs. (3.2) and (3.5) it is clear that the 
corresponding conformal transformation is pt, the transformation of space and 
time. This result was also obtained in ‘). It follows that the coset ptC, corresponds 
to the coset AI;, of G. 

Let B be the semilinear transformation of F given by 

- _ _ 
0, = $b%, “‘, = &b%, , 

where the matrix c is given by 

(3.7) 

0 1 

6= [ -1 0 1 . 
(3.8) 

Then B E G and B satisfies eq. (2.10). 
It is easily seen that if xP is a real solution of eqs. (3.2) and (3.5) then 

1” = (P, 1’, 22, .?;1’) = (-x0, x1, x2, x3) (3.9) 

is a real solution of the equations 

z* = UG.?” (3.10) 

and 

(3, = i&b??,, . (3.11) 

So the conformal transformation corresponding to B is the time inversion and the 
coset tCo of C corresponds to the coset &Go of C. 

From this results it follows that the semilinear transformation AB of Y given 

by 
&, = - E,&$, , ito = &,iib (3.12) 

corresponds to the space inversion p; the coset PC, of C corresponds to the coset 
@Go of c. 

A conformal transformation belonging to this coset is the inversion 

X” 
,f’=- 

x,x”. 
(3.13) 

A straightforward calculation shows that it corresponds to the ray of semilinear 
transformations which contains the transformation 

6, = &biib , ii, = 2@iib . (3.14) 
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We conclude this paper by giving the correspondence between C, and C,,. The 

translation 

2 p = _x 1’ + a 1’ (a” real) (3.15) 

correspond to 

c3, = 0, + iauhnh . 75, = 97 II) (3.16) 

where 

aah = azha” . 

The dilations 

“? p = cx 1’ (L. > 0) 

correspond to 

G,, = (‘Q 0’ 7T” = lrc,, . 

The accelerations 

(3.17) 

(3.18) 

(3.19) 

,y 1’ = 
x p - ia px,x )’ 

1 - u,x” + &a px,~x fl 
(3.20) 

correspond to 

& = 01 (13 72, = r-r<, + iahc,Wh , 

where uha is given by eq. (3.17). 

Finally, the restricted Lorentz transformation 

(3.21) 

corresponds to 

Go = Qni#‘h 3 n”, = - (cQc )oh71h . 

where Q ESL(~, @) and is determined (up to a sign) by 

-%,h = Qu &AI 
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