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Abstract—The proper combination of stator and rotor slot num-
bers is pursued in the design of interior permanent-magnet (IPM)
motors with wide constant-power speed range. At high speed, in
the flux-weakening region, the arising of stator and rotor iron
losses due to magnetomotive-force (MMF) spatial harmonics limits
the IPM motor performance. Torque ripple is another problem for
this kind of machines, both at low and high speed. The numbers
of stator slots and rotor equivalent slots have a major impact on
both the loss and ripple aspects. A simplified model is proposed
here in order to evaluate both problems with a general approach
and point out the possible design tradeoff. With respect to previous
models in the literature, both stator and rotor losses are included,
and a more comprehensive approach is followed in the description
of the rotor MMF harmonics. The model’s effectiveness is tested
through finite element analysis simulations and some experimental
results. The proposed approach is useful for the selection of the
IPM machine structure according to the specific requirements of
the application.

Index Terms—Permanent-magnet motors, synchronous motor
drives.

I. INTRODUCTION

THE USE of interior permanent-magnet (IPM) motors in
many different applications is growing constantly. In par-

ticular, these motors are appreciated for their good efficiency
and large speed ranges due to their field-weakening capability,
provided that the motor is suitably designed for that aim.
However, at high speed, the performance of the IPM motors can
be seriously limited by iron losses. As the speed increases, the
machine flux is lowered, but the harmonic fields do not reduce
accordingly. At high frequency, the eddy currents generated
by the harmonic fields become significant both in the stator
and in the rotor cores, and the motor performance is limited
both at load and at no load conditions since a demagnetizing
current can be required at high speed also at no load. As a
consequence, the prediction of such harmonic losses is of great
importance to address the motor design to loss minimization.
Torque ripple is also a problem for this kind of machines.
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With poor design choices, it can become significant and lead
to vibrations at any speed. Both torque ripple and core losses
are in strong relationship with the choice of the stator and rotor
“slot” numbers. The concept of rotor slot number nr has been
introduced in ripple and loss modeling in [4], [10] and [7], [9],
respectively. It relies on equally divided rotor teeth along the
air-gap surface. This is one of the hypotheses of this paper.

The torque ripple modeling and its relationship with the
slot combinations has been first proposed for synchronous
reluctance motors [4]. More recently, such analysis has been
extended to IPM motors [10]. Dealing with high speed losses,
the subject has been present in the literature since 1989 [1]. It
has been recently shown in [7], [9] that the stator and rotor slot
harmonics can have a dominant impact on these losses. Other
kinds of losses, e.g., those in the permanent magnets, have been
shown to be less important, at least if motors with fractional
slots per pole per phase are not considered.

Proper combinations of stator and rotor slots per pole pair
(ns and nr) help minimize torque ripple, while other combi-
nations minimize high speed losses. This paper confirms that
the optimal combinations for torque ripple and core losses
are, in general, different and that the IPM motor design must
be a tradeoff between the two needs. An example of such a
tradeoff is given by [7], where some specific design choices are
considered and evaluated.

In this paper, a generalized approach to this design tradeoff
is presented based on a simplified modeling of both torque
ripple and core losses mechanisms. The obtained results allow a
synthetic overview of the problem, leading to comparable quan-
titative results for different ns, nr combinations. In addition,
this modeling represents a tool that is capable of addressing
the basic design choices (rotor bore, air-gap flux density, . . .)
without necessarily requiring a large number of finite element
analysis (FEA) simulations. Of course, the final design step will
necessarily refer to a FEA evaluation if a reliable prediction
of the motor performance is wanted. The FEA simulations are
used for confirming the results of the proposed analysis. The
torque ripple is also evaluated experimentally and compared
with FEA results.

II. TORQUE RIPPLE AND EDDY-CURRENT

LOSS MODELING

This section derives the analytical expression for the IPM
torque ripple and eddy-current losses under the idealized as-
sumptions of no magnetic saturation and closed stator slots.

Most of the analytical part is dedicated to the description of
the magnetomotive-force (MMF) staircase spatial functions and
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Fig. 1. (a) Definition of the reference frames on a 2-pole machine. (b) Stator and rotor slot pitch definition.

the relationship between the MMF harmonic content and the
stator and rotor slot numbers. With respect to the most recent
expression available in the literature [10], the analysis presented
also deals with the contribution to torque ripple given by the
pulsating rotor harmonics that are produced as a reaction to
stator MMF harmonics other than the fundamental one.

The assumed reference frames are shown in Fig. 1, where
θ = ωr · t is the rotor angle, as measured from the d-axis
(aligned to the PM flux) to the stationary reference, as taken
from the phase a axis. α and ξ are the stator and rotor angular
coordinates, respectively.

A. Stator MMF

The winding function N is given in (1). If the three phase
windings are connected in a floating star configuration, the
stator MMF fs (α, θ) can be written by (2) and (3), where the
rotor angle θ = ωr · t has been introduced

N =
∑

h=1,2,3,...

n̂h · cos(hα) (1)

fs =
∑

h=1,4,7,...

1.5 · n̂him · cos(hα − γa)

+
∑

h=2,5,8,...

1.5 · n̂him · cos(hα + γa) (2)

fs =
∑

h�=3,6,9,...

f̂sh · cos(hα ∓ ωrt ∓ γd). (3)

B. Rotor Sampling of the hth Stator MMF

The rotor MMF can be written by the general form (4), where
the presence of cosinusoidal terms only stands for the existing
symmetry with respect to the d-axis [10]

fr =
∑

k �=2,4,6,...

f̂rk · cos(kξ). (4)

In the following, the part of (4) that is generated as a reaction
of the flux barriers in the IPM rotor to the stator MMF (3) will
be considered, and the relationship between stator and rotor
MMF distributions will be expressed analytically. The rotor
magnetic potentials due to the permanent magnets and the flux-
flow through the rotor barriers and through the thin iron ribs
will be disregarded at this point.

With respect to previous works, [10] it will be shown that
some of the fr harmonics in (4) have an amplitude that varies
with the rotor position θ and consequently with time, despite
all the stator harmonics in (3), have a constant amplitude. This
is the effect of the rotor anisotropy over those stator harmonic
fields that are not synchronous to the rotor: the resulting rotor
fields are modulated by the rotor position. The stator fundamen-
tal component, h = 1 in (3), is synchronous to the rotor and will
produce rotor orders with constant amplitude like in [10], while
higher stator orders (h > 1) are not synchronous to the rotor,
and will produce rotor orders with a variable amplitude.

It is assumed that the rotor cavities are equally spaced along
the air-gap surface in order to define a rotor slot number nr

and a corresponding rotor pitch Δ. In order to evaluate the
relationship between stator MMF (3) and rotor reaction MMF
in the following, each hth harmonic component of the stator
MMF will be separately considered as the input signal of a
digital sampling process. The hth stator harmonic is expressed
as a function of the rotor coordinate ξ = α + ωrt and the
current phase angle γd = γa − ωrt in

fsh = f̂sh · cos [hξ + (h ∓ 1) · ωrt ∓ γd] = f̂sh · cos[hξ + ϕ]
(5)

where ϕ = (h ∓ 1) · ωrt ∓ γd has been introduced for more
compactness. As shown in Fig. 2, the stator harmonic fsh is
averaged by the rotor teeth, thus leading to a staircase wave-
form. The step levels chj shown in Fig. 2 are obtained as the
average of fsh over one rotor pitch

chj =
1
Δ

ξj+1∫
ξj

cos(hξ + ϕ) · dξ (6)

where h stands for the stator harmonic order and j stands for
the jth rotor tooth.

The chj levels are a function of the rotor position according
to the term ϕ in (6). The analytical model of a discrete-
time sampling process is adopted here [11], where the angular
coordinate ξ is used instead of time, the rotor angular pitch Δ
corresponds to the sample time T , and the rotor slot number
nr = 2π/Δ corresponds to the sample pulsation ωs = 2π/T .
The transfer function between the sinusoidal input signal fsh

and the output staircase function indicated as frs (effect of
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Fig. 2. Averaging effect of the rotor teeth of a multilayer rotor over the hth order stator harmonic fsh cos(hξ + ϕ). (a) Staircase function obtained by averaging
the sinusoidal MMF along the rotor teeth. (b) Transfer function of the staircase generation process.

the stator MMF on the rotor) is expressed in terms of Fourier
transform blocks in Fig. 2(b). The usual delay transfer function
e−sT is written as e−jnΔ since the Laplace variable s equals
jn for the generic nth order harmonic. From left to right in
Fig. 2(b), the input sinusoidal function fsh is first integrated
(1/jnΔ term), then the integrated value is anticipated by Δ
(ejnΔ term) and the difference is taken between the anticipated
and the current value of the integral (ejnΔ − 1 term at the
numerator). The output of the transfer function at the left side of
Fig. 2(b) is the moving average of fsh over one rotor pitch. The
moving average is sampled at the rotor cavity angles ξj (j =
1 ÷ nr) shown in Figs. 1(b) and 2(a) and the chj values (6) are
obtained. Furthermore, the zero-order-hold transfer function is
introduced to hold the chj samples along one rotor pitch.

Both the transfer functions in Fig. 2(b) have the same ampli-
tude, while their arguments have opposite signs as shown by (7)
and (8), respectively,

ejΔn − 1
jΔn

=
sin(nΔ/2)

nΔ/2
· ej(nΔ/2) (7)

1 − e−jΔn

jΔn
=

sin(nΔ/2)
nΔ/2

· e−j(nΔ/2). (8)

The function sin c(nπ/nr) = sin(nπ/nr)/(nπ/nr) is
shown in Fig. 3, where Δ = 2π/nr has been substituted in (7)
and (8) and n represents the generic harmonic order. Since the
inputs are sinusoidal functions, the spectra are symmetric with
respect to n and are plotted here for n > 0 only.

As shown in Fig. 3, each hth harmonic produces infinite
kth harmonics on the rotor due to the sampling process; in
particular, h reproduces itself plus the sidebands around the
multiples of nr. The output (rotor) orders are k = i · nr ± h,
where the index i is any integer. With reference to the hth stator

Fig. 3. sinc( ) function in the axis of slot numbers n.

harmonic (5), the output of the sampling process of Fig. 2(b) is
expressed by

frs,k

f̂sh

= (−1)i · sin c

(
hπ

nr

)
sin c

(
kπ

nr

)
cos(kξ + ϕ)

k �= nr

2
,
3nr

2
, . . . (9)

with k = i · nr ± h. Regarding the amplitude of (9), consider
that tsecond, to the kth harmonic by the zero-order hold.
Dealing with phase angles, the arguments of (7) and (8) are
hΔ/2 and −kΔ/2, respectively, which correspond to hπ/nr

and −kπ/nr. Thus, the overall phase shift angle is (h − k) ·
π/nr = iπ, which is represented by the factor (−1)i in (9).
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Moreover, it can be shown that the output of (9) is zero for those
stator orders, which are odd multiples of nr/2(h = nr/2, 3/2 ·
nr, . . .). In this cases, the spectral lines obtained in Fig. 3 are
coupled two by two (e.g., h with nr − h, nr + h, and 2nr +
h . . .) and out of phase due to (−1)i. As a consequence, they
cancel each other out. The term frs in (9) does not represent
the rotor reaction MMF yet, as explained in the following.

C. Rotor MMF

The MMF staircase frs, whose kth term is expressed in
(9), can be split into the two components defined in (10),
which are symmetric with respect to the d-axis and the q-axis,
respectively,

frs+ =
frs(ξ) + frs(−ξ)

2

frs− =
frs(ξ) − frs(−ξ)

2
. (10)

The former term (11) represents the rotor reaction to the
stator MMF and thus, it is a component of the rotor MMF, while
(12) is short-circuited by the rotor iron channels and produces
flux circulation and related losses in the rotor channels

frs+,k = (−1)i · f̂sh · sin c(hπ/nr) sin c(kπ/nr)

· cos [(h ∓ 1) · ωrt ∓ γd] · cos(kξ) (11)

frs−,k = (−1)i · f̂sh · sin c(hπ/nr) sin c(kπ/nr)

· sin [(h ∓ 1) · ωrt ∓ γd] · sin(kξ) (12)

where k = i · nr ± h, h �= (2l + 1) · nr/2, and l and i are
integers.

Apart from frs+, the other terms that contribute to the rotor
MMF are the MMF due to the permanent magnets (fPM ) and
the MMF drop (fr0) due to the flux passing through the iron
ribs and the flux-barriers (flow-through flux along the d-axis).
With proper machine design, the harmonic content of those two
components can be minimized [4]. Thus, their contribution to
eddy-current losses and to torque ripple will be disregarded
here. In the following, the term frs+ will be considered as the
only component of the rotor MMF: fr = frs+. The effects of
such approximation will be discussed together with the results
of the analysis (Section IV).

D. Air-Gap Flux Density Distribution

The air-gap flux density distribution is expressed by

Bg =
μ0

g
· (fs − fr) (13)

where g is the air-gap length and μ0 is the magnetic permeabil-
ity of free space.

E. Torque Ripple Expression With Stator Fundamental
Harmonic Only

The torque ripple expression can be derived from the stator
MMF and air-gap flux density expressions. According to the

approach proposed in [10], the per-unit torque ripple can be
expressed as

Tripple

T1
= − 1

sin γd

∑
k=6m±1
m=1,2,3

k
f̂sk

f̂s1

f̂rk

f̂r1

sin [(k ∓ 1) · ωrt ∓ γd]

(14)

where T1 is the average torque and the f̂rk coefficients are
constant because only the rotor MMF harmonics produced
by the fundamental stator harmonic have been considered in
the referenced paper. With reference to (11), h = 1 has been
assumed and the considered rotor harmonic orders are k = i ·
nr ± 1 only, while their argument ϕ = (h − 1) · ωrt − γd is in-
dependent of time (h − 1 = 0). The formula (14) represents the
main ripple effect in many practical cases, but the disregarded
rotor harmonic orders become significant in case nr > ns.

F. Extended Torque Ripple Expression

When nr > ns (e.g., ns = 12 with nr = 16 or 20), the rotor
reaction to stator harmonics higher than the fundamental one
cannot be disregarded; in some cases, it can produce a signifi-
cant component of the torque ripple. The per-unit ripple can be
rewritten by (15), where the general expression of f̂rk(11) has
been introduced into (14)

Tripple

T1
=− 1

sin γd
·

∞∑
i=0

∞∑
h=1

k · f̂sk

f̂s1

f̂sh

f̂r1

· sin c

(
hπ

nr

)
sin c

(
kπ

nr

)

· cos [(h ∓ 1) · ωrt ∓ γd] · sin [(k ∓ 1) · ωrt ∓ γd] . (15)

The torque pulsation frequencies will be of the (h ± 1) ±
(k ± 1) orders that are all multiples of six since h ± 1 and k ±
1, which appear in the arguments of cos( ) and sin( ) in (15), are
always multiples of six. The simplified torque formula (14) can
be obtained from (15) by posing h = 1.

G. Torque Ripple From Mirrored Harmonics

To put in evidence the ripple components disregarded in (14)
and included in (15), the rotor harmonics of the type k = h are
considered here by posing i = 0 in (15). Such harmonics will be
indicated in the following as “mirrored” rotor harmonics since
they are the attenuated repetition of the hth stator harmonic in
the rotor. For k = h, (15) becomes (16), where f̂r1

∼= f̂s1 has
been assumed

Tmirror

T1

∼= − 1
sin γd

·
∞∑

h=1

h ·
[

f̂sh

f̂s1

· sin c

(
hπ

nr

)]2

·1
2
· sin [2(h ∓ 1)ωrt ∓ 2γd] . (16)

According to the argument of sin( ) in (16), the mirrored
rotor harmonics k = h produce a torque ripple at twice the
frequency that would be intuitively related to the hth spatial
order. Moreover, the factor one-half appears in (16). The mirror
effect is significant with nr > ns when the stator harmonics
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are reproduced by the sampling filter of Fig. 2(b) with low
attenuation.

To give an example of the mirror effect, a stator with
ns = 12 is considered, and the limit case nr → ∞ (distributed
anisotropy, e.g., axially laminated rotor) is compared with
the worst case ripple combination, that is, nr = 12, as will
be shown in Section III. The torque ripple produced by the
combination of h = 11 and k = 11 is evaluated in both cases
since h = 11 and h = 13 are the stator slot-harmonic orders
that mostly contribute to torque ripple [10]. From nr → ∞,
it follows that sinc(hπ/nr) → 1; thus, f̂r11 = f̂s11 from (9)
and (11). Note that f̂s11/f̂s1 = 1/11; hence, the component
h = 11 of (16) results in a per-unit torque ripple with an am-
plitude of nearly (1/ sin γd)(11/2) · (1/11)2 = (1/22/ sin γd)
and an argument pulsating at 24 ωr (twice the stator slot
order). Dealing with nr = 12, the stator fundamental MMF
(h = 1) produces the rotor slot order k = 11. Applying (14)
with k = 11, or equivalently, (15) with h = 1, i = 1, and k =
11, leads to a torque ripple component with an amplitude near
to (1/11/ sin γd) (twice the amplitude found with the axially
laminated rotor) and an argument pulsating at 12 ωr. The same
conclusions come out for k = 13, that is, the other stator slot-
harmonic order. Thus, the mirror effect is capable of producing
torque ripple components with an amplitude up to 50% of the
worst case ripple components considered in the literature. For
finite values of nr, the mirror effect is reduced because the
rotor does not exactly copy the hth stator harmonic. In practical
cases, the mirror effect is significant when nr > ns, while for
nr < ns, this effect vanishes due to sinc2() attenuation. Of
course, for nr > ns, the mirror effect is lower when nr is
near ns, but the combinations nr = ns and nr = ns ± 2 must
be always avoided, as shown in [10] and confirmed in the
following.

H. Iron Loss Formulation

The eddy-current losses will only be considered in the pro-
posed approach. The approximation is valid for the high speed
losses of IPM machines [8] and is also confirmed by FEA. The
iron losses are calculated separately in the stator teeth (t), stator
yoke (y), and rotor channels (r) along flux paths where the flux
density distribution may be assumed to be constant. The loss
terms concentrated around the air-gap surface, both on the stator
and rotor surfaces are not modeled here. Additional comments
will be given in Section IV.

The air-gap flux density can be derived according to (13),
where the considered fs wave (3) is a staircase function that
includes all the stator MMF harmonic content (slot and belt
harmonics). The flux density in the jth stator tooth is expressed
in (17) as the average of the air-gap flux density over one tooth
pitch

Bt,j(ϑ) =
1

btΔs

αj∫
αj−1

Bg(α, ϑ) · dα (17)

where j = 1 ÷ ns. The parameter bt(< 1) is the ratio between
the stator tooth width and the stator tooth pitch at the air gap.

The flux density in the stator yoke (18) follows accordingly

By(ϑ) =
1
2
·
1/2ns∑
j=1

Bt,j(ϑ). (18)

Only the even values of ns have been considered in (18). A
similar expression, however, can be found for odd numbers. The
flux density in the kth rotor channel (Br,k) is the average of the
air-gap flux density over one rotor pitch

Br,k(ϑ) =
1
Δ

ξk∫
ξk−1

Bg(ξ, ϑ)
br,k

· dξ (19)

where k = 1 ÷ nch and nch = floor(nr/4) + 1 are the number
of rotor channels of one pole and the parameter br,k(< 1) is the
ratio between the kth rotor channel width and the rotor pitch at
the air gap.

The eddy-current loss per volume for a nonsinusoidal wave-
form is expressed by

peddy =
σ · d2

12
· ω2

2π
·

2π∫
0

(
∂B

∂ϑ

)2

dϑ (20)

where σ is the electrical conductivity, d is the steel lamination
thickness, and steady-state electrical speed ω is assumed. The
loss model can be expressed as in

Peddy = peddy,t · Vt + peddy,y · Vy +
nch∑
k=1

(peddy,rk · Vrk)

(21)

where Vt, Vy , and Vr,k are the volumes of the stator teeth, the
stator yoke, and the kth rotor channel, respectively. The sharing
of the machine volume among the three terms Vt, Vy , and Vr

depends on the machine geometry and is summarized by a small
set of parameters (bore to outer diameter, rated air-gap flux
density, pole pairs). As a first approximation, ns and nr do not
affect the volume sharing.

III. APPLICATION OF THE PROPOSED METHOD

The model described in Section II has been implemented
in Matlab for a series of IPM motors with different ns, nr

combinations. All the motors have a common geometry (stator
dimensions, rotor outer and inner diameters, number of poles,
number of turns) and a common performance target in terms
of rated torque, voltage, current, and operating speed range.
The number of examples is wide and permits to draw some
general conclusions about the design tradeoffs between losses
and torque ripple. The FEA validation is given for the most
significant cases, most of which are with ns = 12 mainly
because low numbers produce significant torque ripple. The
correspondence with the FEA results is satisfactory; thus, the
model can be considered as a tool to compare different design
choices.
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Fig. 4. Example machines designed for FEA validation.

A. Terms of Comparison

As said, the example machines have been designed with the
same specifications. In particular, the same short-circuit current
(or characteristic current) has been pursued in the design of all
the machines as it is representative of the operating region at
high speed [8], and it is assumed that the characteristic current
coincides with the rated current for all the motors. For these
reasons:

• the short-circuit condition at maximum operating speed
will be the one considered for eddy-current loss calcula-
tion (id = icc, iq = 0); and

• the same current amplitude and phase angle conditions are
adopted for all the machines for torque ripple evaluation.
The setpoint |i| = icc, γd = 153.4◦ (that is, id = −2 · iq)
is chosen since it is representative, with good approxima-
tion, of the maximum torque angle at rated current for all
the designed machines.

Dealing with point 1, in short-circuit condition, the dis-
regarded MMF terms (fPM , fr0) compensate each other (at
least the fundamental components), and this partially confirms
the significance of the adopted approximation. Dealing with
point 2, the obtained torque is not exactly the same for all the
machines; thus. the torque ripple comparison will be given in
per-units of the average torque (T1) of each one. Also, in this
case, the disregarded terms (fPM , fr0) tend to compensate each
other. In any case, under the assumed design hypotheses, they
mainly contribute to the average torque and very few to the
ripple; hence, they introduce an error in terms of per-unit ripple
that is small and more or less the same for all the considered
machines.

The considered stator slot values are ns = 12, 18, 24 associ-
ated with nr that varies from 8 to 20. As said, the model will
be applied to all the machines, while the FEA validation will be
given only for the most significant ones. In Fig. 4, the set of the
FEA-simulated machines is reported, ordered per slot numbers.
The torque ripple summary will be presented first, followed by
the analogous summary of iron losses.

B. Torque Ripple

The peak torque ripple is represented in per-units of the
average torque of each motor. The results of the model are

Fig. 5. Per-unit torque ripple—model.

Fig. 6. Per-unit torque ripple—FEA.

shown in Fig. 5 and the FEA results are reported in Fig. 6
for comparison. As expected, the worst case is with nr = ns,
followed by the side values nr = ns ± 2 (e.g., 12/10, 12/14,
18/16, 18/20 in Fig. 5). A second consideration is that a higher
ns number is, in general, beneficial for the torque ripple because
the stator MMF harmonic content is reduced in this case. Last,
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Fig. 7. Per-unit losses—model.

when ns and nr are far from each other, the ripple tends to rise
again. According to Fig. 5, the best ripple combinations for the
considered ns values are 12/16, 18/14, and 24/20, respectively.
All the favorable combinations have in common |ns − nr| = 4
[4]. With odd ns values, different combinations can be found
[10]. However, odd ns numbers have not been included in the
proposed examples to not complicate the proposed analysis
further.

C. Eddy-Current Losses

The harmonic losses calculated by the model for all the
machines are shown in Fig. 7. The first conclusion that can
be drawn is that ns = nr is the best solution for high speed
harmonic losses, and that the total loss (stator + rotor) rises
progressively as the distance between nr and ns increases. In
particular, for nr < ns, the stator losses prevail while the rotor
losses prevail for nr > ns. This is in agreement with the results
obtained in [7], [9]. Nevertheless, as for torque ripple, the eddy-
current losses tend to reduce as ns is increased, at least where
nr is around ns (Fig. 7), but not when ns and nr are far from
each other. Last, the yoke losses are significant only in the
case nr = ns, even if the scale of Fig. 7 does not permit to
distinguish the case 18/18. The same base value (2 800 W) has
been used for all the diagrams of Figs. 7 and 8, where the FEA
results are given. Such value represents the total losses of the
12/16 machine according to the FEA.

D. Design Tradeoffs

With ns = 12, the best solution appears to be nr = 16, which
is as near as possible to 12 (ns + 4) and has a low ripple. The
complementary solution nr = 8 (ns − 4) has similar losses, but
much more ripple (see Figs. 11 and 12). The only concern about
the choice of nr > ns is that the rotor losses are high in this
case. With standard machines (inner rotor) and standard cooling
solutions, this can overheat the rotor (PM, bearings), particu-
larly for machines with very high speed ranges. With ns = 18
and ns = 24, better combinations are possible. In particular,

Fig. 8. Per-unit losses—FEA.

Fig. 9. FEA-calculated per-unit torque ripple of the combinations ns = 12,
nr = 12 and 10.

the nr = ns − 4 solutions are chosen in those cases for their
low ripple and reduced losses, which are mainly localized on
the stator. The suggested design tradeoffs are 18/14 and 24/20,
respectively.

IV. DETAILED FEA RESULTS AND

EXPERIMENTAL VALIDATION

Some significant examples of torque ripple waveforms are
presented in order to discuss their harmonic content according
to the proposed formula (15). Additional comments are given
about how the losses have been FEA-calculated and which
terms have been considered or disregarded.

A. ns, nr Combinations With Common Slot Harmonic Orders

As previously mentioned, the combinations nr = ns and
nr = ns ± 2 must be avoided because they present common
slot harmonic orders. Two examples are shown in Fig. 9, where
nr = 10 and 12 are associated to a ns = 12 stator. In the 12/12
case, the slot harmonics combine to give a 12th order ripple and
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Fig. 10. FEA-calculated per-unit torque ripple for ns = 12, nr = 8.

Fig. 11. FEA-calculated ns = 12, nr = 16, per-unit torque ripple.

all its multiple orders (24, 36, . . .). In the 12/10 case, the slot
order 11 is common to the stator and the rotor and produces the
12th order component T12. The multiples of slot harmonics do
not match in this case. The ripple of the 12/10 case is nearly
one-half of that of 12/12 according to Fig. 9.

The 12/8 case shown in Fig. 10 is representative of slot com-
binations with low minimum common multiples. In this case,
the slot orders do not combine directly; still, their multiples (23
and 25) do as the significant T24 component stands for T6 and
T12 are generated by the belt harmonics, as will be explained in
the next examples.

B. Mirror Effect for nr > ns

When inconvenient design choices like 12/12 or 12/10 are
avoided, the torque ripple drops significantly, as shown in
Fig. 11 for the case 12/16. The mirror effect represents a
significant part of the torque ripple (T24, in particular). Table I
shows how to interpret the torque ripple formula presented in
(15) since in the 12/16 case harmonic interactions of all the
kinds can be found. In Table I, the stator slot harmonics (h) are
represented along the horizontal axis. Each h order produces
on the rotor a mirror term (k = h) and infinite sideband terms.

TABLE I
STATOR AND ROTOR MMF HARMONICS FOR ns = 12, nr = 16

Fig. 12. FEA-calculated per-unit torque ripple for ns = 24, nr = 20.

Only the first sideband pair is considered here (16 ± h). The
shaded terms are multiples of 3 and do not produce torque. The
mirror effect is produced both by the stator slot harmonics (h =
11, 13), which give a T24 component, and by the stator belt
harmonics (h = 5, 7), which produce a T12 component. The
interaction of k = 5 (sideband of h = 11) with h = 5 produces
two components T6 and T18 according to (15). Note that the
ripple order is (h ± 1) ± (k ± 1). Similarly, the interaction of
k = 11 (sideband of h = 5) with h = 11 produces two other
components T6 and T18 that can magnify or attenuate the
former ones according to the phase relationship given in (15).
In Fig. 11, the total T6 is small (the two contributions of h = 5
and h = 11 are out of phase), while T18 is bigger (the two
contributions are in phase). However, different results may be
found with different current angles γd according to (15).

C. No Mirror With nr < ns and Effect of Belt Harmonics

The combination 24/20 shown in Fig. 12 leads to very low
ripple. In this case, the stator slot harmonics (h = 23, 25) are
badly “mirrored” by the rotor and a low T48 results. Reduced-
pitch winding and full-pitched winding are shown in Fig. 12 to
underline the impact of stator belt harmonics, which produce
the T18 component.

D. Limitations of the Proposed Model

The combination 18/14 in Fig. 13 has been chosen to under-
line the limits of the proposed model. All the ripple harmonics
are eliminated except for T18, which is not justified by (15). The
cause of such a ripple component may rely in the rotor MMF
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Fig. 13. FEA-calculated per-unit torque ripple for ns = 18, nr = 14.

harmonic content, where the contribution of the fPM and fr0

terms was excluded due to the accurate rotor design. Despite
the effort put in the design of the rotor geometry, residual
k = 17, 19 components could not be excluded and this may
justify the 4% ripple that appears in Fig. 13.

E. Experimental Validation of the Finite-Element Analysis

The results obtained by the FEA are compared with ex-
perimental results for a 12/16 machine. The prototype from
which the example machines of Fig. 4 have been derived
is a 12/16 machine. Its torque ripple, calculated with FEA, is
shown in Fig. 11. Unfortunately, the stator of such machine is
skewed by one stator slot pitch and the resulting torque ripple
is not significant. Another 12/16 prototype, designed for home
appliances, has been tested and the measured torque has been
compared with the FEA-calculated one in Fig. 14. The motor is
driven at constant speed (10 rpm) by a speed-controlled drive
with a very high ratio-reducing gear. The IPM motor under
test is current-controlled (id = −3 A, iq = 1.5 A, according to
Section III-A) and the torque is measured by means of a torque
meter. The mean value of the measured torque is 1.7 Nm while
the calculated one (2D FEA) is 1.5 Nm. Such discrepancy could
be due to the end-effects that are significant in such motor and
are not taken into account by the 2D FEA model. Nevertheless,
the per-unit ripples are very similar in Fig. 14, as well as the
torque spectra.

Dealing with high speed core losses, the experimental valida-
tion of FEA is more difficult since it would require that a series
of motors with the same frame and different slot combinations,
including “bad design” combinations, be actually designed. In
future works, three IPM motor prototypes designed for traction
with similar sizes and operating speeds will be compared, and
the criteria for normalizing the high speed losses of machines
with different sizes, speeds, and steel grades will be also
introduced.

F. FEA Calculation of Eddy-Current Losses

A comprehensive model of iron losses, valid for nonsinu-
soidal flux density waveforms including alternating and ro-

Fig. 14. Torque measurement for a ns = 12, nr = 16 motor with 2 pole-
pairs. The prototype is purposely nonskewed. It is designed for home appliances
and it is different from the machine considered in Figs. 11 and 15. (a) Test
conditions are id = −3.0 A, iq = 1.5 A, and 10 rpm. (b) Comparison between
measured and FEA-calculated torque ripple.

tational components [3], [5], [6] has been adopted for the
FEA validation of the proposed analysis. The iron losses are
calculated from the field solution of a transient with motion
FEA simulation: the stator and rotor flux density distribution
is downloaded from the FEA solution and the loss model is ap-
plied to each triangle of the 2D mesh. The iron loss processing
tool has been purposely developed in Matlab and the steel loss
data are taken from datasheets [12]. As said, in the analytical
model (21) and in the literature, the losses are calculated along
those steel paths where the flux density is uniformly distributed.
In other words, the model does not include loss terms like
the one concentrated around the air-gap surface, as shown in
Fig. 15(b). Surface losses can give a significant contribution
to total losses and such contributions are not the same for all
the considered machines, but they are very similar for those
machines with the same stator slots; thus, the presented results
remain reasonably valid.

V. CONCLUSION

This paper has dealt with the optimal combination of stator
and rotor slots for IPM motors with wide constant-power speed
range. A tradeoff between minimal losses at high speed and
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Fig. 15. FEA-calculated losses, example case 12/16. (a) Map of the specific loss (W/kg). (b) Detail of the surface losses.

minimal torque ripple is pursued in a general manner based on a
simplified model. An analytical expression of the torque ripple
has been presented based on the Fourier expansions of the MMF
stator and rotor waves. The torque ripple model is confirmed by
several FEA simulations and by one experimental test. Based
on the model results over a number of example machines, the
criteria for selecting the best compromise motor are given. In
general, the number of stator and rotor slots should not be too
near (for torque ripple) and neither too far (for core losses). A
larger number of stator slots with respect to rotor slots could
be preferred, because this produces less core losses in the rotor
than in the stator. The same procedure could be repeated with
different specifications according to the requirements of the
single application.
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