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Abstract

The objective of this PhD research program is to develop an accurate and effi-

cient heterogeneous three-dimensional computational model for simulating the

drying of wood at temperatures below the boiling point of water. The complex

macroscopic drying equations comprise a coupled and highly nonlinear system

of physical laws for liquid and energy conservation. Due to the heterogeneous

nature of wood, the physical model parameters strongly depend upon the lo-

cal pore structure, wood density variation within growth rings and variations

in primary and secondary system variables. In order to provide a realistic

representation of this behaviour, a set of previously determined parameters

derived using sophisticated image analysis methods and homogenisation tech-

niques is embedded within the model. From the literature it is noted that

current three-dimensional computational models for wood drying do not take

into consideration the heterogeneities of the medium. A significant advance

made by the research conducted in this thesis is the development of a three-

dimensional computational model that takes into account the heterogeneous

board material properties which vary within the transverse plane with respect

to the pith position that defines the radial and tangential directions. The

development of an accurate and efficient computational model requires the

consideration of a number of significant numerical issues, including the vir-

tual board description, an effective mesh design based on triangular prismatic

elements, the control volume finite element discretisation process for the cou-

pled conservation laws, the derivation of an accurate flux expression based on

gradient approximations together with flux limiting, and finally the solution

of a large, coupled, nonlinear system using an inexact Newton method with a

suitably preconditioned iterative linear solver for computing the Newton cor-

rection. This thesis addresses all of these issues for the case of low temperature

drying of softwood. Specific case studies are presented that highlight the ef-

ficiency of the proposed numerical techniques and illustrate the complex heat

and mass transport processes that evolve throughout drying.

v



vi



Keywords

Wood drying; Low temperature drying; Heterogenous; Computational model;

Three-dimensional; Control volume finite element; Triangular prismatic ele-

ment; Inexact Newton method; Gauss-Green gradient reconstruction; Flux

limiting.

vii



viii



Publications Arising from the Thesis

S. L. Truscott and I. W. Turner, “An investigation of spatial and temporal

weighting schemes for use in unstructured mesh control volume finite element

methods,” ANZIAMJ, vol. 44, pp. C759–C779, 2003.

S. L. Truscott and I. W. Turner, “An investigation of the accuracy of the

control volume finite element method based on triangular prismatic elements

for simulating diffusion in anisotropic media,” Numer. Heat Transfer, Part B:

Fundamentals, vol. 46, no. 3, pp. 243–268, 2004.

S. L. Truscott and I. W. Turner, “A heterogeneous three-dimensional com-

putational model for wood drying,” Appl. Math. Modelling, (to appear).

ix



x



Contents

Statement of Original Authorship i

Acknowledgments iii

Abstract v

Keywords vii

Publications Arising from the Thesis ix

Contents xi

List of Figures xv

List of Tables xix

Nomenclature xxi

1 Introduction 1

1.1 Wood drying . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Literature review . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.1 Wood drying models . . . . . . . . . . . . . . . . . . . . 7

1.2.2 Numerical techniques . . . . . . . . . . . . . . . . . . . . 10

1.3 Objectives of the thesis . . . . . . . . . . . . . . . . . . . . . . . 15

1.4 Original contributions of the thesis . . . . . . . . . . . . . . . . 17

1.5 Structure of the thesis . . . . . . . . . . . . . . . . . . . . . . . 17

xi



2 Mathematical Formulation of the Heterogeneous Wood Drying

Model 21

2.1 Drying equations . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.1 Conservation equations . . . . . . . . . . . . . . . . . . . 21

2.1.2 Closure conditions . . . . . . . . . . . . . . . . . . . . . 23

2.1.3 Physical wood properties . . . . . . . . . . . . . . . . . . 26

2.1.4 Boundary conditions . . . . . . . . . . . . . . . . . . . . 27

2.1.5 Model simplification . . . . . . . . . . . . . . . . . . . . 28

2.2 Heterogeneous material properties . . . . . . . . . . . . . . . . . 30

2.2.1 Capillary pressure . . . . . . . . . . . . . . . . . . . . . . 30

2.2.2 Absolute permeability . . . . . . . . . . . . . . . . . . . 32

2.2.3 Bound liquid diffusivity . . . . . . . . . . . . . . . . . . 37

2.2.4 Effective thermal conductivity . . . . . . . . . . . . . . . 41

2.3 Virtual board description . . . . . . . . . . . . . . . . . . . . . . 42

2.3.1 Computational mesh generation . . . . . . . . . . . . . . 43

2.3.2 Treatment of the material angle . . . . . . . . . . . . . . 43

2.3.3 Initial moisture content field . . . . . . . . . . . . . . . . 45

2.4 Board samples and drying conditions . . . . . . . . . . . . . . . 47

3 Spatial and Temporal Weighting Schemes for the Control Vol-

ume Finite Element Method in Two-Dimensions 49

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.2 Transport model . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3 Computational model . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3.1 Control volume finite element method . . . . . . . . . . . 59

3.3.2 Nonlinear solver . . . . . . . . . . . . . . . . . . . . . . . 61

3.3.3 Flux evaluation at the control volume face . . . . . . . . 63

3.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . 67

3.4.1 Linear benchmark case study . . . . . . . . . . . . . . . 67

3.4.2 Transport model . . . . . . . . . . . . . . . . . . . . . . 72

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

xii



4 Gradient Approximation Methods for the Control Volume Fi-

nite Element Method based on Triangular Prismatic Elements 83

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.2 Mathematical formulation . . . . . . . . . . . . . . . . . . . . . 86

4.2.1 Problem definition . . . . . . . . . . . . . . . . . . . . . 86

4.2.2 Control volume finite element method . . . . . . . . . . . 88

4.2.3 Gradient approximation . . . . . . . . . . . . . . . . . . 89

4.2.4 Gradient correction . . . . . . . . . . . . . . . . . . . . . 97

4.2.5 Taylor series expansions and least squares . . . . . . . . 100

4.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . 104

4.3.1 Numerical solution and mesh construction . . . . . . . . 104

4.3.2 Case study on orthotropic media . . . . . . . . . . . . . 105

4.3.3 Case study on anisotropic media . . . . . . . . . . . . . . 109

4.3.4 Normal equations and QR decomposition . . . . . . . . . 115

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5 A Heterogeneous Three-Dimensional Computational Model

for Wood Drying 123

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.2 Heterogenous transport model . . . . . . . . . . . . . . . . . . . 127

5.2.1 Conservation equations . . . . . . . . . . . . . . . . . . . 127

5.2.2 Material properties and mesh generation . . . . . . . . . 128

5.2.3 Boundary and initial conditions . . . . . . . . . . . . . . 132

5.3 Computational model . . . . . . . . . . . . . . . . . . . . . . . . 135

5.3.1 Control volume finite element method . . . . . . . . . . . 135

5.3.2 Flux evaluation at the control volume face . . . . . . . . 137

5.3.3 Nonlinear solver . . . . . . . . . . . . . . . . . . . . . . . 141

5.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . 145

5.4.1 Mesh investigation . . . . . . . . . . . . . . . . . . . . . 148

5.4.2 Nonlinear solver methodology . . . . . . . . . . . . . . . 149

5.4.3 Flux evaluation . . . . . . . . . . . . . . . . . . . . . . . 152

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

xiii



6 Case Studies in Low Temperature Softwood Drying 167

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

6.2 Virtual board construction . . . . . . . . . . . . . . . . . . . . . 168

6.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . 173

6.3.1 Comparison of computation meshes . . . . . . . . . . . . 174

6.3.2 Performance of flux limiting . . . . . . . . . . . . . . . . 180

6.3.3 One- and two-equation model comparison . . . . . . . . 181

6.3.4 Numerical simulations for drying schedule 1 . . . . . . . 186

6.3.5 Numerical simulations for drying schedule 2 . . . . . . . 197

6.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

7 Conclusions 209

7.1 Summary and discussions . . . . . . . . . . . . . . . . . . . . . 209

7.2 Recommendations for future research . . . . . . . . . . . . . . . 215

Bibliography 217

xiv



List of Figures

1.1 Typical wood drying kiln . . . . . . . . . . . . . . . . . . . . . . 4

1.2 Finite volume schemes . . . . . . . . . . . . . . . . . . . . . . . 12

2.1 Relative liquid and gaseous permeabilities . . . . . . . . . . . . 27

2.2 Cross-section of spruce . . . . . . . . . . . . . . . . . . . . . . . 31

2.3 Capillary pressure . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.4 Gross structure of a typical southern pine softwood . . . . . . . 34

2.5 Earlywood and latewood tracheids . . . . . . . . . . . . . . . . 35

2.6 Absolute liquid and gaseous permeabilities . . . . . . . . . . . . 36

2.7 Bound liquid diffusivity and effective thermal conductivity . . . 40

2.8 The virtual board description . . . . . . . . . . . . . . . . . . . 44

3.1 Coarse triangular mesh . . . . . . . . . . . . . . . . . . . . . . . 53

3.2 Medium and fine triangular meshes . . . . . . . . . . . . . . . . 54

3.3 Coarse mesh: density variation and initial moisture content field 56

3.4 Medium mesh: density variation and initial moisture content field 57

3.5 Fine mesh: density variation and initial moisture content field . 58

3.6 Construction of a two-dimensional control volume . . . . . . . . 60

3.7 Triangular finite element . . . . . . . . . . . . . . . . . . . . . . 64

3.8 van Leer and parabolic limiter functions . . . . . . . . . . . . . 67

3.9 Surface contour plots for the benchmark problem . . . . . . . . 69

3.10 Contour plots for the benchmark problem . . . . . . . . . . . . 70

3.11 Drying schedule and assumed board temperature . . . . . . . . 73

3.12 Contour plots for the transport model on the coarse mesh . . . . 75

3.13 Contour plots for the transport model on the medium mesh . . 76

xv



3.14 Contour plots for the transport model on the fine mesh . . . . . 77

3.15 Average moisture content and discrete time step versus time . . 78

4.1 Triangular prismatic element . . . . . . . . . . . . . . . . . . . . 88

4.2 Six node triangular prismatic finite element . . . . . . . . . . . 91

4.3 Fifteen node triangular prismatic finite element . . . . . . . . . 93

4.4 Gauss-Green gradient reconstruction elements . . . . . . . . . . 95

4.5 Triangular prismatic element meshes . . . . . . . . . . . . . . . 106

4.6 Relative gradient error and relative error for case 1 . . . . . . . 108

4.7 Contour plots for case 2 on the regular meshes . . . . . . . . . . 112

4.8 Contour plots for case 2 on the irregular meshes . . . . . . . . . 113

4.9 Contour plots for case 3 on the regular meshes . . . . . . . . . . 116

4.10 Contour plots for case 3 on the regular meshes . . . . . . . . . . 117

4.11 Nodal error contour plots for case 3 on the regular meshes . . . 118

4.12 Nodal error contour plots for case 3 on the regular meshes . . . 119

5.1 Log cross-section and back sawn board . . . . . . . . . . . . . . 124

5.2 Coarse triangular prismatic element mesh construction . . . . . 129

5.3 Medium triangular prismatic element mesh construction . . . . 130

5.4 Fine triangular prismatic element mesh construction . . . . . . . 131

5.5 Medium mesh: density variation and initial moisture content field133

5.6 Schematic of a control volume face . . . . . . . . . . . . . . . . 138

5.7 Drying kinetics . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

5.8 Average moisture content and discrete time step versus time . . 150

5.9 Coarse mesh: contour plots after 1 h 40 min of drying . . . . . . 158

5.10 Medium mesh: contour plots after 1 h 40 min of drying . . . . . 159

5.11 Fine mesh: contour plots after 1 h 40 min of drying . . . . . . . 160

5.12 Coarse mesh: contour plots after 3 h 20 min of drying . . . . . . 161

5.13 Medium mesh: contour plots after 3 h 20 min of drying . . . . . 162

5.14 Fine mesh: contour plots after 3 h 20 min of drying . . . . . . . 163

6.1 Quarter sawn maritime pine board sample . . . . . . . . . . . . 169

6.2 Triangular prismatic element meshes . . . . . . . . . . . . . . . 172

xvi



6.3 Initial moisture content field . . . . . . . . . . . . . . . . . . . . 174

6.4 Drying schedules and assumed board temperature . . . . . . . . 175

6.5 Comparison of mesh refinement with schedule 1 . . . . . . . . . 178

6.6 Comparison of mesh refinement with schedule 2 . . . . . . . . . 179

6.7 Average moisture content and discrete time step for schedule 1 . 182

6.8 Average moisture content and discrete time step for schedule 2 . 183

6.9 Comparison of upwinding and flux limiting with schedule 1 . . . 184

6.10 Comparison of upwinding and flux limiting with schedule 2 . . . 185

6.11 Spatial locations for drying kinetics . . . . . . . . . . . . . . . . 187

6.12 Moisture content drying kinetics for schedule 1 . . . . . . . . . . 188

6.13 Temperature drying kinetics for schedule 1 . . . . . . . . . . . . 189

6.14 Slice contour plots after 1 h of drying with schedule 1 . . . . . . 190

6.15 Slice contour plots after 2 h of drying with schedule 1 . . . . . . 191

6.16 Slice contour plots after 3 h of drying with schedule 1 . . . . . . 192

6.17 Slice contour plots after 6 h of drying with schedule 1 . . . . . . 193

6.18 Slice contour plots after 12 h of drying with schedule 1 . . . . . 194

6.19 Slice contour plots after 24 h of drying with schedule 1 . . . . . 195

6.20 Moisture content drying kinetics for schedule 2 . . . . . . . . . . 199

6.21 Temperature drying kinetics for schedule 2 . . . . . . . . . . . . 200

6.22 Slice contour plots after 1 h of drying with schedule 2 . . . . . . 201

6.23 Slice contour plots after 2 h of drying with schedule 2 . . . . . . 202

6.24 Slice contour plots after 3 h of drying with schedule 2 . . . . . . 203

6.25 Slice contour plots after 6 h of drying with schedule 2 . . . . . . 204

6.26 Slice contour plots after 12 h of drying with schedule 2 . . . . . 205

6.27 Slice contour plots after 24 h of drying with schedule 2 . . . . . 206

xvii



xviii



List of Tables

2.1 Parameter values used within the drying equations . . . . . . . 24

2.2 Summary of board samples and drying conditions . . . . . . . . 48

3.1 Benchmark problem: spatial and temporal weighting schemes . . 72

3.2 Transport model: spatial and temporal weighting schemes . . . 74

3.3 Transport model: flux limiter function and sensor combinations 79

4.1 Finite element shape functions for a six node triangular prism . 91

4.2 Finite element shape functions for a fifteen node triangular prism 92

4.3 Case 2: relative error, CPU time and computer memory . . . . . 111

4.4 Case 3: relative error, CPU time and computer memory . . . . . 114

5.1 Coarse, medium and fine mesh details . . . . . . . . . . . . . . . 149

5.2 Case 1: comparison of gradient approximation methods . . . . . 153

5.3 Case 2: comparison of gradient approximation methods . . . . . 154

5.4 CPU time, inner and outer iterations and time steps . . . . . . . 157

6.1 Drying air characteristics for drying schedules 1 and 2 . . . . . . 168

6.2 Triangular prismatic element mesh statistics . . . . . . . . . . . 173

6.3 Computational runtime statistics for schedule 1 . . . . . . . . . 176

6.4 Computational runtime statistics for schedule 2 . . . . . . . . . 177

xix



xx



Nomenclature

c molar concentration mol/m3

Cp specific heat J/kg/K

Cpa
specific heat of air J/kg/K

Cps
specific heat of solid J/kg/K

Cpv
specific heat of vapour J/kg/K

Cpw
specific heat of water J/kg/K

D diffusivity m2/s

Db bound liquid diffusivity m2/s

Deff effective vapour diffusivity m2/s

Ddif bound liquid pseudo-diffusivity kg/m/s

Dv mass diffusivity of vapour in air m2/s

Dv effective vapour diffusivity m2/s

FCV set of faces enclosing the control volume

FE set of faces enclosing the element

g gravitational acceleration m/s2

h heat transfer coefficient W/m2/K

ha enthalpy of air J/kg

hb enthalpy of bound water J/kg

hs enthalpy of solid J/kg

hv enthalpy of vapour J/kg

h0
vap latent heat of vaporisation J/kg

hw enthalpy of water J/kg

Je energy flux J/m2/s

Jm Jacobian matrix

Jw liquid flux kg/m2/s

K thermal conductivity W/m/K

Keff effective thermal conductivity W/m/K

kg relative gaseous permeability

Kg absolute gaseous permeability m2

km mass transfer coefficient m/s

xxi



kw relative liquid permeability

Kw absolute liquid permeability m2

Ma molecular weight of air kg/mol

Mv molecular weight of vapour kg/mol

n normal vector m

N number of mesh nodes

N finite element shape function

NG Gauss-Green shape function

NS finite element shape function

P set of nodes for the least squares

Pa air pressure Pa

Patm atmospheric pressure Pa

Pc capillary pressure Pa

Pceqm equilibrium capillary pressure Pa

Pg gaseous pressure Pa

Psat saturated vapour pressure Pa

Pv vapour pressure Pa

Pw liquid pressure Pa

r flux limiter sensor

R gas constant J/mol/K

R rotation matrix

Sw liquid saturation m3/m3

t time s

T temperature ◦C

Tbp boiling point of water ◦C

Tr reference temperature ◦C

T∞ dry bulb temperature ◦C

v velocity m/s

VE set of element vertices

VF set of element face vertices

vg gaseous phase velocity m/s

xxii



vw liquid phase velocity m/s

x coordinate length (radial direction) m

x positional vector m

X moisture content kg/kg

X̄ average moisture content kg/kg

Xb bound water moisture content kg/kg

Xfsp fibre saturation point kg/kg

xv molar fraction of vapour mol/mol

Xw liquid moisture content kg/kg

y coordinate length (tangential direction) m

z coordinate length (longitudinal direction) m

Greek symbols

γ parameter J/m3/K

∆hw differential heat of sorption J/kg

δt discrete time step s

δVCV control volume volume m3

δVE element volume m3

ε numerical shift

ε gradient correction term

ε gradient vector correction term

εg gaseous volume fraction m3/m3

εs solid volume fraction m3/m3

εw liquid volume fraction m3/m3

θ pitch angle deg

λg gaseous mobility m · s/kg

λw liquid mobility m · s/kg

µg gaseous dynamic viscosity kg/m/s

µw liquid dynamic viscosity kg/m/s

ρ density kg/m3

xxiii



ρ0 wood density kg/m3

ρa air density kg/m3

ρg gaseous density kg/m3

ρs solid density kg/m3

ρv vapour density kg/m3

ρw water density kg/m3

σ surface tension of water N/m

σ flux limiter function

φ porosity m3/m3

φ yaw angle deg

ϕ transported quantity (mass fraction) kg/kg

ϕ transported quantity (temperature) ◦C

ϕg gaseous phase potential kg/m/s2

ϕw liquid phase potential kg/m/s2

χ depth scalar m

ψ relative humidity

ψ roll angle deg

Ψe conserved quantity of energy J/m3

Ψw conserved quantity of liquid kg/m3

ωa air mass fraction kg/kg

ωv vapour mass fraction kg/kg

Subscripts

a air

b bound water

g gaseous phase (vapour and air)

s solid phase (cell wall)

v vapour

w liquid phase (free water)

xxiv



Superscripts

L longitudinal direction

R radial direction

T tangential direction

T matrix transpose

xxv





Chapter 1

Introduction

1.1 Wood drying

Wood is a fascinating biological porous material that is both anisotropic and

heterogeneous. Its complicated internal cell structure is well documented [1]

and is composed of cellulose, hemicellulose and lignin. Cellulose is a com-

plex carbohydrate, hemicellulose a carbohydrate less complex than cellulose

and lignin a complex polymer that binds to cellulose fibres and hardens and

strengthens the cell walls. Tracheids are long tubular cells that help to make

up the supporting and water-conducting tissue of wood, and account for the

majority of the mass of softwood. They are formed in the radial direction by

division of the same initial cell in the cambium. The cambium is a series of

formative cells lying outside of the wood proper and inside of the inner bark,

from which the growth of new wood takes place. As a consequence of this

growth pattern, the cell walls are aligned in the radial direction and staggered

in the tangential direction (see Figure 2.2 in Chapter 2 §2.2.1). Typically, the

cell wall thickness varies considerably from earlywood to latewood across a

growth ring and as a direct result of this variation the wood density is higher

in latewood in comparison to earlywood. In fact, the density variation across a

growth ring of a tree can range between a factor from three to four for growth

in spring as compared to growth in late summer. Previous studies [2, 3] have

noted that the physical properties of wood depend strongly on both the posi-
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tion within the growth ring and the density variation. This variation can have

a significant impact on the heat and mass transfer occurring within a board

sample being dried in a kiln.

Freshly cut timber contains a considerable amount of water, most of which

must be removed before the wood can be made into a product of structural

integrity. Drying, or seasoning, processes are designed to remove this excess

water as economically and with as little damage to the product as possible.

Since drying can consume a large amount of the total energy in manufacturing

most wood products, the importance of understanding the wood drying pro-

cess at a fundamental level is essential if innovative drying technologies that

minimise energy usage are to be proposed.

The water contained in wood is described as free water in the cell cavi-

ties and as bound water in the cell walls. The fibre saturation point is the

moisture content level, approximately 30 % , at which all of the free water has

been removed from the wood and the cell walls are saturated with water. Free

water, in comparison to bound water, is easier to remove during drying. Fur-

thermore, the removal of bound water causes wood to shrink anisotropically.

Consequently, drying must be carried out carefully to prevent excess stress

build up during shrinkage in order to avoid irreparable damage to the wood.

Wood should be dried to a moisture content slightly below the average that the

final product will attain in its use, where typical ranges are usually between 8

and 18 % . The primary reasons for drying wood before it is used include [4]:

• it is less subject to mold, stain, decay and insect attack.

• it has increased strength and durability.

• it is more stable because shrinkage takes place before the wood is used

as a final product.

• it has reduced weight, implying less shipping and handling costs.

• there is reduced warping, splitting and checking.
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A wood drying kiln must be large enough to accommodate the stacked tim-

ber, together with the equipment required to heat and circulate the drying air

(see Figure 1.1). Typical kiln capacities range from 5 m3 (2000 board feed)

for small factories to 400 m3 (170000 board feed) for large sawmills [4]. They

must also be well insulated and sealed to minimise heat loss and to control

humidity. Conventional kilns operate based on a drying schedule that controls

the temperature and relative humidity of the circulating air. In general, these

schedules control both the dry and wet bulb temperatures in the kiln. A good

schedule aims to commence drying at a low temperature and high relative hu-

midity and thereafter, as the wood dries, the temperature is raised and the

relative humidity lowered. Schedules operate based on either a final moisture

content requirement or on a time basis. Timber is layered into stacks with

stickers placed between layers and spring clamps, or heavy weights, are placed

on top of the stack to reduce warping. Effective air circulation in the kiln is

essential for quality drying. Propeller fans are used to deliver large volumes

of air through the stack at low horsepower, where air velocities typically range

from 1 to 3 m/s . Heat must be readily transferred from the air to the tim-

ber. Usually direct-heated kilns use wood waste to heat the drying air in an

attempt to reduce operational costs. Many wood species worldwide are dried

using conventional kiln drying operations that use what are often referred to

as low temperature drying schedules. The most common being the use of a

dry bulb temperature in the range of 60 to 80 ◦C , with air velocities close to 2

or 3 m/s .

Drying is one of the most energy intensive industrial processes. It is a topic

that embraces simultaneous heat and mass transfer in porous media and calls

upon knowledge from a number of disciplines, including chemical engineer-

ing and mathematical sciences. Over the last decade, the timber industry

has injected substantial funding into fundamental experimental and modelling

research work in an attempt to provide a fundamental understanding of the

drying process. The focus of this research has ranged from the kiln scale to

the transport phenomena occurring at the macroscopic and microscopic scales
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Figure 1.1: Typical wood drying kiln. (Rosen 1987)

within the board. The knowledge gained from this research has enabled opti-

mised drying systems to be investigated and developed by wood scientists and

drying practitioners. Mathematical models are now commonplace in industry,

often being used in online control feedback systems to monitor and predict

potential damage to the wood throughout drying. The extensive experimental

work that has complemented the modelling research has enabled the devel-

opment of more accurate and realistic models. In particular, the important

physical property correlations and parameters necessary within the framework

of the wood drying model have been developed using sophisticated strategies.

Such advances ensure that drying models well represent reality and this is now

becoming clearly evident from the literature, where good agreement between

theory and experiment is often reported [5, 6, 7].

The macroscopic equations that govern heat and mass transport in a ho-

mogeneous porous medium have been previously discussed in great detail by

4
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Whitaker [8, 9]. These equations have been used subsequently to model the

softwood drying process with great success for a number of different drying

configurations, including vacuum drying, high temperature convective drying

and combined microwave and convective drying [10, 6]. Recent research con-

ducted by Perré and Turner [2, 3] focussed on determining the material prop-

erty variations across a growth ring of softwood. In that work, experimental

observation and mathematical tools including image analysis, homogenisation

and a simple tracheid model enabled a complete set of correlations for capillary

pressure, absolute permeability, bound liquid diffusivity and effective thermal

conductivity to be postulated. Using these correlations the drying equations

were extended to account for the material heterogeneity through the variation

of the material properties with density [11, 12].

The modelling of wood drying is a complex process that spans several disci-

plines, including wood science and mathematics. The literature shows that the

current state of the art with respect to computational modelling of the wood

drying process is two-dimensional cross-sectional heterogenous models [13, 14,

7, 12] and a comprehensive three-dimensional homogeneous model [15]. To

the author’s best knowledge, a three-dimensional heterogeneous wood drying

model does not currently exist in the literature and this void provided the mo-

tivation for this thesis. Further motivation comes from the conclusions drawn

from previous two-dimensional studies [10, 6], which state that the longitudinal

direction is necessary to correctly represent the transport phenomena. Further,

a three-dimensional model is absolutely essential if a complete radio frequency

or microwave drying simulation is to be made [16]. And finally, the results

provided by a recent two-dimensional heterogeneous wood drying model [12],

clearly indicated that the moisture content evolution within the board during

drying strongly depends on the density variation. The contribution made by

this research program is two fold. Firstly, the concept of the virtual board

proposed in [12] for a two-dimensional cross-section was extended to include

the longitudinal direction. Secondly, a heterogeneous three-dimensional com-

putational wood drying model that utilises this virtual board description was
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developed and the underlying numerical strategies that enabled an efficient

implementation were presented in detail. The comprehensive set of density

dependent material properties proposed in [2, 3] were used to ensure that this

computational model well represented reality.

The main focus of this thesis concerns the numerical techniques that enable

an accurate and efficient solution to the physical conservation laws that govern

the wood drying process. The resulting computer code is quite complex and

can be time consuming in terms of CPU time for the large meshes encoun-

tered with three spatial dimensions. In order to counterbalance this effect,

state of the art numerical techniques such as an inexact Newton method for

solving the nonlinear discrete network and preconditioned conjugate gradient

solvers for resolving the linearised sparse matrix system are employed. The

control volume finite element discretisation method is used to transform the

nonlinear coupled partial differential system that describes the drying process

into a discrete nonlinear algebraic system analogue. To enable a true repre-

sentation of the drying process, accurate flux evaluations have been developed

which includes the calculation of the flow direction indicators within the flux

limiting technique and accurate gradient approximations within the triangular

prismatic elements that make up the computational mesh. The overall dis-

cretisation process, from the given governing equations to the numerical sim-

ulations, is a complex and difficult task. For example, considering the mesh

construction, the geometry of the computational domain results in the compu-

tational mesh having a large number of elements, which in turn greatly affects

computational overheads. Further, the strong nonlinearity, heterogeneity and

anisotropic nature of the drying equations leads to great variation in the mag-

nitude of the Jacobian matrix entries, and at the transition points close to full

saturation and passing through fibre saturation, this system may become ill-

conditioned. Consequently, to enable an efficient solution of this large sparse

linear system for the Newton step, a good matrix preconditioner is absolutely

necessary to ensure convergence of the iterative solver. It should also be noted

that in passing from two spatial dimensions to three, the implementation of
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flux limiting becomes more complicated in terms of deriving an effective flow

direction indicator.

1.2 Literature review

Mathematical modelling research for drying commenced in the early 1980s,

where then it would have seemed impossible to imagine that a completely

coupled drying process could be simulated in three-dimensions. In those days,

the challenge was to model a simplified version of reality in no more than one-

dimension. Since then, computer technology has greatly improved, as well as

the availability of high performance computers, and hence it is now possible

to develop such three-dimensional computational models. Today, a blend of

experimental and mathematical work and the advances in computer hardware

and software allows computational modelling to play a significant role in the

improvement of wood drying.

1.2.1 Wood drying models

To date, most models that describe the wood drying process assume that the

porous medium is homogeneous. In the past, a variety of simplifying assump-

tions have enabled the macroscopic transport equations originally proposed by

Whitaker [8, 9] to be reduced to a single nonlinear partial differential equation

for moisture content, a system of two nonlinear partial differential equations

for moisture content and temperature, or the full set of three partial differential

equations for moisture content, temperature and internal pressure.

The initial computational models used during the 1980s and early 1990s

were one-dimensional models, which uncoupled the drying equations and used

a fixed point iterative method together with a tri-diagonal matrix algorithm

(TDMA) linear solver to resolve the nonlinear system [17, 18, 19, 20, 21].

During the 1990s two-dimensional models [22, 5, 23] were implemented on

structured meshes. In those models the drying equations were treated as a
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coupled system of equations. Fixed point methods were still used to solve

the nonlinear system, although the linear solver was now replaced with a line

successive over-relaxation (SOR) method. The next advancements were models

based on two-dimensional unstructured meshes [24, 25, 26], where advances in

the numerics were made. Specifically, the use of a Newton nonlinear solver

for the outer iterations together with a preconditioned bi-conjugate gradient

(BiCG) [27, 28] or generalised minimal residual (GMRES) [29, 30] iterative

solver for the inner iterations. A two-dimensional drying model implemented

on a structured mesh presented by Turner and Perré [31] made use of a hybrid

Newton nonlinear solver with line searching, together with flux limiting.

Sophisticated mathematical models have been developed to treat the het-

erogeneity evident in wood [32, 33, 13, 14, 34, 25, 11]. In particular, the

two-dimensional model proposed by Plumb and Gong [7] for the radial and

tangential wood directions predicted the variations in moisture content across

the growth ring that were observed experimentally. Further, it was seen that

the earlywood exposed at the drying surface dries quickly during the early

stages of drying and that the free water tended to move diagonally across the

sample due to the high permeability in the radial direction. All of these ef-

fects observed during the simulations were evident during the experiment. A

recently presented two-dimensional heterogenous drying model by Perré and

Turner [12] made a comparison of the overall drying kinetics with a classical

homogeneous model [26], for both low and high temperature drying. That

paper detailed the development of a new heterogenous drying model that used

the wood property information detailed in [2, 3]. The sophisticated numer-

ical techniques used ensured accurate simulation results in comparison with

experimental observation and that the computational requirements were fea-

sible for on-line kiln control, for a two-dimensional cross-section. The model

superseded the previous versions of the computational code that is known as

TransPore [26]. Further, it was concluded that only the heterogeneous model

captured the true moisture content behaviour that evolves in the earlywood

and latewood components of the board during drying. Specifically, the mois-
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ture evolution during the early part of the drying process is much higher in the

earlywood components than in the latewood components. Another important

finding indicated that the mesh structure had an important impact on the

smoothness of the drying kinetics, particularly at the locations of the growth

rings within the board sample.

The first comprehensive three-dimensional computational model for drying,

which was implemented on a structured mesh, was developed by Perré and

Turner [15]. This homogeneous model, which used the full set of conser-

vation equations and experientially-determined physical parameters, showed

that three spatial dimensions are required if the physical behaviour of the

porous medium throughout the drying process is to be described correctly.

The model also confirmed that the thickness and width of the board are es-

sential to account for the coupled mechanisms of thermal and mass diffusion.

More recently, another homogeneous three-dimensional wood drying model was

developed by Dedic [35], where this model was based on the conservation of

mass and energy using parameters obtained by comparing experimental data

and numerical results for the drying of a block of beech wood. A simple trans-

fer model has been developed by Mounji and Bouzon [36] for studying the

absorption and desorption of water in a wood beam below and above the fibre

saturation point. Another model developed by Petersson et al. [37] was used

to analyse the moisture distortion modelling of wood and structural timber.

Some of the current research trends in wood drying are now summarised. A

new comprehensive mathematical model that combines both the airflow dis-

tribution inside the kiln and the moisture and heat transport inside the wood

was presented by Pougatchn et al. [38]. In particular, a method for obtaining

numerical solutions for this wood drying model was described and results on

different grids were compared. A two-dimensional model of wood drying under

isothermal conditions taking into consideration the coating of the surface of

the specimen was presented by Baronas et al. [39]. The influence of the surface

coating degree, as well as the geometrical shape of the wood, on the dynamics
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of drying was investigated. This paper described the conditions of usage of the

two-dimensional moisture transfer model, in contrast to the one-dimensional

model, for accurate prediction of the drying process. Experimental investiga-

tion and computational analysis were performed by Martinovic et al. [40] to

evaluate the influence of the ambient air parameters during the drying pro-

cess on the temperature, moisture and resulting deformations and stresses in

the wood samples. This paper presented the numerical procedure based on

the finite volume method to discretise the equations governing heat, mass and

momentum and took into account the anisotropic nature of wood. The com-

parison of the numerical and experimental results showed good agreement and

it was stated that the proposed numerical algorithm could be used in design-

ing wood drying schedules. The internal model proposed by Tarasiewicz and

Leger [41] was a nonlinear system of partial differential equations where the

boundary conditions were specified at the timber board entrance and between

the wood and air. The initial conditions were calibrated by solving the static

model and by using experimental data.

1.2.2 Numerical techniques

A typical conservation law that has both advective, or convective, and diffusive

components takes the form:

∂ϕ

∂t
+∇ · (ϕv) = ∇ · (D∇ϕ) (1.1)

where ϕ represents the transported quantity, for example, mass or energy, v is

the velocity vector and D the diffusivity tensor. The advective, or convective,

component is ϕv , the diffusive component is D∇ϕ and ∂ϕ/∂t is known as the

accumulation term. Finite volume methods, which arise in a variety of im-

portant applications in both science and engineering [42, 43, 44, 45], provides

a mechanism by which to transform the nonlinear partial differential equa-

tion (1.1) into a discrete nonlinear algebraic analogue. In order to advance the

solution in time this nonlinear system must be solved at each discrete time

level. The attraction of the finite volume method is threefold. Firstly, the
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conservative nature of the finite volume method ensures that the conservation

laws are satisfied across the entire computational domain and at the discrete

level, whether for an individual finite volume, or a group of finite volumes

within the mesh. Secondly, there is considerable flexibility offered for the flux

decomposition at the finite volume faces. And thirdly, the method allows for

an arbitrary mesh to be utilised for the discrete computational domain. Two

options exist for its implementation, the cell-centred approach and the vertex-

centred approach.

The cell-centred method uses the mesh elements as the finite volumes, while

the nodes where the system variables are stored are placed at the centre of these

elements (see Figure 1.2(a)). Fluxes then need to be estimated at the faces of

the elements and typically these fluxes are decomposed in terms of appropri-

ately chosen orthonormal vectors. Considering the diffusive flux component of

Equation (1.1), D∇ϕ · n̂, a possible decomposition has the form:

∇ϕ · v = α (∇ϕ · v̂1) + β (∇ϕ · v̂2) + γ (∇ϕ · v̂3)

where v = DTn̂ , α , β and γ are appropriately defined geometric constants

and {v̂1, v̂2, v̂3} forms an orthonormal basis for R3 . This specific case has

been considered previously in two-dimensions [46], where Gauss-Green gradi-

ent reconstruction and least squares methods were used to ensure second order

approximations of the flux. Interestingly however, the cell-centred methodol-

ogy may not be well suited for use with strongly heterogeneous media such as

wood, since rapid changes in material properties may be evident at any given

finite volume face. In this case, fluxes can move between finite volumes that

have significantly different physical properties associated with them and flux

conservation can therefore prove difficult to enforce.

In the case of the vertex-centred scheme, the system variables are stored

at the vertices of the mesh elements and the finite volumes are constructed

around these vertices (see Figure 1.2(b)). Although cell-centred schemes are

well favoured in computational fluid dynamics (CFD), wood drying simulators

11



fluxes

finite volume

(a) Cell−centred scheme (b) Vertex−centred scheme

SCV

finite volume

node fluxes node

elementelement

Figure 1.2: Finite volume schemes.

in use throughout Australia and France [26, 15, 12] typically use the control

volume finite element method as the preferred numerical discretisation method.

This method, which is in fact a vertex-centred scheme, combines the strengths

of the finite volume method together with the powerful finite element shape

functions. Here the elements have partial sub-control volumes (SCVs) defined

within them that are associated with each vertex (see again Figure 1.2(b)).

These SCVs comprise part of a control volume (finite volume) and fluxes need

to be approximated at each SCV face. The shape functions defined for the par-

ticular element type are then used to provide gradient approximations within

the element. For the diffusive flux component of Equation (1.1), the flux at

the SCV faces would be evaluated using [47, 26]:

D∇ϕ · n =
∑

i

ϕi∇Ni · v

where the Ni are the shape functions [48] and i sums over the vertices of the

element. It is important to note that for vertex-centred schemes, all fluxes

to be approximated at the SCV faces lie entirely within any given element

that has a unique set of material properties associated with it. As a direct

consequence, heterogeneous media can be dealt with in a seamless manner that
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is more straightforward than the cell-centred counterpart. This advantage is

one of the primary motivations for using the control volume finite element

methodology in wood drying.

The finite volume discretisation method requires that the solution domain

be meshed with elements. The choice of element type for a three-dimensional

domain are typically hexahedral, triangular prisms or tetrahedral elements.

The model developed in this thesis uses triangular prisms, since this element

type allows the mesh to be completely unstructured in the transverse (radial-

tangential) plane and that the finite volume faces are either aligned with, or

perpendicular to, the dominate transport direction, which aids with accurate

flux approximations. One notes some literature that makes use of triangu-

lar prisms for various applications [49, 50, 51, 52, 53], however these citations

primarily concern the cell-centred finite volume scheme together with vari-

ous techniques that enable the use of hybrid meshes. Triangular prisms are

also commonly used for computational modelling in petroleum engineering and

groundwater modelling [54, 55, 56] and are used frequently in commercial soft-

ware [57, 58] associated with these research fields.

The discrete analogue of the conservation equation as presented by the finite

volume scheme is second order spatially accurate provided the flux terms at

the finite volume face are known exactly. Further, the advective, or convective,

flux term must be treated in a different manner to the diffusive flux term, so

that monotonic solutions are ensured. For the diffusive term, gradient approx-

imations must be made within the mesh element if the vertex-centred finite

volume scheme is used, and typically finite element shape functions [59] are

used for these calculations. Strongly anisotropic media pose an enormous chal-

lenge for finite volume computational methods, especially for accurate gradient

calculations at the finite volume faces. Recent advances in the treatment of the

diffusive term in two-dimensions were made in [46], where Taylor expansions

where employed to estimate secondary gradient information about the decom-

posed flux term. For the advective, or convective, term, either upwinding or
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flux limiting can be used, where flux limiting has been utilised with great suc-

cess in the past for drying [31] to reduce the smearing of the drying kinetics

that is produced by upwinding, and for reducing numerical dispersion of the

contaminant mole fraction fronts in multi-phase compositional computational

models [60, 61, 48].

A nonlinear solver is required to resolve the discrete analogue of the partial

differential equation in order to advance the solution in time. The Newton

method requires the construction of the Jacobian matrix, however, the con-

struction of this matrix is not possible due to the complex nonlinearity of the

equations. Hence, an inexact Newton method is employed that uses an approx-

imation of the Jacobian matrix, whereby the matrix elements are calculated

using a first order finite difference approximation. The iterations of this non-

linear solver are termed as the outer iterations. The solution of the linearised

system is a difficult task, since the matrix is very large and sparse, and of block

nature due to the coupled drying conservations laws. Generally, two families of

methods exist for solving linear systems, direct and indirect methods. Direct

methods are impractical primarily due to the fill-in that would result when

considering the sparseness and dimension of the matrix, 121110 × 121110 for

the largest mesh used in this thesis. The classical iterative methods, such as

SOR are also inappropriate since the spectral radius of the Jacobian is often

large. Krylov based iterative methods, such as GMRES and bi-conjugate gra-

dient stabilised (BiCGSTAB) [62] have a better chance at successfully solving

the linearised system, however, an effective preconditioner must be employed.

For example, using either a Jacobi or Gauss-Seidel preconditioner usually does

not offer any hope of convergence, or at the very best, requires a large number

of iterations. Two of the more favoured preconditioners are the incomplete

LU level 0 fill (ILU(0)) and the symmetric successive over-relaxation (SSOR)

preconditioners [30]. The iterations of the Krylov based iterative methods are

termed as the inner iterations.
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1.3 Objectives of the thesis

The overall aim of this research program is to develop an accurate and effi-

cient three-dimensional heterogeneous computational model for wood drying.

The simulation results will be used to study the three-dimensional moisture

movement and temperature distribution within the wood during drying and to

study the effects that the heterogeneities in the wood can have on the mois-

ture distribution. Two models are developed and compared in the thesis, a

one-equation model (moisture content) and a two-equation model (moisture

content and temperature). The one-equation model assumes that temperature

is constant throughout the board at any given time during the drying process,

however this temperature does vary with time and the profile it assumes is de-

pendent upon the dry and wet bulb temperatures. Both models assume that

the gaseous pressure is constant throughout the board during the entire drying

process. These assumptions are valid for low temperature drying [63].

As stated previously, the macroscopic equation set that describes the drying

process is now well defined [8, 9, 6]. These transport equations represent

a coupled and highly nonlinear system of partial differential equations and

because of the complexity of the governing drying system, numerical techniques

must be used to determine the solution of these equations. It should be noted

that it is not the intention here to modify the underlying drying conservation

equations, since that model is now well received in the wood drying sector,

where it has been applied to simulate a range of different drying processes.

The development of an accurate and efficient computational model requires

the consideration of a number of significant numerical issues, including the vir-

tual board description, an effective mesh design based on triangular prismatic

elements, the control volume finite element discretisation process for the cou-

pled conservation laws, the derivation of an accurate flux expression based on

gradient approximations together with flux limiting, and finally the solution

of a large, coupled, nonlinear system using an inexact Newton method with a
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suitably preconditioned iterative linear solver for computing the Newton cor-

rection. This thesis addresses all of these issues for the case of low temperature

drying of softwood.

In summary, the primary objectives of the thesis are to:

1. Examine the performance of first and second order temporal weighting

schemes, flux limiters, the inexact Newton method and preconditioned

iterative linear solvers on a two-dimensional unstructured mesh. Identify

the most effective numerical strategies for use in the complete three-

dimensional model.

2. Derive innovative gradient approximations for use in the control volume

finite element method based on triangular prismatic elements. Com-

pare, in terms of accuracy and efficiency, the new gradient approxima-

tion methods with the classical finite element shape function method, for

orthotropic and anisotropic medium case studies.

3. Use the knowledge gained from 1 and 2 to aid in the development of

an efficient heterogeneous three-dimensional computational wood dry-

ing model. Investigate the construction of a three-dimensional virtual

board that has wood properties density and material angle associated

with each element of the mesh. Determine the most accurate and ef-

ficient numerical approximation of the flux at the control volume face

based on gradient approximations and flux limiting, and establish the

most effective combination of inner and outer solvers.

4. Use the two-equation computational wood drying model developed in 3

to analyse the drying of a softwood species for typical low temperature

drying schedules. Validate the usefulness of the one-equation model for

providing realistic three-dimensional drying simulations.
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1.4 Original contributions of the thesis

The original contributions to knowledge as a result of the thesis are summarised

below:

• An investigation of spatial and temporal weighting schemes for solving

a nonlinear transport equation in two-dimensions based on unstructured

triangular meshes.

• The derivation of accurate gradient approximations based on Gauss-

Green gradient reconstruction techniques and Taylor series expansions

for use in the control volume finite element scheme based on triangular

prismatic elements for simulating strongly anisotropic diffusion problems.

• Development of a heterogenous three-dimensional computational wood

drying model that includes the implementation of nonlinear and linear

solvers and flux limiting techniques on three-dimensional unstructured

meshes.

• Application of the computational wood drying model to low temper-

ature drying of softwood and the investigation of the usefulness of a

one-equation model as compared with a two-equation model for three-

dimensional drying simulations.

1.5 Structure of the thesis

Chapter 1 A brief introduction to wood drying and the physical character-

istics of wood is given. Thereafter, the motivations for developing a three-

dimensional wood drying model that takes into account the impact of growth

rings are stated. A review of the relevant literature is then presented. The

chapter closes with the objectives, original contributions and structure of the

thesis.

Chapter 2 The mathematical model that describes the wood drying pro-

cess is presented. Firstly the drying equations are stated, which includes the
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physical conservation laws and boundary conditions. The heterogeneous ma-

terial properties that depend on wood density are then presented. The virtual

board description is discussed, and details of the computational mesh genera-

tion and the technique needed for determining the initial moisture content field

are given. Finally, an exposition of the control volume finite element method

is provided and a summary of the board samples and drying conditions used

throughout the thesis is given.

Chapter 3 The control volume finite element method is used to discretise

a two-dimensional nonlinear transport model on an unstructured mesh. First

and second order temporal weighting, combined with various flux limiting tech-

niques (spatial weighting) are analysed in order to identify the most accurate

and efficient numerical scheme. An inexact Newton method is used to resolve

the underlying discrete nonlinear system. In computing the Newton step the

performance of the preconditioned iterative solvers GMRES and BiCGSTAB,

in conjunction with a two-node Jacobian approximation is also examined. A

linear benchmark problem that admits an analytical solution is used to assess

the accuracy and computational efficiency of the numerical model. The re-

sults show that the flux limited second order temporal scheme substantially

reduces numerical diffusion on relatively coarse meshes. The low temperature

wood drying case study, involving the nonlinear transport equation, highlights

that the first order temporal scheme combined with flux limiting achieves good

accuracy on relatively coarse meshes and improves the overall computational

efficiency.

Chapter 4 The accuracy of the control volume finite element method for sim-

ulating strongly anisotropic diffusion problems on rectangular parallelepiped

domains meshed with triangular prismatic elements is investigated. It is shown

that a novel Gauss-Green gradient reconstruction technique provides signifi-

cant improvements in accuracy over the classical finite element shape function

technique. Numerical investigations carried out for an anisotropic diffusive

case study on relatively coarse meshes highlight that the new Gauss-Green
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method offers a reduction of up to 80 % in solution error over the shape func-

tion method. In fact, a mesh with twenty-seven times more elements would be

required if the shape function method was to achieve the same accuracy as the

Gauss-Green method. Hence, the newly developed gradient approximation

technique improves solution accuracy and substantially decreases computa-

tional overheads.

Chapter 5 An accurate and efficient heterogeneous three-dimensional com-

putational model is developed for simulating the drying of wood at temper-

atures below the boiling point of water. The complex macroscopic drying

equations comprise a coupled and highly nonlinear system of physical laws for

liquid and energy conservation, and due to the heterogeneous nature of wood,

the physical model parameters strongly depend upon the wood density vari-

ation. In order to provide a realistic representation of this behaviour, a set

of previously determined parameters is embedded within the model. Results

are presented for a first generation virtual board description, where the board

material properties vary only within the transverse plane. This chapter focuses

on the numerical techniques that lead to an accurate and efficient resolution of

the drying equations. This includes an effective mesh design, the discretisation

process for the coupled conservation laws, the derivation of an accurate flux

expression based on gradient approximations and flux limiting, and finally the

solution of a large, coupled, nonlinear system using an inexact Newton method

with a preconditioned iterative linear solver.

Chapter 6 The three-dimensional computational wood drying model with

the optimal numerical techniques as decided upon in Chapter 5 is used to com-

pute the drying simulations for a low temperature drying softwood case study.

The simulation results compare the heterogeneous one- and two-equation dry-

ing models in order to assess the usefulness of a one-equation model for realistic

three-dimensional drying simulations. The numerical simulations are also used

to investigate the effect that the heterogeneous board material properties have

on the moisture content and temperature distributions during drying. Further,
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three spatial dimensions enable the longitudinal transport phenomena to be

observed, and the results highlight the differences in the moisture content and

temperature distributions at the board mid-section and at the end piece.

Chapter 7 A summary of the new contributions made as a result of this

study, together with the conclusions made from the research are presented.

The chapter closes with recommendations for future work in the area of com-

putational modelling for wood drying.

20



Chapter 2

Mathematical Formulation of

the Heterogeneous Wood

Drying Model

2.1 Drying equations

A hygroscopic porous medium such as wood consists of several phases (solid,

liquid, gas and bound water). The transfer mechanisms must be written for

each phase by taking into account the interactions between them. However,

the geometry of the porous medium is typically so complex that the equations

must be written at the macroscopic scale. This leads to the definition of

empirical laws of migration that can be derived to a large extent by averaging

over representative volumes [8]. At this level, the porous medium can be

perceived as a fictitious, continuous medium. The conservation laws obtained

at this scale appear similar to those valid for a continuous medium, with the

exception that effective coefficients are used in the macroscopic flux definitions.

2.1.1 Conservation equations

The macroscopic equations that govern heat and mass transport in a homoge-

neous porous medium have been discussed in detail by Whitaker [8, 9]. These

equations have been used with considerable success to model the drying of a
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homogeneous sample of wood, which consists of either all sapwood or all heart-

wood, for several different drying configurations [6, 26, 15]. More recently, the

equations were extended to account for material heterogeneity through the

density of the porous medium and via the density variation of the material

properties, capillary pressure, absolute permeability, bound liquid diffusivity

and effective thermal conductivity [2, 3]. The three conservation equations

that govern the wood drying process are given below (see [10, 6, 12] for the

complete details).

Liquid conservation:

∂

∂t
(ρ0X + εgρv) +∇ · (ρwvw + ρvvg + ρbvb) = ∇ · (ρgDeff∇ωv) (2.1)

Energy conservation:

∂

∂t

(
ρ0 (Xhw + hs) + εg (ρvhv + ρaha)−

∫ ρ0Xb

0

∆hwdρ− εgPg

)
(2.2)

+ ∇ · (ρwhwvw + (ρvhv + ρaha)vg + hbρbvb)

= ∇ · (ρgDeff (hv∇ωv + ha∇ωa) + Keff∇T )

Air conservation:

∂

∂t
(ρ̄a) +∇ · (ρavg) = ∇ · (ρgDeff∇ωa) (2.3)

The primary variables in Equations (2.1), (2.2) and (2.3) are the moisture

content X , the temperature T and the intrinsic phase air density ρ̄a , where:

ρ̄a = εgρa

The remaining symbols are secondary variables and parameters, where ρ repre-

sents density, ε the volume fraction, v the phase velocity, ω the mass fraction,

h the enthalpy and P the pressure. The subscripts a, b, g, s, v and w represent

the air, bound water, gas, solid (cell wall), vapour and water phases, respec-

tively. The reader should note that the use of the terms water, free water and

liquid, throughout the thesis are synonymous, and hence are all represented

by the subscript w. The density of the porous medium is represented by ρ0 .
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The tensor Deff is the effective vapour diffusivity and the tensor Keff the effec-

tive thermal conductivity. The liquid and gaseous phase velocities vw and vg ,

respectively, are given by Darcy’s law:

vw = −Kwλw∇ϕw , vg = −Kgλg∇ϕg (2.4)

where the liquid and gaseous mobilities λw and λg , respectively, are defined

by:

λw =
kw

µw

, λg =
kg

µg

and the gradient of the liquid and gaseous phase potentials ϕw and ϕg , respec-

tively, are given as:

∇ϕw = ∇Pw − ρwg∇χ , ∇ϕg = ∇Pg − ρgg∇χ

The tensors Kw and Kg represent the absolute liquid and gaseous permeabili-

ties, respectively, and the tensors kw and kg represent the relative liquid and

gaseous permeabilities, respectively. The liquid and gaseous dynamic viscosi-

ties are represented by µw and µg , respectively, g is the gravitational acceler-

ation and χ the depth scalar. The bound liquid flux ρbvb is assumed to be

proportional to the gradient of the bound water moisture content [1, 6]:

ρbvb = −ρ0Db∇Xb

where Db is the bound liquid diffusivity tensor. The parameters and corre-

sponding values used within the governing equations are listed in Table 2.1.

The units for all of the variables and parameters used within the drying equa-

tions can be found in the nomenclature, located at the beginning of the thesis.

2.1.2 Closure conditions

Because wood is a highly hygroscopic porous medium, bound water Xb must

be separated from free water Xw in the definition of moisture content:

X = Xw + Xb , Xw =
εwρw

ρ0

, Xb = min (X,Xfsp)
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Table 2.1: Parameter values used within the drying equations [64, 63].

Cpa
specific heat of air 1005.683 J/kg/K

Cps
specific heat of solid 1400 J/kg/K

Cpv
specific heat of vapour 1900 J/kg/K

Cpw
specific heat of water 4187 J/kg/K

g gravitational acceleration 9.8 m/s2

h heat transfer coefficient 25 W/m2/K

h0
vap latent heat of vaporisation 2.503× 106 J/kg

km mass transfer coefficient 0.025 m/s

Ma molecular weight of air 0.028952 kg/mol

Mv molecular weight of vapour 0.018016 kg/mol

Patm atmospheric pressure 101325 Pa

R gas constant 8.3144 J/K/mol

Tbp boiling point of water 100 ◦C

Tr reference temperature 273.15 ◦C

µg gaseous dynamic viscosity 2× 10−5 kg/m/s

ρs solid density 1530 kg/m3

ρw water density 1000 kg/m3

where the moisture content X represents the mass of water divided by the

mass of dry wood and the fibre saturation point Xfsp is defined by [1]:

Xfsp = 0.325− 0.001 T

The liquid saturation Sw is defined to be the fraction of the pore volume filled

with water. When the moisture content is above fibre saturation, the liquid

saturation is calculated using:

Sw =
ρ0 (X −Xfsp)

ρwφ

where the porosity φ is defined as:

φ = 1− ρ0

ρs
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For moisture content below fibre saturation, Sw = 0 . The liquid and gaseous

volume fractions εw and εg , respectively, are given by:

εw = φSw , εg = φ (1− Sw) , εw + εg = φ

The vapour pressure Pv is defined by:

Pv = Psatψ

where the saturated vapour pressure Psat is given by [64]:

Psat = exp

(
25.5058− 5204.9

T + Tr

)

and the relative humidity ψ by [6]:

ψ = 1− exp

(
−0.76427

(
Xb

Xfsp

)
− 3.6787

(
Xb

Xfsp

)2
)

The gaseous phase is a binary mixture of vapour and air and is assumed to

behave like an ideal gas. Thus the gaseous pressure Pg is equal to the sum of

the vapour pressure and the air pressure Pa :

Pg = Pv + Pa , Pv =
ρvR (T + Tr)

Mv

, Pa =
ρaR (T + Tr)

Ma

where R is the gas constant, Tr the reference temperature and Mv and Ma

are the molecular weights of vapour and air, respectively. During drying, both

the liquid and gaseous phases are evident within the porous medium and as

a result of the curvature of the interface between the liquid and the gaseous

phases, the liquid pressure Pw is less than the gaseous pressure. The capillary

pressure Pc represents this difference:

Pc = Pg − Pw

The vapour and air mass fractions ωv and ωa , respectively, are given by:

ωv =
ρv

ρg

, ωa =
ρa

ρg

, ωv + ωa = 1

The enthalpy-temperature relations are defined by [10]:

ha = Cpa
T , hs = Cps

T , hw = Cpw
T

hv = h0
vap + Cpv

T , hb = hw −∆hw
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where the differential heat of sorption ∆hw is given as:

∆hw = 0.4 (hv − hw) (1−Xb/Xfsp)
2

and the integral heat of sorption that accounts for the extra energy required

to remove bound water from the cell walls, is calculated as:

∫ ρ0Xb

0

∆hwdρ = 0.4 ρ0Xb (hv − hw)

(
1− Xb

Xfsp

+
1

3

(
Xb

Xfsp

)2
)

2.1.3 Physical wood properties

In this section the additional wood properties needed to close the equations

describing the drying system are summarised. Typically, these properties vary

with the primary and secondary variables described in the previous sections.

The relative permeabilities for the liquid and gaseous phases have been derived

from experimental data [65], where it should be noted that the final expressions

were chosen in order to fit the available experimental results in the domain of

high moisture content. The relative liquid permeability kw = diag
(
kR

w, kT
w, kL

w

)

has its radial, tangential and longitudinal components given by [65]:

kR
w = S3

w

kT
w = S3

w

kL
w = S8

w

and the relative gaseous permeability kg = diag
(
kR

g , kT
g , kL

g

)
has its radial,

tangential and longitudinal components given by [65]:

kR
g = 1 + (2 Sw − 3) S2

w

kT
g = 1 + (2 Sw − 3) S2

w

kL
g = 1 + (4 Sw − 5) S4

w

The relative liquid and gaseous permeabilities have been plotted against liquid

saturation in Figures 2.1(a) and 2.1(b), respectively, where it can be observed

that the behaviour in the transverse (radial-tangential) and the longitudinal
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Figure 2.1: Relative (a) liquid and (b) gaseous permeabilities versus liquid

saturation.

directions are somewhat different. The liquid dynamic viscosity is calculated

by:

µw = ρw exp

(
−19.143 +

1540

T + Tr

)

The effective vapour diffusivity Deff = diag
(
DR

eff, D
T
eff, D

L
eff

)
has its radial, tan-

gential and longitudinal components given by [6]:

DR
eff = 2 DT

eff

DT
eff = 10−3kT

g Dv

DL
eff = 10 DT

eff

where the mass diffusivity of vapour in air Dv is defined by [64]:

Dv = 2.26× 10−5

(
T + Tr

Tr

)1.81

×
(

Patm

Pg

)

and Patm is the atmospheric pressure.

2.1.4 Boundary conditions

There are two types of boundary conditions that need to be discussed, condi-

tions at external boundaries and conditions at symmetry planes. The boundary

conditions proposed for the external drying surfaces of the board are assumed
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to be of the following form [6, 26, 15]:

Jw · n̂ = kmcMv ln

(
1− xv∞

1− xv

)

Je · n̂ = h (T − T∞) + hvkmcMv ln

(
1− xv∞

1− xv

)

where Jw and Je represent the fluxes of liquid and energy at the boundary,

respectively, n̂ is the outward unit normal vector, h and km the heat and mass

transfer coefficients, respectively, whose values are determined by the external

drying conditions, xv and xv∞ the molar fractions of vapour at the exchange

surface and in the air, respectively, and c the molar concentration given by:

c =
Patm

R (T∞ + Tr)

where T∞ is the dry bulb temperature. The pressure at the external drying

surfaces is fixed at the atmospheric value Pg = Patm . At symmetry planes,

which are introduced into the model to reduce the overall computational re-

quirements, all fluxes of liquid, heat, vapour and air are assumed zero.

2.1.5 Model simplification

As stated in Chapter 1 §1.3, one of the main objectives of this thesis concerns

the development of a computational model that can be used to simulate the low

temperature drying of wood. Low temperature convective drying is one of the

most widespread conventional kiln drying operations used for timber seasoning.

One of its advantages is that drying schedules operate with dry and wet bulb

temperatures below the boiling point of water, which ensures that the wood

quality can be controlled throughout the drying process. An important aspect

from the modelling perspective is that the role of internal gaseous pressure for

most softwood species is almost negligible when the board temperature does

not exceed the boiling point of water. This phenomenon enables the complete

drying model described in §2.1.1 to be simplified to a two-equation formulation

comprising slightly modified versions of Equations (2.1) and (2.2). The reader

is referred to Chapter 5 §5.2 for their exact form.
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In this case, the transport in the porous medium can be described using

only two dependent variables, namely moisture content and temperature. No

account is taken of the evolution of internal gaseous pressure and Equation (2.3)

is no longer necessary. Darcy’s law (2.4) is retained only for the liquid phase, in

which only capillary forces act and in order to overcome the need for computing

the bulk gas flux due to Darcy’s law, an estimate of the convective transport

as suggested in [66] using an analogy with the Stefan problem of diffusion can

be adopted. Essentially this estimate is accommodated in the equations by

introducing an effective vapour diffusivity Dv of the form [20]:

Dv =
Deff

1− ρv/ρg

Clearly this simplified model is unable to deal with the effect of internal pres-

sure on liquid and gaseous migration and hence is not suitable for drying con-

figurations involving intense migration. Nevertheless, through the differences

between the vapour and liquid phase enthalpies, this model can account for the

latent heat of vaporisation and is therefore able to deal with the most impor-

tant aspect of drying, which is the coupling between heat and mass transfer.

One further simplification of the theory is possible if the product temper-

ature is assumed constant, which leads to a one-equation formulation that

describes the moisture content evolution within the board. In an attempt to

provide some essence of reality the product temperature is taken to follow some

representative kiln profile, however, it is assumed constant spatially through-

out the board. Under this assumption it is no longer necessary to differentiate

liquid flow from vapour flow and effectively the identification of one global

diffusion coefficient becomes possible. The reader is referred to Chapter 3 §3.2

for the exact form of the one-equation model. Recalling that the main objec-

tive of drying is the removal of moisture from the product, the concept of a

one-equation model is appealing because it accounts for the primary mecha-

nisms of moisture migration within the medium, as well as the moisture flux

at the boundary. Unfortunately, this simplistic model is somewhat limited in

its applicability since its accuracy depends to a large extent on the way in
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which the board temperature evolution is represented. In the work presented

in Chapters 3 and 6 using this one-equation model, the temporal behaviour of

the board temperature is estimated from simulation results presented in [12]

for a two-dimensional three-equation model for Chapter 3, and from simulation

results of the three-dimensional two-equation model developed in this thesis

for Chapter 6.

2.2 Heterogeneous material properties

In this section, the important physical properties that strongly depend on the

structure of the wood are presented. Recent research has been focused on deter-

mining the material property variations across a growth ring of softwood [2, 3].

In that work, experimental observation and mathematical tools including im-

age analysis, homogenisation and a simple tracheid model enabled a complete

set of correlations for capillary pressure Pc (Sw, T, ρ0) , absolute permeabilities

Kw (ρ0) and Kg (ρ0) , bound liquid diffusivity Db (Xb, T, ρ0) and effective ther-

mal conductivity Keff (X, ρ0) , to be postulated. In the sections that follow,

the important findings and results presented by Perré and Turner [2, 3] will

be summarised and the specific form of the physical properties used for the

computational model will be discussed.

2.2.1 Capillary pressure

Due to the large density variations that can be observed in softwood within

the growth ring, the pores in the latewood component of the growth ring are

smaller than in the earlywood component. Consequently, stronger capillary

forces arise in latewood. The partition of pore size can be obtained from image

analysis [25]. Figure 2.2 shows a typical cross-section of spruce observed using

an optical microscope where the structural variation of wood is clearly evident.

Such images were utilised by Perré [25] to assist with the derivation of the

following mathematical expression for capillary pressure, which was deduced

from the average pore size partition determined for the same local density on
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Figure 2.2: Cross-section of spruce that shows the continuous structural vari-

ation from earlywood to latewood. (courtesy of J. C. Mosnier, ENGREF)

several growth rings:

Pc (Sw, T, ρ0) = σ (T )×
(

3150

Sw + 0.0001
− 1047 + 3.368 ρ0

1.02− Sw

+ 149.8 ρ0 (1− Sw) + 52350 + 168.4 ρ0 − 3150

1 + 0.0001

)

This expression assumes that the liquid partition minimises the energy of the

surface tension of water σ [2], given by [64]:

σ (T ) = 0.0775− 0.000185 T

which depends on temperature.

The variation of capillary pressure plotted against liquid saturation for vari-

ous densities and temperature T = 30 ◦C is shown in Figure 2.3(a). The figure

shows that as the wood density increases, the capillary pressure also increases,

which is due to the reduction in average pore diameter. An alterative view of

this variation is shown in Figure 2.3(b), where the capillary pressure is plotted
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Figure 2.3: Capillary pressure versus (a) liquid saturation and (b) liquid mois-

ture content.

against liquid moisture content. The figure highlights the fact that much more

water can be retained in the earlywood regions (low density) as opposed to

the latewood regions (high density) of the growth ring. Recalling that mois-

ture content is the ratio between the mass of water and the mass of solid, in

earlywood the pore volume is high and the solid density is low. Consequently,

the maximum moisture content in earlywood is around 500 % as against 60 %

in latewood. In summary, low values of capillary pressure provide a moisture

content higher in earlywood than in latewood. High values of capillary pres-

sure provide a moisture content higher in latewood than in earlywood, because

of the smaller size of the pores in this part of the growth ring.

2.2.2 Absolute permeability

The gross structure of a typical southern pine softwood is shown in Figure 2.4,

where it can be seen that the average tracheid shape changes significantly

between earlywood and latewood. The radial surfaces of the earlywood and

latewood tracheids are shown in Figure 2.5(a) and the virtual tracheid model

used in [2] is shown in Figure 2.5(b), which illustrates the radial, tangential

and longitudinal dimensions of the virtual tracheid, aR , aT and aL , respec-

tively, and the tracheid wall thickness tv . The tracheids are created in the

radial direction by the division of the same initial cell in the cambium [1],
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where due to this alignment, the tangential dimension aT is almost constant.

Based on microscopic observations, Perré and Turner [2] assumed the value

aT = 50 µm. The tracheid length aL is required to evaluate the longitudinal

permeability. Although softwoods are well known to have long fibres of length

somewhere between 2 and 4 mm [67], it was decided that due to overlapping,

the mean distance between two adjacent tracheids would be less and the value

aL = 1.5 mm was used. The radial dimension aR , as well as the double cell

wall thickness, change with the position within the growth ring. Perré and

Turner [2] assumed that these quantities vary only with density across the

growth ring and postulated a linear variation of the form:

aR (ρ0) = 0.575× 10−4 − 0.375× 10−7 ρ0

Since the walls of earlywood tracheids are thinner than the walls of latewood

tracheids, a function is introduced to capture this wall thickness variation with

density. Perré and Turner [2] postulated the following least squares polynomial

expression:

tv (ρ0) = 0.53733× 10−6 + 0.66578× 10−8 ρ0 + 0.10275× 10−10 ρ2
0

−0.82567× 10−14 ρ3
0

valid for the range 200 ≤ ρ0 ≤ 1000 kg/m3 .

Fluid flows in softwood via tracheid lumina (cavities) and the fluid passes

from one tracheid to the other through bordered pits [1] (see Figure 2.5(a)).

The resistance to fluid flow through the pits was calculated according to pres-

sure drops, which is described in the permeability correlations via the param-

eter α . Effectively this parameter represents the pressure drop times the fluid

viscosity divided by the corresponding fluid flux and was assumed to depend

linearly upon the tracheid wall thickness [2]:

α (ρ0) = c3 (tv + c4)

The coefficients c3 and c4 were chosen such that the permeability relations lied

within the range of experimental measurement and Perré and Turner [2] gave

the values c3 = 1.8× 1024 and c4 = 2× 10−6 .
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Figure 2.4: Gross structure of a typical southern pine softwood. Transverse

view: 1-1a ray; 2 resin canal; 3-3a earlywood tracheids; 4-4a latewood tra-

cheids. Radial view: 5-5a sectional fusiform ray; 6-6a sectional uniseriate

heterogenous ray. Tangential view: 7-7a strand tracheids; 8-8a longitudinal

parenchyma; 9-9a longitudinal resin canal; 10 fusiform ray; 11 uniseriate het-

erogenous rays; 12 uniseriate homogeneous ray. (Siau 1984)

The number of pits available for the radial and tangential flow are repre-

sented by nR and nT , respectively. Perré and Turner [2] assumed that these

values are proportional to the corresponding lumen area dimensions, given by:

nR (ρ0) = γ (aT − 2 tv)

nT (ρ0) = γ (aR − 2 tv)

where the value for the proportionality constant is γ = 25/aT , which gives a

reasonable total number of pits equal to 50 per overlapping zone in earlywood.

The number of pits available in the longitudinal direction nL is taken simply
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Figure 2.5: (a) Radial surfaces of earlywood and latewood tracheids showing

the bordered pits. (Siau 1984) (b) The virtual tracheid model.

as the sum [2]:

nL (ρ0) = nR + nT

To complete the derivation of the permeability correlations, it was necessary

to determine the velocity distribution for steady state unidirectional flow of a

uniform incompressible viscous fluid in the virtual tracheid [2], which enabled

the volume flux past any section of the virtual tracheid lumina to be calculated.

Perré and Turner [2] gave a parameter β that is proportional to the volume

flux, which varies with wood density:

β (ρ0) = 0.27514× 10−18 − 0.71387× 10−21 ρ0 + 0.46368× 10−24 ρ2
0

+0.12115× 10−27 ρ3
0 − 0.14614× 10−30ρ4

0

valid for the range 200 ≤ ρ0 ≤ 1000 kg/m3 .
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Figure 2.6: Absolute (a) liquid and (b) gaseous permeabilities versus wood

density.

Using the above relations, Perré and Turner [2] postulated that the absolute

liquid permeability Kw = diag
(
KR

w, KT
w, KL

w

)
has its radial, tangential and

longitudinal correlations given by:

KR
w (ρ0) =

nRaR

2 aT aLα

KT
w (ρ0) =

nT aT

2 aRaLα

KL
w (ρ0) =

aL

aT aR (α/nL + aL/β)

These correlations have been plotted against wood density in Figure 2.6(a),

where it can be seen that all three correlations decrease with increasing density

and that the longitudinal permeability is substantially greater than those for

the transverse directions. However, the longitudinal permeability does decrease

rapidly at high densities.

The primary contrast between the absolute gaseous and liquid permeabilities

concerns the aspiration of the pits. Gas flow can occur in a pit only after the

free water has been removed from both sides of the pit and aspiration is far

less likely to appear in latewood than in earlywood [1]. Perré and Turner [2]

modelled this phenomenon by introducing an aspiration function As of the

36



form:

As =





0.02 , tv ≤ 0.2× 10−5

exp (4.89× 105 tv − 4.89) , 0.2× 10−5 < tv < 0.1× 10−4

1.0 , tv ≥ 0.1× 10−4

This function has an exponential shape that provides 5 % of non-aspirated

pits in earlywood and up to 100 % in latewood. In this case, the absolute

gaseous permeability Kg = diag
(
KR

g , KT
g , KL

g

)
has its radial, tangential and

longitudinal correlations given by:

KR
g (ρ0) =

AsnRaR

2 aT aLα

KT
g (ρ0) =

AsnT aT

2 aRaLα

KL
g (ρ0) =

aL

aT aR (α/ (AsnL) + aL/β)

These correlations have been plotted against wood density in Figure 2.6(b),

where as opposed to the absolute liquid permeability correlations, an increase

with increasing density can be observed, until high densities are reached,

whereby all absolute gaseous permeability correlations begin to decrease. Once

again the longitudinal permeability has substantially greater values than those

for the transverse directions and decreases rapidly at high densities.

2.2.3 Bound liquid diffusivity

As stated previously, the properties of wood depend not only on the species

of the tree but also on the position within the tree. A common approach

adopted in porous media research to overcome this variability problem is to

utilise homogenisation techniques [68]. Perré and Turner [3] used this approach

to determine the important macroscopic properties based on a combination of

microscopic phenomena and the morphology of the porous structure. In that

work the geometrical description of the pore structure was taken directly from

image analysis [69, 70] performed on anatomical views and it was noted that

the average effect of structural variations within the growth ring of softwood

was well captured. The approach led to a set of correlations for the bound
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liquid diffusivity, summarised below, and for the effective thermal conductivity,

summarised in the following section.

To derive macroscopic bound liquid diffusivity correlations it is firstly nec-

essary to understand the bound water transport mechanisms that occur at

the microscopic scale. Microscopic bound water migration arises due to both

hygroscopically bound liquid diffusion through cell walls and vapor diffusion.

Perré and Turner [3] defined the microscopic bound liquid and vapour pseudo-

diffusivities D̂b and D̂v , respectively, as:

D̂b = ρsD
′
b

D̂v =
Mv

RT
D′

v

∂Pv

∂Xb

where D′
b and D′

v are the microscopic bound liquid and vapour diffusivities,

respectively. The reader should note that a pseudo-diffusivity has units kg/

m/s , and to recover the units of a standard diffusivity m2/s , the pseudo-

diffusivity must be divided by the units of density kg/m3 . After an extensive

homogenisation analysis [3] it was concluded that the macroscopic pseudo-

diffusivity coefficients for the radial and tangential directions, D̃R
b and D̃T

b ,

respectively, could be approximated using a simple series model. Perré and

Turner [3] gave these coefficients as:

D̃R
b = Aseries

(
1− 1.6 ε1.8

g

)

D̃T
b = 1.8 Aseries (2.5)

where:

Aseries =
1

εs/D̂b + εg/D̂v

and the solid volume fraction εs is given by:

εs =
1 + ρsXb/ρw

ρs/ρ0 + (Xb −Xfsp) ρs/ρw

In order to account for the impact of the ray cells (see Figure 2.4) a small

percentage of ray cells had to be put in parallel with the cell arrangement,

38



leading to the following expression for the bound liquid pseudo-diffusivity in

the radial direction [3]:

DR
dif (Xb, T, ρ0) = (1− εray) D̃R

b + εrayD̃
R
ray

where values for εray and D̃R
ray were taken to be 0.05 and 0.1 D̂v , respectively.

The same number of ray cells were also put in series with the tracheids in the

tangential direction, giving the bound liquid pseudo-diffusivity in the tangen-

tial direction as [3]:

DT
dif (Xb, T, ρ0) =

1

(1− εray) /D̃T
b + εray/D̃T

ray

where D̃T
ray was evaluated using Equation (2.5) with a density of 500 kg/

m3 . Due to the considerable length of wood fibres, the bound liquid pseudo-

diffusivity in the longitudinal direction was derived using a parallel model [3]:

DL
dif (Xb, T, ρ0) = εsD̂b + εgD̂v

The bound liquid diffusivity Db = diag
(
DR

b , DT
b , DL

b

)
is obtained by dividing

the bound liquid pseudo-diffusivity Ddif = diag
(
DR

dif, D
T
dif, D

L
dif

)
by the wood

density ρ0 . The radial, tangential and longitudinal correlations for the bound

liquid diffusivity are then given by:

DR
b (Xb, T, ρ0) =

DR
dif

ρ0

DT
b (Xb, T, ρ0) =

DT
dif

ρ0

DL
b (Xb, T, ρ0) =

DL
dif

ρ0

These correlations have been plotted against moisture content in Figures 2.7(a)

to 2.7(c) for various densities and temperature T = 30 ◦C . It can be observed

that there is little difference in the behavior of the bound liquid diffusivities in

the transverse directions. However, the longitudinal bound liquid diffusivity

shows completely different trends, with values much larger than those of the

transverse diffusivities.
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Figure 2.7: (a) Radial, (b) tangential and (c) longitudinal bound liquid diffu-

sivity correlations versus moisture content. (d) Radial, (e) tangential and (f)

longitudinal effective thermal conductivity correlations versus moisture con-

tent.
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2.2.4 Effective thermal conductivity

The effective thermal conductivity of wood was determined again from the

knowledge gained from the homogenisation analysis. Perré and Turner [3]

postulated the following macroscopic conductivity coefficients for the radial

and tangential directions, λ̃R
0 and λ̃T

0 , respectively, based on the conductivity

values of the air and the cell wall substance, λair and λ̂s⊥ , respectively:

λ̃R
0 = 0.46 λseries + 0.54 λparallel

λ̃T
0 =

(
εgλ

n
air + εsλ̂

n
s⊥

)1/n

, n = 0.6 (2.6)

where:

λseries =
1

εs/λ̂s⊥ + εg/λair

λparallel = εsλ̂s⊥ + εgλair

The mixture law with a positive power resulted from the conclusion that the

conducting phase is continuous and the subscript 0 denotes thermal conduc-

tivities at a zero moisture content. The values for λair and λ̂s⊥ were taken to

be 0.023 W/m/K and 0.5 W/m/K , respectively [3].

For the effective thermal conductivity in the longitudinal direction, the wood

anatomy allowed a simple parallel model to be postulated [3]:

λL
0 = εgλair + εsλ̂s‖ , λ̂s‖ ≈ 2 λ̂s⊥ (2.7)

Again, as for the bound liquid diffusivity, the effect of the ray cells had to

be taken into account, leading to the following expressions for the effective

thermal conductivity in the radial and tangential directions [3]:

λR
0 = (1− εray) λ̃R

0 + εrayλ̃ray‖

λT
0 =

1

(1− εray) /λ̃T
0 + εray/λ̃ray⊥

where the conductivities λray⊥ and λray‖ were evaluated using Equations (2.6)

and (2.7), respectively, with a density of 500 kg/m3 .
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It was also noted in [3] that the effective thermal conductivity had to be

predicted for all ranges of moisture content. When free water is present within

the medium, one part of the pore is filled with water. A partially saturated

medium was considered to be a mixture of dry wood and fully saturated wood,

with proportions (1− Sw) and Sw respectively. The conductivity of this mix-

ture was calculated according to a mixture law, again using the value n = 0.6 .

The final expressions for the radial, tangential and longitudinal correlations of

the effective thermal conductivity Keff = diag
(
KR

eff, K
L
eff, K

T
eff

)
are given by [3]:

KR
eff (X, ρ0) =

(
(1− Sw)

(
λR

0

)n
+ Sw

(
φλn

w + εsλ̂
n
s⊥

))1/n

KT
eff (X, ρ0) =

(
(1− Sw)

(
λT

0

)n
+ Sw

(
φλn

w + εsλ̂
n
s⊥

))1/n

KL
eff (X, ρ0) =

(
(1− Sw)

(
λL

0

)n
+ Sw

(
φλw + εsλ̂s‖

)n)1/n

These correlations have been plotted against moisture content in Figures 2.7(d)

to 2.7(f) for various densities. Again it is seen that the transverse correlations

have similar trends and that the behaviour of the longitudinal correlation is

somewhat different. Specifically, the longitudinal conductivity exhibits larger

values and increases more gradually than those of the transverse conductivities.

2.3 Virtual board description

At this point it is necessary to introduce the concept of a virtual board [11, 12].

The virtual board acts as an extensive database describing the important infor-

mation that is necessary for simulating the drying process of a specified board.

For example, suppose information concerning the drying of a back sawn board

(see Figure 2.8(b)) cut from a softwood species grown in a particular region

is required. Extensive database repositories regarding growth ring patterns,

number of branches and density variation for most softwood species of various

ages exist worldwide. This information can be used to generate what is termed

the virtual board description and from which a mesh structure of the board

can be generated.
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2.3.1 Computational mesh generation

The meshes that are used for the computations performed throughout the the-

sis are generated by specifying internal boundaries within the medium that

correspond to the locations of the growth rings within the wood sample, as

described by the virtual board. Referring to Figures 2.8(a) and 2.8(b), one

can see the virtual growth ring pattern for a back sawn board sample. The

mesh is refined around these virtual growth ring locations and the amount of

refinement depends on the density variation (see Figures 2.8(c) and 2.8(d)).

The net result of this initial mesh generation phase is a two-dimensional geo-

metrical description of the virtual wood sample, that has density and material

angle associated with each element within the mesh. In this thesis, only a first

generation three-dimensional virtual board description is presented, where the

board description assumes no heterogeneous behaviour in the longitudinal di-

rection and hence the cross-sectional density variation is unchanged in this di-

rection. The three-dimensional meshes that are used for the computations are

based on triangular prismatic elements (see Figure 2.8(f)) since this element

type allows for mesh refinement to be made in the transverse plane. These

meshes are constructed by taking the two-dimensional triangular meshes for

the transverse cross-section and then extending the triangular elements for-

ward in the z-coordinate direction to form the triangular prismatic elements

(see Figure 2.8(e)).

2.3.2 Treatment of the material angle

When a board is cut from a log the material angle needs to be taken into

consideration for the material property tensor terms. This angle indicates how

close and from which location the board under consideration was cut relative

to the pith (log centre) in the transverse cross-section. In Figure 2.8(b) it

can be observed that this angle varies within the board cross-section. For a

homogeneous porous media model, the anisotropy of the system is assumed

to be in the direction of the principal axes of a cartesian coordinate system.

However, in order to capture the true heterogeneous characteristics of a board
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(b) Back sawn board

material angle
pith

symmetry plane

R

pith

(a) Log cross−section

T

(c) Cross-sectional density variation (d) Two-dimensional mesh

(e) Three-dimensional mesh

(f) Triangular prismatic element

Figure 2.8: The virtual board description. Note: R and T represent the radial

and tangential directions, respectively.
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cut from any location within a log, the important property tensors that exist

within the transport equations need to be rotated according to the material

angle from the horizontal, to align the principal axes. Consider for example

the effective thermal conductivity tensor, the rotation is applied as follows:

Keff = RTK′
effR , K′

eff = diag
(
KR

eff, K
T
eff, K

L
eff

)

The rotation matrix R is given in the Euler pitch-roll-yaw convention as:

R =




1 0 0

0 cos ψ sin ψ

0 − sin ψ cos ψ







cos θ 0 − sin θ

0 1 0

sin θ 0 cos θ







cos φ sin φ 0

− sin φ cos φ 0

0 0 1


(2.8)

where θ is the pitch, ψ the roll and φ the yaw. In applying the material angle

rotation to the material property tensor, the angle φ becomes the material

angle and the angles θ and ψ are set to zero. The rotated effective thermal

conductivity tensor is then:

Keff =




cos φ − sin φ 0

sin φ cos φ 0

0 0 1







KR
eff 0 0

0 KT
eff 0

0 0 KL
eff







cos φ sin φ 0

− sin φ cos φ 0

0 0 1




Note however that, in Chapter 4, the angles θ and ψ are used to capture the

flow direction being influenced by a combination of the heterogeneity and the

growth ring pattern in the longitudinal direction.

2.3.3 Initial moisture content field

Before the initial moisture content distribution can be determined, the wood

density at each node of the computational mesh must be calculated. The value

of the wood density is assigned to each element of the mesh and to distribute

these elemental densities to the mesh nodes, a volume weighted averaging

technique is employed:

ρ0i
=

∑
j∈Ei

ρ0j
Vj∑

j∈Ei
Vj

, i = 1, 2, . . . , N

where ρ0i
is the calculated wood density at node i , the set Ei contains the

elements that share node i as a vertex, Vj the fractional volume of element
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j associated with node i and N the number of nodes in the mesh. The de-

nominator equates to the volume represented by the node and the numerator

equates to the solid mass contained in this volume. Once the density has been

calculated at each node, the porosity at each node can then be computed using:

φi = 1− ρ0i

ρs

, i = 1, 2, . . . , N

The initial moisture content field within the virtual board must be deter-

mined by solving a nonlinear system that involves an equilibration of capillary

forces throughout the medium, together with the requirement that an over-

all mass balance equation be satisfied. The average moisture content of the

wood sample determines this initial distribution. An important correlation

needed for determining the initial moisture content field is the capillary pres-

sure relation, which varies with liquid saturation, temperature and density.

This correlation was discussed in §2.2.1. Because all capillary forces must be

in equilibrium when the medium is in its initial state, the capillary pressures

at each node of the computational mesh must be equal. Letting Pceqm be this

equilibrium capillary pressure, then the following equation must hold for each

node in the mesh:

Pc (Swi
, T, ρ0i

) = Pceqm , i = 1, 2, . . . , N

For a given average moisture content X̄ , the equation that allows closure of

this nonlinear system is:

ρw

∑N
i=1 φiSwi

Vi∑N
i=1 ρ0i

Vi

+ Xfsp = X̄

which represents the overall mass balance, where Vi is the volume represented

by node i . The above nonlinear system of N + 1 equations is then solved

for the unknown initial saturations Swi
and the equilibrium capillary pressure

Pceqm using a nonlinear solver. Thereafter, it is possible to calculate the initial

moisture content field via the expression:

Xi =
ρwφiSwi

ρ0i

+ Xfsp , i = 1, 2, . . . , N
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Upon calculating the initial moisture content distribution for a heterogeneous

wood sample, as will be seen in Chapters 3, 5, and 6, it is clearly evident that

the moisture is highest for the low density regions (earlywood) and lowest for

the high density regions (latewood).

2.4 Board samples and drying conditions

This section presents a summary of the board sample characteristics and dry-

ing conditions used in Chapter 3 for the two-dimensional study of a hetero-

geneous transverse cross-section, in Chapter 5 for the numerical study of the

heterogeneous computational model and in Chapter 6 for a low temperature

drying case study that compares the performance of the one- and two-equation

models. Table 2.2 gives the board dimensions, density and material angle vari-

ation statistics, specific computational domain information, initial conditions

and kiln operating conditions. Further specific information required for the

simulations will be presented where necessary throughout the chapters.

The reader should note that the computer used for the simulations for Chap-

ters 3 and 4 was different to the computer used for Chapters 5 and 6. An Intel

Pentium 3 800 MHz processor was used for the earlier chapters, whereas an

Intel Pentium 4 2.4 GHz processor was used for the later chapters.
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Table 2.2: Summary of board samples and drying conditions.

Chapter 3 Chapter 5 Chapter 6

Board dimension:

Cross-section (m×m) 0.04× 0.01 0.04× 0.01 0.059× 0.021

Length (m) - 0.2 0.5

Average density (kg/m3) 455 455 442

Minimum density (kg/m3) 252 252 275

Maximum density (kg/m3) 1016 1016 974

Minimum material angle 26.64◦ 26.64◦ 87.22◦

Maximum material angle 89.17◦ 89.17◦ 152.84◦

Symmetry planes 1 2 1

Mesh dimension:

Cross-section (m×m) 0.02× 0.01 0.02× 0.01 0.059× 0.021

Length (m) - 0.1 0.25

Number of equations 1 2 1, 2

Initial moisture content (%) 120 170 120

Initial temperature (◦C) 25 30 30

Dry bulb temperature (◦C) 60 80 60, 80

Wet bulb temperature (◦C) 40 50 40, 50

Drying time (h) 15 10 48

Relative humidity (%) 30.65 22.18 30.65, 22.18

Vapour pressure (Pa) 6106 10506 6106, 10506

Air velocity (m/s) 3 3 3
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Chapter 3

Spatial and Temporal Weighting

Schemes for the Control Volume

Finite Element Method in

Two-Dimensions

3.1 Introduction

The motivation for the research work presented in this chapter arises from the

need to develop an efficient and accurate two-dimensional radial-tangential

cross-sectional computational model for wood drying that accounts for the

heterogenous nature of wood, such as growth rings. Such a model must be

developed for the purposes of furthering the fundamental understanding of the

drying process. The primary aim of this work is to identify the best combi-

nation of numerical techniques for solving the nonlinear liquid conservation

equation implemented in an unstructured mesh control volume finite element

(CVFE) framework [47, 26]. This research resulted in a publication [71] in

the Australian and New Zealand Industrial and Applied Mathematics Journal.

The overall solution methodology and knowledge gained from the study will

be used as the basis for developing the more complicated three-dimensional

computational model to be derived in Chapter 5. Due to the nature of the
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virtual board discussed in Chapter 2 §2.3, unstructured triangular meshes are

chosen for the study and typically these meshes are designed to account for

the heterogenous nature of wood (see for example Figure 3.1(a) in §3.2).

The first of two important components in this computational model is flux

limiting, which is a scheme that sharpens the steep drying fronts observed in

the moisture content profiles. The second is an inexact Newton method, where

the Jacobin matrix elements of the linearised system are calculated with a

first order finite difference approximation. Both of these components will be

discussed throughout the chapter. This nonlinear solver solves the nonlinear

system at each time level in order to advance the solution of the transport

equation in time.

Flux limiting on structured grids has been utilised with great success in

the past for drying [31] and for reducing numerical diffusion of the contam-

inant mole fraction fronts in multi-phase compositional computational mod-

els [60, 48]. It is well known that a great deal of care must be taken with the

treatment of the advective terms that exist within complicated conservation

equations to ensure the correct physical behaviour of the solution [72, 73, 74].

The use of classical upwind weighting for these terms may induce excessive

numerical diffusion. Here, the previously developed schemes of upwinding and

flux limiting for structured meshes [31], will be tested and analysed for un-

structured meshes. The inexact Newton method must be employed at each

discrete time level to solve the nonlinear discrete analogue of the liquid con-

servation law, hence enabling the drying process to be advanced in time. A

complete description of the implementation of the inexact Newton method in-

cluding a discussion on the approximation of the Jacobian matrix, together

with an investigation of the solution of the linearised system using precondi-

tioned GMRES [29] and BiCGSTAB [62], is also deliberated.

This chapter is presented as follows. In §3.2 the one-equation heterogeneous

transport model is outlined, including the liquid conservation equation and
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the boundary and initial conditions. The computational model is given in

§3.3, where in §3.3.1 the CVFE method in two dimensions is presented, the

nonlinear solver is discussed in §3.3.2 and in §3.3.3 the method of flux limiting

is explained. Results and discussion are given in §3.4, where in §3.4.1 the

accuracy of the computational model for a linear benchmark case study is

investigated and in §3.4.2 the performance of the numerical techniques for

the transport model is analysed. Conclusions for the work undertaken in this

chapter are made in §3.5.

3.2 Transport model

The objective of this chapter is to formulate a generalised computational so-

lution methodology for the nonlinear transport equation:

∂

∂t
(ρ0X + εgρv) +∇ · (ρwvw − ρ0Db∇Xb) = ∇ · (ρgDv∇ωv) (3.1)

that describes the evolution of liquid conservation (moisture content) during

low temperature wood drying. Under the assumptions of constant temperature

and pressure, Equation (3.1) is a simplified version of the liquid conservation

law (2.1) presented in Chapter 2 §2.1.1. For this one-equation model to be

valid, it is necessary that the board temperature be consistent and that the

internal gaseous pressure be fixed at the atmospheric value Patm . To enable

this model to provide realistic drying simulations, the board temperature is

assumed to vary in time according to some representative kiln drying schedule.

Note however that although the board temperature varies in time, there is no

spatial variation within the board. The primary variable in Equation (3.1) is

the moisture content X . As previously stated in Chapter 2 §2.1.1, the liquid

phase velocity is given by Darcy’s law:

vw = −Kwλw∇ϕw , λw =
kw

µw

, ∇ϕw = ∇Pw − ρwg∇χ (3.2)

and the boundary liquid flux at the drying surface of the board has the form:

Jw · n̂ = kmcMv ln

(
1− xv∞

1− xv

)
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where n̂ is the outward unit normal vector. The boundary flux on symmetry

planes is assumed to be zero, that is, Jw = 0 . A typical experimental kiln

operating schedule that controls both the dry and wet bulb temperatures is

used to determine the drying characteristics of the hot convected air that is

used to dry the wood sample. The physical parameters needed for the model

have been determined experimentally [2, 3].

The board sample used for the drying simulations is a back sawn board with

a cross-sectional dimension 0.04 m × 0.01 m and as a result of the symmetry

plane in the tangential direction, the computational domain is 0.02 m×0.01 m .

Three levels of mesh refinement are used for the computations, a coarse mesh

with 1095 elements (see Figure 3.1(a)), a medium mesh with 2045 elements

(see Figure 3.2(a)) and a fine mesh with 3481 elements (see Figure 3.2(b)).

The meshes consist of triangular elements, of which each element has a density

value assigned to it, where again referring to the figures, the darker the shading

of the element, the higher the density. Note also the mesh refinement at the

growth ring locations, which enables the abrupt changes in wood density to

be captured. For these three meshes, originally developed in [12], the density

ranges from from 252 kg/m3 in the earlywood to 1016 kg/m3 in the latewood,

where the average density is 455 kg/m3 . The material angle varies across the

board from 26.64◦ to 89.17◦ , which is characteristic of a back sawn board,

noting the inclusion of the symmetry plane.

As mentioned in Chapter 2 §2.3.3, the wood density at each node of the

mesh must be calculated for the determination of the initial moisture content

field and for the purposes of the numerical solution procedure of the drying

process. The elemental densities are distributed to each mesh node via an area

weighted averaging technique:

ρ0i
=

∑
j∈Ei

ρ0j
Aj∑

j∈Ei
Aj

, i = 1, 2, . . . , N

where ρ0i
is the calculated wood density at node i and Aj the fractional area

of element j associated with node i . Figures 3.3(a), 3.4(a) and 3.5(a) show the

52



(a) Elemental density distribution

(b) Construction of control volumes

Figure 3.1: Coarse triangular mesh with 1095 elements.

53



(a) Medium triangular mesh with 2045 elements

(b) Fine triangular mesh with 3481 elements

Figure 3.2: Meshes and elemental density distribution.
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nodal density variation calculated by this technique for the coarse, medium

and fine meshes, respectively. The initial moisture content field has to be

determined prior to the commencement of the drying process. The liquid

saturation Sw at each of the N nodes in the mesh and the equilibrium capillary

pressure Pceqm are calculated by solving the nonlinear system of N+1 equations

with coordinate functions given by:

fi (s) = Pc (Swi
, ρ0i

, T )− Pceqm , i = 1, 2, . . . , N

fN+1 (s) = ρw

∑N
i=1 φiSwi

Ai∑N
i=1 ρ0i

Ai

+ Xfsp − X̄

where s =
(
Sw1 , Sw2 , . . . , SwN

, Pceqm

)T
and Ai is the area represented by node

i . An inexact Newton method [75] is used to solve the above nonlinear sys-

tem. The reader is referred to Chapter 5 §5.2.3 where more specific details

concerning the solution of this nonlinear system are given. Once the liquid

saturations have been determined, the initial moisture content field can be

calculated using:

Xi =
ρwφiSwi

ρ0i

+ Xfsp , i = 1, 2, . . . , N

For the coarse, medium and fine mesh nodal density distributions shown in

Figures 3.3(a), 3.4(a) and 3.5(a), the resulting initial moisture content fields

are shown in Figures 3.3(b), 3.4(b) and 3.5(b), respectively, for an initial tem-

perature of 25 ◦C and an initial average moisture content of 120 % . It is clearly

observable that higher moisture contents occur in regions with lower density

and that regions with higher density result in lower moisture contents. For

the board sample used here, the initial moisture content ranged from 66 % to

156 % . The nonlinear solver required 8 iterations for the convergence of the

initial moisture content field for each of the three meshes.
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Figure 3.3: Coarse mesh: (a) nodal density variation and (b) corresponding

initial moisture content field ( T = 25 ◦C , X̄ = 120 % ).
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Figure 3.4: Medium mesh: (a) nodal density variation and (b) corresponding

initial moisture content field ( T = 25 ◦C , X̄ = 120 % ).
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Figure 3.5: Fine mesh: (a) nodal density variation and (b) corresponding initial

moisture content field ( T = 25 ◦C , X̄ = 120 % ).
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3.3 Computational model

3.3.1 Control volume finite element method

To solve the transport model numerically the CVFE method is used to discre-

tise the transport equation (3.1), rewritten here as:

∂Ψw

∂t
+∇ · Jw = 0 (3.3)

where the conserved quantity of liquid Ψw is given by:

Ψw = ρ0X + εgρv

and Jw denotes the liquid flux vector:

Jw = ρwvw − ρ0Db∇Xb − ρgDv∇ωv

The domain of the problem is meshed with triangular elements, where the

control volumes (CVs) are constructed around the node points, which are the

vertices of the elements and also the locations where the values of the discrete

variables are associated (see Figure 3.1(a)). As was stated in Chapter 1 §1.2.2,

the CVFE method is chosen because it is easily adaptable to unstructured

meshes, ensures that the moisture balance remains conserved at the discrete

level and is flexible in that it allows for a number of different possibilities

for approximating the flux though the CV face. Referring to Figure 3.6, one

sees the technique adopted here for constructing the CVs around the element

vertices, where each CV consists of sub-control volumes (SCVs). Note that

there is one SCV associated with each element that shares the representative

node of the CV as a vertex.

The discretised form of the partial differential equation (3.3) is obtained by

integrating over the CV and applying the Gauss divergence theorem:

dΨ̄w

dt
+

1

δACV

∫

CCV

Jw · n̂ds = 0 (3.4)

where δACV is the area of the CV, the line integral integrates around the

boundary of the CV and Ψ̄w is the mean value of Ψw in the CV:

Ψ̄w =
1

δACV

∫

ACV

ΨwdA
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Figure 3.6: Construction of a two-dimensional control volume (shaded region)

consisting of sub-control volumes.

It should be noted that no approximation has been made to this point and

Equation (3.4) is exact [76]. The discrete analogue of Equation (3.4) is then:

dΨ̄w

dt
+

1

δACV

∑

f∈FCV

(Jw · n̂)f Lf ' 0 (3.5)

where FCV is the set of SCV faces enclosing the CV, n̂f the outward unit normal

of the SCV face and Lf the SCV face length. The mid-point quadrature rule

ensures that Equation (3.5) is second order in space if the term (Jw · n̂)f is

evaluated accurately at the mid-point of the SCV face. Assuming that Ψ̄w is

represented by ΨwCV
, the value of Ψw at the representative node of the CV,

and considering the time integral from iδt to (i + 1) δt , the discrete analogue

of Equation (3.3) becomes:

δACV

δt

(
Ψi+1

wCV
−Ψi

wCV

)
+ α

∑

f∈FCV

(Jw · n)i+1
f + (1− α)

∑

f∈FCV

(Jw · n)i
f ' 0

(3.6)
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where δt is the discrete time step and the normal nf = n̂fLf takes into account

the SCV face length. The superscript i denotes the current time level and i+1

the next time level. The parameter α allows for a fully explicit system with

α = 0 , a fully implicit system with α = 1 and a second order implicit system

(Crank-Nicolson) with α = 0.5 . The fully explicit scheme is not considered

here due to the restrictive constraint imposed on the time step and mesh

size. The fully implicit system is only first order in time but is stable and

although the Crank-Nicolson system is second order in time, it may become

non-monotonic for particular time step and spatial step combinations, causing

nonphysical behaviour [77].

3.3.2 Nonlinear solver

Applying the discretisation formula (3.6) to each of the N nodes in the mesh

results in a system of N nonlinear discrete liquid conservation equations, where

the coordinate functions are denoted by Fi . This nonlinear system:

F (u) = (F1 (u) , F2 (u) , . . . , FN (u))T = 0

where the solution vector is the moisture content at each node:

u = (X1, X2, . . . , XN)T

must be solved simultaneously for each time step in order to advance the solu-

tion of the moisture distribution in time. Here, an inexact Newton method [75]

is used:

uk+1 = uk + δuk

Jm

(
uk

)
δuk = −F

(
uk

)

where Jm is an approximation of the Jacobian matrix and δuk the Newton

correction. The iterations are continued until the convergence criterion:

||F (
uk+1

) || < tolerance ≈ 10−9

is reached. The Jacobian matrix must be generated and then the corresponding

linear system solved for each iteration of the Newton method. The function
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Fi depends upon only a small subset of the entire solution vector, which is

influenced by the method used to calculate the flux. Hence, the Jacobian

matrix is sparse and here the linearised system is solved iteratively using either

GMRES or BiCGSTAB, with various preconditioners. The choice of these two

particular linear solvers arises because these iterative schemes are favoured for

computational work concerning porous media [60, 10].

The construction of the Jacobian matrix requires the derivatives of the accu-

mulation term and all flux terms. To calculate these derivatives the following

first order finite difference approximation is used:

∂Fi

∂Xj

=
Fi (u + εej)− Fi (u)

ε

where ε is the numerical shift and ej the jth unit vector. The value of ε

must be large enough to avoid roundoff errors but small enough to prevent

a poor approximation of the derivative. The numerical shift is calculated by

ε = ||u||√εm , where εm is the machine epsilon for the particular computer be-

ing used for the computations, defined to be the largest number that satisfies

1+εm = 1 . After calculating the machine epsilon and noting that ||u|| ∼ O (1) ,

ε = 10−7 was used for all numerical simulations carried out here. To build the

Jacobian matrix, the flux terms together with the shifted flux terms must be

evaluated at each SCV face within the computational mesh, which is compu-

tationally expensive. However, this expense is reduced by assuming that the

flux is split into implicit and explicit components at a given Newton iteration.

Implicit components remain in the Jacobian matrix whilst explicit components

appear only in the function vector. Firstly, the fill-in caused by the flux lim-

iter (refer to §3.3.3) can be ignored, which has been shown to be an acceptable

approximation [48]. Secondly, only the two nodes that constitute the element

face that intersects the CV face on which the flux is being evaluated are treated

implicitly, which is referred to here as the two-node Jacobian approximation.

Both of these approximations reduce the number of flux derivatives to be cal-

culated and hence reduce the computational time required to generate the

Jacobian.
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3.3.3 Flux evaluation at the control volume face

The flux function has both advective and diffusive components, where for the

one-equation model defined in Equations (3.1) and (3.2), the diffusive compo-

nents require evaluation of Db , Dv , ρg , ∇Pw , ∇Xb and ∇ωv , whilst the single

advective component λw must also be approximated at the SCV face. The way

in which these components are approximated at the SCV face is crucial to the

overall accuracy and monotonicity of the solution.

Treatment of diffusive terms

The diffusive terms require that both the values and the gradients of particular

secondary variables, as well as the diffusivity tensors, be computed at the

SCV face. Finite element shape functions [59] are used for these calculations,

where a transformation from the global coordinate system to a local coordinate

system is used (see Figure 3.7). Using the shape functions to calculate, for

example, the bound liquid diffusivity and the gradient of the bound water,

gives:

Db =
3∑

l=1

NlDbl
, ∇Xb =

3∑

l=1

∇NlXbl

where the Nl are the shape functions for a triangular element, defined as:

N1 = 1− ξ − η , N2 = ξ , N3 = η

The gradient of the shape functions ∇Nl are calculated in global coordinates

by:

∇Nl =


 ∂Nl/∂x

∂Nl/∂y


 =

(
JT

)−1


 ∂Nl/∂ξ

∂Nl/∂η


 , J =


 xξ xη

yξ yη




giving:

∇Nl =


 ∂Nl/∂x

∂Nl/∂y


 =

1

xξyη − xηyξ


 yη∂Nl/∂ξ − yξ∂Nl/∂η

xξ∂Nl/∂η − xη∂Nl/∂ξ




where ξ and η are the coordinate variables of the local coordinate system.
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Figure 3.7: Triangular finite element.

Treatment of the advective term

The advective term liquid mobility λw must be treated in such a way that

ensures correct physical behaviour of the solution, where the CVFE method

requires that its value be calculated at each SCV face. The first order spatial

upwinding method uses the flow direction indicator FDI to identify the upwind

node and then uses the value of λw at this node as the SCV face representative

value:

if FDI ≥ 0 then λwf
= λwup = λwpt

else λwf
= λwup = λwnb

where f denotes the SCV face representative point, λwf
the liquid mobility

calculated at the point f , up the upwind node and pt and nb the element

nodes either side of the SCV face (see Figure 3.6). Four different methods to

identify the flow direction are investigated. The first method uses the difference

in the liquid pressure at either side of the SCV face:

FDI = ∆Pw = P k+1
wpt

− P k+1
wnb

where k+1 implies that the values are from the current Newton iteration. The

second method uses the difference in the liquid phase potential:

FDI = ∆ϕw = ϕk+1
wpt

− ϕk+1
wnb

The third method is an alternative approach, which uses the inner product of

the gradient of the liquid phase potential at the SCV face and the SCV face
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unit normal:

FDI = (∇ϕw · n̂) =
(∇ϕk+1

wl
· n̂l

)
+

(∇ϕk+1
wr

· n̂r

)

where l and r represent the left and right SCV faces, respectively, of the element

face joining the nodes pt and nb (see again Figure 3.6). The fourth method

uses the value of the liquid phase velocity at the previous Newton iteration for

the inner product:

FDI = (vw · n̂) =
(
vk

wl
· n̂l

)
+

(
vk

wr
· n̂r

)

In all cases, if the sign of the flow direction indicator is nonnegative, flow is in

a direction from the node pt and towards the node nb, and consequently node

pt is identified as the upwind node. Otherwise, if the sign of the flow direction

indicator is negative, the flow is in the opposite direction and node nb becomes

the upwind node.

Although the upwinding method is stable, it does however introduce a large

amount of numerical diffusion [77, 78]. A more general method is flux limiting,

which has been found to produce superior results to upwind schemes by sharp-

ening saturation fronts [31, 48]. Flux limiting requires identification of both

the upwind and downwind nodes, as well as the second upwind node, which is

found by using the maximum flow method [31] that seeks to track the location

of the streamline from the upwind node. Using flux limiting to calculate the

SCV face value of the liquid mobility gives:

λwf
= λwup +

σ (r)

2

(
λwdn

− λwup

)

where σ is the limiter function, r is known as the sensor and dn the downwind

node. There are various methods for computing the sensor, and here four

different sensors are investigated, each based on the way in which the flow

indirection indicator was calculated. The first sensor uses the ratio of the

difference in the liquid pressure:

r =

(
Pw2up − Pwup

||x2up − xup||
)
/

(
Pwup − Pwdn

||xup − xdn||
)
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where x denotes the positional vector and 2up the second upwind node. Re-

placing the liquid pressure with the liquid phase potential gives the second

sensor as:

r =

(
ϕw2up − ϕwup

||x2up − xup||
)
/

(
ϕwup − ϕwdn

||xup − xdn||
)

The third sensor uses the ratio of the inner product of the gradient of the liquid

phase potential at the SCV face and the SCV face unit normal:

r =
(∇ϕwl

· n̂l)2up + (∇ϕwr · n̂r)2up

(∇ϕwl
· n̂l)up + (∇ϕwr · n̂r)up

where up represents the CV face between the downwind and upwind nodes,

and 2up the CV face between the upwind and second upwind nodes. Replacing

the gradient of the liquid phase potential with the liquid phase velocity gives

the fourth sensor as:

r =
(vwl

· n̂l)2up + (vwr · n̂r)2up

(vwl
· n̂l)up + (vwr · n̂r)up

All four sensors have the domain [0,∞) and the range of the limiter function

must be contained in the closed interval [0, 2] , where 0 equates to upwinding,

1 averaging and 2 downwinding.

The flux limiting scheme has the property that it is total variation dimin-

ishing (TVD), implying that the solution cannot contain oscillations. For the

scheme to be spatially second order accurate, the flux limiter function must be

made a weighted convex average of a centrally weighted scheme and a two-point

upwind weighted scheme [73]. In this case, flux limiting produces oscillation

free solutions without the excessive diffusion that results from first order up-

wind weighting. Both the van Leer [72] and parabolic [74] limiters satisfy the

above requirements. The performance of these two limiters will be investigated

in this chapter. The van Leer limiter is defined by:

σ (r) =
2 r

1 + r

and has a range [0, 2) (see Figure 3.8). The parabolic limiter is defined by:

σ (r) =





r (2− r) , r < 1

1 , r ≥ 1

and has a range [0, 1] , thus avoiding any downwinding (see again Figure 3.8).
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Figure 3.8: van Leer and parabolic limiter functions.

3.4 Results and discussion

3.4.1 Linear benchmark case study

Before using the computational model described in §3.3 to solve the nonlinear

transport equation, a linear benchmark problem that admits an analytical

solution is used to analyse the accuracy and efficiency of the different numerical

schemes. The following conservation law that has both advective and diffusive

components:

∂ϕ

∂t
+∇ · (ϕv) = ∇ · (D∇ϕ)

where:

D = diag (αx, αy) , v = (u, v)T

is solved on the domain [0, X]×[0, Y ] . The initial condition is a two-dimensional

Gaussian pulse of unit height and centred at the location (xc, yc) :

ϕ0 (x, y, 0) = exp

{
−(x− xc)

2

αx

− (y − yc)
2

αy

}
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leads to the exact solution:

ϕexact (x, y, t) =
1

4 t + 1
exp

{
−(x− ut− xc)

2

αx (4 t + 1)
− (y − vt− yc)

2

αy (4 t + 1)

}
(3.7)

where the four boundary conditions are obtained by substituting x = 0 , x =

X , y = 0 and y = Y into Equation (3.7), respectively. For X = Y = 2 m ,

αx = αy = 0.01 m2/s , u = v = 0.8 m/s and xc = yc = 0.5 m , the exact solution

at time t = 1.25 s is a pulse with height ϕ = 0.166667 kg/kg and centred at

x = y = 1.5 m (see Figures 3.9(a) and 3.10(a)).

Although the benchmark problem is linear, the complete nonlinear solver

is employed in order to test the construction of the Jacobian matrix, the un-

structured discretisation methodology and the flux limiter formulation. The

accuracy of the computed solution is monitored using two error parameters,

the pulse height which observes the amount of numerical diffusion and the root

mean square relative error defined by:

RMSRE =

√∑N
i=1 (ψexact

i − ψi)
2

∑N
i=1 (ψexact

i )2

which measures the quality of the solution in comparison to the exact solution.

The efficiency of the numerical schemes are gauged by observing the CPU time

required for the nonlinear solver. The numerical solution is computed on two

triangular element meshes, a coarse mesh with 6402 elements and a fine mesh

with 96664 elements.

Table 3.1 contains the results for the analysis of the spatial and temporal

weighting schemes. The first order temporal scheme combined with upwinding

was very stable in that it did not produce nonphysical results even for relatively

large time steps. However, the error was large, 0.496365 for the coarse mesh and

0.305122 for the fine mesh, and a considerable smearing of the Gaussian pulse

was observed, producing a pulse height of 0.069628 for the coarse mesh and

0.107092 for the fine mesh (see Figures 3.9(b) and 3.10(b)). For this method

the time step was fixed at 0.0125 s , since further reduction in the time step did

not result in any significant improvement in solution quality. When applying
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Figure 3.9: Surface contour plots for the benchmark problem.
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Figure 3.10: Contour plots for the benchmark problem.
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the second order temporal weighting scheme the time step could be increased

whilst still maintaining good accuracy. Thus for the second order temporal

scheme, an adaptive time stepping strategy was implemented, whereby the

time step was increased by 20 % every time the nonlinear solver converged and

was decreased by 50 % when the nonlinear solver produced nonphysical values

for the solution. The initial time step was 0.0125 s , where for the coarse and

fine meshes the maximum time steps reached during the numerical simulations

were 0.1387 s and 0.0927 s , respectively. Thus, although the improvement in

the error and numerical diffusion was only moderate, reducing the error by

12.7 % and 43.2 % and increasing the peak height by 18.0 % and 24.5 % for the

coarse and fine meshes, respectively, the CPU time was significantly reduced,

by 79.5 % and 63.9 % for the coarse and fine meshes, respectively, as a result

of the larger time steps that could be used.

Figures 3.9(c) and 3.10(c) highlight that flux limiting can increase the spatial

order of accuracy when compared with upwinding, however this increased ac-

curacy comes at a cost of increased CPU time. For the coarse and fine meshes

flux limiting resulted in decreasing the error by 60.8 % and 66.8 % , respec-

tively, and increasing the peak height by 66.0 % and 20.9 % , respectively. The

CPU time was increased by 491.1 % for the coarse mesh and by 363.1 % for the

fine mesh. However, when comparing flux limiting on the coarse mesh with

upwinding on the fine mesh (see Figures 3.9(d) and 3.10(d)), the quality of

the numerical solutions are similar, an error of 0.169803 compared to 0.173284

and a peak height of 0.136391 compared to 0.133346 . Further, the flux limited

solution on the coarse mesh resulted in a 82.0 % reduction in CPU time and a

93.4 % reduction in mesh elements, when compared to upwinding on the fine

mesh. Hence, it can be concluded that flux limiting on a relatively coarse mesh

produces comparable results in terms of solution quality with upwinding on a

finer mesh and with less computational overhead.

For the flux limited second order temporal scheme, the two-node Jacobian

approximation reduced the CPU time by 11.5 % for the coarse mesh and by
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Table 3.1: Benchmark problem: spatial and temporal weighting schemes.

Mesh Results First order Second order Second order

temporal with temporal with temporal with

upwinding upwinding flux limiting

Coarse RMSRE 0.496365 0.433244 0.169803

Pulse height 0.069628 0.082175 0.136391

CPU time (s) 21.9 4.5 26.6

Fine RMSRE 0.305122 0.173284 0.057558

Pulse height 0.107092 0.133346 0.161249

CPU time (s) 410.3 148.0 685.4

12.5 % for the fine mesh. The impact on the solution quality for the coarse mesh

was insignificant, increasing the error by only 1.2 % , however for the fine mesh

this increase was 9.3 % . For the coarse and fine meshes the two-node Jacobian

approximation resulted in increasing the total number of Newton iterations

by 2.0 % and 6.8 % , respectively. Hence, it seems that for coarse meshes the

two-node Jacobian approximation can be used to reduce computational time

without significantly decreasing solution quality.

3.4.2 Transport model

The solution of the nonlinear transport model described in §3.2 was computed

with the numerical model described in §3.3 for the board sample using the

coarse, medium and fine triangular meshes. The solution was computed for 15 h

of drying, at which time the wood sample was considered to be dry. The initial

average moisture content was 120 % and the initial temperature of the board

was 25 ◦C . The drying schedule to which the board was subjected is shown in

Figure 3.11, where it can be seen that both the dry and wet bulb temperatures

were ramped up to their kiln operating values of 60 ◦C and 40 ◦C , respectively,

over a period of 600 s . These particular dry and wet bulb temperatures give

the relative humidity of the air as 30.65 % and a vapour pressure of 6106 Pa .
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Figure 3.11: Drying schedule and assumed board temperature.

Simulation results presented by Perré and Turner [12] for a two-dimensional

three-equation model guided the choice for the assumed board temperature

schedule, this schedule is also exhibited in Figure 3.11. The assumed board

temperature follows the wet bulb value for the first 2 h of drying and thereafter

is increased linearly for the next 2 h to attain the dry bulb value. The assumed

board temperature remains at the dry bulb value for the remainder of the

drying process. The validity of the one-equation drying model, particulary

for three-dimensional drying simulations, will be deliberated in more detail

in Chapter 6. However, here, this simplified drying model serves as a good

test for the proposed numerical schemes from which valuable information can

be obtained for the construction of the three-dimensional model described in

Chapter 5. Note also that the focus of this section is primarily to assess the

overall solution methodology. A thorough description of the mechanisms of

low temperature drying of softwood will be given in Chapters 5 and 6.

Table 3.2 contains the results for the analysis of the spatial and temporal

weighting schemes. The second order temporal scheme required substantially

more CPU time than the first order scheme, an increase of approximately 56 %

for the coarse mesh, 116 % for the medium mesh and 179 % for the fine mesh.

However, the difference in the computed solutions was insignificant and hence

the first order temporal method is the preferred option. When comparing

73



Table 3.2: Transport model: CPU time (s) for spatial and temporal weighting

schemes.

Mesh Spatial First order Second order

weighting temporal temporal

Coarse Upwinding 21.9 34.7

Flux limiting 24.2 37.0

Medium Upwinding 49.9 107.8

Flux limiting 51.8 112.0

Fine Upwinding 91.8 244.2

Flux limiting 104.3 304.4

upwinding and flux limiting on the fine mesh there is little difference in the

solutions (see Figure 3.14), hence the effectiveness of flux limiting on the coarse

and medium meshes is gauged by comparing its solution to that of the solutions

computed on the fine mesh. On the coarse and medium meshes, the solutions

of the upwinding scheme is different to that of the flux limiting scheme (see

Figures 3.12 and 3.13), with the flux limited solutions resembling that of the

solutions computed on the fine mesh (see Figure 3.14). Further, implementing

the flux limiting scheme, as compared to the upwinding scheme, only had a

small impact on the CPU time, increasing it by 10.5 % , 3.8 % and 13.6 % for

the coarse, medium and fine meshes, respectively. Figure 3.15 plots the average

moisture content and discrete time step versus time, for both upwinding and

flux limiting for all three meshes. It can be observed that both flux limiting

and mesh refinement have only a small impact on the time step required for

convergence. Thus the increased CPU time that results from using flux limiting

comes almost purely from the additional calculations needed in finding the

second upwind node. In conclusion, flux limiting on relatively coarse meshes

improves solution quality and when compared to upwinding on finer meshes,

flux limiting produces comparable results more efficiently.
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Figure 3.12: Contour plots for the transport model on the coarse mesh after

2 h of drying.
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Figure 3.13: Contour plots for the transport model on the medium mesh after

2 h of drying.
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Figure 3.14: Contour plots for the transport model on the fine mesh after 2 h

of drying.
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(d) Flux limiting (medium mesh)
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(e) Upwinding (fine mesh)
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(f) Flux limiting (fine mesh)
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(b) Flux limiting (coarse mesh)
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(a) Upwinding (coarse mesh)

Figure 3.15: Average moisture content (dashed line) and discrete time step

(solid line) versus time.
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Table 3.3: Transport model: CPU time (s) for flux limiter function and sensor

combinations.

Mesh Flux limiter ∆Pw ∆ϕw (∇ϕw · n̂) (vw · n̂)

function

Coarse van Leer 22.6 24.1 38.4 77.4

Parabolic 24.2 23.8 23.6 25.2

Medium van Leer 47.9 48.1 57.7 104.1

Parabolic 51.8 51.0 48.7 54.6

Fine van Leer 99.7 91.5 114.4 211.4

Parabolic 104.3 102.4 97.6 96.7

Table 3.3 contains the results for the analysis of the various flux limiter

functions and sensors, where for all combinations tested here, equivalent so-

lutions resulted. For the van Leer limiter, the sensors based on the difference

in the liquid pressure or liquid phase potential were the most efficient. For

the parabolic limiter, the sensors based on the inner product with the gradi-

ent of the liquid phase potential or the liquid phase velocity were the most

efficient. The parabolic limiter was more consistent when compared to the

van Leer limiter, in that its efficiency did not vary for the different sensors.

The increase in CPU time for the van Leer limiter resulted from the Newton

method having to use a smaller time step in order to avoid nonphysical val-

ues for the system variable. Regarding the linear solvers, both GMRES and

BiCGSTAB produced almost identical solutions and resulted in similar CPU

times, for a given preconditioner, either ILU(0) or SSOR(ω = 1). For both

GMRES and BiCGSTAB, the ILU(0) preconditioner slightly outperformed the

SSOR(ω = 1) preconditioner, by approximately 5 % in terms of CPU time.

For the flux limited first order temporal scheme on the coarse mesh, the two-

node Jacobian approximation reduced the CPU time spent on calculating the

shifted fluxes by 21.2 % , resulting in a 8.1 % reduction of the total CPU time.
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For the medium and fine meshes, there was a 26.2 % and 28.0 % reduction in

time spent calculating the shifted fluxes, respectively, which resulted in a 9.7 %

and 10.4 % reduction of the total CPU time, respectively. The near 33 % reduc-

tion in the time spent calculating the shifted fluxes can be expected, since the

shifted flux is now calculated at only two of the three SCV faces per element.

Further, it should be noted that the two-node Jacobian approximation only

slightly impacted the convergence of the linear and nonlinear solvers. For the

coarse mesh the increase in total iterations was 5 % for the linear solver and

6 % for the nonlinear solver. For the medium and fine meshes the increase in

total iterations for both the linear and nonlinear solvers was only 1 % . When

comparing the solutions obtained using the two-node Jacobian with the solu-

tions obtained using the full Jacobian, the differences in the moisture content

contour plots were negligible.

3.5 Conclusions

A complete CVFE solution methodology suitable for resolving nonlinear trans-

port equations on triangular meshes has been presented. When analysed for

the linear benchmark problem, the methodology highlighted the accuracy and

computational efficiency offered by the second order temporal scheme coupled

with flux limiting. Further, flux limiting clearly reduced numerical diffusion

and offered similar accuracies to that of results obtained when using upwind-

ing on a finer mesh. For the nonlinear transport model, an inexact Newton

method based on an approximate Jacobian constructed using finite differences

that neglected fill-in caused by the flux limiter, provided an efficient resolution

of the nonlinear discretised equation. For this case study, it was found that

second order temporal weighting offered no significant change in the solution

quality, however it did substantially increase the CPU time. The combina-

tion of first order temporal weighting and flux limiting with the maximum

flow method to determine the second upwind node enabled the accuracy of

the coarse mesh solution to be greatly improved. That is, the flux limited
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coarse mesh solution, when compared to the upwinded coarse mesh solution,

more closely resembled the fine mesh solutions, particulary for the resolution

of the moisture distribution at the growth ring locations. The parabolic limiter

proved to be more consistent in terms of efficiency than the van Leer limiter

for the range of sensors tested here. The preconditioned linear solvers GMRES

and BiCGSTAB both performed equally, with ILU(0) preconditioning being

the optimal choice. Using the two-node Jacobian approximation reduced the

time required for the construction of the linearised system and the effect on

the solution was insignificant. In summary, the best combination of numerical

techniques for the nonlinear liquid conservation law of drying implemented in

the CVFE framework for unstructured triangular meshes has been identified

as a flux limited, fully implicit inexact Newton method with an ILU(0) pre-

conditioned Krylov solver for the Newton step. These conclusions will be used

as the basis for constructing the three-dimensional two-equation wood drying

simulator discussed in Chapter 5.
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Chapter 4

Gradient Approximation

Methods for the Control

Volume Finite Element Method

based on Triangular Prismatic

Elements

4.1 Introduction

Recall from Chapter 2 §2.3.1 that triangular prismatic elements (TPEs) are

well suited for the mesh generation needed for the virtual board. This ele-

ment type allows the computational mesh to be completely unstructured in

the transverse (radial-tangential) plane and also allows the mesh refinement

to follow the heterogeneity of the board in the longitudinal direction. Hence,

both regular (defined to have its triangular faces aligned with one another) and

irregular (triangular faces displaced out of alignment) TPEs would be suitable

for the mesh construction of the virtual board. An investigation of some novel

gradient approximation techniques suitable for these element types is carried

out in this chapter and the most appropriate strategy identified for use in

strongly orthotropic and anisotropic media. The research conducted here re-
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sulted in an article [79] published in the International Journal of Numerical

Heat Transfer: Part B.

As discussed in Chapter 2 §2.3.2, an important consideration for the virtual

description of the board is the material angle. This angle represents how

close and from which location the board under study was cut relative to the

pith. Effectively, this angle produces the anisotropic characteristics of the

flow of liquid and gas (binary mixture of air and vapour) within the board

during the drying process. It is important to note that as a result of the

meshing procedure, the anisotropy, material angle and local heterogeneities

evident in wood, transport could take place in a direction not aligned with

the z-coordinate direction. Consequently, the estimation of accurate gradients

within the TPEs for use in approximating the relevant transport fluxes is a

pressing computational issue and is one of the major objectives of the research

presented in this chapter.

This chapter concerns the performance, in terms of accuracy and compu-

tational efficiency, of gradient approximation techniques embedded into the

control volume finite element (CVFE) strategy for three different case studies

that are of relevance to wood drying. These case studies include orthotropic

and anisotropic media that are representative of wood, however, they are purely

diffusive and contain no advective, or convective, components. Numerical ex-

perimentation for the orthotropic and anisotropic diffusion case studies with

the standard Lagrangian C0 shape functions shows inaccuracies in this ap-

proach for isotropic media meshed with irregular TPEs, as well as anisotropic

media meshed with either regular, or irregular, TPEs. A newly proposed gra-

dient approximation based on Gauss-Green gradient reconstruction techniques

is shown to produce more accurate results in both cases. The accuracy of

this method is then further improved by using a combination of Taylor series

expansions and least squares methods to estimate the required element face

centroid value, as required by the Gauss-Green gradient reconstruction tech-

nique, with greater accuracy. Note that the interpolation methods described

84



here are used in a different manner to that outlined in [46], where there they

were used to estimate secondary gradient information about the decomposed

flux. Another key innovation of this work is the way in which the Gauss-Green

gradient representation is cast in a shape function form, with the inclusion

of a correction term that may be switched on and off to provide second or-

der accuracy when needed. The research conducted here highlights that the

corrected Gauss-Green technique offers considerable improvement in accuracy

when compared to the finite element shape function method, and further, this

accuracy appears to be independent of the mesh structure. The computational

overheads associated with estimating the correction terms are low for coarse

meshes. In fact, the corrected Gauss-Green method provides a more accurate

solution on a coarse mesh to that obtained on a relatively finer mesh using the

uncorrected method, and with less computational cost.

This chapter is presented as follows. In §4.2 the complete mathematical

formulation is given, beginning with the problem definition of the orthotropic

and anisotropic diffusive case studies in §4.2.1. In §4.2.2 the CVFE scheme

is presented in the context of meshes consisting of TPEs. The linear gradient

approximations are given in §4.2.3 and the gradient correction which gives

quadratic accuracy derived in §4.2.4. In §4.2.5 Taylor series expansions and

least squares methods are used to calculate the gradient information required

for the evaluation of the correction terms. Results and discussion are given in

§4.3, where the numerical solution and mesh construction are both explained

in §4.3.1. In §4.3.2 the results for the orthotropic diffusion case study are given

and §4.3.3 presents the results of the two anisotropic diffusion case studies. A

comparison between the normal equations method and the QR decomposition

method for solving the least squares problem is made in §4.3.4. Concluding

remarks are given in §4.4.
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4.2 Mathematical formulation

4.2.1 Problem definition

To access the accuracy and efficiency of the proposed CVFE scheme, a three-

dimensional diffusion problem for a finite domain Ω ∈ R3 is considered:

γ
∂ϕ

∂t
+∇ · J = 0 (4.1)

where γ is a parameter and J = −K∇ϕ the diffusive flux function. The tensor

K = RTK′R is obtained by applying a rotation to K′ = diag
(
K′

xx, K
′
yy, K

′
zz

)
.

The rotation is applied using Euler angles in the pitch-roll-yaw convention,

where θ is the pitch, ψ the roll and φ the yaw. The reader is referred to

Chapter 2 §2.3.2 Equation (2.8) for the exact definition of the rotation matrix.

These angles are used to produce an anisotropic medium representative of the

virtual board description. For example, the angle φ can be used to capture

the effect of the material angle and the angles θ and ψ used to capture the

flow direction being influenced by a combination of the heterogeneity and the

growth ring pattern in the longitudinal direction. Equation (4.1) is subjected

to the boundary conditions:

K∇ϕ · n̂ = h (ϕ∞ − ϕ) (4.2)

where n̂ is the outward unit normal vector and h the heat transfer coefficient

of the boundary, and ϕ∞ the surrounding ϕ value. The initial condition is:

ϕ (x, y, z, 0) = ϕ0

and the solution domain is the rectangular parallelepiped:

Ω = {(x, y, z) : 0 ≤ x ≤ L, 0 ≤ y ≤ M, 0 ≤ z ≤ N}

For the case when the medium is orthotropic, it is possible to derive an

exact solution via a change of variable and the method of separation of vari-

ables [80]. The exact solution is used to benchmark the accuracy of the CVFE

scheme. Note that the test cases analysed in this work are not restricted to
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orthotropic media. To derive the exact solution for the linear orthotropic form

of Equation (4.1), the following change of variable is made [80]:

Φ =
ϕ− ϕ∞
ϕ0 − ϕ∞

⇒ ϕ = (ϕ0 − ϕ∞) Φ + ϕ∞

which enables the diffusion problem to be written as:

γ
∂Φ

∂t
= Kxx

∂2Φ

∂x2
+ Kyy

∂2Φ

∂y2
+ Kzz

∂2Φ

∂z2

where the now homogenous boundary conditions are given by:

K∇Φ · n̂ + hΦ = 0

and the initial condition becomes:

Φ (x, y, z, 0) = 1

The method of separation of variables [80] is used to obtain the analytical

solution:

Φ (x, y, z, t) = Φ1 (x, t) Φ2 (y, t) Φ3 (z, t)

where:

Φ1 (x, t) =
∞∑

j=1

exp
(−α1β

2
j t

) 1

N (βj)
X (βj, x)

∫ L

0

X (βj, x
′) dx′

with α1 = Kxx/γ , βj the eigenvalues and eigenfunctions given by:

X (βj, x) = βj cos (βjx) + H1 sin (βjx)

The eigenvalues βj are the roots of the transcendental equation:

tan (βjL) =
βj (H1 + H2)

β2
j −H1H2

where H1 = h/Kxx and H2 = h/Kxx . The norm N (βj) is calculated by:

N (βj) =
1

2

[(
β2

j + H2
1

) (
L +

H2

β2
j −H1H2

)
+ H1

]

and the definite integral is evaluated directly as:
∫ L

0

X (βj, x
′) dx′ =

1

βj

(H1 + βj sin (βjL)−H1 cos (βjL))

Similar expressions can be derived for Φ2 (y, t) and Φ3 (z, t) in the same manner.
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Figure 4.1: Triangular prismatic element, shaded region represents sub-control

volume.

4.2.2 Control volume finite element method

The CVFE method involves the discretisation of the integral form of the physi-

cal conservation laws. It also allows for an arbitrary mesh to be utilised for the

discrete computational domain and several options exist for construction of the

control volumes (CVs) around the node points of the mesh, provided that the

CVs cover the entire computational domain and do not overlap one another.

Referring to Figure 4.1, one sees the strategy adopted here for constructing

the sub-control volumes (SCVs) from the mesh elements. For any given ele-

ment vertex there are three SCV faces where fluxes must be evaluated, and

these faces define the SCV associated with that given vertex. Any one given

SCV face is defined by the plane joining the element centroid, an element face

centroid, an element edge mid-point and another element face centroid. Each

element contains nine SCV faces that define the six SCVs associated with the

six vertices.

The discretised form of the partial differential equation (4.1) is obtained by

integrating over the CV and applying the Gauss divergence theorem:

γ
dϕ̄

dt
+

1

δVCV

∫

SCV

J · n̂dσ = 0 (4.3)
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where δVCV is the volume of the CV, the surface integral integrates around the

boundary of the CV and:

ϕ̄ =
1

δVCV

∫

VCV

ϕdV

is the mean value of ϕ in the CV. It should be noted that no approximation

has been made to this point and Equation (4.3) is exact [76]. The discrete

analogue of Equation (4.3) is:

γ
dϕ̄

dt
+

1

δVCV

∑

f∈FCV

(J · n̂)f Af ' 0 (4.4)

where FCV is the set of SCV faces enclosing the CV, n̂f the outward unit

normal of the SCV face and Af the SCV face area. Equation (4.4) is second

order in space if the term (J · n̂)f is evaluated accurately at the centroid of

the SCV face. Assuming that ϕ̄ is represented by ϕCV , the value of ϕ at the

representative node of the CV, and considering the time integral from iδt to

(i + 1) δt , the discrete analogue of Equation (4.1) becomes:

γ
δVCV

δt

(
ϕi+1

CV − ϕi
CV

)
+ α

∑

f∈FCV

(J · n)i+1
f + (1− α)

∑

f∈FCV

(J · n)i
f ' 0 (4.5)

where δt is the discrete time step and the normal nf = n̂fAf takes into account

the SCV face area. The superscript i denotes the current time level and i + 1

the next time level. The parameter α allows for a fully explicit system with

α = 0 , a fully implicit system with α = 1 and a second order implicit system

(Crank-Nicolson) with α = 0.5 . Here, the first order temporal fully implicit

scheme is used to reduce the occurrence of nonphysical results for all meshes

tested, where a small time step is used to minimise the time discretisation

error. Finally, the accuracy of the scheme greatly depends on the accuracy

of the flux terms evaluated at the SCV faces. Equation (4.5) presents second

order spatial accuracy provided the flux approximation is at least second order

accurate [81].

4.2.3 Gradient approximation

In this section the way in which the gradient is approximated is considered.

The standard finite element shape functions and Gauss-Green gradient recon-
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struction techniques are investigated.

Finite element shape functions

Method S6 The standard finite element shape functions [59] for a six node

TPE are used to highlight the improved accuracy offered by the newly proposed

methods. This shape function method requires a transformation from the

global coordinate system to a local coordinate system (see Figure 4.2), where

the shape functions and their derivatives are given in Table 4.1. The gradient

of the shape functions calculated in the global coordinate system are calculated

by:

∇NS6
n =




∂NS6
n /∂x

∂NS6
n /∂y

∂NS6
n /∂x


 =

(
JT

)−1




∂NS6
n /∂ξ

∂NS6
n /∂η

∂NS6
n /∂ζ




where the Jacobian matrix is given by:

J =




xξ xη xζ

yξ yη yζ

zξ zη zζ




and ξ , η and ζ are the coordinate variables of the local coordinate system.

Using these definitions, the linear gradient approximation referred to here as

method S6, is expressed as:

∇ϕS6 '
∑
n∈VE

∇NS6
n ϕn =

5∑
n=0

∇NS6
n ϕn (4.6)

where the NS6
n are the shape functions and VE the set of vertices for the TPE.

The gradient approximation referred to as method S15 is constructed by

firstly considering the finite element shape functions [59] for a fifteen node TPE

(see Figure 4.3), where the shape functions are given in Table 4.2. However,

since the TPE in this work is only a six node element, approximations must be

made for ϕ at the nine nodes that do not correspond to the vertices of the TPE

90



Table 4.1: Finite element shape functions and their derivatives for a six node

triangular prism.

n NS6
n ∂NS6

n /∂ξ ∂NS6
n /∂η ∂NS6

n /∂ζ

0 λa −a −a −λ/2

1 ξa a 0 −ξ/2

2 ηa 0 a −η/2

3 λb −b −b λ/2

4 ξb b 0 ξ/2

5 ηb 0 b η/2

λ = 1− ξ − η , a = (1− ζ) /2 , b = (1 + ζ) /2

4

(0,1,1)

(0,1,−1)

y

z

1
ξx

2

5

0

3

(1,0,1)

0

2

3
4

1

5

(a) Global coordinate system

(0,0,1)

(0,0,−1)

(1,0,−1)

η

ζ

(b) Local coordinate system

Figure 4.2: Six node triangular prismatic finite element.
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Table 4.2: Finite element shape functions for a fifteen node triangular prism.

n NS15
n n NS15

n n NS15
n

0 −aλ (1− 2 λ) 6 −bλ (1− 2 λ) 12 λ (1− ζ2)

1 4 aξλ 7 4 bξλ 13 ξ (1− ζ2)

2 −aξ (1− 2 ξ) 8 −bξ (1− 2 ξ) 14 η (1− ζ2)

3 4 aξη 9 4 bξη

4 −aη (1− 2 η) 10 −bη (1− 2 η)

5 4 aηλ 11 4 bηλ

λ = 1− ξ − η , a = −ζ (1− ζ) /2 , b = ζ (1 + ζ) /2

(nodes 6 through 14 in Figure 4.3). The gradient approximation is expressed

as:

∇ϕS15 '
5∑

n=0

∇NS15
n ϕn +

14∑
m=6

∇NS15
m ϕm (4.7)

where NS15
n and NS15

m are the shape functions for a fifteen node triangular

prism, with n and m summing over the element vertex nodes and element

edge mid-point nodes, respectively. Equation (4.7) gives quadratic accuracy

if ϕ is available at all fifteen nodes. However, if averaging is used to obtain

ϕ at the nine element edge mid-point nodes, where the average is taken of

the two vertices that define the element edge, for example, ϕ9 = (ϕ0 + ϕ3) /2 ,

then Equation (4.7) collapses to Equation (4.6). To restore the quadratic order

of accuracy, correction terms must be applied to the averaged ϕ values. The

reader is referred to §4.2.4 for the derivation of these correction terms.

Gauss-Green gradient reconstruction

A novel, second order gradient approximation is derived using a Gauss-Green

gradient reconstruction technique [42], which begins with the exact relation:

∫

VE

∇ϕdV =

∫

SE

ϕn̂dσ

92



3

0

7

13

1

z

y

(0,1,−1)

(0,1,1)

4

5

11

10

x ξ

2

14

12

9

8

6

(1,0,1)

9
8

6 1

10

13
14

12

7

11

5
ζ

η

(1,0,−1)

(0,0,−1)

(0,0,1)

(b) Local coordinate system

4
3

2

0

(a) Global coordinate system

Figure 4.3: Fifteen node triangular prismatic finite element.

where the integral on the left is over the TPE volume and the integral on the

right is over the bounding surface. The average gradient in the TPE is then:

∇ϕ =
1

δVE

∫

SE

ϕn̂dσ

which is approximated by:

∇ϕ ' 1

δVE

∑

f∈FE

ϕf n̂fAf =
1

δVE

∑

f∈FE

ϕfnf (4.8)

where FE is the set of element faces that enclose the TPE, n̂f and Af the

outward unit normal and area of the element face, respectively, the normal

nf = n̂fAf takes into account the element face area and δVE the element

volume. The gradient approximation in Equation (4.8) is second order accurate

only if ϕf is the exact value of ϕ evaluated at the centroid of the element

face. However, because ϕ is only known at the vertices of the element, an

approximation must be made for ϕf and consequently the accuracy of the

gradient approximation is impacted. The following first order approximation

can be used to give an estimate of ϕf :

ϕf ' ϕavg
f =

1

n (VF)

∑
n∈VF

ϕn (4.9)
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where VF is the set of vertices for the element face and n (VF) the number

of vertices. The second order accuracy of Equation (4.8) is then recovered by

introducing a correction term based on a truncated Taylor expansion about the

element face centroid to increase the accuracy of ϕf to at least second order.

The reader is again referred to §4.2.4 for the derivation of the correction term.

Method G5 If FE is taken as the set of five faces that define the hull of

the TPE, written here as FE5 (see Figure 4.4(a)), then Equation (4.8) can be

recast as:

∇ϕ ' 1

δVE

∑

f∈FE5

ϕfnf =
1

δVE

4∑

f=0

ϕfnf (4.10)

Equation (4.10) requires that the element face normals be clearly defined,

which is the case for the two triangular faces since three points uniquely define a

plane. However, in general, each of the three quadrilateral faces of an irregular

TPE may not be represented by a plane and hence the element face normals

are not clearly defined. Further, these element face definitions are necessary

for the calculation of the element volume δVE . In this work, the centroid of the

quadrilateral face is used to construct four triangular sub-faces, each of which

has a unique normal. These normals, which also take into account the sub-

face area, are then summed to give the average normal for the quadrilateral

face. The element volume is also calculated by considering these triangular

sub-faces, which form the base of tetrahedra that extend to the centroid of the

TPE.

Using Equation (4.9) to calculate the element face representative values re-

quired in Equation (4.10) gives the gradient approximation referred to here as

method G5:

∇ϕG5 ' 1

δVE

4∑

f=0

ϕavg
f nf =

1

δVE

4∑

f=0

(
1

n (VF)

∑
n∈VF

ϕn

)
nf (4.11)

Upon expanding and then rearranging, Equation (4.11) can be expressed in

the usual finite element shape function notation:

∇ϕG5 '
5∑

n=0

∇NG5
n ϕn =

∑
n∈VE

∇NG5
n ϕn (4.12)
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Figure 4.4: Gauss-Green gradient reconstruction elements.

where ∇NG5
n are the gradient shape functions, given in terms of linear combi-

nations of the element face normals:

∇NG5
0 =

1

12 δVE

(4n0 + 3n2 + 3n4) , ∇NG5
1 =

1

12 δVE

(4n0 + 3n2 + 3n3)

∇NG5
2 =

1

12 δVE

(4n0 + 3n3 + 3n4) , ∇NG5
3 =

1

12 δVE

(4n1 + 3n2 + 3n4)

∇NG5
4 =

1

12 δVE

(4n1 + 3n2 + 3n3) , ∇NG5
5 =

1

12 δVE

(4n1 + 3n3 + 3n4)

Method G14 The way in which the quadrilateral faces were represented

by triangular sub-faces in order to define the element volume gives rise to an

improved scheme, where the hull of the TPE is considered to be constructed

of these triangular sub-faces and the triangular end faces (see Figure 4.4(b)).

Hence, an additional node at the centroid of each quadrilateral face is intro-

duced. In this case, Equation (4.8) then gives:

∇ϕ ' 1

δVE

∑

f∈FE14

ϕfnf =
1

δVE

[
1∑

f=0

ϕfnf +
4∑

f=2

3∑
s=0

ϕfsnfs

]
(4.13)

where FE14 is the set of the fourteen triangular faces that define the hull of

the TPE for this method and s sums over the triangular sub-faces of each

quadrilateral face. By using Equation (4.9) at first to calculate the value of ϕ at

the introduced nodes and secondly to calculate the element face representative
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values, Equation (4.13) can be recast as:

∇ϕG14 ' 1

δVE

[
1∑

f=0

ϕavg
f nf +

4∑

f=2

3∑
s=0

ϕavg
fs nfs

]

where after substituting for the ϕavg
f and ϕavg

fs , and then rearranging, gives the

gradient approximation referred to as method G14, written here in the usual

finite element shape function notation as:

∇ϕG14 '
5∑

n=0

∇NG14
n ϕn =

∑
n∈VE

∇NG14
n ϕn (4.14)

where ∇NG14
n are the gradient shape functions, given in terms of linear com-

binations of the element face and sub-face normals:

∇NG14
0 =

1

12 δVE

(4n0 + 5n20 + n21 + n22 + 5n23 + 5n40 + 5n41 + n42 + n43)

∇NG14
1 =

1

12 δVE

(4n0 + 5n20 + 5n21 + n22 + n23 + 5n30 + n31 + n32 + 5n33)

∇NG14
2 =

1

12 δVE

(4n0 + 5n30 + 5n31 + n32 + n33 + 5n40 + n41 + n42 + 5n43)

∇NG14
3 =

1

12 δVE

(4n1 + n20 + n21 + 5n22 + 5n23 + n40 + 5n41 + 5n42 + n43)

∇NG14
4 =

1

12 δVE

(4n1 + n20 + 5n21 + 5n22 + n23 + n30 + n31 + 5n32 + 5n33)

∇NG14
5 =

1

12 δVE

(4n1 + n30 + 5n31 + 5n32 + n33 + n40 + n41 + 5n42 + 5n43)

The primary difference between methods G5 and G14, is that for method

G14 the gradient shape function for a particular vertex has a heavier weighting

on the sub-face normals for sub-faces that contains that vertex. Whereas for

method G5, the weights are evenly distributed for the sub-faces, since for each

quadrilateral face f :

nf = nf0 + nf1 + nf2 + nf3

Also note that for meshes constructed of regular TPEs, methods G5 and G14

are equivalent. Since in this case, the quadrilateral face unit normals are

equivalent to the sub-face unit normals, and:

1

4
nf = nf0 = nf1 = nf2 = nf3

holds true for each face quadrilateral f . Substituting nfs = nf/4 into Equa-

tion (4.14) for each quadrilateral sub-face s equates to Equation (4.12).
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4.2.4 Gradient correction

In the past, Taylor expansions have been used to estimate functions of interest

in order to analyse errors in regular finite volume techniques [82]. More re-

cently, Taylor expansions combined with least squares approximations have

been used to increase the accuracy of two-dimensional finite volume tech-

niques [46]. In that research the Taylor expansions were used in a finite volume

framework to estimate secondary gradient information about the decomposed

flux term. However, here they are used in a different manner, to estimate ac-

curately the facial values needed for ensuring a near second order Gauss-Green

gradient reconstruction, which can be embedded into the CVFE framework.

For any point of the TPE that requires a representative ϕ value, a Taylor

expansion of the function ϕ is taken from this representative point xr and

expanded to each of the node points xn :

ϕ (xr + δxn) = ϕ (xr) +
K∑

k=1

1

k!
(δxn · ∇)k ϕ (xr) + RK , n ∈ Vavg (4.15)

where K is the order of the Taylor expansion, Vavg the set of vertices used in

the averaging calculation and the remainder RK has the Lagrange form:

RK =
1

(K + 1)!
(δxn · ∇)(K+1) ϕ (xr + λδxn) , 0 ≤ λ ≤ 1

Summation of Equation (4.15) for all vertices in Vavg and assuming RK is

negligible gives:

∑
n∈Vavg

ϕ (xr + δxn) ' n (Vavg) ϕ (xr) +
∑

n∈Vavg

K∑

k=1

1

k!
(δxn · ∇)k ϕ (xr)

where upon rearranging gives the representative value as:

ϕ (xr) ' 1

n (Vavg)

∑
n∈Vavg

ϕ (xn)− 1

n (Vavg)

∑
n∈Vavg

K∑

k=1

1

k!
(δxn · ∇)k ϕ (xr)

This equation gives the corrected representative value as:

ϕcor
r = ϕavg

r − εr (4.16)
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which is expressed in terms of the averaged value ϕavg
r and a correction term:

εr =
1

n (Vavg)

∑
n∈Vavg

K∑

k=1

1

k!
(δxn · ∇)k ϕ (xr) (4.17)

For the numerical tests performed here, it was found that a quadratic correction

(K = 2) was sufficient. The method for determining the correction term for a

given representative point xr is discussed in §4.2.5.

Finite element shape functions

Method S15C Applying the correction term of Equation (4.16) to the gra-

dient approximation S15 in Equation (4.7) gives:

∇ϕS15C '
5∑

n=0

∇NS15
n ϕn +

14∑
m=6

∇NS15
m ϕcor

m

=
5∑

n=0

∇NS15
n ϕn +

14∑
m=6

∇NS15
m (ϕavg

m − εm)

=
5∑

n=0

∇NS6
n ϕn −

14∑
m=6

∇NS15
m εm ,

where the εm are the element edge correction terms. Hence, the corrected

gradient approximation S15C:

∇ϕS15C = ∇ϕS6 − εS15

involves the gradient approximation S6 and a vector correction term:

εS15 =
14∑

m=6

∇NS15
m εm

that uses the fifteen node element shape functions to increase the order of

accuracy to approximately second order.
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Gauss-Green gradient reconstruction

Method G5C Introducing the correction term of Equation (4.16) into the

gradient approximation G5 in Equation (4.10) gives:

∇ϕG5C ' 1

δVE

4∑

f=0

ϕcor
f nf

=
1

δVE

4∑

f=0

(
ϕavg

f − εf

)
nf

=
∑
n∈VE

∇NG5
n ϕn − 1

δVE

∑

f∈FE5

εfnf

where the εf are the element face correction terms. Hence, the corrected

gradient approximation G5C:

∇ϕG5C = ∇ϕG5 − εG5

comprises the previously derived expression and a vector correction term:

εG5 =
1

δVE

∑

f∈FE5

εfnf (4.18)

which increases the accuracy to approximately second order.

Method G14C In applying the correction term of Equation (4.16) to the

gradient approximation G14 in Equation (4.13), a correction must firstly be

made to the introduced node at the centroid of each quadrilateral face. Sec-

ondly, correction terms are introduced for each of the triangular sub-faces and

the two triangular end faces of the TPE. To illustrate, consider the triangular

sub-face 0 of quadrilateral face 2 (see Figure 4.4(b)). Without correction, the

representative face value is:

ϕavg
20 = (ϕ0 + ϕ1 + ϕavg

2c ) /3

where ϕavg
2c is the ϕ value at the introduced node obtained by averaging. When

applying the correction terms the representative face value becomes:

ϕcor
20 = (5ϕ0 + 5ϕ1 + ϕ3 + ϕ4) /12− ε2/3− ε20
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Applying all correction terms for the TPE gives:

∇ϕG14C ' 1

δVE

[
1∑

f=0

ϕcor
f nf +

4∑

f=2

3∑
s=0

ϕcor
fs nfs

]

=
1

δVE

[
1∑

f=0

(
ϕavg

f − εf

)
nf +

4∑

f=2

3∑
s=0

(
ϕavg

fs − εfs

)
nfs

]

=
∑
n∈VE

∇NG14
n ϕn − 1

δVE

∑

f∈FE14

εfnf

where the εfs are the element sub-face correction terms. Hence, the corrected

gradient approximation G14C:

∇ϕG14C = ∇ϕG14 − εG14

comprises the previously derived expression and a vector correction term:

εG14 =
1

δVE

∑

f∈FE14

εfnf (4.19)

which increases the accuracy to approximately second order.

Note that for meshes constructed of regular TPEs, the corrected methods

G5C and G14C are not equivalent, recalling that the uncorrected methods G5

and G14 were equivalent in this case. This result can be proven by substituting

nfs = nf/4 into the gradient correction expression given in Equation (4.19),

and finding that it does not equate to the gradient correction expression given

in Equation (4.18). Further evidence that methods G5C and G14C are not

equivalent is also observed in the numerical results (see §4.3).

4.2.5 Taylor series expansions and least squares

To calculate the correction term in Equation (4.17) the derivative terms of ϕ

at the representative point must be evaluated. A Taylor series expansion of

the function ϕ is taken from this representative point xr and expanded to each

node p ∈ P , where P is a subset of mesh nodes in the neighbourhood of xr :

ϕ (xr + δxp) = ϕ (xr) +
K∑

k=1

1

k!
(δxp · ∇)k ϕ (xr) + RK , p ∈ P
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Again assuming that the remainder RK is negligible and considering all nodes

in the set P , an over-determined system of equations is generated:

Aϕ′ = ϕP (4.20)

where A ∈ Rq×κ with q the number of points in the least squares stencil

and κ the number of terms in the Taylor expansion (κ = 10 for a quadratic

correction). The solution vector ϕ′ contains the derivative terms of ϕ at the

representative point and the vector ϕP contains the values of ϕ at each node

p ∈ P . The way in which the set P is selected is important because it ensures

that a suitable number of gradient directions have been used to estimate the

gradient information in a vicinity of the point xr. For an element face that

contains xr , firstly the nodes of that element face are added to P . Then the

neighbours of these nodes are added, where a neighbour is such that an element

edge connects the two nodes. This process of adding neighbours of neighbours

continues until the desired number of nodes has been reached. This method

is preferred to one that purely uses distance to gauge whether a node should

be included in the set, since not enough nodes in the longitudinal direction

would be included if the mesh elements were relatively long TPEs. The size of

the set P depends mostly on the order of the correction term, where for the

quadratic correction used here, 50 node points was found to be adequate. For

representative points that lie on boundary element faces, an extra equation is

added to the system of equations (4.20), which is derived from the boundary

condition in Equation (4.2). For example, if the element face was on the

boundary x = L where n̂ = i , the extra equation augmented to the system

would be:

ϕ∞ = ϕ +
Kxx

h
ϕx +

Kxy

h
ϕy +

Kxz

h
ϕz

Two methods are considered for the solution of the over-determined system

of equations (4.20) in order to obtain the derivative information about the point

xr , where both methods find the solution vector that minimises ||Aϕ′−ϕP ||2
in the least squares sense. The first method finds the solution of the normal
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equations:

ATWAϕ′ = ATWϕP (4.21)

where the weight matrix Wq×q = diag (wp) , with wp = ||δxp||−2 , is used so

that the nodes closer to the representative point have a heavier weighting than

those nodes further away. The choice of this weighting is consistent with the

findings in [46]. Solving the normal equations (4.21) with an appropriate LU

decomposition gives the solution vector ϕ′ . The second method uses a QR

decomposition [83], which has the advantage that it does not require the for-

mation of the normal equations. Further, for the normal equations method, the

matrix ATWA may be ill-conditioned and is strongly influenced by roundoff

error [84], whilst it is well known that QR factorisation based on Householder

reduction is a stable numerical procedure. Additionally, although obtaining

the QR factorised matrices is more computationally expensive than obtaining

the LU factorised matrices of the normal equations, it is argued that because

this process is carried out only once at the beginning of the numerical solution,

this difference in computational expense is not an advantage for the normal

equations method. Finally, both methods provide the required derivative in-

formation of ϕ at the representative point that allows the calculation of the

correction term.

Since the matrices A and W depend only on geometrical mesh quantity

information and parameters, the decomposed form of ATWA from Equa-

tion (4.21) for the normal equations method, or the decomposed form of A

from Equation (4.20) for the QR decomposition method, is stored prior to the

commencement of the numerical solution for each point in the mesh that re-

quires the determination of the gradient information. For the normal equations

method, storing the matrix ATW is optional, but the matrix is necessary for

forming Equation (4.21). Selecting whether or not to store this matrix de-

pends on the size of the computational mesh and the amount of computer

memory available. If it is not stored, then during the numerical solution it

must be constructed at every Newton iteration, which obviously impacts the
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total computational time. Noting that the normal equations method requires

the storage of a matrix of dimension κ×κ for the decomposed upper and lower

matrices, at each representative point in the mesh, if the matrix ATW is also

stored, then an additional matrix of dimension q × κ is required. The QR de-

composition method also requires a matrix of dimension q×κ be stored for each

representative point in the mesh. As was stated above, a quadratic correction

with 50 node points in the set P was found to be adequate. Hence, the normal

equations method requires the storage of either 100 or 600 matrix elements,

depending on the storage option, and the QR decomposition method requires

the storage of 500 matrix elements, for each representative point in the mesh.

Thus for the case where the matrix ATW is not stored, the normal equations

method is more memory efficient than the QR decomposition method, which

can be useful for large meshes. However, it may be less efficient in regard to

computational time in this case, since it would then require the construction

of the matrix ATW at every Newton iteration during the numerical solution.

Regarding the number of representative points within the mesh that must

be used in order to provide the derivative information for the calculation of

the correction terms, it suffices to have one representative point per element

face if the base point of the Taylor expansion is at the centroid of the element

face. In this case, it is assumed that for the triangular sub-face corrections of

the quadrilateral faces for method G14C and the element edge corrections for

method S15C, derivative information obtained at the element face centroid can

also be used at the centroid of the triangular sub-faces and at the element edge

mid-points. Referring to Figure 4.3 for method S15C, the correction terms at

nodes 6 through 14 would use derivative information at the centroid of the

element faces closest to these nodes. Referring to Figure 4.4(b) for method

G14C and considering for example quadrilateral face 2 , the correction terms

at the centroid of sub-faces 20 , 21 , 22 and 23 would all use derivative informa-

tion at node 2c . Making these assumptions greatly reduces the computational

overhead for implementing the gradient correction scheme and numerical ex-

perimentation indicated that such assumptions are reasonable.
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4.3 Results and discussion

4.3.1 Numerical solution and mesh construction

Applying the corrected gradient approximation to the fully implicit form of

Equation (4.5) results in the general form of the discrete nonlinear equation:

γ
δVCV

δt

(
ϕi+1

CV − ϕi
CV

)−
∑

f∈FCV

( ∑
n∈VE

(∇Nnϕi+1
n

)
f
− εi+1

f

)
(
KTn

)i+1

f
' 0

(4.22)

Considering each of the N nodes in the mesh results in a system of N nonlinear

discrete equations of the form:

F (u) = (F1 (u) , F2 (u) , . . . , FN (u))T = 0 (4.23)

with solution vector:

u = (ϕ1, ϕ2, . . . , ϕN)T

However, if the vector gradient correction terms εf of Equation (4.22) are

treated explicitly and the conductivity tensor K is assumed constant, the non-

linear system of equations (4.23) then simplifies to the linear system given

by:

F (u) = Au− b (4.24)

where A is a large sparse N ×N matrix and the right hand side vector b pri-

marily contains boundary condition information and the gradient corrections.

The linearised system of equations (4.24) is solved iteratively at each time step

for the solution vector u , where in this work an ILU(0) preconditioned version

of BiCGSTAB [62] is used.

To test the gradient approximations proposed in §4.2, the diffusion prob-

lem presented in Equation (4.1) with parameters chosen from a representative

diffusive transport problem in wood is solved numerically. The parameters:

ρ = 600 kg/m3 , Cp = 1688.6 J/kg/K , h = 10 W/m2/K
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ϕ0 = 30 ◦C , ϕ∞ = 140 ◦C , K′
xx = 0.154 W/m/K

where γ = ρCp , are used for all three case studies. In case 1, an orthotropic

diffusion problem (θ = ψ = φ = 0◦) with orthotropic ratio 1:10:1000 is investi-

gated. This problem is representative of the drying of a quarter sawn board

with material angles near zero that consists entirely of either sapwood, or

heartwood. In cases 2 and 3, an isotropic diffusion problem is considered with

the same ratio as given in case 1. Case 2 is chosen to represent the drying of a

back sawn board with Euler angles θ = ψ = 0◦ and φ = 45◦ , and case 3 then

incorporates the tapering effect of wood that results from its growth pattern by

setting ψ = 15◦ . Again, cases 2 and 3 assume that the board consists entirely

of either sapwood, or heartwood. All three cases are computed on the domain

Ω with L = 0.02 m , M = 0.01 m and N = 0.1 m .

The regular meshes are constructed by creating a two-dimensional triangular

mesh in the xy-plane and then extending these triangular elements forward in

the z-coordinate direction to form the TPEs. Mesh refinement is controlled

by the number of triangular elements in the xy-plane, where the TPEs are

constructed such that their length is twice as long as the longest triangular

edge. See Figure 4.5 for an example of a coarse and fine mesh used in this work.

Irregular meshes are then constructed from the regular meshes by randomly

displacing the mesh vertices in the xy-planes situated along the z-coordinate

direction, which results in producing irregular TPEs. The associated CV faces

of these irregular TPEs are then not parallel with the flow direction, even

for the isotropic case, and hence can cause difficulties in providing accurate

gradient approximations within the element.

4.3.2 Case study on orthotropic media

In this section, the accuracy of the gradient approximations for simulating

diffusion in strongly orthotropic media is investigated. The nature of case 1

permits an analytical solution to be used to calculate the exact value of ϕ at

each node in the mesh and the exact value of ∇ϕ at each CV representative
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Figure 4.5: Triangular prismatic element meshes.
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point in the mesh, for time t = 60 s . The exact nodal values can also be used

by the gradient approximations to approximate the gradient at the CV faces.

To measure the accuracy of the gradient approximation methods directly, the

relative gradient error:

RGE =
||∇ϕexact −∇ϕ||1
||∇ϕexact||1

is calculated, where the norm is taken over every CV face in the solution do-

main. The exact value of ϕ at the centroid of the element faces is also calculated

via the analytical solution. These values are used directly in Equations (4.7),

(4.10) and (4.13) to eliminate any error associated with approximate element

face and element edge values. Thus, any residual error is due only to the

quadratic nature of the element for the shape function method, and the face

centroid approximation for the Gauss-Green gradient reconstruction methods.

Consequently, this procedure provides the best possible second order gradi-

ent approximation that could be achieved within the Gauss-Green framework

provided here. The gradients calculated in this way are referred to as S15B,

G5B and G14B, and are used to gauge how well the least squares correction

is performing in calculating the element face and element edge representative

values.

Figures 4.6(a) and 4.6(b) show the relative gradient error for the different

gradient approximation schemes, where eleven meshes of different levels of re-

finement were used. Note that although the results shown here are for time

t = 60 s , results for t = 180 s , t = 600 s and t = 1800 s (near steady state), all

exhibited similar trends as those observed for t = 60 s . Firstly, it is concluded

that the quadratic correction performs extremely well, since for both regular

and irregular meshes, the results for the corrected methods S15C, G5C and

G14C, correspond with the results offered by S15B, G5B and G14B, respec-

tively. For the regular meshes (see Figure 4.6(a)) the uncorrected methods S6,

G5 and G14 give almost identical results and the corrected methods G5C and

G14C show an improvement on these, where method G14C is slightly better

than method G5C. Interestingly, method S15C produces results near to, but
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Figure 4.6: Relative gradient error and relative error for case 1.

slightly inferior to those obtained with method S6. For irregular meshes (see

Figure 4.6(b)) the uncorrected methods no longer give similar results, where

now G5 performs poorly and G14 performs somewhat better than S6. The

accuracy of the corrected method G5C is improved when compared to G5 and

the corrected method S15C shows some improvement over S6. However, it is

method G14C that displays significantly better results than all other meth-

ods, including S15B which is the exact fifteen node shape function method.

Further, note that when comparing the irregular mesh results with the regular

mesh results, the irregular meshes cause a significant increase in the error for

all methods except for method G14C, where the error is only slightly impacted.

Thus, it seems that the accuracy of method G14C is independent of the mesh

irregularity.
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The accuracy of the gradient approximations is also investigated by measur-

ing the error in the variable ϕ during the numerical simulation for case 1. The

numerical solution is computed up to time t = 60 s , with time step δt = 1 s ,

by solving the linearised system of equations (4.24). The relative error:

RE =
||ϕexact − ϕ||1
||ϕexact||1

is calculated, where the norm is taken over each node of the solution domain.

On regular meshes (see Figure 4.6(c)) methods S6, S15C, G14 and G14C all

give excellent and near identical results. This is due to the fact that the CV

faces are either aligned with, or perpendicular to, the z-coordinate direction,

which is also the dominate transport direction due to the orthotropic medium.

However, this is not the case for the irregular meshes where consequently more

error in the flux decomposition is introduced. For irregular meshes (see Fig-

ure 4.6(d)) methods S6 and S15C provided a converged solution for the given

time step for only four of the eleven meshes tested, whereas methods G14

and G14C give good results and displayed no nonphysical behavior for all of

the irregular meshes. Decreasing the time step enabled methods S6 and S15C

to provide physically meaningful results for a larger number of the irregular

meshes tested, however the same trends were still observed, with methods

G14 and G14C always providing more accurate results. As a result of these

findings, it is concluded for the orthotropic case, that although methods S6,

S15C, G14 and G14C produce consistent results for regular meshes, for irreg-

ular meshes method G14 gives superior results to those of methods S6 and

S15C, and method G14C further increases the solution quality.

4.3.3 Case study on anisotropic media

The results of the numerical simulations performed to study diffusion in strongly

anisotropic media are presented in this section, where again the solution was

computed up to time t = 60 s with time step δt = 1 s . Three regular and

three irregular meshes of different degrees of refinement, consisting of 1700,

4704 and 45900 elements, were used for the tests. The regular meshes are re-

ferred to as meshes 1700r, 4704r and 45900r, and the irregular meshes referred
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to as meshes 1700i, 4704i and 45900i. An analytical solution is not available

for cases 2 and 3 and hence a benchmark solution was used for comparisons.

The benchmark solution was chosen to be the solution computed by method

G14C on meshes 45900r and 45900i, since numerical experimentation showed

that solutions computed by methods S6, G14 and G14C all converged to this

solution with mesh refinement. The relative error was also calculated, except

that here the value ϕexact was approximated with the benchmark solution ϕ

value. This error was only calculated for the regular meshes, because devising

finer irregular meshes that have nodes corresponding to the coarse irregular

mesh nodes proved somewhat difficult. The relative error, CPU time and

computer memory required for gradient approximation methods S6, G14 and

G14C, computed on the regular meshes for cases 2 and 3, are compared in

Tables 4.3 and 4.4, respectively. Note that for this section, when referring to

method G14C and making reference to the results in the tables, it is implied

that the normal equations method has been used to solve the least squares

problem.

For case 2 (see Table 4.3), although methods S6 and G14 have similar relative

errors, differing by less than 0.1 % , method G14C reduces this error by 36 % for

mesh 1700r and by 41 % for mesh 4704r. Figure 4.7 shows a comparison of the

results produced by methods S6, G14 and G14C on mesh 4704r and method

S6 on mesh 45900r. Although the relative error for method G14C on mesh

4704r is approximately two and a half times the error for method S6 on mesh

45900r, the computational cost (CPU time and computer memory) of method

G14C is less than a third of that for method S6. More importantly however,

it can be seen that when the same tests are computed on the irregular meshes

(see Figure 4.8), the solutions computed by method S6 are impacted by the

mesh irregularity, resulting in an increase in the relative error. The solution

computed by method G14 is also affected, but to a lesser degree, and further,

method G14C shows only minimal change. This result that method G14C is

unaffected by the mesh irregularity, coincides with the findings reported for

case 1. Hence, it can be concluded that for irregular meshes, method G14C on
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Table 4.3: Case 2: relative error compared to the benchmark solution, CPU

time and computer memory, computed on meshes 1700r, 4704r and 45900r,

comparing methods S6, G14 and G14C.

Mesh Results S6 G14 G14C G14C G14C

n.e. n.e.∗ QR

1700r RE (×10−3) 6.1288 6.1264 3.9078 3.9078 3.9282

CPU time (s) 12.4 13.0 37.5 79.6 30.8

Memory (MB) 26 26 59 41 57

4704r RE (×10−3) 2.9397 2.9385 1.7432 1.7432 1.7494

CPU time (s) 35.6 44.3 113.4 174.9 94.4

Memory (MB) 61 61 152 102 145

45900r RE (×10−3) 0.7193 0.7190 - - -

CPU time (s) 398.8 628.7 1195.7 1672.8 978.9

Memory (MB) 536 536 1398 937 1334

n.e. - normal equations method

∗ - matrix ATW not stored in computer memory

a coarse mesh would provide a better solution than method S6 on a relatively

finer mesh and with less computational overhead.

For case 3 (see Table 4.4), method G14 reduces the relative error by 64 %

for mesh 1700r and by 70 % for mesh 4704r, when compared to method S6.

Method G14C again improves the quality of the solution, reducing the error

by a further 43 % for mesh 1700r and by a further 57 % for mesh 4704r, when

compared to method G14. The extra computational cost of implementing the

gradient correction in method G14C is more than justified when compared to

the computational cost of method S6 on mesh 45900r. Method G14C on mesh

1700r reduces the relative error by 7 % when compared to method S6 on mesh

45900r, and does so with much less computational cost, requiring only 8 % of

the CPU time and 11 % of the computer memory. Again, comparing method

G14C on mesh 4704r to method S6 on mesh 45900r, method G14C reduces
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Figure 4.7: Contour plots for case 2 on the regular meshes.
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Figure 4.8: Contour plots for case 2 on the irregular meshes.
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Table 4.4: Case 3: relative error compared to the benchmark solution, CPU

time and computer memory, computed on meshes 1700r, 4704r and 45900r,

comparing methods S6, G14 and G14C.

Mesh Results S6 G14 G14C G14C G14C

n.e. n.e.∗ QR

1700r RE (×10−3) 11.7737 4.2532 2.4264 2.4264 2.4505

CPU time (s) 13.0 13.3 38.0 80.4 31.6

Memory (MB) 26 26 59 41 57

4704r RE (×10−3) 7.6495 2.2806 0.9795 0.9795 1.0003

CPU time (s) 41.4 46.8 116.3 178.4 96.6

Memory (MB) 61 61 152 102 145

45900r RE (×10−3) 2.6115 0.8141 - - -

CPU time (s) 494.2 1050.4 1893.1 2690.4 1554.7

Memory (MB) 536 536 1398 937 1334

n.e. - normal equations method

∗ - matrix ATW not stored in computer memory

the relative error by 62 % and still has less computational overhead, 24 % of

the CPU time and 28 % of the computer memory. Figures 4.9 and 4.10 show

the solutions computed by methods S6, G14 and G14C on meshes 1700r and

4704r, and methods S6 and G14C on mesh 45900r. From these figures the

differences in the solutions offered by methods S6, G14 and G14C can easily

be observed. Method G14C on meshes 1700r and 4704r resemble the bench-

mark solution computed on mesh 45900r, and method G14 shows considerable

improvement when compared to method S6. Figures 4.11 and 4.12 exhibit a

graphical representation of the solution nodal error for the various gradient

methods as compared to the benchmark solution. Note that because the error

for method G14C and those computed on mesh 45900r is smaller than the

error for methods S6 and G14 on meshes 1700r and 4704r, it was decided to

use four different scales for the error plots shown in Figures 4.11 and 4.12.
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These plots further support the conclusions drawn from Tables 4.3 and 4.4, as

well as the solution figures, that method G14 produces less error than method

S6, and method G14C again reduces the error considerably. Finally, method

G14C on mesh 4704r results in less error than method S6 on mesh 45900r,

and has less computational overhead. For case 3, the results for the irregular

meshes are not significantly different from the regular mesh results, due to the

anisotropic nature of the flow. Hence, the conclusions made above apply to

both regular and irregular meshes when the flow direction is not in alignment

with the z-coordinate direction.

4.3.4 Normal equations and QR decomposition

When comparing the methods used to obtain the solution of the least squares

problem, the normal equations method provided solutions with slightly lower

relative errors when compared to the QR decomposition method. For case 2

(see Table 4.3) it can be seen for meshes 1700r and 4704r that the differ-

ences in the relative errors were only 0.52 % and 0.38 % , respectively, and for

case 3 (see Table 4.4) the differences were only 0.99 % and 2.1 % , respectively.

However, the QR decomposition method was more computational efficient, in

terms of both CPU time and computer memory, reducing the CPU time by

approximately 17.5 % for all three meshes.

Implementing the gradient correction scheme using the normal equations

method resulted in increasing the computer memory required by approximately

150 % , as compared to the uncorrected schemes. The QR decomposition

method was approximately 10 % more memory efficient than the normal equa-

tions method. As previously stated, selecting not to store the matrix ATW

for the normal equations method reduces the impact on memory requirement

for the gradient correction scheme, since only 100 matrix elements as opposed

to 600 must be stored per element face. One could then expect the increase

in memory usage to be around 25 % (one sixth of 150 %). However, as seen in

Tables 4.3 and 4.4, the increase is actually around 67 % . The reason that this
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Figure 4.9: Contour plots for case 3 on the regular meshes.
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Figure 4.10: Contour plots for case 3 on the regular meshes.
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Figure 4.11: Nodal error contour plots for case 3 on the regular meshes.
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Figure 4.12: Nodal error contour plots for case 3 on the regular meshes.
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figure is not as low as suggested is because for each element face, additional

information must be stored, regardless of which option is taken for the storage

of the matrices. For example, the set of nodes P , together with a positional

vector to each of these points from the element face centroid, is stored for each

element face. For the normal equations method, the increase in CPU time re-

sulting from calculating the matrix ATW at each Newton iteration was 112 %

for mesh 1700r, 54 % for mesh 4704r and 41 % for mesh 45900r.

4.4 Conclusions

In this work, gradient approximation methods for TPEs based on either the

classical finite element shape functions or Gauss-Green gradient reconstruc-

tion techniques were analysed. These approximations were embedded into a

CVFE framework for simulating diffusion problems in strongly orthotropic and

anisotropic media. Numerical tests were performed on both regular and irreg-

ular meshes, where results were compared to an analytical solution for the

orthotropic case and benchmark solutions for the anisotropic cases.

Using exact gradient expressions of ∇ϕ at the CV faces for the orthotropic

case, it was possible to measure the accuracy of the gradient approximation

strategies directly by calculating the relative gradient error. The study showed

that method G14C was the most accurate method, particularly for irregular

meshes. The best gradient approximations identified from the study were then

tested in the CVFE formulation and the results from the numerical simulations

were used to calculate the relative error. Due to the fact that for regular

meshes the CV faces are either aligned with, or perpendicular to, the dominate

transport direction, all approximations provided similar accuracies. However,

for irregular meshes this was not the case and method G14C offered the greatest

accuracy, followed by method G14, S15C and then S6.

For anisotropic media where the flow direction is in the z-coordinate direc-

tion, method G14C produced results with greater accuracy when compared to
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methods S6 and G14 for relatively coarse regular meshes, whilst methods S6

and G14 produced similar results. However, for the same case implemented on

irregular meshes, the solution offered by method S6 became more inaccurate

than method G14, and method G14C produced a solution of higher quality

than method G14, which was comparable to that computed on the regular

meshes. For anisotropic media where the flow direction is not aligned with the

z-coordinate direction, method G14 provided a solution of greater quality when

compared to method S6 for both regular and irregular meshes. Method G14C

once again improved upon this quality for both mesh types. When considering

the computational efficiency of the corrected gradient method as compared

to method S6 computed on a relatively finer mesh, method G14C provided

solutions of higher quality and with less computational overhead. In conclu-

sion, the corrected method G14C is recommended for simulating diffusion in

strongly anisotropic media and its accuracy appears independent of the mesh

irregularity. Gradient approximation methods S6, G14 and G14C are investi-

gated within the framework of the complete heterogeneous three-dimensional

wood drying model in the following chapter.
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Chapter 5

A Heterogeneous

Three-Dimensional

Computational Model for Wood

Drying

5.1 Introduction

This chapter sees the development of the complete three-dimensional computa-

tional low temperature drying model for wood, which accounts for its heteroge-

neous and anisotropic nature. The model builds upon the existing foundations

that have been laid from the previous work of Perré and Turner [12]. The no-

tion of the virtual board discussed in Chapter 2 §2.3 is explored, specifically the

mesh design consisting entirely of triangular prismatic elements is considered.

The research carried out in Chapter 3 that identified the most efficient and

accurate numerical methodology for implementing a two-dimensional drying

model is extended to a three-dimensional framework. In particular, the imple-

mentation details of flux limiting in three-dimensions including the detection

of the flow direction at the control volume (CV) face, are presented. A control

volume finite element (CVFE) strategy is proposed for the discretisation of

the governing drying equations, where the most effective combination of in-
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Figure 5.1: (a) Log cross-section. (b) Back sawn board indicating radial R ,

tangential T and longitudinal L directions.

ner and outer solvers is investigated for solving the nonlinear discrete system.

The research presented in this chapter led to an article [85] published in the

International Journal of Applied Mathematical Modelling.

The configuration under study in this chapter is shown in Figure 5.1, where

a typical sawing pattern that includes back sawn and quarter sawn boards

is illustrated (see Figure 5.1(a)). The pattern of the growth rings and their

locations relative to the pith are clearly observable. In this chapter, the low

temperature drying of a back sawn board is exhibited (see Figure 5.1(b)),

where two symmetry planes are used to reduce the overall computational re-

quirements. The usual wood science notation of radial R , tangential T and

longitudinal L directions are also shown, which correspond respectively to the

x-, y- and z-coordinate directions.

The success of the heterogenous computational model devolved here de-

pends to a large extent on the accurate description of the material property
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variations across a growth ring of softwood. In previous studies by Perré and

Turner [2, 3], experimental observation and mathematical tools including image

analysis, homogenisation and a simple tracheid model enabled a complete set

of correlations for capillary pressure, absolute permeability, bound liquid dif-

fusivity and effective thermal conductivity to be postulated. These properties

are used for all of the simulations to be carried out in this chapter. Further,

when a board is cut from a log the material angle needs to be taken into

consideration for the material property tensor terms evident in the underlying

transport equations. In order to capture the true heterogeneous characteristics

of a board cut from any location, these tensors need to be rotated according

to the material angle. This angle indicates how close and from which location

the board under consideration was cut relative to the pith in the transverse

(radial-tangential) cross-section (see Figure 5.1(a)).

The meshes that are used for the computations are generated by specifying

internal boundaries within the wood that correspond with the locations of

the growth rings. The mesh is then refined around these internal boundaries,

where the amount of refinement depends on the density variation. The net

result of the mesh generation phase is a geometrical description of the wood

sample that has both density and material angle associated with each element

of the mesh. The first generation virtual board description as discussed in

Chapter 2 §2.3 is used to describe the computational domain, where the board

description assumes no heterogeneity in the longitudinal direction, implying

that the cross-sectional density variations are unchanged along the length of

the board.

Low temperature drying conditions enable some simplifications of the com-

plete drying system. Essentially, as discussed in Chapter 2 §2.1.5, this as-

sumption gives rise to a coupled system of two transport equations, whereby

the moisture content and temperature distributions are computed and the in-

ternal pressure of the board is assumed to remain at atmospheric pressure

throughout drying. The CVFE discretisation process [47] is used to transform
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the nonlinear partial differential system that describes the drying process into

a discrete nonlinear algebraic analogue. This coupled, nonlinear system must

be resolved at each discrete time level in order to advance the solution in time.

The numerical methods used to achieve this goal are of utmost importance to

the performance of the computational model and it is these methods that are

explained in depth in this chapter.

An inexact Newton nonlinear solver is used to solve the discrete analogue of

the transport model. For the solution of the linearised system that is required

to be solved at each Newton iteration, an investigation is made in terms of

the performance of the GMRES, BiCGSTAB and BiCGSTAB(2) linear itera-

tive solvers with block implemented SSOR(ω = 1) and ILU(0) right precon-

ditioning. Strongly anisotropic media pose an enormous challenge for CVFE

methods [46], especially for accurate flux calculations at the CV faces due to

the linear approximation used for estimating flux gradients. Furthermore, it

is well known that a great deal of care must be taken with the treatment of

the advective, convective and diffusive terms that exist within the complicated

drying model conservation equations in order to ensure monotonic solutions.

In order to select the most appropriate gradient approximation method for use

in the wood drying simulator, the gradient approximation methods for trian-

gular prismatic elements derived in Chapter 4 are tested for a homogeneous

wood drying case study. Another important ingredient in this new heteroge-

nous computational model is the inclusion of flux limiting to reduce numerical

dispersion. Such techniques have been utilised with success in the past for

two-dimensional drying models [31, 71] and were investigated in Chapter 3.

However, when flux limiting is implemented in a three-dimensional framework

it is shown that the way in which the flow direction is detected at the CV

face is crucial for its success, particularly regarding the overall computational

efficiency of the algorithm.

This chapter is presented as follows. In §5.2 the heterogeneous transport

model is summarised, including the governing conservation equations in §5.2.1,
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material properties and mesh generation in §5.2.2 and the boundary and initial

conditions in §5.2.3. The complete computational model is formulated in §5.3,

where in §5.3.1 the CVFE method is presented, §5.3.2 describes the evaluation

of the flux components at the CV face and in §5.3.3 the nonlinear solver is

discussed. Results and discussion are given in §5.4, which includes a discussion

on the meshes used in §5.4.1, the nonlinear solver results in §5.4.2 and the

findings regarding the most accurate and efficient way to evaluate the flux in

§5.4.3. Concluding remarks are then made in §5.5.

5.2 Heterogenous transport model

5.2.1 Conservation equations

The objective of this chapter is to formulate a generalised computational so-

lution methodology in three dimensions for the coupled, nonlinear transport

equations that describes the drying process of wood. As was discussed in

Chapter 2 §2.1.5, a two-equation model for wood drying can be used for low

temperature drying. The wood drying process is then described by two depen-

dent variables, moisture content X and temperature T . No account is taken

of the internal gaseous pressure generated in the board and Darcy’s law ex-

ists only for the liquid phase for which capillary forces act. After assuming a

constant gaseous pressure, the highly nonlinear liquid and energy conservation

laws that result are summarised below.

Liquid conservation:

∂

∂t
(ρ0X + εgρv) +∇ · (ρwvw − ρ0Db∇Xb) = ∇ · (ρgDv∇ωv) (5.1)

Energy conservation:

∂

∂t

(
ρ0 (Xhw + hs) + εg (ρvhv + ρaha)−

∫ ρ0Xb

0

∆hwdρ

)
(5.2)

+ ∇ · (ρwhwvw − hbρ0Db∇Xb)

= ∇ · (ρg (hv − ha)Dv∇ωv + Keff∇T )
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The liquid phase velocity is given by Darcy’s law:

vw = −Kwλw∇ϕw , λw =
kw

µw

, ∇ϕw = ∇Pw − ρwg∇χ (5.3)

5.2.2 Material properties and mesh generation

The equations that govern the drying process, Equations (5.1), (5.2) and (5.3),

have been extended from those previously given by Whitaker [8, 9] to account

for material heterogeneity through the density of the porous medium ρ0 and

via the density variation of the material properties [12]. Here, the important

model correlations for capillary pressure Pc (Sw, T, ρ0) , absolute liquid perme-

ability Kw (ρ0) , bound liquid diffusivity Db (Xb, T, ρ0) and effective thermal

conductivity Keff (X, ρ0) across a growth ring of softwood are taken from those

postulated in [2, 3]. The reader is referred to Chapter 2 §2.2 for details concern-

ing these correlations, where plots against liquid saturation, liquid moisture

content, density and moisture content were given.

As mentioned earlier, the material angle needs to be taken into considera-

tion for the material property tensor terms that are evident in the transport

equations. The tensors are rotated according to an angle from the horizontal

to align the principal axes. For example, applying the rotation to the effective

thermal conductivity tensor gives:

Keff = RTK′
effR , K′

eff = diag
(
KR

eff, K
T
eff, K

L
eff

)
(5.4)

where R is the standard rotation matrix. The reader is referred to Chapter 2

§2.3.2 Equation (2.8) for the exact definition of the rotation matrix.

The meshes that are used for the computations are based on triangular

prismatic elements, where this element type allows for mesh refinement to be

made in the transverse plane and in the longitudinal direction. The three-

dimensional meshes are constructed by taking the two-dimensional triangular

meshes as developed in [12] for the transverse cross-section and then extending

these elements forward in the z-coordinate direction to form the triangular
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Figure 5.2: Coarse triangular prismatic element mesh construction.

prismatic elements. Figures 5.2, 5.3 and 5.4 illustrate the mesh construction

for examples of coarse, medium and fine meshes, respectively. In the transverse

plane the meshes are refined at locations of higher density (see Figures 5.2(a),

5.3(a) and 5.4(a)), which correspond with the growth ring positions within

the wood sample. In the longitudinal direction the meshes are refined via a

geometric grading at the end that is exposed to the hot convected air (see

Figures 5.2(b), 5.3(b) and 5.4(b)), while the opposite end is chosen to be a

symmetry plane. Figures 5.2(c), 5.3(c) and 5.4(c) show the resulting three-

dimensional triangular prismatic element meshes.
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Figure 5.3: Medium triangular prismatic element mesh construction.

The density of the wood sample varies across the growth rings according to

experimental data [11, 2, 12], where the density range for the board sample

used here is from 252 kg/m3 in earlywood to 1016 kg/m3 in latewood, giving

an average density of 455 kg/m3 . The material angle also varies across the

board sample and varies depending on from where and how close the board

was cut relative to the pith. The range of the material angle for the board

sample used here is from 26.64◦ to 89.17◦ , which corresponds to a back sawn

board where a symmetry plane has been used (see Figure 5.1). The density,

as well as the material angle, are assigned to each element of the mesh. To
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Figure 5.4: Fine triangular prismatic element mesh construction.

distribute these elemental densities to the mesh node points, as required for the

discrete analogue of the conservation equations, a volume weighted averaging

technique, as was discussed in Chapter 2 §2.3.3, is used:

ρ0i
=

∑
j∈Ei

ρ0j
Vj∑

j∈Ei
Vj

, i = 1, 2, . . . , N

where ρ0i
is the calculated wood density at node i and Vj the fractional volume

of element j associated with node i . The denominator equates to the volume

surrounding the node and the numerator equates to the solid mass contained

by this volume. Figure 5.5(a) shows the nodal density variation for the mesh
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exhibited in Figure 5.3, where the density variation across the growth rings is

clearly evident. The low density earlywood components of the board have a

blue shading compared to the high density latewood components with red and

green shading.

5.2.3 Boundary and initial conditions

The boundary conditions necessary for the closure of the drying model have

been discussed in detail previously [26, 15]. For the wood sample under con-

sideration here, only one quarter of the board is computed, where the fluxes of

liquid and heat are assumed zero at the two symmetry planes. As mentioned

in Chapter 2 §2.1.4, for the external drying surfaces of the board the boundary

conditions are:

Jw · n̂ = kmcMv ln

(
1− xv∞

1− xv

)

Je · n̂ = h (T − T∞) + hvkmcMv ln

(
1− xv∞

1− xv

)

where n̂ is the outward unit normal vector and Jw and Je represent the liquid

and energy fluxes, respectively, at the drying surface.

Initially the porous medium has some prescribed uniform temperature dis-

tribution, assumed here to be the ambient temperature. Whereas the initial

moisture content field must be determined by solving a nonlinear system that

involves an equilibration of capillary forces throughout the medium, together

with the requirement that an overall mass balance equation be satisfied [12, 71].

The method used to resolve this nonlinear system in three-dimensions is similar

to that used in two-dimensions, as described in Chapter 3 §3.2. However, here

for the three-dimensional case, the method will be explained in more detail,

particularly for the solution of the linearised system.

For a mesh with N nodes, a system of N + 1 nonlinear equations result:

F (s) = (f1 (s) , f2 (s) , . . . , fN (s) , fN+1 (s))T = 0
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Figure 5.5: Medium mesh: (a) nodal density variation and (b) corresponding

initial moisture content field ( T = 30 ◦C , X̄ = 170 % ).
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with coordinate functions given by:

fi (s) = Pc (Swi
, T, ρ0i

)− Pceqm , i = 1, 2, . . . , N

fN+1 (s) = ρw

∑N
i=1 φiSwi

Vi∑N
i=1 ρ0i

Vi

+ Xfsp − X̄

where Vi is the volume represented by node i and the solution vector s =
(
Sw1 , Sw2 , . . . , SwN

, Pceqm

)T
contains the liquid saturations at each node and

the equilibrium capillary pressure. To solve this nonlinear system an inexact

Newton method [75] is used:

sk+1 = sk + δsk

J m

(
sk

)
δsk = −F (

sk
)

where δsk is the Newton correction vector and J m an approximation of the

Jacobian matrix having the form:

J m =




∂f1

∂Sw1
0 0 · · · 0 −1

0 ∂f2

∂Sw2
0 · · · 0 −1

0 0 ∂f3

∂Sw3
· · · 0 −1

...
...

...
. . .

...
...

0 0 0 · · · ∂fN

∂SwN
−1

∂fN+1

∂Sw1

∂fN+1

∂Sw2

∂fN+1

∂Sw3
· · · ∂fN+1

∂SwN
0




A first order finite difference approximation is used to calculate the matrix

components Ji,j :

∂fi

∂Swj

=
fi (s + εej)− fi (s)

ε

where ej is the jth unit vector and ε = 10−7 the numerical shift. The reader

is referred to Chapter 3 §3.3.2 for how this value of the numerical shift was

obtained.

The above ordering of the unknowns provided a matrix structure of the

Jacobian that enabled an efficient direct solver to be employed for the linearised

system that must be solved at each Newton iteration. Specifically, the Doolittle

factorisation method is used, where the Jacobian matrix J m is factorised into
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upper U and lower L matrices. The Newton correction is then obtained via

forward and backward substitutions:

Lz = −F
Usk = z

The components of the matrices L and U can be calculated efficiently as:

ui,i = Ji,i , i = 1, 2, . . . , N

ui,N+1 = −1 , i = 1, 2, . . . , N

lN+1,i = JN+1,i/Ji,i , i = 1, 2, . . . , N

uN+1,N+1 =
N∑

i=1

lN+1,i

and since no additional fill-in occurs, the storage of L and U , as well as the

forward and backward substitutions, can also be implemented efficiently. For

a range of initial average moisture contents, it was found that typically around

10 Newton iterations were required to converge the solution of the nonlinear

system.

Once the liquid saturations and the equilibrium capillary pressure have been

determined, the initial moisture content at each node is then calculated using:

Xi =
ρwφiSwi

ρ0i

+ Xfsp , i = 1, 2, . . . , N

For the density variation of the board sample shown in Figure 5.5(a), using an

initial temperature of 30 ◦C and an initial average moisture content of 170 % ,

the initial moisture content distribution that resulted is shown in Figure 5.5(b).

Clear evidence of substantially lower moisture contents in latewood than ear-

lywood is observed, with values ranging from 66.5 % to 289.3 % .

5.3 Computational model

5.3.1 Control volume finite element method

As was stated in Chapter 1 §1.2.2, the attraction of the CVFE method includes

that the conservative nature of the scheme ensures the conservation laws are
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satisfied at a discrete level, and that a range of strategies exist for the evaluation

of the flux at the CV faces. Further, because the CVFE method is a vertex-

centred scheme, it is the preferred numerical technique for wood drying since

the mesh elements have partial sub-control volumes (SCVs) defined within

them and fluxes that need to be approximated at the SCV faces lie entirely

within a given element that has a unique set of material properties (density

and material angle). In this sense, the CVFE method allows the heterogeneous

nature of wood to be dealt with in a seamless manner. The same strategy

discussed in Chapter 4 §4.2.2 to define the SCV faces and CVs is also used

here, where each element in the mesh has six SCVs associated with the six

vertices and nine SCV faces that defined these SCVs.

The CVFE process is derived for the conservation laws (5.1) and (5.2),

rewritten initially in the form:

∂Ψw

∂t
+∇ · Jw = 0 (5.5)

∂Ψe

∂t
+∇ · Je = 0 (5.6)

where the conserved quantities of liquid and energy, Ψw and Ψe respectively,

are given by:

Ψw = ρ0X + εgρv

Ψe = ρ0 (Xhw + hs) + εg (ρvhv + ρaha)−
∫ ρ0Xb

0

∆hwdρ

and Jw and Je denote the liquid and energy flux vectors, respectively:

Jw = ρwvw − ρ0Db∇Xb − ρgDv∇ωv

Je = ρwhwvw − hbρ0Db∇Xb − ρg (hv − ha)Dv∇ωv −Keff∇T

The discretised form of the partial differential equations (5.5) and (5.6) is ob-

tained by integrating over the CV and applying the Gauss divergence theorem,

and then by representing the resulting surface integral as a discrete summation
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over the surface, to arrive at:

dΨ̄w

dt
+

1

δVCV

∑

f∈FCV

(Jw · n̂)f Af ' 0 (5.7)

dΨ̄e

dt
+

1

δVCV

∑

f∈FCV

(Je · n̂)f Af ' 0 (5.8)

where Ψ̄ is the mean value of Ψ over the CV, δVCV the volume of the CV,

FCV the set of SCV faces enclosing the CV, n̂f the outward unit normal of the

SCV face and Af the SCV face area. According to the midpoint quadrature

rule, Equations (5.7) and (5.8) are second order spatially accurate if the term

(J · n̂)f is known accurately at the centroid of the SCV face. Assuming that Ψ̄

is approximated by Ψ
CV

, the value of Ψ at the representative node of the CV

(at an element vertex), and considering the time integral from iδt to (i + 1) δt ,

the discrete analogues of Equations (5.1) and (5.2) become:

δVCV

δt

(
Ψi+1

wCV
−Ψi

wCV

)
+

∑

f∈FCV

(Jw · n)i+1
f ' 0

δVCV

δt

(
Ψi+1

eCV
−Ψi

eCV

)
+

∑

f∈FCV

(Je · n)i+1
f ' 0

where δt is the discrete time step, the superscripts i and i + 1 denote the

current and next time levels, respectively, and the normal nf = n̂fAf takes into

account the SCV face area. The accuracy of the scheme greatly depends on the

evaluation of the flux terms at the SCV faces. The accurate flux approximation

techniques used in this work are summarised throughout the following section.

5.3.2 Flux evaluation at the control volume face

The flux functions Jw and Je comprise advective, convective and diffusive com-

ponents. The way in which these terms are approximated at the SCV faces

is crucial to the overall accuracy and monotonicity of the solution [31]. The

diffusive terms require the evaluation of the tensors Db , Dv and Keff , the sec-

ondary variables ρg , hb , hv and ha , together with the gradients ∇Pw , ∇Xb ,

∇ωv and ∇T . The advective and convective terms require that the secondary

variables λw and hw be approximated.
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Figure 5.6: Schematic of a control volume face consisting of sub-control volume

faces.

Treatment of diffusive terms

Two techniques are considered for the calculation of the diffusivity tensor com-

ponents and secondary variables at the SCV face. The first method uses aver-

aging, whereby the variable values at the two nodes pt and nb (see Figure 5.6)

that define the element edge intersecting the SCV face are averaged. The sec-

ond method makes use of the finite element shape functions [59], which results

in a weighted average of the variable values at all six nodes of the element that

contains the SCV face. For the diffusivity tensors, once the SCV face value

is determined, the rotation as defined in the virtual board for the element is

applied (refer to Equation (5.4)).

For the evaluation of the gradients of the secondary variables, the perfor-

mance of the finite element shape function method [59] (referred to here as

method S6) and the Gauss-Green gradient approximation methods G14 and

G14C derived in Chapter 4, are investigated. For this test the board sam-

ple is assumed homogeneous, consisting entirely of sapwood of density 450 kg/

m3 . This particular homogeneous case was discussed using the three-equation

model in [15]. The uniform meshes of Chapter 4 are used, where the material
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angle is set to the same value for each element in the mesh. Two different

anisotropic cases are investigated. Case 1 represents a back sawn board with

tensor rotation defined by the Euler angles θ = ψ = 0◦ and φ = 45◦ , and

case 2 includes the tapering effect of wood by then setting θ = ψ = 15◦ .

The reader is referred to Chapter 2 §2.3.2 for more information concerning the

tensor rotation and Euler angles.

Treatment of advective and convective terms

Two spatial weighting strategies are investigated for the treatment of the ad-

vective and convective terms. Namely, first order upwinding that is known to

produce monotone solutions and flux limiting that sharpens drying fronts. The

calculation of the liquid mobility λw is used to illustrate the implementation

of and the differences between, these two methods.

Upwinding As for the two-dimensional model presented in Chapter 3, the

flow direction at the SCV face is detected via the sign of the flow direction

indicator FDI which identifies the upwind node:

if FDI ≥ 0 then λwf
= λwup = λwpt

else λwf
= λwup = λwnb

where up denotes the upwind node, pt and nb represent the nodes either side

of the SCV face, the SCV face normal vector points from node pt towards node

nb and f is the representative point of the SCV face (see Figure 5.6). In order

to calculate the FDI accurately, it is important that it be calculated for the

entire CV face common to the two nodes pt and nb, and not just the SCV face

for which the transported variable is being calculated (see again Figure 5.6).

Hence, the FDI represents the value obtained by summing over all SCV faces

that comprise the CV face:

FDI =
∑

j

FDISCV
j

where j sums over these SCV faces and FDISCV is the flow direction indicator

calculated for the SCV face j .
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Flux limiting Although upwinding guarantees monotone solutions it does

introduce numerical diffusion [78, 77]. The flux limiting method has been

found to produce superior results to upwind schemes by sharpening satura-

tion fronts [48, 31]. The results of Chapter 3 indicated that flux limiting can

produce solutions on relatively coarse meshes that are of equal equality to

solutions produced by upwinding on finer meshes, and moreover, the flux lim-

ited solutions required less computational overhead. For its implementation,

in addition to requiring the upwind and downwind nodes, it also requires the

identification of the second upwind node. The second upwind node is found

by using the maximum flow method [31] that seeks to track the location of the

streamline from the upwind node. This is achieved by considering all neigh-

bouring nodes of the upwind node, calculating the flow direction indicator for

each of the corresponding CV faces and then selecting the node that corre-

sponds to the largest incoming flow through the CV face. Using flux limiting

to calculate the SCV face value of the liquid mobility gives:

λwf
= λwup +

σ (r)

2

(
λwdn

− λwup

)

where σ is the limiter function, r is known as the sensor and dn the downwind

node. The range of the limiter function must be contained in the closed interval

[0, 2] , where 0 equates to upwinding, 1 averaging and 2 downwinding. Here,

it was found that the van Leer limiter [72], defined by σ (r) = 2 r/ (1 + r) ,

in some instances caused the nonlinear solver to fail (divergence with a small

time step) where the parabolic limiter [74], defined by:

σ (r) =





r (2− r) , r < 1

1 , r ≥ 1

did not. Hence, the parabolic limiter is used for all of the numerical simulations

carried out in this chapter. Finally, the sensor is calculated as the ratio of the

flow direction indicators:

r =
FDI2up

FDIup

where up represents the CV face between the downwind and upwind nodes,

and 2up the CV face between the upwind and second upwind nodes.
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5.3.3 Nonlinear solver

Inexact Newton method

Applying the CVFE discretisation method to each of the conservation equa-

tions at each of the N nodes in the mesh results in a system of 2×N nonlinear

discrete equations of the form:

F (u) = (Fw1 (u) , Fe1 (u) , Fw2 (u) , Fe2 (u) , . . . , FwN
(u) , FeN

(u))T = 0

where Fwi
and Fei

represent the liquid and energy discrete conservations laws

for the ith CV in the mesh, respectively, and the solution vector:

u = (X1, T1, X2, T2, . . . , XN , TN)T

contains the primary variables in pairs for each node within the mesh. This

system must be resolved at each time step in order to advance the primary

variables in time. An inexact Newton method, as was used in Chapters 3

and 4, is employed to resolve the nonlinear system, where here the inclusion

of line searching will also be investigated.

The solution procedure is carried out in two distinct stages, via what are

known as outer and inner iteration phases. During the outer iteration phase,

the system of nonlinear equations is linearised according to an inexact Newton

scheme [75] and the solution of this linearised system is referred to as the inner

iteration phase. The estimate of the solution vector at the (i + 1) th time level

is computed from the current solution at the ith time level by writing:

uk+1 = uk + λkδuk

and solving the system of linearised equations:

Jm

(
uk

)
δuk = −F

(
uk

)

for the Newton correction vector δuk , where Jm is an approximation of the

Jacobian matrix and λk the line searching parameter. The Newton iterations

are continued until the convergence criterion:

||F (
uk+1

) || < tolerance ≈ 10−9

is reached.
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The inclusion of line searching in the Newton method results in a globally

convergent method, where the algorithm seeks to minimise the square of the

Euclidean norm of the residual of the error vector:

g
(
uk

)
= ||F (

uk
) ||2 =

N∑
i=1

(
F 2

wi

(
uk

)
+ F 2

ei

(
uk

))

A line search strategy is used to ensure a decrease in g
(
uk

)
occurs at each

Newton iteration. Since it can be shown that the Newton search direction δuk

is always a descent direction of g
(
uk

)
, it follows that a small enough move from

uk along δuk will always cause g
(
uk

)
to decrease. The objective of the line

search is to backtrack along the Newton search direction seeking a value of λk

such that g
(
uk + λkδuk

)
has decreased sufficiently. The full Newton step with

λk = 1 is tried at first to determine if a sufficient decrease has occurred, where

this ensures quadratic convergence is achieved when uk is sufficiently close to

the root. If this step is rejected, it is then possible to proceed to search along

the Newton search direction using a variety of methods that range in levels

of sophistication. Here, a parabolic two point line search followed by a cubic

three point line search [83], if necessary, are used to determine the value of λk .

Line searching may reduce the total computational time by allowing the

Newton method at a particular time step to converge by using the above dis-

cussed proportion of the current Newton step vector δuk , where as the stan-

dard Newton method using the full Newton step may not have been successful.

Computational time is then saved in this case due to the fact that convergence

can be achieved with the use of larger time steps than the classical Newton

method.

Solution of the linearised system

The Jacobian matrix must be generated and then the corresponding linear

system solved at each iteration of the Newton method. The functions Fwi

and Fei
depend upon only a small subset of the entire solution vector, which

is influenced by the method used to calculate the flux. Hence, the Jacobian

matrix is a large, block sparse matrix, with each block having dimension 2×2 .
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In order to identify the most appropriate iterative Krylov method to solve

this system, block GMRES, BiCGSTAB and BiCGSTAB(2) linear solvers are

analysed with SSOR(ω = 1) and ILU(0) right, block preconditioning.

The construction of the Jacobian matrix requires the derivatives of the ac-

cumulation term and all flux terms. To calculate these derivatives, the same

first order finite difference approximation used for the one-equation model pre-

sented in Chapter 3 §3.3.2, is used. For example:

∂Fei

∂Xj

=
Fei

(
u + εewj

)− Fei
(u)

ε

where ewj
is the jth unit vector corresponding to the primary variable X and

ε = 10−7 is a suitably chosen numerical shift that must be large enough to

avoid roundoff errors and small enough to elude a poor approximation of the

derivative. The reader is again referred to Chapter 3 §3.3.2 for the calculation

of the numerical shift. Therefore to build the Jacobian matrix, the accumu-

lation terms, flux terms and shifted flux terms must be evaluated at each

SCV face. This process is computationally expensive, however, the expense

is reduced somewhat by assuming that the flux can be split into implicit and

explicit components at a given Newton iteration. Implicit components impact

the Jacobian matrix, whilst explicit components appear only in the function

vector. In this work, fill-in caused by the flux limiter is ignored, which has

been shown to be an acceptable approximation [48]. This approximation re-

duces the number of flux derivatives to be calculated and hence reduces the

time required to generate the Jacobian matrix.

In order to minimise possible sources of floating point error in the inexact

Newton method, especially for the construction of the approximate Jacobian,

the system of nonlinear equations is scaled as follows:

D−1
1 F (D2w) = 0 , w = D−1

2 u

where D1 and D2 are both diagonal matrices. In this work, the drying con-

servation equations are scaled to bring them roughly to the same order of
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magnitude by dividing the coordinate functions associated with the liquid bal-

ance by the wood density ρ0 and those associated with the energy balance by

Tbph
0
vap , where Tbp is the boiling point of water and h0

vap the latent heat of

vaporisation. Primary variable scaling ensures that all variables are ∼ O (1)

and since the moisture content X already satisfies this requirement but the

temperature T does not, the temperature is scaled by Tbp . This scaling strat-

egy enables the same shift parameter ε to be used for the construction of the

Jacobian entries and also can aid in enhancing the orthogonality of the Krylov

subspace basis vectors by controlling the impact of repeated matrix multipli-

cation by Jm (i.e., vector dilation) throughout the Arnoldi process in GMRES

and during the iterations in BiCGSTAB and BiCGSTAB(2).

Evaluation of the flow direction indicator

As discussed in §5.3.2, both the upwinding and flux limiting methods require

the evaluation of the flow direction indicator FDI. The two simplest meth-

ods for estimating the flow direction indicator is the difference in the liquid

pressure:

FDI = ∆Pw =
P k+1

wpt
− P k+1

wnb

||xpt − xnb||

or the difference in the liquid phase potential:

FDI = ∆ϕw =
ϕk+1

wpt
− ϕk+1

wnb

||xpt − xnb||

at the two nodes either side of the CV face, where x denotes the positional

vector. For these methods, the values used for the liquid pressure or the liq-

uid phase potential are from the current Newton iteration. However, although

these flow direction indicators gave good results for the two-dimensional wood

drying study conducted in Chapter 3, here it was found that they caused

oscillatory behaviour of the Newton iteration convergence due to the exces-

sive occurrence of nonphysical values for the system variables. A nonphysical

moisture content occurs when its value is either negative, or it exceeds the full

saturation moisture content, and a nonphysical temperature occurs when its
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value falls below the initial board temperature, or it exceeds the dry bulb tem-

perature. This resulted in very long computational times and therefore these

particular flow direction indicators were not pursued further for the three-

dimensional study.

In order to rectify the above mentioned problem, the flow direction indi-

cator is calculated using (vw · n̂) at the previous Newton iteration, (vw · n̂)k .

This method, referred to as flow direction indicator method 1, gave better per-

formance in terms of computational times, due to the reduced occurrence of

nonphysical values of the system variables. In an attempt to again improve

performance, the flow direction indicator is estimated with the most up to date

information available:

FDI = (vw · n̂)∗ = −Kwλ∗w∇ϕk+1
w · n̂

where Kw is constant, ∇ϕk+1
w is known and the value of λ∗w is determined by

detecting the flow direction. Three different flow detectors are used for this

purpose, given in the braces below:

if





P k+1
wpt

− P k+1
wnb

≥ 0

ϕk+1
wpt

− ϕk+1
wnb

≥ 0

(vw · n̂)k ≥ 0





then λ∗w = λwpt else λ∗w = λwnb

which defines the flow direction indicator methods 2, 3 and 4, respectively.

Once λ∗w is determined, (vw · n̂)∗ is calculated and then used as the flow direc-

tion indicator.

5.4 Results and discussion

To investigate the performance of the computational model presented in the

preceding section, the drying of a softwood board of dimension 0.04 m×0.01 m×
0.2 m was performed, where two symmetry planes were used resulting in a

computational domain of dimension 0.02 m × 0.01 m × 0.1 m . The board was

subjected to a dry bulb temperature of 80 ◦C and a wet bulb temperature of
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50 ◦C , giving the relative humidity of the air as 22.18 % and a vapour pressure

of 10506 Pa . Initially the board was assumed to be at the ambient temperature

of 30 ◦C and the average initial moisture content was 170 % . The duration of

drying was 10 h .

As was discussed in Chapter 1 §1.1 and Chapter 2 §2.1.5, low temperature

convective drying is one of the most widespread conventional kiln drying op-

erations. Here the role of internal gaseous pressure is almost negligible and is

assumed constant within the model. Figure 5.7 exhibits the low temperature

drying kinetics computed form the numerical simulation, where Figure 5.7(a)

shows the average moisture content X̄ and the evolution of the discrete time

step δt used during the simulation. Figure 5.7(b) shows the transverse cross-

sectional mesh, together with the four points where the temperatures are plot-

ted at the symmetry plane end of the board in Figure 5.7(c) and at the drying

end of the board in Figure 5.7(d). The average moisture content curve in

Figure 5.7(a) shows a constant rate period up to a drying time of around 1 h

15 min which is consistent with the wet bulb plateau observed in the temper-

ature curve in Figure 5.7(c). During the constant rate period, the exchange

surface of the board is above the fibre saturation point and the vapour pressure

at the surface equals the saturated vapour pressure. The heat supplied by the

external airflow is used primarily to transform free water into vapour. The

temperature at the board surface equals the wet bulb temperature and be-

cause no energy transfer occurs within the board during this period, its entire

temperature remains constant at this temperature during the constant rate

period (see Figures 5.7(c) and 5.7(d)). Note that the temperature at point 2

on the drying end remains at the wet bulb temperature for a longer duration,

approximately 3 h 20 min , due to a combination of the strong longitudinal liq-

uid migration and the geometry of the board. Throughout the constant rate

period the primary mechanism of liquid migration is due to capillary action.

This period continues while liquid is driven to the surface and its duration

depends on both the drying conditions and the properties of the board.
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Figure 5.7: Drying kinetics: (a) average moisture content (dashed line) and

discrete time step (solid line) versus time, (b) points within the board cross-

section where the temperature is plotted for (c) the symmetry plane end and

(d) the drying end.

Once the surface moisture content reaches the hygroscopic range, the vapour

pressure becomes smaller than the saturated vapour pressure and a reduction

in the external vapour flux, together with a decrease in the overall drying rate,

become evident. The heat flux supplied to the medium begins to heat the

board by conduction via the surface to the core. The board has now entered

the falling rate period, throughout which the surface temperature steadily in-

creases (see again Figures 5.7(c) and 5.7(d)) and the surface moisture content

decreases. Two zones evolve inside the board, namely an inner zone where liq-

uid migration prevails, and a surface zone where both bound water migration

and water vapour diffusion occur (see the three-dimensional slice contour plot
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in Figure 5.14(b)). The region of liquid migration diminishes as the drying

progresses, and finally, the drying process is complete once the temperature

attains the dry bulb temperature and the moisture content reaches the equi-

librium moisture content.

5.4.1 Mesh investigation

Three two-dimensional triangular meshes of different levels of refinement were

used to construct the three-dimensional triangular prismatic element meshes, a

coarse mesh with 1095 triangular elements, a medium mesh with 2045 elements

and a fine mesh with 3481 elements (see Figures 5.2(a), 5.3(a) and 5.4(a)).

Further, for each of the three meshes, three different geometric ratios were

investigated for the extension of the mesh in the longitudinal direction, 1.0 ,

1.05 and 1.1 (see Figures 5.2(b), 5.3(b) and 5.4(b)). Referring to Table 5.1

for a summary of the mesh generation statistics, one sees that the dimen-

sion of the Jacobian matrix ranges from 25326 × 25326 for the coarse mesh

to 110760× 110760 for the fine mesh. Increasing the geometric ratio provides

more mesh refinement at the end of the board subjected to the drying con-

ditions, however it also results in increased element lengths at the symmetry

plane end of the board. Thus, using larger geometric ratios increases the qual-

ity of the solution at the drying end, however it can decrease the quality at

the symmetry plane end, and clear evidence of this fact was observed for the

simulations performed using the ratio 1.1 . Further, it was also found that

increasing the geometric ratio caused an increase in the total number of inner

and outer iterations required to compute the solution, which increased overall

computational times. This increase of total iterations coincides with the fact

that any mesh refinement, either in the transverse plane or longitudinal direc-

tion, results in the Newton solver having to use smaller time steps in order

to avoid the occurrence of nonphysical values for the system variables. Hence

for finer meshes, the increase in computational time is a result of not only the

higher number of mesh elements used, but also due to the need to use relatively

smaller time steps to obtain convergence of the nonlinear iterations. Figure 5.8

148



Table 5.1: Coarse, medium and fine mesh details.

Mesh RT plane Geometric L direction Total mesh:

elements ratios elements Elements CVs

Coarse 1095 1.0, 1.05, 1.1 20 21900 12663

Medium 2045 1.0, 1.05, 1.1 24 49080 27625

Fine 3481 1.0, 1.05, 1.1 29 100949 55380

shows the differences in the time step used throughout the drying simulations

for the coarse, medium and fine meshes, and for both the upwinding and flux

limiting methods, using a geometric ratio of 1.05 . It can be observed that the

finer the mesh, the greater the restriction placed on the time step. Finally,

considering the quality of the solution at both ends of the board and the re-

quired computational time, a geometric ratio of 1.05 was found to provide the

best overall performance for the case studies presented in this chapter.

5.4.2 Nonlinear solver methodology

Referring to Figure 5.8, one notes that the nonlinear solver uses a time stepping

strategy that continuously attempts to increase the time step throughout the

iterations. Initially the time step is set to 1 s and is increased by 20 % every

time the solution converges. If either divergence, or nonphysical values of the

system variables occur, the time step is halved and convergence reattempted

with the reduced time step. During the initial stages of drying, due to the

highly dynamical behaviour of the moisture evolution, the increase in time step

is restricted due to the frequent occurrence of nonphysical variable values (see

Figure 5.8 for times up to around 5 h ). Later, when the board is completely dry

at the surface, the time step is able to increase more freely (see again Figure 5.8

for times after around 5 h ). The amount of mesh refinement, together with

the various numerical techniques employed also affects the restriction on the

time step, and hence the total computational time.
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(a) Upwinding (coarse mesh)
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(b) Flux limiting (coarse mesh)
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(c) Upwinding (medium mesh)
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(d) Flux limiting (medium mesh)
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(e) Upwinding (fine mesh)
Time (h)

X
ba

r
(k

g/
kg

)

δt
(s

)

0 2 4 6 8 10
0

0.25

0.5

0.75

1

1.25

1.5

1.75

0

100

200

300

400

500

600

(f) Flux limiting (fine mesh)

Figure 5.8: Average moisture content (dashed line) and discrete time step

(solid line) versus time.
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An investigation of different absolute tolerances for terminating the nonlin-

ear solver revealed that tolerances larger than 10−9 gave inconsistent solution

behaviour. Whilst decreasing the tolerance past this value resulted in con-

sistent solution characteristics, much larger computational times were expe-

rienced due to an increase in the number of Newton iterations required for

convergence. The use of line searching was also investigated, where for an ab-

solute tolerance of 10−9 it was found to offer no real advantage, since for this

tolerance the Newton solver typically converged in very few iterations. Never-

theless, it should be noted that for tolerances smaller than 10−9 , line searching

was able to reduce the total computational time by allowing larger time steps

to achieve convergence. Hence, for the cases studied here, the Newton solver

without line searching and with a tolerance of 10−9 resulted in a converged

solution with minimal computational effort.

With regards to the linear iterative solver for the inner iterations, ILU(0)

right preconditioning provided a significantly faster solution when compared

to SSOR(ω = 1) right preconditioning. When comparing the different iterative

solvers, the three tested here exhibited very similar performance characteristics

in terms of both solution quality and computational time. Selecting the linear

solver that computed the solution in the least amount of time often depended

on the mesh and numerical techniques used. However, BiCGSTAB was more

often than not slightly more efficient than GMRES, followed by BiCGSTAB(2).

Further, GMRES required around 50 Krylov subspace vectors in order to avoid

restarting, implying that here BiCGSTAB was around 5 times more efficient

in terms of memory usage than GMRES. Hence, BiCGSTAB with ILU(0)

right preconditioning is recommended for the solution of the linearised Newton

system because it was the most effective combination.
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5.4.3 Flux evaluation

Diffusive terms

For the evaluation of the diffusivity tensor components and secondary variables

at the SCV faces, the use of both averaging and interpolation using shape

functions were investigated, where it was found that both methods provided

similar solution characteristics. Furthermore, the total number of inner and

outer iterations tended to be the same for both methods. However, since using

shape functions resulted in extra floating point operations, six multiplications

and additions compared to the one multiplication and addition required by

averaging, an increase of 5 to 10 % in computational time was experienced.

Therefore, it was concluded that the technique of averaging is adequate for

approximating the relevant diffusive terms.

Based on the findings presented in Chapter 4, the three gradient approx-

imation methods S6, G14 and G14C, were tested for the evaluation of the

gradients of the secondary variables ∇Pw , ∇Xb , ∇ωv and ∇T in the wood

drying model. These three methods were used to compute the solution of the

homogeneous case studies on a coarse uniform mesh with 4704 elements, which

then was compared to a benchmark solution computed on a fine uniform mesh

with 45900 elements where method S6 was employed for all gradient approxi-

mations. It should be noted that when calculating the corrected gradient terms

for method G14C the least squares stencil (refer to Chapter 5 §4.2.5) is the

same for each of the gradients∇Pw , ∇Xb , ∇ωv and∇T . Hence, the computer

memory overhead for the corrected gradient scheme for correcting four gradi-

ents as opposed to a single gradient, is not significantly greater. The results

for case 1 are presented in Table 5.2 and the results for case 2 in Table 5.3.

The first finding from the study is that when using method G14 for ∇Pw

as compared to method S6, for both cases 1 and 2 the computational time

was greatly increased due to an increase in both inner and outer iterations.

For case 1 the increase in inner and outer iterations was 51.6 % and 39.0 % ,
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Table 5.2: Case 1: comparison of gradient approximation methods S6, G14

and G14C used for calculating gradients ∇Pw , ∇Xb , ∇ωv and ∇T (computed

on the coarse mesh with 4704 elements). Note: the % relative error is a

percentage change compared to the relative error calculated using method S6

for all gradients.

∇Pw S6 G14 S6 S6

∇Xb,∇ωv,∇T S6 S6 G14 G14C

CPU time (h:min) 00:29 00:42 00:33 00:56

Inner iterations 2146 3254 2420 2317

Outer iterations 236 328 254 257

Memory (MB) 82 82 82 182

Relative error at 1 h 0.035630 + 4.81 % + 0.03 % + 0.19 %

Relative error at 2 h 0.172070 + 3.05 % − 0.12 % − 1.53 %

Relative error at 3 h 0.257860 + 4.04 % − 1.33 % − 3.70 %

Relative error at 6 h 0.265845 + 3.67 % − 2.40 % − 2.78 %

respectively, resulting in a 44.8 % increase in CPU time. For case 2 the impact

on the iterations was more severe, with an increase of 346.1 % and 111.8 % for

the inner and outer iterations, respectively, causing the computational time to

be 10 fold. Further, as can be seen from Tables 5.2 and 5.3, the solution quality

has been degraded, by approximately 5 % for case 1 and 10 % for case 2. When

using the corrected gradient method G14C for ∇Pw , both cases experienced

divergence of the nonlinear solver due to frequent occurrences of nonphysical

values of the system variables, which is why these tests are not recorded in the

tables.

The next investigation concerned the use of method G14 for approximating

the gradients ∇Xb , ∇ωv and ∇T . This time the inner and outer iterations in-

creased only slightly and hence the CPU time was also only marginally greater.

However, as can be seen from Tables 5.2 and 5.3, using method G14 increased
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Table 5.3: Case 2: comparison of gradient approximation methods S6, G14

and G14C used for calculating gradients ∇Pw , ∇Xb , ∇ωv and ∇T (computed

on the coarse mesh with 4704 elements). Note: the % relative error is a

percentage change compared to the relative error calculated using method S6

for all gradients.

∇Pw S6 G14 S6 S6

∇Xb,∇ωv,∇T S6 S6 G14 G14C

CPU time (h:min) 01:13 13:31 01:15 02:45

Inner iterations 4129 18419 4409 4251

Outer iterations 460 5605 468 456

Memory (MB) 82 82 82 182

Relative error at 1 h 0.026500 + 25.39 % − 0.56 % + 0.03 %

Relative error at 2 h 0.132662 + 10.93 % − 0.58 % − 0.18 %

Relative error at 3 h 0.229795 + 11.26 % − 0.46 % − 5.82 %

Relative error at 6 h 0.069507 + 9.46 % + 0.77 % − 1.33 %

the solution quality by only at most a few percent. Implementing the gradient

correction method G14C again slightly improved solution quality, but at best,

by no more than 5 % . Considering the increase in computational overhead for

the corrected method, which was approximately a 125 % increase in computer

memory and CPU time, it can be concluded that it is not beneficial for this par-

ticular problem to use the corrected gradient method for gradients ∇Xb , ∇ωv

and ∇T . Hence, the recommendations drawn from this study for calculating

the gradient of the secondary variables within the wood drying computational

model appears to be to use method S6 for ∇Pw and either method S6 or G14

for ∇Xb , ∇ωv and ∇T . However, because of the similar accuracies observed

for both methods S6 and G14 for estimating ∇Xb , ∇ωv and ∇T , and due to

the slightly increased CPU time associated with method G14, using method

S6 for all gradients appears to be the best overall strategy for use within the

wood drying model.
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The liquid pressure variable Pw plays an important role in the advective

transport of free water by capillarity during the constant rate period. This

physical transport mechanism, which is not diffusive, is of fundamental im-

portance to the entire treatment of the liquid flux at a CV face. A plausible

explanation for the failure of method G14C and the adverse effects caused

by method G14 to improve accuracy may well be due to the fact that over-

sharpening the gradient∇Pw to quadratic order causes the occurrence of highly

saturated zones of liquid at the board surface close to the end piece. This in-

evitably leads to near full saturation, where the gas volume fraction is almost

zero. Under these circumstances, the assumption of a two-equation model is

compromised because an equation for air conservation becomes necessary to

completely capture the physics of drying. Future research will be directed at

investigating the use of methods G14 and G14C in the complete three-equation

model to reassess their performance when the air conservation equation is in-

cluded.

Regarding the use of quadratic gradient approximations for ∇Xb , ∇ωv and

∇T , it should first be noted that indeed these gradients are tied to diffusive

transport mechanisms which, as was shown in Chapter 4, appear to be good

candidates for applying methods G14 and G14C. Nevertheless, here the mesh

consisted of entirely regular triangular prismatic elements and the anisotropy

ratios are only of the order of 1:10 at most in the transverse plane. Under

these conditions, little advantage or justification for the use of method G14C

has already been documented in Chapter 4. In light of this, methods G14 and

S6 are perfectly suitable for the diffusive flux evaluation at the CV face.

In summary, the conclusions drawn from this study indicate that method

S6 is the most suitable method for approximating the gradients for the two-

equation drying simulator for low temperature drying. One should remember

that such a conclusion may well change when heterogeneity is introduced in

the longitudinal direction of the board, or when irregular triangular prismatic

elements are used for mesh refinement in this direction. As was discussed in

155



Chapter 4, this was the case whereby methods G14 and G14C were superior to

method S6. Furthermore, the inclusion of the air conservation equation may

help overcome the difficulties encountered when using method G14C.

Advective and convective terms

When comparing the techniques of upwinding and flux limiting, it should first

be noted that all four flow direction indicator methods used to identify the

upwind node produced solutions of similar quality. Hence, selecting the best

indicator is achieved by identifying the one that produces the least number of

total inner and outer iterations. Referring to Table 5.4 it can be seen that for

upwinding, indicators 2 and 3 gave identical iteration counts, of which both

were lower than method 1, followed closely by method 4. For flux limiting,

method 2 was slightly more efficient than method 3, and this time methods

1 and 4 were significantly less efficient. Hence, for both upwinding and flux

limiting, flow direction indicator method 2 appears to be the best strategy

for determining the flow direction at a CV face and thus selecting the upwind

node.

In Figure 5.9 the moisture distribution in the board is exhibited for the coarse

mesh after 1 h 40 min of drying, shown at slices every 0.025 m in the longitu-

dinal direction for upwinding and flux limiting. The corresponding plots for

the medium and fine meshes are shown in Figures 5.10 and 5.11, respectively.

Figure 5.12 shows the moisture distribution in the board for the coarse mesh

after 3 h 20 min of drying for upwinding and flux limiting. The corresponding

plots for the medium and fine meshes are shown in Figures 5.13 and 5.14, re-

spectively. Note that the moisture content scale used for Figures 5.9 to 5.11

as compared to the scale used for Figures 5.12 to 5.14 differs due to the lower

moisture contents evident at later stages of the drying process. This particular

graphical representation was chosen because it shows the heterogenous dry-

ing characteristics and highlights the longitudinal flow towards the end piece.

Focussing momentarily on Figures 5.11 and 5.14 for the fine mesh, some spe-

cific comments on the drying phenomena can be made. Early in the drying,
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Table 5.4: CPU time, inner and outer iterations and time steps required to

compute the solution on the coarse, medium and fine meshes for upwinding

and flux limiting, using the flow indicator method (refer to §5.3.3 page 145) as

indicated in the left hand column.

Upwinding Flux limiting

CPU Iterations: Time CPU Iterations: Time

time (h) Inner Outer steps time (h) Inner Outer steps

Coarse mesh

1 21
4

11152 849 674 9 23595 2937 2192

2 2 10406 765 596 8 21109 2437 1817

3 2 10406 765 596 8 21434 2504 1859

4 21
4

11169 857 659 10 26634 3421 2500

Medium mesh

2 10 23587 1803 1413 40 48292 5778 4364

Fine mesh

2 40 41875 3118 2405 160 92894 11055 8418

liquid is driven from the board due primarily to capillary action. One notes

that migration appears to follow the growth rings and that flow is in the pref-

erential longitudinal direction, which is the direction of highest permeability.

Eventually, at later drying times, the surface of the board is heated and drying

occurs from the surface to the core. Nevertheless, in the locations where there

is still free liquid, the influence of the growth rings on moisture migration is

still evident.

The comparison between upwinding and flux limiting is firstly made on

meshes of equal element numbers, where from Figure 5.8 it is observed that

flux limiting requires a smaller time step than that needed for upwinding to

ensure convergence is achieved. Hence, flux limiting causes an increase in

computational time due to a combination of the decrease in the time step,
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Figure 5.9: Coarse mesh: moisture content contour plots after 1 h 40 min of

drying (slices given at every 0.025 m ).
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Figure 5.10: Medium mesh: moisture content contour plots after 1 h 40 min of

drying (slices given at every 0.025 m ).
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Figure 5.11: Fine mesh: moisture content contour plots after 1 h 40 min of

drying (slices given at every 0.025 m ).
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Figure 5.12: Coarse mesh: moisture content contour plots after 3 h 20 min of

drying (slices given at every 0.025 m ).
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Figure 5.13: Medium mesh: moisture content contour plots after 3 h 20 min of

drying (slices given at every 0.025 m ).
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Figure 5.14: Fine mesh: moisture content contour plots after 3 h 20 min of

drying (slices given at every 0.025 m ).
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together with the extra calculations required to locate the second upwind node

and compute the sensor and limiter for each SCV face. However, as can be

seen in Figures 5.9 to 5.14, it is clearly evident that the drying fronts are much

sharper for flux limiting (observe the resolution of the moisture distribution at

the growth rings) as opposed to upwinding, and that the flux limited coarser

mesh solutions more closely resemble that of the finer mesh solutions. Note that

the resulting computational cost for using flux limiting was approximately four

times that needed for upwinding. When comparing flux limiting on the coarse

mesh (see Figures 5.9(b) and 5.12(b)) with upwinding on the medium mesh

(see Figures 5.10(a) and 5.13(a)), it is observed that flux limiting on the coarse

mesh produces higher quality results than those obtained by upwinding on the

medium mesh, and does so with less computational expense, requiring 8 h as

opposed to 10 h and using half the computer memory. When comparing flux

limiting on the medium mesh (see Figures 5.10(b) and 5.13(b)) with upwinding

on the fine mesh (see Figures 5.11(a) and 5.14(a)), both solutions required

the same computational time and once again it is seen that the flux limited

solution is of higher quality. In conclusion, flux limiting produces more accurate

solutions more efficiently than those obtained by upwinding on finer meshes.

5.5 Conclusions

This chapter has seen the development of a three-dimensional computational

model for simulating the drying of softwood at temperatures below the boiling

point of water that accounts for the heterogenous properties of wood. A variety

of numerical methods have been tested in order to identify the most accurate

and efficient computational model. Coarse, medium and fine two-dimensional

triangular meshes were used to construct the three-dimensional triangular pris-

matic element meshes. It was found that a geometric ratio of 1.05 provided the

best overall compromise in terms of increasing mesh refinement at the drying

end of the board without degrading solution quality at the symmetry plane

end, whilst not significantly increasing the total number of inner and outer
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iterations. With regard to the nonlinear solver for the outer iterations, it was

found that line searching offered no real advantage over the standard Newton

method for the chosen termination tolerance of 10−9 . Although line search-

ing did offer some advantages for tolerances less than this value, the standard

Newton solver was found to be adequate for the case studies presented here.

For the inner iterations, a block BiCGSTAB linear solver with ILU(0) right,

block preconditioning enabled the Newton correction to be computed most ef-

ficiently. Regarding the flux evaluation, for the diffusivity tensor components

and secondary variables the technique of averaging is recommended because

the use of finite element shape functions did not improve the solution quality

but did increase the computational time. For the evaluation of the gradients

of the secondary variables, the classical finite element shape functions appears

to be the most suitable choice. For the advective and convective terms, flux

limiting provided more accurate solutions than those obtained by upwinding.

Moreover, when comparing flux limiting on coarse meshes to upwinding on fine

meshes, flux limiting gave solutions of higher quality with less computational

overhead.
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Chapter 6

Case Studies in Low

Temperature Softwood Drying

6.1 Introduction

In this chapter the three-dimensional computational wood drying model with

the optimal numerical methods as decided in Chapter 5 is used to compute

the drying simulations for a case study concerning the low temperature drying

of softwood. In particular, the simulation results will compare the heteroge-

neous one- and two-equation drying models discussed respectively in Chap-

ters 3 and 5, in order to investigate the usefulness of a one-equation model

for three-dimensional drying simulations. The simulations will also be used to

investigate the effect that the heterogeneous board material properties have on

the moisture content and temperature distributions during drying. The use of

a three-dimensional wood drying computational model that enables the lon-

gitudinal direction of the transport phenomenon to be realised, highlights the

differences in the moisture content and temperature evolutions at the board

mid-section and at the end piece.

The wood sample under consideration here is a quarter sawn maritime pine

board with a cross-sectional dimension 0.059 m× 0.021 m , which contains ten

growth rings (see Figure 6.1(a)). The density of the board sample ranges from
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Table 6.1: Drying air characteristics for drying schedules 1 and 2.

Drying Dry bulb Wet bulb Relative Vapour Air

schedule temperature temperature humidity pressure velocity

1 60 ◦C 40 ◦C 30.65 % 6106 Pa 3 m/s

2 80 ◦C 50 ◦C 22.18 % 10506 Pa 3 m/s

275 kg/m3 in the earlywood to 974 kg/m3 in the latewood and has an average

density of 442 kg/m3 . The material angle ranges from 87.22◦ to 152.84◦ , which

is characteristic of a quarter sawn board. This board sample differs from the

one used in Chapters 3 and 5 because it more closely resembles a realistic board

used in industrial wood drying operations, particularly the larger dimensions.

The initial average moisture content of the sample is 120 % and two different

drying schedules are investigated. Table 6.1 summarises the drying air char-

acteristics for the two schedules, where the air velocity used yielded heat and

mass transfer coefficients of 25 W/m2/K and 0.025 m/s , respectively.

This chapter is presented as follows. In §6.2 the construction of the three-

dimensional virtual board is discussed, including details on the mesh refine-

ment technique used to create the different meshes. Results and discussion are

given in §6.3, which includes an investigation of the impact that the different

meshes have on solution accuracy and computation overheads in §6.3.1, and a

comparison between upwinding and flux limiting is given in §6.3.2. The initial

comparison of the one- and two-equation drying models is made in §6.3.3. The

drying kinetics and moisture content and temperature evolutions of the drying

simulations for drying schedules 1 and 2 are presented in §6.3.4 and §6.3.5,

respectively. Conclusions for the chapter are given in §6.4.

6.2 Virtual board construction

The construction of the three-dimensional virtual board for use in this low

temperature drying case study is explained in this section. The initial stage of
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(c) Fine mesh with 2068 elements

Figure 6.1: Quarter sawn maritime pine board sample, meshes and elemental

density distribution. (courtesy of P. Perré, ENGREF)
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construction concerns the development of a two-dimensional transverse (radial-

tangential) cross-sectional mesh that captures the density variation in the sam-

ple. The image and cross-sectional mesh generation was carried out by Pro-

fessor Patrick Perré [86] and his assistance is to be acknowledged. Firstly,

an image of the board sample is taken (see Figure 6.1(a)) and image analysis

software used to locate the growth rings within the sample. This informa-

tion is then used for the transverse plane triangulation and for populating the

wood density and material angle variation throughout the elements within the

mesh. Two cross-sectional triangular meshes were developed, a coarse mesh

consisting of 1163 elements (see Figure 6.1(b)) and a fine mesh consisting of

2068 elements (see Figure 6.1(c)), where in the figures the density associated

with each element is indicated by the shading, the darker the shading, the

higher the density. Concerning the length of the board used for the numeri-

cal simulations, it is assumed that the heterogeneity evident in this particular

cross-section prevails throughout the length of the board. This assumption is

realistic only if the length is reasonable, and for this particular board a length

of up to 1 m appears justifiable. However, since for simulation purposes the

main longitudinal effect can be captured with a board length of around 0.5 m

and considering the large number of mesh elements that result with long rect-

angular parallelepiped domains, this is the length used for the results shown

here.

The three-dimensional virtual board is constructed by extending in the longi-

tudinal direction the triangular elements of the two-dimensional cross-sectional

mesh. To reduce the computational overheads, a symmetry plane is placed in

the transverse plane at the middle of the board, resulting in the computational

domain having length 0.25 m . The result is a three-dimensional mesh consist-

ing of triangular prismatic elements, where each element has assigned to it the

wood density and material angle that was associated with the corresponding

triangular element. The choice of prism length is of utmost importance when

considering solution accuracy and computational efficiency of the drying simu-

lations. Here, a mesh constructed using a uniform grading consisting of equal
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length prisms is compared to a geometric grading where prisms at the drying

end have shorter element lengths. This type of longitudinal mesh refinement

was also discussed in Chapter 5, where it was shown that solution accuracy

could be improved at the drying end without increasing the total number of

mesh elements. The calculation of the prism length is made relative to the

longest triangular face length in the cross-sectional triangular mesh. For uni-

form meshes, prism lengths of 2, 3, 4, 6 and 8 times as long as the longest

triangular face length are investigated. Throughout this chapter, the term

prism length ratio is used to describe this relative prism length. For meshes

using geometric grading, the shortest prism length (at the drying end) is made

relative to the longest triangular face length, where prism length ratios of 1

and 2 are investigated.

The mesh statistics for all the coarse and fine three-dimensional meshes used

in this work are given in Table 6.2, where the different meshes are labelled by

a three digit number. For the first digit, 1 indicates the use of the coarse

triangular mesh and 2 indicates the use of the fine triangular mesh. The

second digit is the prism length ratio and the third digit represents the mesh

grading, 0 being uniform and 1 geometric. Figure 6.2 shows three different

coarse meshes, a uniform grading with prism length ratio 4 giving a total of

34890 elements (see Figure 6.2(a)), a uniform grading with prism length ratio

2 giving a total of 69780 elements (see Figure 6.2(b)) and a geometric grading

with initial prism length ratio 2 resulting in a total of 34890 elements (see

Figure 6.2(c)). Hence, it can be seen that geometric grading provides the same

mesh resolution at the drying end, whilst decreasing the total number of mesh

elements. Referring again to Table 6.2, it can also be seen that geometric

grading can be used to increase mesh resolution at the drying end without

increasing the total number of mesh elements.

The initial moisture content distributions are determined using the strat-

egy outlined in Chapter 5 §5.2.3 for each of the computational meshes and

Figure 6.3 shows the initial moisture content field for the mesh shown in Fig-
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Figure 6.2: Triangular prismatic element meshes.
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Table 6.2: Triangular prismatic element mesh statistics.

Coarse meshes 120 130 140 160 111 121

Mesh elements 69780 46520 34890 23260 46520 34890

Geometric ratio 1.0 1.0 1.0 1.0 1.049 1.043

Prism length ratio 2 3 4 6 1 2

Prism length:

Shortest (mm) 4.17 6.25 8.33 12.50 2.12 4.24

Longest (mm) 4.17 6.25 8.33 12.50 13.70 14.37

Fine meshes 230 240 260 280 211 221

Mesh elements 111672 82720 55836 41360 111672 82720

Geometric ratio 1.0 1.0 1.0 1.0 1.036 1.033

Prism length ratio 3 4 6 8 1 2

Prism length:

Shortest (mm) 4.63 6.25 9.26 12.50 1.56 3.10

Longest (mm) 4.63 6.25 9.26 12.50 10.20 10.98

ure 6.2(c). The initial average moisture content of 120 % resulted in the mois-

ture content ranging from 73.9 % in the latewood to 135.8 % in the earlywood.

As can be seen in Figure 6.3, the initial moisture content distribution is strongly

dependent on the density variation within the board sample. The simulations

for both drying schedules were run for a period of 48 h of drying, giving a final

average moisture content of 10.0 % for schedule 1 and 4.8 % for schedule 2. As

can be expected, schedule 2 provides a faster overall drying than schedule 1

due to the higher dry bulb temperature used.

6.3 Results and discussion

In this section, the complete details of the drying simulations using the three-

dimensional computational model are presented. The two drying schedules

are shown in Figure 6.4, together with the assumed board temperature for
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Figure 6.3: Initial moisture content field ( T = 30 ◦C , X̄ = 120 % ).

the one-equation model, which is assumed to follow a rough estimate of the

board surface temperature during the drying schedule. At first, the impact

of mesh refinement and the performance of flux limiting are analysed. There-

after, a description of the key physical mechanisms associated with the low

temperature drying of the maritime pine wood sample are discussed, and the

advantages and disadvantages of the one-equation drying model as compared

with the two-equation drying model are deliberated.

6.3.1 Comparison of computation meshes

The impact of the different meshes given in Table 6.2 is considered, where it

is seen that the accuracy and computational expense of producing the numer-

ical solution depends strongly on the mesh design. Tables 6.3 and 6.4 give

the computational runtime statistics for the two-equation model for drying

schedules 1 and 2, respectively. The statistics recorded in the tables indicate

that refining the mesh in both the transverse plane and longitudinal direction

for the upwinding scheme causes the total number of both inner and outer
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Figure 6.4: Drying schedules and one-equation model assumed board temper-

ature (magnified view, initial 8 h ).

iterations to increase, which subsequently leads to additional computational

expense. Interestingly for flux limiting, mesh refinement in the longitudinal

direction caused the total number of inner iterations to be slightly decreased,

while the outer iterations were fairly consistent for each of the meshes tested.

The affect on the inner and outer iterations caused by the mesh refinement

due to the geometric grading was consistent with what was observed for the

uniform mesh refinement. It appears that geometric grading is beneficial in

that it enables increased accuracy in the drying kinetics to be realised for the

same number of mesh elements. Figures 6.5 and 6.6 show the moisture con-

tent distribution after 1 h of drying with schedules 1 and 2, respectively, for

the meshes shown in Figure 6.2. Note that these contour plots do not include

colour contours so that one can more clearly observe the differences in the con-

tour refinement that the different meshes provide. From these figures it can be

seen that the quality of the solution (contour refinement at growth ring loca-

tions) for the mesh using the geometric grading (see Figures 6.5(c) and 6.6(c))

is equal to the quality offered by the mesh using the uniform grading (see Fig-

ures 6.5(b) and 6.6(b)), where the geometric grading mesh has half the mesh

elements. Also, for the uniform grading mesh with equal mesh elements as the

geometric grading mesh, the solution quality at the drying end is inferior (see

Figures 6.5(a) and 6.6(a)).
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Table 6.3: CPU time, computer memory, inner and outer iterations and time

steps required to compute the solution on the coarse and fine meshes for up-

winding and flux limiting, for drying schedule 1 using the two-equation model.

Coarse meshes 120 130 140 160 111 121

(upwinding)

CPU time (h:min) 08:06 04:57 02:58 01:50 07:07 03:42

Memory (MB) 1110 745 560 380 745 560

Inner iterations 10732 9697 9141 8691 12663 9827

Outer iterations 833 728 694 650 1095 745

Time steps 677 596 574 524 884 612

Coarse meshes 120 130 140 160 111 121

(flux limiting)

CPU time (h:min) 22:12 16:12 11:21 07:24 12:18 10:22

Memory (MB) 1110 745 560 380 745 560

Inner iterations 18862 19088 19405 19703 17690 18069

Outer iterations 2139 2244 2319 2378 1769 2001

Time steps 1591 1594 1602 1555 1352 1473

Fine meshes 230 240 260 280 211 221

(upwinding)

CPU time (h:min) 22:03 13:42 08:01 05:49 33:24 16:58

Memory (MB) 1760 1310 890 660 1760 1310

Inner iterations 16018 15383 14248 13954 22331 17114

Outer iterations 1193 1147 1036 985 1857 1282

Time steps 945 898 825 763 1465 1009
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Table 6.4: CPU time, computer memory, inner and outer iterations and time

steps required to compute the solution on the coarse and fine meshes for up-

winding and flux limiting, for drying schedule 2 using the two-equation model.

Coarse meshes 120 130 140 160 111 121

(upwinding)

CPU time (h:min) 08:39 05:41 05:15 02:24 07:52 05:32

Memory (MB) 1110 745 560 380 745 560

Inner iterations 10918 9723 9538 8976 12943 10875

Outer iterations 842 729 729 679 1177 887

Time steps 691 592 596 556 952 725

Coarse meshes 120 130 140 160 111 121

(flux limiting)

CPU time (h:min) 19:47 13:41 11:36 08:32 11:52 08:58

Memory (MB) 1110 745 560 380 745 560

Inner iterations 16525 17625 18371 19235 16236 16371

Outer iterations 1787 2078 2261 2422 1612 1796

Time steps 1330 1479 1542 1532 1221 1338

Fine meshes 230 240 260 280 211 221

(upwinding)

CPU time (h:min) 23:30 13:52 09:39 06:06 29:08 17:39

Memory (MB) 1760 1310 890 660 1760 1310

Inner iterations 17078 15158 13744 13437 21062 17612

Outer iterations 1317 1127 967 954 1736 1381

Time steps 1044 895 769 732 1362 1086
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Figure 6.5: Comparison of mesh refinement with schedule 1 after 1 h of drying

(upwinding used, slices given at every 0.05 m ).
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Figure 6.6: Comparison of mesh refinement with schedule 2 after 1 h of drying

(upwinding used, slices given at every 0.05 m ).
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6.3.2 Performance of flux limiting

The results of Chapters 3 and 5 clearly indicated that flux limiting, when com-

pared to unwinding, improves solution quality via the sharpening of drying

fronts, particularly at growth ring locations. However, as was noted in Chap-

ter 5 for the three-dimensional model, flux limiting also caused an increase

in total computational time, not so much due to the the extra computations

required, but more so because of the smaller time step needed for convergence

of the nonlinear solver. Plots of average moisture content X̄ and discrete time

step δt against drying time are shown in Figures 6.7 and 6.8 for drying sched-

ules 1 and 2, respectively, using the coarse mesh 111 and fine mesh 211. It can

be seen, for both schedules and for both the one- and two-equation models,

that implementing flux limiting caused a considerable reduction in the size of

the time step needed for convergence. Referring to Tables 6.3 and 6.4, this

reduction in time step effectively tripled the total computational time for the

uniform grading meshes and doubled it for the geometric grading meshes. How-

ever, as can be seen in Figures 6.9 and 6.10 after 6 h of drying with schedules 1

and 2, respectively, the quality of the solution provided by flux limiting is im-

proved and more closely resembles that of the fine mesh solution, especially

the resolution at the growth ring locations. Note that again colour contours

are not shown so that the differences in contour refinement can be seen more

clearly.

When comparing the time step needed for convergence on the coarse and fine

meshes, it can be seen that the fine mesh also caused a reduction in the time

step. Hence, the total computational time for the upwinded fine mesh solution

is increased not only because of the greater number of mesh elements, but also

due to the requirement of a smaller time step to achieve a converged solution.

Consequently, in order to evaluate the performance of flux limiting, one must

compare the coarse mesh flux limited solution with the fine mesh upwinded

solution and from these consider accuracy and computational efficiency. How-

ever, making such a comparison is not always straightforward, especially when
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considering the different mesh configurations and the moisture content solu-

tions that result from the complicated physics of the drying equations. Finally,

it is concluded that flux limiting greatly improved the quality of the solution

when compared to upwinding, however, whether or not it was better than the

upwinded fine mesh solution is not completely obvious. The improvement here

does not appear as good as was obtained in Chapter 5, which may well be ex-

plained by the fact that for this particular virtual board description the growth

ring resolution is at most only one or two elements in width. It should be noted

however, that flux limiting improves solution quality regardless of whether, or

not, finer meshes produce solutions of better quality, and this fact alone high-

lights that flux limiting can be very useful, especially when considering the

large mesh element numbers that result when carrying out three-dimensional

simulations. In fact, it is quite often the case that mesh refinement can be a

limiting factor due to the memory constraints of the computer hardware.

6.3.3 One- and two-equation model comparison

This section presents the initial comparison between the one- the two-equation

models. In particular, the computational savings offered by the simplified

one-equation model and the effect that this model has on the shape of the

average moisture content plot are analysed. Figures 6.7 and 6.8 show the

graphs of average moisture content and the corresponding discrete time step

used for the simulations plotted against drying time. It can be observed that

the one-equation model requires a smaller time step to achieve convergence,

particularly during the later stages of the constant rate period (approximately

between 2 h and 8 h of drying), effectively hindering the computational sav-

ing offered by the one-equation model. However, the one-equation model is

still significantly faster to run than the two-equation counterpart, reducing

the total computational time by an average of 32.2 % for the meshes used

in this work. When observing the average moisture content plots (see again

Figures 6.7 and 6.8), it can be concluded that there are differences evident be-

tween the two models. During the constant rate period the average moisture
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Figure 6.7: Average moisture content (dashed and dotted lines) and discrete

time step (solid line) versus time for schedule 1. Note: dashed line represents

two-equation model, dotted line represents one-equation model.
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Figure 6.8: Average moisture content (dashed and dotted lines) and discrete

time step (solid line) versus time for schedule 2. Note: dashed line represents

two-equation model, dotted line represents one-equation model.
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Figure 6.9: Comparison of upwinding and flux limiting with schedule 1 after

6 h of drying (slices given at every 0.05 m ).
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Figure 6.10: Comparison of upwinding and flux limiting with schedule 2 after

6 h of drying (slices given at every 0.05 m ).
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content of the one-equation model decreases too slowly when compared with

the two-equation model, and during the falling rate period the average mois-

ture content decreases too rapidly for the one-equation model. Note also, that

this difference in average moisture content during the constant rate period was

more pronounced for drying schedule 2. Hence, it could be concluded that dur-

ing the constant rate period the assumed board temperature underestimated

the actual board value, while during the falling rate period it overestimated it.

This finding stresses a limitation of the one-equation model, that being, a new

assumed temperature profile must be specified for each new drying schedule

and that the exact form of this profile plays an important role in the obtainable

accuracy of the one-equation model.

6.3.4 Numerical simulations for drying schedule 1

In this section, the simulation results for drying schedule 1 are presented and

the important aspects of the low temperature drying process are described for

the maritime pine board sample. Based on the findings from §6.3.2, the results

computed on fine mesh 211 using flux limiting are reported. At first, the

temporal evolution of the board moisture content and temperature at various

locations on transverse cross-sectional planes along the longitudinal direction

of the board are discussed. The spatial variation of these distributions are then

exhibited via three-dimensional slice contour plots.

Drying kinetics

The variation of moisture content in time is shown for the two-equation model

in Figures 6.12(a) to 6.12(c) and for the one-equation model in Figures 6.12(d)

to 6.12(f) at the nine spatial locations as depicted in Figure 6.11, for three

transverse cross-sectional planes, located at the centre of the board (symmetry

plane) in Figures 6.12(a) and 6.12(d), 0.05 m from the drying end in Fig-

ures 6.12(b) and 6.12(e) and at the drying end in Figures 6.12(c) and 6.12(f).

The temporal variation in board temperature at the same spatial locations at

the centre of the board (symmetry plane) and at the drying end are shown in
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Figure 6.11: Spatial locations for where drying kinetics are plotted.

Figures 6.13(a) and 6.13(b), respectively. Note that in Figures 6.12 and 6.13,

the solid lines represent the boundary nodes and the dashed lines the internal

nodes, as shown in Figure 6.11. This particular selection of points was chosen

because it provided a good snapshot of the coupled heat and mass transfer

phenomena evolving within the board throughout drying. Note further that

these particular planes were shown because little difference in the kinetics was

observed along most of the longitudinal direction, except close to the end piece.

In Figures 6.12(a), 6.12(b), 6.12(d) and 6.12(e) there are only subtle differ-

ences evident in the moisture content behaviour for the one- and two-equation

models. Where it can be seen that the moisture content at the board case

quickly attains its equilibrium value of less than 0.1 after 3 h of drying and the

internal values slowly decrease over time to a value close to 0.15 after 40 h of

drying, as liquid migrates in the longitudinal direction towards the drying end.

The most important difference between the two models can be observed at

the end piece (see Figures 6.12(c) and 6.12(f)), where one notes that the one-

equation model simulates drying that is far too quick in comparison with the

two-equation model. Obviously this difference can be explained via the invalid-

ity of the assumed profile of constant board temperature for the one-equation
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Figure 6.12: Moisture content drying kinetics for schedule 1. Note: solid

lines represent boundary nodes, dashed lines represent internal nodes (see Fig-

ure 6.11).
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Figure 6.13: Temperature drying kinetics for schedule 1. Note: solid lines rep-

resent boundary nodes, dashed lines represent internal nodes (see Figure 6.11).

model, which is clearly incorrect for the end piece, as can be verified from the

temperature profiles computed using the two-equation model in Figure 6.13(b).

This figure exhibits a dwell at a temperature of approximately 43 ◦C , close to

the wet bulb temperature, which can be attributed to the strong longitudi-

nal liquid migration towards the end piece. Note however that the assumed

temperature behaviour for the one-equation model appears to be a reasonable

choice when considering the temperature profiles at locations away from the

end piece (see Figure 6.13(a)), which also explains why the one-equation model

provides an acceptable description of the moisture evolution at these locations.

Three-dimensional slice contour plots

The three-dimensional slice contour plots for moisture content computed using

the two- and one-equation models are exhibited respectively in Figures 6.14(a)

and 6.14(b) to Figures 6.19(a) and 6.19(b) after 1 , 2 , 3 , 6 , 12 and 24 h of

drying. The corresponding temperature plots for the two-equation model are

shown in Figures 6.14(c) to 6.19(c).

For the maritime pine sample studied here, the constant rate period appears

to be between 2 and 3 h in duration, followed by a distinct falling rate period

for the remainder of drying. During the constant rate period, heat supplied
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Figure 6.14: Slice contour plots of moisture content and temperature after 1 h

of drying with schedule 1 ( X̄ = 101.6 % , slices given at every 0.05 m ).
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Figure 6.15: Slice contour plots of moisture content and temperature after 2 h

of drying with schedule 1 ( X̄ = 84.7 % , slices given at every 0.05 m ).
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Figure 6.16: Slice contour plots of moisture content and temperature after 3 h

of drying with schedule 1 ( X̄ = 76.1 % , slices given at every 0.05 m ).
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Figure 6.17: Slice contour plots of moisture content and temperature after 6 h

of drying with schedule 1 ( X̄ = 58.8 % , slices given at every 0.05 m ).
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Figure 6.18: Slice contour plots of moisture content and temperature after 12 h

of drying with schedule 1 ( X̄ = 39.5 % , slices given at every 0.05 m ).
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Figure 6.19: Slice contour plots of moisture content and temperature after 24 h

of drying with schedule 1 ( X̄ = 22.3 % , slices given at every 0.05 m ).
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by the drying air is used primarily to transform free water into vapour and

the temperature at the board surface remains close to the wet bulb tempera-

ture (see Figure 6.15(c) after 2 h of drying). Furthermore, because no energy

transfer arises within the board, its entire temperature remains fairly constant.

Free water is driven from the board primarily by capillarity and in the figures

this phenomenon can be observed to distinctly follow the growth ring pattern

evident in the virtual board, flowing at first from regions with high initial

moisture content and low density along the longitudinal direction, which is the

most permeable direction of the board for liquid transport (see Figures 6.14(a)

to 6.16(a) after 1 , 2 and 3 h of drying).

Once the surface moisture content reaches the hygroscopic range (see Fig-

ure 6.16(a) after 3 h of drying) a reduction in the external vapour flux causes

the overall drying rate to slow. The drying air now begins to heat the board

(see Figures 6.16(c) and 6.17(c) after 3 and 6 h of drying) and the sample case

as well as the leading surface appear dry (see Figures 6.16(a) and 6.17(a) af-

ter 3 and 6 h of drying). The board has now entered the falling rate period

during which two zones are clearly evident, namely an inner zone where liquid

migration prevails, which again follows the growth ring pattern with strong

migration in the longitudinal direction, and a surface zone where only bound

water migration and water vapour diffusion occur. These phenomena can be

seen at the exhibited times after 3 , 6 and 12 h of drying. The region of liq-

uid migration diminishes as the drying progresses and after 12 h , the drying

process is well established once the temperature attains the dry bulb value

(see Figure 6.18(c)) and the moisture content reaches the equilibrium moisture

content. Finally, after 24 h of drying the entire board temperature is fairly

constant at the dry bulb value (see Figure 6.19(c)) and only the core remains

to be dried (see Figure 6.19(a)). Interestingly, these figures highlight that al-

though there is considerable impact on the moisture evolution due to the local

heterogeneities in the virtual board, this impact is minimal in the temperature

plots. Furthermore, once the moisture content falls below the fibre saturation

point, the growth ring effect on the moisture distribution is no longer evident.
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Interestingly, from the results computed using the one-equation model in

Figures 6.16(b) to 6.18(b) for after 3 , 6 and 12 h of drying, it appears that

this simplified model is able to capture most of the physics evident in the two-

equation model simulation results away from the end piece. However, there are

some discernable differences at the end piece where it can be observed that the

board is drying too rapidly. Furthermore, closer observation shows that the

behaviour at the core of the sample appears slightly different in comparison

with those given by the two-equation model. This phenomenon is undoubtedly

an artefact of the assumed spatially constant temperature profile for the single

equation model. Nonetheless, given the significant reduction in computational

time that the one-equation model offers over the two-equation model, and

provided the limitations of the one-equation model are realised, it is possible to

gain a fast and reasonable overall description of the internal moisture evolution

during low temperature drying.

6.3.5 Numerical simulations for drying schedule 2

In this section, the simulation results for drying schedule 2 are presented, again

based on computations performed on fine mesh 211 using flux limiting. As for

the previous section, the temporal evolution of the board moisture content and

temperature are presented at various locations on transverse cross-sectional

planes along the longitudinal direction of the board, and the spatial variation

of these distributions are exhibited via three-dimensional slice contour plots.

Drying kinetics

The variation of moisture content in time for both the one- and two-equation

models is shown in Figure 6.20, again at the nine spatial locations as shown

in Figure 6.11, for three transverse cross-sectional planes, at the centre of the

board (symmetry plane) in Figures 6.20(a) and 6.20(d), 0.05 m from the drying

end in Figures 6.20(b) and 6.20(e) and at the drying end in Figures 6.20(c)

and 6.20(f). Clearly, similar overall trends as reported in the previous section

for schedule 1 are observable for schedule 2. However, here it can be seen
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that the hotter drying air of 80 ◦C leads to a more efficient drying process

in comparison to schedule 1, with the board dry after approximately 30 h .

Furthermore, the conclusions drawn in the previous section for the two model

comparisons at the end piece are more obvious. The temperature profiles given

in Figure 6.21 highlight a shorter constant rate period, less than 2 h , and a

reduced dwell around the wet bulb temperature at the end piece.

Three-dimensional slice contour plots

The three-dimensional slice contour plots for moisture content computed using

the two- and one-equation models are shown respectively in Figures 6.22(a)

and 6.22(b) to Figures 6.27(a) and 6.27(b) after 1 , 2 , 3 , 6 , 12 and 24 h of

drying. The corresponding temperature plots for the two-equation model are

shown in Figures 6.22(c) to 6.27(c).

Overall observations and conclusions drawn from these figures are again

consistent with those reported for schedule 1. Specifically one notes a faster

drying than exhibited for schedule 1, which is due primarily to the more intense

drying at the surface. Here, the case and end piece appear dry after 3 h of

drying (see Figure 6.24(a)) and the entire sample is close to dry after 12 h of

drying (see Figure 6.26(a)). Again the impact of the growth rings is clearly

evident on the moisture evolution (see particularly Figures 6.22(a) to 6.24(a)

after 1 , 2 and 3 h of drying), but less so on the temperature distribution. The

deficiencies of the one-equation model are again clear at the board end piece,

whereby a too rapid drying process can be observed. However, as was reported

for schedule 1, once the end piece is dry the comparison between the one- and

two-equation models is again reasonable.

6.4 Conclusions

This chapter is concluded with some reflections on the power offered by such a

complex computational tool as the two-equation heterogeneous drying model.

From the results presented throughout the preceding section it is clear that
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Figure 6.20: Moisture content drying kinetics for schedule 2. Note: solid

lines represent boundary nodes, dashed lines represent internal nodes (see Fig-

ure 6.11).
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Figure 6.21: Temperature drying kinetics for schedule 2. Note: solid lines rep-

resent boundary nodes, dashed lines represent internal nodes (see Figure 6.11).

the model can provide quite detailed information that can be harnessed by

drying practitioners and wood scientists to further the fundamental knowledge

of the wood drying process. In particular, the identification of the impact that

the heterogeneous nature of wood can have on drying could prove invaluable

when coupled with a three-dimensional stress analysis code for monitoring

wood quality throughout drying. Interestingly, little effect of heterogeneity

was observed on the board temperature distribution.

In relation to the validity of a one-equation model, it does appear that the

end piece drying computed using this model is too rapid. This incorrect be-

haviour is undoubtedly due to the assumed board temperature profile, which

although does have temporal variation consistent with kiln operating condi-

tions, it has no spatial variation throughout the sample and hence can not

account for the effect that the strong longitudinal liquid migration towards the

end piece can have on the temperature distribution there. However, one must

remember that in spite of its limitations, the one-equation model can offer some

benefits with its cheap, albeit rather crude, resolution of the drying process.

Given the knowledge of its limitations, the model was able to identify some of

the initial and later aspects of drying quite accurately, where it was during the

funicular state that the greatest differences were observed. The careful choice
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Figure 6.22: Slice contour plots of moisture content and temperature after 1 h

of drying with schedule 2 ( X̄ = 94.6 % , slices given at every 0.05 m ).
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Figure 6.23: Slice contour plots of moisture content and temperature after 2 h

of drying with schedule 2 ( X̄ = 77.9 % , slices given at every 0.05 m ).
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Figure 6.24: Slice contour plots of moisture content and temperature after 3 h

of drying with schedule 2 ( X̄ = 67.4 % , slices given at every 0.05 m ).
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Figure 6.25: Slice contour plots of moisture content and temperature after 6 h

of drying with schedule 2 ( X̄ = 46.7 % , slices given at every 0.05 m ).
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Figure 6.26: Slice contour plots of moisture content and temperature after 12 h

of drying with schedule 2 ( X̄ = 26.2 % , slices given at every 0.05 m ).
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Figure 6.27: Slice contour plots of moisture content and temperature after 24 h

of drying with schedule 2 ( X̄ = 10.2 % , slices given at every 0.05 m ).
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of the assumed board temperature could further improve the results away from

the end piece, but could never capture the correct drying behaviour at the end

piece. Nevertheless, if one was interested in studying the moisture migration in

wood away from the end piece, the one-equation model appears adequate for

low temperature drying. However, the accuracy of the one-equation model is

dependent on the choice of the assumed board temperature profile and altering

the drying conditions would then require a new profile to be generated.
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Chapter 7

Conclusions

This dissertation has described the development of a heterogeneous three-

dimensional computational wood drying model. Through a structured inves-

tigation of the numerical methods used to solve nonlinear, coupled, transport

equations in porous media, an efficient and accurate computational method-

ology was developed. In particular, an investigation of the mesh design and

subsequent discretisation process of the drying conservation laws, the deriva-

tion of accurate gradient approximations for triangular prismatic elements, the

implementation of flux limiting and the resolution of the large nonlinear dis-

crete system using iterative strategies, were systematically presented. This

chapter summarises the main contributions and results presented throughout

the thesis. The chapter ends with recommendations for future work based on

the findings of the research presented in the thesis.

7.1 Summary and discussions

In this section, a review of the overall thesis objectives is presented. A dis-

cussion that addresses what was achieved for each specific objective is given,

which in turn highlights the major contributions of the research.

The first objective of this thesis was to examine the performance of first and

second order temporal weighting schemes, flux limiters, the inexact Newton

method and preconditioned iterative linear solvers on a two-dimensional un-
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structured mesh. Hence, the most effective numerical strategies for use in the

complete three-dimensional model were to be identified.

A complete control volume finite element solution methodology for resolv-

ing the one-equation drying model on unstructured triangular meshes was de-

veloped. A linear benchmark problem that admitted an analytical solution

highlighted the accuracy and computational efficiency offered by the second

order temporal scheme coupled with flux limiting. Further, it was seen that

flux limiting clearly reduced numerical diffusion and offered similar accuracies

to that of upwinding on a finer mesh. For the nonlinear transport problem,

an inexact Newton nonlinear solver based on an approximate Jacobian ma-

trix constructed using finite differences that neglected fill-in caused by the flux

limiter enabled an efficient resolution of the nonlinear discrete analogue of the

liquid conservation equation. It was found that the combination of first or-

der temporal weighting and flux limiting with the maximum flow method to

determine the second upwind node, enabled the accuracy of the coarse mesh

solution to be greatly improved, and that second order temporal weighting was

not beneficial for the wood drying model.

Regarding the flux limiter function, the parabolic limiter proved to be more

consistent in terms of efficiency when compared to the van Leer limiter for the

range of sensors tested. For calculating the Newton correction vector, the pre-

conditioned iterative linear solvers GMRES and BiCGSTAB both performed

equally, while ILU(0) preconditioning was more efficient than SSOR(ω = 1)

preconditioning. A two-node Jacobian approximation was able to reduce the

computational time required for the construction of the linearised system and

the effect on solution quality was negligible. In summary, the most effective

combination of numerical techniques for the nonlinear liquid conservation law

of drying implemented in the control volume finite element framework for un-

structured triangular meshes was identified as a flux limited, fully implicit,

inexact Newton method with an ILU(0) preconditioned Krylov solver for the

Newton step.
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The second objective of this research program was to derive innovative gra-

dient approximations for use in the control volume finite element method based

on triangular prismatic elements. The accuracy and efficiency of these new

gradient approximation methods were then to be compared with the classical

finite element shape function method, for orthotropic and anisotropic medium

case studies.

Newly proposed gradient approximation techniques for triangular prismatic

elements embedded into the control volume finite element method were de-

veloped. These gradient approximation methods used Gauss-Green gradient

reconstruction techniques to derive expressions for the gradient within the el-

ement. Taylor series expansions and least squares methods were also used to

derive a correction term for the gradient expression that enabled near sec-

ond order spatial accuracy. Another key innovation was the way in which the

Gauss-Green gradient representation was cast in a shape function form, with

the inclusion of the correction term that could be switched on, or off, to provide

second order accuracy when needed. A three-dimensional diffusion problem in

strongly orthotropic and anisotropic media was used to assess the accuracy

and efficiency of these gradient approximation methods in comparison to the

classical finite element shape function method for evaluating the gradient. The

numerical tests included meshes constructed from both regular and irregular

triangular prismatic elements, where the numerical results were compared to

an analytical solution for the orthotropic case study and benchmark solutions

for the anisotropic case studies.

For the orthotropic case study it was possible to measure the accuracy of the

gradient approximation strategies directly by calculating the relative gradient

error. The results showed that the corrected Gauss-Green method was the

most accurate, particularly for meshes constructed using irregular triangular

prismatic elements. The gradient approximation methods were then tested in

the control volume finite element formulation, where the calculation of the rela-

tive error showed that for irregular meshes, the corrected Gauss-Green method
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was again the most accurate and that the uncorrected Gauss-Green method

was superior to the classical finite element shape function method. For the first

anisotropic case study, where the flow direction was in the longitudinal direc-

tion, the corrected Gauss-Green method produced the most accurate solutions,

whilst the uncorrected Gauss-Green method and the shape function method

produced solutions of similar quality, when computed on regular meshes. How-

ever, when computed on irregular meshes, the solution offered by the uncor-

rected Gauss-Green method was more accurate than the solution computed

by the shape function method. For the second anisotropic case study, where

the flow direction was not aligned with the longitudinal direction, the uncor-

rected Gauss-Green method provided solutions of greater quality than those

obtained when using the shape function method, for both regular and irregu-

lar meshes. The corrected Gauss-Green method once again further improved

the solution quality for both mesh types. Finally, considering the computa-

tional efficiency of the corrected Gauss-Green gradient scheme, the numerical

simulations showed that this method provided solutions of higher quality and

with less computational overhead, than those obtained with the shape function

method when computed on relatively finer meshes.

The third objective was to use the knowledge gained from the first and sec-

ond objectives to aid in the development of an efficient heterogeneous three-

dimensional computational wood drying model. The construction of a three-

dimensional virtual board that has wood properties density and material angle

associated with each triangular prismatic element of the mesh was to be inves-

tigated. The most accurate and efficient numerical approximation of the flux

at the control volume face based on gradient approximations and flux limit-

ing, and the most effective combination of inner and outer solvers, were to be

determined.

A three-dimensional computational model for simulating the drying of soft-

wood at temperatures below the boiling point of water that accounts for the

heterogenous properties of wood was successfully developed. A variety of nu-
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merical methods were tested and the most accurate and efficient combination

was identified. The construction of the three-dimensional virtual board in-

volved two-dimensional triangular meshes of various levels of refinement to be

extended in the longitudinal direction to form the three-dimensional triangular

prismatic element meshes. In determining the optimal length of the triangular

prismatic elements, it was found that a geometric ratio of 1.05 provided the

best overall compromise in terms of increasing the mesh refinement at the dry-

ing end of the board whilst not degrading the solution quality at the symmetry

plane end. An inexact Newton nonlinear solver was used to resolve the coupled

discrete analogues of the liquid and energy conservation equations, where it

was found that line searching offered no real advantage over the standard New-

ton method for the termination tolerance that provided a converged solution.

The iterative Krylov linear solver block BiCGSTAB with ILU(0) right, block

preconditioning was identified as being the most efficient solver for calculating

the Newton correction vector.

For the evaluation of the diffusivity tensor components and the secondary

variables at the control volume face, the averaging technique produced numer-

ical results equivalent to those obtained when using the finite element shape

functions. Hence, the averaging technique offered the most efficient calculation

of these terms, since it required fewer floating point operations than using the

shape functions. In calculating the gradients of the secondary variables, the

classical finite element shape functions appeared to be the most suitable choice.

For the approximation of the advective and convective terms at the control vol-

ume face, flux limiting provided more accurate solutions than those obtained

by upwinding. Moreover, when flux limiting on coarse meshes was compared

to upwinding on fine meshes, the flux limited solutions were of higher quality

and were produced with less computational overhead. Finally, for both the up-

winding and flux limiting schemes, a great deal of care had to be taken for the

calculation of the flow direction indicator, which determines the upwind and

downwind nodes either side of the control volume face. Otherwise, extremely

long computational times or even divergence would result. In summary, the
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optimal combination of numerical methods for resolving the coupled, nonlin-

ear liquid and energy conservation equations that govern the low temperature

drying of wood have been identified and reinforce the findings given for the

two-dimensional study.

The final objective of the research presented in this thesis was to use the

two-equation computational wood drying model developed for the third objec-

tive to analyse the drying of a softwood species for typical low temperature

drying schedules. Finally, the usefulness of the one-equation model for provid-

ing realistic three-dimensional drying simulations was to be investigated.

Regarding the one-equation model, it appears that the end piece drying

computed using this model is too rapid. This incorrect behaviour was due to

the fact that although the board temperature profile was assumed to vary in

time consistent with the kiln operating conditions, it did not vary spatially

within the board. Consequently, the effect that the strong longitudinal liquid

migration towards the end piece had on the coupled heat and mass transfer was

unaccounted for. Further, the accuracy of the one-equation model is dependent

upon the choice of the assumed board temperature profile and altering the dry-

ing conditions requires that this profile be changed accordingly. Nevertheless,

in spite of these limitations, the one-equation model can offer some benefits

with its computationally cheaper resolution of the drying process. Specifically,

the moisture evolution away from the end piece was in good agreement with

the results of the two-equation model for the duration of the entire drying

process. Concerning the two-equation heterogeneous model, it is obvious from

the simulation results presented that this model can provide quite detailed in-

formation that could be utilised by drying practitioners and wood scientists to

further the fundamental knowledge of the wood drying process. In particular,

the identification of the impact that the board heterogeneities have on dry-

ing could prove invaluable when used in conjunction with a three-dimensional

stress analysis code for monitoring wood quality during drying.
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In closing this thesis, it can be seen from the research work presented here

that a comprehensive, effective, computational model that employed various

sophisticated numerical techniques to resolve the drying conservation equa-

tions for studying low temperature drying of softwood has been systematically

presented. The primary objectives of the thesis have been achieved and an

accurate and efficient computational model for simulating the wood drying

process that accounts for the heterogeneities of the board sample has been

developed. This model can be used to analyse the moisture content and tem-

perature evolutions within a three-dimensional virtual board sample during

drying for different drying conditions and initial average moisture contents. It

is envisaged that the wood drying model that resulted from this research work

will be used by industry to study and optimise existing kiln drying configura-

tions in the future.

7.2 Recommendations for future research

Based on the research conducted here and the outcomes of the work presented

in the previous section, the following areas are recommended for further study

in the development of computational models for wood drying.

• Implementing the three-equation model by introducing the air conser-

vation equation and the intrinsic phase air density as the third primary

variable. Simulations where the drying temperature is greater than the

boiling point of water could then be made.

• The next phase for the virtual board description would be to include the

longitudinal heterogeneity of the board sample. This could be achieved

initially by allowing the wood density stored for the mesh elements to

change for successive elements in the longitudinal direction, and there-

after by making use of irregular triangular prismatic elements to allow

for mesh refinement to be made in this direction. Another improvement

would be to capture other local heterogeneities such as knots.

215



• Investigate the use of the Gauss-Green gradient approximation tech-

niques for the complete three-equation model to reassess their perfor-

mance when the air conservation equation is included, and for the case

when the computational domain is meshed with irregular triangular pris-

matic elements or when longitudinal heterogeneity is introduced.

• A substantial overhead of the inexact Newton scheme used in this work is

the generation of the Jacobian matrix and solution of the corresponding

large, sparse linear system. Quasi-Newton methods and Newton-Krylov

methods avoid the generation of the Jacobian by using finite difference

formulae that are used to approximate products of the Jacobian with a

vector. Implementation of such methods could reduce the overall com-

putational time required to compute the numerical wood drying simula-

tions.

• Couple the wood drying model presented here with a three-dimensional

stress analysis code, thus allowing the impact that the heterogeneous

nature of wood can have on wood quality throughout drying to be mon-

itored.

• Develop a complete three-dimensional coupled dielectric wood drying

model.
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