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From Gaussian beam to complex-source-point spherical wave
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It is shown that the paraxial Gaussian beam becomes the compléx-source-point spherical wave when all-order
corrections ar¢ made according to the method of Lax, Louisell, and Mcnght Apparent contradictions between

previously published first-order corrections are also discussed.

L INTRODUCTION

" The paraxial wave equation® gives an accurate
-description of wave beams near the axis, when
the-characteristic transverse dimension, the beam
waist, is larger than the wavelength. But for the
" important case of a strongly focused beam, this
__ condition is not satisfied, and corrections to the
. para.xlal beam must be made. Recently, Lax
et al? developed a consistent scheme to obtain
corrections to the paraxial solution. The Gaussian
‘beam (GB) appears as the first term of a series
-expansion of the powers of a small dimensionless
parameter. Fach successive correction term is
“ related to the previous one through a differential
“'Yécurrence relation. These authors did not cal-
cculate explicit expressions for the higher-order
corrections; Davis® calculated a first-order cor-
rection using this scheme, and recently Agrawal
‘and Pattanayak® also obtained a first-order cor-
.- rection by means of a completely different ap-
: 'proach but the corrections-obtained by the two

* e methods are different.

In this paper, we calculate a first-order correc-

_tion which yields a result that also differs from

- the previcus two. However, we indicate why the

K three results are different, and show that for the
method of Lax ef ¢l. to yield a‘unique and self-

_ consistent correction, a condition must be added.
" -All higher-order corrections are derived in

" Appendix A, and in Appendix B all the corrections

. are zdded to yield a closed-form expression for
the corrected GB. We then show that this correct-
- ‘ed wave ig the so-called complex—source-pomt

" sphencal wave. 5-6

IL. THE CORRECTION SCHEME

_ Consider the scaia.r Helmholtz equation
V%A +k%A =0, Q)

where A represents a Cartesian component of the
vector potential. Substituting A =¢ exp( ikz) into
Eq. (1) yields

#

vzzp_szaa—i’- 0. , @)

Using a eylindrical coordinate system (r, z) with
azimuthal symmetry, we define® the dimensionless
variables as

p=r/W,,
(3)
Q=(i +z/zn)“,

where W, and z, are, respectively, the character-
istic transverse and longitudinal dimensionsg of the
beam. The parameters W, and z, may be linked
with no loss of generality to the wave mumber % by
setting z,=5kW2.
We also define® ‘the parameter f as
f=w /22.'0 . 4)

Equation (2} is now written in these variables as

a_zip_ 1y 38y - fp 9 ( 299y _
ap? +(p) +4iQ” 8Q f ¥50)70

_ (5
Lax ef al.,? using 2 perturbation method,” expres-
sed this fleld as a power séries

= Zo 7o (8)

and by grouping together equal powers of f, they
obtained the following differential relations:

£@?)=0, n
£@em)=- DR (n=1,2,3,...) ®
where £ and D are the differential operators
22 1 9 S
o0 Tpip 19 5g

3 2
D=4 2} .
Y55 ( aQ)

The differential equation {7) is the well-known
paraxial wave equation, which corresponds here
to the lowest-order solution. The paraxial Gaus-
sian beam (GB) which is to be corrected is taken
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as a solution, finite at the origin, of this differ-

ential equation. Following Siegman,® we write for

cylindrical coordinates

90 = Q"L (i@ ¥, I )
where
1@ =Q exp(—iQp*) , (10)

and L, (x) is the Laguerre polynomial of orderm.
With this notation, (") stands for the nth-order
correction to the mth-order GB. In the following
demonstration, for the higher-order GB we use
the simpler form introduced by Siegman, instead
of the usual one involving W.

Assuming that $(>"~2 has been calculated, the
differential recurrence relation (8} is in fact an
inhomogeneous differential equation. The solation
of this equation is therefore the sum of a particu-
lar solution §2%) and any linear combination of the
solutions p? of the corresponding homogeneous
equation (7).

Now the solution

#)(nzn');lp(;ﬁ) + 2 a, ¢,("n0) | (11)
R m=0

can be inserted in the inhomogeneous term of Eg.
(8), defining an inhomogeneous equation for
$(22+3) The solution is again the sum of a particu-
lar solution [which depends on the choice of the
coefficients a, in Eq. (11)] and any linear combi-
nation of the 0 solutions, the combination possibly
being different from that of Eq. (11). Such a de-
gree of arbitrariness for each order of correction
may lead {o inconsisteneies, unless a way is found
to uniquely specify the linear combination that may
be added to each order. This may be achieved by
means of a boundary condition.

A physically reasonable condition is that the sol-
ution .2 be the paraxigl solution of the problem.
This means that the correction terms 302" must be
zero along the axis (p =0) for all n different from
zero. I is easy to see thai no linear combination
of the y{? can be zero along the axis, so they must
 be eliminated from all orders of correction.

The elimination of all the GB's also means that
in the correction terms of a given GB, for instance
#9, no other order GB ¢¢?, m=1,2, ..., should
be present; these terms should only be present
when eorrecting the mth-order beam. Obviously,
39 jtself should not be added to any order of cor-
rection, because it is already present in the cor-
rection series as the zerc-order term.

I, FIRST-ORDER CORRECTION

As an examplée consider the first-order correc-
tion to the lowest-order GB p\®. By inserting ex-
pression (10) for 3%? in the differential relation

{8) with » equal to unity, it can be shown that a
partieular solution of the resulting inhomogeneous

differential.equation is

$2 =[2(iQp%) - (@] (@), {12)

By inspecting the arrangement of the variables
@ and (iQp?), it is easy to verify that this particu-
lar solution does not contain any GB 3 of any
order. For the same problem, Davis® obtained for
the first-order correction to the lowest-order GB
the expression ’

WM, =[2 - GQp 2] Q)Y ‘ (13)

Note that this correction is not zero along the
axis. Using our nptation, it may be written

(05 gy =062 +L ' 14)

where 3, is our correction term of Eq. (12).
Thus Davis’s correction is equal to our correction
plus the first-order GB 3. Of course this is
still a mathematical solution of Eq. (8), because
32 is a solution of the homogeneous equation.

Davis was led to this particular solution by im-
posing, as it is always the case when asgsuming
sources of a finite extent, that the corrected wave
pehaves paraxially like a spherical wave for large
z, and by making the judicious change of the var-
iable z to the complex one found in the paraxial
GB, namely, z +iz,. However, in the expansion of
the spherical wave, he took into account only the
phase of the spherical wave. Following the same
reasoning as Davis, but taking into account in
addition the photometric term 1/R of the spherical
wave, we were able to obtain the result given in
Eq. (12). The validity of this process and its abil-
ity to generate the correct first-order, as well as
any higher-order correetion, will become obvious
when considering our final result [Eq. (21)].

On the other hand, Agrawal et al.® (Ag) develop-
ed a very different method to obtain corrections to
the GB: they specified a different boundary condi-
tion, that the field be equal to the GB in the plane
z =0, and they used the angular spectrum repre-
sentation to ecalculate the field distribution at an
arbitrary plane z. The result was then expanded
in powers of the parameter f2, which were con-
sidered as higher-order corrections to the GB.
With our notation, their first-order eorrection is

@52, =962 - 2680 +347) . (15)

This resuit is again a solution of Eq. (8), be-
cause the two GB’s of orders 1 and 2 in the paren-
theses are solutions of the homogeneous equation.
The difference between their result and gurs may
come either from the different approximations
made in their analysis, or from the fact that their
method of correction, with their boundary condi-
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tion, cannot avoid mixing together contributions
from different GB’s in addition to the one being
corrected.

IV. HIGHER-ORDER CORRECTIONS

Wé'ma’y now calculate the next order of correc-
tion §* by means of the method deseribed above,
and so on. In Appendix A the reduced variables
@ and (iQp®) are used. The differential relation
(8) may then be separated to obtain a second-order
drfferentlal relation for the variable iQ¢*, From
this’ d]_ff_erentlal relation we also obtain a power-
series solution whose zero-order term is the low-
est-order GB. The nth term reads

PP =[EQp® ) LT (iQpM)] @) ii? , (16)

where L7 (x) is the associated Laguerre polynom-
dal

L"(x) @ 3 (2" (1)

&t mt(n~m)Iln+m)

Furf:hermore, the higher-order correction (n+0)
satisfies the boundary condition along the axis.
‘When all the corrections are added according to
Eq (6) ‘the total corrected f1eld is

ol > ar@errries) . ao)

=0

n Appendlx B a generatmg function for the
. gpherical Hankel function is used‘to show that by
. ean be Wntten in the closed form

"’9 e [ "P(ﬁ]

(el —i/26/(1 + @y ] “’2}) 19)
< \ ( 1/2Qf2)[1+(2pr)2} 1/2 2
wh1ch ‘written in terms of the real coordmates of
the problem, is

—ikR
o —'ce-m e_° (20)
' where_ ‘
R :“5[?’ +(2 +iz B2,

and where ¢ is a constant. Thus the final exXpres-

sion for the vector potential is

e—-ikR

A e .-

° R, ,

Clearly; -Eg. (21) is a solution of the Helmholtz

equafion (1), It was first observed by Deschamps®
that such a complex-source-point spherical wave

© could-be expanded near the z axis in a power ser-
ies whose first term was the GB. This wave has
been extensively analyzed by Felsen.®

G

21

- corrections to higher-order GPB’s.

V. CORRECTIONS TO HIGHER-ORDER
GAUSSIAN BEAMS

The same analysis can be applied to calculate

It appears
reasonable to suppose that those corrections could
be sumimed, and the resuli expressed in terms of
higher-order complex-source-point spherical
waves

A =H2 (BR P L{cOsE, e *in?, 22)
where the complex polar angle 5, is defined by

_Z*izg

7 (23)

cosd,
C

Preliminary studies have shown that, at least for
the azimuthally symrmetrical Siegman-type Gaus-
sian beams, the sum of all corrections may be
expressed as simple linear cornbinations of com-
plex-soyrce-point spherical waves. It is probable
that for nonsymmetrical higher-order beams,
such a correspondence can also be made. This is
also suggested by a result obtained by Shin and
Felsen.’ These authors showed that multipole
fields generated by the complex-source-point
spherical wave behave, near the axis, like the
Hermite-Gaussian beams introduced by Siegman.

¥I. CONCLUSION

By means of the perturbation method used by
Lax ef al.? with the additional condition that the
corrections be zero along the axis, it is possible
fo calculate in a consistent manner all the cor-
rections to the lowest-order paraxial Gaussian
beam. We have shown that the sum of all the cor-
rections transforms the GB into the complex-
source-point spherical wave. Because the comi-
plex-source-point spherical wave has a very
simple mathematical form, it should be used
more widely to deal with very strong focusing of
laser beams.

APPENDIX A: SOLUTION OF THE RECURRENCE
RELATION FOR 4§

The method of separation of variables may be
used to solve the following recurrence relation

(5

éz (2r} (2n) {(2n)
ipa +(1) g +45Q° LLa
op o/ 8p 8g

34,(211 -2) )
=— 40?2 ( 2 2¥ ), (A1)
V59\¥ Thg

As stated in the text, sohitions for ® are
obtained by setting the right-hand side of this
recurrence relation to zere. The solution of the
resulting differential equation is then obtained by
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a separation of the variables @ and iQp®. Here
we seek a solution for Eqg. (Al) with the limiting
form #'? when n goes to zero. Let

u=iQp® . - {A2)

The recurreﬁce relation for the variables # and
@ becomes

32 (2n) ) {2n) 3 {2n)
U al':‘z +(1 +u) wau +Q th
. i a¢(2n-2) ) . azzp(zu—zj
QZQ[au (uz 9Q +2uQ JuUdE
3 alp(zn—'z) ] )
-i-ﬁ(Qz WﬂQ - (A3)

When # is equal {o zero, that is, when the right-
hand side of the recurrence relation is equal to
zero, the result is

30 =[e L] GQY"* ! (m=0,1,2,...) (Ad)

which is the product of a function of # multiplied
by a power of . The integer m is associated

with higher-order GB’s and will be set equal to
Zzero here, in order to find corrections for the
lowest-order GB. This result for » equal to zero
suggests a separation of the same form, namely,
a function of # multiplied by a power of ¢ for
other values of n. A close examination of Eq. (A3)
shows that a separation of the variables is
achieved for

P =[ U (W], (A5)

where U'?") (1) is a solution of the differential re-
lation

d?Uen dut®

gt
dzU(2a -2) dU(Zn -2)
T +2(?I +1}u T

ru(n+ 0D (A6)

n)
+(n +1)U2

A solution which is finite at the origin may be
obtained by means of the power-series method.
We have found that the form

U(2n)(u) = E B(,,',')u"'*” (A7)
m=0

leads to a simple recurrence relation for B{):

(m+nleﬂ")+(m+2n)Bfn"_’l-(m+2n)(m+2n 1LY

(AB)
for m=0,1,2,..., and B{")=0. We were able to
show that the coefficient B{™)

B(n)_C( 1) I“(m+2n +1) , . (Ag)

minl Tim+n +1)

where C is a constant, satisfying the recurrence
relation (A8).

Using the hypergeometric notation, U ()
may be written

27 +1

U{zn)()_C((Z:t))z w Fo ) (A10)

where | F, is a confluent hypergeometric function.
It ean be shown by means of a Kummer transfor-

. mation of this function'® that

UMW) =Ce ™ “u" L"), (A11)
where L:(u) is the associated Laguerre polynom-
ial.

Finally, our solution for >} is

) =C (- @™\ L7 Q"W (A12)
where #,? is the lowest-order GB

pL? = GQ@lexp(—iQp?). . - (A13)

A second solution to the recurrence relation for
U2m) of Eq. (A6) may readily be obtained by in-
spection:

utem =Cynt
where C, is a constant. This solution is linearly

independent of the previous one. The correspond-
ing form for y{?") is

P =Com 1 GQY™ Y,
which differs from the expression for the paraxial

Gaussian beam when #n =0. This solution is there-~
fore rejected as unrelated to our problem.

APPENDEX B: SUMMATION OF THE y&m

In this appendix the #%*"> found in Appendix A
are added according-to Eq. {6),

Bo= 2u FHE (B1)
n=0
taking for zpff"’) its power-series expansion obtained
in Appendix A, Egs. (A7) and (A9). Equation (B1)
may then be expressed as the double summation

- Q%22 (~iQp*)"T (m +2n +1)
nlm!T(mn +1)

po-cli@) 2

my, m=0

(B2)

Changing the order of summation permits us to
write

(- tsz)m T(min+l) .
(tQ)mZu "ZO T (m—n +1) (= Qf7Y
(B3)
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The last summation represents a polynomial of
order m which may be related to the spherical
Hankel function %) 19 vielding

__C i ~ =@ o »f 1 )

Yo~ 52 ex?(zazfa),,; mt e \3gr) -
(B4)

Using the generating functions for the spherical

Bessel functions v, and j, (Ref. 10), it ean be
shown that a generating function for h‘f’ is

o

(l)exp[ —ifz? 2z /e CRE ()

Z By n!
: {B5)
where 2|t|<]|Z].
By differentiating this generating funetion rela-
tive to £, one obiains

359

exp[~i(z24271)%) 5 (~1)n{Nz)
—HZ7+2Z1)V* n=o ! '

(B6)

This last generating function leads to a closed-
form expression for P,

tomi7= [l

expl(-i/2QF %) 1 +(2Qof 1%
X( (-i/2QfO[ 1 +(2Qpf T V2 ) ’ (B

The convergence condition 2|¢]<|Z[ now reads
{Qof |<1. By analytical continuation this condition
can be relaxed, ensuring the validity of Eq. (B7)
for all the possible values of the arguments, ex-
cept at the two points of discontinuity: Qpf =+1.
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