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FIELD STATISTICS IN A ONE-DIMENSIONAL
REVERBERATION CHAMBER MODEL

RAMIRO SERRA AND FLAVIO CANAVERO

ABSTRACT. This work focuses on building a fairly simple yet physically ap-
propriate 1D model for a Reverberation Chamber which claims to be able to
analytically predict the statistical behavior of such a chamber, without for-
saking to the benefits of deterministic models. The statistical properties are
introduced by varying the size of a 1D stirrer or the cavity size itself. A valida-
tion analysis shows agreement with other theories and measured results on real
RCs. Field statistics in undermoded regime is examined. A radiated emission
test is defined and shows reliable matching with reality. The field performance
near the conducting walls is investigated. 7o cite this article: R. Serra, F.
Canavero, C. R. Physique 10 (2009).

1. INTRODUCTION

A Reverberation Chamber (RC) consists of a metallic shielded room of finite
conductivity with a stirring device, antennas, an equipment under test, and other
devices inside. It formally can be defined as an electrically large, high Q, multimoded
cavity using mode stirring to create changing boundary conditions in order to obtain
a statistically uniform electromagnetic field.

RCs’ extensive knowledge up to now, results from a somehow partial juxtaposi-
tion of four different approaches: the deterministic models, the statistical models,
the empirical techniques and the computer/numerical methods. RCs’ increasing
comprehension has evolved from deterministic to statistical models. Both kind of
models together provide a reasonable knowledge of the basic principles involved,
and help in giving useful guidelines in the construction and/or optimization of a
RC. It is not possible to leave one of this approaches behind, as each one of them
behaves as a non-exhaustive, non-excluding part of RCs’ description. Furthermore,
they mutually collaborate to give fairly successful answers in fields where the other
one fails, and viceversa. Therefore, there is an obvious gap which makes us change
our methodology depending on what kind of result we seek.

1.1. Deterministic Models. Deterministic models (i.e. [1], [2]) very often start
with the abstraction of a reverberation chamber to a simple cavity in order to ex-
plain basic, but important concepts such as electromagnetic resonance, the number
of modes, and the modal density. As these models move from an ideal cavity into a
lossy one, they converge towards a fairly realistic RC, helping in understanding the
principles underlying important parameters such as the so called ”"Lowest Usable
Frequency” and the quality factor [3].

Nevertheless, it must be pointed out that an essential constituent of a RC per-
formance is the process of mode-stirring, by which the field distribution inside the
cavity becomes a stochastic process. As deterministic models mainly treat a RC
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as if it were a simple cavity resonator, they do not succeed in describing such pro-
cesses. Furthermore, the success of deterministic models is intimately linked to the
specificity of the chamber geometry.

1.2. Statistical Models. On the other hand, statistical models (i.e. [4], [5], [6])
frequently start with the presumptions of an overmoded cavity. They assist in the
analysis where deterministic models fail, like i.e.: deriving the probability density
functions for each field magnitude, predicting antenna or test object responses in
the chamber environment, deriving the spatial correlation function of the fields and
some useful expressions for the quality factor.

Obviously they lack of a complete understanding of the chamber, and issues such
as the modal density, the proper frequency band for operation, and so forth, are left
aside. They frequently start assuming that the modes are ”well-stirred” without
deepening into the conditions leading to this. Furthermore, they often need to
assume special geometrical conditions, not quite realistic and somewhat difficult to
apply into a specific RC. As an example, the Plane Wave Integral Representation
[4] has its rigorous validity only in spherical volumes.

1.3. Empirical Techniques. It must be also taken into account, that many of
the construction suggestions existing in literature were not only derived from ap-
plying the mentioned basic physical principles but also in combination with years
of practical experience (some examples are [7] and [8]). It is well known how inap-
propriate and time-consuming is to work under ”rule-of-thumb” guidelines (even if
successful).

1.4. Fill in the gaps. Consequently, a call for filling this gap and linking the
different approximations is needed. This necessity is supported by the aim of having
a better understanding, to manage a simpler yet complete model and to reduce up
to a reasonable minimum the empirical techniques.

An attempt of filling this gap is introduced in this paper, where a one-dimensional
RC model is presented. This fairly simple yet physically appropriate model shows
to have a statistical behavior equal to real RCs. The solution is found analytically,
without forsaking to the benefits of deterministic models.

Section 2 presents the basic 1D RC model with its solution and explains the
essential functioning of it. Section 3 presents a validation analysis of the 1D RC
model performance by means of a factorial plan technique. Section 4 will compare
the 1D RC model with real RCs functioning in undermoded regime. Section 5 will
compare the performance of the 1D RC model with real RCs, in the case of radiated
emission test measurements. In section 6 the field statistics near the cavity walls
will be studied.

2. THE 1D RC MODEL

Our contribution aims at building a model that can be exactly solved, even if
it occurs in a case of unrealistic spatial dimensions i.e. one dimensional. The 1D
models in general are more tractable mathematically and the study of exact results
is aesthetically rewarding. They are simple to use, not computationally intensive,
and the physical relationship between its main factors (i.e. the frequency, the
chamber and stirrer size, the stirrer’s complexity, etc.) are easy to understand.
The results are often revealing, offering the intuition of how an exact analysis of
the real case under study could look like. One-dimensional electromagnetics provide
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scalar solutions (as opposed to vectorial ones) and some attention should be paid
in their analysis. It can be thought as a representation of the behavior of one
field component. We shall present further perspectives of the 1D model, which we
believe to be useful especially but not only for pedagogical purposes.

2.1. The 1D cavity model. The description of our chamber (see Fig. 1 for
a schematic diagram) starts as a 1D cavity including a segment of a dielectric
material with relative dielectric constant  inside the vacuum-filled space and a
continuous-wave source located at xg. The length of the chamber is a.

d, t d,

F1GURE 1. The one-dimensional cavity under study.

The electromagnetic field inside this chamber obeys the wave equation:
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and k = w,/pe is the free-space wavenumber, 1 is the free-space permeability,
and e is the free-space permittivity. The e~7“* time dependence is suppressed.

The chamber is divided into three regions: d; (where the source is), ¢ (the stirrer),
dy (the Test Volume). One possible set of eigensolutions ([3], [9]) for each region is:

E,i(x) = Dpsinh,zx
E.o(x) = Apsinl,(z—x1)+ Bysinl,(x — z3)
(2) E,5(z) = Cpsinhy(a—1z),

where subindexes 1,2,3 mean the region of validity of each expression and n
is the modal index. The proposed solution automatically satisfies the boundary
conditions at the perfectly conducting ”walls” of the chamber in x = 0,a. The
coefficients A,,, B, C,, D, and the wave numbers [,, and h,, are determined knowing
that at * = x1,x2, both E and H must be continuous, and that a source is present
in x = xg.

The eigenvalues may be obtained as in [3] considering that the equations de-
scribing propagation along the x direction of our chamber are equivalent to an
appropriate transmission-line circuit, resulting in:

(3)  h2tanl,t + hyl, tan hyds + 1, hy, tan hy,dy — 12 tanl,t tan by, d; tan h,dy = 0

From (1) it is possible to derive the dispersion equation: h2 — 2 = (1 — k)k?
from where, together with equation (3), the wave numbers /,, and h,, can be known
by means of numerical evaluation as described in [3].
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(a) The real part of E inside the 1D cavity (b) The real part of electric field E inside the 1D
model when kK =1 and k = 1.2. cavity model for 5 different values of the stirrer
size.

FI1GURE 2. Effect of the dielectric layer in the field inside the 1D cavity.

Figure 2(a) shows the modification of field distribution inside the chamber, due
to a change of the k value in the dielectric region, assumed to maintain a constant
ratio t/a = 0.1. From the observation of Fig. 2(a), where the real part of the
electric field inside the chamber for kK = 1 (i.e., absence of dielectric) and x = 1.2,
it is evident that the main effect of the dielectric layer inside the chamber is to
appreciably change the field distribution inside the ”Test Volume” region. Thus,
an analogy with the stirrer in real RCs can be established. Additional secondary
effects are noticed, such as a reduction in the field magnitude and in the number
of modes.

2.2. The 1D RC model. Up to now, we have not been solving a RC but a cavity
resonator. Here we demonstrate that a suitable variation of selected parameters
can turn the cavity into a RC.

The mode expansion of the electric field in the third region is E5(z) = ), Cnsin by, (a—
x), where the coefficient C,, can be calculated as described in section 2.1. Skipping
some analytical calculations, the result for coefficient C), is found to be:

M sin hy,zq
Kly sin hpds (k2 — h2)

where M; is the magnitude of the current source, and the other parameters were
previously defined. It is clear from equation 4 that C), is a function of all the
geometrical and electromagnetic parameters of the problem. If we suppose that
any of these parameters is a random variable, then C,, is a random variable [10]
and the expression E,3 = Cnsinh,(a — x) is also a random variable.

The central limit theorem [10] states that if the random variables E,3 are in-
dependent, then under general conditions, the probability density function of their
sum

(4) C, = - (hyy, cos hpdy sinlyt + kKl sin hydy coslyt)

(5) Es=FEi3+FEy+-+Ep =Y Ens,
n
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the stirrer size. the cavity size.

FIGURE 3. Real and imaginary parts of the electric field measured
at position x = 8.5 m after 500 iterations of two different stirring
processes.

tends to a normal curve as n — oo (i.e. if n is sufficiently large).

As in real RCs, proper statistics apply provided that the geometrical and elec-
tromagnetic conditions can afford a series of pseudo-random variables F,, that are
independent and many.

As an example, let us uniformly vary the stirrer length ¢. Figure 2(b) shows
the field distribution inside the RC for five values of the stirrer region size t/a =
0.11,0.12,0.13,0.14,0.15. It can be observed that the field is highly coherent in the
region where the source is present but, on the contrary, a considerably uncorrelated
field behavior develops in our ”"Test Volume”. The results of 500 independent
calculations of the electromagnetic field at a fixed measurement position inside
the test volume are shown in 3(a), that presents the histograms of the real and
imaginary parts of the electric field with their fitted normal distributions.

The Anderson-Darling Normality Test (A-D) [11] was applied to these values to
determine whether the data of the sample is nonnormal. The resulting p-values
were 0.762 and 0.503 for the real and imaginary part, respectively, thus largely
justifying the hypothesis that they follow the normal distribution. These results
reproduce the literature findings, i.e., that the field-components distributions match
the probability density functions ([4], [5]).

Alternatively, if we solve the cavity without the stirrer region, but we make the
chamber length a to randomly vary, we are able to reproduce the behavior of a
vibrating-wall chamber [12]. The A-D test was applied resulting in p-values of
0.434 and 0.387, largely justifying again the hypothesis of normality. Figure 3(b)
presents the histograms of the real and imaginary parts of the electric field with
their fitted normal distributions.

Many other stirring processes can be studied in analogy of what happens in
reality. Factors like the source frequency fy, the source position xg, the relative
dielectric constant k, and the factors studied above, are somewhat efficient in the
stirring process.
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FI1GURE 4. Histograms and their fitted normal distributions of the
worst three and the best three performances out of the 27 experi-
ments of the validation analysis.

3. VALIDATION ANALYSIS

This validation analysis is not meant to validate or justify a specific statisti-
cal law for RCs, but to validate the 1D RC model behavior w.r.t the well-known,
worldly recognized, traditional statistical approaches ([4] - [6]). As several parame-
ters (or ”factors”) can influence the distribution of the electromagnetic field inside
the chamber, in this section, we use a design of experiments technique [13] and
define a proper factorial analysis to study the effects of the following geometrical
factors:

t At
Flzﬁ' F2:7 and F3:a

)

a a A

The actual length ¢ of each stirrer was taken randomly, and obtained doing
t =tg+2U(0, At), where U(a,b) stands for the uniform distribution with interval
(a,b). The ty value is the fixed part of our 1D stirrer, while the At value is related
to the variational part.

These parameters are defined as dimensionless quantities in order to gain gen-
erality. A factorial design was defined, outlining three levels (Low, Medium and
High) of variation for every factor. Each level was chosen guided by the empirical
experience and they are:

F, =0.05,0.1,0.15 F», =0.03,0.06,0.09 and F3 =3,30,60

Asin Section 2.2, the A-D test was repeated for the resulting 27 experiments. For
each configuration of the factors’ levels, we calculated the real part of the electric
field for 500 different stirrer sizes ¢ as explained above.

The A-D test was run for all experiments, and Fig. 4 presents the worst three
and the best three performances of all, for brevity. A code was added for clarity
attaching a —,0 or + symbol whether a factor receives a Low, Medium or High
level, respectively. For the worst cases, the p-values are lower than 0.005, while the
best three cases show p-values equal to 0.825, 0.724 and 0.569.
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A complete analysis of the three factors indicates a total agreement with the
behavior found in practice for RCs and with what is reported in literature. The
following considerations represent a summary of our observations:

e all factors have a main effect on the response;

e the effect of F3 (indirectly corresponding to the operation frequency fo)
results comparably superior to the rest;

e the effect of every single factor on the response is significantly influenced by
the other two factors; thus, a strong interaction is working between them;

e when the frequency is low, no matter how large the change of the stirrer
size or variations could be, the performance is not acceptable.

The above properties are in agreement with the published RC theories and with
measured results on real RCs. Hence, we can conclude that our 1D model (although
simplistic) provides a good representation of reality.

4. UNDERMODED REGIME

One of the essential conditions for the correct functioning of a RC is that it has
to work under an overmoded situation. From what has been reported ([4] - [5])
and empirically found in measurements, nonnormal data distributions correspond
to a chamber with a relatively low number of modes present (i.e. undermoded case)
and, on the other hand, normal data distributions correspond to a chamber with a
relatively high number of modes present (i.e. overmoded case). Unfortunately, the
question about when does a chamber exactly starts to be in an overmoded regime
remains unanswered (only rule-of-thumb techniques are provided to estimate it, as
in [14]).

Important contributions on this subject are found in [15] (and references therein),
where theoretical first-order probability density functions are derived for the elec-
tromagnetic fields inside RCs. It basically uses the deviations of some physical
characteristics of the fields in undermoded RCs, from those for ideal reverberation.
In [16] the Weibull distribution is proposed to model the distribution of the mag-
nitude of the electric field component. The overall behavior of the fields described
by these models is mainly to vary from x2 and x3 (i.e. exponential) distributions
as the frequency of operation approaches the LUF. It is known that the Weibull
distribution is a two-parameter distribution, with a shape parameter k and a scale
parameter A [10]. We will demonstrate in the following, that our 1D RC model can
reproduce the main literature findings in this area.

Figure 5(a) shows the histograms of the absolute value of the electric field with
their fitted Weibull distributions, calculated at a fixed measurement position inside
the test volume after 500 independent calculations as in section 2.2. The six panels
of Fig. 5(a) correspond to F3 = a/X = 5,10, 15,50, 100,200 (F5 is defined in 3, and
A refers to the wavelength of the source A = ¢/ fy, not to the scale parameter of the
Weibull distribution). Of the values chosen for Fj, three refer to an undermoded
regime and three to an overmoded one.

Figure 5(b) shows the empirical cumulative density functions (CDF) of the pre-
vious histograms.

It can qualitatively be seen that the Weibull distribution gives a very good and
smooth approximation of the undermoded-to-overmoded regimes transition. Figure
6 shows the shape parameters k for values of F3 = a/)\ ranging from 2 up to 100. It
can be seen that the overall behavior is to converge towards a Rayleigh distribution
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FIGURE 5. Absolute value of the electric field with their fitted
Weibull distributions at a fixed measurement position inside the
test volume for three undermoded and three overmoded regimes.
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FIGURE 6. k shape parameter of the Weibull distribution fitting
the data calculated from 500 independent variations of the stirrer
size.

(k = 2) from the exponential one (k = 1). To make it easier to see, a fitted
polynomial line was added to the curve.

All of the above is in excellent correspondence of what is reported in [15] and
[16].

5. RADIATED EMISSION (RE) MEASUREMENTS

In this section, the measurement of the total radiated power of an equipment un-
der test (EUT) in a RC will be addressed. Reference [14], Annex E (and references
therein) report how to determine the total radiated power. The main findings in
RE tests within RCs, are (not exhaustively) summed up to be:

e The RE measurement is independent of the EUT and receiving antenna
position, orientation and radiation pattern.

e The averaged and/or maximum power received by an antenna is directly
proportional to the averaged and/or power radiated by an equipment under
test.
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e The main factors influencing this proportionality are: the chamber quality
factor (), the antenna efficiency, the loading and the cavity losses.
The aim of this paper is about the assessment of our 1D model to reproduce the
main literature findings regarding RCs knowledge.

5.1. Modeling of a test setup. Firstly, we will place a 1D EUT inside the cham-
ber, and study the statistical characteristics when the mode-stirring process is act-
ing. The 1D EUT is modeled as a set of point sources, each one of them as shown
in fig. 1 but with a (discrete) current distribution following that of a dipole. The
choice of a dipole as an EUT is supported by the fact that the latter is the most
representative of the standard EUT behavior. In fact, [14] recommends to use a
directivity of D = 1.7 (that is to say, a dipole) in the case of RE testing, if the
actual directivity of the EUT is unknown.

0015

0,005

Re(E) [Vim]

0,005

FIGURE 7. Real part of the electric field for 15 different stirrer sizes
and a 1D EUT. The largest size and the position of the stirrer is
depicted by the thick line (z; = 5.5 m, z2 = 7.5 m), while the
distribution of the current sources is represented by the vertical
arrows (the scale of current is not provided)

The electric field is then calculated as in section 2 and superimposing the set
of sources. Figure 7 shows the real part of the electric field for 15 different stirrer
sizes. The largest size and the position of the stirrer is depicted by the thick
blue line (z1 = 5.5 m, 2 = 7.5 m), while the distribution of the current sources is
represented by the vertical red arrows (the scale of current is not provided). The 1D
EUT’s length is L = 1 m and the frequency fo = 1 GHz (resulting in a wavelength
of A = 30 cm, approximately). The chamber’s length a = 10 m. The process of
mode stirring is analogously revealed as in 2 and it is confirmed that the correct
statistical behavior is again reproduced.

5.2. RE test procedures. In order to verify the overall performance of this test
setup, we will firstly make use of a proper factorial design. We will assess the
influence and main effects of three factors: the length of the EUT (L), the power
delivered to the EUT (P;) and the RC’s quality factor (Q) over two widespread
known outputs, viz.: the average and the maximum received power. Secondly, the
existing relation between transmitted and received power is discussed.
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5.2.1. Assessment of the effect of L, P, and Q in RE tests. A factorial design was
defined, outlining two levels (Low and High) of variation for every factor. Each
level was chosen guided by the empirical experience and they are:

L=1m,2m P=1W4W and @ = 100, 1000

The average and maximum of |E|? (which is proportional to the received power)
within the test volume were calculated for the resulting 8 experiments. For each
configuration of the factors levels, 500 independent calculations were realized as
described in section 2. The other factors, such as the chamber length, and the
frequency of operation were taken to be the same as those of figure 7.

A complete analysis of the factors indicates a total agreement with the behavior
found in practice for RCs and with the literature. The following considerations
represent a summary of our observations:

e it is seen that the radiated emission tests are independent of the EUT size;

e the effect of @ is largely greater in the case of maximum received power (ev-
idencing the higher uncertainty of this method with respect to the average
received power);

o the effect of P; is significantly lower in the case of average received power
(supporting the fact that this method needs a more sensitive measurement
system to get an accurate result).

The above properties are in agreement with the published RC theories and with
measured results on real RCs (in particular, see [14]).

5.2.2. Determining Radiated Power. Reference [14] Annex E, reports how to deter-
mine the power radiated from a device using either the average or the maximum
received power. In both cases, P, is calculated to be proportional to the measured
average (PayeRrec) or maximum power (Pusqzrec) With a constant of proportionality
found during a necessary calibration campaign.

The equations in (6), given in [14], are used for the mentioned estimation.

(6) PRadiated = PAUZ{{é,CF 1T PRadiated = Pl\é(z;ec IZTT

where C'CF' is the chamber calibration factor, CLF is the chamber loading
factor, IL is the chamber insertion loss, Payegrec is the received power averaged
over the number of stirrer steps, Payerec 1S the maximum power received over the
number of stirrer steps and 77, is the antenna efficiency factor.

We can reproduce the same test setup using the experiments described in section
5.2.1, and pretend that the experiments for P, = 1W are the ones for calibration.
Also, we assume the EUT length L = 1 m. We computed |E|? for two different
positions within the test volume and for 500 variations of the stirrer. By this
process, we are able to determine CCF, whose value is 7.8644 - 107°. Afterwards,
we apply equation (6) to the data of the same experiment but with P, =4 W. For
the resulting Pradiateqd values using the received mean power method at two different
measurement positions, we obtained 4.35 W and 3.64 W (a value of iy, = 1 was
assumed for the receiving antenna efficiency). The same procedure was repeated
for the maximum received power for all the 8 experiments of section 5.2.1 and for
two different positions inside the test volume. The complete list of all the exact
results is omitted here for brevity, but they were found to lay between ~ 3.5 W
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and ~ 4.5 W, except for the cases with () = 100 and with the maximum received
power method. These results are reasonably close to the actual P, = 4 W of our
forged "unknown” EUT.

Hence, we can conclude once more that our 1D model (although simplistic)
provides a good representation of reality.

6. FIELD STATISTICS NEAR THE CAVITY WALLS

Observations of mode-stirred chambers has suggested that proper statistics ap-
ply, provided that the distance from the walls (or any other conducting structure) is
greater than one quarter of the free-space wavelength [14]. To show the coherence
of this "quarter wave rule” between real RCs and our 1D RC model, we solved
many one-dimensional chambers to investigate the variation of statistical distri-
bution with position in a cavity. The chamber length a = 10 m, the frequency
of operation fy = 1 GHz (with the corresponding wavelength of approximately
A = 30 cm) and the number of independent stirrer sizes n = 500 were chosen as
the conditions of the experiments.

Initially, some fixed positions were chosen to be x = 6.5 m (mid-way across
the test volume), z = 9.85 m (a half wavelength from the wall), z = 9.925 m
(quarter wavelength) and = = 9.9625 m (eighth of a wavelength): the resulting
field distributions of the real part of the electric field are compared in Figure 8(a).
Note that the distributions still resemble a Gaussian curve when the distance is less
than a quarter wavelength, but that the variance is dramatically reduced in value.
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(a) Distributions of the real part of the electric (b) Variances of the real and imaginary part of
field at different distances from the wall. the electric field as a function of the distance
from the wall, in logarithmic scale.

FI1GURE 8. Field statistics near the cavity wall.

To deepen into this phenomenon, we calculated the field statistics for a large
number of positions and plotted the value of the variance of the real and the imagi-
nary part of the electric field against the distance from the left wall d = a —z. The
results are shown in Figure 8(b) on a logarithmic scale.

It can be seen that this result gives good reason to the ”quarter wavelength
rule”. An explanation of the fall of the variance when d < A/4 is that the boundary
conditions compel the total electric field (and each one of its contributing modes)
to be zero at the side walls.
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7. CONCLUSIONS.

This paper describes a 1D RC model that presents a strong behavioral analogy
with 3D RCs. It simulates the electromagnetic field distribution inside a theoretical
vacuum-filled 1D segment with the presence of a 1D ”stirrer” and of losses in the
walls. In this model, the statistically uniform field can be obtained in two different
ways: either by varying the size of the stirrer, or (in absence of it) by varying the
cavity size. Both processes show reliable normality conditions. The effects of the
stirrer size and the frequency are in agreement with theory and measurements. Fur-
ther characteristics of real RCs were compared with our 1D RC model. These are:
field distribution in RCs working in undermoded regime and their statistics (section
4), radiated emission measurements (section 5) and the field statistics near the cav-
ity walls. The main convenience of this model consists on giving a self-consistent
description of phenomena related to RCs, without gaps on its theoretical develop-
ment. It offers an intuition of how an exact analysis of the real case under study
could look like. Future work (currently under way) involves both the development
of a correlation between the real stirrer and its 1D parameters, and a 3D extension
of this model.
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