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Abstract
Quantitative analyses of computed tomography images are prone to errors due to the partial volume effect which affects
objects (e.g., bones) that have a different size or are assessed with different resolution. We have developed a set of equations
suitable for both modeling the partial volume effect in cortical bone and for performing the corresponding adjustment. Seven
hollow cylinders and 2 cuboid phantoms were made out of Al with 1% Si. The specimens were scanned with a pQCT machine
(XCT2002, Stratec Medizintechnik, Pforzheim, Germany) and analyzed with the integrated software, version 5.50.
Measurements were performed at different resolutions (voxel size = 0.20 to 0.75 mm), both in air and in Ringer solution, and
analyses were performed at different detection thresholds. Applying the correcting equations set we could reduce the errors
in cortical density by about 80%. The cortical area was assessed with a negligible error at a threshold (ı0) that is equivalent to
the mean of the cortical bone density and of the background density. On chosing ı0 as the detection threshold the error in density was lowered to less than 2%. We propose to assess cortical area and cortical density in several steps, first assessing the area
and density thereafter. Applying this method should be beneficial whenever ‘true world’ values are required, or objects of different size are compared.
Keywords: Bone Geometry, Image Analysis, Software Algorithm, Bone Scan, Cross-sectional Analysis, pQCT, Error Correction,
Bone Absorptiometry, Bone Density

Introduction
Quantitative measurements of bone mass and architecture have increased our knowledge about many physiological
and clinical conditions1,2. In the past years, peripheral
Quantitative Computed Tomography (pQCT) has been
developed as a highly reliable method to obtain and analyze
bone scans3 and has consequently been applied in numerous
studies. Bone densities of pre- and postmenopausal women4,
of athletes and sedentary subjects5 and values for children at
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different ages have been compared6,7. In all these reports,
cortical density (Ú), cortical cross-sectional area (ACRT), and
the periosteal or endocortical circumferences have been
found to differ, and physiological and pathophysiological
inferences have been made accordingly. These inferences,
however, might partly be corroborated by the so-called ‘partial volume’ effect. In growing children, for instance, cortical
density increases, but so does the cortical area.
Unfortunately, the latter two variables are both affected by
the partial volume effect. Thus, for example, a child with a
comparatively thin cortical bone shell, based on an erroneously low cortical density might be misdiagnosed as a
patient with osteomalacia. Hence, it would be desirable to
account for such errors.
The partial volume effect emerges from projecting a continuous object on a discrete grid8,9. Hence, quantitative
image analysis is prone to errors where the edge of the object
is comprised inside the sampling grid. The same happens
when ACRT is estimated by threshold detection algorithms:
the estimation of ACRT depends on the detection threshold
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Abbreviations
Ú

Variable

Unit

X-ray determined density

[kg m-3]

CRT_DEN

-3

ÚA

Ú of the area A

[kg m ]

ÚB

Ú of the background

[kg m-3]

ÚVox

Ú of a given voxel

[kg m-3]

A

true cross-sectional area of the figure

[mÇ]

Ï

circumference length of A

[m]

PERI_N + ENDO_N
-3

£

detection threshold

[kg m ]

£Rel

Relative detection threshold. A value of 1 means

THRESHCRT

£ = Ú of the figure, and a value of 0 means
£ = Ú of the background (for exact definition see
Equation A.6 in the Appendix)
A0

cross-sectional area where ÚVox = ÚA

[mÇ]

ı0

threshold where A = A(ı)

[kg m-3]

A(ı)

detected cross-sectional area, as defined by ı < ÚVox

[mÇ]

H

true halo area, as defined by ÚA > ÚVox > ÚB

[mÇ]

H(ı)

assessed halo area, as defined by ÚA > ı > ÚVox

[mÇ]

s

edge length within a voxel; s << Ï

[m]

(ı) chosen. In fact, ACRT(ı) increases as the threshold
decreases. Likewise, the estimation of the periosteal circumference yields smaller, and that of the endocortical circumference greater values at higher thresholds. The estimation of Ú is exposed to errors from either or both, by the estimation of A(ı) and the set of voxels selected.
The partial volume effect increases with the voxel size
(i.e., at lower image resolution), and decreases with the
object size. The question is how much. So, the results of
studies on bones of varying dimensions employing the same
voxel size may be a matter of concern. Thus, we propose a
simple method for adjusting the pQCT area and density data
for most of the errors derived from the partial volume effect.

Material and methods
An elaboration of the above arguments provided a set of
equations which is given in the appendix. Physical measurements have been performed on specimens especially
designed for testing the equations set (see the end of this
article). As a material for those phantoms, Al with 1% Si was
chosen, because its X-ray absorption is similar to that of
solid bone tissue. The specimens were manufactured in different shapes in order to show either a circular or a square



Since we deal here with quantitative bone analyses, we generally assume that Ú of the detected figure is greater than Ú in the background.

CRT_A

VOXEL SIZE

section, and were measured to the nearest 10 m. Cylindrical
specimens resembled bone diaphyses, the projection of
which on the image matrix should be similar at all angles of
z-axis rotation. Squared ones showed only two different
crossing angles between their surface and the image grid. In
order to minimize beam hardening effects, all phantoms
were designed with the same wall thickness.
Seven hollow cylinders were manufactured with an outer
diameter (D) varying between 5 and 35 mm in 5-mm steps,
and an inner diameter (d) 5 mm less than D. Two cuboids
were manufactured with a base edge length of 5 mm. The
length of all specimens was 50 mm.
All measurements were performed with an XCT-2002
machine (Stratec Medizintechnik, Pforzheim, Germany).
The specimens were mounted on a specially designed support and positioned orthogonally in the measurement plane.
Measurements were performed placing the specimens either
in air or within a Ringer solution, mounted inside the lid of
a plastic tube which was filled and closed avoiding generation of air bubbles.
Measurements were made at 0.2, 0.4, and 0.75-mm voxel
sizes. Each determination was analyzed as the average of
measurements comprising 5 images that were separated by a
2-mm distance. The cylindric specimens were measured only
once under each set of conditions. The cuboid specimens
were measured 6 times, repositioning the samples in each
instance after rotation at an angle Ê increasing from 0Æ to
90Æ in steps of 18Æ. In total, 45 different sets of measurements were performed.
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Error [%]

ıRel

1b)

X*-X
X

where X is one of the variables ACRT, ‘ENDO_N’, ‘PERI_N’,
Ï, or ÚA. Likewise, Err^X was computed as the error after correction, applying the formulas given in the Appendix and the
known values for the independent variables.
Statistical analyses were performed with the SPSS software in its version 10.0 (SPSS Inc., Chicago, USA).

ıRel

1c)

Error [%]

Err*x= 100 Ø

1a)

Error [%]

Image analyses of the CT scans were performed with the
integrated XCT software in its version 5.50 (as per the provided ‘loop functions’). This software separates bone and soft tissue by an attenuation threshold ı. Usually, ı is given in mg Ø cm3
, but here it is more convenient to use ıRel, which can vary
between 0 (density of the background) and 1 (density of the
bone). Different attenuation thresholds ıRel were applied, ranging from 0.2 to 0.8. From the resulting database, the assessed
variables ‘CRT_A’, ‘PERI_N’, ‘ENDO_N’, ‘CRT_DEN’, and
‘VOXEL SIZE’ were extracted as the figure’s cross-sectional
area ACRT*, the outer and inner circumferences, the figure’s
material density, ÚA, and the image’s voxel size, respectively (see
Table of abbreviations). The figure’s total circumference Ï* was
taken as ‘PERI_N* + ‘ENDO_N*’ . As a convention, both
the theoretical and known values are represented by plain characters (ACRT, Ï, ÚA). Theoretical values that depend on the
detection threshold ı are denoted as functions of ı (ACRT(ı),
Ï(ı), ÚA(ı)). Values obtained from physical measurements and
the subsequent threshold detection are marked with an asterisk
(ACRT*, Ï*, ÚA*). Values corrected by equation A.12 and A.13
are marked ‘^’ (ACRT^, ÚA^).
Material density was determined by defining appropriate
regions of interest (ROIs), containing no part of the halo area
H (Figure 2), with the software option ‘density’. The relative
errors made by the XCT detection algorithm were computed
as the differences between the measured and known values,
divided by the known value, expressed as a percentage, as

Results
The bone material density ÚA was 1619.2 mg Øcm-3, the density of the Ringer solution (ÚB) being 66.4 mg Ø cm-3. Air density has been theoretically regarded as ÚB = -303.0 mg Ø cm-3.
This ‘negative’ density value arises from the calibration convention of the XCT software, where fat tissue is assumed to
have a density of 0. Hence, the expected ‘central’ threshold
ı0 was calculated as 842.8 mg Ø cm-3 for the measurements in
Ringer solution and 658.1 mg Ø cm-3 for those made in air.
Adjusting the cross-sectional area A
Figure 1a gives the errors of the measured and the adjusted ACRT for one hollow cylinder in Ringer solution. The



PERI_N and ENDO_N are not included in the standard
version 5.50, but an upgrade is available from the manufacturer.
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ıRel

Figure 1. Errors of measured and adjusted values for the hollow
cylinder with D = 15 mm and d = 10 mm in Ringer solution, given in
% of the known values and plotted against the detection threshold,
given in relative density values (0= ÚB, 1= ÚA, see Equation A.6).
a) Errors of the measured (open circles) and adjusted (triangles)
values of cortical area ACRT vary linearly with the detection threshold. They are getting close to 0 at ıRel= 0.5.
b) Errors of the measured circumferential variables: PERI_N and
ENDO_N (outer and inner circumference) vary with the detection
threshold. Their relationship is inverse, and hence their sum (Ï) is
close to constant (no significant correlation).
c) Errors of the measured (open circles) and adjusted (triangles)
values of ÚA. For the measured value, the values were fitted to a 2nd
order polynomium.
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over thresholds £Rel 0.1-0.9
measured
ACRT
ÚA

adjusted

£Rel = 0.5
measured

11.8 (4.27) 2.35 (0.86) *** 1.06 (0.69)
9.81

adjusted
1.16 (1.09)

1.90 (0.99) *** 9.05 (4.76) 1.57 (1.03) ***

Table 1. Absolute errors of the measured and the adjusted values
for ACRT and ÚA, averaged over all 45 definition sets. *** denotes
a significant difference between measured and adjusted values
(Wilcoxon test, p < 0.001). Over all detection thresholds (left part
of the table), the adjustment yielded a significant error reduction.
For the detection threshold set to ı0 (right half), only the assessment of ÚA was improved by adjustment.

errors of the measured values vary linearly with the detection threshold. Similar linear relationships were also
observed in all other measurements showing always RÇ values greater than 0.95, thus validating equation A.12. As
expected from equations A.4 and A.11, the errors are close
to 0 if the detection threshold is close to ı0, i.e. ıRel ~ 0.5.
As shown in Figure 1a, the error in ACRT^ is considerably
smaller than than in ACRT*. This improvement obtained by
adjusting with equation A.12 is further evident in Table 1,
where the mean absolute error in ACRT*, averaged through
the threshold range, is significantly greater than that in
ACRT^. Furthermore, Table 1 shows no significant error
reduction for ıRel = 0.5.
The estimation of the outer and inner surface length
depends on the detection threshold (Figure 1b). At increasing thresholds, the measured outer perimeter increases
while the measured inner perimeter decreases. Those linear
relationships were highly significant in all the hollow cylinders measured whereas the error of the total perimeter
length Ï showed relatively constant values.
Adjusting density
Figure 1c depicts the errors of measured and adjusted ÚA
values for the same hollow cylinder as in Figure 1a and 1b.
The errors of the measured values depend non-linearly on
the detection threshold. In all measurements, a second order
polynomial fit yielded an rÇ > 0.98.
The error in estimating ÚA decreased after correction following Equation A.13 (Table 1) and the absolute error
decreased significantly by appropriate adjustment. As for the
adjustment of ACRT, this was true over all the threshold range,
but especially for the adjustment at the detection threshold ı0.

Discussion
These results demonstrate that the adjustment of the
measured cross-sectional area ACRT as per Equation A.12
and object density ÚA according to Equation A.13 can correct

for about 80% of the partial volume effect in our specimens
(Figure 1). With specimens of dimensions similar to children’s or small animals’ bones, the errors in assessing ÚA
were as great as 10%. This observation underlines the
importance of adjusting for the partial volume effect when
assessing cortical density.
No significant improvement, however, was obtained for the
assessment of ACRT if the detection is performed at threshold
ı0. As a matter of fact, ı0 itself is dependent on ÚA (Equation
A.11), which in turn is as unknown a priori as ACRT is.
Given the validity of the applied equations, the error in
ACRT* related to the partial volume effect can be calculated
(in %) as
1
H
(D.1)
EA= 100 Ø A Ø ( 2 - £Rel)
where H = 2 Ø s Ø Ï. As stated in the Appendix and validated
by our results (Table 1, right side), EA is 0 if the threshold
is set to ı0, thus ıRel = 0.5. But what if the actual ÚA is different from the value used to calculate ı0 (Equation A.11)?
As an example, over-estimation of ÚA by 10% results in a
miss-setting of ı0 by +5% (Ú0 close to 0). In a typical situation, for example an ulna with ACRT = 120 mmÇ, Ï = 80
mm, and s = 0.6 mm, the value of H is 96 mmÇ, hence EA
~ 4%. Therefore, errors in the assumption of ÚA result in
errors of ACRT* that are less than half the a priori error.
Another point of discussion arises if ÚB is different at the
outer and the inner background. Usually we find a ÚB of
about 60 mg Ø cm-3 for the tissue surrounding cortical bone.
The density of the bone marrow is usually slightly lower,
depending on the different factors like fat content. We found
values between 40 and 60 mg Ø cm-3. These variations are
small in relation to cortical bone density (< 2%). Hence, the
problem seems to be negligible concerning the estimation of
ACRT at an accuracy of 1%.
The question now arises, how to assess ACRT and ÚA in
practice. It is clear from this discussion that the estimations of
both factors are interdependent. Unfortunately, the iterative
approach, adjusting ACRT with an a priori assumed ÚA as a first
step, next adjusting ÚA with the results of the former step, and
so forth, will not converge. If, for example, ACRT is increased
at the step n, ÚA and ı0 may have to be decreased at the step
n+1, leading to a further increase of ACRT, and so forth.
We therefore propose the following procedure:
1. Measure ÚB, or assume it to be 60 mg Ø cm-3 for measurement in vivo or entire limbs, or -300 mg Ø cm-3 for measurements of bones in air.
2. Assume some given cortical bone density value, e.g.,
1360 mg Ø cm-3.
3. Assess ACRT at ı0, e.g. at 710 mg Ø cm-3 in entire limbs or
530 mg Ø cm-3 for measurements in air.
4. Correct ÚA by application of Equation A.13.
5. Correct ACRT, either by selecting a new detection
threshold or after equation D.1
Interestingly, one of the most important conclusions from
these elaborations is that adjustment of the partial volume
effect may not always be necessary. It should be beneficial if
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absolute instead of relative values are required, or when
bones with a different Ï/A ratio are compared. We think that
the algorithm outlined here, though leaving some uncertainty unsolved, may be useful in these cases.
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Appendix
Basic equations
A is the area of a figure which has been processed as a digital image within a background B. Voxels of A and B are discernible by a property Ú that scales linearly. For example, Ú
may be thought of as density. By definition, ÚB < ÚA.
H is the ‘halo’ area around the figure which is caused by
‘smearing’ of A’s edge due to the partial volume effect. As a
consequence, ÚB < ÚH < ÚA. Moreover, a voxel’s Ú in H
increases with the degree of overlapping with A, i.e., Ú of a
single voxel (ÚPix) in H increases with the vicinity to A.
It is further assumed that the figure sections the image
voxels randomly, i.e., that within H, ÚPix is equally distributed between ÚA and ÚB. As a consequence
ÚA+ÚB
(A. 3)
ÚH=
2
Let A0 be that part of the figure and B0 that of the background which is not affected by H, i.e., with ÚPix = ÚA and
ÚPix = ÚB, respectively (see Figure 1). It is obvious then that
A+B= A0+H+B0

(A. 2)

Figure 2. Figure A (marked by the dashed line) before background
B appears to have a ‘halo’ H because of the partial volume effect,
which reduces the area of A showing the ‘true’ density to Ao.

H(ı)= HØ(1-ıRel)

(A. 7)

Next we have to consider the circumference length Ï. We
expect that A is a closed area with Ï » voxel edge length s.
Since Ú is conservative, i.e., because mass ‘missing’ in one
voxel of H must appear in a neighbour voxel, we obtain
H= 2Øs ØÏ

(A. 8)

Finally, similar to equation A.1, it follows that
ÚA+ı
(A. 9)
2
Applying the principle of conservation of mass to Equation
A.5, we obtain
ÚH(ı)=

A(ı)ØÚA(ı)= A0ØÚA+H(ı)ØÚH(ı)

(A. 10)

Given the conservation of mass, we obtain
AØÚA+BØÚB= A0ØÚA+HØÚH+B0ØÚB

(A. 3)

If the edge of the figure cuts the voxels affected by the border randomly:
A= A0+ H
(A. 4)
2
Now, area A(ı) is assessed by a threshold detection algorithm,
that assigns all voxels with ÚPix > ı to A(ı) (Figure 2). Hence,
A(ı) may be thought of as composed by an area with voxels
of density ÚA (A0), which is not dependent of ı, and the
over-threshold halo area H(ı)
A(ı)= A0+H(ı)

(A. 5)

Let us consider the size of H(ı). By definition, ÚB < ı < ÚA.
If ı is close to ÚA, the number of H(ı) voxels is small. On the
other hand, if ı is close to ÚB, H(ı) is close to H.
More precisely, defining the relative threshold ıRel as
ı-Ú
(A. 6)
ıRel = Ú -ÚB
A B
H(ı) turns out to be:
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Correcting A
Equations A.4 and A.5 imply that A(ı) = A if H(ı) = H/2.
Given that all voxels in H have a density between ı and ÚA
and are equally distributed between these values, and solving equation A.7 we obtain the threshold ı0 that estimates
A correctly as
Ú +Ú
(A. 11)
ı0= A ‚
2
In reality, ÚA and ÚB may not be known. In order to estimate
A for ı ≠ ı0, we apply Equations A.4, A.5, A.6, and A.7 to
obtain
A= A(ı)+HØ(ıRel - 1 )= A(ı)+2ØsØÏØ(ıRel - 1 )
2
2

(A. 12)

Correcting ÚA
Equation A.7 shows that H(ı) is inversely related to ı,
which inversely affects the estimation of ÚA(ı). On the other
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hand, ÚA(ı) increases linearly with ı. Let us consider the
error made in estimating ÚA(ı) more precisely. Be mA the
mass in area A, and R the error in mass estimation.
mA= mA(ı)+RAØÚA =A(ı)ØÚA(ı)+R

3.

Substitution by Equations A.10, A.7, A.9 and A.4 yields
H ı2-ÚAÚB
R= 2 Ø( Ú -Ú
)
A B

4.

Now, the equation
2-Ú Ú
AØÚA= A(ı)ØÚA(ı)+ H Ø( ı A B )
2
ÚA-ÚB

5.

can be solved for ÚA, which yields
2+8AØ(Hı2 - 2m
A(ı)ØÚB)
ÚA= u+ u
4A
where

(A. 13)

6.

mA(ı)= A(ı)ØÚA(ı) ; u= (2A-H)ÚB+2 mA(ı)
7.
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