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Most s o l i d  mode le r s  (SMs) use  e i t h e r  a  boundary r e p r e s e n t a t i o n  
( B - r e p )  o r  a  c o n s t r u c t i v e  s o l i d  geometry  r e p r e s e n t a t i o n  ( CSG-rep) 
a s  t h e i r  p r imary ,  i n t e r n a l  r e p r e s e n t a t i o n .  Each method h a s  i t s  
a d v o c a t e s ;  e a c h  h a s  i ts  d e t r a c t o r s ;  e a c h  h a s  i t s  s t r o n g  p o i n t s ;  
e a c h  h a s  i t s  drawbacks. The need f o r  bo th  r e p r e s e n t a t i o n s  is 
becoming i n c r e a s i n g l y  e v i d e n t ,  and i t  is becoming n e c e s s a r y  t o  be  
a b l e  t o  c o n v e r t  from one  t o  t h e  o t h e r .  

The need t o  g o  from a  CSG-rep t o  a  B-rep ( o r  a  s i m p l e  wi re f rame  
r e p )  h a s  long  been a p p a r e n t  because  an o b j e c t  t h a t  is d e f i n e d  o n l y  
b y  a  CSG-rep i s  d i f f i c u l t ,  i f  n o t  i m p o s s i b l e ,  f o r  a  human t o  
i n t e r p r e t  . B e f o r e  f a s t ,  s h a d e d  d i s p l  a y  c a p a b i l i t i e s  became 
a v a i l a b l e ,  t h e  wireframe and t h e  B-rep were t h e  o n l y  p r a c t i c a b l e  
t e c h n i q u e s  f o r  p s u e d o - i n t e r a c t i v e  d i s p l a y .  A l s o ,  t h e  
implementa t ion  o f  t h e  Boolean o p e r a t i o n s  between t m r ,  s o l i d  o b j e c t s  
o f  set  u n i o n ,  i n t e r s e c t i o n  and d i f f e r e n c e ,  which was q u i c k l y  
a p p r e c i a t e d  a s  an impor tan t  c a p a b i l i t y  expected q f  W s ,  u t i l i z e d  
t e c h n i q u e s  o f  a  n a t u r e  s i m i l a r  t o  t h o s e  r e q u i r e d  i n  c o n v e r t i n g  from 
a  CSG-rep t o  a  B-rep. A s  a  consequence ,  t h e  problem o f  g e n e r a t i n g  
a  B-rep from a  CSG-rep h a s  been e x t e n s i v e l y  s t u d i e d  and is  now 
r e 1  a t i v  e l  y  we1 1 under s t o o d .  

I n  c o n t r a s t ,  u n t i l  r e c e n t l y ,  t h e r e  h a s  been l i t t l e  r e a s o n  t o  
g e n e r a t e  a  CSG-rep from a  B-rep. However, u s e r  e x p e r i e n c e  h a s  now 
s t r o n g l y  e s t a b l i s h e d  t h e  c o n v e n i e n c e  o f  u s i n g  swept  c o n t o u r  
( p r o f i l e )  c u r v e s  i n  t h e  p r o c e s s  o f  d e f i n i n g  o b j e c t s .  Thus,  SM 
v e n d o r s  have  an i n c e n t i v e  t o  p r o v i d e  t h i s  i n p u t  mechanism f o r  t h e i r  
u s e r s .  B u t ,  *while t h e  u s e r  i n p u t  d a t a  t o  d e f i n e  a  s b s p t  sbjject is 
o f t e n  t r i v i a l l y  r e l a t e d  t o  a  B-rep o f  t h e  o b j e c t ,  it h a s  proven 
m o r e  d i f f i c u l t  t o  u s e  t h e s e  d a t a  t o  c o n s t r u c t  a  CSG-rep o f  it. 
T h u s ,  much o f  t h e  c u r r e n t  impe tus  f o r  l o o k i n g  a t  B-rep t o  CSG-rep 
m a p p i n g s  comes from t h e  d e v e l o p e r s  o f  CSG-rep 3 s  who need t o  
p r o v  i d  e c o n g e n i a l  u s e r  i n t e r a c t i o n .  ' h e y  have  pursued v a r i o u s  
a p p r o a c h e s  i n  a t t a c k i n g  t h e  problem, b u t  t h e  emphasis h a s  been on 
f i n d i n g  h e u r i s t i c a l l y  j u s t i f i e d  , a l g o r i t h m i c  s o l u t i o n s .  

Ot.her a p p l i c a t i o n s ,  e.g.,  N / C  v e r i f i c a t i o n ,  a l s o  r e i n f o r c e  t h e  
impor tance  o f  t h i s ,  and s i m i l a r ,  r e p r e s e n t a t i o n a l  mappings.  

T h i s  work is performed a t  Sand i a  Na t iona l  b b o r t o r i e s ,  suppor ted  
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T h e  i m p o r t a n c e  o f  t h e  p r o b l e m  w a r r a n t s  a  b e t t e r  mathemat ica l  
u n d e r s t a n d i n g  o f  it. This  t a l k  w i l l  p r i m a r i l y  a d d r e s s  t h a t  a s p e c t  
o f  i t ,  a l t h o u g h  some a l g o r i t h m i c  c o n s i d e r a t i o n s  w i l l  be  b r i e f l y  
ment ioned.  

Although SMs d e a l  wi th  3 4  o b j e c t s ,  it t u r n s  o u t  t h a t  "mostw o f  t h e  
g e o m e t r y  f o r  swept o b j e c t s  o f  c u r r e n t  i n t e r e s t  i s  2 4 .  Thus,  t h e  
c rux  o f  t h e  m a t t e r  f o r  g e n e r a t i n g  B-rep t o  CSG-rep mappings f o r  
t h e s e  c a s e s  d e v o l v e s  t o  s o l v i n g  a  2-D problem. Also ,  it is  more 
i n s i g h t f u l  t o  c a s t  t h e  problem i n  t e r m s  o f  u s i n g  n h a l f s p a c e s l l  
r a t h e r  t h a n  CSG-rep w p r i m i t i v e s . l t  'his is  p a r t l y  because  a  
s o l u t i o n  t o  t h e  2-D problem,  w i t h  2-D h a l f s p a c e s ,  immediate ly  
p r o v i d e s  a  s o l u t i o n  t o  t h e  3-D problem by s i m p l y  r e p l a c i n g ,  i n  an  
o b v i o u s  way, 2-0 h a l f s p a c e s  by 3-D h a l f s p a c e s .  A s  p r i m i t i v e s  
t h e m s e l v e s  a r e  expressed  by ( o f t e n  i m p l i c i t )  b i n a r y  t r e e s  whose 
1 e a v e s  a r e  h a l f s p a c e s ,  it is t r u e ,  o f  c o u r s e ,  t h a t  a  s o l u t i o n  wi th  
them p r o v i d e s  a  s o l u t i o n  wi th  h a l f s p a c e s .  However, t h i s  approach ,  
i n  g e n e r a l ,  t e n d s  t o  b e  p r o f l i g a t e  i n  t h e  t o t a l  number o f  
h a l f s p a c e s  t h a t  a p p e a r s  i n  t h e  CSG-rep o f  a  s w e p t  o b j e c t .  
F u r t h e r m o r e ,  a s  w i l l  b e  shown,  t h e  b i n a r y  t r e e  found f o r  a  
h a 1  f s p a c e  s o l u t i o n  may b e  used t o  d e t e r m i n e  an e x c e l l e n t  b i n a r y  
t r e e  f o r  a  s o l u t i o n  wi th  p r i m i t i v e s .  

The  problem w i l l  b e  d i s c u s s e d  i n  t m  p h a s e s .  The f i r s t  phase  
e n t a i l s  f i n d i n g  a  CSG-rep t h a t  d e f i n e s  t h e  r e g i o n  bounded by  a  
polygonal  p r o f i l e  c u r v e .  The second phase u t i l i z e s  t h e  r e s u l t s  o f  
t h e  f i r s t  phase  t o  f i n d  a  CSG-rep f o r  many non-polygonal p r o f i l e  
c u r v e s .  

A m a t h e m a t i c a l l y  c o n c i s e  r e p r e s e n t a t i o n  o f  a  r e g i o n  bounded by  a  
po lygona l  w i l l  be  p r e s e n t e d .  Namely, any  po lygona l  r eg ion  bounded 
b y  an n  s i d e d  polygon may b e  r e p r e s e n t e d  by  a  b i n a r y  t r e e  which h a s  
a t  mos t  n  p l a n a r  h a l f s p a c e s  a s  l e a v e s .  A s t r u c t u r e  f o r  t h i s  
r e p r e s e n t a t i o n  and a n  a l g o r i t h m  f o r  c a l c u l a t i n g  i t  w i l l  be  
d  i scussed  . 
I f  t h e  p r o f i l e  c u r v e  is  non-polygonal,  i .e. ,  h a s  n o n - s t r a i g h t  
e d g e s ,  then  a  g e n e r a l  method f o r  t h e  d e t e r m i n a t i o n  o f  a  c o n c i s e  
CSG-rep t h a t  d e f i n e s  t h e  r e g i o n  it bounds is n o t  y e t  known. 
N o n e t h e l e s s ,  while a  t o t a l l y  s a t i s f a c t o r y  s o l u t i o n  is  l a c k i n g ,  a  
c o n c i s e  CSG-rep f o r  many r e g i o n s  o f  i n t e r e s t  i n  CAD a p p l i c a t i o n s  
d o e s  e x i s t .  'his is  t r u e ,  f o r  e x a n p l e ,  f o r  most r e g i o n s  f o r  which 
it is p o s s i b l e  t o  d e t e r m i n e  "an u n d e r l y i n g  polygonal  r e g i o n w  and a  
s e t  o f  "edge r e g i o n s , "  e a c h  a s s o c i a t e d  wi th  a  n o n - s t r a i g h t  edge .  
Most o f  t h e s e  r e g i o n s  may b e  r e p r e s e n t e d  by a  b i n a r y  t r e e  t h a t  h a s  
t h e  p o l y g o n a l  r e g i o n  a s  one l e a f  and t h e  edge  r e g i o n s  a s  t h e  o t h e r  
l e a v e s .  F o r  such  a  r e p r e s e n t a t i o n ,  and f o r  most e d g e s  o f  i n t e r e s t  
i n  t h e  p r e s e n t  C A D  e n v i r o n m e n t ,  t h i s  i m p l i e s  t h a t  t h e  r e g i o n  
d e t e r m i n e d  b y  a  p r o f i l e  c u r v e  w i t h  n  e d g e s ,  k  o f  which a r e  
n o n - s t r a i g h t ,  has  a  b i n a r y  t r e e  r e p r e s e n t a t i o n  w i t h  no more t h a n  
n+2k h a l f s p a c e  l e a v e s ,  o f  w h i c h  a t  mos t  n+k h a l f s p a c e s  a r e  
d i s t i n c t .  Cond i t i o n s  which a s s u r e  t h a t  t h i s  r e p r e s e n t a t i o n  exists , 
and c o n s i d e r a t i o n s  f o r  a n  a l g o r i t h m  t o  g e n e r a t e  i t ,  w i l l  be  
d  i scussed  . 




