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This paper presents dynamical models of a large flexible launch vehicle. A complete set of  
coupled dynamical models of propulsion, aerodynamics, guidance and control, structural 
dynamics, fuel sloshing, and thrust vector control dynamics are described. Such dynamical 
models are used to validate NASA’s SAVANT Simulink-based program which is being used 
for the preliminary flight control systems analysis and design of NASA’s Ares-1 Crew 
Launch Vehicle. SAVANT simulation results for validating the performance and stability of 
an ascent phase autopilot system of Ares-1 are also presented. 

 
 
 

Nomenclature 

ER  = Earth’s equatorial radius = 20925646.325459 ft 

PR  = Earth’s polar radius = 20855486.595144 ft 

2J  = Earth’s second order zonal coefficient = 31.082631 10−×  

3J  = Earth’s third order zonal coefficient = 62.55 10−− ×  

4J  = Earth’s fourth order zonal coefficient = 61.61 10−− ×  

U  = Earth’s gravitational potential 
μ  = Earth’s gravitational parameter = 16 3 21.407644176 10  /ft s×  
φ  = Earth’s geocentric latitude 

( ), ,x y zg g g  = (x,y,z) components of the gravitational acceleration 

r  =  vehicle’s   position vector 
r  = magnitude of vehicle’s  position vector 
( , , )x y z  = (x,y,z) components of   vehicle’s   position vector in an inertial reference frame 

( ), ,x y za a a  = (x,y,z) components of  vehicle’s    absolute acceleration in an inertial reference frame 

V  =  vehicle’s absolute velocity vector 
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( ), ,u v w  = (x,y,z) components of  vehicle’s absolute velocity vector in an inertial reference frame 
 
 

relV  = relative velocity vector of the vehicle (measured in   a body-fixed reference frame) 
 

eΩ  = angular velocity vector of the Earth 

eω  = z component of the Earth’s angular velocity vector = 57.2921152087 10  rad/s−×  

ω  = angular velocity vector of the vehicle 
(p,q,r) = (x,y,z) components of  vehicle’s angular velocity vector  in   a body-fixed reference frame 
 

wV  = velocity of the wind 

mV  = air-stream velocity vector 

mV  = magnitude of air-stream velocity 

. . .( , , )m xb m yb m zbV V V  = (x,y,z) components of air-stream velocity in an inertial reference frame 
M = mach number 
c = speed of sound 
Q = dynamic pressure 
ρ  = density of the air 
α  = angle of attack 
β  = angle of sideslip 

baseF  = base force 
ARP = aerodynamics reference point = 275.6 ft from pin point 
D = drag (axial) force 
C = lateral (side) force 
N = lift (normal) force 
S  = reference area  = 2116.2 ft  

refb  = reference length = 12.16 ft 

refc  = reference chord = 12.16 ft 

ζ  = damping ratio of the actuator dynamics = 1 

nω  = undamped natural frequency of the actuator dynamics = 32.6726 rad/sec 

pδ  = pitch gimbal angle 

pcδ  = pitch gimbal angle command 

pδ  = pitch gimbal angle acceleration 

yδ  = yaw gimbal angle 

ycδ  = yaw gimbal angle command 

yδ  = yaw gimbal angle acceleration of the actuator dynamics 

T  = total thrust inside the atmosphere 

0T  = total vacuum thrust 

eA  = nozzle exit area = 2122.137 ft  

0p  = local atmospheric pressure 
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. . .( , , )aero xb aero yb aero zbF F F  = (x,y,z) components of aerodynamic force in Body Frame 

. . .( , , )rkt xb rkt yb rkt zbF F F  = (x,y,z) components of rocket engine force in Body Frame 

. . .( , , )rcs xb rcs yb rcs zbF F F  = (x,y,z) components of reaction control force in Body Frame 

. . .( , , )slosh xb slosh yb slosh zbF F F  = (x,y,z) components of slosh force in Body Frame 

. . .( , , )total xb total yb total zbF F F  = (x,y,z) components of total force in Body Frame 

. . .( , , )total xi total yi total ziF F F  = (x,y,z) components of total force in Inertial Frame 

. . .( , , )aero xb aero yb aero zbT T T  = (x,y,z) components of aerodynamic torque in Body Frame 

. . .( , , )rkt xb rkt yb rkt zbT T T  = (x,y,z) components of rocket engine torque in Body Frame 

. . .( , , )rcs xb rcs yb rcs zbT T T  = (x,y,z) components of reaction control torque in Body Frame 

. . .( , , )slosh xb slosh yb slosh zbT T T  = (x,y,z) components of slosh torque in Body Frame 

TWDpT  = pitch torque on the vehicle due to the TWD effect 

TWDyT  = yaw torque on the vehicle due to the TWD effect 

eI  = nozzle inertia in plane of movement = 219102.0833 lbf ft s⋅ ⋅  

eM  = nozzle mass = 694.4 lb 

cgl  =  distance from   vehicle’s center of gravity to nozzle pivot point 

el  = distance from nozzle pivot point to nozzle center of gravity = 1.2775 ft 

sr  = vector from   vehicle’s center of mass to slosh fuel center of mass in Body Frame 

cgl  = center of mass position vector of vehicle in Body Frame 

tankl  = tank location vector in Body Frame 

sl  = slosh moment arm 

sM  = slosh mass 

sζ  = damping ratio of the slosh fuel dynamics 

sω  = undamped natural frequency of the slosh fuel dynamics 
η  = flex mode state 

flexζ  = damping ratio of flex modes 

flexω  = undamped natural frequency of flex modes 
m  = vehicle mass 
( , , )x y zc c c  = (x,y,z) components of center of mass 

sT  = sampling period  = 0.02s 

pK  = proportional gain 

iK  = integral gain 

dK  = derivative gain 

I. Introduction 
OTE to  Session Organizer/Reviewers: This draft manuscript summarizes the preliminary results obtained 
during an early phase of a new project for the dynamical modeling and flight control design of large flexible N 
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launch vehicles as applied to Ares-I Crew Launch Vehicle. During the next several months, a more detailed, 
rigorous study will be conducted in the areas of coupled dynamical modeling of propulsion, aerodynamics, guidance 
and control, and vehicle structure. A companion paper on flight control systems analysis and design for large 
flexible launch vehicles is also being submitted to the Space Exploration and Transportation GNC session. 

II. Definition of Coordinate Frame 

A. Geocentric Equatorial Inertial Frame or Inertial Frame 
Geocentric equatorial inertial frame or simply inertial frame (Fig.1). Origin is at Earth Center. Axis iz is normal 

to equatorial plane, pointing to North Pole; Axes ix and iy are in equatorial plane, axis ix is along direction of vernal 
equinox, which is the direction of intersection of Earth equatorial plane and Sun ecliptic plane.  

B. Geocentric Equatorial Rotating Frame or Central Earth Frame or Earth Frame 
Geocentric equatorial rotating frame is fixed to the Earth, also called central Earth Frame (Fig.2). Origin is at 

Earth center. Axis ez is normal to equatorial plane, pointing to North Pole, hence coincides with iz . 

Axes ex and ey are in equatorial plane, with axis ex in Greenwich meridian. This frame has angular velocity of Earth. 

 

 
Figure 2. Earth Frame 

 
Figure 1. Inertial Frame 
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C. Body Frame or Body-fixed Frame 
Body-fixed frame, simply body frame (Fig.3), is 

rigidly fixed to the vehicle body. Origin is at empty 
vehicle center of mass; Axis bx is along structural 

longitudinal axis, pointing forward; normal axis bz  is in 

plane of symmetry, perpendicular to bx  and pointing 

downward; axis by is perpendicular to plane of 
symmetry and pointing rightward. 

 

III. Aerodynamics Forces and Moments 
From the state variables, we can determine the 

position and velocity of the vehicle in the inertial frame. 
And then, the geographical latitude, the height over the 
Earth surface, angle of attack, angle of sideslip and 
Mach number can be calculated. By looking up the data 
table, aerodynamic coefficients and base force can be 
found. The equations of aerodynamics forces and moments can be written as follows: 

 m rel w e rel wV V V V r V= − = −Ω × −   

 mVM
c

=   

 21
2 mQ Vρ=   

 .

.

arctan m zb

m xb

V
V

α =   

 .

2 2
. .

arctan m yb

m xb m zb

V

V V
β =

+
  

 

0( )

A base

Y

N N

D C QS F
C C QS

N C C QS
β

α

β

α

⎧ = −
⎪ =⎨
⎪ = +⎩

  

Where, AC is axial force coefficient; YC β is side force curve slop; 0NC is normal force coefficient at zero angle 

of attack; NC α  is normal force curve slop. 

 
.

.

.

aero xb

aero yb

aero zb

F D
F C

F N

⎧ = −
⎪

=⎨
⎪ = −⎩

 

 
Figure 3. Body Frame 
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. 0

. 0 0

.

( )

( ) ( )( ) ( )

( ) ( )

aero xb y N N z Y Mr ref

aero yb z base A x N N Mp Mp ref

aero zb x Y y base my ref

T c C C QS c C QS C QSb

T c F C QS ARP c C C QS C C QSc

T ARP c C QS c F C QS C QSb

α β β

α α

β α β

α β

α α

β β

⎧ = + + +
⎪

= − − + − − + + +⎨
⎪ = − − + − +⎩

  

Where, MrC β is rolling moment coefficient; 0MpC is pitching moment coefficient at zero angle of attack; MpC α is 

pitching moment curve slop; myC β is yawing moment curve slop. 

In the SAVANT, 0 0 0N Mp MrC C C β= = = . 

IV. TWD Model 
Tail Wag Dog model 

 ( )TWDp e e cg e pT I M l l δ= +   

 ( )TWDy e e cg e yT I M l l δ= +  

V. Flex Model 
Flex state dynamics 

 2 flexζ 2 T
flex flex rkt rktη+ ω η+ω η = F φ   

Where, η is the flex mode state column vector. T
rktF is the transpose of the rocket engine force column vector, 

and rktφ is a 3 by 6 flex mode parameter matrix. 

 . . .( , , )rkt xb rkt yb rkt zbF F F=T
rktF   

Sensor error 

 angle_flex nav1e = ψ η   

 

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

nav2

rate_flex nav1

nav3

ψ η
e = ψ η

ψ η
  

LOX 

 

lox_flex slm1

lox_flex slm1

lox_flex slm1

φ = φ η

φ = φ η

φ = φ η

  

LH2 
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lh2_flex slm2

lh2_flex slm2

lh2_flex slm2

φ = φ η

φ = φ η

φ = φ η

  

Gimbal compliance 

 rkt_flex rktψ = ψ η   

Where, nav1ψ , nav2ψ , nav3ψ , slm1φ , slm2φ , rktψ are 3 by 6 parameter matrix respectively. 

VI. Slosh Model 
The sloshing will be modeled as a spring-mass-damper system in y-z plane; we do not consider the x component. 

For this program, it does not include the flex model effect to the slosh model. 

 2
tank tank2 { ( ) 2 [ ( )]}s s s s s s rel s cg s s cgr r r r r l l r r l lζ ω ω ω ω ω ω= − − − + × − − + × + × × − −   

Matrix Form in Body Frame: 

 

tank
2

0 0
2 0

0

0 0 0
2 0 0

0 0

s s x loc x

s s s s s s y s y

s s s y s z

s

s

x x a r q x c l
y y y a r p y c
z z z a q p z c

r q r q
r p y r p
q p z q p

ζ ω ω
⎛ ⎞ − − −⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟= − − − − − −⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ − −⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠
− −⎛ ⎞⎛ ⎞ ⎛

⎜ ⎟⎜ ⎟− − − −⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠

tank0
0

0

loc x

s y

s z

r q x c l
r p y c
q p z c

− − −⎞⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟⎜ ⎟− −⎜ ⎟⎜ ⎟⎜ ⎟
⎜ ⎟⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠⎝ ⎠

  

 
.

.

.

slosh xb s s

slosh yb s s

slosh zb s s

F m x
F m y
F m z

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟=⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

  

 
. .

. tank .

. tank .

0
0

0

slosh xb z y slosh xb

slosh yb z loc x slosh yb

slosh zb y loc x slosh zb

T c c F
T c x c l F
T c x c l F

⎛ ⎞−⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟= − − −⎜ ⎟⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟⎜ ⎟− + +⎝ ⎠ ⎝ ⎠⎝ ⎠

  

VII. Rocket Model 
Rocket Propulsion: 

 0 0 eT T p A= −   

The x, y and z components of the thrust in the Body Frame: 
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.

.

.

cos 0 sin cos sin 0
0 1 0 sin cos 0 0

sin 0 cos 0 0 1 0

rkt xb p p y y

rkt yb y y

rkt zb p p

F T
F
F

δ δ δ δ
δ δ

δ δ

⎛ ⎞−⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟= −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟

⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠

  

The x, y and z components of the torque due to the thrust in the Body Frame: 

 
. .

. .

. .

0
0

0

rkt xb z y rkt xb

rkt yb z x rkt rkt yb

rkt zb y rkt x rkt zb

T c c F
T c c l F
T c l c F

⎛ ⎞−⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟= − −⎜ ⎟⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟⎜ ⎟−⎝ ⎠ ⎝ ⎠⎝ ⎠

  

VIII. Gravity model 

 2 2 2r x y z= + +   

 sin z
r

φ =  

 

( ) ( ) ( )

( ) ( )

( )

32 4
2 3 4 232 4

2 3 4

3 32 4
2 332 4

2 3 4

32
2 32

2 3

3

43 51 3sin 1 5sin 3sin 35sin 30sin 3
2 2 8

3sin sin 15sin 3 35sin 15sin
2 2

431 3sin 1 5si
2 2

EE E

x

EE E

EE

y

J RJ R J R
r r rxg

r J RJ R J R
r r r

J RJ R
r ryg

r

φ φ φ φ φ
μ

φ φ φ φ φ

φ
μ

⎧ ⎫⎡ ⎤
− + − + − + − +⎪ ⎪⎢ ⎥

⎪⎣ ⎦⎪= ⎨ ⎬
⎡ ⎤⎪ ⎪+ + − + −⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

− + − +

=
( ) ( )

( ) ( )

( ) ( ) ( )

4
3 4 24

4

32 4
2 332 4

2 3 4

32 4
2 3 4 232 4

2 3 4

3

5n 3sin 35sin 30sin 3
8

3sin sin 15sin 3 35sin 15sin
2 2

43 5sin 1 3sin 1 5sin 3sin 35sin 30sin 3
2 2 8

E

EE E

EE E

z

J R
r

J RJ R J R
r r r

J RJ R J R
r r rzg

r

φ φ φ φ

φ φ φ φ φ

φ φ φ φ φ φ
μ

⎧ ⎫⎡ ⎤
− + − +⎪ ⎪⎢ ⎥

⎪⎣ ⎦⎪
⎨ ⎬

⎡ ⎤⎪ ⎪+ + − + −⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭

− + − + − + − +

=

( ) ( )
32 4

2 2 332 4
2 3 4

3cos sin 15sin 3 35sin 15sin
2 2

EE EJ RJ R J R
r r r

φ φ φ φ φ

⎧ ⎫⎡ ⎤
⎪ ⎪⎢ ⎥
⎪ ⎣ ⎦⎪
⎨ ⎬

⎡ ⎤⎪ ⎪+ + − + −⎢ ⎥⎪ ⎪⎣ ⎦⎩ ⎭
   

 

IX. Actuator Model 
The actuator model is a second order system. 

 2 22p n p n p n pcδ ζω δ ω δ ω δ+ + =   
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 2 2

0 1 0
2

pp
pc

n n p npp

δδ
δ

ω ζω δ ωδδ

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟ = +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ − − ⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠

  

 2 22y n y n y n ycδ ζω δ ω δ ω δ+ + =   

 2 2

0 1 0
2

yy
yc

n n y nyy

δδ
δ

ω ζω δ ωδδ

⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟ = +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ − − ⎝ ⎠⎝ ⎠⎝ ⎠⎝ ⎠

  

X. Force and Momentum 
In Body Frame: 

 
. . . . .

. . . . .

. . . . .

total xb aero xb rkt xb rcs xb slosh xb

total yb aero yb rkt yb rcs yb slosh yb

total zb aerot zb rkt zb rcs zb slosh zb

F F F F F
F F F F F
F F F F F

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟+ + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

=   

To transfer the (x,y,z) components of total force from Body Frame to Inertial Frame ,by the 

quaternion ( )1 2 3 4
Tq q q q . 

 ( )

2
. 1 4 3 2 .

. 2 1 2 3 3 4 1 .

. 3 2 1 4 .

total xi total xb

total yi total yb

total zi total zb

F q q q q F
F q q q q q q q F
F q q q q F

⎡ ⎤−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟= + −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥−⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

  

In Inertial Frame: 

 
.

.

.

1 total xi

total yi

total zi

x x

y y

z z

F
F
F

x a g
y a g

m
z a g

⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟=⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟

⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎝ ⎠

= +   

Kinematical Equation of Rotation: 

 

1 sin sin cos sin
1 0 cos cos sin cos

cos
0 sin cos

p
q
r

φ φ θ φ θ
θ φ θ φ θ

θ
ψ φ φ

⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟= −⎜ ⎟ ⎜ ⎟⎜ ⎟

⎜ ⎟⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠⎝ ⎠

  

Angular acceleration: 



 
American Institute of Aeronautics and Astronautics 

092407 
 

10

 
. . .

. .

. .

0
0

0

x xy xz x xy xz

xy y yz xy y yz

xz yz z xz yz z

aero xb rkt xb rcs xb

aero yb rkt yb rc

aerot zb rkt zb

I I I p r q I I I p
I I I q r p I I I q
I I I r q p I I I r

T T T
T T T
T T

⎛ ⎞ ⎛ ⎞−⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟= − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟+ + +⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

.

. .

. .

0slosh xb

s yb slosh yb TWDp

rcs zb slosh zb TWDy

T
T T

T T T

⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟+ + ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠

  

XI. Quaternion 
To renormalize quaternion: 

 

1 1

2 22 2 2 2
1 2 3 4

3 3

4 4

(1.5 0.5 )

n

n

n

n

q q
q q

q q q q
q q
q q

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟= − + + +
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠

  

Where, ( )1 2 3 4
Tq q q q is the quaternion column vector and ( )1 2 3 4

T
n n n nq q q q is the quaternion 

column vector after renormalization. 
Quaternion derivatives: 

 

1 1

2 2

3 3

4 4

0
01

02
0

q qr q p
q qr p q
q qq p r
q qp q r

−⎛ ⎞ ⎛ ⎞⎛ ⎞
⎜ ⎟ ⎜ ⎟⎜ ⎟−⎜ ⎟ ⎜ ⎟⎜ ⎟=
⎜ ⎟ ⎜ ⎟⎜ ⎟−
⎜ ⎟ ⎜ ⎟⎜ ⎟

− − −⎝ ⎠⎝ ⎠ ⎝ ⎠

  

Quaternion conjugate: 

 

1 1

2 2

3 3

4 4

q q
q q
q q
q q

∗ −⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟−⎜ ⎟ ⎜ ⎟=
⎜ ⎟ ⎜ ⎟−
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

  

 

XII. Guidance Commands 
 

XIII. Control System 
Discrete PID controller for roll, pitch and yaw channels 

 ( ) ( ) ( ) ( )p i i du t K e t K Y t K e t= + +   



 
American Institute of Aeronautics and Astronautics 

092407 
 

11

Discrete integration 

 ( ) ( 1) [ ( ) ( 1)]
2

s
i i

TY t Y t e t e t= − + + −   

 

XIV. System Analysis 
1. Center of Pressure 

 LE x cg cpM c L M x L= − + = −   

 cg
cp x

M
x c

L
= −   

Where, LEM is the pitching moment relative to the pin point of the vehicle; cgM is the pitching moment with 

respect to the center of mass, cpx is the location of center of pressure. 
According to the definition (force-and-moment system) of center of pressure, the plot of center of pressure can 

be seen in the following figure. 
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Figure 4. Location of the center of pressure center of mass 
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Figure 5. Vehicle position in Inertia Frame 
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Figure 6. Moments of inertia 
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Figure 7. Relative velocity 
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Figure 9. Dynamic pressure 
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Figure 8. Mach number 



 
American Institute of Aeronautics and Astronautics 

092407 
 

13

 

 
 
 
 
 

 

 

0 20 40 60 80 100 120
-0.01

-0.005

0

0.005

0.01

0.015

0.02

Time, sec

Y
aw

 G
im

ba
l A

ng
le

 C
om

m
an

d,
 ra

d

 
Figure 11. Yaw gimbal angle command 
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Figure 10. Pitch gimbal angle command 
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Figure 12. Angle of attack and sideslip angle 
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Figure 13. Total thrust 



 
American Institute of Aeronautics and Astronautics 

092407 
 

14

 

 
 
 
 
 
 
 

 

 
 

10 20 30 40 50 60 70 80 90 100 110 120
0

50

100

150

200

250

300

350

Time, sec

S
pe

ci
fic

 Im
pu

ls
e,

 s
ec

- 1

 
Figure 15. Solid rocket boost specific impulse 
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Figure. 14 Solid rocket booster weight flow rate 
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Figure 17. Axial force coefficient 
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Figure 16. Euler angle 
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Figure 19. Side force curve slop 
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Figure 18. Normal force curve slop 
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Figure 21. Yawing moment curve slop 
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Figure 20. Pitching moment curve slop 
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2. Stability Analysis 
 
 

XV. Sample Case 
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Figure 22. Total Mass 
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Table 1. Initial States’ Values 
Parameter Initial Value (unit) 

U 1340.649569297657 (ft/sec) 
V 6.542058392976782 (ft/sec) 
W 0.244274988189246 (ft/sec) 
P 0.000034916172322 (rad/sec) 
Q 0.000064018398388 (rad/sec) 
R 1.01643953670516e-20 (rad/sec) 
X 87898.84842619013 (ft) 
Y 18384832.09303243 (ft) 
Z 9960462.310921878 (ft) 
q1 0.359443352340896 
q2 0.608859075914155 
q3 0.362476166996897 
q4 0.60720847366793 

 


