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Abstract

NASA’s ARES 1 Upper Stage Simulator (USS) is being fabricated from welded A516 steel.  In 
order to insure the structural integrity of these welds it is of interest to calculate the critical initial
flaw size (CIFS) to establish rational inspection requirements.  The CIFS is in turn dependent on 
the critical final flaw size (CFS), as well as fatigue flaw growth resulting from transportation, 
handling and service-induced loading.  Independent CFS, fatigue flaw growth and CIFS 
calculations for weld flaws in the flange-to-skin weld of the ARES I USS have been reported in a 
companion report.  These calculations were made using linear elastic fracture mechanics 
(LEFM), which are thought to be conservative because they are based on a lower bound, so-
called “elastic,” fracture toughness determined from tests that displayed significant plasticity.
Nevertheless, there was still concern that the yield magnitude stresses generated in the flange-to-
skin weld by the combination of axial stresses due to axial forces, fit-up stresses, and weld 
residual stresses, could give rise to significant flaw-tip plasticity, which might render the LEFM 
results to be non-conservative.

Flaw-tip plasticity enhances flaw-tip “driving forces” compared to the values determined from 
LEFM.  In fracture toughness tests that involve non-linear load-displacement behavior due to 
flaw-tip plasticity, this means that an elastic toughness value estimated using LEFM and the 
measured load and flaw depth will under-estimate the actual toughness as this approach is 
equivalent to determining the “driving force” using only the area under the linear part of the 
load-displacement curve.  The actual toughness is related to the total area under the load-
displacement curve including the non-linear part arising from flaw-tip plasticity.  Hence, an 
elastically estimated toughness will always be lower than the actual value when non-linear 
behavior is observed in a toughness test.  Similarly, flaw-tip “driving forces” for flaws in 
structures that are evaluated using LEFM concepts will under-estimate the actual “driving 
forces” when flaw-tip plasticity is present. Thus, the LEFM approach will only be conservative 
if the ratio of the “elastic” toughness,  to the elastic-plastic toughness, ) is less 
than the ratio of the linear elastic flaw-tip “driving force” in the structure (

elastic
CK plasticelastic

CK
elasticKK ) to the 

elastic-plastic flaw-tip “driving force” ( ).plasticelasticKJK

The objective of the present study was to employ Elastic–Plastic Fracture Mechanics (EPFM) to 
determine CFS values, and then compare these values to CFS values evaluated using LEFM.
CFS values were calculated for twelve cases involving surface and embedded flaws, EPFM 
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analyses with and without plastic shakedown of the stresses, LEFM analyses, and various 
welding residual stress distributions.  For the cases examined, the computed CFS values based on 
elastic analyses were the smallest in all instances where the failures were predicted to be 
controlled by the fracture toughness.  However, in certain cases, the CFS values predicted by the 
elastic-plastic analyses were smaller than those predicted by the elastic analyses; in these cases 
the failure criteria were determined by a breakdown in stress intensity factor validity limits for 
deep flaws (a > 0.90t), rather than by the fracture toughness.  Plastic relaxation of stresses 
accompanying shakedown always increases the calculated CFS values compared to the CFS 
values determined without shakedown.  Thus, it is conservative to ignore shakedown effects. 
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Executive Summary 

Independent critical flaw size calculations (CFS) for weld flaws in the flange-to-skin weld of the 
ARES I-X Upper Stage Simulator (USS) have been reported in Ref. 1.  These calculations were 
made using linear elastic fracture mechanics (LEFM).  Although the LEFM CFS evaluations are 
considered conservative because they are based on a lower bound, so-called “elastic,” fracture 
toughness determined from tests that displayed significant plasticity, there is still concern that the 
yield magnitude stresses generated in the flange-to-skin weld by the combination of axial 
stresses due to axial forces, fit-up stresses, and weld residual stresses, could give rise to 
significant flaw-tip plasticity and a corresponding increase in the calculated flaw-tip “driving 
force” that could more than compensate for the conservatisms built into the LEFM approach.  

A series of CFS computations were performed using an R&D version of the elastic-plastic 
fracture mechanics (EPFM) computer program FlawPROTM developed by SwRI® for structural 
integrity assessments of welded steel pipe employed in the oil and gas industry.  These 
calculations were made in order to assess whether or not the elastic approach adopted in Ref. 1 is 
conservative with respect to a more complex but technically more rigorous and consistent 
approach based on EPFM.  This demonstration is necessary because although the elastic 
approach uses an “elastic” toughness which is significantly below the measured toughness 
(62 ksi inch1/2 compared to 154 ksi inch1/2) it is known that LEFM can under-predict flaw-tip 
“driving forces” compared to more accurate values determined using EPFM.  Under certain 
conditions, it is possible that the under-prediction of the flaw-tip “driving force” based on LEFM 
analysis can more than compensate for the use of a low “elastic” toughness, thereby resulting in 
a non-conservative CFS value. 

The CFS computations were made for surface and embedded flaws either at or near to the ID or 
OD of the flange-to-skin weld in A516 steel.  Analyses were performed with axial and fit-up 
stresses superposed on four types of residual stresses.  Unlike the elastic calculations, the elastic-
plastic approach requires the applied stresses to be resolved into primary and secondary (residual 
stress) components.  The weld residual stresses considered in the present assessment are: 

A uniform stress equal to the yield stress 
A stress consistent with a Double-V weld process 
A stress consistent with a 7 pass weld procedure with the last pass on the ID 
A stress consistent with a 7 pass weld procedure with the last pass on the OD 

CFS computations using the elastic and elastic-plastic approaches showed that the predicted 
CFS’s for surface flaws were significantly smaller than the CFS for embedded flaws.  These 
computations also showed that the uniform and 7 pass (ID last) residual stresses were the most 
onerous of the four and resulted in the smallest CFS values.  These stresses are so severe that 
when they are combined with those due to axial and fit-up stresses the resulting through-wall 
stresses exceed the yield stress.  In actuality, plastic relaxation of stresses that exceed yield will 
occur, resulting in so-called shakedown and a reduction in the residual stresses.  This shakedown 
phenomenon can be allowed for in elastic-plastic computations performed by FlawPRO.  
Shakedown is assumed not to occur in the elastic approach.  

 4 August 20, 2008



A summary of the CFS results for surface flaws is shown in Figure 1. 

Critical Crack Depth (inch)
0.0 0.1 0.2 0.3 0.4 0.5

UNIFORM RESIDUAL STRESS

7 PASS (ID LAST) RESIDUAL STRESS

Elastic
Elastic-plastic (no shakedown)
Elastic-plastic (shakedown)

Figure 1.  Summary of CFS values for surface flaws determined using elastic and elastic-plastic 
approaches, the latter with and without shakedown in residual stresses. 

It is concluded from Figure 1 that CFS calculated for the most critical case of surface flaws using 
the elastic approach and a toughness of 62 ksi inch1/2 will be smaller, and hence more 
conservative, than values computed using an elastic-plastic approach based on a toughness of 
154 ksi inch1/2, even if the potentially beneficial phenomenon of stress relaxation from 
shakedown is ignored.  The same is not always true for embedded flaws; however, these cases 
give larger computed CFS values than for surface flaws using both elastic and elastic-plastic 
analyses, and thus are of less concern provided the surface flaw critical initial flaw size (CIFS) 
results are used to set weld defect acceptance limits. 
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Introduction 

Independent critical flaw size calculations (CFS) for weld flaws in the flange-to-skin weld of the 
ARES I-X Upper Stage Simulator (USS) have been reported in Ref. 1.  These calculations were 
made using linear elastic fracture mechanics (LEFM).  Although the LEFM CFS evaluations are 
considered conservative because they are based on a lower bound, so-called “elastic,” fracture 
toughness determined from tests that displayed significant plasticity, there is still concern that the 
yield magnitude stresses generated in the flange-to-skin weld by the combination of axial 
stresses due to axial forces, fit-up stresses, and weld residual stresses, could give rise to 
significant flaw-tip plasticity (i.e., a large plastic zone at the flaw tip compared to other relevant 
dimensions of the component – flaw size, unflawed ligament size) and a corresponding increase 
in the calculated flaw-tip “driving force” that could more than compensate for the conservatisms 
built into the LEFM approach.  

Flaw-tip plasticity enhances flaw-tip “driving forces” compared to the values determined from 
LEFM.  In fracture toughness tests that involve non-linear load-displacement behavior due to 
flaw-tip plasticity, this means that an elastic toughness value estimated using LEFM and the 
measured load and flaw depth will under-estimate the actual toughness as this approach is 
equivalent to determining the toughnesses using only the area under the linear part of the load-
displacement curve.  The actual toughness is related to the total area under the load-displacement 
curve including the non-linear part arising from flaw-tip plasticity.  Hence, an elastically 
estimated toughness will always be lower than the actual value when non-linear behavior is 
observed in a toughness test.  Similarly, flaw-tip “driving forces” for flaws in structures that are 
evaluated using LEFM concepts will under-estimate the actual “driving forces” when flaw-tip 
plasticity is present.

The LEFM approach adopted in Ref. 1 will be conservative if the ratio of the linear elastically 
determined flaw-tip “driving force” at fracture measured in a fracture toughness test (the elastic 
toughness, ) to the actual toughness (the elastic-plastic toughness, ) is less than 
the ratio of the linear elastic flaw-tip “driving force” in the structure (

elastic
CK plasticelastic

CK
elasticKK ) to the elastic-

plastic flaw-tip “driving force” ( ).  This condition is expressed mathematically 
below:

plasticelastic
J KK

J
plasticelastic

C

elastic
C

K
K

K
K , LEFM approach is conservative (1a)

   

J
plasticelastic

C

elastic
C

K
K

K
K , LEFM approach is non-conservative. (1b)

In these equations, the symbol K represents a flaw-tip “driving force” which has the units of 
stress intensity factor, and the subscripts and superscripts indicate whether the parameter is 
estimated using LEFM or elastic-plastic fracture mechanics (EPFM).  The subscript J signifies a 
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quantity determined from the EPFM parameter, J.  This parameter represents an extension of 
linear elastic concepts to cases involving flaw-tip plasticity.  As such, J is related to K under 
linear elastic conditions.  In general, J can be converted into a plastically corrected value of K,
symbolized by KJ, using the equation: 

'

2

E
KJ J  (2) 

where E’ = E, Young’s modulus, for plane stress and 21
E , for plane strain.  (A similar 

equation to Eq. 2 is used to relate the toughness, JC, measured in terms of J , in a test that 
exhibits significant flaw-tip plasticity to the toughness, plasticelasticK , expressed in units of stress 
intensity factor.) 

Under LEFM conditions, Eq. 2 becomes 

'

2

E
KJe  (3) 

and it is clear from Eqs. 2 and 3 that KKJ  when these conditions are appropriate. 

In the present study, EPFM is used to determine CFS’s and these sizes are compared to CFS’s 
evaluated using LEFM.  Eq. 1a is equivalent to the inequality CFS(LEFM) < CFS(EPFM) and 1b 
to the inequality CFS(LEFM) > CFS(EPFM), where the nomenclature is self-explanatory. 

Estimating J Using EPFM

Although J can be evaluated from elastic-plastic finite element analyses of flawed structures, this 
is often not practical because of time and cost constraints.  To overcome this obstacle, analytical 
schemes have been developed for determining J based on quantities such as the LEFM 
parameter, K, the local stresses due to applied forces and moments, the values of the forces and 
moments that result in net section yielding (where the un-flawed ligament is everywhere at the 
yield stress), and the material stress-strain curve.  In these schemes, J is expressed as the sum of 
an elastic component, Je, and a plastic component, Jp, as illustrated in the Eq. 4: 

),,,(),,(),( ypyee FFaJFaJFaJ  (4) 

In this equation, a is the flaw depth, F is the applied force, y is the yield stress, ae is a first order 
plastic correction to the actual flaw depth evaluated according to an Irwin type of plastic-zone 
equation, Fy is the net section yield force, and  signifies the stress-strain curve.  Eq. 4 is 
consistent with the J estimation scheme developed by GE for the Electric Power Research 
Institute (EPRI) based on extensive finite element computations of J, and is generally referred to 
as the GE/EPRI scheme, see Ref. 2. 
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In the present work, J is formulated using a hybrid scheme that employs the form of Eq. 4 with 
the first term on the right-hand side of the equation determined according to the GE/EPRI 
scheme, but with the plastic component determined according to the reference stress approach 
developed in Ref. 3.  The reference stress approach provides the theoretical framework under-
pinning two widely employed fitness-for-service assessment procedures, namely API 579 
(Ref. 4) and BS 7910 (Ref. 5). 

Failure Criteria

In the LEFM approach, failure is predicted when the following equation is satisfied: 

 (5a) elastic
CKK

In the EPFM approach, failure is predicted when: 

plasticelastic
CC

''
J KJEJEK  (5b) 

such that 
 (5c) plasticelastic

CJ KK

Eqs. 5 represent failure when materials are brittle.  In these cases, failure under monotonic 
loading conditions is usually catastrophic and not preceded by stable flaw extension.  However, 
in some materials, such as those steels used in the flange-to-skin weld, the toughness, JC,
coincides with the onset of stable flaw extension, not catastrophic failure.  These ductile steels 
display increasing toughness as a flaw extends (tears) under increasing monotonic load.  The 
present analysis takes no account of the enhanced toughness (J-R curve) due to the material’s 
ductility, and hence the results are conservative with respect to the results of an analysis that 
includes these beneficial effects. 

Furthermore, the current calculations do not explicitly account for plastic constraint effects on 
failure behavior.  It is known that under some circumstances, constraint effects related to loss of 
tri-axial stress conditions at a loaded flaw-tip can result in higher measured toughness (JC) values 
(when these are determined in terms of the conventional formulations for J related to the area 
under a load-displacement curve) than those measured in test specimens where full tri-axial 
stress states pertain, such as deep flaws in bend bars under small scale yielding (small plastic 
zone) conditions.  (Under full tri-axial stressing, the parameter J characterizes the magnitudes of 
the stresses and strains adjacent to a flaw tip and can be related to the failure mechanisms 
activated by these.  When full tri-axial stressing is not attained, the relationship between J and 
the flaw-tip fields, and hence the failure mechanisms, is more complicated, involving additional 
stress parameters not directly related to J, and so the critical value of J, JC, measured at failure no 
longer appears to be a true material constant.)  In the present calculations, it is assumed that 
constraint effects are included in the measured fracture toughness and so they are not included in 
the flaw-tip “driving force”, J.
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CFS’s are determined by solving Eqs. 5a and 5b for the flaw height, h, for given flaw length, L,
applied forces, and local stresses.  For surface flaws h = a, the flaw depth, and L = 2c, where c is 
half the flaw length.  In the case of embedded flaws, h = 2a and L = 2c.

Computations of CFS’s were performed in the current work using an R&D version of the 
computer program FlawPROTM developed by SwRI for the offshore oil and gas industry.  This 
program is based on EPFM and uses the hybrid J estimation scheme together with the failure 
criterion given in Eq. 5b.  FlawPRO is also used to perform LEFM CFS calculations by making 
the input value of the material yield stress very high so that flaw-tip plasticity is suppressed and 
by setting the fracture toughness to the elastic value.  With these modifications, the failure 
criterion represented by Eq. 5a is recovered from Eq. 5b. 

FlawPRO has a number of additional failure criteria that are not related to fracture toughness and 
are applied in parallel with Eq. 5b.  These additional criteria are designed to guarantee a 
conservative CFS is obtained for cases where the actual CFS is predicted to exceed the 
maximum flaw sizes corresponding to the geometrical limits of the available stress intensity 
factor (SIF) solutions.  Typically, the SIF solutions are applicable to flaw heights less than 90% 
of the wall thickness (t).  If the critical flaw height, hcrit, is predicted to exceed 0.9t, then hcrit is 
set equal to 0.9t.  However, the J estimation scheme given by Eq. 4 involves the first order 
plastically corrected flaw height, he.  This term will always exceed h since  where the 
size of s is related to the size of the flaw-tip plastic zone as predicted from first order plasticity 
theory.  If the value of he during the search for the critical height is predicted by FlawPRO to 
exceed 0.9t, then hcrit is set equal to 0.9t-s.

shhe

These additional geometrical failure criteria in FlawPRO dictated by restrictions imposed by SIF 
solution limits are summarized in Eqs. 6a and 6b. 

 if hcrit predicted to exceed 0.9t (6a) thcrit 9.0

 if he corresponding to hcrit predicted to exceed 0.9t  (6b) sthcrit 9.0

Assumptions Made and Input Data Used in the CFS Calculations 

As previously mentioned, all CFS calculations reported in this study were determined using 
FlawPRO.

The flange-to-skin weld is subjected to three sources of loading:  an axial force (Ref. 6), fit-up 
stresses (Ref. 6), and weld residual stresses (Ref. 7).  It is necessary in EPFM calculations to 
separate the applied loads into primary and secondary components as these are treated differently 
within the hybrid J scheme.  The axial load applied to the flange-to-skin weld is a primary load. 
The fit-up stresses arise from a complex set of boundary conditions which make them very 
difficult to categorize as purely secondary or purely primary.  Because of this, and the fact that 
the fit-up stresses integrate to produce a net force on the weld, these stresses are conservatively 
treated as originating from a primary load.  The weld residual stress is an example of a secondary 
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load.  The total of primary and secondary stresses is included in the evaluation of Je in Eq. 4 but 
only the primary stresses are included in the evaluation of Jp.

Four different assumptions were made herein regarding the form of the local stress variations 
through the wall of the flange-to-skin weld.  In all cases, these assumptions affected the form of 
the residual stress variation but not the form of the axial and fit-up stresses.  The four types of 
residual stress variations considered were: 

1. A uniform variation through the wall of the skin equal to the yield stress. 

2. A through-wall variable stress determined from a finite element simulation of the welding 
procedure for a Double-V weld, as described in Ref. 7.  This stress is hereafter referred to 
as the Double-V residual stress. 

3. A through-wall variable stress determined from a finite element simulation of the welding 
procedure based on a 7 pass process with the last pass at the ID, as described in Ref. 7.  
This stress is hereafter referred to as the 7 Pass (ID Last) residual stress. 

4. A through-wall variable stress determined from a finite element simulation of the welding 
procedure based on a 7 pass process with the last pass at the OD, as described in Ref. 7.  
This stress is hereafter referred to as the 7 Pass (OD Last) residual stress. 

If the sum of the residual stress and the axial and fit-up stresses is less than the yield stress at 
every point through the wall of the skin, then the residual stress would be unchanged when the 
axial and fit-up stresses were superposed on it.  However, if the sum of the stresses exceeds the 
yield stress, then shakedown (stress relaxation due to plasticity) of the residual stress will occur, 
changing the residual stress variation determined absent the axial and fit-up stresses.  All stress 
relaxation is herein assumed to occur in the residual stress (which is nearly self-equilibrated).
The primary (axial and fit-up) stresses are assumed unchanged after shakedown because when 
integrated through the wall they must still produce the total force applied before shakedown 
which is equal to the original axial force and the force resulting from fit-up stresses, thus no 
plastic relaxation can occur. 

In the present work, shakedown in the residual stress is predicted to occur.  In order to assess the 
significance of shakedown, CFS calculations were performed using the uniform, Double-V, 
7 Pass (ID Last) and 7 Pass (OD Last) residual stresses before (absent shakedown) and after 
shakedown.  Shakedown was not considered in the elastic CFS analyses as in these types of 
analyses it is inherently assumed that the material has an infinite yield stress, thus no plastic 
relaxation can occur. 

The axial, fit-up, and residual stresses used in the CFS calculations absent shakedown are shown 
in Figures 2(a), 3(a), 4(a) and 5(a) for the uniform, Double-V, 7 Pass (ID Last) and 7 Pass (OD 
Last) residual stresses, respectively.  The combined axial and fit-up stresses shown in these 
figures are consistent with the axial and fit-up stresses detailed in Ref. 6.  The residual stresses 
after shakedown, corresponding to those shown in Figures 2(a), 3(a), 4(a) and 5(a), are displayed 
in Figures 2(b), 3(b), 4(b) and 5(b) for the uniform, Double-V, 7 Pass (ID Last) and 7 Pass (OD 
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Last) residual stresses, respectively.  As previously mentioned, the axial and fit-up stresses are 
assumed unaffected by shakedown.  The shakedown analysis incorporated in FlawPRO was used 
to obtain the results in Figures 2(b), 3(b), 4(b) and 5(b).  The procedure used in this program to 
convert an elastically determined stress variation into a corresponding elastic-plastic variation is 
based on the Neuber principle. 

The stress variations (stress versus x/t, where t is the wall thickness and x the distance from the 
origin) shown in Figures 2 through 5 were input in FlawPRO when performing CFS evaluations.  
The axial and fit-up stresses are input in normalized form (local stress/nominal stress) where the 
nominal stress is the value of the axial and fit-up stresses averaged through the wall of the skin.  
The average or nominal stress value is 16.2 ksi for the axial and fit-up stresses shown in 
Figures 2 through 5. 

The total applied force, F, is required in the current approach as Jp involves determination of the 
ratio F/Fy.  The value of F was determined by integrating the axial and fit-up stresses through the 
skin wall.  This force corresponds to a nominal axial stress of 16.2 ksi. 

The complex geometry of the skin, flange, flange-to-skin weld and the gussets were treated as a 
cylinder with OD equal to 216 inches and wall thickness of 0.5 inches.  In the CFS calculations, 
circumferential surface flaws were either assumed to emanate from the ID or the OD of the 
cylinder, depending on the assumed form of the weld residual stresses.  For example, flaws 
emanating from the ID are subjected to more severe stressing than those emanating from the OD 
if the weld residual stresses are assumed to have a uniform value through the wall of the skin or 
to be generated using the 7 Pass (ID Last) procedures, as shown in Figures 2 and 4, respectively.
In this case the assumption is made in the CFS calculations that there are ID weld flaws.  In 
contrast, flaws emanating from the OD were considered more onerous than those emanating 
from the ID if the weld residual stresses are assumed to be due to the Double-V and 7 Pass (OD 
Last) procedures, as shown in Figures 3 and 5, respectively.

A key parameter in both the EPFM and LEFM CFS calculations is the stress intensity factor, K.
This is determined for surface and embedded flaws in FlawPRO using the weight function 
method.  This is a powerful method that allows for through-the-wall stress variations based on 
stresses determined from a flaw-free stress analysis.  It is not necessary to resolve stresses into 
primary and secondary components when using the weight function approach. 

Stress-strain data are required to implement the EPFM methodology in FlawPRO.  In the CFS 
calculations, it is conservative to use the stress-strain curve corresponding to the parent material 
even though the flaws are assumed to occur in the weld because the yield stress of the parent is 
less than that of the weld since the weld is overmatched.  Examples of measured stress-strain 
curves for parent material are shown in Figure 6(a).  These curves identify specimen 10240-1F as 
having the lowest yield stress.  The curve corresponding to this specimen was used in the CFS 
calculations and Figure 6(b) compares the measured curve with the curve used as input to 
FlawPRO.
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Results of CFS Calculations 

Overview

A total of thirty-three sets of CFS calculations were performed.  Six of the calculation sets were 
carried out to study the sensitivity of the elastic-plastic results to toughness.  The cases are listed 
in Table 1.  Details of the results for the thirty-three cases are given in Tables 2 through 10 and 
Figures 7 through 15.  Table 1 identifies which tables and figures are applicable to each set of 
CFS calculations.

The majority of the EPFM calculations were performed using a fracture toughness of 154 ksi 
inch1/2 and are referred to as the baseline computations.  In addition, as part of the sensitivity 
study, four further sets of EPFM CFS computations were made:  two for surface flaws assuming 
toughness of 115 ksi inch1/2 and 62 ksi inch1/2, and two for offset embedded flaws assuming 
toughness values in the range 40-120 ksi inch1/2.  All the LEFM computations were made 
assuming an “elastic” toughness of 62 ksi inch1/2 and form part of the baseline calculations. 

Two types of embedded flaws were considered in the CFS calculations.  These were offset and 
center flaws.  Offset embedded flaws were assumed offset 0.07874 inch (2 mm) from the ID or 
OD, where the offset is the distance between the ID or OD surface and the nearest point on the 
flaw.  The centers of these types of flaws are located at distances from the ID or OD surfaces 
equal to the offsets (y) plus half the flaw heights (a).  Center embedded flaws were assumed to 
have their centers located at the mid-wall. 

Non-toughness-based failure criteria, specifically fully-plastic limit loads, were used to 
determine some of the critical flaw heights listed in Tables 2 through 10.  These criteria are 
related to the maximum flaw size limits of the available weight functions used in the K 
calculations, as shown in Eqs. 6a and 6b. The non-toughness based critical flaw heights are 
indicated in the tables by asterisks.  These values represent lower bound (conservative) estimates 
for critical flaw heights compared to values derived using the toughness based failure criteria 
shown in Eqs. 5a and 5b.

Baseline results 

Consider first surface flaws emanating from the ID subject to the axial and fit-up stresses 
superposed on a uniform residual stress.  The elastic-plastic results without and with shakedown, 
and the elastic results without shakedown, are shown in Table 2 and Figure 7.  In these cases, the 
calculated elastic CFS’s are the smallest with the limiting CFS for very long flaw lengths being 
0.11 inches compared to 0.13 inches for the elastic-plastic analysis without shakedown and 
0.18 inches for the elastic-plastic analysis with shakedown.  Since shakedown reduces the 
residual stress, CFS values calculated without shakedown will always be smaller than those with 
shakedown.
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The offset embedded flaw results for the case of a uniform residual stress are shown in Table 3 
and Figure 8.  The smallest calculated CFS for very long flaws is predicted to be 0.23 inches and 
corresponds to an elastic-plastic analysis without shakedown.  However, this size is a 
conservative estimate since it was obtained using a non-toughness related failure criterion, as 
indicated in Table 3.  The linear elastic CFS result for long flaws is slightly larger at 0.29 inches, 
and the elastic-plastic result with shakedown is 0.35 inches.  The reason that the elastic-plastic 
CFS without shakedown is less than the elastic result is because the failure condition represented 
by Eq. 6b was operative in FlawPRO for this case, whereas the failure condition represented by 
Eq. 5a was applicable in the elastic computations. 

Next consider the CFS results for surface flaws emanating from the OD subject to the axial and 
fit-up stresses superposed on the Double-V residual stress.  The elastic-plastic results without 
and with shakedown, and the elastic results without shakedown, are shown in Table 4 and 
Figure 9.  For these cases, the smallest CFS’s correspond to the elastic-plastic analysis without 
shakedown and the elastic analysis, and for very long flaw lengths are equal to 0.25 inches, 
compared to 0.26 inches for the elastic-plastic analysis with shakedown.  These critical values 
are all based on the toughness based failure criterion. 

Center and offset embedded flaw results for the Double-V residual stress are displayed in 
Tables 5 and 6 and Figures 10(a) and (b), respectively.  In this residual stress case, center 
embedded flaws were analyzed as well as offset embedded flaws because the no shakedown and 
shakedown stress variations are approximately symmetrical and achieve maximum values at 
about the mid-wall (x/t = 0.5), as can be seen in Figure 3.  The results in Tables 5 and 6 illustrate 
that for both types of embedded flaws, and for all three types of analyses, the critical flaw 
heights were determined based on conservative non-toughness related failure criteria.  This is 
because the flaw-tip “driving forces” corresponding to embedded flaws are considerably smaller 
than the flaw-tip “driving forces”, for surface flaws with the same flaw heights, and can only 
attain values equal to the toughness at very large sizes.  The critical heights for the offset flaws 
are smaller than those for the center flaws, and both sets of values are large (greater than 
0.38 inch) compared to the wall thickness of 0.5 inch. 

Tables 7 and 8, and Figures 11 and 12 contain CFS for surface and offset embedded flaws 
subjected to residual stresses generated by the 7 Pass (ID Last) weld procedure.  The smallest 
CFS corresponding to surface flaws is predicted from an elastic analysis to be 0.09 inch.  This 
value compares with the 0.11 inch and 0.18 inch predictions obtained from elastic-plastic 
analyses based on no shakedown and shakedown, respectively.  These relatively small CFS 
values reflect the high stresses experienced by surface flaws emanating from the ID (see 
Figure 4).  The corresponding CFS values for embedded flaws are significantly higher.  
Although, in these cases, the smallest CFS value of 0.2 inch is predicted from an elastic-plastic 
analysis assuming no shakedown, this value is conservatively small and was determined using a 
failure criterion related to the K solution geometrical validity limits.  The smallest elastically 
calculated CFS is 0.28 inch and is derived when the flaw-tip “driving force” exceeds the 
toughness.

Tables 9 and 10, and Figures 13 and 14 contain CFS for surface and offset embedded flaws 
emanating from the OD that experience residual stresses generated by the 7 Pass (OD Last) weld 
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process.  In these cases, the smallest CFS of 0.2 inch is predicted by the elastic analysis of a 
surface flaw.  This value compares with predicted values of 0.21 inch and 0.23 inch obtained 
from elastic-plastic analyses based on no shakedown and shakedown, respectively.  All of the 
CFS results for embedded flaws are determined from non-toughness related failure criteria, and 
all are very large (0.4 inch).  

Toughness sensitivity studies 

A limited study was performed to investigate the dependence of predicted EPFM CFS with 
toughness.  This study concentrated on toughness values that were low enough to guarantee 
toughness controlled failures.  The calculations were performed for long flaws with a constant 
aspect ratio (a/2c = 0.005 for surface and h/2c = 0.005 for embedded flaws) as these result in the 
lowest CFS values. 

Table 2 and Figure 7, and Table 7 and Figure 11, present EPFM surface CFS results for 
toughness values of 115 ksi inch1/2 and 62 ksi inch1/2 as well as for 154 ksi inch1/2 in order to 
assess the sensitivity of the CFS values to toughness.  These calculations were performed 
assuming no shakedown, one with a uniform residual stress of 46.5 ksi and the other the residual 
stress signified as 7 Pass (ID last).  These two types of residual stress were considered the 
severest of the cases considered as they resulted in the smallest CFS values.  

The results in Figures 7 and 11 demonstrate that the EPFM surface CFS values for a toughness 
of 62 ksi inch1/2 for the uniform and 7 Pass (ID Last) residual stresses, respectively, are both 
lower than the elastic values for the same toughness.  This is not surprising because, as 
previously stated, the EPFM “driving force” will always exceed the elastic force.  However, in 
both residual stress cases, the CFS values determined using a toughness of 115 ksi inch1/2 exceed 
those calculated from an elastic analysis for a toughness of 62 ksi inch1/2.  Therefore, for surface 
flaws subjected to the severest residual stresses, the assumption that the elastic CFS solutions 
based on a toughness of 62 ksi inch1/2 are conservative with respect to an EPFM analysis based 
on a toughness of 154 ksi inch1/2 is readily justified by the current results. 

The sensitivity of the EPFM embedded CFS to fracture toughness was also investigated for the 
uniform and 7 Pass (ID Last) residual stresses with and without shakedown.  Toughness values 
in the range 60 ksi inch1/2 to 120 ksi inch1/2 were considered in the calculations that did not 
include shakedown as these resulted in toughness controlled failures.  The failure criterion 
switched from toughness controlled to non-toughness controlled for values higher than 115 ksi 
inch1/2 for the uniform residual stress, and 120 ksi inch1/2 for the 7 Pass (ID Last) stress. 
Toughness values in the range 40 ksi inch1/2 to 90 ksi inch1/2 were considered in the calculations 
that included shakedown as these resulted in toughness controlled failures.  The failure criterion 
changed from toughness controlled to non-toughness controlled for values higher than 90 ksi 
inch1/2 for the uniform residual stress, and 50 ksi inch1/2 for the 7 Pass (ID Last) stress.  In all 
cases, the predicted failures were found to be governed by the size of the first order plastically 
corrected flaw height (see Eq. 6b).

The results of this sensitivity study are displayed in Figure 15 as a plot of critical flaw height 
against toughness.  Also shown in this figure are the elastic results for the two residual stresses.  
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It can be seen that in contrast to the surface flaw CFS solutions when it was assumed there was 
no shakedown, the predicted EPFM critical flaw sizes for offset embedded flaws are lower than 
the elastically determined values for toughness values up to 120 ksi inch1/2(compare Figures 7 
and 11 with Figure 15).  Indeed, simple extrapolation of the critical flaw height results in 
Figure 15 to toughness values of 154 ksi inch1/2 indicates that even at this toughness level the 
EPFM results for the embedded flaws could be lower than the elastic values, which are around 
0.28 inch.

In contrast to the no shakedown case, when shakedown is assumed to reduce the residual stress 
level, the CFS values are relatively large at small toughness values for both types of residual 
stress (see Figure 15).  The EPFM toughness controlled embedded CFS values are larger than the 
elastic value for toughness values greater than 65 ksi inch1/2 in the case of the uniform residual 
stress.  Although, at a toughness of 50 ksi inch1/2 the EPFM embedded CFS values are below the 
elastic value for the 7 Pass (ID Last) residual stress, it is clear from the trend of CFS with 
toughness shown in Figure 15 that the EPFM values will exceed the elastic value at toughness 
values exceeding 60 ksi inch1/2.

Discussion

Although the EPFM flaw-tip “driving force”, J, is composed of elastic (first order plastic) and 
plastic components (see Eq. 4), the plastic term was always negligibly small in the present 
calculations compared to the elastic term.  This is because this term depends on the ratio F/Fy
which has a value of around 0.4 in the current computations.  Usually, the plastic component of J
does not start to become comparable to the elastic term until F/Fy>1.  Thus it is the first order 
plastic correction (he) to the flaw height (h) and the resulting increase in J(he) compared to the 
elastic parameter J(h) that contributes most to the reduction in EPFM CFS values compared to 
the elastically determined values when the same toughness is used in both calculations. 

Summary and Conclusions

CFS’s have been calculated using the computer program FlawPRO for thirty-three cases 
involving surface and embedded flaws, elastic-plastic analyses (with and without shakedown), 
elastic analyses, four types of residual stresses, and a range of toughness values (used in a limited 
sensitivity study).  Two types of baseline calculations were performed.  In the first, EPFM 
computations were made using a toughness of 154 ksi inch1/2.  In the second, LEFM calculations 
were performed based on an “elastic” toughness of 62 ksi inch1/2.  In all the cases addressed, 
axial and fit-up stresses were superposed on the residual stresses. 

The following conclusions are drawn from the results of the two baseline computations:  

1. The lowest calculated critical flaw height was 0.09 inches corresponding to the elastic 
results for a very long surface flaw emanating from the ID subject to a residual stress 
signified as 7 Pass (ID Last) (see Table 7).  Although determined for an assumed 
toughness of 62 ksi inch1/2, this value is only slightly smaller than the critical height of 
0.11 inches calculated using elastic-plastic fracture mechanics, a toughness of 154 ksi 
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inch1/2, and ignoring the potential for shakedown of the residual stress.  Allowing 
shakedown in the calculations results in an increase in critical height from 0.11 inches to 
0.18 inches. 

2. The next severest residual stress to the 7 Pass (ID Last) is a uniform residual stress equal 
to yield.  The elastically calculated critical flaw height for this residual stress is 
0.11 inches, which compares with elastic-plastic analysis results obtained assuming no 
shakedown and shakedown of 0.13 inches and 0.18 inches, respectively (see Table 2). 

3. It was found in all the analyses performed that CFS values for surface flaws were smaller 
than those predicted for embedded flaws.  The reason for this is that for the same applied 
stresses and flaw heights and lengths, embedded flaws have significantly smaller 
calculated flaw-tip “driving forces” than do surface flaws. 

4. In many of the baseline calculations, the CFS’s calculated by FlawPRO were not fracture 
toughness controlled failures as represented by Eqs. 5a and 5b but were determined 
instead by the failure criteria given in Eqs. 6a and 6b that are related to maximum flaw 
sizes corresponding to the geometrical validity limits of the SIF solutions available in the 
program. 

5. The CFS’s computed in the baseline studies using elastic analyses were the smallest in all 
cases where the failures were predicted to be controlled by the fracture toughness.  In 
some cases, the CFS’s predicted by the elastic-plastic analyses were smaller than those 
predicted by the elastic analyses, but in these baseline cases the failure criteria were 
determined by the maximum flaw size limits on the available K solutions rather than the 
fracture toughness. 

6. Shakedown always increases the calculated CFS’s compared to the CFS’s determined 
without shakedown.  Thus, it is conservative to ignore shakedown effects. 

The following conclusions are drawn from the results of the toughness sensitivity computations 
made using the uniform and 7 Pass (ID Last) residual stresses with and without shakedown and 
assuming the flaws were long with aspect ratios of 0.005:

1. The EPFM surface CFS values are predicted to exceed the elastic values for toughness 
values greater than 115 ksi inch1/2 when no shakedown is assumed.  This result confirms 
that surface CFS determined elastically using a toughness of 62 ksi inch1/2 will be 
conservative with respect to EPFM calculations based on a toughness of 154 ksi inch1/2

whether or not shakedown is assumed. 

2. It could not be demonstrated for the no shakedown cases that EPFM offset embedded 
CFS values obtained using a toughness of 154 ksi inch1/2 would exceed the elastically 
calculated values based on a toughness of 62 ksi inch1/2 and hence would be conservative. 

3. It was demonstrated that if shakedown in the residual stress was accounted for, that 
EPFM offset embedded CFS values obtained using a toughness of 154 ksi inch1/2 will be 
greater than the elastically calculated values based on a toughness of 62 ksi inch1/2.  In 
this case, elastic computations are conservative with respect to EPFM computations. 
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Table 1.  ARES I-X critical flaw size calculations performed for parent material. 
Embedded flaws were either offset 0.07874 inch (2 mm) from the ID or OD, 

or located with their centers at mid-wall. 

Flaw 
Type 

Origin of 
Coordinates Applicable Stresses 

Toughness  
(ksi in.1/2) Results 

ELASTIC-PLASTIC - UNIFORM RESIDUAL STRESS (46.5 ksi) 

Surface ID surface 
Membrane and Fit-up  
Residual (No shakedown) 
Figure 2(a) 

154 Table 2 
Figure 7 

Offset
Embedded ID surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 2(a) 

154 Table 3 
Figure 8 

Surface* ID surface 
Membrane and Fit-up  
Residual (No shakedown) 
Figure 2(a) 

115 Table 2 
Figure 7 

Surface* ID surface 
Membrane and Fit-up  
Residual (No shakedown) 
Figure 2(a) 

62 Table 2 
Figure 7 

Surface ID surface 
Membrane and Fit-up  
Residual (After Shakedown) 
Figure 2(b) 

154 Table 2 
Figure 7 

Offset
Embedded ID surface 

Membrane and Fit-up  
Residual (After Shakedown) 
Figure 2(b) 

154 Table 3 
Figure 8 

ELASTIC - UNIFORM RESIDUAL STRESS (46.5 ksi) 

Surface ID surface 
Membrane and Fit-up  
Residual (No Shakedown) 
Figure 2(a) 

62 Table 2 
Figure 7 

Offset
Embedded ID surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 2(a) 

62 Table 3 
Figure 8 

ELASTIC-PLASTIC - DOUBLE-V RESIDUAL STRESS  

Surface OD surface 
Membrane and Fit-up  
Residual (No Shakedown) 
Figure 3(a) 

154 Table 4 
Figure 9 

Center
Embedded OD surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 3(a) 

154 Table 5 
Figure 10(a) 

Offset
Embedded OD surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 3(a) 

154 Table 6 
Figure 10(b) 

Surface OD surface 
Membrane and Fit-up  
Residual (After Shakedown) 
Figure 3(b) 

154 Table 4 
Figure 9 

Center
Embedded OD surface 

Membrane and Fit-up  
Residual (After Shakedown) 
Figure 3(b) 

154 Table 5 
Figure 10(a) 

Offset
Embedded OD surface 

Membrane and Fit-up  
Residual (After Shakedown) 
Figure 3(b) 

154 Table 6 
Figure 10(b) 

ELASTIC - DOUBLE-V RESIDUAL STRESS 

Surface OD surface 
Membrane and Fit-up  
Residual (No Shakedown) 
Figure 3(a) 

62 Table 4 
Figure 9 

Center
Embedded OD surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 3(a) 

62 Table 5 
Figure 10(a) 

Offset
Embedded OD surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 3(b) 

62 Table 6 
Figure 10(b) 

* Toughness sensitivity study. 
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Table 1 (contd.).  ARES I-X critical flaw size calculations performed for parent material. 

Flaw 
Type 

Origin of 
Coordinates Applicable Stresses 

Toughness 
(ksi in.1/2) Results 

ELASTIC-PLASTIC - 7 PASS (ID LAST) RESIDUAL STRESS 

Surface ID surface 
Membrane and Fit-up  
Residual (No shakedown) 
Figure 4(a) 

154 Table 7 
Figure 11 

Offset
Embedded ID surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 4(a) 

154 Table 8 
Figure 12 

Surface* ID surface 
Membrane and Fit-up  
Residual (No shakedown) 
Figure 4(a) 

115 Table 7 
Figure 11 

Surface* ID surface 
Membrane and Fit-up  
Residual (No shakedown) 
Figure 4(a) 

62 Table 7 
Figure 11 

Surface ID surface 
Membrane and Fit-up  
Residual (After Shakedown) 
Figure 4(b) 

154 Table 7 
Figure 11 

Offset
Embedded ID surface 

Membrane and Fit-up  
Residual (After Shakedown) 
Figure 4(b) 

154 Table 8 
Figure 12 

ELASTIC - 7 PASS (ID LAST) RESIDUAL STRESS  

Surface ID surface 
Membrane and Fit-up  
Residual (No Shakedown) 
Figure 4(a) 

62 Table 7 
Figure 11 

Offset
Embedded ID surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 4(a) 

62 Table 8 
Figure 12 

ELASTIC-PLASTIC - 7 PASS (OD LAST) RESIDUAL STRESS

Surface OD surface 
Membrane and Fit-up  
Residual (No Shakedown) 
Figure 5(a) 

154 Table 9 
Figure 13 

Offset
Embedded OD surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 5(a) 

154 Table 10 
Figure 14 

Surface OD surface 
Membrane and Fit-up  
Residual (After Shakedown) 
Figure 5(b) 

154 Table 9 
Figure 13 

Offset
Embedded OD surface 

Membrane and Fit-up  
Residual (After Shakedown) 
Figure 5(b) 

154 Table 10 
Figure 14 

ELASTIC - 7 PASS (OD LAST) RESIDUAL STRESS 

Surface OD surface 
Membrane and Fit-up  
Residual (No Shakedown) 
Figure 5(a) 

62 Table 9 
Figure 13 

Offset
Embedded OD surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 5(a) 

62 Table 5 
Figure 14 

ELASTIC-PLASTIC – UNIFORM and 7 PASS (ID LAST) RESIDUAL STRESS

Offset
Embedded* ID surface 

Membrane and Fit-up  
Residual (No Shakedown) 
Figure 2(a) and 4(a) 

60-125 Figure 15 

Offset
Embedded* ID surface 

Membrane and Fit-up  
Residual (After Shakedown) 
Figure 2(b) and 4(b) 

40-90 Figure 15 

 * Toughness sensitivity study. 
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Table 2.  Critical flaw size results for surface flaws emanating from the ID: uniform residual. 

Surface ID Flaw 
Uniform Residual Stress = 46.5 ksi 

Elastic-Plastic 
KC = 154 ksi inch1/2

(Shakedown) 

Elastic-Plastic 
KC = 154 ksi inch1/2

(No Shakedown) 
Elastic

KC = 62 ksi inch1/2

Elastic-Plastic 
KC = 115 ksi inch1/2

(No Shakedown) 

Elastic-Plastic 
KC = 62 ksi inch1/2

(No Shakedown) 
Flaw 

Height 
(in.)

Flaw 
Length 

(in.)

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)
0.44* 0.44 0.43* 0.43 0.37 0.37 0.43* 0.43 0.24 0.24
0.42* 0.84 0.40* 0.80 0.27 0.53 0.40* 0.80 0.20 0.40
0.37* 1.49 0.32* 1.30 0.24 0.94 0.32* 1.30 0.17 0.68
0.36* 1.78 0.30* 1.51 0.20 1.00 0.30* 1.51 0.15 0.75
0.34* 2.05 0.28* 1.70 0.18 1.06 0.27 1.61 0.14 0.82
0.32* 2.52 0.26* 2.05 0.15 1.22 0.24 1.90 0.12 0.93
0.30* 3.01 0.24* 2.43 0.14 1.40 0.21 2.14 0.10 1.04
0.26* 5.22 0.18 3.52 0.12 2.37 0.15 2.91 0.08 1.60
0.19 18.66 0.13 12.98 0.11 10.96 0.11 11.23 0.07 6.78
0.18 36.52 0.13 25.30 0.11 21.78 0.11 22.00 0.07 13.43

* Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6b).

Table 3.  Critical flaw size results for embedded flaws offset  
0.07874 inch (2 mm) from the ID:  uniform residual. 

Offset Embedded Flaw 
Uniform Residual Stress = 46.5 ksi 

Elastic-Plastic 
(Shakedown) 

Elastic-Plastic 
(No Shakedown) Elastic

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

0.39** 0.39 0.38* 0.38 0.40** 0.40
0.37* 0.74 0.36* 0.72 0.40** 0.80
0.36* 1.44 0.28* 1.13 0.38 1.51
0.3b* 1.78 0.27* 1.36 0.36 1.78
0.35* 2.11 0.26* 1.56 0.34 2.05
0.35* 2.81 0.25* 2.01 0.32 2.59
0.35* 3.47 0.24* 2.43 0.31 3.14
0.35* 6.94 0.24* 4.71 0.30 5.95
0.34* 34.32 0.23* 23.15 0.29 28.93
0.35* 69.44 0.23* 46.29 0.29 57.76

* Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6). 
** Critical height equals K solution geometrical validity limit based on flaw height.(Eq. 6a).
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Table 4.  Critical flaw size results for surface flaws emanating from the OD: 
Double-V residual. 

Surface OD Flaw 
Double-V Residual Stress 

Elastic-Plastic 
(Shakedown) 

Elastic-Plastic 
(No Shakedown) Elastic

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

0.45* 0.45 0.45* 0.45 0.45** 0.45
0.45* 0.90 0.45* 0.90 0.45** 0.90
0.44* 1.75 0.43* 1.73 0.45** 1.80
0.43* 2.14 0.42* 2.11 0.45** 2.25
0.42* 2.51 0.41* 2.43 0.45** 2.70
0.39* 3.10 0.37* 2.99 0.45** 3.60
0.37* 3.69 0.36* 3.55 0.32 3.24
0.32* 6.39 0.31* 6.21 0.27 5.49
0.26 26.18 0.25 25.21 0.25 25.08
0.26 51.27 0.25 49.54 0.25 49.73

* Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6b).
** Critical height equals K solution geometrical validity limit based on flaw height (Eq. 6a).

Table 5.  Critical flaw size results for embedded center flaws:  Double-V residual. 

Embedded Center Flaw 
Double-V Residual Stress 

Elastic-Plastic 
(Shakedown) 

Elastic-Plastic 
(No Shakedown) Elastic

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

0.45* 0.45 0.45* 0.45 0.45** 0.45
0.43* 0.86 0.43* 0.85 0.45** 0.90
0.41* 1.66 0.41* 1.62 0.45** 1.80
0.41* 2.02 0.40* 2.00 0.45** 2.25
0.41* 2.43 0.40* 2.38 0.45** 2.70
0.40* 3.20 0.39* 3.13 0.45** 3.60
0.40* 3.96 0.39* 3.87 0.45** 4.50
0.39* 7.83 0.38* 7.65 0.45** 9.00
0.39* 38.70 0.38* 38.25 0.45** 45.00
0.39* 77.39 0.38* 76.49 0.45** 90.00

* Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6b).
** Critical height equals K solution geometrical validity limit based on flaw height (Eq. 6a). 
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Table 6.  Critical flaw size results for embedded flaws offset 
0.07874 inch (2 mm) from the OD:  Double-V residual. 

Offset Embedded Flaw 
Double-V Residual Stress 

Elastic-Plastic 
(Shakedown) 

Elastic-Plastic 
(No Shakedown) Elastic

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

0.40** 0.40 0.40** 0.40 0.40** 0.40
0.40** 0.80 0.40** 0.80 0.40** 0.80
0.40** 1.58 0.39** 1.56 0.40** 1.60
0.40** 1.98 0.39* 1.96 0.40** 2.00
0.39** 2.35 0.39* 2.35 0.40** 2.39
0.39* 3.13 0.39* 3.10 0.40** 3.19
0.39* 3.91 0.39* 3.87 0.40** 3.99
0.39* 7.74 0.38* 7.66 0.40** 7.98
0.39* 38.71 0.38* 38.31 0.40** 39.91
0.39* 77.42 0.38* 76.62 0.40** 79.81

* Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6b).
** Critical height equals K solution geometrical validity limit based on flaw height (Eq. 6a).

Table 7.  Critical flaw size results for surface flaws emanating 
from the ID:  7 Pass (ID Last) residual. 

Surface ID Flaw 
7 Pass (ID Last) 

Elastic-Plastic 
KC = 154 ksi inch1/2

(Shakedown) 

Elastic-Plastic 
KC = 154 ksi inch1/2

(No Shakedown) 
Elastic

KC = 62 ksi inch1/2

Elastic-Plastic 
KC = 115 ksi inch1/2

(No Shakedown) 

Elastic-Plastic 
KC = 62 ksi inch1/2

(No Shakedown) 

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)

Flaw 
Height 

(in.)

Flaw 
Length 

(in.)
0.45* 0.45 0.45* 0.45 0.30 0.30 0.45* 0.45 0.18 0.18
0.45* 0.90 0.45* 0.90 0.22 0.44 0.38 0.77 0.16 0.32
0.45* 1.80 0.44* 1.76 0.19 0.76 0.27 1.06 0.13 0.51
0.45* 2.25 0.32* 1.60 0.16 0.81 0.24 1.21 0.12 0.58
0.45* 2.70 0.27* 1.62 0.14 0.86 0.22 1.34 0.11 0.63
0.38* 3.02 0.24* 1.91 0.12 0.99 0.20 1.61 0.09 0.72
0.31* 3.10 0.22* 2.20 0.11 1.14 0.19 1.88 0.08 0.81
0.26* 5.13 0.19* 3.78 0.10 1.96 0.13 2.51 0.06 1.21
0.19 18.64 0.11 11.15 0.09 9.16 0.09 9.39 0.05 5.15
0.18 36.32 0.11 21.69 0.09 18.25 0.09 18.40 0.05 10.23

  * Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6b).
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Table 8.  Critical flaw size results for offset embedded flaws:  7 Pass (ID Last) residual. 

Offset Embedded Flaw 
7 Pass (ID Last) 

Elastic-Plastic 
(Shakedown) 

Elastic-Plastic 
(No Shakedown) Elastic

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

0.39** 0.39 0.39* 0.39 0.40** 0.40
0.39** 0.77 0.39* 0.77 0.40** 0.80
0.39** 1.55 0.27* 1.09 0.40** 1.60
0.39* 1.94 0.25* 1.24 0.40** 2.00
0.39* 2.32 0.23* 1.39 0.40** 2.39
0.38* 3.06 0.22* 1.76 0.40** 3.19
0.38* 3.83 0.21* 2.12 0.40** 3.99
0.38* 7.66 0.20* 4.07 0.31 6.17
0.38* 38.31 0.20* 19.95 0.28 28.02
0.38* 76.62 0.20* 39.91 0.28 55.77

* Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6b).
** Critical height equals K solution geometrical validity limit based on flaw height (Eq. 6a).

Table 9.  Critical flaw size results for surface flaws emanating  
from the OD:  7 Pass (OD Last) residual. 

Surface OD Flaw 
7 Pass (OD Last) 

Elastic-Plastic 
(Shakedown) 

Elastic-Plastic 
(No Shakedown) Elastic

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

0.45* 0.45 0.45* 0.45 0.45** 0.45
0.45* 0.90 0.45* 0.90 0.45** 0.90
0.45* 1.80 0.45* 1.78 0.45** 1.80
0.45* 2.23 0.44* 2.20 0.45** 2.25
0.44* 2.65 0.44* 2.62 0.45** 2.70
0.42* 3.35 0.40* 3.17 0.45** 3.60
0.38* 3.82 0.36* 3.60 0.29 2.93
0.30* 6.03 0.29* 5.76 0.23 4.53
0.23 23.13 0.22 21.83 0.21 20.61
0.23 45.08 0.21 42.51 0.20 40.86

* Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6b).
** Critical height equals K solution geometrical validity limit based on flaw height (Eq. 6a).

 23 August 20, 2008



Table 10.  Critical flaw size results for embedded center flaws:  7 Pass (OD Last) residual. 

Offset Embedded Flaw 
7 Pass (OD Last) 

Elastic-Plastic 
(Shakedown) 

Elastic-Plastic 
(No Shakedown) Elastic

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

Flaw Height 
(in.)

Flaw Length 
(in.)

0.40** 0.40 0.40** 0.40 0.40** 0.40
0.40** 0.80 0.40** 0.80 0.40** 0.80
0.40** 1.60 0.40** 1.60 0.40** 1.60
0.40** 2.00 0.40** 2.00 0.40** 2.00
0.40** 2.39 0.40* 2.39 0.40** 2.39
0.40** 3.19 0.40* 3.19 0.40** 3.19
0.40** 3.99 0.40* 3.99 0.40** 3.99
0.40* 7.98 0.40* 7.98 0.40** 7.98
0.40* 39.91 0.40* 39.91 0.40** 39.91
0.40* 79.81 0.40* 79.81 0.40** 79.81

* Critical height equals K solution geometrical validity limit based on first order plastically corrected flaw height (Eq. 6b).
** Critical height equals K solution geometrical validity limit based on flaw height (Eq. 6a).
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Figure 2.  The effect of shakedown on a uniform residual stress equal to the yield stress. 
Inset (a) shows the axial and fit-up and residual stresses and the total absent shakedown. 

Inset (b) shows the same stresses after shakedown has reduced the residual stress 
due to plastic relaxation. 
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Stresses used to evaluate critical crack sizes 
for surface cracks emanating from
the OD and center embedded cracks 
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Stresses used to evaluate critical crack sizes 
for surface cracks emanating from
the OD and center embedded cracks 
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Figure 3.  The effect of shakedown on a variable residual stress (signified as “Double-V”) 
determined from finite element analysis.  Inset (a) shows the axial and fit-up and residual  

stresses and the total absent shakedown.  Inset (b) shows the same stresses after  
shakedown has reduced the residual stress due to plastic relaxation. 
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Stresses used to evaluate critical crack sizes 
for surface cracks emanating from
the ID and center embedded cracks 
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Stresses used to evaluate critical crack sizes 
for surface cracks emanating from
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Figure 4.  The effect of shakedown on a variable residual stress (signified as “7 Pass (ID Last”) 
determined from finite element analysis.  Inset (a) shows the axial and fit-up and residual 

stresses and the total absent shakedown.  Inset (b) shows the same stresses after  
shakedown has reduced the residual stress due to plastic relaxation. 
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Stresses used to evaluate critical crack sizes 
for surface cracks emanating from
the OD and center embedded cracks 
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Stresses used to evaluate critical crack sizes 
for surface cracks emanating from
the OD and center embedded cracks 
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Figure 5.  The effect of shakedown on a variable residual stress (signified as “7 Pass (OD Last”) 
determined from finite element analysis.  Inset (a) shows the axial and fit-up and residual 

stresses and the total absent shakedown.  Inset (b) shows the same stresses after 
shakedown has reduced the residual stress due to plastic relaxation.
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Figure 6.  Inset (a) displays stress-strain curves corresponding to parent material and shows 
specimen 10240-1F has the lowest yield stress.  Inset (b) compares the stress-strain

curve for specimen 10240-1F with the curve used in the CFS evaluations. 
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Figure 7.  Critical flaw sizes for surface flaws emanating from the ID: 
uniform residual stress.  (Some of the critical sizes are based on  

non-toughness related criteria – see Table 2.) 
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Figure 8.  Critical flaw sizes for offset embedded flaws: uniform residual stress. 
(Some of the critical sizes are based on non-toughness related criteria – see Table 3.) 
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Figure 9.  Critical flaw sizes for surface flaws emanating from the OD: 
Double-V residual stress.  (Some of the critical sizes are based on  

non-toughness related criteria – see Table 4.) 
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(a)  Center Flaw 
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(b)  Flaw Offset 0.07874 inch (2 mm) from OD 

Figure 10.  Critical flaw sizes for center (a) and offset (b) embedded flaws:
Double-V residual stress.  (Some of the critical sizes are based on  

non-toughness related criteria – see Tables 5 and 6.) 
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Figure 11.  Critical flaw sizes for surface flaws emanating from the ID: 
7 Pass (ID Last) residual stress.  (Some of the critical sizes are based on

non-toughness related criteria – see Table 7.) 
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Figure 12.  Critical flaw sizes for embedded flaws offset 0.07874 inch (2 mm) from the ID: 
7 Pass (ID Last) residual stress.  (Some of the critical sizes are based on

non-toughness related criteria – see Table 8.) 
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Figure 13.  Critical flaw sizes for surface flaws emanating from the OD: 
7 Pass (OD Last) residual stress.  (Some of the critical sizes are based on  

non-toughness related criteria – see Table 9.) 
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Figure 14.  Critical flaw sizes for embedded flaws offset 0.07874 inch (2 mm) from the OD: 
7 Pass (OD Last) residual stress.  (Some of the critical sizes are based on  

non-toughness related criteria – see Table 10.) 
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Figure 15.  Critical flaw heights (a) for embedded flaws of constant aspect ratio (h/2c) 
offset 0.07874 inch (2 mm) from the ID as a function of toughness:

Uniform and 7 Pass (ID Last) residual stresses. 
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