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STABILITY OF CASTIRIMG VEEELS FOR AIRCRAFT LAWDING GEARS 

B y  A r t h u r  Kantrowi t z 

A t h e o r c t i c a l  s t u d y  h a s  been r a d e  of t h e  shinmy of 
c a s t e r i n g  whee l s .  The t h e o r y  i s  b a s e d  on t h e  d i s c o v e r y  of 
a phenomenon c a l l e d  " k i n e m a t i c  sl:inmy. " E x p e r i m e n t a l  
c h e c k s ,  u s i n g  a node1  h a v i n g  lev-pressure t i r e s ,  a r e  r e -  
p o r t e d  a n d  t h e  a p p l i c a b i l i t y  of t h e  r e s u l t s  t o  f u l l  s c a l e  
i s  d i s c u s s e d ,  T h e o r e t i c a l  method-s of e s t i m a t i n g  t h e  sp in -  
d i e  v i s c o u s  damping and  s p i n d l e  s o l i d  f r i c t i o n  n e c e s s a r y  t o  
a v o i d  s h i n n y  a r e  g i v e n .  A method of a v o i d i n g  shimmy - la%- 
e r o l  f r e e d o n  - i s  i n t r o d u c e d .  

In many i n s t a l l a t t o n s  of c a s t e r i n g  r u b b e r - t i r e d  w h e e l s  
t h e r e  i s  a t endency  i 'oT t h e  ..]?eel t o  o s c i l l a t e  v i o l e n t l y  
a b o u t  t h e  s p i c d l e  a x i s ,  T h i s  phenomenon, p o p u l a r l y  c a l l e d  
" sh inmy ,"  h a s  o c c u r r e d  i n  some a i r p l c n o  t a i l  n h e e l s  and  
h a s  bezn  c o ~ r e c t e d  i n  two mays: F i r s t ,  by t h e  a p p l i c a t i o n  
of f r i c t i o n  i n  t h e  s p i n d l e s  of t h e  t a i l  whee l s ;  a n d ,  s e e w  
o n d ,  by l o c k i n g  t h e  w h e e l s  w h i l e  t a x y i n g  a t  h i g h  speeds .  
Sh inny  i s  common n i t h  t h e  l a r g e  w h e e l s  u s e d  as n o s e  w h e e l s  
i n  t r i c y c l e  l a n d i n g  g e a r s  s-und, s i n c e  i t  i s  i m p o s s i b l e  t o  
l o c k  t h e  n h e e l s ,  f r i c t i o n  i n  t h e  nose-wheel s p i n d l e  h a s  
bccn  t h e  s o l e  means of c o r r e c t i o n .  Bccnuse t h e  n o s e  mhcel  
i s  l a r g e r  t h a n  t h e  c o n v e n t i o n a l  t a i l  ;7hecl and u s u a l l y  C c r -  

r i e s  a g r e a t e r  l o a d ,  t h e  l e r g e r  amounts  of s p i n d l e  f r i c t i o n  
n e c e s s a r y  t o  p r e v e n t  shimmy ?.ro o 'u j ec t ionnb le .  

S e v c r n l  c x p e r i n e n t ~ ~ l  i n v e s t i g n t  i o n s  u n d e r t a k e n  t o  f i n d  
n c t h o d s  of  a v o i d i n g  shimmy shoned t h a t  s h i n n y  c o u l d  be  pro-  
v e n t e d  i n  s n ~ ~ l l  t ~ i l  7,yheels by f r i c t i o n  i n  t h e  s ~ i n d l e .  
The n o n t  t h o r o u g h  nor!: on t h c  g e n e r a l  s u b j e c t  of s t c b i l i t y  
of c ~ ~ s t c r i n g  a h e e l s  i s  t h a t  of Beclccr, Prom=, and  Lfaruhn 
( r e f e r e n c e  1 )  on s h i n n y  i n  n u t o ~ . o b i l e s .  Because  t h e y  do 
n o t  i n c l u d e  t h e  e f f e c t  of l n t c r c l  t i r e  d - e f l e c t i o n ,  i t  i s  be- 
l i e v e d  t h n t  t h e i r  r e s u l t s  n o u l d ,  i n  g e n e r a l ,  n o t  b e  a p p l i -  
c c b l e  t o  a i r 2 l c n e s .  

The p r e s e n t  y e p e r  p r e s e n t s  7" t h e o r e t i c a l  and  c x p e r i -  
mon tn l  s t u d y  of t h o  p rob lem of t h e  s t a b i l i t y  of  c c s t e r i n g  
n h c e l s  f o r  a i r p l a n e  l - n d i n g  g e a r s .  On t h e  b a s i s  of s i m p l i -  
f i e d  a s s u m p t i o n s  i n d u c e d  f  r o n  c x p e r i n e n t r , l  o b s e r v a t i o n s ,  a 



t h e o r y  of t h e  phenomenon i s  p r e s e n t e d .  The t h e o r y  i s  t h e n  
c o m ~ c r e d  q u z n t i t ~ , t i v e l y  n i t h  t h e  r e s u l t s  of model e x p e r i -  

. ments .  

TSEORY OF THE STABILITY OF CASTERING WHEELS 

Kinema t i c  ( o r  s t a t i c )  Shinny  

Sonc p r e l i m i n a r y  e x p e r i m e n t a l  r e s u l t s  on shinmy were  
o b t a i n e d  by t h e  N.A.C.A. n i t h  t h e  a i d  of t h e  be l t -mach ine  
a p p a r a t u s  shovn i n  f i g u r e  1, T h i s  machine c o n s i s t s  of a 
c o n t i n u o u s  f a b r i c  b c l t  mounted on t n o  r o t a t i n g  drums a n d  
d r i v e n  by a v a r i a b l e - s p e e d  e l e c t r i c  motor .  P r o v i s i o n  i s  
a s d e  f o r  r o l l i n g  a c a s t e r i n g  wheel  up t o  abou t  6 i n c h e s  
i n  d i a n e t c r  on t h e  b c l t  i n  such a way t h a t  i t  i s  f r e e  t o  
nove  v e r t i c a l l y  b u t  n o t  h o r i z o n t a l l y .  

0 s  t h i s  b e l t  machine t h e  f o l l o w i n g  phenonenon ( s e e  
f i g .  1) n a s  d i s c o v e r e d  w h i l e  y u s h i n g  t h e  b e l t  v e r y  s l o w l y  
by hand.  V i t h  t h e  n h e e l  s e t  a t  a n  a n g l e  v i t h  t h e  b e l t  a s  
i n  ( a )  a n d  t h e  b e l t  pushed  s l o w l y ,  t h e  b o t t o n  of t h e  t i r e  
mould d e f l e c t  l a t e r a l l y  a s  i s  shonn i n  ( b ) .  When t h e  b e l t  
was pushed  f a r t h e r ,  t h e  n h e e l  s t r a i g h t e n e d  o u t  g r a d u a l l y  
a s  i s  shoan i n  ( c ) .  Eoneve r ,  t h e  bo t tom of t h e  t i r e  ;tould 
t h e n  s t i l l  be  t? .e f lec ted  and  t h e  whee l  would c o n t i n u e  t o  
t u r n  as  i n  ( d ) .  The n h e e l  mould t h u s  f i n a l l y  o v e r s h o o t ,  
as  shonn i n  ( e )  and  ( f ) ,  The p r o c e s s  mould t h e n  b e  r e -  
p e a t e d  i n  t h e  o p p o s i t e  d i r e c t i o n .  

F i ~ u r e  2 i s  a p h o t o s t a t i c  r e c o r d  of  t h e  t r a c k  l e f t  by 
t h e  bot.bon of t h e  t i r e  on a p i e c e  of snoked m e t a l .  Tno 
t h i n g s  n i l 1  b e  n o t i c e d :  F i r s t ,  t h a t  t h e  b o t t o n  of t h e  
t i r e  ?.id n o t  c l r id;  a n d  s e c o n d ,  t h e t  t h e  p l a c e s  n h e r e  t h e  
whee l  : - ~ l g l e  i s  ze ro  ( i n d i c a t e d  by z e r o s  on t h e  t r a c k )  co r -  
respoai?  r o u g h l y  t o  t h e  p l a c e s  a h e r e  t h e  l a t e r a l  d e f l e c t i o n  
of t h e  t i r e  i s  a naximun. Thus t h e  mheel  a n g l e  l a g s  t h e  
t i r ~  d e f l e c t i o n  by 1 / 4  c y c l e .  

I f  was n o t i c e d  t h a t  t h e  o s c i l l a t i o n  c o u l d  b e  i n t e r -  
r u p t e d  a t  any  p o i n t  i n  t h e  c y c l e  by i n t e r r u p t i n g  t h e  no- 
t i o n  of t h e  b e l t  w i t h o u t  a p p r e c i a b l y  a l t e r i n g  t h e  phenon- 
enon. F r o n  t h i s  o b s e r v a t i o n  i t  m a s  deduced t h a t  dynamic 
f o r c e s  p l a y  no a p p r e c i . a b l e  p a r t  i n  t h i s  o s c i l l a t i o n .  T h i s  
t y p e  of o s c i l l a t i o n  n i g h t  b e  c a l l e d  n s t a t i c "  s h i n n y  b u t  
t h e  n o y e  r i g o r o u s  t e r n  " k i n e n a t i c  s h i n n y "  i s  p r e f e r r e d .  

1% was a l s o  f o u n d  t h a t  t h e  d i s t a n c e  a l o n g  t h e  b e l t  



r e q u i r e d  f o r  onc c ~ c l e  d i 8  n o t  v a r y  nuch w i t h  c a s t e r  a n g i e  
o r  c a s t e r  i e n g t h .  (Scc  f i g .  3 . )  C a s t e r  l e n g t h  m a s  t h e r e -  
f o r e  c o s s i d e r e d  n o t  t o  be  of fundamenta l  i q o r t a n c e  i n  
t h i s  ty:?e of o s c i l l c t i o n .  

I t  s h o u l &  be  p o i n t e d  o u t  t h a t ,  i n  o r d e r  t o  o b s e r v e  
t h c  !;ii?emai;ic shinilzg , la ter : . l  r e s t r a i n t  of t h e  s p i n d l e  i s  
z e c e s s a r y  t o  prevent t h e  s p i n f i l e  f r o n  noving  l a , t e r a l l y  
rrlzeil t h c  ko t to r i  of t h e  t i r e  i s  d e f l e c t e d  and t h u s  n e u t r a l -  . . Izr:lc t k c  t i r e  d e f l c c t i o r .  T h i s  r e s t r a i n t  i s  s u p p l i e d  by 
t h c  & p a n i c  r e a c t i o n  of t h e  a i r p l a n c  phen t h e  a i r p l a n e  i s  
nov ing  f o r w a r d  r a ~ i d l y  b u t  i s  n o t  o r d i n a r i l y  p r e s e n t  nhcn 
t h c  a i r ~ 2 l a a e  i s  noving  f o r w a r d  s lowly .  I t  h a s  been  ob- 
s c r v c d ,  however ,  oil a i r p l a n e s  towed s lowly  ~ v i t h  t w o  tow 
roL3os so a r r a n g e d  a s  t o  p r o v i d e  sone  l a t e r a l  r e s t r a i n t .  

I t  i s  obse rvcd  i n  f i g u r e  l ( a )  t h a t ,  when t h e  c c n t e r  
l i n c  of t h e  tv!~ccl i s  a t  an a i lg l e  6 ( s c c  f i g .  3 )  w i t h  t h e  
d i r e c t i o n  of :- lotion, t h e  b o t t o n  of t h e  t i r e  d e f l e c t s .  
ThLs s i t u a t i o n  i s  r c p r e s c n t e d  s c h e n a t i c z l l y  i n  f i g u r e  4. 
I t  is seen  tlig-t a t r ~ i c a l  p o i n t  on t h e  p e r i p h e r a l  c e n t e r  
l i n e  n u s t  have  a conponeat  of  n o t i o n  p e r p e n d i c u l a r  t o  t h e  
wheel  c e n t e r  l i n e  i f  t h e  t i r e  i s  n o t  t o  s k i d .  Thus 

dh = - s i n  6 d s  

(The n i n u s  s i g n  f o l l o a s  f r o g  t 3 e  c o n v e n t i o n s  u s e d  a s  shoan 
i n  f i g .  3 . )  S i n c e  o n l y  saa l l  o s c i l l a t i o n s  a r e  t o  be  con- 
s i d e r e a ,  t h e  ~ ~ p p r o x i u a t i o n  

Thc e f f  e c t  of t i r e  d c f l e c t i o u  on 8 w i l l  now be con- 
s i d c r c d .  I t  v i l l  b e  ass.arncd, f o r  t h e  p u r p o s e s  of r o u g 3  
c x l ~ a l ~ ~ t i o n ,  t>at as i l l u s t r a t e d  ill f i g u r e  5 t h e  p r o j e c -  
t i o n  of t h e  p c r i p h e r c l  c e n t e r  l i n e  on t h e  ground i s  c c i r -  
c u l a r  a r c  intersecting tl lc  n-:ic21 c c i ~ t r i t l  p l a n e  a t  - t h o  ex- 
t r c n i t i e s  of t h e  p r o j c c t i o n  of t k e  t i r c  i l iameter .  (See  
f i .5 .  I - ( d ) . )  TLus, i n  f i S u r 0  5 ,  r i s  t h o  t i r c  r a d i u s .  
( I t  n i l 1  3 c  asnucod f o r  t k c  t i n e  b e i n g  t h a t  t h o  c a s t c r  
l c - ~ ~ y ' i h  and c a s t e r  a a ~ l c  a r c  ze ro . )  Bow i f  t 3 e  t i r e  i s  de- 
f l c c t c d  ic t:ic f o r n  of a c i r c u l ~ ~ r  a r c ,  t h e ?  t h e  c o n d i t i o n  
t h a t  t k e  t o r q u e  a 5 0 u t  t h e  s p i n d l c  a x i s  bc zero  i s  t h z t  t h e  
s t r a i l :  bc  s y n n e t r i c o l  a b o u t  t k c  p r o j e c t i o n  of t h e  n h e e l  
2 ~ 1 e  on t3.c qround.  C l l e ~ , r l y ,  i f  tZlc rrl?eel i s  d i s p l n c e d ,  



i t  n i l l  be  t u r n e d  a b o u t  t h e  s p i n d l e  a x i s  by t h e  asymmet- 
r i c e 1  e l a s t i c  f o r c e s  u n t i l ,  i f  i t  i s  a l l o w e d  t i m e  t o  r e a c h  
e q u i l i - o r i u - n ,  t h e  s y n m e t r i c ~ ~ l  s t r a i n  c o n d i t i o n  i s  r e a c h e d .  
Thus ,  il" t h e  t i r e  i s  d c f l c c t e d  an amount h a s  i n  f i g u r e  
5 ( a ) ;  a n d ,  i f  t h e  a h e e l  r o l l s  f o r ~ a r d  a d i s t a n c e  d s  t o  
t h e  c o n d i t i o n  shown i n  f i g u r e  5 ( b ) ,  i n  o r d e r  f o r  t h e  s t r a i n  
t o  r ema in  sym:3etr ical  t h e  rrheel n u s t  t u r n  a b o u t  t h e  s p i n -  
d l e  a x i s  s n  amount do. From f i g u r e  5 ,  R d0 = d s .  The 
v a l u e  of R may b e  r e a d i l y  o b t a i n e d  f rom geomet ry  i n  
t e r n s  of r and  A .  Thus R~ = r2 + ( R -  A ) ~ ;  f rom 

i h ,  i f  A" << r 2 ,  i t  i s  s e e n  t h a t  R = r 2 / 2 ~ .  Then 
s u b s t i t u t i n g  f o r  R, 

If t h e  c a s t e y  l e n g t h  i s  f i n i t e ,  t h e  s t r a i n  w i l l  n o t  
be  s y n n e t r i c a l  a b o u t  t h e  a x l e  as T ~ s  assumed h e r e  b u t  w i l l  
b e  syr : ; l e t r ica l  n i t h  r e s p e c t  t o  some l i n e  p a r a l l e l  t o  t h e  
a x l e  b u t  a c e r t a i n  f i x e d  d i s t a n c e  ahead .  Hence,  t h e  es-  
s e n t i a l  e l c inen t s  of thc geomet ry  rzre unchanged  and  a l l  t h e  
r e z s o : ~ i n g  t h a t  l e d  t o  e q u a t i o n  ( 2 )  i s  s t i l l  v a l i d  f o r  
t h i s  c a s e .  

S i i ~ c c  t h e  phenomena r e p r e s e n t e d  by e q u a t i o n s  (1) and- 
( 2 )  o c c u r  s i ? u l t a n e o u s l y ,  t h e y  n u s t  b e  combined t o  g e t  
t h e  t o t n l  e f f e c t .  Thus 

T h i s  d i f f e r e n t i a l  e q u a t i o n  c o r r e s p o n d s  t o  a  s i n p l c  
I l n l - ~ o i l i c  o s c i  1 - l a t i o n  occu r r i l zg  e v e r y  t ime  t h e  whee l  naves 

a + i s t n n c c  2n/,,/2/r2- = J2-.ii r .  

j f cc su re i ?en t s  of t h e  i n t e r v a l  of B i i l e n a t i c  s h i n n y  S 
have  bee:? c a d c  f o r  t h r e e  s i s l l a r  t i r e s  of  t h e  t y p e  i l l u s -  
t r a t e d  i n  f i g u r e  1. These  t i r e s  a11 h a d  r a d i i  of  approx-  
i n n t e l y  2 i n c h e s  so t h a t  t h e  t h e o r o t i c n l  i n t e r v a l  was 
a b o u t  0.7'4 f o o t .  T h e i r  c x p e r i n ~ : i t a l  i n t e r v a l s  were  0.65 
f o o t ,  0.74 f o o t ,  and 0.79 f o o t .  T h i s  agreement  i s  c l o s e r  
t h x ~  i-ligilt h a v e  been a n t i c i p . ? t e d  i n  view of t h e  r o u g h n e s s  
of t h e  ~ ~ s s u n p t i o n .  I t  n i l l  be  s e z n  f r o n  e q u a t i o n  (1) t h a t  
A i s  1 / 4  c y c l e  o u t  of g h a s e  v i t h  e ,  which i s  i n  a g r e c n e i l t  
n i t h  t % c  i n f o r n a t i o n  o b t a i n e d  f r o n  f i g u r e  2 .  

11 ord-cr  t o  t a k e  e c c o u a t  of t i r e s  f o r  mhich t h e  a s -  
::unpt ioil nag-c c o n c e r n i n g  t h e  p r o j  e c t i o n  of t h e  p e r i p h e r c l  



c e n t e r  l i n e  i s  n o t  q ~ a n t i t a ~ t i v e l y  v a l i d ,  an e m p i r i c a l  con- 
s t a n t  K1 m i l l  be  u s e d  i n  p l a c e  of 2 / r 2  i n  e q u a t i o n s  
( 2 )  a n d  (3), t h u s  o b t a i n i n g  

The c o n s t a n t  K1 cp.n b e  inensu-red by o b s e r v i n g  t h e  i n t e r -  
v?,l of l ~ i n e m n t i c  shimmy. Where e x p e r i m e n t e l  v c l u e s  of K l  
a r e  ? v s i l a b l e ,  t h e y  n i l 1  b e  u s e d  r a t h e r  t h a n  t h e  rough  
t h o o r  c t i c n l  v a l u e  2 / r 2 .  

Dynamic Shimmy 

I n  t h e  f o r e g o i n g  d e r i v a t i o n  f o r  t h e  o s c i l l a t i o n  c a l l e d  
' ' l ~ i n c n a t i c ~ ~  shimmy i t  vas assumed t h a t  t h e  s t r a i n  of t h e  
t i r e  was z,lways s y n 1 2 e t r i c , ~ l ,  t h z t  i s ,  t h e  whee l  w a s  moving 
so  s l o w l y  t h a t  anjr t o r q u e  a r i s i n g  f rom dynamic e f f e c t s  in -  
volve?-  i n  t h o  o s c i l l a t i o n  woul3- be  n e g l i g i b l e .  Fo r  t h i s  
c a s e ,  f rom e q u a t i o n  ( 4 )  

I f ,  now, t h e  7.7heel i s  assumed t o  3 e  moving a t  a ve- 
l o c i t y  such  t h a t  t h e  e f f e c t  of t h e  moment of i n e r t i a  a b o u t  
t h e  n p i n d l e  a x i s  i s  s i g n i f i c a n t ,  t h e n  t h e  s t r a i n  can no 
l o n g c r  3 e  s g z a c t r i c a l  2nd f o r  small a symmet r i e s  t h e  t o r q u e  
e x e r t e d  by t h e  t i r e  on t41e s ~ i n d l e  m i l l  b e  p r o p o r t i o n a l  t o  
t h e  anoun t  of t h c  ; . , s ~ m ~ o t r y ,  Thus ,  t h e  v a l u e  i n  p a r e n -  
t h e c e s  a i l1  no l o n g e r  b e  z e r o  b u t  i t  can b e  assumed. t h c t  
i t  n i l 1  be  p r o p o r t i o n a l  t o  t h e  d y n a n i c  t o r q u e ,  

where  C1 i s  an a g p r o p r i n t e  c o n s t c n t  of p r o n o r t i o n c l i t y  
a n J  i n c l . u d c s  t h e  moment of i n e r t i n  abou t  t h e  s p i n d l e  a x i s  
1,. If t h e  f o r v a r d  v e l o c i t y  V of t h e  mheel i s  c o n s t a n t  



T l c  c o n s t a n t  C1 ney b e  rzeasured by d e f l e c t i n g  t h c  
b o t t o n  of  t h e  t i r c  2 knovn n n o u n t ,  n o v i n g  t h e  whee l  f o r -  
g a r ,  2nd b a l a n c i n g  t h e  t o r q u c  T e x e r t e d  by t h e  t i r c  on 
t h o  s p i n d l e  so t h a t  0 s t a g s  c o n s t a n t .  The n e t h o d  of dc- 
f l c c t i n g  t h e  b o t t o n  of t h e  t i r e  a known sc.mount n i l 1  be 
d e s c r i b e d  l a t e r .  I n  t h i s  c a s e  ( 6 )  b e c o n e s  

f r o n  which C1 ma2 b e  found .  I t  h c s  becn f o u n d  t h a t  Cr 
i n c r e ~ , s c s  n i t h  i n c r e a s i n g  c a s t e r  a n g l e .  Thus,  f o r  a t i r e  
l i k e  t h e  one i n  f i g u r e  1, C1 was 7'1,000 r a d i a n s  p e r  
s ccond2  l > c r  f o o t  f o r  a c a s t e r  l e n g t h  L of 0.17 i n c h  
( c a s t e r  a n g l e ,  5'; no f o r k  o f f s e t )  and mas 1 0 4 , 0 0 0  r a d i a n s  

2 p e r  second. u e r  f o o t  f o r  c a s t e r  l e n g t h  0.68 i n c h  ( c a s t e r  
a n g l e ,  20° ) .  

I n  t l i e  s t u d y  of k i n e n a t i c  shinmy i t  w a s  a l s o  seen t h a t  
t h e  o n l y  change i n  h mas due t o  t h e  f a c t  t h a t  a compo- 
n e n t  of t h e  f o r w a r 2  mot ion  mas p e r ? e n d i c u l a r  t o  t h e  cen- 
t r a l  p l a n e  of t h e  whee l .  T h i s  c i r c u m s t a n c e  i s  e x p r e s s e d  
by e q u a t i o i ~  ( I - ) .  I t  i s ,  however ,  f o u n d  t h a t ,  i f  t h e  sp in -  
d l e  i s  c lamped a t  6 = 0  and  t h e  bo t tom of t h e  t i r e  i s  
d e f l e c t e d ,  t h e  d e f l e c t i o n  w i l l  g r a d u a l l y  n e u t r a l i z e  i t s e l f ;  
t h a t  i s ,  t h e  b o t t o n  of t h e  t i r e  p i l l  r o l l  u n d e r  t h e  wheel.  
Thus t:le a s y m m e t r i c a l  ( d € / d s  = 0 )  s t r a i n  t h a t  e x i s t s  i n  
t h i s  c a s e  c o n t r i b u t e s  t o  d ~ / d s .  The c a s e  of € and 
d6 /ds  a c r o  i s  i l l u s t r a t e d  i n  f i g u r e  6. I f  t h e  e f f e c t  i s  
a g a i n  cv-ppose6 t o  b e  p r o p o r t i o n a l  t o  t h e  c a u s e ,  t h e r e  i s  
0 3 t a i i i e d  

I n  t h i s  c q u e t i o n  t h e  c o n s t a n t  C2 i s  a g e o m e t r i c a l  
c o n s t a t  of t h e  t i r c  t h a t  c3,n be  o b t a i n e d  from s t a t i c  
ne? , su rencn t s .  The o r d c r  of magn i tude  of C, can b e  ob- 
t n i n e d  by cssuming  t h n t  t h e  p c r i p h c r y  of  t h e  t i r e  i n t e r -  
s e c t s  t h e  e x t r e m i t y  of t h e  ex t ended  c e n t r a l  > l a n e  of t h e  
mhecl. i n  t h n t  c a s e  C2 = l / r .  

I1 0 i s  n o t  z e r o ,  t h e r e  n i l 1  be  a component of t h e  
f o r r r a r d  = o t i o n  c o n t r i b u t i n g  t o  d h / $ s .  A s  i n  e q u a t i o n  



( I ) ,  t h i s  component w i l l  b e  -6 .  Adding t h i s  component 
t o  t h c  $ar t  of c?h/ds due t o  a s y n m e t r y ,  t h e n  (d8/cLs 
s t i l l  assumed z e r o )  

T h i s  c q u s t i o n  e x p r e s s e s  th3.t  f o r  :t = 0 t h e  c o n t r i -  

b u t i o n  of t h e  a s y m m e t r i c a l  s t r c i n  t o  dh /ds  v a s  - G2 A .  

Also  f o r  t h e  symmet r i ce l  s t r a i n ,  i n  mbich c a s e  h  - d5Ld9 = 
I( 1 

0 ( k i i l e m a t i c  s h i x n y ) ,  t h e r e  mas,  of c o u r s e ,  no c o n t r i b u -  
t i o n  d.uc t o  asymmetry.  Assumc now a l i n e a r  i n t e r p o l a t i o n  
b e t a c c n  t h e s e  two l i m i t i n g  c a s e s .  Thus ,  f i n a l l y ,  

A  leth hod of n e c s u r i n g  C2 i s  p r o v i d e $  by e q u a t i o n  
( 7 )  v h i c h ,  nhcn i n t e g r a t e d ,  g i v e s  

I f ,  w i t h  t h e  s p i n d l e  clamped a t  8 = 0 ,  t h e  t i r e  i s  
d e f l e c t e d  a known amoust ho  and  r o l l e d  a h e a d  a known 

d i s t a n c e  and t h e  new h  m e a s ~ r e d ,  Gs nay be  computed.  
I t  n a s  s e e n  e a r l i e r  t h a t  G2 mas of t h e  o r d e r  of magn i tude  
of 1/1?,  t h e t  i s ,  i t  mould be of t h e  o r d e r  of 6 f o r  a 2- 
i n c h  r a d i u s  t i r e .  The c o n s t a n t  C 2  was measured on two 
mnc?cl t i r ' e s  u n d e r  d i f f e r e n t  Loads and  found t o  b e  6.2 and  
3.4. C o n s i d e r a b l e  v a r i a t i o n s  of t h i s  c o n s t s a t  w i t h  t i r e  
p r e s s u r e  2nd  l o a d  have  been  found .  

A :-lethod of o b t a i n i a g  t h c  c o n s t a n t  known h  n e c e s s a -  
r y  f o r  the z ~ c a s u r e n e n t  of CI1 i s  p rovided .  t h r o u g h  equa- 
t i o n  ( 9 ) .  S e r e  i t  i s  secn  t h a t ,  i f  t h o  n h c e l  P s  p u s h e d  
a l o n g  a t  n c o n s t a n t  n n g l c  6, h  n i l 1  i n c r e a s e  ( n e g a t i v e -  
l y )  v.iltf.1 8 = - C2 h ,  i n  r ~ i l i c h  c a s e  -- dh - - o and  equi -  

a s  

Vnen t h e  r h o e l  i s  moving ahend  ct a  f i n i t e  c o n s t c n t  
V e l o c i t y ,  t h e  phenonena  r e p r e s e n t e d  by e q u a t i o n s  ( 6 )  a n d  
( 9 )  o c c u r  s imv l t a i i oous l :~ .  T h c r e f o r c ,  t o  g e t  t h e  t o t n l  e f -  



f c c t ,  combine t h e  two e q u a t i o n s  t h u s  o b t a i n i n g  

The s o l u t i o n  f o r  t h e  c a t u r s l  nodes  of n o t i o n  r e p r e -  
s e n t e d  by e q u a t i o n  ( L O )  i s  

v l ~ e r e  t h e  a ' s  a r e  t h e  t ' a r c e  s o l u t i o n s  of t h e  s o - c a l l e d  
" a u x i l i a r y "  e q u a t i o n  

One of t h e s e  a ' s  i s  r e a l  and  n e g a t i v e  and c o r r e -  
spo.ilds t o  n i l o i l o ~ c i l l . a , t o r g  convergence . ,  The o t h e r  r o o t s  
a r e  c o i l j u g a t e  complex numbers  and  c o r r e s p o n d  t o  t h e  shimmy 
u n d e r  c o i l s i d e r a t i o n .  The r o o t s  v i l l  be of t h e  form 
a  f w i. I f  t h e  d i v e r g e n c e  a ,  i s  p o s i t i v e ,  t h e  o s c i l l a -  
t i o n  ?:ill s t e a d i l y  i n c r e a s e  i n  a m p l i t u d e  ( m h i l e  i t s  ampli-  
t u d e  I s  n o t  l a r g e  enough f o r  s k i t i d i n g  t o  o c c u r ) ;  a n d ,  if 
a  i s  n e g a t i v e ,  t h e  o s c i l l a t i o n  w i l l  s t e a d i l y  d e c r e a s e  i n  
a n p l i t u - d e  and  e v e n t u a l l y  d i  s a ~ ~ p e a r .  The :::caning of t h e  
q u a n t i t y  "d . ivergence"  nay  b e  i l l u s t r a t e d  by s a y i n g  t h a t  i t  
i s  n g p r o x i n ~ , t e l y  e q u a l  t o  t h e  n a t u r a l  l o g a r i t h m  of t h e  r a t i o  @ 

of s u c c e s s i v e  n a s i n u n  a q l i t u d e s  t o  t h e  d i s t a n c e  b e t n e e n  
L 7 bnen. T i e  q u a n t i t y  w i s  e q u a l  t o  2 t i n e s  t h e  nunbe r  
of o s c i l l n t f o n s  T e r  f c o t .  The f r e q u e n c y  t h e r e f o r e  i s  
~ ~ l 2 n .  The p h a s e  ~ n g l e  1s o b t a i n e d  by s u ' o s t i t u t i n g  f o r  0 
i n  e q u a t i o n  ( 6 )  t h e  v a l u e  o b t a i n e d  f r o n  t h e  f o r e g o i n g  p ro -  
c e d u r e  ?.nd s o l v i n g  f o r  A .  

Thc d i v e r g e n c e ,  ' t h e  f r e q u e n c y  , a n d  t h e  p h z s s  r e l z t i o n s  
t h u s  d e r i v e d  f o r  tgp?c:!.l model t i r e  c o n s t a n t s  n r e  p l o t t e d  
i n  f i g u r e  7. Fo r  s x a l l  r e L o c i t i e s  (0 t o  6 f e e t  p e r  s e c o n d )  
t h e  f r e q u e n c y  corrcs:yonds t o  ?cinc.mntic s h i n n y ;  i t  i s  p ro-  
~ o r t i o n a l  t o  v e l o c i t y .  Thc d i ~ r c r g e n c c  i n c r e a s e s  r e p i d l y ,  
k ~ o ~ i e v c r ,  b e c a u s e  t h e  s p i n d l e  a n s l e  l a g s  on o.ccount of t h e  
m0fient of i n e r t i ? .  a b o u t  t h e  s g i n d l e  ? x i s ,  t h u s  a l l o n i n g  
n o r e  l ~ ~ t e r ~ , l  d e f l e c t i o n  t h a n  mould o c c u r  i n  a k i n e m a t i c  
shir?,l:ly. On t h e  n e x t  h n l f  c y c l e  c l a r g e r  s p i n d l e  a n g l e  i s  
r e a c h e d  nad t h e  p r o c e s s  r e p e a t " , ,  As th'e v e l o c i t y  i s  f u r -  
t h e r  i n c r e a s e d ,  t h e  l a g ,  and  h e n c e  t h e  a synmet rg  of t h e  
s t r a i n ,  f .1~- r thzr  i n c r e a s e  u n t i l .  t h e  s t r a i n  becomes a l m o s t  



e n t i r e l y  2 s y m n e t r i c n l .  For  t h i s  c o n d i t i o n ,  (E) i; << h. 

Then t h e  r e s t o r i n g  t o r q u e  on t h e  s p i n d l e  i s  a p p r o x i m a t e l y  
p r o g o r t i o n a , l  t o  A.  (See  e q u a t i o n  ( 6 ) . )  Hovever ,  h  
( n e ~ ~ s u r e d  n e g a t i v e l y )  w i l l  s t i l l  l a g  somewhat b e h i n d  0 
b e c a u s e ,  a f t e r  t h e  wheel i s  t u r n e d  th rough  a g i v e n  a n g l e ,  
a c e r t a i n  f o r w a r d  d i s t a n c e  i s  r e q u i r e d  f o r  e q u i l i b r i u m  
t i r e  d e f l e c t i o n  t o  b e  r eached .  Thus,  t h e  r e s t o r i n g  f o r c e  
w i l l  z g a i n  l a g  t h e  d i s p l a c e m e n t .  As t h e  v e l o c i t y  i n c r e a s e s  
i n  t h e  h i g h - v e l o c i t y  r a n g e ,  t h e  f r e q u e n c y  s t a y s  n e a r l y  con- 
s t a n t  ( s e e  f i g .  7 )  and t h e  d i s t a n c e  c o r r e s p o n d i n g  t o  a s i n -  
g l e  o s c i l l a t i o n  i n c r e a s e s .  Hence, t h i s  c o n s t a n t  l a g  be- 
comes a s n a l l e r  p a r t  of t h e  c y c l e  and. t h e  d i v e r g e n c e  de- 
c r e a s e s  a t  h i g h  v e l o c i t i e s .  

I t  n i l l  b e  a p p r e c i a t e d  t h a t  t h e  f o r e g o i n g  t h e o r y  con- 
s i d e r s  oilly . t h e  fundamenta l  phenomena t a k i n g  p l a c e  i n  
sh inny.  There  z r e ,  as  would be  e x p e c t e d ,  o t h e r  phenomena 
o c c u r r i n g  s i n u l t a n e o u s l y  which have  been n e g l e c t e d .  Some 
of t h e .  n o r e  i m p o r t a n t  of t h e  phenomena n e g l e c t e d  a r e :  

1. ~ ~ i i s c e l l a n e o u s  s t r a i n s  ( o t h e r  than  l a t e r a l  t i r e  
d e f l e c t i o n )  o c c u r r i n g  i n  t h e  t i r e .  A rubber  t i r e  b e i n g  an 
e l a s t i c  body m i l l  d i s t o r t  i n  nnny c o n p l i c z t e d  mays w h i l e  
shimmying. I n  $ a r t i c u l a r ,  t h e r e  w i l l  be a t w i s t  i n  t h e  
t i r e  due t o  t h e  t r a n s m i s s i o n  of t o r q u e  from t h e  g r y d  t o  
t h e  r-rheel, 

2. Two e f f e c t s  a i l l  c a u s e  t h e  s t i f f n e s s  c o n s t a n t s  o f  
t h e  t i r e  t o  change m i t h  speed.  F i r s t ,  c e n t r i f u g a l  f o r c e  
on t h e  r u b b e r  n i l l  make t h e  t i r e  e f f e c t i v e l y  s t i f f e r  a t  
h i g h  sgceds .  Second,  much of t h e  ene rgy  u s e d  t o  d e f l e c t  
t h e  t i r e  a i l l  go i n t o  compress ing  t h e  a i r .  The compress i -  
b i l i t y  of t h e  a i r  n i l l  change m i t h  t h e  speed of compres- 
s i o n  omiiig t o  t h e  d i f f e r e n t  amounts of h e a t  b e i n g  t r a n s -  
f e r r e d  f r o n  i t .  

3 .  There  m i l l  be  a g y r o s t a t i c  t o r q u e  abou t  t h e  sp in -  
d l e  a x i s  caused  by t h e  i n t e r a c t i o n  of t h e  r o t a t i o n  of t h e  
wheel  on t h e  a x l e  and t h e  e f f e c t i v e  r o t a t i o n  of p a r t  of 
t h e  t i r e  a b o u t  a l o n g i t u d i n a l  a x i s  on accoun t  of t h e  l a t e r -  
a l  t i r e  d e f l e c t i o n .  T h i s  t o r q u e  m i l l  l a t e r  be shown t o  
have  a n o t i c e a b l e  e f f e c t  on t h e  r e s u l t s .  

The i n c l u s i o n  of i t e n s  1 and 2 i n  t h e  t h e o r y  would 
obvious ly-  b e  v e r y  d i f f i c u l t .  I t  i s  t h e r e f o r e  n e c e s s a r y  t o  
r e s o r t  t o  exper iment  t o  d e t e r m i n e  whether  t h e  p r e s e n t  the -  
o r y  g i v e s  an a d e q u a t e  d e s c r i p t i o n  of t h e  phenonena. If 
s o ,  t h e  omiss ion  of t h e s e  and any o t h e r  i t e n s  w i l l  be  j u s -  
t i f i e d .  



An experimenta .1  check  on t h e  t h e o r y  was o b t a i n e d  by 
n e a s u r i n g  t h e  d i v e r g e n c e  and f r e q u e n c y  of  t h e  shimmy on 
t h e  b e l t  n a c h i n e  a t  two c a s t e r  z n g l e s  and  a t  a s e r i e s  of 
v e l o c i t i e s .  These n e a s u r e n e n t s  mere made by p l a c i n g  a 
l i g h t e d  f l a s h l i g h t  b u l b  on a 6 - inch  s t i n g  a h e a d  of  a model 
c a s k e r i n g  wheel  w i t h  a b a l l - b e a r i n g  s p i n d l e  and  t h e n  t ak -  
i n g  h igh - speed  moving p i c t u r e s  of t h e  f l a s h l i g h t  b u l b  w i t h  
t h e  n h e e l  f r e e .  The p h o t o g r a p h s  were  made w i t h  t i m e  r e -  
c o r d i n g s  on t h e  f i l m ,  and  t h e  b e l t  c a r r i e d  an o b j e c t  t h a t  
interrupted l i g h t  f rom a f i x e d  f l a s h l i g h t  b u l b  a n d  t h u s  
r e c o r g e d  t h e  b e l t  s p e e d  on t h e  f i l m .  

The d i v e r g e n c e  a n d  freq'nnncy of t h e  shinmy mere ob- 
t a i n e d .  by measur ing  t h e  d i sp l a . cemen t s  and  t i m e s  c o r r e -  
spondii?g t o  s u c c e s s i v e  maximum a m p l i t u d e s  ( w h i l e  t h e  a m n l i -  
t u d e  mas s t i l l  s m a l l  enough t o  make a l l  t h e  a s s u m p t i o n s  
v a l i i t ) ,  The r e s u l t s  a r e  p l o t t e d  i n  f i g u r e  8 ,  

I n  o r d e r  t o  c o n p a r e  t h e s e  r e s u l t s  w i t h  t h e  t h e o r y ,  
t h e  c o n s t z n t s  C 1 ,  G2, a n d  K 1  mere n e a s u r e d  on t h e  same 
t i r e  a t  t h e  two c a s t e r  a n g l e s  by t h e  p r e v i o u s l y  d e s c r i b e d  
methods.  I t  mas f o u n d  t h a t  C2 = 6 . 2  f c e t W 1 ;  K1 = 62.5 

fee t" ;  t h a t  f o r  5.' c a s t e r  a n g l e ,  C 1  = 7 1 , 1 0 0  f e e t e 1 -  

secoiid.'", and  f o r  20° c a s t e r  e n g l e ,  C1 = 1 0 4 , 0 0 0  f e e t n 1 -  

second4".  The r o o t s  of e q u a t i o n  ( 1 2 )  were t h e n  f o u n d  and  
t h e  d i v e r g e n c e  and  f r e q u e n c y  of t h e  shimmy computed f o r  a 
s e r i e s  of v e l o c i t i e s  and  a t  c a s t e r  a n g l e s  of 5' a n d  20'. 
These  r e s u l t s  a r e  g l o t t e d  i n  f i g u r e  9 a n d ,  f o r  p u r p o s e s  o f  
c o m p z r i s o n ,  t h e  exge r inen t s .1  c u r v e s  a r e  a l s o  r e p r o d u c e d *  

T l c  r g r e e n e n t  bet7,veen t h e o r y  and  expe r imen t  i s  cons id -  
e r e d  s ~ ~ t i s f a c t o r y  a s  r e g a r d s  q u a l i t a t i v e  r e s u l t s .  I t  m i l l  
be  n o t i c e z . ,  h o ~ v e v e r ,  t h a t  t i l e  t h e o r e t i c a l  v a l u e s  of t h e  d i -  
v e r g e n c e  a r e  d e c i d e d l y  t o o  l n r g e  a t  h i g h  v e l o c i t i e s ,  s ay  
2 5  f e e t  p e r  second .  I t  s h o u l d  be  n o t e d  t h a t  25 f e e t  p e r  
second  f o r  the model would c o r r e s p o n d  t o  100  f e e t  p e r  sec-  
ond f o r  even n sma l l  a i r p l n n e ,  such  as t h e  Weick V l - A  ( r e f -  
e r e n c e  2 ) .  It was t h o u g h t  t h a t  t h e  ? . iscrepancy might  b e  
e t t r i b u t e d  t o  a g y r o s c o p i c  t o r q u e  (men t ioned  e a r l i e r )  t h z t  
was due t o  t h e  i n t e r a c t i o n  of t h e  r o t a t i o n  of t h e  s h e e l  
cn i t s  a x l e  w i t h  l a t e r a l  motion of t h e  bo t tom of t h e  t i r e .  
T h i s  l z t e r ~ ~ l  mot ion  nay be  c o n s i d e r e d  t o  b e  e q u i v a l e n t  t o  
a r o t a t i o n  of part of t h e  t i r e  a b o u t  an  a x i s  p e r p e n d i c u l z r  
t o  t h e  s -o indle  and n h e e l  ~ . x l e .  T h i s  i n t e r a c t i o n  g i v e s  
r i s e  t o  n s p i n d l e  t o r q u e ,  mhich must b e  i n c l u d e d  i n  equn- 
t i o n  ( 6 ) .  The n u m e r i c a l  v a l u e  of t h i s  t o r q u e  m i l l  b e  



I ,  " h e r e  In i s  t h e  noment of i n e r t i a  a b o u t  t h e  whee l  

a x l e  of t h e  p n r t  of t h e  t i r e  t h a t  engages  i n  t h e  l e t e r r 1  
moti'on ( s a y ,  p o s s i b l y  1 / 4  o f  t h e  t o t a l  monent of i n e r t i n  
of t h e  t i r e ) ;  $ i s  t ? t e  a n g u l a r  r o t a t i o n  a b o u t  t h e  l o n g i -  

t u d i n a l  o x i s  ( = r )  . a n d  i s  t h e  a n g u l a r .  r o t a t i o n  

a-bout t h e  a x l e  ( = r ) .  Thus,  t h e  v a l u e  of t h e  gyro- 
dh s t c t i c  t o r q u e  i s  I ivra; b u t  = i T -  
d s  

s o ,  f i n a l l y ,  
3 

t h e  t o r q u e  i s  ' -h. The a n g u l a r  a c c e l e r a t i o n  due t o  
Ia 7 a s  

Z ,  iT2 dh 
t h i s  t o r q u e  i s  -- -- .-- . Thus ( 6 )  'becomes 

2 d 2 8  

IT, r 2  d s  ' 2 7  - 
1, v2 dh -- -- .-- - - Cl (h - d / s ) .  Combining t h i s  e q u a t i o n  w i t h  
I, r2 d8 K1 

Here  t h e  c o n s t a n t s  C 1 ,  cz, and  K 1  a r e  t h e  same 

as  b e f o r e .  For  t h e  a s sembly  on which t h e  measurements  

g l a t t c d  i n  f i g u r e  8 x e r e  made, I, was 1 .06 X l o w 4  s lug -  
2 2 

' f e e t  , I, n c s  1.09 x l o w 5  s l u g - f e e t  , and r was 

0.165 f o o t .  Us ing  t h e s e  v a l u e s ,  new t h e o r e t i c a l  d i v e r -  
g e n c e s  and  f r e q u e n c i e s  mere computed and  t h e s e  a r e  com- 
p a r e d  w i t h  t h e  e x p e r i m e n t s  i n  f i g u r e  10. I t  m i l l  b e  s e e n  
t h a t ,  ahen  t h e  g y r o s t a t i c  t o r q u e s  a r e  i n c l u d e d ,  t h e  a g r e e -  
ment of t h e  t h e o r e t i c a l  d i v e r g e n c e s  w i t h  e x p e r i m e n t a l  
v a l u e s  i s  c o n s i d e r a b l y  i n p r o v e d  a t  h i g h  v e l o c i t i e s .  

The g y r o s t a t i c  t o r q u e  i s  p r o p o r t i o n a l  t o  d h / d s .  
Hence,  et h i g h  v e l o c i t i e s  i t  i s  n e a r l y  p r o p o r t i o n a l  t o  
d6 /ds  s i n c e  -h  a n d  8 ai.e n e a r l y  i n  p h a s e .  Thus ,  t h i s  
t o r q u e  i s  a p p r o x i m a t e l y  i n  t h e  r i g h t  p h a s e  t o  damp t h e  0s- 
c i l l a t i o n .  

E f f e c t  of Motion of A i r p l a n e  

mhen a  shimmying whee l  i s  a t t a c h e d  t o  an a i r p l a n e ,  
t h e  a i r p l a n e  n i l 1  r e s n o n d  t o  a c e r t a i n  e x t e n t  t o  t h e  
f o r c e s  s u y p l i e d  by t h e  shimmy. T h i s  l a t e r a l  mo t ion  of t h e  
n o s e  of t h e  a i r p l a n e  w i l l  i n  t u r n  a f f e c t  t h e  shimmy a n d  
d o e s ,  i n  f a c t ,  r e d u c e  t h e  d i v e r g e n c e  a t  low v e l o c i t i e s T  



In o r d e r  t o  c a l c u l a t e  an  a p p r o x i m a t i o n  t o  t h i s  e f f e c t  
t h e  a i r p l a n e  m i l 1  bc a s s u n o d  t o  be s r i g i d  body. By t h i s  
a s s u n p t i o n  any d e f l e c t i o n  o c c u r r i n g  i n  t h e  s t r u c t u r e  o r  at  
t h e  r c o r  t i r e s  i s  n e g l c c t c d .  The g y r o s t a t i c  t o r q u e  due t o  
l c ? v t c r a l  t i r e  d e f l e c t i o n  i s  a l s o  o m i t t e d ,  

The f o l l o a i n g  symbols  a r e  u s e d  i n  t h e  c a l c u l a t i o n s :  

IZ, noncn t  of i n e r t i a  a b o u t  v e r t i c a l  a x i s  t h r o u g h  c e n t e r  
of g r a v i t y  of t h e  airplane, 

n ,  n n s s  of a i r p l a n e .  

Eh, l a t e r a l  f o r c e  e x e r t e d  by xose-mheel t i r e  p e r  f o o t  de- 
f l e c t i o n .  

0 Y ?,ngle b c t ~ ~ e c x  c e n t r d  p l a n c  of whee l  and  a v e r a g e  d i r e c -  
t i o n  of mot ion .  

, a n g l e  bettvccn l o n g i t u d i n a l  a x i s  of a i r p l a n e  and  ave r -  
age  d i r e c t i o n  of a o t 5 o n .  Lieasurcd g o s i t i v e  i n  t h e  
s a n e  5 i r c c t i o n  ~ , s  8. 

7 ,  l a t e r a l  d i s t a n c e  be tween  c e n t e r  of g r a v i t y  of a i r p l a n e  
and  p a t h  of  a v e r a g e  n o t i o n .  P o s i t i v e  i n  same d i r e c -  
t i o n  as A. 4 

Y ,  l c t e r c l  f o r c e  e x e r t e d  by t h e  r e a r  n l l e s l s  on t h e  a i r -  
p lz le .  

z 2  2 , h o r i z o n t a l  d i s t a n c e s  f r o n  n o s e  mheel and  r e a r  

a l ~ e c l s ,  r e s p e c t i v e l y ,  t o  c e n t e r -  of g r a v i t y .  

The s i d e  f o r c e  d e v e l o p e d  by t b e  shimmy i s  E h h .  The 
l a t e r a l  2 , c c c l e r a t i o n  i s  

S i n i l c r l y ,  the <yngulnr  n c c c l - e r 3 t i o n  of t h e  a i r p l a n e  i s  
g i v e n  by 



T h e r e  i s ,  i n  a d d i t i o n ,  t h e  g e o m e t r i c a l  r e l a t i o n s h i p  

The l a t e r a l  mot ion  of t h e  n o s e  p e r  u n i t  f o r w a r d  m o t i o n ,  
a s suming  Ohat t h e  r e a r  w h e e l s  do n o t  s k i d ,  i s  

T h i s  mot ion  n i l 1  n a t u r a l l y  a f f e c t  t h e  r a t e  of d e f l e c t i o ~ l l  
of t h e  3 o s e  ??heel  &A/ds;  e q u a t i o n  ( 9 )  b e c o n e s  

E q u a t i o a  ( 6 )  i s  u n a f f e c t e d .  Combining t h e s e  e q u a t i o n s  

T h i s  d i f f e r e n t i a l  e q u a t i o n  h a s  t n o  r e a l  r o o t s ,  which 
a r e  of l i f t l e  i n t e r e s t  t o  t h e  p rob lem at  hand ,  and  two 
c o n l ~ l e x  r o o t s ,  n h i c h  g i v e  t h e  d i v e r g e n c e  and  f r e q u e n c y  of 
t h e  sh inny  u n d e r  c o n s i d e r ~ t i o n .  

Ail e x ~ e r i n e n t a l  check  on t h e  t h e o r y  mas o b t a i n e d  by 
. r u n n i n g  on a f l a t  s u r f a c e  ( s e e  f i g .  1 1 )  t v o  n o d e l s  s i m i l e r  

t o  t h e  one shown i n  f i g u r e  l ? .  The model was 1a.unched by 
a c o m p r e s s e d - a i r  c a t a p u l t ,  which s a v e  i t  a v e r y  smooth 
s t a r t .  The n o s e  7.vheel v a s  l o c k e d  d u r i n g  t h e  a c c e E e r a t i o n  
so t h a t  t h e  shimmy ~ .?ould  n o t  s t a r t  t o  b u i l d  up b e f o r e  con- 
s t a n t  v e l o c i t y  was r e a c h e d .  The m5eel  mas f r e e d  by a l e v e r  
t r i ppe3 -  by 2 a i r e .  I t  t h e n  came i n t o  t h e  f i e l d  o f  v i e v  of 
nil elevated c c n e r a  and  t h e  f l a s h l i g h t  b u l b  made a t r a c k  of 



l i g h t  on t h e  camera f i l n .  The l i g h t  e n t e r i n g  t h e  camera 
was i n t e r r u p t e d  60 t i n e s  a second by a s h u t t e r  dr iveiz  by a 
synchronous  motor .  A t y p i c a l  t r a c e  i s  shomn i n  f i g u r e  1 3 .  
The c u r v e  w a s  r e a d  o n l y  i n  t h e  r e g i o n  between t h e  two 3.r- 
rows. S e v e r a l  such t r a c e s  :?ere  ad-e a t  v a r i o u s  v e l o c i t i e s  
2nd t h e  d- ivergence  2nd f r e q u e n c y  of t h e  shimmy were  meas- 
u r e d  nn& p l o t t e d  a g a i n s t  v e l o c i t y  i n  f i g u r e  14 .  Two mod- 
e l s  n i t h  d i f f e r e n t  mass c h a r a c t e r i s t i c s  and  d i f f e r e n t  c a s t e r  
c n g l c s  <?,ild t i r e s  v e r e  u s e d  t o  g e t  two c h e c k s  on t h e  t h e o r y .  
The t h e o r e t i c a l  d i v e r g e n c e s  and f r e q u e n c i e s  i n  t h e s e  models  
n r o  a l s o  shovn i n  f i g u r e  14.  

I t  m i l l  be  n o t i c e d  t h n t  b o t h  t h e  t h e o r e t i c a l  and ex- 
p e r i m c n t a l  d i v e r g e n c c s  a r e  somewhnt s m a l l e r  a t  low ve loc -  
i t i e s ,  t h a n  i n  t h e  c a s e  of t h e  be l t -mech ine  shimmy. I n  
g e n e r p l ,  k o a e v e r ,  t h e  d i f f e r e n c e s  between t h e  t v o  c a s e s  a r e  
s n n l l .  The t h e o r y  t h e r e f o r e  seems a d e q u a t e  t o  a c c o u n t  f o r  
t h e  s11immy of f r e e l y  r o l l i n g  models  when c o r r e c t i o n s  a r e  
made f o r  t h e  r e s p o n s e  of t h e  model t o  t h e  shimmy. 

F u l l - s c a l e  experiments s i m i l a r  t o  t h e  ones  w i t h  t h e  
n o d e l  mould be v a l u a b l e  i n  f u r t h e r  c h e c k i n g  t h e  t h e o r y .  
One v e r y  rough  check  was made on t k e  TTl-A a i r p l a n e  ( r e f e r -  
e n c e  2 ) .  The f r i c t i o n  i n  t h e  s p i n d l e  9f t h i s  a i r p l a n e  w a s  
c o n s i d e r a b l e  b u t  when t h e  f r i c t i o n  was r educed  t h e  whee l  
s h i n n i e d .  Motion p i c t u r e s  were  t a k e n  of t h e  shimmying 
-?rheel and  soine of t h e  e n l a r g e d  f r a n e s  a r e  shomn as f i g u r e  4 

15.  The s h i n n y  d i v e r g e d  and  f i n a l l y  r e a c h e d  an e q u i l i b -  
r ium a n g l i t u - d e .  I t  m i l l  b e  seen  t h n t  d e f l e c t i o n  of t h e  
bot toni  of t h e  t i r e  p l a y s  a, 72rominent p a r t  i n  t h e  shir-?my. 
The f r e q u e n c y  of t i le  shinmy of t h i s  a i r p l a n e  m a s  measured  
a t  a v e l o c i t y  of 47 f e e t  p e r  second  a n d  found  t o  b e  9 Cy- 
c l e s  p e r  second .  The f r ea -uencg  mas t h e n  computed f o r  t h i s  
v e l o c i t y  ( o n  t h e  btxsis of c o n s t a n t s  found  by t h e  n e t h o d  t o  
f o l l o n )  an& 10.5 c 3 ~ c l e s  p e r  second  n-as o b t a i n e d .  These  r e -  
s u l t s  z r e  t a k e n  t o  be i n d i c a t i o n s  t h a t  t h e  t h e o r y  w i l l  b e ,  
a t  l e z s t ,  z p ? r o x i n n t c l y  v a l i d  f u l l  s c a l e .  

I n  t h e  a p p l i c a t i o n  of t h e  t h e o r y ,  i t  i s  n e c e s s a r y  t o  
k i ~ o n  t h e  c o n s t a n t s  of t h e  t i r e  t o  b e  u s e d .  I n  t h e  a b s e n c e  
of s u c h  measurements  f o r  f u l l - s c a l e  t i r e s ,  i t  m i l l  be  nec-  
essary t o  u s e  t h e  t h e o r e t i c a l  v a l u e s  of t h e  p a r a m e t e r s  

Ic1 = 2 / r 2  and  Cz = l/s. For  I, C1 ( t h e  s p i n d l e  t o r q u e  
p e r  u n i t  l a t e r a l  t i r e  d e f l e c t i o n  f o r  a c o m p l e t e l y  asymmet- 
r i c a l  s t r a i n )  t h e  f o r m u l a  n  r E l  n i l 1  be u s e d ,  where Eh 
i s  t h e  1n te rg . l  f o r c e  p e r  u n i t  d e f l e c t i o n ,  r i s  t h e  r c d i -  
u s  of t h e  t i r e ,  and  n  i s  a n  e m p i r i c a l  nond imens ionn l  



f a c t o r  t o  b e  o b t a i n e d  f rom expe r imen t s .  The f a c t o r  n  
~ 5 1 1 ,  of c o u r s e ,  i n c r e a s e  ~ l t h  i n c r e a s i n g  c a s t e r  l e n g t h ;  
r i  f o r  t h e  model t i r e s  n a s  0.69 a t  c a s t e r  a n g l e  5' and  
1.00 a t  c a s t e r  a n g l e  20'. 

These  e x g r e s s i o n s  f o r  C 1 ,  C2, and  K 1  m i l l  b e  u s e d  
f o r  n u m e r i c a l  c n l c u l a t i o n s  i n  t h e  r e s t  of t h e  r e p o r t .  

METHODS OF A V O I D I i T G  SSIM'IY 

S p i n d l e  Damping 

111 t h e  p r s t  t h e  o n l y  method t h a t  h a s  been u s e d  t o  
a v o i d  sbimmy i n  s i n g l e  s v i v e l i n g  n h e e l s  h a s  c o n s i s t e d  i n  
t h e  a p p l i c a t i o n  of f r i c t i o n  o r  h y d r a u l i c  damping t o  t h e  
s p i n d l e .  I t . rni .11 t h e r e f o r e  be d e s i r a b l e  t o  s e t  up  a c r i -  
t e r i o n  f o r  t h e  amount of s p i n d l e  damping n e c e s s a r y  t o  
a v o i  6 shimmy. 

I n  t i x i s  c a l c u l a t i o n  a n d  a l s o  i n  l z t e r  c a l c u l a t i o n s  of 
o t h e r  x e t h o d s  o f  a v o i d i n g  shinmy t h e  damping e f f e c t  of gy- 
r o s t a t i c  t o r q u e  due t o  l a t e r a l  t i r e  d e f l e c t i o n s  m i l l  b e  
n e g l e c t e d  as  r-re11 a s  t h a t  due t o  a i r - p l a n e  m o t i o n s ;  t h e s e  
o m i s s i o n s  r e s u l t  i n  sn:zll e r r o r s  ' a n d  u s u a l l y  g i v e  a con- 
s e r v a t i v e  r e s u l t  ., 

\ F i r s t ,  t h e  o f f  e c t  of i d e a , l i z c d  v i s c o u s  damping a p p l i e d  
t o  t h e  s p i n d l e  w i l l  b e  c e l c u l a t e d ,  t h c t  i s ,  t h e  e f f e c t  of 
a t o r q c e  p r . o p o r t i o n e 1  t o  t h e  n n g i ~ l a r  v e l o c i t y  of t h e  sp in -  

dB d l e ,  s2.y = KT,. The a n g u l a r  a c c e l e r a t i o n  r e s u l t i n g  

f rom t h i s  t o r q u e  %V ~ ~ ~ 1 ,  must b e  added. t o  e q u e t i o n  (6 ) .  
d s  

Combining t h i s  e q u a t i o n  w i t h  e  q u a t i o n  ( 9 ) ,  which i s  una f -  
f e c t e d -  by t h e  z d d i t i o i i  of s p i n d l e  f r i c t i o n ,  

I:? t h e  c ~ ~ s c  of a s c l f q e x c i t e d  o s c i l l a t i o n  r e p r e s e n t e d  
by c t h i r d - o r d e r  d i f  f o ~ e n t i a l  c q u n t i o n ,  R o u t h t s  d i s c r i m i -  



n n n t  provrid.cs a s i r i p l e  msthod of d e c i d i n g  w h e t h e r  t h e  os- 
c i l l , o , t i o n  n i l 1  o r  v i l l  n o t  d i v e r g e .  I f  al.1 t h e  c o e f f i -  .. 
c i e n t s  n r e  p o s i t i v e  (cs  t h e y  n r e  h c r c ) ,  t h e n  t h e  o s c i l l a -  
t i o n  n i l 1  d i v e r g e  i f  aild o n l y  i f  t h e  p r o d u c t  of t h e  c o e f f i -  
c i e n t s  of t h e  t h i r d -  a n d  ze ro -o rde r  t e r m s  i s  g r e a t e r  t h a n  
t h e t  of t h e  f i r s t -  and  second-o rde r  te rms .  Hence f o r  t h e  
s h i n n y  t o  h a v e  ze ro  Give rgence  

o r ,  r e a r r z n g i n g  a n d  s o l v i n g  f o r  42/1~, 

f o r  t h e  c o n d i t i o n  of z e r o  d i v e r g e n c e .  

Only t h e  p o s i t i v e  v a l u e  of 1 i s  of i n t e r e s t  b e c a u s e  
t h e  a n p l i c a t i o n  of n e g a t i v e  danp ing  t o  t h e  s p i n d l e  would 
make i h e  mheel  u n s t a b l e .  From e q u a t i o n  ( 2 0 )  i t  i s  f o u n d  
t h a t  t h e r e  i s  a, maximum p o s i t i v e  v a l u e  of  1 a t  t h e  v e l o c -  

i t y  , i ~ i ~ i c h  f o r  t h e  model w h e e l s  a t  5' c a s t e r  
i s  13 .6  f e e t  p e r  second .  Thus,  i t  i s  s een  ( s e e  f i g .  9 )  
t h a t  thc  mount of s ~ 2 i n d l e  damping n e c g s s a r y  t o  a v o i d  
s h i n n y  i s  a maxinun n e a r  t h e  v e l o c i t y  a t  which maximum d i -  
v e r g e r c e  o c c u r s  w i t h  a n  undamped mheel.  T h i s  v e l o c i t y  
~ii.11 be d e n o t e d  by To. The damping r e q u i r e d  a t  t h i s  ve- 

l o c i  t y ,  i, e . ,  t h e  maxinun damping r e q u i r e d ,  i s  

T7 
I%.-f t ,  

A.. 
--- 

r ? " X  = I T 7  
1 4- -7 

r a d i a n s  p e r  s e c .  
( 2 1 )  

I t  n i l 1  be  seen  f r o n  e q u z t i o n  ( 2 1 )  t h a t  i t  i s  d e s i r a -  
b l e  t o  xnkc t'lc c a s t e r  l e n g t h  sr.iall f o r  i n  t h i s  nay  Ci , 
and  hence  KXa,, nag be  ;lade s n a l l .  A rough  approxima- 
t i o n  t o  X,,, nay b e  o b t a i n e d  f r o a  e q u s t i o n  ( 2 1 )  by t h e  
u s e  of t i le  t h e o r e t i c a l  f o r m u l a s  f o r  t h e  t i r e  ~ a r a m e t e r s  
g i v e n  e z r l i c r .  Us ing  t h c s e  f o r n u l n s  and  t h e  v c l u e  of n  
o b t a t n e d  f o r  5' c a s t e r  a n g l e ,  

1b . - f t .  = 0.43 r J z i  ------------- 3% ox r a d i a n s  p e r  s e c .  



Using t l l e se  f o r n u l & s ,  a l s o  

To - 0.59 r f t .  p e r  sec.  

f o r  t h e  v e l o c i t y  a t  which t h i s  maximun damping i s  r e q u i r e d .  
For  i h e  W1.-A a i r p l a n e ,  u s i n g  r = 0.67 f t . ,  I, = 0.11 

s lug- f t . "  ( e s t i c o t e d ) ,  and 3~ = 2,400 l b . / f t .  ( f r o n  
rough n c ~ . s u r e n c n t s )  

-- 
KEaX = 4.6 1b . - f t .  g c r  r a d i r n  p e r  s e c . ,  2nd 

V, = 39 f t .  u c r  sec .  

For t h c  3ari::onci Iiodci Y n i r ~ l n n e ,  which h a s  had cons ide r -  
n b l c  d i . ? l i c u l t y  n i t h  s h i n n y ,  r = 0.83 E t . ,  IT ( o ~ t i -  

2 c n t c d )  = 0.33 s l u g - f t .  , EA (cnt i :~a ted . )  = 4 , 1 3 0  l b . / f t . ,  

which gnvc 

'rmx = 13.2 11 . - f t .  ~ e r  r a d i a n  p e r  sec . ,  and 

Vo = 4 6  f t .  p e r  scc.  

Thc cnount  of danping requ i red .  i n c r e ~ ~ s e s  n i t h  t h e  
f o u r t h  2 o n c r  of t h e  s i z e  of t h e  a i r p l a n e .  The app l i c? , t ion  
t o  m r . i rp lzne  of v i s c o u s  spincllc dnnping,  such a s  n i g h t  
bc  ?,l~.l,plicd by a  h y d r a u l i c  dnnpc r ,  n i g h t  bc expensive 2nd 
r n t h c r  hccvy. I t  wonld b e  necessary, n o r c o v e r ,  t o  i n s u r e  
t b z t  c d c q u z t c  d a ~ p i n g  would bc  o b t a i n e d  at  a 1 1  a n p l i t u d e s ,  
t h 2 t  i s ,  i t  nou.16 bc  n e c c s s c r y  t o  a l i o v  f o r  t h e  n o n l i n e c r -  
i t y  of t h c  dan2or.  

110st - r r? .c t ic01 shi-my d a n ~ l e r s  have used  s o l i d  r n t h c r  
t h a n  v i s c o u s  f r i c t i o n .  S o l i d  f r i c t i o n ,  horrevcr, i s  &if- 
f  i c u l t  t o  J-eal n i t h  a n a l y t i c a l l y  i n  a s t r a i g h t f o r w a r d  nan- 
n c r .  T h e r e f o r e ,  r c s o r t  .:?ill be hcd t o  t h e  f o l l o w i n g  sube  

2 t o r f u g e .  I t  n i l 1  be  assuncd  t h c t ,  i f  s o l i d  f r i c t i o n  t a k e s  
an anount  of cncrgy o u t  of c7,x o ~ c i l l a t i o n  equa l  t o  t h e  en- 
e rgy  tnircn o u t  by a g i r c i i  anount  of v i s c o u s  donping, i t  i s  
c q u i v a l c i l t  t o  v i s c o u s  ficnping f o r  purposos  of d m p i n g  t h e  
o s c i l l ~ . t i o n .  T h c  cncrgy t n k o i ~  o a t  by v i s c o u s  dnnping i n  
l / 4  c y c l e  i s  



crhcrc 8 = s i n  w s .  Thc ene rgy  t a k e n  ou t  by a s o l i d  

f r i c t i o a  t o r q u e  T i s  T 8,,,. T h e r e f o r e ,  t o  t a k e  o u t  

t h e  s a n e  m o u n t  of ene rgy  

(Velocity e n t e r s  h c c n u s c  t h e  i n d e p e n d e n t  v a r i a b l e  i s  d i s -  
t a n c e .  ) 

E a u a t i o ~ :  ( 2 2 )  g i v c s  On i n t e r e s t i n g  e x p l a n a t i o n  of t h e  
f a c t  t h z t  sh i rmy ( m d  o t h e r  s e l f - c x c i t c d  v i b r a t i o n s )  n i l 1  
u s u a l l y  n o t  s t c r t  i n  t h e  ? r e s e n c e  of s o l i d  f r i c t i o n  u n t i l  
an i n i t i ~ ~ l  ? . i s p l a c e n e a t  i s  s u p p l i e d .  F r o n  t h e  t h e o r y  of 
s m a l l  o s c i l l a t i o n s  t h e  v i s c o u s  f r i c t i o n  r e q u i r e d  t o  damp a 
s e l f - e x c i t e d  v i b r a t i o n  i s  independ-ent  of t h e  a m p l i t u d e .  
( S e e  e q u a t i o n  ( 2 1 ) . )  I t  m i l l  be s e e n  from ( 2 2 )  t h a t  t h e  
s o l i d  f r i c t i o n  r e q u i r e d  t o  demp a s e l f - e x c i t e d  v i b r a t i o n  
m i l l  be  d i r e c t l y  p r o p o r t i o n a l  t o  t h e  i n i t i a l  a m p l i t u d e  of 
t h e  o s c i l l a t i o n .  I f  s o l i d  f r i c t i o n  i s  u s e d  t o  damp shimmy,.  
i t  w i l l  b e  d e s i r a b l e  t o  i n s u r e  t h a t  t h e  v h e e l  i s  c e n t e r e d  
nhen i t  f i r s t  makes c o n t a c t  m i t h  t h e  ground.  T h i s  p recau -  
t i o n  h a s  been  f o u n d  u s e f u l  on a i r p l a n e s .  

The v a l u e  of w2 f o r  t h e  c a s e  of e q u i l i b r i u m  v i s c o u s  
damping ( z e r o  d i v e r g e n c e )  i s  e q u a l  t o  t h e  r a t i o  of t h e  co- 
e f f i c i e n t  of t h e  d e / d s  t e rm t o  t h e  d36 /ds3  t e r m  i n  
e q u a t i o n  ( 1 9 ) .  T h i s  f a c t  may b e  r e a d i l y  v e r i f i e d  by sub- 
s t i t u t i n g  a s i m p l e  harmonic  s o l u t i o n  f o r  6 and  e q u a t i n g  
t h e  sui .  of t h e  i m a g i n a r y  t e r n s  t o  z e r o .  Thus 

I t  i s  d - i f f i c u l t  t o  o b t a i n  a good e s t i m z t e  of t h e  max- 
imum a n g l e  t h a t  shoulcl be u s e d  i n  comguting t h e  amount of 
s o l i d  I r i c t i o n  n e c e s s a r y  t o  damp shimsy on an  a c t u a l  a i r -  
? l a n e  b e c a u s e  t h e  v a l u e  depends  on how nuch ene rgy  w i l l  be  
s u u ~ l i e c ?  t o  t h e  shil;?ny a f t e r  t h e  t i r e  s t a r t s  t o  s k i d .  I f  
i t  b e  su_njsoscd t h a t  t h e  e n e r f y  s u p p l i e d  t o  t h e  shimmy a t  
a n g l e s  g r e a t e r  t h a n  t h a t  a t  ~ 'vhich s k i d d i n g  s t a r t s  i s  efi- 
t i r e l y  t e k e n  o u t  by t h e  s o l i d  f r i c t i o n ,  t h e n  t h e  v a l u e  of 



6 f o r  17:iich s k i d d i n g  b e g i n s  can b e  p u t  i n t o  ( 2 2 )  and a 
v a l u e  of t h e  f r i c t i o n  n i l l  b e  o b t a i n e d  such  t h a t  shimny 
v i t h  a l l  i n i t i a l  a n g l e s  m i l l  be  danped  o u t .  T h i s  suppos i -  
t i o n  i s  :>robably t r u e  f o r  s n a l l  c a s t e r  l e n g t h s .  The t i r e  
n i l 1  s t a r t  t o  s k i d  nhen t h e  l a t e r a l  f o r c e  i s  l a r g e  enough 
t o  o v c r c o n c  t 3 e  f r i c t i o n ,  t h a t  i s ,  nhen Ehh = pV, n h e r e  

p i s  t h e  c o e f f i c i e n t  of f r i c t i o n  nnd IT i s  t h e  l o a d  on 
t h e  s n i v e l i n g  n h e e l .  Non, i f  t h e  n h e e l  moves i n  a d i r e c -  
t i o n  z t  zn a n g l e  8 w i t h  t h e  c e n t r a l  p l n n o  of t h e  n h e e l  
t h c  e q u i l i b r i u n  d e f l e c t i o n  of t h e  t i r e  m i l l  b e  g i v e n  by 

f r o n  c q u a t i o n  ( 8 ) .  I n  t h i s  nay a rough e s t i n a t e  can  b e  
o b t z i n c d  of t 5 e  a n g l e  €I0 a t  n h i c h  s k i d d i n g  s t a r t s .  Thus 

S u b s t i t u t i n g  i n  ( 2 2 )  f r o n  ( 2 4 )  f o r  G , , , ,  t h e  v a l u e  f rom 

( 2 3 )  f o r  , V o r  f o r  V ,  and t h e  v e l u e  of 

Knax f r o n  ( 2 1 )  f o r  K ,  t h e n  

i s  o b t a i n c d  as t h e  ar:ount of s o l i d  s p i n d l e  f r i c t i o n  r e -  
q u i r e s  t o  damp s h i n n y  a t  t h e  v e l o c i t y  r e q u i r i n g  n o s t  v i s -  
c o u s  s . ~ i n d l e  drsnping ( ~ ~ h i c h  v e l o c i t y  n i l 1  p r o b a b l y  r e -  
q u i r e  ti=c ; los t  s o l i d  s p i n d l e  f r i c t i o n ) .  The v a l i d i t y  of 
f o r n u l o  ( 2 5 )  i n  r e s t r i c t e d  t o  s n a l l  c a s t e r  l e n g t h s ;  t h i s  
r c s t r i , c t i o n  s h o u l d  n o t  % a n p e r  i t s  a p p l i c a t i o n  b e c a u s e  t h e  
c c ~ s t c r  l c a g t h  i s  p r o f c r a b l y  snail. Using  t h e  t h e o r e t i c a l  
f o r i n u l ~ . s  f o -  "cic t i r e  p a r a n e t e r s ,  t h e r e  i s  o b t a i n c d  t h o  
s i l p l c  f o r n u l a  ( a g a i n  a s s u n i n g  s n a l l  c a s t o r  l e n g t h ) ,  

1% s h o u l d  b e  r c n c n b c r c d  t h ~ , t  t h e  t h e o r e t i c a l  f o s n u l a s  
f o r  t h o  t i r e  p n r n n e t e r s  u s c d  i n  t h e  d e r i v a t i o n  of ( 2 6 )  e r e  
npprox in2 , t e ly  v 2 1 i d  o n l y  f o r  t i r e s  similar t o  t h e  n o d e l  
t i r e s  used i n  t h e  ex?e r iman t s .  Thus ( 2 6 )  and  a l l  o t h e r  
C A o r n u l ~ . s  b a s e d  on t h 2  t h e o r e t i c a l  t i r e  p a r a n e t e r s  n i l l  be  
c p p r o s i n n t c l y  v a l i d  o n l y  f o r  a i r  w h e e l s  o r  l o w - p r e s s u r e  
t i r e s .  Fo r  h i g h - p r o s s u r e  t i r e s  i t  seems l i k e l y  t h a t  t h e  



effective r n o u l d  b e  s n a l l e r  t h a n  t h e  g e o n e t r i c a l  r a d i u s  
of  t h c  t i r e .  I t  s h o u l d  3c  r e x e n b e r c d  t h a t  no c o n s e r v a t i v e  
a s s u n p t i o n s  n e r e  nade  i n  t b c  d e r i v a t i o n  of ( 2 6 ) .  

I f  non  p, = 0.55 ,  a v8,lue of 1 9  foo t -pounds  s p i n d l e  
f r i c t i o n  i s  r e q u i r e d  f o r  t h e  V1-8 a i r p l a n e  w i t h  V = 310 
pounds  ( f n c l u d i ~ l g  p r o p e l l o r  t h r u s t )  and  44 foo t -pounds  
f o r  t h e  Hannond Y a i r p l a n e  w i t h  V = 5'70 pounds.  The 
z r ~ o u n t  of s p i n d l e  f r i c t i o n  a c t u a l l y   resent i n  t h e  s p i n d l e  
zild s t e e r i n g  n e c h a n i s n  of t h e  W1-A w a s  n e a s u r e d  a n d  f o u n d  
t o  be  of t h e  s a n e  o r d e r  of n a g n i t u d e  as t h e  c o n p u t e d  v a l u e ,  
T h i s  r e s u l t  e x y l a i a s  why no  s h i n n y  m a s  f ound  n i t h  t h a t  a i r -  
p l a n e ,  As n e u t i o n e d  p r e v i o u s l y ,  when t h i s  s o l i d  f r i c t i o n  
rsas r e d u c e d ,  s h i n n y  o c c u r r e d  i l l  t h e  c a s t e r i n g  f r o n t  wheel  
of t h i s  a i r p l a n e .  

I t  17111 3 e  seer? t h a t  t h e  anoun t  of s o l i d  s p i n d l e  f r i c -  
t i o n  n e c e s s a r y  t o  dncp s h i n n y  i n  2 o s e  n h e e l s  i s  c o n s i d e r a -  
b l e  even at s n a l l  c a s t e r  l e n g t h s .  A s  i s  t h e  c a s e  f o r  t h e  
h y d r a u l i c  d n n p e r ,  i t  i n c r e a s e s  w i t h  t h e  f o u r t h  power of t h e  
s i z e  of t k e  a i r p l n n e .  

L a t e r a l  Treedon 

I t  h a s  been seen  t ' aa t  t h e  d i v e r g e n c e  of t h e  shimmy 
depends  on t h e  i n t e r a c t i o n  of t h e  l a t e r a l  t i r e  d e f l e c t i o n  
v i t h  t h e  a n g u l a r  r o t a t i o n  of t h e  s p i n d l e .  I f  t h e  c o u p l i n g  
betmeen t h e s e  two d e g r e e s  of f r e e d o n  c o u l d  b e  s u f f i c i e n t l y  
r e d n c e d ,  t h e  s h i n n y  would n o t  d i v e r g e .  

One n c t h o d  of r e d u c i n g  t h e  c o u p l i n g  i s  t o  i n t r o d u c e  
a  nem d e g r e e  of f r eedom i n t o  t h e  o s c i l l a t i o n .  T!?us, if 
t h e  n h e c l  i s  f r e e  t o  move i n  t h e  d i r e c t i o n  of t h e  a x l e ,  
t h e  t i r e  A e f i s c t i o n s  w i l l  degend on t h e  i n e r t i a  r e a c t i o n s  
of t h e  n 3 e c l  (and of any  o t h e r  members moving 1 a t e r a l l y ) e  
The c o u p l i c g  p r o s e l i t  be tween  A and  0 v i l l  depend on 
t h e  n a s s  of t 3 e  whec l .  The maximum mass t h a t  t h e  wheel  
c o u l d  have  az;d s t i l l  r e d u c e  t h e  coup l i l i g  s u f f i c i e n t l y  t o  
a v o i d  s'.:iumy w i l l  now b c  calcu-1-atod. 

.. 
I f  t h e  l a t e r a l  a c c e l e r a t i o n - o f  t h e  whee l  i s  x a n d  

L 1 ~ ~ l e  nass of t l ic whee l   id t i r e  ( a n d  o t h e r  members moving 
laterally) m t ,  t h e n  



T h i s  l a t e r a l  mot ion  of t h e   heel must be added  t o  
e q u a t i o n  ( 9 ) ,  

The e f f e c t  on e q u a t i o n  ( 6 )  w i l l  b e  s m a l l  s i n c e  o n l y  
s m a l l  l z t e r a l  mo t ions  w i l l  be  i n v o l v e d .  Combining equa- 
t i o n  ( 6 )  n i t h  equ-at ion ( 2 8 ) ,  

I t  is s e e n  t h a t  a damping t e rm h a s  been added  t o  t h e  
f i n a l  e q u z t i o n  of mot ion ;  (Cf .  e q u a t i o n  ( l o ) . )  If t h i s  
t e r m  i s  s u f f i c i e n t l y  l a r g e ,  i t  m i l l  c o u n t e r a c t  t h e  d i v e r -  
g e n c e  of t h e  o s c i l l a t i o n .  A p r l y i n g  Routh t s  d i s c r i m i n a n t  
t o  o b t a i n  t h e  c o n d i t i o n  of ze ro  d . ivergence  and  s i m p l i f y -  
i n g ,  

c2 Q 
mo ' = ----- s l u g s  

Cl 

I t  i s  n o t e d  t h a t  ~ 1 ~ 1  i s  i n d e p e n d e n t  of v e l o c i t y .  If m r  
i s  s m a l l e r  t h a n  mo 1 t % e  shinmy m i l l  c o n v e r g e ;  i f  g r e a t -  
e r ,  i t  v i 1 1  d i v e r g e .  P u t t i n g  i n  t h e  t h e o r e t i c a l  f o r m u l a s  
f o r  t h e  c o n s t a n t s  

I, I, m o t  = 1.45 --Z s l u g s  = 47 -;5. pou-nds 
r r 

Foi' t h e  W1-A s i r p l a n e  t h i s  v a l u e  would be  11 pou-nds 
a:ld f o r  t h e  Hammond Y, 2 2  pounds.  F o r t u n a t e l y ,  t h e s e  v a l -  
u e s  a r e  of t h e  same o r d e r  of magn i tude  a s  t h e  w e i g h t s  of 
t h e  w h e e l s  used on t h e s e  a i r p l a l ~ e s .  

The n e c e s s a r y  amount of l a t e r a l  f reedom w i l l  now b e  
e s t i m a t e d .  T h i s  d l s t a n c e  i s  d e t e r m i n e d  by t h e  l a r g e s t  
i n i t i a l  d e f l e c t i o n s  t h a t  might  be encoun te red .  I f  t h e  
c n s t c r  l e n g t h  i s  s i i ~ ~ ~ l l ,  v e r y  l i t t l e  energy  w i l l  b e  added  
t o  t h e  shimmy n f t e r  s k i d d i n g  s t a r t s ,  when E A h  = l . ~  I t  



i s  n e c e s s a r y  t o  f i n d  t h e  a m ~ l i t u d e  of t h e  o s c i l - l a t i o n  i n  
x f o r  zn o s c i l l a t i o n  i n  h n i t h  t h e  n a p l i t n d c  pFV/EA. .. .. 
S i n c e  nt x = E A h  a t  maxinun a m p l i t u d e  or x = WIT. 

Supnose  t h e  v a l u e  of r n t  u s e d  i s  t h a t  f o r  e q u i l i b -  
r i u n  da,nping (no  1 = C,$/C,) ,  t h e n  t h e  maximum p o s s i b l e  .. 
x  i s  

b u t  

h e n c e  

A s  b e f o r e ,  f o r  e q u i l i b r i u n  d a n p i n g ,  w2 e q u a l s  t h e  r a t i o  
of t h e  c o c f f i c f e n t  of t h c  d0/ds  t e r n  t o  t h a t  of t h e  
d36/ds3 t e r n  i n  e q u a t i o n  (29), f o r  n f  = C& El/% . 

T h e r e f o r e ,  i t  n l l l  b e  s een  t h a t  t h c  n i n i n u n  a n o u n t  of l a t -  
e r a l  frccfl-ox? n e c e s s a r y  on e i t h e r  s i d e  of t h e  n h e e l  i s  
e q u a l  t o  t h e  anoun t  t h a t  t h e  t i r e  n i l 1  d e f l e c t  l a t e r a l l y  
b e f o r e  s l r i dd ing  when t h e  weight  of t h e  whee l  i s  t h e  re -  
q n i r c d  v a l u e .  T h i s  a p p r o x i n a t i o n  i s  rough  and  no conse rv -  
a t i v c  ~ ~ s s u n p t i o n s  v e r e  xade  o t h e r  t h a n  t h e  one i n p l i c i t  i n  
t h e  ~ c g l e c t  o f  ~ i h a t e s e r  s p i n d l c  f r i c t i o n  nay b e  p r e s e n t .  
F o r  t h e  81-8 a i r p l a n e  t h e  c a l c u l a t e d  anoun t  of l a t e r a l  
f r c e d o n  r e q u i r e d  i s  0.85 i n c h  on e i t h e r  s i d e  of t h e  v h e e l  
a n d  f o r  t h e  Hanmoild Y e i r ~ l a n c ,  0.91 inch .  

I n  t h e  a p p l i c a t i o n  of l a t e r 2 1  f reedom t o  an  a i r p l a n e  
w h e e l ,  n c a n s  f o r  k e e p i n g  t h c  whee l  c e n t e r e d  i n  t h e  l a t e r a l  
t r a v e l  n u s t  be  p r o v i d e d .  I t  can bo shown t h a t  t h e  a p p l i -  
c a t i o n  o f  s p r i a g - r e s t o r i n g  f o r c e s  s u f f i c i e n t l y  l a r g e  t o  
a c c o n p l i s h  t h i s  p u r p o s e  v o u l d  t e n d  t o  make t h e  whee l  s h i n -  
~ y .  I t  n a a  fo'ulzd, however ,  i n  a l a t e r a l - f r e e d o m  a r r a n g e -  
n e n t  t h a t ,  when t h e  n h e e l  vcus t i l t e d ,  i t  mould t e n d  t o  



r i d e  oil t h e  l o w e s t  p o r t i o n  of t h e  a x l e .  F r o n  f i g u r e  1 6  
t h e  p o i n t  A h a s  a s n a l l e r  r o l l i n g  r a d i u s  t h a n  t h e  p o i n t  
B b u t  t h e  p o i n t  A n u s t  nake a s  nany r e v o l u t i o n s  as 
p o i n t  B. Hence,  i f  no s k i d d i n g  o c c u r s ,  p o i n t  A w i l l  
t e n d  t o  l a g  b e h i n d  p o i n t  S .  Then t h e  r e s u l t a n t  c o u p l e  
n i l 1  t u r n  t h e  whee l  abo.ut t h e  s p i ~ i d l e  a x i s  i n  such  a d i r e c -  
t i o n  t h n t  t h e  f o r ~ a r d  c o t i o n  -::ill s u p g l y  a s i d e  f o r c e  cause 
i n s  t h e  t ~ ~ h e c l  t o  s l i d e  l l d o ~ . i n h i l l "  on t h e  a x l e .  T h i s  e f f e c t  
i s  found  t o  be n o r e  t h a n  l a r g o  enough t o  o v e r c o n e  t h e  con- 
:!?onest of  t h e  we igh t  of t h e  a i r p l a n e  t h a t  ivould t e n d  t o  
3.zke t l i e  V ~ C C ~  s l i d e  1Iuphill.ll  T t l e r e f o r e ,  i f  an a x l e  t h a t  
i s  convex dovngard  i s  u s e d ,  t h e  n h e c l  n i l l  a lmays  seek  t h e  
l o n e s t  p o i n t ,  a h i c h  i n  t h i s  c a s e  n i l l  be t h e  c e n t e r  of t h e  
l n t e r 3 , l  t r a v e l .  3 0 t h  t h e o r e t i c a l l y  and  e x - g e r i n e n t a l l y ,  
t h i s  h a s  been  f o u a d  t o  b e  a p o i n t  of  s t a b l e  e q u i l i b r i u m .  

Tno n e t h o d s  of a p p l y i n g  l a t e r a l  f r e e d o n  t o  a c a s t e r -  
i n g  n h e e l  were  t e s t e d  on t h e  b e l t  n a c h i n e .  The f i r s t  
n o t h o d  n a s  s iz ip ly  - t o  a l l o n  t h e  whee l  t o  s l i d e  a l o n g  t h o  
a x l e ,  The second i.1cthod n n s  t o  a l l o m  t h e  :xnecl .  t o  r o t a t e  
a b o u t  t ~ : o  a x e s  i n  ,-., v e r t i c a l  p l a r e  p e r p e n d i c u l a r  t o  t h o  
ax lc .  S h i a n y i n g  i n  n o d e l s  c o u l d  b e  a v o i d e d  by e i t h e r  
n e t h o d ,  The second  method., h o v e v e r ,  d i d  n o t  i n v o l v e  ;la%- 
i n g  t l ic  f o r k  m y  ~ i 8 e r .  

A d d i t i o n a l  fu-12-sca le  t e s t s  of t h e  f i r s t  sy s t em were  
nade  of t h e  V l - A  a i r p l a n e .  An ax1.e cu rved  downward w a s  
u s e d  to  k e e p  t h c  rirhcel c e n t e r e d .  A r a d i u s  of c u r v a t u r e  
equal t o  6 t i m e s  t h e  t i r e  r a d i u s  was a r b i t r z r i l y  chosen.  
1% n a s  f o u n d  t h a t  t h e  whee l  c e n t e r e d  s a t i s f a c t o r i l y  a n d  
t h ~ ~ t  oil a rough  t u r f - c o v e r e d  f l y i n g  f i e l d  shimmy v a s  p r e -  
v e n t e d  by t h e  u s e  of 1 / 2  i n c h  o f  l n t t e r z l  f r eedom on e i -  
t h e r  s i d e  of t h e  17heel. On c o n c r e t e  w i t h  a l c t e r a l  f r e e -  
don of ~ / 4  i n c h  t h o  mheel  c o u l d  be ~ a d e  t o  shinmy by taxy-  
i x g  o v e r  a, s e v e r e  bucp a t  a c o d e r n t e  speed  and an  a n g l e  
t h a t  a o u l d  introduce a l a r g e  i n i t i a l  a n g u l a r  d e f l e c t i o n  of 
t h e  i rhee l ,  I n  o r d e r  t o  p r e v e n t  shinmy u n d e r  t h e s e  condi -  
t i o n s ,  t h e  r o t a t i o n  of t h e  s n i n d l e  mas l i n i t e d  by s t o p s  t o  
f 1 Z 0 .  2he  g i l o t  d i d  n o t  r e g a r d  t5 i s  r e s t r i c t i o n  of s p i n -  
cl1.e f rccc?on as objcc t io l :nb le  f o r  t h e  ground h a n d l i n g  of 
t h e  a i r p l a n e .  

Thc n u n e r i c a l  v a l u e s  g i v e n  f o r  t h e  t r i a l s  of t h e  Vl-A 
a i r p l m c  a r e  n o t  t o  be  t a k e n  as r e i J r e s e n t a t i v e  of t h e  on- 
L - 
blr2un ? . r rangcncnt .  The p r e s e n t a t i o n  of n o r e  c o n c l u s i v e  
d o s i g a  d c t a  n u s t  a - ~ a i t  t h e  c o m p l e t i o n  of f u r t h e r  t e s t s .  
One p o i n t  n o r t h  n o t i n g  i s  t h n t  r e c e n t  node1  t e s t s  have  i n -  
d i c a t e d  t h e  - p o s s i b i l i t y  of d i s p e n s i n g  v i t h  t h e  u s e  of 



s t o p s  t o  l i r n i t  t h e  a n g u l n s  s p i n d l e  n o t i o n ,  such  as n e r e  
f o u n d  t o  b e  n e c e s s a r y  i n  t h e  t r i a l s  v i t h  t h e  V l - A  a>fr- 
p l a n e .  

CONCLUDING XEMARKS 
\ 

The phenonenon c a l l e d  " k i n e n a t i c  s2tir:ny" s e e n s  t o  b e  
t h e  f.undnil;ental phenonenon i n  t h e  o s c i l l a t i o n  of n o d e l  
wheel-s. A d y n a ~ i c a l  t h e o r y  based  on t h i s  $ - i s cove ry  g i v e s  
a n  c d e q u a t e  d e s c r i p t i o n  of t h e  s h i n n y  of s m a l l  node1  
n h e e l s .  1% s c n n s  u n l i k e l y  t h a t  s h i n n y  on f u l l - s c a l e  air- 
p l a n e s  : r i l l  be f u n d a n e n t a l l y  & i f f  e r e n t .  

011 t;le b a s i s  of  t h i s  t h e o r y  a n e t h o d  h a s  been  pro-  
v i d e d  of ~ l u - n e r i c a l l y  e s t i n a t i n g  t h e  s p i n d l e  f r i c t i o n  nec- 
e s s a r y  t o  danp shir-iny. An o b j c c t i o r  t o  t h i s  n e t h o d  of 
a v o i d i n g  s h i n n y  l i e s  i n  i t s  i n d i c a t e d  i n t e r f e r e n c e  n i t h  
t h e  s t c e r i n g  of r o s e  n h e c l c .  

A n e v  rncthod of ?kvoic?ing sh in i . 1~  by t h e  u s e  of la%- 
e r a l  f r ee? -on  f o r  t h e  whee l  i s  i n t r o d u c e d  b u t  r e q u i r e s  f u r -  
t h c r  i n v e s t i g a t i o n  b e f o r e  c o n p l e t e  d e s i g n  d a t a  can be  
~ i v e n .  

Longley  ly fenor i s l  A e r o n a u t i  caL L a b o r a t o s y ,  
i d a t i o n a l  dd .v isory  Co17mittee f o r  A e r o n a u t i c s ,  

Langley  F i e l d ,  Ve., August  11, 1937. 

REFERENCES 

1. Beck.er,  G a b r i e l ;  F ronn ,  Hr:ns; an$- Maruhn, B e r b e r t :  
Shninzungon i n  A u t o n o b i l l e n k u n g e n  ( " S h i n n y " ) .  
>*Im Krayn ( B e r l i n ) ,  19  31. 

2. F e i c k ,  F r e d  E , :  Ever;rnanIs A i r p l a n e  - A Deve lopnen t  
Torrard Sirn-pler F l y i n g .  S.A.E.  J o u r . ,  v o l .  38 ,  no. 
5 ,  Mr?,~r 1 9 3 6 ,  pp .  176-187. 



Figuse 1. - Kinematic shimmy, 
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