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The balayage of a Carleson measure lies of course in bounded mean oscillation (BMO). 7
We show that the converse statement is false. We also make a two-sided estimate of the 8

Carleson norm of a positive measure in terms of certain balayages. 9

1 Introduction and Notation 10

In this note, we consider a question that naturally appeared in the recent work of 11
Frazier-Nazarov-Verbitsky [3]. The question is: 12
How does the Carleson norm of a positive measure in the disk relate to the 13
bounded mean oscillation (BMO) norm of its balayage on the circle? 14
A related question is: 15
How can one describe measures on the disk (say, positive measures) whose bala- 16
yage is a BMO function? 17
The second author is grateful to Igor Verbitsky, who called our attention to these 18
questions. 19
We show that the seemingly answer: “These are exactly the Carleson measures” 20

is false. The Carleson property is indeed of course sufficient, but not at all necessary. 21
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2 S. Pott and A. Volberg

However, we can characterize the Carleson property in terms of the BMO norms of the
balayages of restrictions of the measure.

Throughout the paper, we will use the notation <, > for one-sided estimates up
to an absolute constant, and the notation ~ for two-sided estimates up to an absolute
constant.

We will use the setting of the upper half plane Ri rather than the unit disk. Given
a positive regular Borel measure x on the upper half plane Ri ={(t,y) e R?: y> 0}, its

balayage is defined as the function
Su(®) = / Pxy(®du(t, y),
B2

where py y(t) = %m is the Poisson kernel for RZ. We say that u is a Carleson

measure if there exists a constant C > 0 such that for each interval I C R, the

inequality
u(Qr) = C|I| (1)

holds. Here, Q; denotes the Carleson square {(x,y) : x € I,0 < y < |I|} over I. It is easy

to see that it is sufficient to consider dyadic intervals in this definition. We denote the

infimum of all constants C > 0 such that (1) holds for all dyadic intervals by Carl(u).
Recall that the space of functions of BMO (R) is defined as

1
beL?R): sup —
ICR interval 1]

/wm—wmw<w}
I

with ||bllBMo = SUP R interval % J7 1b(t) — (b);|dt. By the John-Nirenberg inequality, the
L! norm in the definition of BMO can be replaced by any || - | pnorm, 1 < p < oo. We thus
obtain a family of equivalent norms on BMO(R), with equivalent constants depending
on p.

The connection between the properties of a measure u and its balayage S, have
long been studied. In particular, it is well known that the BMO norm of S, is controlled

by the Carleson constant of u,

ISuliBmo < Carl(u). (2)

For this and other basic facts on BMO functions, we refer the reader to [4].
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Carleson Measure and Balayage 3

A partial reverse of (2) was found in [2], [7], and in the dyadic case, [5]. Namely,
it was shown that for each b € BMO, there exists an L°°(R) function ¢ and a Carleson
measure p such thatb=¢ + S, [|¢lleo + Carl(n) < ||bllsmo- If we allow x to be a complex
measure, one even has the representation b = S, with Carl(n) < [1bllzmo [6].

The purpose of this note is to show that reverse inequality to (2) in the strict
sense does not hold, and to give a characterization of the Carleson property of a measure

w in terms of the BMO norm of the balayage of restrictions of u.

2 The Dyadic Balayage

We start by examining the dyadic case. We will use the standard Whitney-type decom-
position of the upper half plane, indexed by the set D of left-half open dyadic intervals
in R,

I
T1={(X,Y)1X€I,%<y§|1|} forI € D.

That means, T7 is the “top half” of the Carleson square Q; defined above.

For a positive regular Borel measure . on R?, we define the dyadic balayage by

t
sl =Y X|IT(|)M(T1) (t e R),
IeD

which is well defined as a function taking values in [0, occ]. By comparing box kernel and
Poisson kernel, one easily verifies the pointwise estimate Sg S Sy
We recall the definition of dyadic BMO, BMOY(R), as the class of LZ(R) functions

for which

1 1 1
IBIZ, 400 =sup—f|b(t>— (b)r|?dt = sup —||Pb|> =sup — Y |by|?
1ep 1 J1 1eD | 1ep | Jebdcr

is finite. Here, hy denotes the L2-normalized Haar function, b := (b, hy) denotes the cor-

responding Haar coefficient of function b, and P; denotes the orthogonal projection on to

span{hy : J C I}. Again, by the John-Nirenberg inequality the L? norm in the definition

can be replaced by any L? norm, 1 < p < oo, yielding an equivalent norm.
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4 S. Pott and A. Volberg

We say that a sequence of nonnegative numbers («;);ep is a Carleson sequence,
if there exists a constant C > 0 such that
1

H Z a; <C foreach I € D.

JeD,JcI

Again, we denote the infimum of such constants by Carl((a;)). With this notation, one

verifies immediately the following well-known lemma.
Lemma 2.1. Let b € L?(R). Then the following are equivalent:

1. pis a Carleson measure
2. (u(T1))1ep is a Carleson sequence
3. by =Y jep hr(Tr)Y? € BMOY(R).

In this case, Carl(u) = Carl((u(T7))) = b, ||BMOd

Notice that with the above definition of b,

SSZ Zmﬂ( T = ZmeM)ﬂz Slbyl,
IeD

where S denotes the square of the dyadic square function, S[fl =) ;.p ‘XTI‘|fI|2 for f e
L?(R). In this sense, we have identified the dyadic balayage of a positive regular Borel
measure pu with the square of a dyadic square function of b,. Conversely, for any f e
L?(R), S[ f] can be written as a dyadic balayage of a measure w ¢, for example by letting
1= rep | f11%821), 2(I) denoting the center of T;.

The well-known dyadic analog of (2) is therefore equivalent to the inequality

ISl gproa < 112 (3)

BMOY’

which can be now be proved as a simple application of the John-Nirenberg inequality.
Notice that for any dyadic inverval I € D, all summands in S[b] =)_ ;.p |X7J||bJ|2 except
those corresponding to dyadic intervals J C I are constant on I. Thus

1 1

BMOY’

1 t
: m/s[PIb]“)dtHS[be] (=2 [ S B ibs e = 2Pl < 2112
! JCI

which proves (3).
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Carleson Measure and Balayage 5

Here are the main results of this section, which concern the reverse inequality
to (3). The first says that the BMO norm of the dyadic balayage can be very much smaller
than the Carleson constant of a measure, even if one increases the BMO norm by the L2

norm.

Theorem 2.2. Lete > 0. Then there exists a Carleson measure x on Ri with Carl(u) =1,
1S3 1Bmo + 113112 < & O

Proof. By Lemma 2.1 and the argument following it, we want to find a BMO%(R) func-
tion b of norm 1 such that both the BMO? norm and the L2 norm of S[b] are small. To this
end, let Ip = (0,1], I_; = (=2,0], Iy = (2K — 1,2k — 1] for k> 0 and Iy = (—27%, —27%k1)
for k < 0. In particular, |Ix| = 2/¥ for all k € N. Let r; denote the first Rademacher func-
tiononR, r = Zjez(—x(j,ﬂ%] + X(j+%,j+ll)’ and let r, = 1 (2" !.) be the nth Rademacher
function on R. Let N € N, N to be determined later, and let

Z Z X1 (DT n(2).

One verifies without difficulty that ”b”1231v[od = N. Clearly,

oo N-—|k|

Sbl= Y > ka—Z(N k) X101

k=—00 n=1

This is a “dyadic log”, and it is not difficult to show that
IS[blllemo < C,

where C is an absolute constant independent of N. Notice that we have an estimate here
not only for the dyadic BMO norm, but for the full BMO norm.

Now choose N so large that % < 5 and replace b by —»b. This already guaran-

1/2
tees that ||b||2Mod =1, |S[blllemo < &. To deal with the desireg L2 estimate, observe that
the estimates achieved so far do not change at all if b is dilated with an integer power of
2. By choosing a suitable power 2X of 2, K € N, and replacing b by b(2X.), we obtain the
desired estimate

D)% =1, |[IS[blllzsmo + IS[B]ll2 < e. ]

BMOY —
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6 S. Pott and A. Volberg

The next theorem says that we can retrieve the Carleson constant of a measure
up to an absolute constant from its dyadic balayage, if we restrict the measure to certain

sets.

Theorem 2.3. Let u be Carleson measure u on Ri. Then

A d ~ d
Carl(u) ~ sup 15 Igarod = SUP IS, llgaod-
ECR? . E Borel set 1eD

Here, ug stands for the restriction of u to E, given by ug(4) = u(E N A). O

Proof. Clearly, Carl(ug) < Carl(u) for each Borel set E C RZ, so

sup |15, llgmot < sup 1S9, gm0t < sup Carl(ug) < Carl(u).
1eD ECR? E Borel set ECR? E Borel set

To prove the reverse inequality, let I € D. Observe that Sg o is supported on the closure

of I. Therefore, with I’ denoting the dyadic sibling of I, we have

1 () 1

d d d d XJ

150, lntot = (S5, )1 = (g el = (8o, )1 = /1 > ALERIndL= (@),
JeD,JCI

Thus, Carl(u) < sup;ep ||s;}aI Il garod-

3 The Algebra of Paraproducts

This section contains a short operator-theoretic motivation for the choice of the coun-
terexample, in particular the appearance of Rademacher functions, in the previous sec-
tion, in terms of paraproducts. Recall that for b € L%(R), the standard dyadic paraprod-
uct mp is defined by

mpf =Y hibr(f)1 for f e L¥(R) N LA(R).
IeD

It is well known, and indeed a reformulation of the classical Carleson Embedding Theo-
rem, that 7, extends to a bounded linear operator on L?(R), if and only if b € BMOY(R).

In this case, ||z ~ [|Dllgpod-
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Carleson Measure and Balayage 7

Such dyadic paraproducts have the nice property that 7/ is essentially a dyadic
paraproduct again, with symbol S[b] (see [1]):

= sy + (Tsp) ™ + Diag(b), (4)

where Diag(b) denotes the diagonal of 7,7, with respect to the Haar basis, Diag(b)h; =

|wphr||2h; for I € D. Moreover,

sl ~ llmsp + (rsp) ™l 2 11D gppoa- (5)

As pointed out in the previous section, the problem of finding a Carleson measure with
Carleson constant 1 and small BMOY norm of the dyadic balayage is equivalent to finding
b € BMO%(R) of norm 1 such that S[b] has small BMO¢ norm.

In light of (4) and (5), this means finding b € BMOY(R) such that mpmp is “almost

diagonal”, in the sense that

2

ISTBllgppoe = Iwsip) + Grspp) || = Imgms — Diagyll < llmgmsl = [I7pl|* ~ 1BI155 500

Note the elementary identity

1 XJ XJ
ninph = —— 22\ bs|? — 22 bs1% ] . (6)
brbht = 7 > 571041 > el

JcI+ JcI-
The function ZJng |X7J||bJ|2 + ZJQ, |X71||b‘]|2 is constant on its support I for each I, if
b is a sum of Rademacher functions. In this case, the right-hand side }_ ;- ;+ |X7J||bj|2 -
dogcr- |X7J||bj|2 of (6) is always a multiple of h;, and 77 is diagonal in the Haar basis.
In our counterexample, we have to introduce cutoffs on the Rademacher functions in
order to control the L2 norm. This introduces nondiagonal terms, but these can then be

controlled by the logarithmic staggering of the cutoffs.

4 The Poisson Balayage

We are now going to construct a compactly supported positive measure p on the
upper half plane such that its Carleson constant Carl(x) is very large (say m), but
ISullBmo + IS, llz: is bounded by absolute constant. From here, one can easily construct
finite positive measure p which is not Carleson, but whose balayage is a nice BMO

function.
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8 S. Pott and A. Volberg

Fix me N. For 0 < j <m, let I; denote the interval [—2/,2/] and Ij = I;\ Ij_;. 143
Furthermore, let Iy = I and let fm+1 =R\ I 144

Let 11 j denote one-dimensional Lebesgue measure on the segment I x {277}, and 145

let u = Z;’;O m;. Clearly, Carl(u) = m+ 1. 146

Here is the elementary technical lemma which will show the desired properties 147
of u. 148
Lemma 4.1. There exists an absolute constant ¢ > 0 (independent of m) such that 149

1S () — x1;(®)] < c27 for |t] < 2/ or |t] > 27T, je{o,....m). O
Proof. Observe that 150
1 (2 2-J
Sﬂj(t):;/_Zj (x—t)z—zszX SM 0) < 1forallteR, ]E{O mj.
Now let |¢t| < 2/71. Then 151

S P Y 27 4
() —1=— S
ki /21 (X—t)2 22" ﬂ/—oo (x—1)2%2+272 X
_9J o .
1 27
= —=  dx+-[ —= 4
/oo (x—t)z 272] X+n/zf x—p2+2 2

= dx
/ (x+ 2/~ 1)2+2 2j
221+1

I dx
/2211)(2—1-1 Z /211 x2+1

o
Ezzzlq 1 §272j+1.
T = (221—1)2 T

IA

IA

If |¢t| > 2771, then 152

S,u](t) = —/2] (X_t)z 2 2] dX
2J 2- J

IA

| S dx
b4 /_zj 22] 4 2-2]

12—2]'-1—1‘ =
T

IA



Carleson Measure and Balayage 9

Writing S, = 37Lo Su; = 2 1Lo X1, + 2 7Lo(Su,; — x1;), We see that the first term
is a dyadic log function, and therefore in BMO(R) with some absolute norm bound
independent of m. To estimate the second term, let t € I. By the previous lemma,
1S (®) — x1; ()] < c2 I for j ¢ {k— 1, k, k+ 1}, therefore

m m
D 1800 — a0 <> c277 +6=2c+6.
j=0 j=0

Thus, the second term is in L°°(R), with L° norm bounded by 2c + 6. Altogether, we find
that there is an absolute constant ¢, independent of m, such that ||S,|smo < ¢. However,

an elementary calculation shows that
m m .
1Sully =Y 1Syl =Y 27t =2m+2 — 2,
Jj=0 Jj=0

and we would like to control the L! norm of S, as well. But by scaling our con-
struction with a small &> 0, that is, replacing each wu; by /i, the one-dimensional
Lebesgue measure on [—h2/, h2/] x {h2~/} and letting ji = Z;":O ftj, we obtain a measure
fi with Carl() = Carl(u) = m+ 1, S;(t) = Su(}). Thus, we have ||S, |, = k(2™ — 2) and
I SillBmo = ISk llBMO < €.

After choosing an appropriate h > 0 and dividing by an appropriate multiple of

m, we obtain

Theorem 4.2. Lete > 0. Then there exists a Carleson measure i on Ri with Carl(u) =1,
ISullBMO + [ISpll < &. O

We will now show a continuous analog to Theorem 2.3.

Theorem 4.3. Let u be Carleson measure u on Ri. Then

~ d -
Carl(p) ~ sup 1SS, llgpod &SP [ISuq, Mo
ECR? E Borel set ICR interval 0

Proof. We only have to prove that sup;-g interval | St a; lBmo 2 Carl(u). After translation

and dilation of u, we can assume without loss of generality that ©(Qy) > }LCarl(,u) for
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J =[1/4,3/4]. Let I = [0, 1] and let I’ denote the translated interval [2, 3]. Then

1Sa, 180 = 1{Sua, )1 — (Sua, )7l

|{Su
= l y y
_/ 7[/01 (t—x)2 4 y2 (t+2—X)2—|-y2d'u(X’ y)dt

1 y4 4+ 4t
-/ / A e y)
7 Ja;J-x @+ yHA+2)"+y)
1 1=x 4+ 4t
z—/ / 5 ZY( * )2 s-dedu(x, y)
T Ji1/a.3/41x[0.1] J—x  (t“ + y2)((E+ 2)% + y*)
1 1/4 44 4¢
> —/ / 5 zy( + )2 5 dtdu(x, y)
7T Ji1/4,3/41x[0,1]1 J—1/a (t* + y2)((E+ 2)* + y*)
I
Z = ————dtdu(x, y)
7T J11/4,3/41x10,1] J—1/4 t2+ 2
1 4
> 21 / | aqdtdutey zu@n z carlgo.
7T Ji1/4,3/41x[0,1]1 J—1/4 t° + 1
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