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SUMMARY 

The source f l o w  method developed by G.A. Simons f o r  c a l c u l a t i n g  

t h e  f a r  f i e l d  plume d e n s i t y  produced by h i g h  t h r u s t  r o c k e t  nozz les  

i s  m o d i f i e d  and a p p l i e d  t o  low t h r u s t  r e s i s t o j e t  nozz les  w i t h  

Reynolds numbers on t h e  o r d e r  o f  4000 t o  7000. Simons' o r i g i n a l  

method and t h e  m o d i f i e d  a n a l y s i s  a r e  compared t o  mass f l u x  

measurements taken by C h i r i v e l l a  i n  a JPL vacuum tank  f a c i l i t y .  

R e s u l t s  o f  t h e  comparison show the m o d i f i e d  a n a l y s i s  p resented  i n  

t h i s  paper more a c c u r a t e l y  p r e d i c t s  t h e  mass f l u x  a t  l a r g e  ang les  

f r o m  t h e  n o z z l e  c e n t e r l i n e  than Simons' o r i g i n a l  method. The 

m o d i f i e d  Simons a n a l y s i s  i s  then used t o  c a l c u l a t e  t h e  plume 

s t r u c t u r e  and two con tamina t ion  parameters, number column d e n s i t y  

and back f l o w ,  f o r  f i v e  n o z z l e  geometries r e p r e s e n t a t i v e  o f  space 

s t a t i o n  r e s i s t o j e t s .  
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SYMBOLS 

plume n o r m a l i z a t i o n  cons tan t  a l s o ,  cons tan t  i n  

Cohen/Reshotko boundary l a y e r  a n a l y s i s  

Avogadro's number, 6 . 0 2 ~ 1 0  

son ic  v e l o c i t y  a t  s tagna t ion  c o n d i t i o n s  

cons tan t  i n  Cohen/Reshotko boundary l a y e r  a n a l y s i s  

h o r i z o n t a l  d i s t a n c e  between source and observer  i n  induced 

env i ronment  a n a l y s i s  

f u n c t i o n  r e l a t i n g  t h e  Mach number i n  t h e  n o z z l e  t o  t h e  

n o z z l e  a rea  r a t i o  

f o r m  f a c t o r ,  &*/e 

t rans formed f o r m  f a c t o r  

v e c t o r  f rom source l o c a t i o n  t o  observer  l o c a t i o n  i n  induced 

env i ronment  a n a l y s i s  

cons tan t  used i n  equat ion ( 1 6 )  f o r  I3 

cons tan t  used i n  equat ion ( 2 8 )  

n o z z l e  w a l l  l e n g t h  

v e r t i c a l  d i s t a n c e  between source  and observer  i n  induced 

env i ronment  a n a l y s i s  

Mach number 

Mach number a t  nozz le  e x i t  a l s o ,  Mach number e x t e r n a l  t o  

boundary l a y e r  

mo lecu la r  we igh t  

mass f l o w  r a t e  

c o r r e l a t i o n  number i n  Cohen/Reshotko boundary l a y e r  a n a l y s i s  
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s tagna t ion  p ressu re  

p o i n t  i n  space a long  a l i n e  o f  s i g h t  

n o z z l e  rad ius  i n  boundary l a y e r  a n a l y s i s  

p o l a r  coo rd ina te  r a d i a l  d i s t a n c e  f rom p o i n t  source i n  plume 

d e n s i t y  equat lons  

n o z z l e  t h r o a t  r a d i u s  

n o z z l e  e x i t  r a d l u s  

w a l l  en tha lpy  f u n c t i o n  

l i n e  o f  s i g h t  v e c t o r  o r i g i n a t i n g  f rom observer  l o c a t i o n  

s tagna t ion  temperature 

n o z z l e  wa l l  temperature 

gas v e l o c i t y  

average gas v e l o c l t y  

average l i m i t i n g  gas v e l o c i t y  f o r  f l u i d  f r o m  t h e  n o z z l e  

boundary l a y e r  

d i s t a n c e  a long  nozz le  w a l l  

n o z z l e  l eng th  

cons tan t  i n  t h e  equa t ion  f o r  U1 

cons tan t  i n  exponen t ia l  plume equa t ion  

s p e c l f i c  heat  r a t i o  

boundary l a y e r  th i ckness  

d lsp lacement  th i ckness  

t ransformed boundary l a y e r  t h i c k n e s s  

S u t h e r l a n d ' s  cons tan t  

Prandt  1 y-Meyer ang le  
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l i m i t i n g  expansion ang le  
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t h e  va lue  o f  
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Abbrevlations 

LOS line o f  sight 

mol molecules 

NCD number column denslty 

QCM quartz crystal microbalance 
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INTRODUCTION 

The induced env i ronment  i s  de f i ned  as t h e  env i ronment  wh ich  I s  

produced by t h e  presence and o p e r a t i o n  o f  a s p a c e c r a f t .  T h i s  

i n c l u d e s  molecules,  p a r t i c u l a t e s ,  e l e c t r i c  f i e l d s ,  e t c .  e m i t t e d  o r  

c r e a t e d  by t h e  space s t r u c t u r e .  The d e t r i m e n t a l  e f f e c t s  o f  

con tamlna t ion  f rom p r o p u l s l o n  systems and va r ious  o t h e r  sources 

have been seen on numerous manned and unmanned m iss ions  [ l ] .  I n  

t h e  p a s t ,  con tamina t ion  f r o m  t h e  induced env i ronment  was an 

a f t e r t h o u g h t  i n  t h e  des ign  o f  spacec ra f t  systems. Wi th  t h e  

development o f  i n c r e a s i n g l y  s e n s l t i v e  as t ronomica l  i ns t rumen ts  such 

as t h e  Space I n f r a r e d  Telescope F a c i l i t y  [ 2 ]  and t h e  advent  o f  t h e  

space s t a t i o n  which may be degraded by t h e  e f f e c t s  o f  

con tamina t ion ,  des igne rs  o f  space systems a r e  pay ing  more a t t e n t i o n  

t o  t h e  i d e n t i f i c a t i o n  and modeling o f  con tamina t ion  sources and 

t h e i r  e f f e c t s .  

An e l e c t r o t h e r m a l  p r o p u l s i o n  system, commonly known as t h e  

r e s i s t o j e t  s i n c e  i t  uses e l e c t r i c a l  r e s i s t a n c e  t o  heat  a gas and 

expand i t  th rough  a nozz le ,  w i l l  be used on t h e  NASA space s t a t i o n  

t o  p r o v i d e  o r b i t  maintenance as w e l l  as waste gas d i s p o s a l .  A 

concern w i t h  t h i s  system, as w i t h  any p r o p u l s i o n  system, i s  i t s  

impact  on t h e  space s t a t i o n  environment due t o  t h e  exhaust plume. 

I n  a n a l y z l n g  contarn ina t ion  f rom plumes, t h e  p r e d i c t i o n  o f  t h e  plume 

s t r u c t u r e  i t s e l f  i s  a key element and i s  very  d i f f i c u l t  t o  do 

q u i c k l y  and a c c u r a t e l y .  Once the plume s t r u c t u r e  i s  known t h e  

con tamina t ion  parameters can be assessed. 

1 
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l h e  f l r s t  p o r t l o n  o f  t h i s  r e p o r t  i s  devoted t o  m o d i f y i n g  a 

c losed  form source f l o w  method f o r  p r e d i c t i o n  o f  t h e  f a r  f i e l d  

plume d e n s l t y  developed by G. A .  Simons [ 3 ]  f o r  a p p l i c a t i o n  t o  t h e  

v iscous  f l o w f i e l d  produced by r e s i s t o j e t  t h r u s t e r s .  The o r i g i n a l  

Simons method has been a p p l i e d  t o  smal l  t h r u s t e r s  w i t h  l a r g e  

v i scous  e f f e c t s  [ 4  t h rough  101. The d i f f e r e n t  r e s u l t s  f o r  t h e  

plume parameters ob ta ined  u s i n g  t h e  o r i g i n a l  and m o d i f i e d  Simons 

methods are  p o i n t e d  o u t  i n  t h i s  paper .  I n  c a r r y i n g  o u t  t h e  plume 

a n a l y s i s ,  the boundary l a y e r  and d isp lacement  th i cknesses  must be 

known a t  the r o c k e t  n o z z l e  e x i t .  There fore ,  t h e  f o l l o w i n g  s e c t i o n  

desc r ibes  the boundary l a y e r  model ing used. Next, t h e  plume 

a n a l y s i s  developed i n  t h i s  r e p o r t  i s  compared t o  da ta  f rom 

r e f e r e n c e  26. 

The second p o r t i o n  o f  t h e  r e p o r t  p resen ts  t h e  r e s u l t s  o f  a 

pa ramet r i c  s tudy  assessfng t h e  induced env i ronment  f o r  f i v e  cases 

rep resen t ing  t y p i c a l  space s t a t i o n  r e s i s t o j e t  geomet r ies  and 

o p e r a t i n g  c o n d i t i o n s .  T h i s  s tudy  uses t h e  r e s u l t s  o f  t h e  plume 

a n a l y s i s  sec t l on  t o  p r e d i c t  t w o  induced env i ronment  parameters,  

column d e n s i t y  and back f l o w .  The a n a l y s i s  i s  f o l l o w e d  by a 

d i s c u s s i o n  of  t h e  r e s u l t s .  
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PLUME ANALYSIS 

Perhaps t h e  most c r i t i c a l  aspect o f  a con tamina t ion  a n a l y s i s  o f  

a p r o p u l s i o n  system e n t a i l s  the de te rm ina t ion  o f  t h e  exhaust  plume 

s t r u c t u r e .  For t h e  Reynolds number range ( t y p i c a l l y  4000-7000) 

found i n  r e s i s t o j e t  t h r u s t e r s ,  t h i s  t a s k  I s  d i f f i c u l t .  Method-of- 

c h a r a c t e r i s t i c s  computer codes used t o  ana lyze  t h e  h i g h e r  t h r u s t  

engines ( g r e a t e r  t han  5 l b f )  need m o d i f i c a t i o n  t o  a c c u r a t e l y  

model t h e  more v iscous  f l o w  i n  nozz les o f  l e s s  than  100 mlbf  

t h r u s t e r s  [11 and 121. The viscous n o z z l e  f l o w  f i e l d  can be 

ana lyzed by a Nav le r -S tokes  r o u t i n e  w h i l e  t h e  vacuum f r e e  expansion 

i s  b e s t  modeled by a D i r e c t  S imu la t i on  Monte-Car lo  method [13 t o  

161, b u t  these techn iques  a r e  time consuming and expensive.  There 

e x i s t  source f l o w  r e p r e s e n t a t i o n s  o f  r o c k e t  nozz le  exhaust  plumes 

v a l i d  i n  t h e  f a r  f i e l d  which a re  e a s i l y  and q u i c k l y  a p p l i e d  once 

t h e  nozz le  geometry and opera t i ng  c o n d i t i o n s  a r e  known [3 ,  and 18 

t o  221. 

I n  t h i s  paper ,  a c losed  fo rm source f l o w  method dev ised by 

G . A .  Simons [ 3 ]  i s  m o d i f i e d  t o  model r e s i s t o j e t  t h r u s t e r  f l o w  

f i e l d s .  Simons' method i s  a g e n e r a l i z a t j o n  o f  t h e  numer ica l  

r e s u l t s  ob ta ined  by Boynton f o r  r o c k e t  engines w i t h  t h r u s t s  g r e a t e r  

t h a n  10 l b f  [ 1 7 ] .  

f r o m  nozz les  w i t h  boundary l a y e r  e f f e c t s  u s i n g  a f i n i t e  d i f f e r e n c e  

numer i ca l  scheme i n  which t h e  expansion o f  r o t a t i o n a l  superson ic  

f l u i d  dround t h e  nozz le  l i p  i s  t r e a t e d  i n v l s c i d l y  and t h e  subsonic 

p o r t i o n  of t h e  boundary l a y e r  i s  neg lec ted .  

Boynton c a l c u l a t e s  exhaust plume f l o w  f i e l d s  

3 
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Large d i f f e r e n c e s  i n  t h e  f a r  f i e l d  plume s t r u c t u r e ,  e s p e c i a l l y  

a t  l a r g e  angles f rom t h e  plume c e n t e r l i n e ,  a r e  found when t h e  

superson ic  p o r t i o n  of t h e  boundary l a y e r  i s  i n c l u d e d .  Simons 

genera l i zed  Boynton 's  r e s u l t s  by exp ress ing  t h e  plume p r o p e r t i e s  i n  

terms o f  t h e  boundary l a y e r  th i ckness  and n o z z l e  e x i t  c o n d i t i o n s .  

D i f f i c u l t i e s  a r i s e  i n  a p p l y i n g  these methods t o  lower  t h r u s t  

dev ices  such as r e s i s t o j e t s  because t h e  boundary ayer  a t  t h e  

n o z z l e  e x i t  p l a n e  i s  a l a r g e  percentage o f  t h e  ex t p lane  r a d i u s ,  a 

c o n d i t i o n  neg lec ted  I n  p rev ious  ana lyses .  Simons method i s  

m o d i f i e d  i n  t h i s  p resen t  work by r e t a i n i n g  a h l g h e r  o rde r  term, 

i n v o l v i n g  the r a t i o  o f  t h e  boundary l a y e r  t h i c k n e s s  t o  t h e  n o z z l e  

e x i t  r ad ius ,  i n  t h e  development o f  t h e  e q u a t i o n  f o r  plume d e n s i t y .  

Some o f  Simons' s i m p l i f y i n g  expansions a r e  n o t  made i n  t h e  m o d i f i e d  

a n a l y s i s  for t h e  r e s i s t o j e t  n o z z l e  f l o w s .  A rev iew  o f  t h e  

development o f  t h e  o r i g i n a l  Simons method and i t s  m o d i f i c a t i o n s  a r e  

presented  below. 

I n  t h e  f a r  f i e l d ,  t h e  f l o w  f rom t h e  r o c k e t  n o z z l e  behaves as i f  

i t  i s  d i v e r g i n g  r a d i a l l y  f rom a p o i n t  source, as d e p i c t e d  i n  

f i g u r e  1. The c o n t i n u i t y  equa t ion  i s  used t o  r e l a t e  t h e  mass f l u x  

i n  t h e  plume t o  t h e  mass f l u x  a t  t h e  t h r o a t  o f  t h e  nozz le .  

Assuming t h e  l o c a l  d e n s i t y  i s  r e l a t e d  t o  t h e  plume c e n t e r l i n e  

d e n s i t y  by a f u n c t i o n  f ( e ) ,  

p(r.8) = p ( r , e  = O) f (e ) ,  (1)  

t h e  c o n t i n u i t y  equa t ion  becomes 

. 
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. 

Where el 

n o z z l e  e x i t  p lane  and i s  c a l c u l a t e d  by t a k i n g  t h e  d i f f e r e n c e  

between t h e  Prandt l -Meyer  angles f o r  an i n f i n i t e  Mach number 

expansion and f o r  t h e  Mach number a t  t h e  e x i t  p l a n e  and add ing  t h e  

n o z z l e  h a l f  ang le .  

i s  t h e  l i m i t i n g  t u r n i n g  ang le  o f  t h e  gas a t  t h e  

e = v  - v  + e  ( 3 )  1 M=m M=Me noz 

U1 

expansion o f  t h e  gas t o  zero  s t a t i c  p ressure .  

i s  t h e  l i m i t i n g  v e l o c i t y  o f  the gas cor respond ing  t o  an 

"1 = ( d ) i ' 2  y - 1  "* ( 4 )  

Simons d e f i n e s  t h e  n o r m a l i z a t i o n  cons tan t  A as, 

U s l n g  equat ions  ( I )  and ( 5 )  i n  (2)  and r e a r r a n g i n g  g i v e s  t h e  

e q u a t l o n  f o r  gas d e n s i t y  i n  the f a r  f i e l d  as 

Var lous researchers  [18  t o  2 2 1  have dev ised seve ra l  f u n c t i o n s  

f ( 0 )  t o  account  f o r  t h e  v a r i a t i o n  o f  d e n s i t y  w i t h  ang le  f rom f o r  

t h e  plume c e n t e r l i n e  f o r  i n v i s c i d  f l o w s .  Simons f o l l o w s  Boynton 's  

c h o i c e  [ 2 3 ]  o f  a cos ine  power f u n c t i o n  f o r  f ( e )  which obeys t h e  
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locally two-dimensional PrandtLMeyer expansion function for 8 

near el. 

where em is the value of e for inviscid supersonic 

flow. This cosine power function correlates well with Boynton's 

numerical results for the far field plume structure for lnviscid 

nozzle flow. However, when the effects of the supersonic boundary 

layer in the nozzle and its subsequent expansion into the far field 

are considered, Boynton notes large discrepancies from the angular 

dependency given by equation (7) for e near 8 . In fact 

the decrease in density with increasing angle from the plume 

centerline follows an exponential decay. Simons proposes a second 

function for f ( 8 )  t o  be used for angles greater than an angle 

eo such that 

1 

OD 

f(e) = f(e )exp[-B(e - e ) ]  
0 0 

where it is assumed that the boundary layer streamline turns 

through the angle eo, and eo and B are functions of 

the nozzle exit conditions. In this way, the far field plume 

structure is modeled by two equations: (1) a cosine power law valid 

from e = 0 to 

fluid from the inviscid core of the nozzle, and 2) an exponential 

function valid from 8 = e to e = em which models 

the expansion of the fluid coming from the nozzle boundary layer. 

lhe plume i s  assumed to be axisymmetric. To calculate the far 

e = eo which models the expansion of the 

0 
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f i e l d  plume s t r u c t u r e ,  t h e  values f o r  A ,  B, and eo a r e  

c a l c u l a t e d .  A s  s t a t e d  above, B and e a r e  determined by t h e  

n o z z l e  e x i t  c o n d i t i o n s .  The means f o r  c a l c u l a t i n g  A i s  g i v e n  

0 

below. 

I f  I t  i s  i n i t i a l l y  assumed t h a t  t h e  n o z z l e  f l o w  i s  e n t i r e l y  

i n v i s c i d ,  t h e  f a r  f i e l d  plume shape i s  governed by t h e  c o s i n e  

f u n c t i o n ,  equa t ion  ( 7 ) .  Us ing  equat ions ( 7 )  and ( 4 )  i n  

equa t ion  (5). A i s  c a l c u l a t e d  as 

I n  e v a l u a t i n g  t h e  i n t e g r a l  i n  equat ion (5), t h e  approx ima t ion  

i s  used. The parameters eo and 0 a r e  r e l a t e d  t o  t h e  r a t i o  

o f  t h e  boundary l a y e r  th l ckness  t o  n o z z l e  r a d i u s  a t  t h e  e x i t  p lane  

by u s i n g  c o n s e r v a t i o n  o f  mass. 

The development o f  t h e  plume d e n s i t y  equat ions  g i v e n  above has 

been a rev lew  o f  Simons' work based on Boynton 's  r e s u l t s .  The 

f o l l o w i n g  a n a l y s i s  f o r  de termin ing  eo and 0 i s  a r e s u l t  o f  

m o d i f i c a t i o n s  t o  Simons' o r i g i n a l  work i n  an e f f o r t  t o  make t h e  

method more accu ra te  f o r  cases where t h e  r a t i o  o f  t h e  boundary 

l a y e r  t h l c k n e s s  t o  t h e  n o z z l e  rad ius  a t  t h e  e x i t  p lane  i s  n o t  

s m a l l ,  as i s  t h e  case f o r  most r e s l s t o j e t  f l o w f i e l d s .  

l h e  va lue  f o r  eo, wh ich  i s  t h e  ang le  f r o m  t h e  c e n t e r l i n e  

o f  t h e  s t r e a m l i n e  which separates t h e  l n v i s c l d  co re  f l o w  f r o m  t h e  
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f l o w  I n  

i n  t h e  

found w 

t h e  boundary l a y e r ,  I s  determined by equa t ing  t h e  mass f l o w  

n v l s c i d  co re  of t h e  nozz le  w i t h  t h e  mass f l o w  i n  t h e  plume 

t h i n  a symmetr ica l  cone o f  h a l f  ang le  eo, 

2 
peUen( re - =i 2npU1 r s inede . 

The i n t e g r a l  i s  eva lua ted  u s i n g  t h e  approx ima t ion  g i v e n  by 

equa t ion  ( l o ) ,  s u b s t i t u t i n g  equa t ion  ( 6 )  f o r  p u s i n g  equa t ion  ( 7 )  

f o r  f ( 0 )  s i n c e  t h i s  i s  t h e  expansion o f  t h e  f l u i d  f rom t h e  

i n v i s c i d  c o r e  of  t h e  nozz le ,  and s u b s t i t u t i n g  equat ions  ( 4 )  and ( 9 )  

f o r  U1/U* and A ,  r e s p e c t i v e l y .  A f t e r  some rearrangement ,  t h e  

equa t ion  for f ( e o )  i s  g i v e n  as 

S o l v i n g  t h e  above equa t ion  f o r  e0/8,  

Lquat ions ( 1 1 ) ,  ( 1 2 ) ,  and (13)  d i f f e r  f rom those o f  Simons. 

S ince  he was s t u d y i n g  cases where t h e  boundary l a y e r s  were smal l  

compared t o  t he  n o z z l e  e x i t  r a d i u s  and t h e  expansion a n g l e  

approaches em, he was a b l e  t o  n e g l e c t  t h e  A 2  t e r m  i n  

equa t ion  (11) and expand t h e  cos ine  f u n c t i o n  i n  equa t ion  ( 1 2 )  i n  a 

eo 

Tay lo r  se r ies  f o r  eo near em. I t  i s  more accu ra te  t o  s o l v e  f o r  

eo/O 

Al though Simons a r r i v e d  a t  h i s  equat ions  f o r  

d i r e c t l y  i n s t e a d  o f  i n t r o d u c i n g  f u r t h e r  app rox ima t ions .  
m 

f ( e o )  and eO/8, by 
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equa t ing  t h e  n o z z l e  boundary l aye r  mass f l o w  t o  t h e  mass f l o w  i n  

t h e  plume d i v e r g i n g  a t  ang les  g rea te r  than 

a r e  e q u i v a l e n t  t o  t h e  r e s u l t s  g iven by equat ions  (12 )  and ( 1 3 )  

eo,  t h e  end r e s u l t s  

s i n c e  t h e  plume n o r m a l i z a t i o n  constant  i s  d e f i n e d  t h e  same way. 

Simons' forms o f  equa t ions  ( 1 2 )  and (13 )  a r e  d u p l i c a t e d  below. 

Once t h e  ( 6 / r e ) 2  t e r m  i n  t h e  f a r  r i g h t  hand s i d e  of 

equa t ion  ( 1 2 )  I s  neg lec ted  and t h e  cos ine  f u n c t i o n  expanded i n t o  a 

T a y l o r  s e r i e s ,  these r e s u l t s  reduce t o  Simons' o r i g i n a l  forms, 

equa t ions  (12s)  and ( 1 3 s ) .  The f i n a l  parameter t o  be determined i s  

t h e  cons tan t  B. 

Once aga in  u s l n g  c o n t i n u i t y  and assumlng t h e  boundary l a y e r  

mass f l o w  expands i n v i s c i d l y  f r o m  i n i t i a l  v iscous  c o n d i t i o n s ,  a 

r e l a t i o n s h l p  between t h e  f l u i d  expanding i n  t h e  plume beyond t h e  

a n g l e  eo and t h e  boundary l a y e r  f l u i d  i s  w r i t t e n  as 

2nr U p d - peUen6 = ( 1 4 )  e e e  

where t h e  d2 t e r m  i s  r e t a i n e d .  The i n t e g r a l  i s  eva lua ted  by 

u s i n g  equa t ion  ( 6 )  f o r  p and equat ion  ( 8 )  f o r  f ( e )  s i n c e  t h e  
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gas I n  t h i s  r e g i o n  f o l l o w s  t h e  exponen t ia l  angu la r  dependency. 

U1 

f l u i d  f r o m t h e  superson ic  boundary l a y e r  i n  t h e  n o z z l e  and becomes 

a cons tan t  o f  i n t e g r a t i o n  (ul = aU 1 

A f t e r  e v a l u a t i n g  t h e  i n t e g r a l ,  d i v i d  ng b o t h  s ides  o f  t h e  equa t ion  

by 

- 
i s  t h e  average l i m i t i n g  v e l o c i t y  I n  t h e  f a r  f i e l d  o f  t h e  

where 0.5 5 Q 5 1 .O). 

2 
peUere, and assuming exp(-13eoD) = 0 

Oslneo t cose, 

a2+ 1 

A t  t h i s  p o i n t ,  bes ldes  n e g l e c t i n g  t h e  te rm Simons 

assumes B >> 1 and s lneo  i s  app rox ima te l y  0 ( 1 )  which  a r e  

v a l i d  approx lmat lons f o r  nozz les  w i t h  r e l a t i v e l y  smal l  boundary 

l a y e r s .  In the p r e s e n t  a n a l y s i s ,  t h e  above assumptions a r e  n o t  

made r e s u l t i n g  i n  t h e  f o l l o w i n g  express ion  f o r  B 

I3 = 2 s i n e o  +d$ s ln2eo  t Kcoseo - 1 

where K I s  

Whereas Slmons' e q u a t i o n  f o r  0 I s  w r i t t e n  as 

1 /2  2D (Y-1 I3 = A (.: Y ;) (+)($) 
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I f  Simons' s i m p l i f y i n g  assumptions a r e  used, equa t ion  ( 

w l l l  reduce t o  equa t ion  (16S),  as expected.  

l o  see what t h e  e f f e c t  o f  us ing t h e  s i m p l i f y i n g  assumpt ons 

employed by Simons wh ich  a r e  v a l i d  f o r  nozz les  w i t h  t h i n  boundary 

l a y e r s ,  va lues  f o r  f ( e o ) ,  eo, and R a r e  computed u s i n g  

equa t ions  ( 1 2 ) ,  (13 )  and (16 )  compared t o  equat ions  (12S),  (13s)  

and ( 1 6 s ) .  

Assume y = 1.3, M = 5.0, &/re = 0.20, and enoz = 20". Then e 

f r o m  equa t ion (3 )  el = em = 90" and f r o m  equa t ion  ( 9 )  A = 1.38. 

Us ing  Simons' equa t ion  f o r  f ( e o ) ,  

w l t h  &/re = 0.2 r e s u l t s  I n  f ( e  = 0 . 4 5 .  Simons' e q u a t i o n  
0 

f o r  eo/e a, ( e q u a t i o n  ( 1 3 s ) )  g ives eo = 39".  From equa t ion  (16S), 

t h e  va lue  f o r  R i s  6.46, assuming U, = 0.75U 
- 

1 '  

Us ing  t h e  p resen t  a n a l y s i s ,  equa t ion  ( 1 3 )  y i e l d s  eo = 29" 

wh ich  i s  10" sma l le r  t han  t h a t  c a l c u l a t e d  above. The lower  va lue  

o f  eo c a l c u l a t e d  u s i n g  t h e  mod l f i ed  a n a l y s i s  shows t h a t  t h e  

t h i c k e r  boundary l a y e r  a t  t h e  nozz le e x i t  p lane  i n h i b i t s  t h e  

s t r e a m l i n e  a t  t h e  edge o f  t h e  boundary l a y e r  f rom expandlng as f a r  

as i t  w i l l  if Simons' o r i g i n a l  ana lys i s ,  wh ich  does n o t  r e t a i n  t h e  

h l g h e r  o r d e r  boundary l a y e r  terms, I s  used. The c a l c u l a t i o n  u s l n g  

e q u a t i o n  ( 1 2 )  g i v e s  

e q u a t i o n  ( 1 6 ) .  S ince I3 I s  the cons tan t  i n  t h e  exponen t ia l  

f u n c t i o n  d e s c r i b i n g  t h e  v a r i a t i o n  i n  gas d e n s i t y  as a f u n c t i o n  o f  

f ( e o )  = 0.41. F i n a l l y ,  I3 = 4 .28 f rom 
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8, t h e  lower v a l u e  g i v e n  by t h e  p r e s e n t  a n a l y s i s  as compared t o  

Simons' o r i g i n a l  means t h a t  t h e  gas d e n s i t y  decays l e s s  r a p i d l y  

w i t h  i n c r e a s i n g  ang le .  P h y s i c a l l y ,  t h i s  i s  a r e s u l t  o f  t h e  t h i c k e r  

boundary l aye rs  i n  t h e  nozz le .  

The equat ions and parameters developed above f o r  c a l c u l a t i n g  

t h e  f a r  f i e l d  plume d e n s i t y  s t r u c t u r e  depend on t h e  n o z z l e  p h y s i c a l  

c h a r a c t e r i s t i c s  (enoz, r , r e ) ,  t y p e  o f  p r o p e l l a n t  ( y ) ,  and 

f l o w  c o n d i t i o n s  ( p  , 6, ern). 

* 
* 

The c a l c u l a t i o n  o f  t h e  n o z z l e  f l o w  c o n d i t i o n s  a r e  o u t l i n e d  

below and I n  t h e  n e x t  s e c t i o n .  The Prandt l -Meyer  expansion ang le  

. The Mach e and 'noz e i s  a f u n c t i o n  o f  y ,  M 

number a t  the nozz le  e x i t  i s  a f u n c t i o n  o f  y and t h e  e f f e c t i v e  

03 

n o z z l e  area r a t i o ,  based on a one-dimensional i s e n t r o p i c  

expansion.  The boundary l a y e r  d isp lacement  t h i c k n e s s  a t  t h e  e x i t  

p l a n e  reduces the  p h y s i c a l  n o z z l e  a rea  r a t i o  which i n  t u r n  reduces 

t h e  e x i t  Mach number. The n e x t  s e c t i o n  desc r ibes  how t h e  n o z z l e  

boundary l aye r  parameters and e x i t  Mach number a r e  c a l c u l a t e d .  

Once Me and t h e  s t a g n a t i o n  chamber c o n d i t i o n s  (Po,To) a r e  

known, o ther  s t a t e  parameters i n  t h e  n o z z l e  c o r e  f l o w  a r e  

determined us ing  t h e  one-d imensional  i s e n t r o p i c  r e l a t i o n s .  

l h e  equat ions f o r  t h e  f a r  f i e l d  plume d e n s i t y  d e r i v e d  above 

assume a l l  o f  t he  gas f rom t h e  n o z z l e  i s  con ta ined  w i t h i n  a 

symmetr ica l  cone w i t h  a h a l f  ang le  o f  e . The a n g l e  

e i s  c a l c u l a t e d  t o  be t h e  l i m i t i n g  Prandt l -Meyer  expansion 

a n g l e  ( p l u s  enoz ) f o r  supersonic  c o r e  f l o w  co r respond ing  t o  

OD 

03 
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y and Me. A s  seen by equa t ion  (13 ) ,  n o z z l e  v i scous  e f f e c t s  

p reven t  t h e  supersonic  c o r e  f l u i d  a t  t h e  edge o f  t h e  boundary l a y e r  

f rom expanding t o  8 . Ins tead ,  t h e  supersonic  boundary 

l a y e r  f l u i d  expands f rom eo out  t o  ew. I n  r e a l i t y ,  

t h e  boundary l a y e r  c o n t a i n s  f l u l d  t r a v e l l i n g  a t  superson ic  and 

subsonic  v e l o c i t i e s .  A s  shown by B i r d  [13 ] ,  t h e  subsonlc  f l u l d  

a c c e l e r a t e s  t o  M = 1 a t  t h e  nozz le  l i p .  The M = 1 f l o w  a t  t h e  

n o z z l e  l i p  w i l l  expand t o  t h e  Prandt l -Meyer ang le  g i v e n  by 

W 

From t h e  equa t ion  f o r  ew ( 1 )  above and equa t ion  ( 3 ) ,  i t  

i s  seen t h a t  t h e  subsonic p o r t i o n  o f  t h e  boundary l a y e r  expands 

beyond e . Boynton and Simons both neg lec ted  t h e  behav io r  o f  

t h e  subsonlc p o r t i o n  o f  t h e  boundary l a y e r  s t a t i n g  t h a t  o n l y  a 

s m a l l  p o r t i o n  o f  t h e  t o t a l  mass f l o w  i s  con ta ined  w i t h i n  i t .  

W 

I t  i s  known t h a t  p h y s i c a l l y ,  t h e r e  i s  no s h a r p l y  d e f i n e d  c u t  

o f f  ang le  em beyond which the re  i s  zero  mass f l o w .  D i r e c t  

S i m u l a t i o n  Monte C a r l o  c a l c u l a t i o n s  [13 t o  161 a n a l y z i n g  t h e  nozz le  

l i p  phenomenon show t h e r e  i s  back f l o w  even a t  ang les  180" f r o m  t h e  

plume c e n t e r l i n e .  From a continuum p o i n t  o f  v iew,  t h e  e n t i r e  

boundary l a y e r  f l o w  w i l l  expand beyond e f i l l i n g  t h e  r e g i o n  

f r o m  eo t o  e ( 1 ) .  The supersonic boundary l a y e r  f l u i d  

w i l l  expand t o  somewhere near o r  beyond e w h i l e  t h e  

subsonic  p o r t i o n  w i l l  expand beyond e o u t  t o  e ( 1 ) .  

I n  an a t tempt  t o  r e f i n e  t h e  source f l o w  method p r e s e n t l y  descr ibed,  

i t  may be proposed t o  account  f o r  t h e  expansion o f  t h e  boundary 

0' 

W 

W 

W a. 
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l a y e r  f l u i d  f rom an ang le  el '  o u t  t o  e-(l). Dolng 

t h i s  would be e q u i v a l e n t  t o  f i n d i n g  t h e  ang le  

f i e l d  where t h e  i n i t i a l l y  subsonic f l u i d  i s  encountered.  Th is  can 

n o t  r e a d i l y  be done f o r  t h e  f o l l o w i n g  reasons. The plume c o n s t a n t  

A d e f i n e d  by equa t ion  ( 5 )  has an i n t e g r a l  eva lua ted  f rom 8 = 0 

t o  e = e - em w i t h i n  which a l l  t h e  mass f l o w  i s  

con ta ined  by d e f i n i t i o n .  To be c o n s i s t e n t  w i t h  Boynton 's  cho ice  

f o r  f ( e )  g iven by equa t lon  ( 7 )  which i s  d e r i v e d  f rom a l a r g e  Mach 

number expansion o f  t h e  Prandt l -Meyer  f u n c t i o n ,  t h e  ang le  

e must be d e f i n e d  as i n  equa t ion  ( 3 ) .  F i n a l l y ,  t he  

boundary layer  parameters a t  t he  nozz le  e x i t  p lane  c a l c u l a t e d  by 

the  method d iscussed i n  the  nex t  s e c t i o n  a r e  n o t  o f  s u f f i c i e n t  

d e t a i l  t o  a c c u r a t e l y  c a l c u l a t e  t h e  subsonic boundary l a y e r  mass 

f l o w  o r  Mach number p r o f i l e s .  For these reasons a long  w i t h  the  

assumpt ion t h a t  t h e  mass f l o w  i n  i t  i s  smal l ,  t h e  behav io r  o f  t h e  

subsonic p o r t i o n  o f  t h e  boundary l a y e r  i s  neg lec ted  a l t h o u g h  t h e  

e n t i r e  mass f l o w  i n  t h e  boundary l a y e r  i s  accounted f o r  by 

c o n t i n u i t y .  I n  t h i s  way t h e  e f f e c t  o f  b o t h  t h e  subsonic and 

superson ic  p o r t i o n s  o f  t h e  boundary l a y e r  on t h e  plume i s  "smeared 

o u t " .  f o r  the p resen t  a n a l y s i s ,  i t  i s  a l s o  assumed t h a t  

I s  t h e  l i m  t i n g  expansion ang le  beyond wh ich  t h e r e  i s  n e g l i g l b l e  

mass f l o w .  I n  summary then,  as d e p i c t e d  i n  f i g u r e  1 t h e  f a r  f i e l d  

plume dens t y  i s  modeled by the  f o l l o w i n g  t w o  equa t ions :  

0 , '  i n  t h e  f a r  

1- 

m 

em 



1 5  

where t h e  c o n s t a n t s  A ,  eo, eW, and 0 a r e  g i v e n  by 

equa t ions  (9), ( 1 3 ) ,  ( 3 ) ,  and ( 1 6 )  r e s p e c t i v e l y .  



BOUNDARY LAYER ANALYSIS 

The nozz le exhaust plume s t r u c t u r e  i n  t h e  f a r  f i e l d  i s  

s t r o n g l y  i n f l uenced  by t h e  r a t i o  o f  t h e  n o z z l e  e x i t  boundary l a y e r  

t h i c k n e s s  t o  t h e  nozz le  e x i t  r a d i u s .  Fur thermore,  d isp lacement  

t h i c k n e s s  e f f e c t s  reduce t h e  e x i t  Mach number and t h e  cor respond ing  

expansion angle e . For these reasons i t  i s  d e s i r a b l e  t o  

g e t  a good p r e d i c t i o n  o f  t h e  v iscous  e f f e c t s  a t  t h e  n o z z l e  e x i t .  

S ince  t h e  boundary l a y e r s  i n  r e s i s t o j e t  t h r u s t e r s  tend t o  be 

l am ina r ,  t h e  Cohen-Reshotko method f o r  compress ib le  l am ina r  

boundary layers  w i t h  heat  t r a n s f e r  and a r b i t r a r y  p ressu re  g r a d i e n t  

[ 2 4 ]  i s  used. 

m 

The Cohen-Reshotko method r e l a t e s  a c o r r e l a t i o n  number n, 

wh ich  i s  c a l l e d  t h e  p ressu re  g r a d i e n t  parameter ,  t o  t h e  boundary 

l a y e r  c h a r a c t e r i s t i c s .  l h e  f i r s t  s tep  i n  o b t a i n l n g  t h e  boundary 

l a y e r  parameters a t  t h e  e x i t  p lane  i s  t o  c a l c u l a t e  t h e  c o r r e l a t i o n  

number as f o l l o w s  

l h e  number n a t  t h e  e x i t  depends i n  p a r t  on an i n t e g r a l  

eva lua ted  from t h e  t h r o a t  ( x / L  = 0) t o  t h e  e x i t  ( x / L  = 1 ) .  There 

a r e  t w o  func t i ons  I n  t h e  i n t e g r a n d  whlch a r e  t h e  r a d i u s  o f  t h e  



nozz le ,  R ,  and t h e  i n v i s c i d  Mach number a t  t h e  e x i t ,  Me, as they  

va ry  w i t h  non-d imensional  d i s tance  x/L a l o n g  t h e  n o z z l e  w a l l .  The 

f u n c t i o n  f o r  R I s  e a s i l y  determined. The f u n c t i o n  

Me = Me(x/L)  i s  g i v e n  by " I n v e r t i n g "  t h e  one-d imensional  

i s e n t r o p i c  f u n c t i o n  f o r  area r a t i o  ( A e / A  ) as a f u n c t i o n  o f  

Mach number 

* 

T h i s  i s  done by f i n d i n g  t h e  zeros by Newton's method o f  t h e  

f o l l o w i n g  f u n c t i o n  which takes i n t o  account  t h e  b lockage due t o  t h e  

d isp lacement  th i ckness  a t  t h e  e x i t  p lane .  

l h e  Mach number a t  any p o i n t  a l o n g  t h e  nozz le  w a l l  i s  now 

known s o  t h a t  t h e  i n t e g r a l  i n  equat ion (19 )  can be eva lua ted .  

Equa t ion  ( 2 1 )  w i l l  g i v e  t h e  e x i t  Mach number cor respond ing  t o  the  

r e d u c t i o n  i n  area r a t i o  due t o  t h e  d isp lacement  t h i c k n e s s .  The 

t e r m  dMe/d(x/L) can be eva lua ted  n u m e r i c a l l y .  The o n l y  unknown 

terms y e t  t o  be determined i n  equat ion (19 )  a r e  t h e  cons tan ts  A 

and B .  l h e s e  cons tan ts  depend on t h e  w a l l  en tha lpy  f u n c t i o n  Sw, 

( 2 2 )  
W 

T 
s = - - 1 ,  

To 
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Where lw I s  t h e  w a l l  tempera ture .  I t  i s  assumed t h a t  

Then, on f i g u r e  4 o f  r e f e r e n c e  24,  = To  s o  t h a t  Sw = 0.  ’ W 

a tangent  l l n e  t o  t h e  cu rve  o f  

wh ich  i s  t h e  l i m i t i n g  va lue  o f  n f rom e x a c t  s o l u t i o n s  

( S  = 0 ) .  The r e s u l t  i s  t h a t  t h e  l i n e  N = A t Bn i s  determlned 

w i t h  A = .40 and B = 4 . 7 9 .  The tangent  l i n e  i s  drawn a t  

N versus n 1s drawn a t  n = -0.105, 

W 

n = -0.105 because s t r o n g  f a v o r a b l e  p ressu re  g r a d i e n t s  a r e  found i n  

r o c k e t  nozz les o f  s h o r t  l e n g t h .  Now t h a t  t h e  c o r r e l a t i o n  number n 

i s  known, the momentum, d isp lacement  and boundary l a y e r  t h i c k n e s s  

a r e  e a s l l y  determined.  

Momentum th ickness  

where 

v k inemat ic  v i s c o s i t y  a t  To 
0 

son ic  speed a t  To 

L c h a r a c t e r l s t i c  l e n g t h  

h = ( l /To )1 ’2 ( l o  t g)/(T t C) 

where 

c: i s  Suther lands v i s c o s i t y  f o r  a i r  

Displacement t h i c k n e s s  

2 = H = H + 0 . 5 ( y  - l ) M e  ( H t r  + 1)  
d 
e t r  
- 



where 

Htr 

f o r  a d i a b a t i c  nozz les .  

Boundary l a y e r  t h i c k n e s s  

i s  ob ta ined  f rom f i g u r e  7 i n  [ 2 4 ]  o r  by equa t ion  1 7  i n  [ 2 5 ]  

2 A - 'tr + 0.5(~ - l)Me ( H t r  + 1)  
e 'tr 

where 

A t r / O t r  

i n  [ 2 5 ]  f o r  a d i a b a t i c  nozz les .  

i s  ob ta ined  f rom f i g u r e  8 i n  [ 2 4 ]  o r  by equa t ion  1 7  

The above c a l c u l a t i o n s  a r e  c a r r i e d  o u t  n u m e r i c a l l y  I n  an 

i t e r a t i v e  process.  Given an i n i t i a l  guess f o r  A*, t h e  program 

uses equa t ion  (21 )  and a r o u t i n e  which f i n d s  zeroes o f  a f u n c t i o n  

by a Newton's method t o  c a l c u l a t e  t h e  e x i t  Mach number. The Mach 

number near t h e  e x i t  p l a n e  i s  c a l c u l a t e d  so t h a t  (dM/dx)x,L = 

can be eva lua ted  n u m e r i c a l l y .  N e x t ,  t h e  program c a l c u l a t e s  t h e  

c o r r e l a t i o n  number n a t  t he  e x i t  p lane  a f t e r  e v a l u a t i n g  t h e  

i n t e g r a l  i n  equa t ion  (21)  by a Slmpson's r u l e  r o u t i n e .  Once t h e  

c o r r e l a t i o n  number i s  known, the  new boundary l a y e r  parameters a r e  

eva lua ted .  I f  t h e  new 6" d i f f e r s  by more than one p e r c e n t  f rom 

t h e  6* g i v e n  by t h e  p r e v i o u s  i t e r a t i o n ,  t h e  program loops around 

and begins t h e  n e x t  i t e r a t i o n  by c a l c u l a t i n g  t h e  new e x i t  Mach 

number g i v e n  by t h e  l a t e s t  A*. 



COMPARISONS W I l H  DATA I N  THE LITilRAlURE 

The r e s u l t s  f o r  f a r  f i e l d  d e n s l t y  g i v e n  by e q u a t i o n  ( 1 8 )  a long  

w i t h  an assumption r e g a r d i n g  t h e  l i m i t i n g  v e l o c i t y  o f  t h e  gas i n  

t h e  plume as i t  v a r i e s  w i t h  ang le  f rom t h e  plume c e n t e r l i n e  a r e  

used t o  compute t h e  mass f l u x  per  s o l i d  ang le  

- dm 2 dn = pur . 

Exper imenta l  and numer ica l  r e s u l t s  [ 5 ]  i n d i c a t e  a cons tan t  

v e l o c i t y  i n  a co re  r e g i o n  o f  t h e  f a r  f e l d  plume f o l l o w e d  by an 

exponen t ia l  decrease i n  v e l o c i t y .  I t  s assumed t h a t  t h e  cons tan t  

v e l o c i t y  i n  t h e  c o r e  r e g i o n  f o r  e = 0 t o  e = e i s  t h e  

l i m i t i n g  v e l o c i t y  U1 

e a r l i e r  by equa t ion  ( 4 ) .  Then i t  i s  assumed t h a t  t h e  r a t i o  

U/Ul 

e = em given by 

0 

o f  t h e  gas f o r  an i n f i n i t e  expansion g i v e n  

decays f r o m  u n i t y  a t  e = eo t o  one - -ha l f  a t  

- (0.5 )  " = exp [k (e  -- eo) ] .  k = I n  
"1 (em - eo) 

I h e  above equa t ion  a long  w i t h  equa t ion  ( 1 8 )  a r e  used t o  

e v a l u a t e  equat ion ( 2 7 ) .  

Reference [ 2 6 ]  p resen ts  a number o f  f i g u r e s  showing d a t a  

ob ta ined  f r o m  q u a r t z  c r y s t a l  m ic roba lance ( Q C M )  measurements i n  a 

vacuum chamber o f  mass f l u x  per  u n l t  s o l i d  ang le  versus angu la r  

d i s t a n c e  f r o m  t h e  a x i s  f o r  va r ious  r o c k e t  nozz les .  The va lues f o r  

dm/dn w e r e  normal ized  by c e n t e r l i n e  va lues  (dm/dn)e=O 

c a l c u l a t e d  by  t h e  H i l l  and Draper method [18 ] .  

20 



I n  t h e  p resen t  a n a l y s i s ,  uslng equat ions  ( 1 8 )  and ( 2 8 )  i n  

e q u a t i o n  (27 )  and n o r m a l i z i n g  by t h e  c e n t e r l i n e  va lue  produces 

= f(eo)exp[(-13 + k ) ( e  - e o ) ]  

where t h e  c e n t e r l i n e  va lues used above a r e  g i v e n  by 

Resu l t s  ob ta lned  w i t h  t h e  o r i g i n a l  and m o d i f i e d  v e r s i o n s  o f  

Simons' method, which a r e  presented i n  t a b l e  I ,  were used i n  

equa t ions  (29 )  and (30 )  t o  c a l c u l a t e  normal ized  mass f l u x  per  solid 

a n g l e  f o r  two cases i n  re fe rence  [26 ] .  The f i r s t  case I s  a 15 '  

h a l f  ang le  c o n i c a l  nozz le  (nozz le  5 )  f l o w i n g  N2 a t  

4 2 
= 294 K ,  Po = 2 . 1 9 ~ 1 0  N/m . The r e s u l t s  a r e  p l o t t e d  i n  

l 0  

f i g u r e  2 which I s  a d u p l i c a t e  o f i g u r e  16 o f  r e f e r e n c e  [26 ] .  The 

second case i s  a 25"  h a l f  ang le  c o n i c a l  nozz le  ( n o z z l e  3) f l o w i n g  

C O  a t  same temperature and pressure as t h e  p rev ious  case. The 

comparison i s  g i v e n  i n  f i g u r e  3, a d u p l i c a t e  o f  f i g u r e  13 i n  

re fe rence  [ 2 6 ] .  I t  i s  impor tan t  t o  p o i n t  o u t  t h a t  t h e  r e s u l t s  f o r  

2 
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mass f l u x  p e r  u n i t  s o l l d  ang le  ob ta lned  i n  t h e  p r e s e n t  a n a l y s i s  

were normal ized by t h e  same c e n t e r l l n e  va lues g i v e n  i n  [261.  



. 

DISCUSSION 

F i g u r e  2 shows C h i r i v e l l a ' s  mass f l u x  da ta  f o r  n o z z l e  5 

f l o w i n g  N2 taken as f a r  as 140" f rom t h e  plume c e n t e r l i n e .  

H i l l  and Draper approx imat ion ,  due t o  t h e  assumption o f  i n v i s c i d  

n o z z l e  f l o w ,  g r e a t l y  underp red ic t s  t h e  f l o w  a t  65"  f rom t h e  n o z z l e  

c e n t e r l i n e .  

c a l c u l a t e d  by equa t ion  (3) f o r  Simons' method. A s  compared t o  t h e  

H i l l  and Draper approx imat ion ,  the Simons method c a l c u l a t i o n s  show 

a d e f i c i t  o f  mass f l u x  i n  t h e  core r e g i o n  f o l l o w e d  by much g r e a t e r  

mass f l u x  va lues  a t  t h e  l a r g e r  angles cor respond ing  t o  t h e  

expansion o f  t h e  n o z z l e  boundary l a y e r .  Both ve rs ions  o f  Simons' 

method do a good j o b  I n  account ing f o r  t h e  mass f l u x  a t  l a r g e  

ang les .  The o r i g i n a l  v e r s i o n  o f  Simons' method s l l g h t l y  

u n d e r p r e d i c t s  t h e  mass f l u x  a t  t h e  l i m i t i n g  ang le  e = 65" 

w h i l e  t h e  m o d i f i e d  v e r s i o n  s l i g h t l y  o v e r p r e d i c t s .  The va lues  f o r  

and I3 u s i n g  t h e  o r i g i n a l  and m o d i f i e d  Simons equat ions  

l h e  

l h i s  ang le  happens t o  be t h e  va lue  f o r  el = em 

co 

a r e  26" as compared t o  18", and 9.23 compared t o  4.67, r e s p e c t i v e l y  

I t  I s  i n t e r e s t i n g  t o  no te  t h a t  t h e  p r e d i c t i o n  f o r  normal ized  

mass f l u x  u s i n g  t h e  m o d i f i e d  Simons equat ions  extended f o r  angles 

g r e a t e r  than em compares favo rab ly  w i t h  t h e  da ta .  A s  

mentloned p r e v i o u s l y ,  t h e  equations d e r i v e d  i n  t h i s  paper a r e  o n l y  

s t r i c t l y  v a l i d  

understood t h a t  

f l u i d  can reach 

8 , ' .  t he  i n l t i a  

o r  angles l e s s  than em. However, i t  i s  

p h y s i c a l l y ,  t h e  expansion o f  n o z z l e  boundary l a y e r  

angles much g rea te r  than 8 . A t  some ang le  

l y  subsonic p o r t i o n  o f  t h e  boundary l a y e r  w i l l  

Q) 

23 



24 

be encountered where exponen t ia l  g i v e n  by equa t ion  ( 8 )  i s  no l onger  

v a l i d .  For reasons s t a t e d  e a r l i e r ,  t h e  ang le  e l '  can n o t  

p r o p e r l y  be c a l c u l a t e d  and a l though  t h e  e n t i r e  boundary l a y e r  mass 

f l o w  i s  accounted f o r  i n  a genera l  way, t h e  behav io r  o f  t h e  

subsonic p o r t i o n  i s  neg lec ted .  l h e r e f o r e ,  a l t hough  n o t  r i g o r o u s l y  

c o r r e c t ,  the exponen t ia l  behav io r  o f  t h e  boundary l a y e r  expansion 

i n t o  t h e  far f i e l d  can be used beyond t h e  l i m i t i n g  ang le  

t o  g e t  good eng ineer ing  p r e d i c t i o n s  o f  t h e  mass f l u x  a t  l a r g e  

ang les .  

em 

F i g u r e  3 shows t h e  mass f l u x  da ta  and p r e d i c t i o n s  f o r  

C h i r i v e l l a ' s  n o z z l e  3, a 25"  h a l f - a n g l e  c o n i c a l  n o z z l e  w i t h  a h i g h  

expansion r a t i o  ( 2 4 0 : l )  f l o w i n g  C O  Due t o  t h e  h i g h  expansion 

r a t i o ,  i n v i s c i d  theo ry  p r e d i c t s  a plume which does n o t  spread much, 

as seen by the  H i11  and Draper p l o t .  When t h e  boundary l a y e r  

expansion i s  taken i n t o  c o n s i d e r a t i o n ,  t h e r e  i s  a g a i n  t h e  d e f i c i t  

2 '  

i n c r e a s e  o f  mass f l u x  a t  

i s  seen i n  t h e  p l o t s  f o r  

t h e  p r e v i o u s  case, t h e  

i g h t l y  u n d e r p r e d i c t  t h e  

ed v e r s i o n  

f o r  eo a r e  33" and 

o f  mass f l u x  i n  t h e  c o r e  f o l l o w e d  by an 

l a r g e  angles f rom the  c e n t e r l i n e .  Th is  

b o t h  vers ions  of Simons' method. A s  i n  

o r i g i n a l  ve rs ion  o f  Simons' equat ions  s 

mass f l u x  a t  t h e  ang le  e w h i l e  modi f  

o v e r p r e d i c t s  t h e  expansion.  l h e  va lues 

l a 0 ,  and 6.32 and 3 . 5  f o r  I3 u s i n g  t h e  

Simons, r e s p e c t i v e l y .  

m 

€xtend ing  t h e  exponen t ia l  f u n c t i o n  

o r i g i n a l  versus mo 

beyond e t o  g e t  

i dea  o f  the mass f l u x  a t  ve ry  l a r g e  ang les  f rom t h e  c e n t e r  

m 

i f  l e d  

an 

i n e  i s  

. 



a l s o  suppor ted i n  t h i s  case by n o t i n g  t h e  good comparison o f  t h e  

broken e x t e n s i o n  f o r  t h e  mass f l u x  p r e d i c t i o n  u s i n g  t h e  m o d i f i e d  

Simons equa t ions .  

A cornparison o f  t h e  m o d i f i e d  Simons method w i t h  r e c e n t  QCM 

mass f l u x  d a t a  can be found i n  [ 2 7 ] .  The comparison i n  t h i s  

r e f e r e n c e  a l s o  shows genera l  agreement between t h e  plume shape 

g i v e n  by the  m o d i f i e d  Simons equat ions and t h e  da ta .  

I h e  above comparison o f  t h e  c a l c u l a t i o n s  o f  normal lzed  mass 

f l u x  u s i n g  t h e  m o d i f i e d  v e r s i o n  o f  Simons' method w i t h  exper imenta l  

d a t a  i n d l c a t e  t h a t  i t  can be a power fu l  t o o l  i n  systems l e v e l  

s t u d i e s  i n v o l v i n g  f a r  f i e l d  plume p r e d i c t i o n .  The s e t  o f  equat ions  

developed i n  t h i s  paper ,  f o l l o w i n g  Simons' o r i g i n a l  development, 

a l l o w  a r a p i d  d e t e r m i n a t i o n  o f  far f i e l d  plume d e n s i t y  f o r  a wide 

v a r i e t y  o f  r o c k e t  nozz les  even w i t h  t h i c k  boundary l a y e r s .  



I N D U C € D  ENVIHONMkNl ANALYSIS 

I n  order t o  p r e d i c t  t h e  induced env i ronment  produced by 

r e s i s t o j e t  t h r u s t e r  o p e r a t i o n ,  t h e  s t r u c t u r e  o f  t h e  exhaust  plume 

must be known. 

d e n s i t y  o r  normal ized  mass f l u x  i s  p resented  i n  t h e  Plume A n a l y s i s  

s e c t i o n .  A t t e n t i o n  i s  now focused on t h e  a n a l y s i s  whlch w i l l  a l l o w  

t h e  q u a n t i f i c a t i o n  o f  t h e  induced env i ronment  r e s u l t i n g  f r o m  

r e s i s t o j e t  t h r u s t e r s  used by t h e  space s t a t i o n  f o r  o r b i t  

maintenance/waste gas removal .  

The means f o r  p r e d i c t i n g  t h e  f a r  f i e l d  plume 

l h e  re levan t  parameters d e s c r i b i n g  t h e  induced env i ronment  a r e  

number column d e n s i t y ,  back f l o w ,  p a r t i c u l a t e s ,  and r e t u r n  f l u x .  

Number column d e n s i t y  (NCD) i s  d e f i n e d  as t h e  number o f  mo lecu les  

per  u n i t  area seen by an observer  a long  a s p e c i f i e d  l i n e  o f  s i g h t  

( L O S ) .  An observ ing  i ns t rumen t  which exper iences  a h i g h  NCD may 

have problems c l e a r l y  see ing  i t s  t a r g e t  because t h e  gas p roduc ing  

t h e  h i g h  NCD may be abso rb ing  and/or r a d i a t i n g  I n  t h e  wavelengths 

o f  i n t e r e s t .  

'The f l o w  f rom t h e  r o c k e t  nozz le  which expands beyond 90" f rom 

t h e  plume c e n t e r l i n e  i s  c a l l e d  back f l o w .  This can cause problems 

f o r  s e n s i t i v e  s p a c e c r a f t  sur faces  o r  i ns t rumen ts  which can n o t  

t o l e r a t e  d e p o s i t i o n  o f  c e r t a i n  spec ies .  

If a phase change occurs  d u r i n g  t h e  expansion o f  t h e  

p r o p e l l a n t  gas th rough t h e  nozz le ,  p a r t i c l e s  can be e x p e l l e d .  

P a r t i c u l a t e s  impac t ing  s p a c e c r a f t  su r faces  may cause problems such 
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as p i t t i n g  o f  windows as w e l l  as p e r t u r b i n g  obse rv ing  i ns t rumen ts  

by s c a t t e r i n g  s u n l i g h t .  

I t  i s  b e l i e v e d  t h a t  t h e  r e s i s t o j e t  t h r u s t e r s  w i l l  n o t  produce 

p a r t i c l e s  s i n c e  t h e  o p e r a t i n g  c o n d i t i o n s  ( i . e .  To and Po) can 

be man ipu la ted  t o  p rec lude  condensat ion w i t h i n  t h e  nozz le .  For 

example, t h e  minimum chamber temperature ( T o )  f o r  a t h r u s t e r  w i t h  

a 1 O O : l  a rea  r a t i o  nozz le  ope ra t i ng  w i t h  steam a t  

has t o  be 300 "C so t h a t  a phase change w i l l  n o t  occur  i n  t h e  

nozz le ,  based on a one d imensional  i s e n t r o p i c  expansion.  Once 

5 Po = 2 . 0 7 ~ 1 0  Pa 

o u t s l d e  t h e  nozz le ,  t h e  mean f r e e  p a t h  between molecules inc reases  

g r e a t l y ,  f u r t h e r  reduc ing  t h e  chance o f  c o l l i s i o n s  which induce 

p a r t i c u l a t e  fo rma t ion .  

Return  f l u x  i s  t h e  process o f  mo lecu la r  e f f l u e n t  impingement 

on a s u r f a c e  a f t e r  c o l l i d i n g  w i t h  ambient mo lecu les ,  i n d i c a t i n g  i t  

i s  a d e p o s i t i o n  concern.  Return f l u x  w i l l  n o t  be addressed s i n c e  

i t  r e q u i r e s  a n a l y s i s  i n v o l v i n g  molecu la r  c o l l i s i o n s  whjch i s  n o t  

covered I n  t h i s  paper.  

Once t h e  f a r  f i e l d  plume dens i t y  f u n c t i o n s  a r e  known, t h e  NCD 

a l o n g  a g i v e n  l i n e  o f  s i g h t  (LOS)  i s  de termined by i n t e g r a t i n g  t h e  

induced d e n s i t y  f rom t h e  LOS o r i g i n  t o  i n f i n i t y ,  

2 NCD = - p ds [molecules/cm ] 
A V  MW J 

0 

where ds i s  t h e  inc rementa l  d i s tance  a l o n g  t h e  LOS. 
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l h e  s i t u a t i o n  i s  d e p i c t e d  i n  f i g u r e  4 .  l h e  observer  and 

r e s  i s t o j e t  

hypotenuse 

cor respond 

l o c a t e d  on 

c o n f i g u r a t  

t h r u s t e r  source a r e  l o c a t e d  a t  t h e  o p p o s l t e  ends o f  t h e  

o f  a r i g h t  t r i a n g l e  w i t h  l egs  o f  l e n g t h s  k and d, 

ng t o  the  space s t a t i o n  w i t h  an obse rv ing  i ns t rumen t  

the cen te r  o f  t h e  upper boom o f  t h e  dua l  k e e l  r e f e r e n c e  

on and t h r u s t e r s  l o c a t e d  on a " s t i n g e r "  a f t  o f  t h e  

modules, as shown i n  f i g u r e  5 .  I n  o r d e r  t o  e v a l u a t e  equa t ion  ( 3 2 )  

on s u b s t i t u t i o n  o f  equa t ion  (18 )  f o r  p ,  express lons  f o r  r and 

8 as func t i ons  o f  d i s t a n c e  a long  t h e  LOS s must be found. In 

v e c t o r  n o t a t l o n  w i t h  t h e  o r i g i n  taken t o  be t h e  t h r u s t e r  l o c a t i o n ,  

t h e  observer  i s  l o c a t e d  a t  

- h = - d l + a l  

w h i l e  a p o i n t  p a t  a d i s t a n c e  s a long  t h e  LOS i s  found by 

- s = Is lcos(p 3 + I r l s i n ( p  1 
so t h a t  t he  d l s t a n c e  r f r o m  t h e  t h r u s t e r  t o  t h e  p o i n t  p i s  

F r o m  f i g u r e  4 

l h e  model f o r  f a r  f i e l d  d e n s i t y  separa tes  t h e  plume i n t o  t w o  

zones s o  t h a t  i t  i s  necessary i n  e v a l u a t i n g  e q u a t i o n  ( 3 2 )  t o  know 

whlch equat lon f o r  p t o  use.  From f i g u r e  4 ,  t h e  d i s t a n c e  s1  
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f rom the  observer  l o c a t i o n  t o  the  i n t e r s e c t i o n  of t h e  plume 

boundary 0 I s  
m 

s in (180"  - u - e 

and t h e  d i s t a n c e  s 2  f rom t h e  observer t o  t h e  i n v i s c i d  co re  

plume boundary eo I S  

s i n ( l 8 0 "  - p - eo) 

- 'p) 
5 2  = lhl 

where 

d 
p = cos-1 __ lhl 

Now t he  NCDs f o r  a g i v e n  LOS s p e c i f i e d  by t h e  ang le  cp can 

be c a l c u l a t e d  by u s i n g  equa t ion  (18) w i t h  r and 8 g i v e n  by 

equa t ions  ( 3 3 )  and ( 3 4 )  I n  t h e  t w o  p a r t  i n t e g r a l  

l h e  cons tan t  s 3  i n  t he  

I s  t he  c u t o f f  d i s t a n c e  beyond 

c o n t r l b u t l o n  t o  t h e  NCD. I t  

t o  the  t o t a l  NCD f o r  0 5 s 5 

upper l i m i t  of t h e  i n t e g r a l  above 

which t h e r e  i s  no s i g n i f i c a n t  

s a l s o  assumed t h a t  t h e  c o n t r  

s i s  n e g l i g i b l e .  1 

b u t i o n  
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Back f l o w  can be es t ima ted  by l o o k l n g  beyond 90" a t  t h e  p l o t s  

f o r  mass f l u x  per s o l i d  ang le  versus ang le  f rom c e n t e r l i n e .  

However, as a measure o f  t h e  impact  on a s e n s i t i v e  su r face ,  t h e  

back f l o w  i s  c a l c u l a t e d  assumlng the  t h r u s t e r  and observer  a r e  in 

t h e  l o c a t i o n s  g i v e n  i n  f i g u r e  5, l o c a t e d  a d i s t a n c e  h a p a r t .  

The re fo re ,  the impingement r a t e  f r o m  back f l o w  reach ing  a s e n s i t i v e  

s u r f a c e  a t  the observer  l o c a t i o n  i s ,  

where 

8b = 180" - p 

and 

1 / 2  



P A R A M t l H I C  STUDIES ON NCD A N D  E S l I M A T E D  BACK FLOW 

Space S t a t i o n  R e s l s t o j e t  

A m u l t i p r o p e l l a n t  r e s i s t o j e t  p r o p u l s l o n  system b e n e f i t s  t h e  

space s t a t i o n  by p r o v i d i n g  reboost c a p a b i l i t y  as w e l l  as 

e l i m i n a t i o n  o f  waste gases. Using waste gases saves t h e  

s i g n l f l c a n t  c o s t  o f  d e l i v e r i n g  p r o p e l l a n t  t o  and removal o f  wastes 

f r o m  the  space s t a t l o n .  l h e  r e s i s t o j e t  accomplishes i t s  t ask  by 

e l e c t r i c a l l y  h e a t i n g  waste gases f rom t h e  space s t a t i o n ' s  

Envi ronmenta l  C o n t r o l / L i f e  Support System (ECLSS), M a t e r i a l s  

Technology Labs ( M l L ) ,  and Attached Payloads i n  a hea t  exchanger 

and expanding i t  th rough a nozz le .  T y p i c a l  p r o p e l l a n t s  i n c l u d e  

wa te r ,  carbon d i o x i d e ,  hydrogen, methane, hyd raz ine ,  argon, and 

n l t r o g e n ,  b u t  a lmost  any gas generated by tCLSS o r  MTL can be 

used. I n  r e s i s t o j e t s  f o r  space s t a t i o n  a p p l i c a t i o n ,  s p e c i f i c  

impu lse  i s  t raded  f o r  l o n g  l i f e .  An eng ineer ing  model o f  a space 

space s t a t i o n  r e s i s t o j e t  [ 2 8 ]  i s  shown I n  f i g u r e  6. For a space 

s t a t i o n  r e s i s t o j e t  p roduc ing  t h r u s t s  f rom 0.222 t o  0.890 N (0.050 

t o  0.200 l b  ) ,  t y p i c a l  o p e r a t i n g  c o n d i t i o n s  a r e  To = 300 t o  

5 5 
1100 " C  and Po = 1 . 3 8 ~ 1 0  t o  2 .76~10  Pa ( 2 0  t o  40 p s i a )  a t  

mass f l o w  r a t e s  on t h e  o r d e r  o f  262-872 g / h r .  S p e c i f i c  impulses 

f 

range f rom a h i g h  o f  

carbon d i o x i d e  [29 ] .  

a t h r o a t  d iameter  o f  

r a t i o  o f  100:1, i t s  

t h r u s t e r  i s  about 30 

500 sec f o r  hydrogen and a l ow  o f  130 sec f o r  

The r e s i s t o j e t  i s  p h y s i c a l l y  ve ry  smal l  w i t h  

0.102 cm (0.040 i n . )  and a t  a n o z z l e  area 

ength  i s  1.27 cm (0 .5  i n . ) .  The whole 

48 cm ( 1 2  i n . )  l o n g  and 7.62 cm ( 3  i n . )  i n  

31 
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d iameter .  I n  the pa ramet r i c  s t u d i e s  t h a t  f o l l o w ,  t h e  b a s e l i n e  i s  a 

20" h a l f  angle c o n i c a l  n o z z l e  w i t h  an area  r a t i o  o f  1OO:l o p e r a t i n g  

a t  l o  = 1000 " C  and Po = 2 . 6 8 ~ 1 0  Pa p roduc ing  a t h r u s t  o f  

0.356 N using n i t r o g e n ,  r e f e r r e d  t o  as case 1 .  Case 2 i s  i d e n t i c a l  

t o  case 1 except t h a t  t h e  area  r a t i o  i s  changed f rom 1OO:l t o  200: l  

t o  s tudy  the e f f e c t  o f  inc reased area r a t i o  on t h e  plume 

s t r u c t u r e .  To see  t h e  e f f e c t  o f  nozz le  h a l f  ang le ,  t h e  n o z z l e  i n  

case 3 uses a h a l f  ang le  o f  10" i n s t e a d  o f  t h e  20" ang le  used i n  

t h e  base l i ne  case. The same geomet r i ca l  n o z z l e  and o p e r a t i n g  

c o n d i t i o n s  a r e  used i n  case 4 ,  b u t  t h e  f l u i d  i s  changed t o  hydrogen 

t o  see t h e  e f f e c t  o f  mo lecu la r  we igh t  on t h e  f a r  f i e l d  expansion 

and r e s u l t i n g  column d e n s i t i e s .  F i n a l l y ,  I n  case 5, t h e  po lya tomic  

molecu le  H20 I s  used t o  s tudy  t h e  e f f e c t  o f  t h e  s p e c i f i c  hea t  

r a t i o  on the plume s t r u c t u r e  and column d e n s i t i e s .  N i t r o g e n ,  

hydrogen and water  a r e  chosen as work ing  f l u i d s  i n  t h e  above cases 

because these w i l l  be t h e  most abundant waste f l u i d s  on t h e  space 

s t a t i o n .  

5 

Resu l t s  

l h e  r e s u l t s  f o r  t h e  m o d i f i e d  Simons a n a l y s i s  as a p p l i e d  t o  t h e  

f i v e  cases mentioned above a r e  g i v e n  i n  t a b l e  I1  which l i s t s  t h e  

major  plume parameters and o p e r a t i n g  c o n d i t i o n s .  F igu res  7 t o  11 

a r e  contour  p l o t s  o f  cons tan t  number d e n s i t y  f o r  t h e  f i v e  cases. A 

p l o t  comparing the  number d e n s i t i e s  versus ang le  f rom c e n t e r l i n e  a t  

an a x l a l  d i s tance  o f  50cm downstream f rom t h e  n o z z l e  e x i t  p l a n e  f o r  

t h e  f i v e  cases I s  g i v e n  i n  f I g u r e  12. 
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l h e  con tou r  p l o t s  f o r  a l l  f i v e  cases show t h e  h i g h l y  v iscous  

n a t u r e  o f  t h e  r e s l s t o j e t  t h r u s t e r s .  The ang le  eo wh ich  

separa tes  t h e  i n v i s c i d  co re  expansion f rom t h e  boundary l a y e r  

expansion i s  l e s s  than  20" f rom the c e n t e r l i n e  f o r  a l l  cases. Mass 

f l o w  c a l c u l a t i o n s  f o r  a l l  cases show t h a t  l e s s  than  38 p e r c e n t  o f  

t h e  f l o w  I s  i n  t h e  i n v i s c i d  core .  Whi le  a l l  cases produce a t h r u s t  

of 0.356 N (0 .080 l b f ) ,  t h e  cases u s i n g  n i t r o g e n  (cases 1 t o  3) 

have a mass f l o w  r a t e  o f  0.242 g/sec w h i l e  case 4 ( H 2 )  has a r a t e  

o f  0.073 g/sec and case 5 (H20) I s  0.182 g/sec. 

I n  comparison w i t h  t h e  base l ine ,  case 2 shows t h a t  i n c r e a s i n g  

t h e  area  r a t i o  o f  t h e  nozz le ,  which i nc reases  t h e  e x i t  Mach number, 

r e s u l t s  i n  a s m a l l e r  l i m i t i n g  expansion ang le  em f r om 66" 

i n  case 1 t o  61" I n  case 2. However, t h e  i nc reased  l e n g t h  o f  t h e  

n o z z l e  produces a t h i c k e r  boundary l a y e r  a t  t h e  n o z z l e  e x l t  where 

t h e  boundary l a y e r  i s  43 percent  o f  t h e  e x i t  r a d i u s  f o r  case 2 

compared w i t h  37 pe rcen t  f o r  case 1. One e f f e c t  o f  t h e  t h i c k e r  

boundary l a y e r  I n  case 2 i s  seen i n  t h e  con tou r  p l o t  where t h e  

r a t i o  eo/e decreases f rom 0.26 I n  case 1 t o  0.23, 

i n d i c a t i n g  a h i g h e r  percentage of  plume mass f l o w  o r i g i n a t e s  i n  t h e  

v l scous  p o r t i o n  o f  t h e  nozz le  f l o w .  Looking a t  f i g u r e  12 showing 

OD 

t h e  number d e n s i t y  a t  a g i v e n  a x l a l  l o c a t i o n  shows t h e  plume 

produced by t h e  h i g h e r  area r a t i o  n o z z l e  i s  more concen t ra ted  

around t h e  c e n t e r l i n e  a t  t h i s  l o c a t i o n .  

The e f f e c t  o f  nozz le  h a l f  angle on t h e  f a r  f i e l d  plume can be 

seen by comparing case 3 t o  case 1. Changing t h e  nozz le  h a l f  ang le  
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f rom 20" t o  10" r e s u l t s  I n  a r e d u c t i o n  i n  t h e  l i m i t i n g  expansion 

ang le  f rom em = 66" t o  58", even though t h e  e x i t  Mach number 

I s  decreased f rom M = 5.96 t o  5.71 due t o  v i scous  e f f e c t s .  

Decreasing t h e  nozz le  h a l f  ang le  has a g r e a t e r  e f f e c t  on t h e  f i n a l  

l i m i t i n g  angle em than  t h e  i n c r e a s e  i n  t h e  Prandt l -Meyer  

ang le  f o r  a f l u i d  expanding f rom an i n i t i a l  Mach number 5.71 r a t h e r  

than 5 .96  (see eq.  3 ) .  

compared t o  the va lue  o f  0.26 o f  case 1 and t h e  0.23 o f  case 2 

which means an even h i g h e r  percentage o f  t h e  plume mass f l o w  r a t e  

i s  found I n  t h e  v iscous  r e g i o n  due t o  t h e  l onger  n o z z l e  l e n g t h  and 

sma l le r  cone ang le .  Again l o o k i n g  a t  f i g u r e  12 shows t h a t  t h e  

plume f o r  case 3, even though more v iscous ,  i s  more concen t ra ted  

around t h e  c e n t e r l i n e  than  t h e  b a s e l i n e  case. 

e 

For case 3, eo/em = 0.21 as 

Comparing case 4 t o  case 1 w i l l  show t h e  e f f e c t  o f  mo lecu la r  

we igh t  on the f a r  f i e l d  plume. A l though t h e  nozz les  a r e  p roduc ing  

r a t e  f o r  case 4 u s i n g  

242 g/s f o r  case 1. T h i s  i s  

s 500s w h i l e  f o r  N 
2 

t h e  s p e c i f i c  impu lse  i s  150s. Never the less ,  t h e  plume s t r u c t u r e  

f o r  these two cases i s  ve ry  s i m l l a r  as seen i n  t h e  con tou r  p l o t  and 

i n  f i g u r e  12 .  A l though t h e  mass f l o w  r a t e  i s  lower ,  t h e r e  a r e  4.2 

ecu les  p e r  second e m i t t e d  by t h e  H2 case than  

h i s  can be seen b o t h  i n  t h e  con tou r  p l o t  i n  

f i g u r e  12 where t h e  p l o t s  have t h e  same shape b u t  

t he  same t h r u s t  0 .356 

hydrogen i s  0 .073  g/s 

because the s p e c i f i c  

t imes as many mo 

t h e  N2 case. 

f i g u r e  10  and I n  

N, t h e  mass f l o w  

as compared t o  0 

mpulse f o r  
"2 
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the  

more molecu les .  

H2 p l o t  i s  d i s p l a c e d  outward due t o  t h e  f a c t  t h a t  t h e r e  a r e  

F i n a l l y ,  comparing case 5 t o  case 1 w i l l  show how t h e  s p e c i f i c  

hea t  r a t i o  e f f e c t s  t h e  f a r  f i e l d  plume. A s  i n  t h e  p rev ious  

comparlson, t h e  t h r u s t  l e v e l  I s  the same b u t  t h e  mass f l o w  r a t e s  

a r e  d i f f e r e n t  due t o  t h e  d i f f e r e n c e  i n  s p e c i f i c  impulses ( s p e c i f i c  

impu lse  f o r  H20 1,s 200s). The p a r t i c l e  emiss ion  r a t e ,  however, 

i s  o n l y  1.17 t imes t h a t  o f  case 1. The main d i f f e r e n c e  between 

these two cases i s  found on i n s p e c t i n g  t h e  con tou r  p l o t  g i v e n  by 

f i g u r e  11. I t  i s  seen t h a t  t h e  l i m i t i n g  a n g l e  due t o  lower  

s p e c l f i c  hea t  r a t l o ,  y = 1.33 f o r  H 0, i s  21 p e r c e n t  g r e a t e r  than 

case 1 u s i n g  N2 w i t h  y = 1.4. There fore ,  t h e  plume number 

d e n s i t y  i s  l e s s  concen t ra ted  around t h e  c e n t e r l i n e  as seen i n  

f i g u r e  12. 

2 

C o l  umn Dens 1 t y  

F i g u r e  13 shows t h e  column d e n s i t y  as a f u n c t i o n  o f  l i n e  o f  

s i g h t  (LOS)  ang le  f o r  t h e  f i v e  study cases. The observer  i s  

l o c a t e d  50 m above and 35 m behind t h e  r e s i s t o j e t  source, as 

i l l u s t r a t e d  I n  f i g u r e  5. For the  l i n e  o f  s i g h t  ang les ,  zero 

corresponds t o  t h e  z e n i t h  LOS, 90" i s  t h e  a f t  LOS, and 110" i s  t h e  

LOS ang le  wh ich  w i l l  i n t e r c e p t  the e a r t h ' s  h o r i z o n ,  i f  t h e  space 

s t a t i o n  a l t ' t t u d e  I s  463 km. F'tgure 1 4  4 s  a blowup o f  t h e  p rev ious  

f i g u r e  f o r  LOS angles f r o m  10" t o  90".  F i g u r e  15 p resen ts  t h e  same 

p l o t  as above b u t  o n l y  f o r  cases 1 th rough  3 ( N 2  cases) wh lch  

show t h e  change i n  column d e n s l t y  f o r  changes i n  a rea  r a t i o  and 
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n o z z l e  h a l f  ang le .  l h e  column d e n s i t y  c a l c u l a t i o n s  were stopped 

a f t e r  t h e  1 0" LOS because i t  i s  assumed t h a t  a s e n s i t i v e  

ast ronomica v i e w i n g  i n s t r u m e n t  w i l l  a v o i d  t h e  LOSs which come 

c l o s e  t o  o r  I n t e r s e c t  t h e  e a r t h .  

On i n s p e c t i n g  f i g u r e  13, i t  i s  seen t h a t  a l l  cases produce 

2 NCDs on t h e  o rde r  o f  1 0 l 1  mol/cm 

60". These LOSs l i e  i n  t h e  v i scous  r e g i o n  o f  t h e  plume. A t  bo" ,  

NCDs f o r  case 4 ( H  ) a r e  s l i g h t l y  g r e a t e r  t han  t h e  o t h e r  cases 

which a r e  a l l  s t i l l  about t h e  same. Near t h e  75" LOS ang le ,  t h e  

c o r e  f l o w  reg ion  o f  t h e  plume i s  seen by t h e  obse rve r  and t h e  

column d e n s i t i e s  f o r  each case b e g i n  t o  r i s e  r a p i d l y  b u t  a t  

d i f f e r e n t  r a t e s .  A t  t h e  110" LOS, t h e  NCDs f o r  t h e  f i v e  cases 

range f r o m  a low o f  6 . 1 ~ 1 0 ~ ~  rnol/cm 

1 . 0 4 ~ 1 0 ~ ~  mol/cm f o r  case 3. 

l o o k i n g  a t  f i g u r e  14 t h a t  except  f o r  case 4, t h e  cases which have a 

h l g h e r  NCD f o r  LOS angles 10" t o  7 5 "  have lower  NCDs beyond t h e  LOS 

a n g l e  75" .  

f o r  LOS angles f r o m  10" t o  

2 

2 f o r  case 5 and a h i g h  o f  

2 I t  i s  more e a s i l y  seen by 

F i g u r e  15 which compares o n l y  t h e  N2 cases a t  t h e  same 

source f l o w  r a t e  shows t h a t  reduc ing  t h e  n o z z l e  h a l f  a n g l e  and 

i n c r e a s i n g  the  n o z z l e  area r a t i o  w i l l  reduce t h e  NCDs f o r  LOSs 

l y i n g  i n  the v l scous  r e g i o n  o f  t h e  f a r . f i e l d  plume, b u t  t h e  N C D s  

a r e  increased f o r  t h e  LOSs which i n t e r s e c t  t h e  c o r e  r e g i o n  o f  t h e  

plume, as compared t o  t h e  b a s e l i n e .  



Back Flow 

l h e  back f l o w  f rom t h e  r e s l s t o j e t  source c a l c u l a t e d  f rom 

equa t ion  (39 )  f o r  t h e  observer  l o c a t i o n  s p e c i f i e d  above f o r  t h e  

f i v e  cases i s  as f o l l o w s :  

2 

2 

2 

2 

2 

Case 1 1 . 3 2 x 1 O - l 2  g/cm /s  

Case 2 1 . 0 8 ~ 1 0 - ~ ~  g/cm / s  

Case 3 7 . 0 0 x 1 0 - ’ ~  g/cm / s  

Case 4 6 . 6 5 ~ 1 0 - ~ ~  g/cm / s  

Case 5 3 . 0 0 ~ 1 0 - ~ ~  g/cm / s  

l h e  f i r s t  t h r e e  cases i n v o l v i n g  N2 show t h a t  t h e  back f l o w  

t o  t h e  observer  l o c a t i o n  decreases s l i g h t l y  f rom t h e  b a s e l i n e  when 

t h e  plume i s  k e p t  c l o s e r  t o  t h e  c e n t e r l i n e  by i n c r e a s i n g  t h e  a rea  

r a t i o  o r  reduc ing  t h e  n o z z l e  h a l f  ang le .  The d i f f e r e n c e  between 

case 4 and case 1 i s  l a r g e l y  due t o  t h e  lower  nozz le  mass f l o w  r a t e  

s i n c e  the  plume parameters f o r  these two cases a r e  ve ry  s i m i l a r .  A 

major  reason f o r  case 5 p roduc ing  t h e  maximum back f l o w  d e s p l t e  i t s  

lower  nozz le  mass f l o w  r a t e  i s  because i t  has t h e  g r e a t e s t  l i m l t i n g  

expansion angle.  

Conclus 1 ons 

I h e  genera l  c o n c l u s i o n  f rom the column d e n s i t y  d i s c u s s i o n  I s  

t h a t  f o r  t h e  cases which c o n f i n e  the f a r  f i e l d  plume t o  near  t h e  

c e n t e r l i n e ,  which can be done by I n c r e a s i n g  t h e  area  r a t i o  

( case  2 ) ,  decreas ing  t h e  n o z z l e  h a l f  ang le  (case 3 ) ,  o r  i n c r e a s i n g  

t h e  s p e c l f l c  heat  r a t i o  (cases 1, 2, 3, and 4 as compared t o  
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case 5 ) .  the r e s u l t i n g  N C D s  w i l l  be l e s s  f o r  LOSs pass ing  th rough  

t h e  v i scous  p o r t i o n  o f  t h e  plume o n l y .  

For LOS angles which i n t e r s e c t  t h e  c o r e  p o r t i o n  o f  t h e  plume, 

t h e  N C D s  f o r  t h e  c o n f i n e d  plumes w i l l  grow r a p i d l y  and exceed t h e  

b a s e l i n e  case where no s p e c i a l  a t t e m p t  was made i n  c o n f i n i n g  t h e  

plume. However, i f  an as t ronomica l  o b s e r v i n g  i n s t r u m e n t  I s  

s e n s l t l v e  t o  an induced NCD o f  1013 mol/cm , t h e  improvement I n  

N C D s  f o r  LOSs f r o m  10" t o  75"  where t h e  induced N C D s  a r e  no g r e a t e r  

than 1 . 5 ~ 1 0 ~ ~  mol/cm2 i s  i n c o n s e q u e n t i a l  when compared t o  t h e  

2 

ang le ,  NCDs seen by the observer  a t  a LOS o f  110". A t  t h i s  LOS 

case 3 w i t h  a 10" n o z z l e  h a l f  ang le  produces a N C D  o f  

1 . 0 4 ~ 1 0 ~ ~  mol/cm which exceeds t h e  o b s e r v e r ' s  l i m i t  whi  

NCD produced by t h e  b a s e l i n e  case w i t h  a 20" n o z z l e  h a l f  

produces a NCD o f  o n l y  7 . 9 5 ~ 1 0 ~ ~  mol/cm . S p e c i f i c  nozz 

2 

2 

e t h e  

a n g l e  

e 

geometr ies can be chosen depending on which LOSs a r e  o f  i n t e r e s t  t o  

an obse rve r .  

I n  regards t o  t h e  back f l o w  c a l c u l a t e d  by e x t e n d i n g  t h e  

m o d i f i e d  Simons' method beyond 

t h e  plume produce s l i g h t l y  l e s s  back f l ow .  I n  comparing t h e  N2 

cases, t h e  minimum b a c k f l o w  produced by case 3 w i t h  t h e  reduced 

nozz le  h a l f  ang le  i s  1.9 t lmes l e s s  than  t h e  b a s e l i n e  case. When 

u s i n g  t h e  same nozz le ,  l a r g e r  boundary l a y e r s  a t  t h e  n o z z l e  e x i t  

w i l l  produce h i g h e r  back f l o w  r a t e s .  

em, t h e  nozz les  which c o n f i n e  
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I n  summary, t h i s  r e p o r t  has presented  ana lyses  which a r e  

v a l u a b l e  t o o l s  t h a t  a r e  e a s i l y  and r a p i d l y  used f o r  systems l e v e l  

plume and con tamlna t ion  s t u d i e s .  
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TABLE I .  - NOZZLE GEOMETRY AND O P E R A T I N G  C O N D I T I O N S  USED 

I N  PLUME ANALYSIS FOR CHIRIVELLA'S NOZZLES 

Case 

F l u i d  
S p e c i f i c  Impulse, s 
S p e c i f i c  heat r a t i o  

Nozz le  geometry 
Area r a t i o  
H a l f  ang le ,  deg 
Th roa t  rad ius ,  cm 
Length,  cm 

O p e r a t i n g  c o n d i t i o n s  
T h r u s t ,  N 
Po, Pa 
To, K 
Mass f l o w  r a t e ,  g/s 

Nozz le  e x i t  c o n d i t i o n s  
Me 
Ut?, m/s 
boundary l a y e r  t h l c k n e s s ,  c m  
d isp lacement  t h i c k n e s s ,  cm 

Plume parameters 
A 
Beta  
eo, deg 
e m ,  deg 

Nozz le  5 

N2 
64 

1 .4  

60 
1 5  

0.127 
3.198 

0.163 
22098 

294 
0.260 

5 . 4  
722 

0.328 
0.244 

2.347 
4.67 

18 
65 

Simons 

9.32 
26 

Nozz le  3 

c02 
64 

1.29 

240 
25 

0.064 
1.974 

0.050 
22201 

294 
0.079 

5.86 
643 

0.411 
0.297 

1.466 
3.5 

18  
88 

Sjmons 

6.32 
33 
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TABLE 11. - O P E R A T I N G  C O N D I T I O N S  AND GEOMi lTRY FOR 

P A R A M i l l E R I C  S lUDY NOZZLES 

Case 

F l u i d  
S p e c i f i c  impulse,  s 
S p e c i f i c  hea t  r a t i o  

Nozz le  geometry 
Area r a t i o  
H a l f  angle,  deg 
Th roa t  r a d i u s ,  cm 
Length,  cm 

Opera t i ng  c o n d i t i o n s  
Th roa t  Reynolds no. 
Thrus t ,  N 
Po, Pa 
To, K 
Mass flow r a t e ,  g/s  

Nozz le  e x i t  c o n d i t i o n s  
Me 
Ue, m/s 
bouriddry i d y e r  th ’ lckness, cm 
d isp lacement  th l ckness ,  cm 

Plume parameters 
A 
Beta  
eo, deg 
e,, deg 

1 

N2 
150 
1 .4  

100 
20 

0.051 
1.257 

7348 
0.356 

267853 
1273 

0.242 

5.96 
1524 

ij.185 
0.142 

2.293 
4.45 

17 
66 

._ __ 

2 

N2 
150 
1.4 

200 
20 

0.051 
1.834 

7348 
0.356 

267853 
1273 

0.242 

6.69 
1542 
0.310 
0.249 

2.651 
4.51 

14 
61 

3 

N2 
150 
1 .4  

100 
10  

0.051 
2.593 

7348 
0.356 

267853 
1273 

0.242 

5.71 
1515 

0.231 
0.175 

2.992 
4.71 

12 
58 

4 

H2 
500 
1.4 

100 
20 

0.051 
1.257 

4424 
0.356 

299466 
1273 

0.073 

5 .77  
5669 

0 . 2 i i i  
0.168 

2.201 
4.08 

15 
67 

5 

H20 
200 

1.33 

100 
20 

0.051 
1.257 

5822 
0.356 

254947 
1273 

0.182 

5.38 
1981 

0 . i 9 3  
0.140 

1.673 
3.81 

19 
80 
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BOUNDARY LAYER REGION 

r 1 t t a i  = fkaoo' txvl-  p i a  - a 

I N V I S C I D  CORE REGION 

f ( e )  = cost.rre/2e,)2/(Y-1) 

$- - 

I BOUNDARY 
I LAYER 7 
I 
I 

\ 
\ 

/ 
ISENTROPIC CORE-' 

I p / P * =  A ( R * / r ) ' f ( B ) l  

- PLUME STRUCTURE BASED ON FAR F I E L D  APPROXIMATION. 

PLENUM PRESSURE (dl;/dQ),=,, 

N/M2 ( P S I A )  

0 2 . 1 9 ~ 1 0 '  ( 3 . 2 )  0 , 5 8 5  
8 . 5 ~ 1 0 '  ( 1 2 . 4 )  2 . 2 6 7  
1.2~105 ( 1 7 . 5 )  3 . 1 9 9  - MODIFIED SIMONS 

S I  MONS 
MODIFIED SIMONS EXTENDED BEYOND em 

SIMONS EXTENDED BEYOND em 

\ \ 
\ 
\ 
\ 
\ 

- 

H I L L  AND , 
DRAPER - 

18' 26' r 65' 

I 
60 1 2 0  180 

ANGULAR DISTANCE FROM AXIS. e. DEG 

FIGURE 2 .  - MASS FLUX MEASUREMENT DATA REDUCED AND 
COMPARED WITH THE H I L L  AND DRAPER APPROXIMATION 
AND THE SIMONS AND MODIFIED SIMONS METHODS FOR 
NOZZLE 5 .  N2 GAS, AND TEMPERATURE OF 2 9 4  K .  
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W 
_1 W 
L 4 

fi 

t 
-I 0 v) 

r 3 

x W n. 

X 3 
-1 U 

v) 

10-6 

10-8 

PLENUM PRESSURE (dr;/dQ)B,o, 
N/M2 ( P S I A )  G'SEC 

0 2.19~10' (3.2) 0.61 
6.8~10'  (10.0) 2.36 

0 1.7~10'  (25.0) 3.33 

MODIFIED SIMONS 
MODIFIED SIMONS EXTENDED BEYOND Boo 
SIMONS 

-- --- 

-\ 
\ 
\ 
\ 

/ H I L L  AND DRAPER \ 
/ '\\ 

60 120 180 
ANGULAR DISTANCE FROM AXIS.  8. DEG 

FIGURE 3. - MASS FLUX MEASUREMENT DATA REDUCED AND 
LUMPAKtU W 1  IH  I H t  HILL ANU UKAt'tK At'I'KUXIPWI IUN 
AND THE SIMONS AND MODIFIED SIMONS METHODS FOR 
NOZZLE 3, i o 2  GAS, AND TEMPERATURE AT 294 K. 

FIGURE 4. - VECTOR DIAGRAM OF RESISTOJET SOURCE AND 
OBSERVER LOCATIONS. 
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ZENITH L I N E  OF SIGHT 
4 # 

OBSERVER 
LOCATION--\ 

\ 
\ 

,r- RESISTOJET 

FIGURE 5. - SPACE STATION RESISTOJET AND OBSERVER LOCATIONS FOR 
NUMBER COLUMN DENSITY CALCULATIONS. 

FIGURE 6 .  - ENGINEERING MODEL RESISTOJET DEVELOPED FOR SPACE STATION APPLICATIONS. 
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2ooo r I 

A X I A L  DISTANCE. CM 

FIGURE 7 .  - ISODENSITY CONTOURS: CASE 1. NUMBER 
DENSITY, MOLECULES/CM3. 

0 400 800 1200 1600 2000 2400 2800 3200 
A X I A L  DISTANCE, CM 

FIGURE 8. - ISODENSITY CONTOURS: CASE 2. NUMBER 
DENSITY, MOLECULES/cn3. 

5 1 5 0 0 1  
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FIGURE 9. - ISODENSITY CONTOURS: CASE 3. NUMBER 
DENSITY, MOLECULES/CM3. 
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FIGURE 10. - ISODENSITY CONTOURS: CASE 4 .  NUMBER 
DENSITY. MOLCCULCS/CM3. 
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FIGURE 11. - ISODENSlTY CONTOURS: CASE 5. NUMBER 
DENSITY, MOLECULES/CM3. 
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FIGURE 12.  - PLUME NUMBER DENSITY AT AN AXIAL LOCATION AT 50 CM FROM NOZZLE E X I T  PLANE. 
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FIGURE 13. - COLUMN DENSITY VERSUS LINE OF SIGHT. 
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FIGURE 14. - COLUMN DENSITY VERSUS LINE OF SIGHT. 
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FIGURE 15.- COLUMN DENSITY VERSUS I I N F  OF SILHT. 
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