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Summary

The strain formulation in elasticity and the compatibility
condition in structural mechanics have neither been under-
stood nor have they been utilized. This shortcoming pre-
vented the formulation of a direct method to calculate stress
and strain, which are currently obtained indirectly by differ-
entiating the displacement. We have researched and under-
stood the compatibility condition for linear problems in
elasticity and in finite element structural analysis. This has
led to the completion of the “method of force” with stress (or
stress resultant) as the primary unknown. The method in
elasticity is referred to as the completed Beltrami-Michell
formulation (CBMF), and it is the integrated force method
(IFM) in the finite element analysis. The dual integrated
force method (IFMD) with displacement as the primary
unknown has been formulated. Both the IFM and IFMD
produce identical responses. The IFMD can utilize the
equation solver of the traditional stiffness method. The
variational derivation of the CBMF yielded the existing sets
of elasticity equations along with the new boundary com-
patibility conditions, which were missed since the time of
Saint-Venant, who formulated the field equations about
1860. The CBMF, which can be used to solve stress, dis-
placement, and mixed boundary value problems, has elimi-
nated the restriction of the classical method that was
applicable only to stress boundary value problem. The IFM
in structures produced high-fidelity response even with a
modest finite element model. Because structural design is
stress driven, the IFM has influenced it considerably. A fully
utilized design method for strength and stiffness limitation
has been developed via the IFM analysis tool, and its merits
and limitations are discussed. The method has identified the
singularity condition in structural optimization and furnished
a strategy that alleviated the limitation and reduced substan-
tially the computation time to reach the optimum solution.
The CBMF and IFM tensorial approaches are robust formu-
lations because both methods simultaneously emphasize the
equilibrium equation and the compatibility condition. The
vectorial displacement method emphasized the equilibrium,
while the compatibility condition became the basis of the
scalar stress-function approach. The tensorial approach can
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be transformed to obtain the vector and the scalar methods,
but the reverse course cannot be followed. The tensorial
approach outperformed other methods as expected. This
report introduces the new concepts in elasticity, in finite
element analysis, and in design optimization with numerical
illustrations.

1.0 Introduction

The theory of solid mechanics remained incomplete for

more than one century. The deficiency pertained to the strain
formulation in elasticity and the compatibility condition in
structural mechanics. Our research has alleviated the defi-
ciency. It is now complete for linear elastic problems. A
veteran researcher should not be surprised over a deficiency in
the strain formulation because some of the formulae and
equations of the solid mechanics discipline were not com-
pleted in the first attempt, but were perfected eventually. For
example, perfecting the flexure formulae required more than
one century between Galileo, Bernoulli, and Coulomb (ref. 1).
Saint-Venant completed the shear stress formula that was
initiated by Navier. Cauchy formulated the stress equilibrium
equation that was also attempted by Navier in terms of dis-
placement, but it contained only a single material constant
instead of two (the rari-constant theory with one quarter for
Poisson’s ratio). Green (ref. 2) subsequently resolved the
misconception. We have completed the strain formulation
(ref. 3) that was initiated by Saint-Venant in 1860.
The compatibility condition (CC) is a significant ingredient
in the theory of solid mechanics. Without a CC, the disci-
pline would degenerate into a few applied mathematics
courses in the analysis of determinate systems. The CC
makes solid mechanics a research discipline that is practiced
in the academia and in major research institutions throughout
the world. The seed of the compatibility condition is
ingrained in Hooke’s law, which forms the backbone of the
theory of solid mechanics. The material law links stress {c}
and strain {e} through the material matrix [k]:

{o} =[x]{e} (D)



Stress must satisfy the equilibrium equation (EE). Like-
wise, strain must satisfy the compatibility condition. That is,
both stress and strain must simultaneously satisfy EE and
CC, respectively, because one (stress) can be considered as a
scaled version of the other (strain) and vice versa. Because
stress is a tensor quantity (with six components), its calcula-
tion requires an additional three compatibility conditions in
addition to the three equilibrium equations. The tensorial
nature does not allow the calculation of stress only from
equilibrium considerations, and stress became an indetermi-
nate quantity. The concept of indeterminacy is applicable to
an elastic continuum as well as to a skeletal structure and a
finite element model. A problem, either in continuum elastic-
ity or in discrete structural analysis, is indeterminate if the
number of stress unknowns n exceed the displacements m.
For example, a plane stress elasticity problem is one-degree
indeterminate because there are three stresses, n = 3, and
two displacements, m = 2, with a one-degree redundancy,
r=n—m = 1. Stress determination can be represented by a
symbolic equation that is obtained by coupling the equilib-
rium equation and the compatibility condition:

{ Equilibrium Equation }{Stress}

Compatibility Condition 2

_ | Mechanical Load
Initial Deformation

Equation (2) provides both necessary and sufficient condi-
tion to calculate a high-fidelity stress state. Stress, calculated
by any means or method, must be qualified through a com-
pliance of equation (2); otherwise, such a stress state is liable
to be incorrect. That is, the fidelity of stress determined via
the stiffness method (ref. 4) has to be verified through a
satisfaction of equation (2). Stress could not be calculated
directly using equation (2) because the CC was not fully
understood either in structures or in elasticity.

We have studied the CC in structures (ref. 5) as well as in
elasticity (ref. 6). The theory of solid mechanics is completed
by adding the new information on the CC to the existing
set of equations. The pie diagram in figure 1 graphically
depicts the stress formulation and the strain formulation.
Cauchy (1789-1857) developed the stress formulation
during the first quarter of the 19th century. It contained both
the field equations and the boundary conditions for an elastic
continuum. Decades later, Saint-Venant (1796—1886) pro-
vided the strain formulation (ref. 7) but only in the field of
the continuum (shown as the third quarter in the pie chart).
The boundary portion (marked as the shaded fourth quarter
in the pie diagram), identified as the boundary compatibility
condition (BCC), was missed until its formulation in 1986
(ref. 3). The compatibility concept in structures, developed
through a “cut” and “close” gap technique, is not even
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Figure 1.—Equilibrium equations and compatibility
conditions in elasticity.

parallel to the available strain formulation in elasticity. The
understanding and use of some aspects of the CC, which
remained immature, is depicted as the shaded fourth quarter
in the pie chart.

Traditionally, solution to an indeterminate problem is
obtained by utilizing the available information, contained
within the unshaded three-quarter portion of the pie chart.
Such approximate solution can be improved when informa-
tion contained within the area of the entire pie diagram
including the shaded area is utilized. The authors have
formulated, verified, and utilized the additional information
regarding the CC to solve problems. The available analysis
methods for a solid mechanics problem are listed in table I.
All analysis methods, including the flexibility method and
the stiffness method, must satisfy both the EE and the CC;
otherwise, the legitimacy of the predicted response can be
questioned.

We have improved the direct stress calculation method
and the associated variational formulation in the theory of
solid mechanics. In elasticity, the new method (ref. 8) is
referred to as the “completed Beltrami-Michell formulation”
(CBMF), with stress as the primary unknown (see top row in
table I). The CBMF is applicable to both stress and dis-
placement boundary value problems. It has alleviated the
limitation of the classical Beltrami-Michell formulation that
was only applicable to the stress boundary value problem.
The method in finite element structural analysis is called the
integrated force method (IFM) with force as its primary
unknown (ref. 9). The IFM is an improvement over the
classical flexibility method because the redundant concept of



TABLE I.—METHODS OF STRUCTURAL MECHANICS
AND ASSOCIATED VARIATIONAL FUNCTIONALS

Method Primary variables Variational Remarks
functional
Elasticity Structures Elasticity Structures
Completed e
Beltrami-Michell | Integrated force Stresses Forces IFM variational Eggrlrlllb;ﬁ?hand
formulation method (IFM) functional enl;orce d v
(CBMF)
Airy formulation Redundant . Complementary Flel.d. .
Stress function | Redundants compatibility
force method energy
enforced
Navier formula- . Boundary
. Stiffness . . . et
tion method Displacements | Deflections Potential energy | compatibility
noncompliant
Hybrid method Reissner Stresses and Forces and Reissner func- cfn?u;(ilt?irﬁ'lt
method displacements deflections tional patibiiity
noncompliant
Total formulation Washizu S@esses, F orces, defor- Washizu func- Boun(_ia_ry
strains, and mations, . compatibility
method . . tional .
displacements | and deflections noncompliant

113 tH)

cut” and “close” gap is not used, and it is applicable to
dynamic analysis (ref. 10). Realizing the prominence of the
stiffness method, a dual formulation referred to as the dual
integrated force method (IFMD) (ref. 11) has been obtained.
The equation structure of the IFMD and the stiffness method
are similar in form and size, only the numerical values differ
in the matrix [D] of the IFMD ([D]{X} = {P}) and [K] of
stiffness method ([K]{X} = {P}); here {X} and {P} are
displacement and load, respectively. The variational formu-
lation of the new methods is referred to as the IFM varia-
tional functional (7ts) (ref. 3). The stationary condition of the
new functional yields both stress and strain formulations,
new boundary compatibility conditions, and the displace-
ment continuity conditions.

The CBMF and IFM methods listed in the first row in
table I can be considered as tensorial approaches in analysis
because their primary unknown is either stress or internal
force, which is a stress resultant. The tensor approach
emphasizes both equilibrium and compatibility concepts.
The stiffness and Navier’s displacement methods are vecto-
rial approaches, which emphasize the equilibrium equation.
The stress function approach is the scalar method, and the
compatibility condition is its basis. The tensor approach can
be specialized to obtain the vector and scalar methods, but
the reverse course cannot be followed. For example, the
equations of the new methods (IFM and CBMF) can be
specialized to obtain the existing formulations of solid
mechanics, such as Airy’s formulation, the stiffness method,
the hybrid method, and the total formulation, as listed in
table I. Navier’s formulation cannot be transformed to obtain
the CBMF in elasticity. Likewise, the IFM variational
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functional 7, can be specialized to obtain the potential
energy and complementary energy functionals, but the
reverse course cannot be followed.

Because structural design is stress driven, the IFM has
become a useful tool in traditional fully stressed design as
well as in design optimization. As it turns out, the IFM was
devised to study the feasibility of full stress design in an
indeterminate truss (ref. 12). An indeterminate truss cannot
be fully stressed (ref. 13). This paper introduces the new
compatibility concepts in elasticity, finite element analysis,
and design optimization. This is followed by a conclusion
section. A list of symbols and acronyms used in this report is
given in appendix A to aid the reader, and appendix B
contains a bibliography on the method of force for an
in-depth study by an interested reader.

2.0 Elasticity

The material law is the foundation upon which the theory
of solid mechanics is built. This stress (c)-strain (€) law
(eq. (1)) was formulated and interpreted by Hooke (1635—
1703), Young (1773-1829), Poisson (1781-1840), and
others. The material law contained the essence of structural
analysis. The constraint imposed on stress became the stress
formulation, or the EE. Likewise, the condition on the strain
became the strain formulation, or the CC. The stress and
strain formulations along with the material matrix [k] given
in equation (1) are sufficient for the determination of the
stress state in an elastic continuum. The stress formulation is
credited to Cauchy (1789-1857), who has formulated the
field equation and the boundary condition, also known as the



traction condition. Saint-Venant (1797—1886) developed the
strain formulation, and it was rederived by Sokolnikoff in its
popular form (ref. 7). It was a general belief that the funda-
mental elasticity relations were known for over a century.
The thrust, therefore, was to develop approximate techniques
because a closed-form solution can seldom be generated for
the vast majority of the elasticity problems. In elasticity,
Airy’s stress function technique (ref. 14) and Ritz’s dis-
placement formulation (ref. 15) are two popular methods.
Airy’s method is based on the compatibility concept,
whereas Ritz’s method utilized the equilibrium equation.
Their equivalents in the theory of structure and finite ele-
ment analysis became the flexibility and the stiffness meth-
ods, respectively.

We now discuss the incompleteness in the strain formula-
tion, which is quite straightforward to comprehend. Consider
Cauchy’s stress formulation. It is complete because the
treatment included the field as well as the boundary of an
elastic continuum. In the field,

Tij,j +bi =0 (3)

where 1 is the stress tensor and b; is body force. On the
boundary,

‘Cl'ji’lj = pj (4)

where #; is the direction cosine of the outward normal and p;
is a traction component.

Likewise, the strain formulation should have contained
conditions in the field as well as on the boundary. However,
it was formulated only in the field. The strain formulation in
the field f.. for a plane elasticity problem can be written as

2 2
0 8y+628x_6 ny _

fCC = axz ayz axay

)

where ¢,, €,, and y,, = 2¢,, are strain components. Comparing
stress and strain formulations we observe

(1) Field equations are available for both stress and strain
formulations (egs. (3) and (5)).

(2) The boundary condition is available only for the stress
formulation (eq. (4)) but not for the strain formulation.

The strain formulation remained incomplete since the time
of Saint-Venant. That is, the theory of elasticity was incom-
plete since 1860. Because of this deficiency, the classical
Beltrami-Michell formulation could not be used to solve an
elastic continuum with a displacement boundary condition.
The strain formulation on the boundary has recently been
completed (ref. 3). The boundary compatibility condition
(BCC) for the plane stress problem can be written as
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Os, Ot Oe
Bec=| Zr o |, [ %x o n,=0 (6
ox oy oy ox

where n, and n, are the direction cosines of the outward
normal. With the BCC, the stress and strain formulations
given above have parallel forms, each containing field equa-
tions (egs. (3) and (5)), and boundary conditions (egs. (4) and
(6)). The addition of the new BCC has completed the
Beltrami-Michell formulation in elasticity. The completed
method can be used to solve all three types of boundary value
problems in elasticity: the stress boundary value problem, the
displacement boundary value problem, and the mixed bound-
ary value problem. The triviality of the known strain formula-
tion in the field (f;(u,v) =.7(u,v) —.7(u,v) = 0, see eq. (5))
justified Navier’s method, which is obtained by rewriting
Cauchy’s equilibrium equation in the displacement variables.
Navier’s method can satisfy the compatibility condition in
the field but not on the boundary because the new BCC is
not automatically satisfied when expressed in displacements
(u and v):

2
pec=| v 1 ofou ovi,
Oxoy 20y\ 0y Ox
*u 10 (v ou
+| ———| —+—||n, =0
xdy 2axlex oy )|

The consequence of this noncompliance has to be investi-
gated. The usefulness of the BCC is further investigated
considering the CBMF in polar coordinates because this is a
popular topic in the theory of elasticity.

(7

2.1 CBMF in Polar Coordinates

The strain formulation (that includes the field and bound-
ary CCs) is required in the theory of elasticity because both
stress and strain are tensor quantities. A variational approach
has to be followed to derive the strain formulation, along
with other equations for a two-dimensional continuum in
polar coordinates because the boundary compatibility condi-
tion cannot be generated from a nonvariational direct ap-
proach. The stationary condition of the IFM functional yields
both the stress and the strain formulations as well as the
displacement continuity condition—or all equations of the
CBMF. Consider a plane elastic continuum with uniform
thickness ¢ in the (7, 8) polar coordinate system, as shown in
figure 2. It is made of an isotropic material with Young’s
modulus £ and Poisson’s ratio v. It is subjected to external

load (E and 139) along the boundary segment (£ ). On the

remainder of the boundary (/,), the displacements are



Figure 2.—Two-dimensional elastic continuum
in polar coordinates with loads P,and Py
and prescribed displacements  and v.

restrained (# =0and v =0). Three stresses (c,, Gy, T,9 = T)
and two displacements (z and v) are the unknowns of the
problem. Three strains (g,, €, ¥, = ¥) can be calculated by
scaling the stresses using Hooke’s law. The stationary
condition of the functional t; of the IFM (ref. 6) with respect
to displacement and stress function yields both the stress and
strain formulations as well as the displacement continuity
condition. The functional has three terms A, B, and W as
follows:

ny=A+B-W ®)

The term A(o, u) represents the strain energy, expressed in
terms of stress ¢ and displacement u. The term B(g, ¢) is the
complementary strain energy written in strain € and the
stress function ¢. The potential of the work done is W. The
definitions of 4, B, and W follow:

——+ ogu

G ou r@u
A:@ P *
or o0

D

rav 0961/ @rv
+ —+ —-

(%a)
—J trdrd6

or 700 r
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The domain (D) has boundary ¢=/¢; +(,. Body forces
are (b, and by). Along the boundary segment ¢, loads P.

)
and 1_’9 are prescribed, whereas displacements (# and v) are
set free. The segment ¢, has prescribed displacements

and v that can induce reactions R, and Rgy. The derivation
sets the uniform thickness to unity (¢ = 1) without any
consequence. Body force potential V' is defined as

b, =66—Vandb,, - (10)

The stress function ¢ is defined as

2
o 0, 2o

% 11

ror 202 (o
2

69=6—;P—V (11b)
or

o020 (11c)
or\ rod

Details of the derivation are given in reference 6 and are
not repeated here. The final expression of the stationary
condition of the functional with respect to displacement and
stress function has the following form:



om, = fP[(field EE) {u} + (field CC) 59 Jds

+ §-3 [(boundary EE)& {u}}dﬂ

)

+ ﬁ[(boundary CC) &def

(12)

+ E{) (continuity condition ) {reaction}d/ = 0
0

The field EE and field CC are the coefficients of the varia-
tional displacement and stress function, respectively, in the
surface integral terms of the functional in equation (12).
Likewise the boundary EE (or traction condition) and the
new boundary CC are the coefficients of the variational
displacement and stress function, respectively, in the line
integral terms. The continuity conditions are the coefficients
of the variational reactions. The CC becomes relevant when
the variational stress function is nonzero (8¢ # 0) or the
domain is indeterminate. The CC should not be enforced on
a determinate domain with d¢ = 0.

The field equations and boundary conditions of the CBMF
recovered from the stationary condition of the variational
functional are listed below. The CCs recovered in equa-
tion (12) are in strains, which are transformed into stress
using Hooke’s law.

Completed Beltrami-Michell Formulation in Polar
Coordinates:

Field equilibrium equations:

&i+lﬁ+—(6r —Ge) +

or rado r br=0 (132)
%+%%+%+be:0 (13b)

Boundary traction conditions:
1,0, +ngt= }_’,, (14a)
n,t+ngcg = By (14b)
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Field compatibility condition:

( 1 1 820r 8201, (1+20) oo, 6209
— = -V - +
E)| v* 00? or? rooor gt

v 8209 (1+2v) dcg _(1+U) 0%t

= + 15
72 002 r or r  0rod (15)
~ (1+v) o } ~
2 or
Boundary compatibility condition:

i(cr - Vo )—(IJF—U) ﬁ—cs +0, ||n

or 0 r , 20 0 r r
ot 609 2 (1 + U)

+ (1+v)——-(1+Vv)—+—— =0 16
{( v) 7, ~(rv) 2 —=——"1 o (16)
The kinematics boundary conditions are

u-u=0 (17a)
v—v =0 (17b)
where

rand 0 polar coordinates

G,, Gy, and T stress components

€, &g, and y  strain components

uand v displacements

b, and by body forces

i_’r and }_)6 tractions applied along boundary segment /,

u and v initial displacements along boundary segment
%)

n, and ng direction cosines of the outward normal

2.1.1 Verification of boundary compatibility condition.—
Green’s theorem is used for a quick verification of the new
BCC. The BCC is inserted in the line integral coefficient to
recover the well-known field CC in the surface integral term.
The integral theorem in polar coordinates can be written as

oG
e L O



where G, and Gy are the coefficients of direction cosines 7,

and ng, respectively. The coefficients are defined for the
CBMF as

G ZS_V_M+ oy (18b)
"oy ror 2roo
oe oy v
Gy=—VL_ " _ L 18¢
0 rod 20r r (180)

The surface integral terms are recovered as

2
0(rGy) (28, (2089 s |, 0%y (18d)
ror ror ror  op? 2rorod
2
0Gy %, %y oy (180)

rod 2002 2r0rdd ;250
ﬂ‘) o(rGy) _9Gg
ror roo

“ﬁ) 0%, 0s, g 2009 Oy ™y
- 72002 ror o2 ror  J2p9 rorod
(181)

The right-hand coefficient in equation (18f) is the field
CC. The compatibility concept applies to the field as well as
to the boundary. The analytical form of the compatibility
expression changes in compliance with the domain and the
boundary. The same interpretation is true for Cauchy’s field
EEs.

The BCC written in displacements is not a trivial
condition:

The field CC is a second-order differential equation in
strains, while the boundary counterpart is a first-order
equation. This characteristic is applicable to the stress
formulation. The field EEs are first-order equations in stress,
while the boundary (or traction) conditions are algebraic
equations. The BCC is not a continuity condition in dis-
placement. The BCC is an independent condition. It forms a
new elasticity expression that was missed since the time of
Saint-Venant.
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Figure 3.—Annular plate subjected to
linear temperature distribution.

2.1.2 Illustrative example: annular plate subjected to
thermal load —We will now illustrate the CBMF calcula-
tion strategy and the use of the BCC through the solution of
a radially symmetrical annular plate with mixed boundary
conditions for thermal load. Consider a plate made of an
isotropic material with Young’s modulus £ and Poisson’s
ratio v. It has thickness ¢ (considered unity) with outer and
inner radii of @ and b, respectively, as shown in figure 3. The
inner boundary is fully restrained while the outer boundary is
free to expand. The annular plate is subjected to a tempera-
ture distribution:

+ (Ta=Ts) (r—b) (20)

(a=0)

The temperature has a linear variation with values 7, and
T, at r = a and r = b, respectively. The coefficient of thermal
expansion is o. The CBMF equations for the annular plate
subjected to a thermal load are given below:

T=T,

Equilibrium equations

Field:
G, —C
oo, . M =0 (21a)
or r
Traction or boundary:
6,=0at r=a (21b)
Compatibility conditions
Field:
I+v T
—(Ge—UGr)-i-( )(Ge—Gr)=—OLEd— (22a)
r r dr



Boundary:

6g—VvC, =—0ET at r=>b (22b)
Displacement boundary condition
u=0 atr=»> (23)

The temperature term is contained explicitly in both field
and boundary CCs (see eqs. (22a) and (22b)). The EE and
CC in the field are rearranged to obtain the following two
simple working equations:

d dr
E(Gr +0g)= —0E— (24a)
do,  (or=00) _,, (24b)

dr r

The CBMF solution strategy has two distinct steps. First,
the stress state is calculated from the field EE and CC given
by equations (24a) and (24b), for the boundary conditions
given by equations (21b) and (22b). The displacement
boundary condition (given by eq. (23)) is not used to calcu-
late the stress state. Pure displacement cannot induce stress.
Only the derivative of displacement, which is strain, pro-
duces stress. The stress solution follows:

Eo(a-r)
32 (a—b)[a2 +b? +U(a2 —b? )}

rz[a2+b2+u(a2—b2)}
x| T, {+rb* [a(1-0)-b(2-v) ]
+ab*[a(1-v)-b(2-v)]

G, =

(25a)

—r? [az +b? +U(a2 —b? ):|
+T { +rb? [a(z +v)-b(l+ U:I

+ab? [—b(l + l)) + a(2 + L)):|
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Eo
3r2 (b—a)|:a2 +b2 +U(a2 —b2 ”

2 [a2 b2 +U(a2 —bz)]
x| T, 2 [a3 +20° +l)(a3 —b3)}

+a’b? |:a(1 - U)—b(2—u)]

Og =

(25b)

-2 [az +b? +U(a2 ~b? )}
+T1; e |:a3 —b3 +3ab? +U(a3 —b3)}

+a’b*[a(2+v)-b(1+v)]

Next, the displacement function is back-calculated by
integrating the stress. The displacement boundary condition
u =0 at r = b is used to evaluate the integration constant. The
displacement function is

a(l+v)(b-r)
3r2(b—a)[a2+b2+u(a2—b2)}
rz[a2+b2+u(az—b2)}
x| T,{+ra*[a-2b—v(a-b)] (26)
+a2b[a(l—u)—b(2—o)]

u =

—r? [az +bh% 4+ U(a2 —b? )}
+T +ra® [251 —b+U(a—b)J
+a’b[a(2+v)-b(1+v)]
The numerical values of the response parameters for 7, =
100 °C, T, =50 °C, and 0. = 12x10"°/°C are

(1)atr=a: 6,=0ksi, 69g=-17.5ksi, and u = 0.012 in.
(2) at r=b: 6,=14.2 ksi, 69 =—13.7 ksi, and u = 0 in.



The sum of the stresses o, + o = 18508 — 18007 has a
linear variation with respect to the r-coordinate because of a
similar distribution of temperature (see eq. (20)). The solu-
tion steps in the CBMF are discussed in appendix C.

2.2 Treatment of Boundary Compatibility in Na-
vier’s Displacement Method

The displacement method of Navier is universally ac-
cepted, and it has been applied to solve many problems. It
has field equations and an appropriate set of boundary
conditions. Adding an extra BCC (see eq. (19) for example)
may appear to hamper the method with an excessive number
of boundary conditions for which no analytical solution can
be generated. This observation is an aberration but has no
serious implication. We discuss the BCC by solving a plate
flexure problem because this is a popular example and its
solution occupies a good portion of textbooks (ref. 16). The
rectangular plate is made of an isotropic material with
Young’s modulus £ and Poisson’s ratio v, thickness ¢, and
spans of 2a and 2c¢ along x- and y-coordinate directions,
respectively, as shown in figure 4. It is subjected to a distrib-
uted transverse load ¢ with a sinusoidal variation along the x-
coordinate direction, while being uniform along the y-
direction as

q = qq cos(mx/2a) 27

The plate is simply supported in the x-direction along AD
and BC, while it is clamped in the y-direction along AB and
DC. The three moments M,, M,, and M,, and the single
transverse displacement w are its response variables. The
CBMF formulation for the plate flexure problem is obtained
from the stationary condition of the IFM functional (ref. 3).
The stationary condition yields three field equations in
moment variables, containing one EE and two CCs:

' _— Simply
supported
(AD, BC)

]

Fixed AB and DC

Figure 4 —Rectangular plate in flexure.
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2 2 2
:6Mx 6My+8Mxy

EE +
ox? 6y2 Ox0y

=q (28a)
CCy: 0 M M. 1 9 M,, =0 28b
1- a( y_U x)_( +U)5 Xy — ( )

B )
CCy: 5(% —0M,)=(1+v) =My, =0 (28¢)

The three field equations are reduced to two by eliminat-
ing M,, between the two CCs. The working equations of the
CBMF and the boundary conditions are listed below:

Field equations of the plate flexure problem in CBMF

V2 (Mx +M, ) =(1+v)g (29a)
0? 0?
&C—Z(My —oM, )_ay_Z(Mx —UM, )=0  (29b)

Boundary condition of the plate flexure problem in
CBMF

Simply supported edges (AD and BC):

M, =0 (30a)
M, =0 (30b)

Clamped edges (AB and DC):

M, —vM, =0 (31a)

My, =0 (31b)

The field equation and boundary conditions of Navier’s
method, expressed in displacement (w), are as follows

Field equation in Navier’s (or stiffness) method

Viw= (32)

9
D

No explicit field CC because it is automatically satisfied
in displacement.



Boundary condition in Navier’s (or stiffness) method

Simply supported edges (AD and BC):

o%w 0%w ~0
ox? 8y2 (33)
w=0
Clamped edges (AB and DC):
ow
=0
oy (34)
w=0

Boundary condition in CBMF written in displacement

Simply supported edges (AD and BC):

(35)

Clamped edges (AB and DC):

w
=0
ox?
%w _
Oxoy

(36)

In the CBMF, the kinematics condition w = 0 is not used
to calculate the moments because it represents a rigid motion
and does not induce moment or stress in the plate. During
the back-calculation of displacement from moments, the
CBMF method uses the rigid body displacement (w = 0)
along the boundaries AB, BC, CD, and DA. The slope
condition is not at all used in the CBMF. The field equations
in the CBMF and the Navier’s method are equivalent to a
fourth-order equation. Each method has two boundary
conditions at each edge. The boundary conditions are consis-
tent with the order of the field equations for both methods. In
other words, the new boundary compatibility conditions do
not create an infeasibility issue.

2.2.1 Solution strategy.—In the CBMF the second-order

differential equation (29a) is solved first to obtain the sum of
moments M, + M,. Then equation (29b) is uncoupled and
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solved independently. The CBMF requires the solution of
two second-order uncoupled differential equations. It is
simpler than the stiffness method, where a fourth-order
differential equation must be solved. The CBMF solution is
obtained using separation of variables.

M, :]\T(y)cosocx (37a)
M, :Z\Ty(y)cosocx (37b)
My, =M, (y)sinax (37¢)

The CBMF moment (M,, M,, and M,,) solution follows:

M, :cosax[C3 (eay +e_ay)

;é;»)ly@ﬂy_eﬂw)_g%}
(38a)
M, = cosocx[(Cl -G )(eay +e_°‘y)
2((11 +U)) 1rie ( e_ay)_ Dz_g}
(38b)
My, = Sinzax [(2C3 —Cl)(eay —e_ay) (350

- 8_ ;Cly( OLy%—e_ow)}

Displacement w is calculated by integrating a moment
component. The integration constants are evaluated from the
rigid-body boundary condition w = 0. The displacement
function follows:

—COS OXx

wW=———#¥#¥#—#—
OLZD(l—UZ)

[C3 (l+o)(e“y +e_“y)

-u( (eay +e_°‘y)
(39a)

—o (1_20) Cly(eay + e—ay)

_%(1—02 )}



The constants C; and C; are given by

(5 490 e
G _[ a—ZJ(l +v) S

oc —ac
—e

(39b)
+dac — e 2%¢

(1+ U)(eow — e_ow)+ a(l- U)c(eac + e““)

C3 =—2

a &?%¢ 4 4o — e 2%

(39¢)

Identical solutions are obtained for displacement and
moments by Navier’s method.

2.2.2 Boundary conditions—The moment boundary
conditions in the CBMF are expressed in terms of curvatures
using the moment curvature relations to obtain equations
(35) and (36). The CBMF boundary conditions, when
expressed in displacement, do not identically map into the
conditions of the displacement method (see egs. (33) to
(36)). In the CBMF, the boundary conditions are expressed
in moments or curvatures, but in the displacement method
these are written in moment, displacement, and slope.
Consider for example, the simply supported boundary
conditions along AD and BC. The CBMF method imposes
zero-moment conditions M, = M, = 0 along the boundary.
When expressed in displacement these become zero condi-

2 2
tions in curvatures 8_w =a—w =0|. The boundary
ox? ay2
conditions in the CBMF and displacement methods appear to
be different. The same logic applies to the clamped bound-
ary. In the CBMF, conditions are expressed in curvatures

o*w B o*w
o> Oxoy

=OJ , while they are in terms of displace-

ment and slope in Navier’s method [w=2—w = Oj. How-
y

ever, the response (M., M,, M,, w) is the same by either
formulation because the boundary conditions of the two
methods can be shown to be equivalent. This is explained
next.

For simply supported boundaries along AD and BC (x =
—a and x = a, and —¢ £ y < ¢), the displacement can be
differentiated with respect to the y-coordinate without any
consequence because the displacement is uniform across this
boundary.

(40a)

and
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2 2
8_;1/ + ua—;” —0 (40b)
ox oy
Thus,
2 2
8_;1/:8_;v:>Mx =M, =0 (40c)
Ox oy

For clamped boundaries along AB and DC (y =—c and y =
¢, and —a < x < a), we can differentiate the slope and dis-
placement with respect to the x-coordinate.

2
w_ oW _ (41a)
dy  OxOy
and
ow  0*w
(w=0)>—=—= (41b)
ax axz
Thus,
M, =0 (41c)
and
M, —oM, =0 (41d)

The boundary conditions become equivalent in Navier’s
and the CBMF methods. Thus both methods produce an
identical response. The equivalence concept may become
invalid if the rigid (or uniformity) condition (used in
eqs. (40) and (41)) is not allowed, such as along a flexible
finite element interface (ref. 17). All boundary conditions,
including the continuity conditions, should be examined for
equivalence between the CBMF and displacement method. A
comprehensive comparison is not included in this paper
because it requires substantial discussion.

2.3 Summary on Elasticity

In the theory of linear elasticity, Navier’s method solved
all three types of boundary value problems in elasticity,
whereas the classical Beltrami-Michell formulation could not
solve the second and third boundary value problems. In other
words, the classical theory of elasticity was incomplete.
Love’s statement below was applicable only to the stress
boundary value problem (ref. 14):



“It is possible by taking account of these [compati-
bility] relations to obtain a complete system of equa-
tions [Beltrami-Michell Formulation] which must be
satisfied by stress components, and thus the way is
open for a direct determination of stress without the
intermediate steps of forming and solving differential
equations to determine the components of displace-
ments.”

A telltale sign pointing to the incompleteness was ignored.
The BCC has alleviated the limitation of the classical
Beltrami-Michell formulation. The completed method,
CBMF, can solve all three classes of boundary value prob-
lems in elasticity. However, we might have exposed a new
issue: for example, for a plate flexure problem, the boundary
condition should be imposed on moments in the CBMF,
which translates to curvatures in displacement method
instead of the popular slope condition. Resolution of the
issue requires further research.

3.0 Structures

The traditional compatibility condition in structures was
formulated through a concept of redundant force. The CC
was improvised by cutting a redundant member and subse-
quently closing the gap. The process automated by Denke
(ref. 18) was referred to as “structure cutter.” The fictitious
“cut” and “close” gap technique is not even parallel to the
then available strain formulation in elasticity. The force
method based on the concept of redundant forces has disap-
peared for all practical purpose because it was clumsy and
could not be extended to dynamic and buckling analyses
(ref. 19). We have extended the strain formulation to struc-
tures (ref. 20). The CCs thus obtained are added to the
equilibrium equation. This method with force as the primary
variable is referred to as the “integrated force method” (IFM)
(ref. 5). The IFM bestows simultancous emphasis on the EE
and the CC. Conceptually, the CBMF and IFM are parallel
formulations in elasticity and in structures, respectively. To
utilize the vast resources that have been developed for the
regular stiffness method, like equation solver as well as pre-
and postprocessors, a dual method to the primal IFM has
been formulated. The dual integrated force method (IFMD)
(ref. 11) with displacement as the primary unknown is
obtained by transforming the equations of the IFM. Govern-
ing equations of the IFMD are symmetrical and resemble the
stiffness equation in size and form. Both the IFM and IFMD
produce an identical response. The IFMD can utilize the
equation solvers of the popular stiffness method. In fact, a
stiffness method code can be converted into IFMD software
with minimal programming effort.

The formulation of the CC and IFM are introduced here
through a simple example. Then the equations of the IFM
and IFMD are given. Fidelity of the IFM and IFMD solu-
tions is discussed.
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3.1 Hlustrative Example

The basic steps of the IFM that included the CC are intro-
duced, considering the example of the three-bar truss shown
in figure 5. The truss is made of steel with Young’s modulus
E =30 000 ksi, bar areas 4, = 4, = 1.0 and 45 = 2.0 in.%, and
load P, = 50 and P, = 100 kip. The n = 3 bar forces F, I,
and F; and the m = 2 displacements X; and X, are its five
response variables. The structure has m = 2 equilibrium
equations, which are written at the free node 1:

1 -1
— 0 —|[R
V2 V2 )2 ={Px}:{50} (42a)
o A s oo
V2 N

[BI{F} =1{P} (42b)

Here, [B] is the rectangular equilibrium matrix of dimen-
sion mxn, {F} is the n-component force vector, and {P} is
the m-component load vector. Three forces cannot be deter-
mined from the two EE. One CC is required. This is obtained
as an extension of the strain formulation in elasticity to
structures (ref. 20). The CC is generated in three steps. First,
the deformation-displacement {f}-{X} relation (DDR) is
obtained as {B} = [B]"{X}. Then displacements are elimi-
nated from the DDR to obtain the CC in terms of deforma-
tions. Finally, the deformations are eliminated in favor of bar
forces using the flexibility relationship to obtain the CC in
forces.

' 100 100 |

Y

N

— X1, Px

Figure 5.—Three-bar truss with loads P, bar forces F, and
displacements X4 and X>. Dimensions are in inches.



The DDRs {B} = [B]T{X} that are analogous to the strain
displacement relation in elasticity follow:

1 1
) |2 V|,
1
Bar=| O -1 {X} (42¢)
By | 1 1 |?
22

Here, B, B,, and B are the bar deformations, and X, and
X, are nodal displacements. The CC is obtained by eliminat-
ing the two displacements from the three strain displacement
relations:

By

[1 V2 1]ip, f=10} (42d)
B3

[Cl{B} =1{5R} (42¢)

Here, [C] is the rxn (where » = n — m) compatibility
matrix, and {OR} is the r-component initial deformation
vector for the problem; for a mechanical load, {oR} = 0. The
CC ([C]{B} = 0) is analogous to the strain formulation in
elasticity.

The deformations are related to the forces {B} = [G]{F}
through the flexibility matrix [G] of dimension nxn:

(Lj 0 0
AE )

By , K

Br = (—j F, (429)
AE

B3 2 2]

0 0 (Lj
AE )5 |

The CC is expressed in forces by eliminating deformation
between equations (42d) and (42f):

A
(10(1?}{1 1 ﬂ =0 (42g)
£
or
[CI[GI{F} ={3R} ={0} (42h)

The EE ([B]{F} = {P}) and the CC ([C][G]{F} = {OR} =
{0}) are added to obtain the governing equation of the IFM
as [S]{F} = {P}:
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I
— -1 — 4B =1100 (42i)
V2 NoRIS
sl o
1 -1 =
L 2]

Solution to equation (42i) yields the forces as

R) (5025
Fy { =142.893
B 75.736)

The displacements are back calculated from forces using a
formula {X} = [J][G]{F}, where [J] = m rows of [S] .

{Z} i (%HZFE Fz} i {giﬁ}

The generalization of the calculations shown for the three-
bar truss became the IFM. The IFM, which is the discrete
analogue of the CBMF, simultaneously emphasized the EE
and the CC. The IFM was not developed earlier because the
CC was not available.

(42))

3.2 Equations for the Integrated Force Method

In the IFM of analysis, a finite element model, is charac-
terized by two attributes: n forces {F} and m displacements
{X}. The IFM has one set of equations to calculate the
internal forces and another set to back-calculate the dis-
placements. The IFM equations for static and free-vibration
(or frequency) analyses are as follows:

Static analysis:

(43)
(44)

T
, and

where [S]= {[_CL'ﬁlG_ﬂ , [J]=m rows of([S]_l)



Free-vibration analysis:

(45)

Calculation of displacement mode shape in frequency
analysis can use the displacement calculation formula given
by equation (44) in static analysis. The symbols in the static
and free-vibration analyses are listed as follows:

{F}  ncomponent internal force vector

{P}  m component external load vector

{6R} (r = n — m) component effective initial deformation
vector

{B"}  n component initial deformation vector

{B}  n component deformation vector

{X}  m component displacement vector

[S] nxn IFM governing matrix

[B] mxn equilibrium matrix

[C] rxn compatibility matrix

[G] nxn flexibility matrix

[J] mxn displacement coefficient matrix

[M]  mxm mass matrix

m number of displacement unknowns

n number of force unknowns

® circular frequency

3.2.1 Dual Integrated Force Method —Solution of a
symmetrical set of equations is very well developed, espe-
cially because of its use in the finite element stiffness
method. Furthermore, the Patran pre- and postprocessing
software (MSC.Software Corporation) is a very useful
analysis tool. The IFM can benefit from the solver and the
software, provided the IFM equation can be cast in the
format of the stiffness method. This has been achieved, and
the method is referred to as the dual integrated force method
(IFMD). The equations of the IFMD are obtained by map-
ping forces into displacement (ref. 11). Like the IFM, the
dual method also has two sets of equations. The first set is
used to calculate displacement, while the second set back-
calculates forces. The primal and dual methods produce
identical solutions for force, displacement, and frequency.
The equations of the IFMD follow:

Static analysis:

(46a)
(46b)

where [D]=[ ][] [8]" and [P} = [8][6]" {6}
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Frequency analysis:

|[P]-o? [M]}{x} {0}

(47)

Here, [D] is an mxm governing matrix of the IFMD, and
{P°} is the initial load vector. Calculation of force mode
shape in frequency analysis can use the force calculation
formula in static [FM analysis given by equation (46b). The
governing equation of the IFMD resembles that of the
regular stiffness method, [K]{X} = {P*'™}, where [K] is the
mxm stiffness matrix, and {P*™} is the m-component load
vector of the stiffness method. Both [K] and [D] are symmet-
rical matrices with identical dimensions, but their coeffi-
cients are not equal (D; # K;). Notice the flexibility matrix
[G], which is maintained in a pristine state in both the primal
and the dual methods. This makes the calculation of design
sensitivity straightforward via the IFM and IFMD.

3.2.2 Other methods—The matrices of the IFM can be
used to formulate the mixed method and the total formula-
tion of structural mechanics given in table I. The reverse
course cannot be followed. For example, the equations of the
stiffness method cannot be transformed to obtain the IFM.
However, the IFM equations were specialized to obtain the
IFMD, which in essence is the displacement method. Like-
wise, the mixed method and the total formulation can be
constructed from the IFM equations.

3.2.2.1 Mixed method: The mixed method treats force
{F} and displacement {X} as the simultaneous unknowns.
The governing equation of this method is obtained by
concatenating the two IFM equations as

il

gy

[ [5] MH{F}}:
EnGHales

where [/] is the identity matrix.

3.2.2.2 Total formulation: The total formulation consid-
ers force {F'}, displacement {X}, and deformation {B} as the
simultaneous unknowns. The governing equation of the total
formulation is obtained by adding the flexibility formula
[GI{F} = {B} to the equations of the mixed method.

'l

(43)

5] 0 o]fir)
6] [ o il )
{61 o mlle] |

The discussion to follow emphasizes only the force
method (IFM) and the dual method (IFMD). The popular
stiffness method is used to compare results.



3.2.3 Solution fidelity.—The stiffness method is a popular
research topic throughout the world. Commercial code
developers are continuously improving the performance of
this method through techniques like reduced integration, the
use of a bubble function, and others. Also, the IFMD concept
might have been incorporated (ref. 21) into the stiffness
method. It is difficult to numerically compare with such
improved techniques in the commercial software because of
too many attributes, some of which may even be classified.
For a meaningful comparison in a controlled environment we
have developed the IFM/Analyzers software (ref. 22). This
finite element code incorporates the IFM and IFMD as well
as the standard stiffness method. The code has a total of 44
different types of elements for each method. The generation
of each element involves similar energy expressions as well
as the same interpolation polynomials and numerical integra-
tion technique. The IFM/Analyzers element library includes
beam, membrane, plate, and solid elements of different
shapes. Some elements have midside nodes. IFM/Analyzers
is a Fortran 77 code, written for both sequential and parallel
calculations. It performs linear analysis for mechanical and
thermal loads and initial displacement as well as frequency
analysis. The analyzer uses the NASA GPS sparse solver
(ref. 23) and Harwell routines (ref. 24). Solutions have been
obtained for finite element models up to one-half million
unknowns. The IFM/Analyzers code has also been reduced
to obtain a modest code with all three methods. The small
code named “IFM-UE” can be used for undergraduate
education in engineering. The code accompanies the text-
book, reference 5. The solution capacity of this code is about
5000 equations. It has five different types of elements that
can model skeletal frames and membrane structures. The
IFM, IFMD, and stiffness method have been compared in a
controlled environment for a set of test problems (refs. 11
and 22). Solution is given for a few typical examples to
illustrate the robustness of the IFM/Analyzers code.

3.2.3.1 A cantilever plate with settling of support. A can-
tilever plate ABCD is supported along AD with prescribed
displacements u# and v  along this edge

(x:O, —géyﬁg), as shown in figure 6(a). The pre-

scribed displacement functions are

4(2+v) (hz zj
O

= (50)
3En? T\ 4

V= —4‘)5 2 51)

Eh
Mechanical load T applied along the free edge BC is

2

T=1-42_ (52)
h2
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Figure 6.—Stress and displacement solutions for cantilever
plate. (a) Cantilever plate. (b) Convergence of stress at
location Q. (c) Convergence of displacement at location B.

The example has been used to provide a benchmark solu-
tion for finite element analysis. The analytical response,
consisting of displacements u and v is as follows (ref. 25):

u=

2+v [ K
_W y(xz—ZLx)ﬂ-TUy(——yzﬂ (53)

4



3
v :iz[sz —x——t)y2 (x—L)+
Eh 3

4+5v

hzx} (54)

A finite element method solution was obtained using the
IFM and stiffness method. A simple quadrilateral membrane
element was used. The stiffness element had 8 displacement
degrees of freedom. The IFM considered five force
unknowns (ref. 5) with the displacement function that is
identical to the stiffness method. The parameters in the
problem were length L = 20 in., height 2 = 1.0 in., thickness ¢
= 0.125 in., Young’s modulus £ = 30 000 ksi, and Poisson’s
Q

X
location Q with coordinates x = 1.0 in. and y = 0.5 in. as
shown in figure 6(a). Transverse displacement v* is deter-
mined at location B with coordinates x = 20 in. and y = —
0.5 in. The analytical solution for stress and displacement are
as follows:

ratio v = 0.3. Normal stress G is calculated at the top fiber

o =19psi

vB = 45.66x107° in.

The finite element solutions are given in table II. Ten
finite elements were used along the y-coordinate direction to
accommodate the variation of load and prescribed displace-
ment given in equations (50) to (52). Along the
x-coordinate direction, the number of elements was progres-
sively changed from 2 to 20. A 70-element model for exam-
ple, had 7 and 10 elements along the length and depth,
respectively.

TABLE II.—STRESS AND DISPLACEMENT SOLUTIONS
FOR CANTILEVER PLATE SHOWN IN FIGURE 6(a)

Stress GS at Q,*® Displacemeg‘t v at B,*¢
psi 107 in.

Model | IFM/IFMD Stiffness IFM/IFMD Stiffness
2x10 | 18.99 (100) 5.18 (27.0) 43 (94.0) 14 (30.2)
4x10 19 (100) | 11.80 (62.0) 45 (98.5) 29 (62.9)
6x10 19 (100) | 15.04 (79.0) 45 (99.4) 36 (79.1)
8x10 19 (100) | 16.60 (87.0) 46 (99.7) 40 (87.0)
10x10 19 (100) | 17.97 (94.6) 46 (99.8) 42 (91.2)
20x10 19 (100) | 18.71 (98.5) 46 (100.0) | 45(97.6)

*Numbers in parenthesis represent percentages of analytical value.
PPosition on plate in figure 6(a), x =1 and y =—0.5 in.
“Position on plate in figure 6(a), x = 20 and y = 0.5 in.

The primal (IFM) and dual (IFMD) methods yielded iden-
tical solutions. For the 20-element (2x10) model, the

IFM/IFMD code yielded a stress value of GS = 19 psi,

which was identical to the analytical solution. The stiffness

method, for the 2x10 model, yielded a stress of GS =

5.2 psi, which was only 27 percent of the analytical solution.
For other, dense models the IFM/IFMD result continued to
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coincide with the analytical solution as shown in figure 6(b),
while the stiffness method converged to a stress value that
retained a 1.5 percent residual error, even for a large model
with 200 elements. For the 20-element model, the
IFM/IFMD code yielded a displacement value of 43x10°° in.
compared with the analytical solution of 46x10°° in. The
stiffness method, for that model, yielded a displacement
value of v* = 14x10°® in., which was only 30 percent of the
analytical solution. For other, dense models the IFM/IFMD
result coincided with the analytical solution as shown in
figure 6(c), while the stiffness method converged to a dis-
placement value that retained a 6 percent residual error using
the biggest model with 200 elements.

3.2.3.2 A plate flexure problem: The rectangular plate
under a concentrated load P = 1 kip, shown in figure 7(a),
was a finite element test problem. It was made of steel with
Young’s modulus £ = 30 000 ksi, Poisson’s ratio v = 0.3,
thickness ¢ = 0.25 in., length @ = 24 in., and width 5 = 12 in.
It was clamped along all four edges. The analytical solution
for the transverse displacement under the load was wp =
2.42x107 in., and the moment at x = 0, y = b/2 was
Mp = 167 lbf-in./in. A four-node quadrilateral element
(ref. 9) was used to solve the problem. Each node has
3 degrees of freedom consisting of a displacement and two
rotations (w;, 6y, 6,,). A standard cubic polynomial with 12
unknowns was used to approximate the displacement func-
tion w(x,y). For the IFM/IFMD code, the force interpolation
contained nine unknowns. Linear variation was considered
for the normal moments M, and M, with four unknowns
each, while the twisting moment was uniform across the
element. The displacement and moment solutions for the
plate are graphed in figures 7(b) and (c), respectively.
Convergence was achieved for IFM/IFMD in displacement
and moment for a model with eight elements. The stiffness
method from two commercial codes were used. These
methods required 64 or more elements for convergence with
some residual errors.

3.2.3.3 Frequency analysis of a turboprop blade: The
turboprop blade, shown in figure 8(a), was made of steel
with a weight density of p = 0.289 Ibf/in.* It had a spatial
distribution of mass with a uniform thickness of 0.1 in. It
was about 10 in. long and 4 in. wide at the midspan location.
An eight-node brick element was used to calculate its fre-
quency. The element had 24 degrees of freedom that corre-
spond to three displacements at a node. The IFM element
(ref. 22) used a total of 18 force unknowns: 4 for each
normal stress and 2 for each shear stress. The brick element
of a commercial code was comparable to the stiffness
method of the IFM/Analyzers software. The frequency
analysis results obtained by IFM/IFMD are given in table III.
The convergence of frequency versus model size is shown in
figure 8(b). A logarithmic scale was used along the x-axis to
accommodate the size of the large finite element models.

Solution from a commercial code is also included because
the research-level IFM/Analyzers software cannot solve an
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TABLE III.—_FUNDAMENTAL FREQUENCIES

BY DIFFERENT METHODS

Model: Frequency,

(number of elements, Hz

degrees of freedom) | IFM/IFMD | Stiffness | Commercial
method code

1: (132, 924) 42.5 87.5 87.5

2: (240, 1620) 41.3 75.8 75.8

3:(528,3432) | == | - 55.8

4:(720,4752) | - | - 49.5

eigenvalue problem with 3452 degrees of freedom in the
model. The brick element of the commercial code is compa-
rable to that of the stiffness method of the IFM/Analyzers
software. The IFM/IFMD code produced a satisfactory
frequency result for the first model with 924 degrees of
freedom. (The next model with 1620 degrees of freedom
yielded only a marginal 3-percent improvement.) The
stiffness method and the commercial code produced much
higher values for the frequency. The commercial code
produced a frequency value of 87.5 Hz for the first model.
For the last model with 6864 degrees of freedom the fre-
quency was 43.1 Hz. Frequency calculated by the stiffness
method converged with a 4.4 percent residual error as shown
in figure 8(b).

The animation of the stress mode shape in IFM/IFMD
(ref. 22) detected a stress concentration region in the same



blade due to a small hole, which is qualitatively shown in
figure 8(a). Typically, stress mode shape is not available in
the stiffness formulation.

3.3 Summary on Structures

For the three examples given in this paper and from solu-
tions of many other problems it was observed that the
IFM/IFMD produced high-fidelity solutions with a modest
finite element model. The stiffness method required a very
large model; even then the solution accuracy could not be
guaranteed. The monopolistic dominance of the stiffness
method can only be justified because we can solve a very
large number of equations with a computer. The IFM/IFMD
methods produced accurate stress, displacement, and fre-
quency results even for modest finite element models
because of their simultaneous emphasis on the equilibrium
equations and the compatibility conditions. The stiffness
method lacked precision because this method neglected the
compatibility conditions, especially along the numerous
boundaries of a finite element model. Even though the
stiffness method may be preferred at present because of the
availability of well-written software, the development of a
commercial code based on IFM/IFMD should be initiated.

4.0 Design of Structures

Traditionally the concept developed to design a determi-
nate structure is also used to design an indeterminate struc-
ture. Consider for example a determinate truss. The concept
of fully stressed design (FSD) works very well for a deter-
minate truss. Typically, the FSD concept is extended to
design an indeterminate truss. This becomes problematic
(ref. 13) because an indeterminate truss cannot be fully
stressed. Rules to design a determinate structure should be
modified prior to their application to an indeterminate
structure. The compatibility conditions are key ingredients
that should be accounted for the modification because the
CCs imposed implicit constraints in the design of an inde-
terminate structure. It turns out the CC has considerable
influence on the fully stressed and fully utilized designs as
well as in the optimization methods. The implicit constraints
are intrinsic to the design of an indeterminate structure and
are independent of the choice of an analysis method used in
the design calculations. The nature of the constraints is easily
studied via the IFM, however. The rules thus generated
should be adopted even when the stiffness method analysis
tool is used in design calculations.

Cilley (ref. 26), in 1900 discussed some aspects of design
of an indeterminate truss. Reinschmidt et al. (ref. 27)
attempted an analytical explanation through an illustrative
example. Gallagher and Zienkiewicz (ref. 28) has also
touched upon the issue. Some of our observations on the
topic are reported in references 13, 29, and 30. The central
design issue is illustrated by considering truss examples.
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Extension to indeterminate beams, framework, and other
types of structures is straightforward, though it would
require extensive algebraic manipulation. Both traditional
design and optimization concepts are examined for an
indeterminate truss, and the discussion is presented under
three topics:

(1) Design for strength
(2) Design for stiffness
(3) Design optimization

4.1 Design for Strength

Design for strength attempts a full stress state for all
members of the truss. Consider a truss with »n bars. For all
bars in the truss a full stress condition is defined as

c;=c0(i=1,2,..

1) (55)
where o, is stress in the i bar and o, is the strength. A stress
ratio rule yields the area A; of the i™ truss bar as a ratio of
member force F; to strength: A; = Fi/co. The rule works well
for a determinate truss but becomes problematic for an
indeterminate truss.

4.1.1 Design of a determinate truss.—Consider a
determinate truss with n bars and the same number of bar
areas. The bar areas can be calculated from the governing
equation of the IFM [S]{F} = {P"} by expressing it in areas
A; = Fjo, to obtain [S']{4} = {P"}. For a determinate
structure the governing matrix is equal to the equilibrium
matrix ([S] = [B]), which is independent of bar areas. In
other words, a single inversion without iteration yields the
areas

{4y = abs{(s" TPy} (56)

The formula in equation (56) can be extended to include
buckling limitations.

Consider the two-bar determinate truss shown in
figure 9(a). It is made of steel and is subjected to two load
components, P, = 10 kip and P, = —20 kip. The bar force is
linked to the cross-sectional area 4 through the yield stress
as F| = o¢d, and F, = c¢d,. The IFM governing equation
degenerates into the equilibrium equations. The EEs are
modified to obtain the design.

[B]{F}={P}:[31{“}={P}:[B]{A}=(—j{P}

or {4} = abs {[G—IOJ[B]‘I {P}}

(57)



' 100

(b)

Figure 9.—Design of indeterminate truss. (a) Determinate.
(b) Indeterminate. Dimensions are in inches.

Py

The bar areas are determined from equation (57) in a sin-
gle step because the equilibrium matrix [B] is independent of
the design variables. The numerical values for the areas are
as follows:

0.71
{aytvober {0 So}in.z and weight = 43.4 Ibf

4.1.2 Design of an indeterminate truss.—The truss is
made indeterminate by adding a third bar as shown in
figure 9(b). The following design equation is obtained when
the determinate design concept is extended to the indetermi-
nate truss:

[s]{F}={P"|

or {4} = abs{[éj[S]_l {p}}

Equation (58) has to be solved iteratively since the [S]
matrix is a function of bar areas because of the flexibility
matrix [G] in the compatibility condition [C][G]{F} = {0}.

(38)
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Iterative solution of equation (58) yielded the following
design:

0.71
{A}three bar _10.50in.2 and weight = 43.4 Ibf
0.00

An extension of the determinate design concept to an
indeterminate structure returned with a zero area for the third
bar. Furthermore, design and weight are identical for both
determinate and indeterminate structures. This observation is
not coincidental but is common to all indeterminate trusses.
The implicit compatibility constraint distinguished between
the designs of the determinate and indeterminate structures.
This implicit compatibility constraint in deformation, force,
and stress variables {B}, {F}, and {oc}, respectively, is as
follows:

B —2B; +B3 =0 (59a)
ORI

AE ), AE ), \AE )y
G| —G) +03 =0 (59¢)

The compatibility constraint is violated (ref. 13) when a
fully stressed state (o, = 0, = 63 = 0y) is attempted: 6, — 6, +
o3 = 20 — 20 + 20 # 0. Because of the violation, a bar area
of zero is obtained for the third bar (43 = 0) of the determi-
nate truss. This observation can be extended for a general
indeterminate truss with n bars and r redundant members.
For such a truss (n, m) there are m = n — r equilibrium
equations and » = n — m compatibility conditions. A fully
stressed condition cannot be achieved for an indeterminate
truss (n, m). An attempt to fully stress this truss would
degenerate it to a determinate truss with areas of zero for r
number of bars: 4;=0 wherej=1,...,r=n—m.

4.1.3 Linking of design variables—The situation associ-
ated with bar areas of zero in the design of an indeterminate
truss can be alleviated by linking the design variables. The
number of independent variables must be reduced to m for an
n-bar truss with » redundant members. For the three-bar truss
(see fig. 9(b)), we discuss two of several choices to link
areas: link the areas of bar 1 and bar 3 (4;, 4, A3 = 4));
likewise link 4, and A4;. The designs obtained for the two
cases are as follows:

0.64
0.66+ in.> and weight = 71.5 Ibf
0.64

{A}Al andA3 _



20 bays

(

400in.)

Figure 10.—Twenty-bay truss.

0.50
=10.71} in? and weight = 63.8 Ibf
0.71

{A}Az and 4,

The weight of the structure is increased to 71.5 or 63.8 Ibf
from the weight of 43.4 Ibf for the determinate system, when
areas are linked. Furthermore, the weight of the structure
depends on the choice of the link strategy. For the three-bar
truss, weight was increased by 65 percent from the determi-
nate truss when areas A, and A4; were linked. The increase
was 47 percent for the link condition 4, = 4.

The link strategy has considerable influence on the weight
of the structure. However, it is not straightforward to deter-
mine the best link strategy. The bandwidth of the CC pro-
vides some analytical guidance to develop a link strategy.
Consider for example the 20-bay truss shown in figure 10.
This truss has 101 members with 21 redundancies and
21 CCs. The bandwidth of the CCs are 6 for 20 of them and
20 for 1 of them. The bandwidth of six pertains to a bay in
the truss; that is, the first bay has six bars (1 to 6). The areas
of these six bars are candidates for linking. A simple strategy
is to link the diagonal bars (45 = 44). Likewise, link bars (A4
= Ay, A3 = A14,..., Aog = Ago) for other bays. The remaining
CC pertains to the 20 bars of the bottom chord. A simple
strategy is to link all such bars (4, = 47 = A1, = ... Ag7). The
compatibility bandwidth provided a guideline, but there is no
unique strategy. It may be tempting to employ linear pro-
gramming for the purpose. The stiffness method cannot
provide a link strategy because of the nonavailability of the
bandwidth of the CCs.

The CC explained why an indeterminate structure cannot
be fully stressed. The bandwidth of the CC can be used to
develop a linking strategy.

4.2 Design for Stiffness

Design for stiffness included displacement limitations in
addition to the strength constraints. The design obtained for
strength remained adequate if displacement became a pas-
sive constraint. The design has to be modified when dis-
placement constraints become infeasible. The design can be
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prorated uniformly to satisfy the displacement limitations.
The prorated technique can produce an overdesign condition
because of an underutilization of the strength. The following
discussion is an attempt to alleviate the overdesign
condition.

4.2.1 Stress-displacement relationship.—Displacement
and stress are dependent upon one another, regardless of the
bar area of a truss. The dependency relationship (ref. 29) is
derived for the three-bar truss shown in figure 5.

(B} =[G]{F}=[B] {x) (60a)
o =%(X1 - Xy) (60b)
0y == -(X) (60¢)

O3 Z—%(Xl-i-Xz) (60d)

a
X, = —E(cl -03) (60e)
a

Xy=——(02) (60f)

E

The displacement and stress relationship can be general-
ized in the following formula:

)z
O =

J=n

caX (61)

KT

The coefficients c; are independent of the design vari-
ables, here bar areas. The actual number of displace-
ment components JX; in equation (61) depends on the
column bandwidth of the equilibrium matrix [B] that is a
small number. The maximum bandwidth is four for a



two-dimensional truss. It is six for a space truss. In other
words, a small number of displacements are related to a
stress component. For the three-bar truss, displacement
depended on one or two bar stresses.

One approach is to modify the stress allowable or strength
for selected members using equation (61). Then proceed
with the fully stressed design. Let us assume the design for
strength obtained for the three-bar truss indicated a
15 percent violation on the limitation specified on the
displacement component X,. From equation (60f), we can
satisfy the displacement constraint if the corresponding
allowable stress is reduced by 15 percent (o, = 0.850y).
This in turn would increase the area of second bar by

17.6 percent (A;ew :l.176A§1d). The design update

requires no iteration for a determinate truss. Iteration may be
necessary for an indeterminate truss. The rule is easily
generalized for a truss with & violated displacements.

4.2.2 Design formula for displacement limitation—A
general formula to design for displacement limitation can be
obtained by modifying the displacement-force relationship of
the IFM.

{x} =[JI[GIF} (62)

T
The rectangular matrix [J], is replaced by [[S ]_1] with

appropriate modification to obtain a displacement formula as
follows:

{{X }} s telm =5l o)

{0}

Equation (63) is manipulated to obtain an expression for
the bar areas for displacement limitations as

(5104} ={%}} or (A =[5T (7 o

Equation (64) is combined with equation (58) to obtain
formulae for stress and displacement limitations:

{4} = abs([i][s]‘l {P}J (652)
Oo

(9 _ans (5T 4 3)) (65b)

{4} = max({A}Stress , {A}diSp ) (65¢)

The formulae in equation (65) are modified for computa-
tional efficiency and superior convergence characteristics to
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obtain a method called modified fully utilized design
(MFUD). Discussion of the MFUD technique is given in
reference 31 and is not repeated here. However, results for a
set of nine problems are presented in table IV. Each problem
is solved twice: first by a design optimization method and
then by MFUD.

TABLE IV.—NORMALIZED WEIGHT OBTAINED
BY SUMT AND MFUD METHODS

Problem Normalized Number of active constraints
weight”
SUMT’| MFUD* Stress Displacement
SUMT |MFUD |SUMT | MFUD
3-bar truss 1.0 1.00 2 2 1 1
5-bar truss 1.0 1.00 -- -- 1 1
Tapered 5-bar 1.0 1.00 2 3 1
truss
10-bar truss 1.0 1.02 1 -- 2 2
Tapered 10- 1.0 1.00 5 3 2 2
bar truss
25-bar truss 1.0 1.00 2 4 4 4
20-bay truss 1.0 1.02 13 13 2
60-bar trussed 1.0 1.00 11 18 1 1
ring
Geodesic 1.0 1.01 46 46 1 1
dome

*Weight is normalized with respect to SUMT solution.
"SUMT is sequential unconstrained minimization technique.
‘MFUD is modified fully utilized design.

Consider for example the design optimization of the
60-bar trussed ring. It was subjected to three load cases. It
had 60 stress and 6 displacement constraints for each load
case. The design problem was solved using MFUD and an
optimization method using sequential unconstrained minimi-
zation technique (SUMT). The 60 bar areas were linked to
obtain 25 design variables. For the MFUD method and
SUMT algorithm, the optimum weights were 308.1 and
309 Ibf, respectively. The active constraint set for MFUD
method included 18 stresses and 1 displacement, against 11
stresses and 1 displacement for SUMT. The MFUD method
generated a good design solution with few calculations. The
other eight examples in table IV follow the pattern of the
ring problem with minor variations.

4.3 Design Optimization

Because of dependent constraints, an optimization algo-
rithm can encounter difficulty in reaching an optimal solu-
tion for an indeterminate structural design problem. For
example, in an n-bar truss, » out of n bar stresses {G} are
dependent. Stresses are dependent because of the » compati-

bility conditions, which can be written as [E ] {G} = {0}

The rxn matrix [(_? ] is independent of the design variables.

Likewise stresses and displacements are dependent. The




m = n —r number of displacements {X} are dependent on the
T _
n bar stresses: {X} = [BJ {c} . Again the mxn matrix [B]

is independent of the design variables.

In an optimization algorithm, the calculation of the search
direction {d} requires the constraint gradient matrix [Vg].
An example of the use of the sensitivity matrix to generate
the direction follows:

{d}=[o]{vf} (66)
. [Q]:[1]—[Vg][[Vg]T[TVg]}‘1[Vg]T
os| (v {[H]1ve))
[#1)=1)-[ve)[ Vel [ve]] [va]'
f is the objective function
The constraint dependency makes the matrix

[[Vg]T [Vg]} singular. An optimization algorithm may yield

a solution despite the singularity condition because most
often the [(] matrix is approximated; it is seldom calculated
in closed form. It is reinitialized into an identity matrix when
corruption is suspected. Two approaches have been devised
to alleviate the singularity issue in optimization. The inde-
pendent constraints can be segregated (ref. 30), or the design
sensitivity can be approximated (ref. 32).

4.3.1 Segregation of independent constraints—The seg-
regation of a set of independent constraints from all the
specified set of constraints is straightforward though it adds
extra calculations to optimization, which is already computa-
tionally intensive. The process is illustrated considering the
three-bar truss as an example, see figure 9(b). The problem
has three design variables and five constraints. The con-
straint gradient or the design sensitivity matrix can be
arranged as

[{Vor}{Vor} {Vos VA }{VaXo ]
reduce to dependent :|

{Vor }{VX}{Vo3}

(67)

independent

(Vo }{VX,}

A lower and upper triangular factorization can separate the
two independent constraint gradients Vo, and V.X;, which can
be used to calculate the search direction. The factorization
process has to be repeated before the calculation of each
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Figure 11.—Design optimization of five-bar truss.
(a) Tapered one-bay truss. (b) Standard optimization.
(c) Optimization accounting for singularity.

search direction because the values of the gradients depend
on the current values of the design variables.

The singularity issue is illustrated considering the design
optimization of the five-bar truss shown in figure 11(a).
Optimum solution is to be obtained for the minimum weight
condition for stress and displacement constraints. A quad-
ratic programming algorithm was used to solve the problem.
The design solutions are graphed in figures 11(b) and (c) for
two cases:



(1) Singularity is disregarded (see fig. 11(b)).
(2) Singularity is alleviated through a singular value
decomposition (see fig. 11(c)).

Design case 1, for which independent constraints were not
separated, exhibited a wide variation in the weight, and it
failed to converge. Case 2, which used independent con-
straints, converged to the optimum solution.

4.3.2 Approximate sensitivity.—Design sensitivity can be
approximated for an indeterminate structure. The approxima-
tion alleviates the singularity condition. It also substantially
reduces the number of calculations in structural optimiza-
tion. The sensitivity matrix for the stress and displacement
constraints for an n-bar truss with » redundant members is
obtained by differentiating the IFM equations (ref. 33).
Consider the closed-form sensitivity matrix for stress. It has
two distinct factors as follows:

[VG] :[Vcl,VGz,...,Vcn]

The first factor with superscript “determinate” has to be
used for both determinate and indeterminate trusses. The
second factor with superscript “indeterminate” is applicable
only to indeterminate structures.

The rank of the nxn sensitivity matrix [Vo] is reduced to
m = n — r. However, it has full rank » for the first term with
superscript “determinate.” It is also a diagonal matrix and
requires a trivial amount of calculation. The second term,
superscripted “indeterminate,” is responsible for reducing
the rank, and its generation is computationally intensive. The
proposition is to use only the first term in equation (68).

The approximation process can be extended to the dis-
placement constraint to obtain

p
A

determinate .
r| 1
D —
} + [ ] [ A K ..

(68)

:”determinate

: _ (69)
+ |:[J] [G] [D]:|1ndeterm1nate

The proposition is to retain the first term in the displace-
ment sensitivity. The sensitivity expressions given in equa-
tions (68) and (69) should be adjusted for the allowable
limits prior to their use in design optimization. The defini-
tions of the symbols in equations (68) and (69) are as
follows:
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(70)

The elements of the diagonal matrix [ '..Sdg } are given by

(Sdg )ii - _%: _Lifi

(71)
APE,

f] 2

and [ “F J are of dimensions nxn, and their elements are

The diagonal matrices [ % ], [

1 K4

4 £ AE

1

, and F}, respectively.

5

The determinate factor in the sensitivity of displacement
can be specialized for an n-bar indeterminate truss as

-F/

AE ]

[VX]determinate _ |:[J] |:Sdg:HT _

(72)

Calculation of the determinate sensitivity for the dis-
placement essentially requires a back-substitution step with
the factored form of the inverse of the [S] matrix. The
inverse matrix calculated to generate force is available at this
stage.

Sensitivities of both the stress and displacement contain
the member forces {F} and the square of bar areas {4}.
Even for an active displacement constraint, the design in
essence is modified through the member force. The geomet-
ric parameters and material properties of the truss are not
explicitly contained in the sensitivity expression for stress
because it is a local variable. Because displacement is a
global variable, its sensitivity expression explicitly contains
the configuration parameters, the material properties, and the
design variables.

The proposed approximate sensitivity of stress and dis-
placement constraints alleviates the singularity condition
in the design optimization of an indeterminate truss because
the coefficient matrix in the determinate factor (see eqgs. (68)



TABLE V.—OPTIMUM SOLUTION FOR 20-BAY TRUSS DESIGN PROBLEM
SHOWN IN FIGURE 10

Sensitivity | Weight, Design variables, Active constraints Computation time,
Ibf bar area in in.? sec
A A, A3 Ay As | Stress | Displacement
Simple 20232 | 344 | 7.03 | 0.41 | 1.38 | 1.38 3 1 2.5
Analytical | 2021.8 | 344 | 6.99 | 0.41 | 1.39 | 1.39 3 1 14.8

and (69)) has a full rank. The optimum solution is reached
with fewer calculations because the optimization process
becomes more robust and the sensitivity is generated with a
trivial amount of computations. The benefit that accrues
from the use of approximate sensitivity is discussed in
reference 32. Here, the performance of approximate sensitiv-
ity is illustrated considering the 20-bay truss shown in figure
10 as an example. The truss was subjected to three load
cases. The first load case consisted of forces in the negative
y-coordinate direction along the bottom chord nodes:
—40 kip at the midspan and —1 kip at the other nodes. For the
second load case, all the top chord nodes were subjected to a
3-kip force along the x-coordinate direction. For the third
load case, all the bottom chord nodes were subjected to a
—3-kip force along the negative x-coordinate direction. The
allowable stress was oy = 20 ksi. A displacement limitation
of 0.5 in. was imposed at the midspan nodes 21 and 22 along
the x- and y-coordinate directions, respectively. The 101 bar
areas were grouped to obtain five linked design variables.
The first two design variables 4, and A, represented the bar
area of the top and bottom chord members, respectively. All
21 vertical bar areas were grouped to obtain the third vari-
able A4;. The last two design variables 44 and 45 represented
the bar area of the leading and lagging diagonal members,
respectively. The five-variable problem had a total of 312
stress and displacement constraints. Optimum solutions
obtained by the sequential quadratic programming (SQP)
algorithm are given in table V. The convergence of weight
versus the computation time to solution is graphed in fig-
ure 12. The convergence patterns for both the closed-form
and approximate sensitivities graphed in figure 12 display

2400 ¢ —— Analytical sensitivity
Approximate sensitivity
5 2000+
= i
2
()
= 1600 d
0 2 4 6 8 10

Computation time, sec

Figure 12.—Solution time for sequential quadratic
programming (SQP) algorithm for 20-bay truss.
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similar undulations. The SQP algorithm converged to the
same solution for the determinate as well as for the analyti-
cal sensitivities. However, calculations with approximate
sensitivities converged 590 percent faster than those with the
closed-form gradients. The approximate sensitivity outper-
formed the analytical gradients in the design optimization
problem for the truss.

4.4 Summary on Design

The compatibility condition considerably influences the
design of an indeterminate structure because design is stress
driven. Ignoring compatibility amounts to a brute-force
approach that is not likely to produce a robust design that
industry would use. The infeasibility of fully stressed design,
singularity in optimization, and sensitivity calculations in
structural design have been examined for truss-type struc-
tures. The same three issues should be examined for flexural
members following the approach that has been established
for the truss. The behavior study for flexural members is more
difficult because stress varies along the member length and
depth. Understanding the role of compatibility will provide an
insight to behavior of flexural members, leading to a more
robust design method. The neglected fully stressed (or util-
ized) design concept should be revived through use of the
compatibility conditions because it has the potential to become
an alternate tool for the design optimization method. It is
simple and is practiced in industry. We have addressed modi-
fied fully utilized design (MFUD) in the stress and displace-
ment constraints for truss design. From solution of many
design problems, it is observed that properly formulated
MFUD can match or quite often exceed the performance of
optimization methods. MFUD should be extended to flexural
members beginning with continuous beams and then frames
with a variable depth member.

5.0 Concluding Remarks

The completed Beltrami-Michell formulation (CBMF),
which is a tensorial approach in elasticity (with stress as its
primary unknown), is presented. The tensorial method places
simultaneous emphasis on the equilibrium equation and the
compatibility condition. The displacement method and mixed
method as well as the total formulation can be obtained from
this method as specialized cases. Such methods become
equivalent yielding identical solutions. Fidelity of the stress
solution can be guaranteed when it is generated via the CBMF
or methods derived from the CBMF.



A displacement method that is not derived from the
CBMF but formulated independently from a consideration of
the equilibrium equation should be examined for a compli-
ance of the compatibility condition in the field and on the
boundary.

The observations for the CBMF apply to the integrated
force method (IFM) for discrete analysis because the internal
force unknowns being stress resultants retain the seed of a
tensor. That is, the IFM becomes a tensor type of method
that emphasizes both stress equilibrium and strain compati-
bility to yield high-fidelity response even for a modest finite
element model. The derived dual integrated force method
(IFMD) displacement formulation, being equivalent to the
IFM, retained the strength of the IFM. The IFMD should
replace the popular stiffness method especially because a code
based on the existing stiffness method can be changed to an
IFMD code with a small amount of programming effort.

The equations of the IFM were used to formulate a fully
utilized design method for stress and displacement con-
straints. The compatibility condition provides an insight to
the behavior of an indeterminate structure, like the infeasibil-
ity of full stress design. It identified singularity in structural
optimization, simplified the gradient of behavior constraints,
alleviated singularity in structural optimization, and reduced
computation time to solution.
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The tensorial approach could not be developed earlier
because the compatibility condition was not fully understood
either in elasticity or in structures. The strain formulation
cannot be ignored because the compatibility concept makes
solid mechanics a research discipline that is practiced in
academia and large research organizations throughout the
world. Without the compatibility concept, the solid mechan-
ics discipline would degenerate into a few determinate
analysis courses in applied mathematics. The use of a fully
developed strain formulation has allowed a free movement
between different analysis methods and response variables
(like force (stress) and displacement). High-speed computers
are extremely helpful but cannot replace the strain formula-
tion in elasticity and the compatibility conditions in struc-
tural mechanics. The vacuum created when the researchers
knowledgeable in strain formulation retire may be difficult to
fill. The premier academic and research institutions should
encourage the study of the compatibility condition for both
linear and nonlinear problems thereby completing the theory
of the solid mechanics discipline.

National Aeronautics and Space Administration
John H. Glenn Research Center at Lewis Field
Cleveland, Ohio 44135, May 14, 2007
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Appendix A
Symbols and Acronyms

strain energy

complementary strain energy
body force

equilibrium matrix
compatibility matrix

elastic domain

governing matrix of [IFMD
search direction

Young’s modulus

component of {F}

internal force vector

objective function

strain formulation function
flexibility matrix

coefficient functions in Green’s theorem
sensitivity matrix of constraints
displacement coefficient matrix
stiffness matrix

length of boundary

length of boundary segment 1

length of boundary segment 2

moments

number of displacement unknowns
mass matrix

number of force unknowns
direction cosines of outward normal
load

load vector

external prescribed loads in 7 and 6 directions,

respectively

traction component

stiffness method load vector
transverse load

reaction

initial deformation vector

polar coordinates

number of redundant force parameters
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BCC
CBMF
cC
DDR
EE
FSD
IFM
[FMD
MFUD
SQP
SUMT
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governing matrix of [FM
temperature

plate thickness

in-plane displacement
body force potential
potential of work done
transverse displacement
component of {X}
displacement vector
Cartesian coordinates
coefficient of thermal expansion
deformation vector

initial deformation vector
shear strain

strain tensor

material matrix

variational functional of IFM
stress

yield stress

sensitivity matrix for stress
shear stress

stress tensor

Poisson’s ratio

stress function

circular frequency

boundary compatibility condition
completed Beltrami-Michell formulation
compatibility condition
deformation-displacement relation
equilibrium equation

fully stressed design

integrated force method

dual integrated force method

modified fully utilized design
sequential quadratic programming
sequential unconstrained minimization
technique
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Appendix C
Solution of Elasticity Problem With BCC

The use of the boundary compatibility condition (BCC) is
illustrated through the solution of an elasticity problem. In
addition, the BCCs are listed for a three-dimensional elastic
continuum.

C.1 Use of BCC in CBMF

The use of the BCC in the solution of the completed
Beltrami-Michell formulation (CBMF) is illustrated consid-
ering the example of the annular plate shown in figure 13. In
the text solution for the problem was included for the case of
a thermal load. For simplicity the solution strategy in this
appendix is illustrated for a mechanical load (P) applied on
the outer boundary, at (» = a), as depicted in figure 13. Other
parameters of the problem remained unchanged. The field
equations and boundary conditions given in the text are
adjusted for mechanical load. The traction condition is
applied at the outer free boundary, while the BCC is imposed
on the inner boundary, which is fixed. The BCC should not
be imposed on the outer free boundary.

The equilibrium equation in the field:

i(cr +69)=0

dr €h

Figure 13.—Annular plate subjected to uniform load P.
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The field compatibility condition:

dcr _,’_(G’” —Ge) O

= C2
dr r €2
The traction equation along the outer free boundary:
c,=Patr=a (C3)

The boundary compatibility condition along the fixed
inner boundary

co—vo,=0atr=»~ (C4)
The field equations (eqgs. (C1) and (C2)) and the boundary
conditions (eqs. (C3) and (C4)) yield the stress solution.
Displacement boundary condition is not used to calculate the
stress state. Displacement (u) back-calculated from the stress
(or strain) contains an integration constant that is evaluated
from the prescribed displacement boundary condition
imposed along the fixed inner boundary.
u=0atr=> (C5)

The solution is generated in the following seven steps:

Step 1: The sum of stress (o, + Gg) is a constant (c,) from
the field equilibrium equation (C1):

G, +0g =c¢y 6)
Or, G, =Cy — O

Step 2: The field compatibility condition equation (C2) is
expressed in terms of radial stress o, by eliminating the
tangential stress oy between equations (C2) and (C6) to
obtain an uncoupled differential equation as

do, 2
+ J—
dr r

G, =— cn
Step 3: Equation (C7) is solved to obtain o, as
(C8)

Step 4: Stress oy is obtained by back substitution in
equation (C6) as

C, C
c. =2 _"1

r 2 ]/-2

(C9)
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Step 5: The two constants (¢y and ¢;) are obtained from
the traction and boundary compatibility conditions given by
equations (C3) and (C4), respectively.

(C10)

Solution of equation (C10) yielded the two constants:

0 20+v)d?
(1 v)a? +(1-v)h?
 (v-Dd*?
(14 v)a? +(1-v)h>

(C11)

Step 6: The stress solution is obtained from equations
La+v) 2 +(1-0)p?]

(C8), (C9), and (C11) as
=)
(1+L))a2 +(1—U)b2 2
_ [(1+v)r2 —(l—o)bz]EiJP
(1+U)a2 +(1—U)b2 P2

The stress solution is obtained without using the dis-
placement boundary condition.

(C12)

Step 7: Calculation of displacement involves the trans-
formation of stress to strain. Strain is integrated to obtain
displacement. The constant of integration is determined from
the displacement boundary condition. Calculation of dis-
placement become trivial for the axis-symmetric annular
plate because of the simple strain-displacement relationship.

Stains g, and g are calculated from stress as

o e Y (4
[(1(1_ +U Ug a :((1 - U)Z J s {_Zj@

The displacement can be calculated from the radial strain

(C13)

€ =

d
(Sr =—uj or the tangential strain(se =£j Both tech-
dr r

niques yield the same displacement function, even
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though one required an integration and determination of the
constant from the displacement boundary condition, while
the other bypassed such procedure. The displacement func-

tion is
(1—02)(r2+b2) (azj P
BT EEES T (EJ

C.2 Boundary Compatibility Conditions in Three
Dimensions

(C14)

For a three-dimensional elastic continuum, the BCCs have
been derived from the stationary condition of the variational
functional of the integrated force method (ref. 34). The
variational calculation yielded three field equations (ref. 35)
and three boundary compatibility conditions. The BCCs are
listed in stress, in strain, and in displacement.

BCC in stress:

0
g{nz( y — V0, —UG )—ny(1+u)ryz}

5 (C15a)
+5{ny(cz—oc —UGy) (1+v)r, }=0

0
6_{ G, — VLo —L)Gy) (1+U)‘sz}

5 (C15b)
6_{ (G —UGy—UG) (1+U) }=O

0
6_{ G, —VG, — VG, ) (1+U)‘Exy}

5 (C15¢)
+a{nx(cy—oc -vo ) (1+U)‘ny}=0

BCC in strain:

0 1 0 1
a—z(nzsy —Enyyyz}ra(nysz —Enzyyzj =0 (Cl6a)
ai(nzsx xsz}L (nxsz Zyxzj—o (C16b)
z

0 1
5(”)/8)5 3 x%cyj"' (x v y'nyj=0 (Clé6c)



BCC in displacement:

2 2 2
nya—;+nza—zv— 0 (nzv+nyw)=0 (C17a)
oz oy~ oz
2 2 2
n, 0 W+nx Ou_ 9 (nxw+ nzu)=0 (C17b)
o> ot Ozox
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o’u &
xayz oxoy

(nyv+nxu)=0 (C17¢)

where o,, G, G., Ty, Tx-, and T,. are the stress components; &,
€y, €, Yu» Vxz and 7y, are the strain components; u, v, and w
are the displacements; and n,, n,, and n. are the direction
cosines of the outward normal. The BCCs expressed in terms
of continuous displacement functions are not satisfied
automatically.






10.

11.

12.

13.

14.

15.

16.

17.

18.

References

Timoshenko, Stephen: History of Strength of Materials: With
a Brief Account of the History of Theory of Elasticity and
Theory of Structures. Dover Publications, New York, NY,
1983.

Ferrers, N.M., ed.: Mathematical Papers of the Late George
Green. Macmillan and Co., London, 1871.

Patnaik, S.N.: The Variational Energy Formulation for the
Integrated Force Method. AIAA J., vol. 24, no. 1, 1986,
pp.- 129-137.

Przemieniecki, J.S.: Theory of Matrix Structural Analysis.
McGraw-Hill, New York, NY, 1968.

Patnaik, Surya N.; and Hopkins, Dale A.: Strength of Materi-
als: A Unified Theory for the 21st Century. Elsevier, Amster-
dam, 2004.

Patnaik, Surya N.; and Hopkins, Dale A.: Completed Beltrami-
Michell Formulation in Polar Coordinates. NASA/TM—2005-
213634, 2005.

Sokolnikoff, Ivan Stephen: Mathematical Theory of Elasticity.
Second ed., McGraw-Hill, New York, NY, 1956.

Patnaik, S.N., et al.. Completed Beltrami-Michell Formulation
for Analyzing Mixed Boundary Value Problems in Elasticity.
ATAA J., vol. 34, no. 1, 1996, pp. 143—148.

Patnaik, S.N.; Berke, L.; and Gallagher, R.H.: Integrated Force
Method Versus Displacement Method for Finite-Element
Analysis. Comp. Struct., vol. 38, no. 4, 1991, pp. 377-407.
Patnaik, S.N.: The Integrated Force Method Versus the
Standard Force Method. Comp. Struct., vol. 22, no. 2, 1986,
pp. 151-163.

Patnaik, S.N., et al.: Improved Accuracy for Finite-Element
Structural-Analysis Via an Integrated Force Method. Comp.
Struct., vol. 45, no. 3, 1992, pp. 521-542.

Dayaratnam, P.; and Patnaik, S.: Feasibility of Full Stress
Design. AIAA J., vol. 7, no. 4, 1969, pp. 773-774.

Patnaik, S.; and Dayaratnam, P.: Behaviour and Design of Pin
Connected Structures. Int. J. Numer. Methods Eng., vol. 2,
no. 4, 1970, pp. 579-595.

Love, A.E.H.: A Treatise on the Mathematical Theory of
Elasticity. University Press, Cambridge University Press, Eng-
land, 1927.

Ritz, Walter: Uber eine neue Methode zur Losung Gewisser
Variations—Probleme der Mathematischen Physik. J. Reine
Angew Math, Band 135, 1909, pp. 1-61.

Timoshenko, Stephen: Theory of Plates and Shells. McGraw-
Hill Book Co., New York, NY, 1940.

Park, K.C.; and Felippa, Carlos A.: Variational Principle for
the Formulation of Partitioned Structural Systems. Int. J.
Numer. Methods Eng., vol. 47, no. 1, 2000, pp. 395-418.
Denke, P.H.: A General Digital Computer Analysis of Stati-
cally Indeterminate Structures. NASA TN D-1666,
1962.

NASA/TP—2007-214480

35

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Patnaik, S.N.; and Yadagiri, S.: Frequency Analysis of
Structures by Integrated Force Method. J. Sound Vib., vol. 83,
no. 1, 1982, pp. 93-109.

Patnaik, S.N.; Berke, L.; and Gallagher R.H.: Compatibility
Conditions of Structural Mechanics for Finite Element Analy-
sis. AIAA J., vol. 29, no. 5, 1991, pp. 820-829.

Hopkins, D., et al.: Fidelity of the Integrated Force Method
Solution. Int. J. Numer. Methods Eng., vol. 55, no. 11, 2002,
pp. 1367-1371.

Patnaik, S.N.; Coroneos, R.M.; and Hopkins, D.A.: Dynamic
Animation of Stress Modes Via the Integrated Force Method
of Structural Analysis. Int. J. Numer. Methods Eng., vol. 40,
no. 12, 1997, pp. 2151-2169.

Storaasli, Olaf O.; Baddourah, Majdi; and Nguyen, Duc: GPS:
General Purpose Solver. NASA Langley Software, 1995.
Harwell Subroutine Library—Specifications. Harwell Labora-
tory, Oxfordshire, England, 1990.

Batoz, Jean-Louis; and Dhatt, G.: Modélisation des Structures
par Eléments Finis. Volume 1. Solides Elastiques. Presses de
I'Université Laval, Sainte-Foy, 1990.

Cilley, Frank H.: The Exact Design of Statically Indeterminate
Frameworks—An Exposition of Its Possibility, But Futility.
Trans., American Society of Civil Engineers, vol. XLIII,
no. 873, 1900, pp. 353-407.

Reinschmidt, Kenneth F.; Cornell, C. Allin; and Brotchie,
John F.: Iterative Design and Structural Optimization. Journal
of Structural Division, Proceedings of the American Society of
Civil Engineers, vol. ST 6, 1966, pp. 281-318.

Gallagher, Richard H.; and Zienkiewicz, O.C., eds.: Optimum
Structural Design. John Wiley & Sons, London, 1973.

Patnaik, S.N.: Behavior of Trusses With Stress and Displace-
ment Constraints. Comput. Struct., vol. 22, no. 4, 1986,
pp- 619-623.

Patnaik, S.N.; Guptill, J.D.; and Berke, L.: Singularity in
Structural Optimization. Int. J. Numer. Methods Eng., vol. 36,
no. 6, 1993, pp. 931-944.

Patnaik, S.N., et al.: Modified Fully Utilized Design (MFUD)
Method for Stress and Displacement Constraints. Int. J.
Numer. Methods Eng., vol. 41, no. 7, 1998, 1171-1194.
Patnaik, Surya N.; Pai, Shantaram S.; and Hopkins, Dale A.:
Precision of Sensitivity in the Design Optimization of Inde-
terminate Structures. NASA/TP—2006-213818, 2006.

Patnaik, S.N.; and Gallagher, Richard H.: Gradients of Behav-
iour Constraints and Reanalysis Via the Integrated Force
Method. Int. J. Numer. Methods Eng., vol. 23, no. 12, 1986,
pp. 2205-2212.

Patnaik, Surya N.; and Hopkins, Dale A.: Stress Formulation in
Three-Dimensional Elasticity. NASA/TP—2001-210515, 2001.
Washizu, K.: A Note on the Conditions of Compatibility. J.
Math. Phys., vol. 36, no. 2, 1958, pp. 306-312.



Form Approved

REPORT DOCUMENTATION PAGE OMB No. 0704-0188

The public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the
data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing this
burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302.
Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently valid OMB
control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
14-05-2007 Technical Paper
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

Compatibility Condition in Theory of Solid Mechanics (Elasticity, Structures,
and Design Optimization)

5b. GRANT NUMBER
NAG3-2915

5c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER
Patnaik, Surya, N.; Pai, Shantaram, S.; Hopkins, Dale, A.

5e. TASK NUMBER

5f. WORK UNIT NUMBER

WBS 599489.02.07.03.06
7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
National Aeronautics and Space Administration REPORT NUMBER
John H. Glenn Research Center at Lewis Field E-15772
Cleveland, Ohio 44135-3191
9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING/MONITORS
National Aeronautics and Space Administration ACRONYM(S)
Washington, DC 20546-0001 NASA
11. SPONSORING/MONITORING
REPORT NUMBER

NASA/TP-2007-214480

12. DISTRIBUTION/AVAILABILITY STATEMENT
Unclassified-Unlimited
Subject Category: 39

Available electronically at http://gltrs.grc.nasa.gov
This publication is available from the NASA Center for AeroSpace Information, 301-621-0390

13. SUPPLEMENTARY NOTES

14. ABSTRACT

The strain formulation in elasticity and the compatibility condition in structural mechanics have neither been understood nor have they been
utilized. This shortcoming prevented the formulation of a direct method to calculate stress. We have researched and understood the
compatibility condition for linear problems in elasticity and in finite element analysis. This has lead to the completion of the “method of
force” with stress (or stress resultant) as the primary unknown. The method in elasticity is referred to as the completed Beltrami-Michell
formulation (CBMF), and it is the integrated force method (IFM) in structures. The dual integrated force method (IFMD) with displacement
as the primary unknown has been formulated. IFM and IFMD produce identical responses. The variational derivation of the CBMF yielded
the new boundary compatibility conditions. The CBMF can be used to solve stress, displacement, and mixed boundary value problems. The
IFM in structures produced high-fidelity response even with a modest finite element model. The IFM has influenced structural design
considerably. A fully utilized design method for strength and stiffness limitation has been developed. The singularity condition in
optimization has been identified. The CBMF and IFM tensorial approaches are robust formulations because of simultaneous emphasis on
the equilibrium equation and the compatibility condition.

15. SUBJECT TERMS
Force method; Indeterminate structure; Boundary compatibility; Design; Singularity

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF 18. NUMBER 19a. NAME OF RESPONSIBLE PERSON
ABSTRACT OF Shantaram S. Pai

a. REPORT b. ABSTRACT c. THIS PAGES 19b. TELEPHONE NUMBER (include area code)

U U IIDJAGE 38 216-433-3255

Standard Form 298 (Rev. 8-98)
Prescribed by ANSI Std. Z39-18









	E-15772 Cover.pdf
	E-15772TP-layout5.pdf
	E-15772 RDP.pdf
	blank-back of RDP.pdf


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Preserve
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




