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ABSTRACT

In recent work, Antiochos and coworkers argued that the boundary between
the open and closed field regions on the Sun can be extremely complex with nar-
row corridors of open flux connecting seemingly disconnected coronal holes from
the main polar holes, and that these corridors may be the sources of the slow
solar wind. We examine, in detail, the topology of such magnetic configurations
using an analytical source surface model that allows for analysis of the field with
arbitrary resolution. Our analysis reveals three important new results: First, a
coronal hole boundary can join stably to the separatrix boundary of a parasitic
polarity region. Second, a single parasitic polarity region can produce multiple
null points in the corona and, more important, separator lines connecting these
points. Such topologies are extremely favorable for magnetic reconnection, be-
cause it can now occur over the entire length of the separators rather than being
confined to a small region around the nulls. Finally, the coronal holes are not
connected by an open-field corridor of finite width, but instead are linked by a
singular line that coincides with the separatrix footprint of the parasitic polarity.
We investigate how the topological features described above evolve in response
to motion of the parasitic polarity region. The implications of our results for the
sources of the slow solar wind and for coronal and heliospheric observations are

discussed.

Subject headings: Sun: magnetic topology—Sun: corona—Sun: solar

wind—Sun: coronal mass ejections (CMEs)
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1. INTRODUCTION

A critical issue for understanding the origins and properties of the solar wind is the
topology of the magnetic field that connects the corona to the heliosphere, the so-called
open field believed to define coronal holes. In recent work, Antiochos et al. (2007) argued
that the boundary between the open and closed field regions on the Sun can be extremely
complex. In particular, such a boundary has to include narrow corridors of open flux
connecting seemingly disconnected coronal holes from the main polar holes, and that these
corridors may be the sources of the slow solar wind. The whole consideration was based
on very general theoretical arguments and formulated as the uniqueness conjecture of
coronal holes. On the one hand, the observations show that coronal holes may consist of
several, apparently disconnected, components (see, e.g., Kahler & Hudson (2002)). Similar
conclusion also seems to follow from global numerical MHD models of the solar corona

(Rusin et al. 2010; Linker et al. 2010).

To resolve such a discrepancy, first, we construct here an analytical model of potential
configurations that reproduce salient features of the numerical magnetohydrodynamic
(MHD) model (Linker et al. 2010), in which a moving parasitic polarity region produces an
apparent disconnection of the coronal hole. Then we analyze in detail how the magnetic
topology of this field varies in response to motion of the parasitic polarity. Our approach
relies on the source surface model (Altschuler & Newkirk 1969; Schatten et al. 1969),
developed here in the exact form for the selected type of configurations. This allows us to
circumvent the common uncertainties of numerical approach and unambiguously constrain
the conditions under which the uniqueness conjecture should be extended to comply with

our new findings.

More importantly, our topological analysis of the coronal hole connection and

disconnection identifies more accurately the plausible sources of the slow solar wind.
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Previously, there have been found evidences that such sources are in a boundary region
between coronal holes and active regions (Ko et al. 2006; Harra et al. 2008). They have
also been related to the magnetic reconnection at quasi-separatrix layers (QSLs) with
outflows above unipolar regions of the photospheric magnetic field (Baker et al. 2009).
Here we demonstrate that such processes are likely to occur in the course of connection
or disconnection of coronal holes by outgoing or incoming, respectively, parasitic polarity
regions of opposite sign. In the source surface approximation, this polarity is bordered
from disconnecting parts of the hole by a nontrivial combination of genuine separatrix
surfaces and QSLs. A careful analysis of these distinct structural features allows us, first,
to understand the topological mechanism of the variation of coronal hole connections and
to discover that under certain generic conditions the parasitic polarity has to produce
in the corona a so-called separator field line. As known (see, e.g., Lau & Finn (1990);
Priest & Titov (1996); Longcope (2001)), the latter is a likely place for the formation of a
strong current layer and magnetic reconnection, which in our case must accommodate the
redistribution of magnetic fluxes between closed and open field structures with significant
plasma outflows that will serve as a source of the slow solar wind. The obtained results
complement our other works (Antiochos et al. 2010; Linker et al. 2010) where we provide a
broader exposition of the relation between the magnetic topology of coronal holes and the

slow solar wind.

2. CONSTRUCTION OF THE FIELD MODEL

Following our numerical MHD model (Linker et al. 2010), we will construct first the
large-scale solar magnetic field that incorporates also a bipole field of an active region. The
incorporated field provides an asymmetry in the shape of polar coronal holes by causing

them to bulge towards the flux spots of the same polarity (see Figs. la and 1b). Then,
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in the positive northern hemisphere, we will place at the base of the bulge an elongated
negative polarity, which will cut off this bulge into a separate minor hole, as shown in

Figure 1c. Such a polarity will hereafter be called a parasitic polarity.

In our source surface model, we have to construct a potential magnetic field B = -V &
that, first, has no tangential component at the source surface r = Rgg, or, equivalently,
|,— Res — const. Second, the photospheric radial component BT’T:R@ must have a

certain distribution, which, however, would be sufficient for our purposes to satisfy only

qualitatively. This gives us enough freedom to construct the desirable configuration in a

purely analytical form.

Indeed, the linearity of the problem allows us to represent the scalar magnetic potential

as
¢ =&y + Par + Ppp, (1)

where harmonic functions @, ®ar, and $pp describe, respectively, the global field of the
Sun, the active region, and the parasitic polarity. Figures la, 1b, and 1c depict the desirable
photospheric B,-distributions for &4, . + Pagr, and total ¢ potentials, respectively. To
satisfy the source surface boundary condition, we will also require that each individual

component of the potential must be constant at » = Rgs.

Following Antiochos et al. (2007), we can write the potential of the global field in

spherical coordinates (r,0, ¢) as

1 r
Cb@:mCOSQ(ﬁ—R—gS) : (2)

which is summed from the potential of the dipole mz located at » = 0 and the potential of
the uniform field m/R3qZ; the unit vector 2 here points in the z-direction. As required, the

resulting potential @ is a harmonic function that vanishes at r = Rgg
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To find the active region component, let us apply the method of images (Jackson 1962),
so that the source surface would be equipotential. This means that the respective potential

is decomposed as
Pap =Py + 04, + P, + 07, (3)

where

+q

Dyg(r) = T — 7o
q

(4)

is the potential of fictitious point sources located at r = r, at some depth dy, below the
photosphere, so that |r.,| = Ry — di,. The potentials ®%  of their mirror images can be

written in the form

. Rgg R2
L) = Ty (ﬁ) , (5)

r r

which makes obvious that ®ag|,_ Res = U, as required.

This form is actually nothing else than Kelvin’s transform [see, e.g., (Axler et al. 2001)]
applied to the function ®,,(r) with the minus sign. More generally, being applied to any

solution F'(r) of Laplace’s equation, this transform produces another solution

oy =2p <R—2r) = _F(r), (6)

r r?
where R stands for the parameter similar to Rgg. This fact is often used for solving
electrostatic problems, especially those that involve spherical conductors (Landau & Lifshitz
1960), whose analogue in our case is the source surface. We will apply such a transform
twice for constructing the potential ®pp. In principle, the latter could be done even in
one step by modeling ®pp with the help of a uniformly charged circular arc and its mirror
image. Unfortunately, the potential of such an arc is complexly expressed in terms of elliptic
functions, which provides an essential impediment to topological analysis of the resulting

field, and, specifically, to determining magnetic null points and their properties.
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To remain within the class of elementary functions, let us use a powerful machinery
of Kelvin’s transform. First of all, note that the transform defined by equation (6) can be
viewed as a composition of two simpler transforms, one of which is just a nonuniform radial
scaling by the factor R/r, while the other is a pull-back mapping of the original potential
via the sphere inversion

r— %27“. (7)
Recall now that the inversion generally maps lines into circles. This means that if the
original potential is singular at some line segment, the transformed potential will be singular
at the arc to which the line segment is mapped by equation (7). Thus, if we start from the
potential of a stick with a uniform line distribution of dipoles and subject this potential
to Kelvin’s transform, we will obtain the potential of an arc with a certain distribution of

dipoles and charges along it. It turns out that the resulting field may perfectly model the

required parasitic polarity.

One can easily check that if we place the original stick at the distance R = 2(Rs — d,)
tangentially to the inversion sphere of radius R, we will get the arc of radius Ry — d,,.
Bearing this in mind, let us find first the potential ®_(r) of the stick of length 2/ by simply
integrating the potential pz/ [r — 7o|° of a dipole at ry = (x¢,0, R) over z, from —I to [;

this yields

= = - = (®)
r—ral@— I+ —ra)  r—r@r it —ral)’

®_(r)
where r1; = (£[,0, R). Applying now transform (6) to this potential at R = 2(Rs — d,),
we will get the potential ®_(7) of the arc of radius R/2 = Ry — d, that is located in the
plane y = 0 at z = R, so that the center of the arc is at z = R/2 rather than at the origin

of the system of coordinates, as needed. However, we can easily bring it to the proper place

by simply shifting the system of coordinates on the distance R — d, in the z-direction.
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Then, combining this shift with a suitable rotation of the system of coordinates, we get

S _(r,y,2) =D (24,7, (9)
2 = wsin ¢, — Y cos Pg (10)
y' = xcosf, cosd, + ycosl,sinp, — (z + Ry — d,) sin b, (11)
2 = xsinf, cos ¢, + ysinb,sin o, + (2 + Ry — dg) cos b, , (12)

which is the required potential of the arc such that r = Ry — d,, 8§ = 6,, and
Vo — < ) < ¢+ a, where a = arctan[l/2(Rg — d,)].

The analysis of the obtained solution shows that the arc contains not only dipoles but
also charges, which are both non-uniformly distributed along the arc. Although the form of
these distributions is not essential for further consideration, we will still need to know the
total charge of the arc for adjusting our model to have its total photospheric flux balanced.
We can find the arc charge by calculating the leading term in the asymptotic expansion of
é_(r) by large r: this term is proportional to r~! with the coefficient

2ul

__ | 13
AR, —d) " "

which is exactly the required total charge of the arc.

Now we complete the construction of our model by writing the potential of the parasitic

polarity as

@pp(’l‘) = (I),\(T) + CI):(’I") — ? -+ R_SS i (14)

where the potential ®* (7) of the arc image is determined by equation (6) with F' changed
on ®_ and R on Rgss. We have also added here the potential of the fictitious charge —¢

placed at the center of the Sun to compensate the indicated charge of the arc and make the
total photospheric flux balanced. The constant parameter ¢;/Rgs is added to this expression

only for esthetics: it makes ®pp to be equal to zero at r = Rgg rather than simply constant.
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Thus, equations (1)—(5) and (8)—(14) fully determine a source surface configuration
with a desirable magnetic flux distribution at the photosphere. The strengths of the sources
generating global, active region and parasitic polarity fields are controlled by the parameters
m, q, and u, respectively. The widths of the active region spots and parasitic polarity are
regulated by the depths di, and d, of the charges and arc, respectively, while the length of
the parasitic polarity is roughly proportional to 2[. Finally, the spherical coordinates of the
charges (01, ¢+,) and the center of the arc (6,, ¢,) control the locations of corresponding

polarities on the solar globe.

3. BASIC TOPOLOGICAL STATES

Taking the gradients of the potentials described in the previous section, we have
calculated the modeled magnetic field. Then varying the model parameter ¢,, with other
parameters being fixed, we have determined a sequence of configurations that represents the
variation of linkages between two coronal holes in the result of moving parasitic polarity.
We start from the reference state where the holes are disconnected (Fig. 1c) but linked
at the photosphere by a singular line (see Figs. 2 and 3) representing the footprint of a
separatrix surface. Then we gradually convert this singular line into an open-field corridor
of finite flux by moving the parasitic polarity westward, so that the holes become eventually
connected by this corridor. The singular linkage between coronal holes in the reference state
is a key new result of this paper, whose implications are discussed in more detail in Section

3.3 below.

Table 1 summarizes the properties of the basic topological states through which
the configuration passes in this process, starting from the indicated reference state. The
states are named with the lists of the features that constitute the structural skeleton of

the respective configuration in the vicinity of the parasitic polarity. First of all, these
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are magnetic null points Ny, N5, and N3, whose number changes during the conversion
of linkage to connection of the coronal hole via merging of two nulls Ny and N3 into a
degenerate null N} and its subsequent disappearance, or its bifurcation back into Ny and
N3 in the reverse process. At certain values of ¢,, the null point N3 may transform into a
so-called “bald patch” (BP), which is a segment of the polarity inversion line, where a set
of coronal magnetic field lines touches the photosphere (Sechafer 1986; Titov et al. 1993).
Our configuration may also have hyperbolic flux tubes (HFTs) (Titov et al. 2002), which
are combinations of two intersecting QSLs introduced by Priest & Démoulin (1995) and
Démoulin et al. (1996). Thus, the acronyms N; (¢ = 1,2,3), BP, and HFT enter into the

names of eight basic states shown in the first column of Table 1.

The second column of the table presents the numbers of Figures, in which the respective
magnetic field structures are depicted. The third column provides the corresponding values
of ¢,, and the next three columns give the spherical (7,0, ¢) coordinates of the nulls. These
coordinates, as well as the model parameters (see the caption to Table 1), are rounded
to five significant digits. We measured the length in R, while the units of dimensional
parameters are chosen, assuming that the calculated magnetic field is measured in gausses.
Finally, the last column in the table indicates two properties of a given state: first, whether
the northern coronal hole is connected (C) or only linked (L), and, second, whether this

state is topologically stable (S) or unstable (U).

3.1. Reference State BP + N, + N; with a Disconnected-Linked Coronal Hole

The reference state BP 4+ Ny + N; with a disconnected, but linked, bulge of the northern
coronal hole is characterized by the presence of one BP and two nulls N, and N;. Both BP
and Ny belong to the fan separatrix surface that emanates from the null N;. Hereafter we

use the terms “fan surface” and “spine line” as they were defined by Priest & Titov (1996)
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through the eigenvectors of the matrix of magnetic field gradients at the null points. The
fan surface is woven of the field lines that start at the null point in the plane spanned on
the eigenvectors, whose eigenvalues have the same sign, while spine line emanates from the
null point along the remaining third eigenvector. The fan surface associated with the null
N; has a dome-like shape covering the parasitic polarity from above (Figs. 2 and 3). This
is a typical structure for an isolated polarity region immersed in a dominating flux region
of opposite sign. Such a surface is hereafter called for brevity the separatriz dome or simply

dome.

The appearance of the BP at the eastern side of the parasitic polarity can be understood
if one takes into account the prevailing contribution of the active-region flux spots into
the local field of the BP. It overrides the contributions of the global background field and
parasitic polarity, thereby turning the vectors of the resulting local field outward from the
polarity, which in turn implies the existence of the BP at the respective part of the inversion
polarity line (Titov et al. 1993). Note also that the field orientation at the BP is opposite to
the arrow orientation of the field line that goes out from the null N; towards the BP, which
means that the field direction becomes reversed on this line. Since it is almost a straight
line parallel to the parasitic polarity, such a reversal may occur only at a null point. This
provides an explanation of the presence of the null point N5 in the configuration under
study. The local analysis of the eigenvectors at the null Ny shows that its fan separatrix
surface is oriented vertically and along the parasitic polarity. We will call such a surface the
separatriz curtain. It intersects with the separatrix dome along the so-called separator field
line (Baum & Bratenahl 1980), which passes through the nulls N; and Ny, then touches
the BP, and finally hits the big negative flux spot of the active region (Fig. 2d). Strictly
speaking, only the western part of the separatrix dome emanates from the null Ny, because
all field lines of the dome that go eastward along the separator eventually deflect from the

null Ny and go down to the photosphere along the spine line of the null Ny (Fig. 3). At this
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spine line, the western part of the dome smoothly joins the eastern part, which is entirely
formed by the field lines touching the BP. Thus, our separator is not a classical “null-null”

field line but rather its interesting hybrid with the BP separator (Bungey et al. 1996).

To make a comprehensive analysis of the magnetic structure, we have computed for
our field model the so-called squashing degree or factor (), which was proposed first for
describing closed magnetic configurations in Cartesian geometry by Titov et al. (1999) and
Titov et al. (2002). The @ factor characterizes the divergence of magnetic field lines, so
that its high values identify QSLs and separatrix surfaces in a given configuration. Here we
used a generalized definition of the @ factor (Titov 2007) that is applicable to both closed
and open magnetic fields defined in spherical coordinates. At genuine separatrix surfaces,
the @ factor formally tends to infinity, but numerically remains finite, such that its high
values grow with decreasing the size of the numerical grid used for calculating ). In all
our plots of the () distribution at the photosphere and source surface, we have saturated its

scale at () = 103, which is sufficient for our purposes.

As expected, the photospheric high-() lines trace all the boundaries of coronal holes
as well as the footprint of the separatrix dome (see Fig. la, ¢). At the source surface,
the high-@) lines trace the neutral line and the footprint of the separatrix curtain, which
are represented in Figure 2b by lower and upper arcs, respectively. These arcs encircle an
eye-like area that corresponds to the disconnected bulge of the northern coronal hole. The
upper and lower areas correspond here to the remaining part of the northern coronal hole
and the southern coronal hole, respectively. Figure 2c illustrates that the separatrix curtain
borders the disconnected parts of the northern coronal hole. The @ distribution shows
also that the separatrix curtain and dome are surrounded like a halo by QSLs. This effect
results from a rapid divergence of the field lines in the neighborhood of the null points

associated with these separatrix surfaces.
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Let us discuss now why the northern coronal hole is not connected at the photospheric
level. Could it be instead still connected via a sort of singular corridor formed by the
eastern or western part of the footprints of the separatrix dome? For the eastern part, we
can unequivocally answer “no”, because all the field lines starting at this part are closed
(see purple lines reaching the BP in Fig. 3). The only exception here is the separator
that connects to the null Ny and then to the source surface through the field lines of the
separtrix curtain. Thus, only the single point at which the separator touches the BP can
be qualified in the eastern part of the dome footprint as an open field “region”, while the

rest of this part belongs to a closed field region.

For the western part, the answer is more subtle, because all the field lines starting at
this part enter first the null Ny (see blue lines in Fig. 3) and then continue their path “at
will”, either along the closed spine line or along the separator connecting to the null Ny,
from where the field lines finally run away to the source surface. In other words, due to
this ambiguity and “multi-stepness” of the connectivity, we cannot consider the field lines
starting at the western part of the dome footprint as definitely open or closed. Following
the field lines that start at the western part of the dome footprint, however, one can always
reach via the separator the null point Ny and so the open field lines. Consequently, there
does exist a topological connection between the coronal holes, but it is not via any finite
amount of open flux and, therefore, it seems inappropriate to label them as “connected”.
This motivates us to call such states with a formally disconnected coronal hole as “linked”,

which is described in more detail in section 3.3.

3.2. Converting Coronal Hole Linkage into Connection and Back

Moving down in Table 1 from the top to bottom row and looking at corresponding

Figures 2-8, one can follow the variation of the magnetic topology in our model and, in
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particular, the merging of the disconnected parts of the hole back into a unique hole in
response to the westward displacement of the parasitic polarity. In this process, first, the
BP turns gradually into a null point N3 located exactly at the polarity inversion line (Fig.
4). Locally, we deal here with the case where the BP plays the role of a precursor for an
emerging null point (Bungey et al. 1996). This state N§ + N + N is topologically unstable,
because a small perturbation of the field configuration will cause either the transformation
of the null N§ back into a BP or its emergence into the chromosphere and corona. The
latter occurs, in particular, when the parasitic polarity continues moving westward, which
leads to a sequence of states N3 + Ny + Ny with three coronal null points, all distributed
along the separator (Fig. 5). The fan planes associated with the nulls N3 and Ny are both

oriented horizontally and tangentally to the separatrix dome.

For the state N + Ny + Ny (Fig. 4) and its neighboring states of the type

N3 + Ny + N; (Fig. 5), the spine lines coming out of the nulls N§ and N3 are closed.
However, with moving the parasitic polarity further westward, the spine apex rises more
and more until it touches the source surface. This occurs precisely at the eastern cusp of the
eye-like contour traced by the high-@ lines at the source surface (like in Fig. 5b). Starting
from this moment, such a spine line becomes open together with all the field lines entering
the null Ny from the eastern part of the dome footprint. Thus, right at this moment, this
part of the footprint can be considered as a singular corridor that links the disconnected
coronal hole, which is indicated in Table 1 as a singularly connected (C) state N5+ Ny + N .
Further displacement of the parasitic polarity to the west extends such a corridor to a finite

width.

Calculation of the parameters of the state N5 + N, + Nj is not a simple problem, since
it implies the determination of the respective ¢, from the nonlocal condition requiring that

the Ns-associated spine must hit the neutral line at the source surface. We did not solve this
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nontrivial problem, because for our purposes, it is sufficient to realize the mere existence of
the state N3 + Ny + Ny . The latter, however, undoubtedly follows from the continuity of
the model by parameter ¢, and the presence of the states with closed and open spine lines
emanating from the nulls N3. It will be clear from the discussion below and Table 1 that

the corresponding value of ¢, lies in the interval [3.76, 3.79].

Starting from the state Ng + Ny + N; , further westward movement of the parasitic
polarity causes the disconnected parts of the coronal hole to merge with each other through
a widening corridor and form a unique coronal hole. All three of the nulls move together
with the parasitic polarity in the same direction but with different velocities such that
the null N3 moves faster than the two others by eventually catching up and coalescing
with the null No. At this moment, the configuration reaches a new type of topological
states (Fig. 6) denoted as HFT + Nj + N; . It is characterized by the presence of an HFT
and a degenerate null point Nj such that one of its eigenvalues identically vanishes. The
photospheric footprint of the HF'T in this state is an extremely narrow but finite-width
corridor that connects the initially disconnected coronal hole. Its source-surface footprint
is shown in Figures 6b, ¢, and d by shaded lines going along the eastern part of the upper

high-@) arc of the eye-like contour.

The state HFT + N3 + N; is topologically unstable, since a small displacement of the
parasitic polarity back to the east leads to the bifurcation of the null N} into a pair of
nulls Ny and N3, while its displacement forth to the west causes a full disappearance of N3.
However, disappearing as a topological feature, the null N3 “reincarnates” as a geometrical
feature into a local minimum point of |B|. Following to Priest et al. (1996), we could call

the inverse process as the saddle-node-Hopf bifurcation of a magnetic minimum.

After converting N3 into a magnetic minimum and moving the parasitic polarity

further to the west, the configuration passes through a sequence of states HF'T + N; that
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exist for a wide range of ¢,. The characteristic feature of these states is the presence of an
HFT associated with the indicated magnetic minimum, in whose neighborhood the field
lines experience a big divergence. Taken as a whole, the HFT consists of two QSLs, one
of which skirts the separatrix dome, while the other hangs above the dome in place of the
previous separatrix curtain (Fig. 7). They join one another into the HFT and form a
T-type junction at the top of the dome along the field line, which we will call the quasi
separator by analogy with similar field lines in quadrupole configuaritons (Titov et al.
2002). By analogy with the separator field line, we think that the quasi separator must be
a preferred site for the formation of a thin current layer and reconnection during the MHD
evolution of the configuration. In other words, in spite of essential differences in topology
of the magnetic field, the configurations with quasi-separatrix and true separatrix curtains

must response similarly to MHD perturbations.

Right after the disappearance of the degenerate null N3, the source-surface footprint of
the HF'T is very similar to the respective footprint of the separatrix curtain at previous states
(cf. panels (b) in Figures 2-7). Yet with moving the parasitic polarity further to the west
and widening the corridor between initially disconnected parts of the hole, this footprint
shrinks in the western direction along with the associated HFT (see Fig. 8). The magnetic
minimum becomes in this process more and more shallow and subsequently disappears. This
is a particular manifestation of a more general relationship between magnetic minima and
QSLs pointed recently by Titov et al. (2009). Thus, figuratively speaking, the restoration
of the photospheric connection in the coronal hole is accommodated in the corona, first, by
the transformation of the separatrix curtain into a quasi-separatrix one and, then, by its

gradual opening.

The process of the disconnection of the northern coronal hole is recovered in our model

by simply following the states presented in Table 1 in reverse order, starting from the state
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N, at the bottom of the table. This implies the movement of the parasitic polarity backward
to the east and its intrusion into the hole, accompanied, first, by the formation of the HFT
and its magnetic minimum above the parasitic polarity, which corresponds to the sequence
of states HFT 4+ Ny . Further eastward movement of the parasitic polarity makes such a
minimum deeper and deeper until it turns into the degenerate null point Nj. Right at this
moment, namely, at the state HFT + N3 + Ny , the trailing part of the quasi-separatrix
curtain “collapses” at the null N3 into a vertical fan separatrix surface that begins to border
the western part of the coronal hole bulge from the main body of the hole. At the same
time, the leading part of this curtain survives as an HFT and so still provides through its

footprint the photospheric connection in the hole.

As the parasitic polarity proceeds its movement, the subsequent bifurcation of the null
N3 into two nulls Ny and N3 extends the formed separatrix curtain further to the east.
Because the leading edge of this curtain coinciding with the Nj3-associated spine moves to
the east a bit faster than the parasitic polarity itself. In this process, the width of the
photospheric narrow corridor, or the footprint of the HF'T, continues to shrink further
until it entirely vanishes. The latter corresponds to the state N5 + Ny + N; with a singular
corridor at the eastern part of the parasitic polarity. All the field lines starting at this
corridor enter the null N3, which connects then to the source surface via its spine line that
hits precisely the neutral line. At this state, the spine line is still open, but it becomes
closed immediately after further eastward displacement of the parasitic polarity, thereby
fully eliminating the singular corridor and hence disconnecting the bulge from the main
body of the hole. The subsequent evolution of the configuration through the sequence of the
states N3 + Ny + Ny and N5 + Ny + Ny to the reference state BP + Ny + N only intensifies
this disconnection, although preserving the linkage of the disconnected parts of the hole by

the separatrix dome footprint.
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3.3. Extension of the Uniqueness Conjecture

Antiochos et al. (2007) recently derived a uniqueness conjecture stating that the parts
of coronal holes within unipolar photospheric regions remain connected at all times. It
was noted though that, in some cases, coronal holes are connected via extremely narrow
corridors. Our examples confirm this important conclusion and motivate its further
extension by demonstrating that, in fact, such corridors can even shrink to singular lines of
zero width. In these cases, the different parts of coronal holes formally lose their connection
in the photosphere, since such singular corridors have open magnetic flux of measure zero.
Therefore, the uniqueness conjecture needs to be refined to describe this new type of

configuration.

We do this by extending the definitions of coronal hole connectedness as follows. We
call two parts of a coronal hole disconnected in the photosphere if there is no corridor with a
finite open magnetic flux that connects these parts. Thus, two coronal holes, such as those
depicted in Figures 2-5, that are joined by a zero-width footprint of a separatrix dome, are
considered to be disconnected, since this footprint has zero magnetic flux. Certainly, such a
coronal hole configuration would appear to be observationally disconnected. To distinguish
these special states from coronal holes that are connected via a finite-width corridor in the
photosphere, we define the term linked to describe this kind of singular “connection” by a
line with zero magnetic flux. Therefore, in the sequence of states that we have considered,
the two pieces of a coronal hole can first be connected, and then become disconnected, but
remain linked. It is apparent now that the original statement of the uniqueness conjecture
(Antiochos et al. 2007) is essentially correct, but only if we interpret the connectedness of
coronal holes in a broader sense. To be precise, we restate the uniqueness conjecture to say
that coronal holes in unipolar photospheric regions are always either connected or linked, or

both.
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It is important to understand exactly why the arguments for uniqueness presented
by Antiochos et al. (2007) fail for the magnetic topologies studied in this paper. Note
that our photospheric flux distribution is quite simple, consisting of a global dipole and
a single parasitic polarity region, essentially identical to that in Antiochos et al. (2007).
The key difference in our study, however, is that the topology associated with the parasitic
polarity, for example, the field of Figures 2 and 3, is more complex than that considered by
Antiochos et al. Those authors assumed the simplest possible, and most common, topology
consisting of a dome-separatrix surface with a single null and two spine lines. For this
topology, the position of the null completely defines whether the parasitic polarity is inside
the closed field or the open field region. The situation where the null point is exactly on
the open-closed boundary surface, so that the parasitic polarity separatrix curve on the
photosphere coincides over part of its length with the coronal hole boundary, is a singular
case that is structurally unstable. Any perturbation at the photosphere will move the null
and break the degeneracy between the separatrix curve and the coronal hole boundary.
Consequently, Antiochos et al. (2007) concluded that “a nested polarity region must be

surrounded by either all open or all closed field”.

In our case, however, the parasatic polarity topology has multiple null points, in fact,
the number can change due to saddle-node-Hopf bifurcations, along with a separator line
connecting the nulls. This allows one of the nulls to remain stably on the open-closed
boundary surface and the photospheric separatrix curve to remain degenerate with the
coronal hole boundary. We find, therefore, that the parasatic polarity region is not
surrounded by all open or all closed field, but is actually bounded by both. Note that in
Fig. 3, the separatrix curve on the photosphere, orange ellipse surrounding the green PIL,
coincides with the coronal hole boundary at the two points P; and P,. As a result, the
connection between the upper and lower coronal holes is no longer via a finite-flux open

corridor, but via this parasitic polarity separatrix curve. Furthermore, this singular linkage
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is structurally stable to finite changes at the photosphere.

It is worth remembering that even though the configurations with finite-width and
zero-width corridors are very distinct topologically, their impact on the physical processes in
the corona may not be so different. As can be seen from our examples, in both these types
of configurations, the bulk of the field lines with rapidly varying connectivity look similar.
This is evidenced by the respective distributions of the @) factor in such configurations (cf.
Figs. 2-7). So we expect that in reality they will respond to evolving boundary conditions
in a similar way by accumulating intense currents in the corona at approximately the same
sites. A detailed comparison of such processes in these types of configurations will require

the use of fully time-dependent MHD models (e.g., Linker et al. (2010)).

In addition, it appears to us that focusing just on photospheric coronal hole connections
may be somewhat misleading. Even when coronal holes are only linked in the photosphere,
we find that they connect robustly in the low corona along the separator field line. This
topological feature is extremely favorable for magnetic reconnection compared to isolated
null points, because it can occur over the entire length of the separator rather than being
confined to a small region around the nulls. Therefore, the most interesting processes are

expected to develop at these separators and they will be in the focus of our future studies.

4. IMPLICATIONS FOR THE CORONAL PHYSICS

The considered example has several important implications for the coronal physics,
particularly, for understanding the solar wind nature. Let us start to discuss them by
considering first the map of coronal holes calculated in MHD simulations of the corona
during the time period of the total solar eclipse 2008 August 1 (Rusin et al. 2010). This

map is shown in Figure 9 (top panel), where the coronal holes are shaded in dark blue and
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red at negative and positive polarities, respectively, and superimposed on the photospheric
B, distribution that is used as input data for the MHD model. One can clearly see from
this panel that coronal holes of both polarity occupy multiply-connected domains with
many apparently disconnected components at low latitudes. Similarly to what we had in
our simple example considered in the previous sections, the coronal holes are disconnected

here by parasitic polarity regions of opposite sign compared to the holes.

Trying to verify our extended uniqueness conjecture in this eclipse case, we have found

that the value

slog @ = sign(B,) log [Q/2 +(@%/4 - 1)1/2] (15)

is very convenient for characterizing the photospheric coronal hole linkages. Here the
expression under the logarithm is an exact expression for the squashing factor (> 1) in
terms of its asymptotic values @ > 2 (Titov et al. 2002; Titov 2007). This value practically
coincides at ) > 2 with log () taken with the sign of B, at the boundary, so we call it
signed log () or simply slog Q). Applying the red-blue palette to the slog () distributions,
we are able to simultaneously visualize (quasi-)separatrix footprints and the sign of the
respective magnetic polarities. The bottom panel in Figure 9 shows the photospheric slog ()
distribution for the eclipse case together with the coronal holes shaded in the same way as

in the top panel.

Comparing these panels, we see that there are several clusters of disconnected parts
of the coronal holes that are indeed linked by high-@Q) lines representing the footprints of
separatrix or quasi-separatrix surfaces. The linkage between the disconnected parts spreads
out within a given cluster, reaching eventually the main polar hole of the same polarity. The
most obvious linkage of such a cluster to the hole can be seen above the equator at ¢ < 90°,
where the cluster links shortly to the northern polar hole. The other linkages are less

obvious, but nevertheless recoverable from the presented slog () distribution, except for one
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interesting case. The latter refers to a single small hole that locates at ¢ &~ 280° and 6 ~ 20°
inside an isolated negative polarity. This hole is nested into a positive polarity region formed
by a compact group of positive flux concentrations. According to the uniqueness conjecture
by Antiochos et al. (2007), such a hole itself must be nested into another coronal hole of the
same sign. This is indeed the case but only if we interpret the three neighboring regions
of negative open field as one composite hole linked by high-@ lines into a “necklace” that
encircles the isolated small hole and thus makes it nested, as required by the conjecture.
This “necklace” links to the cluster of open negative field regions, whose high-@) lines do not
spread out farther than 6 ~ 40°, because at these latitudes the indicated cluster becomes
isolated from the northern polar hole by a very dense group of positive polarity regions.
One can check, however, that this cluster still links to the northern polar hole via high-Q)

lines propagating in the corridor 150° < ¢ < 180°, as required by our extended conjecture.

Figure 10 presents the slog () distribution at r = 3R where the field structure becomes
open all over the sphere, except for a narrow belt that follows the neutral line, widening no
more than 10°. The belt corresponds to the heliospheric current sheet, which consists of
very stretched in the radial direction but still closed at r = 3R flux tubes. A comparison
of this slog ) distribution with the calculated coronal holes shows that, as expected, a part
of the high-@ lines outlines the indicated belt. Outside of the belt, this distribution reveals
a very intricate network of high-@) lines arching between different parts of the heliospheric
current sheet; such a network was called S-web by Antiochos et al. (2010). The example
described in the previous sections strongly suggests that the S-web is formed by multiple
(quasi-)separatrix curtains that fall down to the parasitic polarities and join the separatrix
domes along (quasi) separator field lines. In this way, the S-web borders the fluxes of the
individual components of coronal holes that are nearly disconnected at the photospheric
level or linked by the footprints of the respective separatrix domes. Our study indicates

also that the connection between these components is restored at certain levels above the
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photosphere. This prediction is indeed confirmed by our direct computations of the coronal
holes at different radii in the present eclipse case (Antiochos et al. 2010). On the basis
of our above example, we could also predict that the coronal hole junctions can occur
approximately at the heights, where the null points, similar to the nulls N3 and Ny in our
configuraiton, are located. A detailed proof of this prediction goes far beyond the scope
of the present paper, but our preliminary analysis of a few such junctions for the present

eclipse case is in agreement with this prediction.

A more important conclusion that follows from our simple example is that a single
parasitic polarity region can produce at the top of its separatrix dome several magnetic
null points. Depending on the number of nulls, we deal here either with the separator
field line connecting two or three nulls or the quasi separator if the null point is single but
the parasitic polarity has an elongated shape. These (quasi) separators are manifested as
high-@) lines passing along the middle of the parasitic polarities intruded into coronal holes
(see the bottom panel in Fig. 9). As photospheric boundary conditions vary, the number
of the nulls can change together with changing locations of the parasitic polarities, which
automatically implies changing of the magnetic topology. The latter can occur in MHD
approach only via dynamic formation of strong current layers and subsequent reconnection

of magnetic field in them.

So we expect that, in reality, a constant photospheric motion of parasitic polarities
triggers at the top of their separatrix domes, where the (quasi) separator is located, the
reconnection between closed and open magnetic fields. Such an ongoing process establishes
a persistent source of plasma outflows. Since the (quasi) separators represent also the
bottom edge of (quasi-)separatrix curtains, we anticipate that the plasma outflows caused
by reconnection can easily spread along open field lines high up into the corona. Thus, this

process can provide a substantial supply of the material for the solar wind and, particularly,
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for its slow component. There are several supporting arguments in favor of this hypothesis,
which are described in detail in our other papers (Linker et al. 2010; Antiochos et al.
2010). Here we would like to point out only one of them, namely, that the location of
our separatrix curtains fits very well to the location of the so-called pseudo-streamers or
plasma sheets (Hundhausen 1972; Neugebauer et al. 2002). These features are characterized
by an enhanced plasma density and observed above unipolar magnetic regions separating
the coronal holes of the same polarity, namely, at the place where our (quasi-)separatrix

curtains are located.

Our analysis of coronal hole linkages is also of substantial interest for the physics
of coronal mass ejections (CMEs). Recently, Liu & Hayashi (2006) and Liu (2007)
have demonstrated that the fastest CMEs originate in the vicinity of the mentioned
pseudo-streamers. In the light of our present analysis, this conclusion looks very natural.
Indeed, imagine that the erupting flux appears, for example, as a result of the magnetic
field emergence from beneath the photosphere and partly inside a parasitic polarity region
that splits the coronal hole into two parts. Since the magnetic field is open above such
a region, all closed magnetic flux overlying the newly emerging field is only due to this
parasitic polarity. This flux, and hence its capacity to strap the emerging field, must be not
that big compared to what we usually have below the heliospheric current sheet. Therefore,
we expect that in this case the erupting flux can gain a faster propagation speed after its
protrusion through the closed field of the parasitic polarity. It also should be emphasized
that, as in the breakout model (Antiochos et al. 1999), the opening of the closed field here

can be significantly alleviated by reconnection at the above (quasi) separator field lines.
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5. SUMMARY

In this paper, we have analyzed the variation of magnetic topology in response to the
motion of a parasitic polarity region intruded into a bulge of the polar coronal hole. First,
we have constructed an exact analytical source surface model of the solar magnetic field by
using the electrostatic method of images and Kelvin transform. The model consists of three
components: a global dipole-type field, a bipole active region, and an elongated negative
flux spot, called parasitic polarity. The first two components produce the solar coronal field

with asymmetric polar coronal holes, which are bulging toward the equator.

We start from the reference state, where a parasitic negative polarity is placed across a
local bulge of the northern coronal hole that has a positive magnetic polarity, so that the
bulge becomes completely disconnected from the main hole (Figs. 1c and 2). This state,
denoted as BP + N5 + N, has three topological features in the neighborhood of the parasitic
polarity: one bald patch (BP) and two magnetic null points Ny and N; connected by a
separator field line, which lies at the intersection of two fan surfaces. The first fan surface
emanates from the null N; and forms a separatrix dome that covers the parasitic polarity
and completely isolates its flux from the surrounding field. The field lines belonging to the
dome are connected either to the BP or to the null Ny, except for a single spine line that
connects to the null Ny (Fig. 3). The second fan surface emanates from the null Ny and
forms a sort of separatrix curtain that borders the fluxes coming out from the disconnected
bulge of the coronal hole and its main body. The bordering begins at the height of the null
Ng, where the disconnected parts of the coronal hole first time get into contact with each
other, and continues up to the source-surface, where all field lines become open. Below
the null Ny, the northern coronal hole remains formally disconnected but linked by the

separatrix dome.

Withdrawing the parasitic polarity from the coronal hole in the westward direction, we
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gradually restore the connection inside the hole. We have identified the basic topological
states in this process, whose essence is in the consecutive transformation of the separatrix
curtain into a quasi-separatrix one. This transformation begins when a third null point N
appears at the BP (Fig. 4) and starts rising up into the corona (Fig. 5). Initially, the spine
field line emanating from this null is a closed loop, whose height, however, rises until its
apex touches the source surface at the neutral line. This happens at the state N5+ N+ N; ,
where all the field lines entering the null N3 connect to the source surface via that spine line.
Thus, exactly at this moment, the northern coronal hole becomes singularly connected at
the photosphere through a line corridor, which coincides with the eastern part of the dome
footprint. Further rise of the null N3 shifts its spine to the west, widens the corridor to a
finite size, by turning it into a footprint of an HF T, whose upper QSL with open magnetic
flux replaces a part of the separatrix curtain. The null N3 moves westward faster than the
null Ny, so that they approach each other and eventually coalesce into a single degenerate
null N} (Fig. 6), which turns at the next instant into a magnetic minimum point. The
separator at this state turns into a quasi separator, while the curtain becomes entirely
quasi-separatrix (Fig. 7). This curtain then gradually shrinks to the west with further
movement of the parasitic polarity in this direction (Fig. 8). The disconnection of this
coronal hole occurs in the reverse order when the parasitic polarity is moving eastward from
the reached position. The most important moments in this process is the appearance of the
indicated magnetic minimum above the parasitic polarity and its subsequent bifurcation

into a pair of null points.

In a highly conducting coronal plasma, the described transformation of the configuration
must occur via the formation of a current layer and reconnection over the entire (quasi)
separator field line rather than being confined to small regions around the nulls. On the
basis of this consideration, we argue that the respective reconnection outflows along and

nearby separatrix curtains may serve as a substantial source of the slow solar wind. The
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configurations with the parasitic polarities splitting coronal holes into two parts must also
be favorable for the eruption and propagation of unstable magnetic structures in the solar

corona.

The contribution of V.S.T., Z.M., J.R.L., and R.L. was supported by NASA’s
Heliophysics Theory, Living With a Star, and SR&T programs, and the Center for
Integrated Space Weather Modeling (an NSF Science and Technology Center). The
contribution by S.K.A. was supported by the NASA HTP, TR&T, and SR&T programs.

A. CALCULATION OF MAGNETIC NULL POINTS

The null points presented in Table 1 have been calculated with an accuracy to nine
significant digits by using computer-algebraic system Maple. First, for each topologically
stable state we have determined graphically the number of null points and their approximate
coordinates. This was done simply by finding the points where all three iso-surfaces B, = 0,
By =0, and By = 0 intersect each other. The graphical method allowed us to determine at
least two significant digits of the null-point coordinates. Then, using these coordinates as

the initial ones, we have reached the indicated nine significant digits iteratively.

Since our exact analytical expression of B is rather complicated, its direct use in the
calculation of nulls as roots of the equation B = 0 is not efficient. Therefore, at each
iteration we approximated first this expression by its second-order Taylor expansion about
the root that has been obtained in the previous iteration. Then, using this expansion,
we calculated its root by a Maple procedure based on the Newton-Raphson algorithm.
Repeating these operations several times, we reached the indicated accuracy, which has

been checked by direct substitution of the found nulls into our exact expression of B.

The obtained null points have been used for the analysis of the local field structure,
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which included, in particular, the determination of eigenvalues and eigenvectors of the
matrix [V B] evaluated at these points. This analysis provided us with the required
information for plotting the topological skeleton of our configuration at different states,

shown in Figures 2-8.

To determine topologically unstable states, we have generalized the described procedure
by regarding the parameter ¢, as a forth unknown in addition to the previous three ones and
properly extending the system B = 0 with an extra equation. For the state Ny + Ny + N |
the extra equation is r = R, which simply requires that the null N§ must be located exactly
at the photosphere. For the state HF'T + Nj + Ny | the extra equation is det [VB] = 0,
which is the necessary and sufficient condition of vanishing of one of the eigenvalues of
the matrix [V B] at the null point Nj. The respective values of ¢, and the null-point

coordinates were determined for these states with the same accuracy as for the others.
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(b)

Fig. 1.— Three basic steps of constructing the model of magnetic field with a disconnected
yet linked (by a separatrix footprint, as shown below) coronal hole (CH): global large-scale
field of the Sun (a) is superimposed with the active region field in order to bulge the pole
coronal holes towards the equator (b) and then one of the coronal hole bulges is cut off by
adding an elongated negative polarity in the northern positive hemisphere (¢). The coronal
holes are shaded in semi-transparent grey color atop of the respective photospheric red-blue

distributions of the radial magnetic field.
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Fig. 2.— The reference topological state BP + Ny + N; with a bald patch (BP) and two
magnetic nulls Ny and N; located above the parasitic polarity: the () distributions in the
(¢, 0)-plane at the photosphere (a) and the source surface (b), respectively, and the cor-
responding topological skeleton of the magnetic field shown in panels (¢) and (d) together
with the respective photospheric () and B, distributions. The thick green lines represent the
photospheric polarity inversion lines. The semi-transparent grey-shaded areas indicate at
the photosphere the coronal holes. The thick magenta lines depict the separatrix field lines
emanating from the nulls along their eigenvectors, while the solid cyan lines represent the fan
separatrix field lines reaching the neutral line at the source surface, which is shown in panels
(c) and (d) as a semi-transparent sphere r = 2.5R, with the respective @) distribution. The

semi-transparent dotted field lines show the boundary of the disconnected coronal hole.



Fig. 3.— The structure of the magnetic field lines at the separatrix curtain and dome in the
topological state BP + Ny + Ny (see Fig. 2). All the field lines of the separatrix curtain (cyan
lines) emanate from the null point Ny, while the field lines of the separatrix dome connect
either to the BP (purple lines) or to the null Ny (blue lines). Such field lines converge and
propagate very closely to the separator (thick magenta line), which threads two nulls and
touches the BP. The “purple” and “blue” subsets of field lines are separated by the spine
line (thick magenta line) of the null Ny. The footpoints Py and Py of this spine line are the
only points at which the dome footprint (thin orange line) touches the disconnected parts
of the coronal hole. At the source surface, the thick orange line represents the footprint of
the separatrix curtain, while the green line with an orange “aura” depicts the neutral line,

i.e. the base of the heliospheric current sheet.



— 35 —

Fig. 4.— The topological state N3 + Ny + N; with three magnetic nulls, one of which (NY) is
located at the photosphere, while the other two (No and N;) are above the parasitic polarity.
All three null points are connected by a separator field line. The panels, color scale bars,

and color coding of the lines and surfaces are the same as in Figure 2.
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Fig. 5.— The topological state N3 + Ny 4+ N; with three magnetic nulls N3, Ny, and Ny, all
located above the parasitic polarity. All three null points are connected by a separator field
line. The panels, color scale bars, and color coding of the lines and surfaces are the same as

in Figure 2.
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Fig. 6.— The topological state HFT + Nj + N; with a hyperbolic flux tube (HFT) and
two magnetic nulls N3 and Ny, all located above the parasitic polarity on a separator field
line. The null N} is degenerate in the sense that one of its eigenvalues identically vanishes.
The panels, color scale bars, and color coding of the lines and surfaces are the same as in
Figure 2, except of the new type of field lines that are colored here in semi-transparent white:
they belong to an HF'T, whose photospheric footprint forms an extremely narrow corridor
connecting the initially disconnected parts of the northern coronal hole. The source-surface
footprint of the HFT is shown by dashed lines: black one on panel (b) and white one on
panels (c) and (d).
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Fig. 7.— The topological state HF'T + N; with an HFT and a magnetic null N; located
above the parasitic polarity. The panels, color scale bars, and color coding of the lines and
surfaces are the same as in Figures 2 and 6. In this state, a part of the northern coronal
hole is nearly disconnected, so that only a narrow corridor link it at the photospheric level
to the major part of the coronal hole. This corridor is the photospheric footprint of the
indicated HF'T}; its conjugate source-surface footprint is located along the high-() arc, traced

by dashed black and while lines in panels (b) and (c¢) and (d), respectively.
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Fig. 8.— Topological states HFT + N; (panels (a) and (b)) and Ny (panels (¢) and (d))
with and without an HFT, respectively. The parasitic polarity is covered in both these
states by a separatrix dome associated with the null point N; that locates above the western
part of the parasitic polarity. In the former state, the parasitic polarity is on the half way
to disconnect the bulge of the northern coronal hole (a); the eastern side of the parasitic
polarity is skirted by an HFT. Its source-surface footprint appears as a high-Q) arc, whose

western tip is anchored at the neutral line; this arc is traced by a dashed black line in panel

(b).
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Fig. 9.— The results of the solar wind model for the total solar eclipse 2008 August 1: The
photospheric B, (top panel) and slog @ (bottom panel, see equation (15)) distributions; the
coronal holes are shaded in both panels in dark red and blue. Color scale bars for B, and
slog @) are the same as in Figure 2 and 10, respectively, accept that B, here is saturated

approximately at +20 G.
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Fig. 10.— The results of the solar wind model for the total solar eclipse 2008 August 1: the
slog @ distribution (see equation (15)) at the sphere r = 3R. The high-@ lines border here
the regions of open magnetic flux that appear at the photosphere as disconnected or nearly
disconnected ones. Blue and red colors correspond, respectively, to negative and positive

magnetic fluxes.
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Table 1. Basic topological states of the modeled configuration®

b : r r r connection®
State Figure O g gj g / stability
N3 No N1
BP+N,+N, 2 3 379 - Loy ( 11050 L/S
3.4995 4.1834
NOINatN, 4 37830 ( ™ ) Lo ( Lo LU
3.0765 3.4877 4.1969
NN 5 a1 ( Lo ) Lo ( Lo LS
3.1391 3.4562 4.2221
Ns+ Ny +N; — ? ? ? ? C/U
HFT + N5+ N; 6 37923 — ( T'0480 ) ( 104 C/U
3.3225 4.2531
HFT+N; 7 3.802 — — ( IREET C/S
4.3475
HFT +N, 8 (ab) 4.23 — — ( T C/s
4.6624
N, 8l 468  — - ( Loy o/s
5.0830

2Parameters: Rgg = 2.5, m = 2.4224, | £ ¢q| = 2.4721, p = 0.10019, d, = 0.23980,
d_, = 021800, d, =0.2,1 =05, 6, = 0_, = 1.765, ¢, = 3.086, ¢_, = 2.84, 0, = 0.96.
PStructural features: bald patch (BP), null point (N), and hyperbolic flux tube (HFT).

Cloronal hole connection: connected (C), singularly connected (C), or only linked (L).

dTopologically stability of the configuration: stable (S) or unstable (U).



