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Abstract 

Gradient theory converts the molecular theory of inhomogeneous fluid into nonlinear 
boundary value problems for density and stress distributions in fluid interfaces, contact 
line regions, nuclei and microdroplets, and other fluid microstructures. The relationship 
between the basic patterns of fluid phase behavior and the occurrence and stability of 
fluid microstructures is clearly established by the theory. All the inputs of the theory 
have molecular expressions which are computable from simple models. 

On another level, the theory becomes a phenomenological framework in which the 
equation of state of homogeneous fluid and sets of influence parameters of inhomogeneous 
fluids are the inputs and the structures, stress tensions and contact angles of menisci are 
the outputs-outputs that find applications in the science and technology of drops and 
bubbles. 

Introduction 

As witnessed by the papers presented at this colloquium, drops and bubbles, thin films 
and adsorbed layers, and contact angles are key actors in numerou,; natural and man-made 
processes. Vith our knowledge of and demands on these processes becoming more sophisti- 
cated, it is increasingiy important to have a molecular level theory of structure and 
stress in interfaces. Although the formal statistical mechanical theory of inhomogeneous 
fluids at equilibriurc has been developed father extensively over the last two decades, the 
formal theory is presently intractable. ' ' Far more powerful is gradient theory, an 
approximation going back to Rayleigh3 and van der Waals" which was rediscovered by Cahn and 
Hilliard5 and was recently put into modern form by Eongiorno zt aZ. and Yang et aZ.' 
Successes in predicting the surface tension of polymer melts, hydrocarbons and their mix- 
tures, ' and water l o  prove that the theory is useful for real fluids. In this paper. I 
outline the elements of gradient theory and describe applications that my Xinnesota 
colleagues and I have made of the theory to fluid-fluid interfaces, fluids at solid sur- 
faces, and drops and bubbles. 

Gradient theory of microstructured fluids 

A fluid microstructure is an inhomogeneous region in a fluid in which component 
densities vary appreciably over molecular distances. Any fluid is, of course, inhomo- 
geneous because of the presence of gravity. However, the lnhomogeneitirs that result from 
gravity are so weak that component densities vary negligibly over molecular distances. 
Similarly, the inhomogeneities induced by ordinary centrifugal fields and by the temperature 
and composition gradients involved in the usual transport situations are very we2k. If tbe 
component densities vary sufficiently little over molecular distances, then the thermo- 
dynamic functions can be approximated locally by the corresponding functions for homogeneous 
fluid at the local composition. In fluid microstructures the effect of the local component 
,ensity variations must be accounted for in the local thermodynamic functions. 

In the absence of external fields and density inhomogeneities , the Helmholtz free energy 
density is fo. From intermolecular interactions species i and j give to fo a contribution 
of the order of ai ninj, ni and nj being component densities and aij a characteristic energy 
parameter. The iadtor 112 nin is a measure of the number of interacting pairs. If the i fluid is inhomogeneous at posi ion F, then the number of interacting pairs in the vicinity 
of E should be corrected by some amount 112 GneSnj. An estimate of &%is rijvni, rij the 
range of the intermolecular force between i an2 j and oni the gradient of n. at r .  It 
follows heuristically ., . then that the local Helmholtz free enerpy density of inhomogeneous 
fluid is fo(p) + ciiVni*Vn+plus terms higher order in gradients of component densi- 
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If the density gradients are macroscopic, e.g., caused by gravity or ordinary centrifugal 
fields, then Vni is of the order of ni/L, L being the dimension of the s ftem. In this case 
the quantity ci Vni*Vnj is negligible since it is of the order of (rij/J compared to the 

1 
S local value of he homogeneous fluid free energy density fo. Thus, it is appropriate to 

identify i:j T cijVni*Vn as the free energy density of fluid microstructure. 
j 

Van der Waals introduced the one-component version of Equation (1) in his theory of 
liquid-vapor interfaces and Cahn and Hilliard used a binary regular solution version of 
the equation in connection with interfacial structure and spinodal decomposition of sub- 
cooled homo eneous solution. In the nodern statistical mechanical version of the 
theory,'. 1' Equation (1) is derived from a formal component density expansion of the exact 
free energy of inhomo~eneous fluid. Expressions are obtained which relate the local 
"influence parameters cij of inhomogeneous fluid to the fluid radial distribution functions 
of homogeneous fluid at local component densities. The heuristicconnectionofthe influence 
parameter c.. to aijrij is justified by the rigorous statistical mechanical expressions. 

1 J 
In its modem version gradient theory is a very attractive description of inhomogeneous 

fluid: on the one hand the inputs f (p) 2nd ci-(p) can in principle be computed from the 
molecular theory of homogeneous fluia, but on tae other hand if molecular theory is insuf- 
ficiently developed for the fluids of interest semiempirical or empirical schemes can be 
used to deduce equations of state for fo(g) and c. (n) . Along these lines it is encouraging 
that the molecular theoretical formulas for cij a ~ d  some predictions l ' based on simple 
models imply that the influence parameters are often only weak functions of component 
densities. Similarly, the success ofgthe theory with constant cij in predicting the sur- 
f ace tens ions of hydrocarbon mixtures and water1 argues against appreciable density 
dependence of the influence parameters. The importance of this is that one can determine 
the values of influence parameters from limited experimental data. In all the applications 
I discuss below the influence parameters are held constant. 

At equilibrium the grand potential, 

is a minimum in a closed system. The chemical potential, pi, plays the role of a Lagrange 
multiplier accounting for the constraint that Ni(= /nid3r) is fixed in a closed system. The 
density distributions ni(r) , i=l , . , v, that minimize R must, according to the calculus of 
variations, obey the corresponding Euler equations 

i=l,***,v. Boundary conditions appropriate for a given fluid microstructure must be 
assigned and the component densities of the microstructure determined by solving these non- 
linear differential equations. T h u s ,  g r a d i e n t  t h e o r y  r e d u c e s  t h e  probtem o f  d e t e r m i n i n g  
e q u i l i b r i u m  f l u i d  m i c r o s t r u c t u r e s  t o  a  n o n l i n e a r  boundary  v a l u e  prgbZem. Of course, once a 
microstrucsure solution has been obtained its stability has to be established by p+cTring 
that it is a local minimum of the grand potential Q. Typically one solves nonlineh. dif- 
ferential equations by discretization (e.g., finite difference or finite element) an* 
iteration using the Newton-Raphson technique. ' * A biproduct of such a solution technique 
is that the matrix generated by the Newton-Raphson technique is the one required for sta- 
bi.lity analysis of the solution so obtained, i.e., the same algorithm generates the solution 
and the elements of stability analysis. 

The pressure tensor is another quantity of interest in fluid microstructures. In homo- 
geneous fluid, the pressure is isotropic, i.e., the number of lines of force passing through 
a small element of area from molecules lying on each side of element is independent of the 
orientation of the element. This is because the molecular population is ident'cal in all 
directions in homogeneous fluid. This is not true in inhomoge~leous fluid and so the iso- 
tropic pressure of homogeneous fluid, Po(n)l, must be corrected to account for local 
component density variation. is the unit-tensor. Since the number of lines of force 
passing through the area element will depend on orientation, components of the pressure 
tensor are in general different in an inhomogeneous fluid, i.e., the pressure tensor f! is 
anisotropic. To second order in density gradier.:~ the general fonnula for the pressule 
tensor is of the form2 



where t('), * * * ,  E(~) are functions of the local composition I. The one component ver i n of 
~quatiodj(5) wasif first proposed by Korteweg. l 6  The theoretical formulas for the E t a ?  are 
much more complicated than that for the influence parameters. Several simplif led ij 
versions of the k(u) have been investigated. l 3  The simplest of these is obtained by 
assuming that theijinfluenceparame~ers areconstant and that the must be consistent 
with the constancy. The result is ij 

Since fo and Po are related by the thermodynamic relation dPo = -d(foV) , at constant 
T, n-v**e,n,V, the gradient theory of stress given by Equation (5) requires exactly the same 
inputs as the gradient theory of the free energy. 

In what follows the influence parameters are always assumed to be constant and either 
the van der Waals (VDW) equation of state or one of its empirically modlfied successors, the 
Peng-Robinson (PR) equation," is used. Both equations can be summarized as 

nkT Po($ --- - n2a 
- nb 1 + +[2nb- (nb) ' I  

jl=0 in the VDW equation and +a1 in the PR equation. a and b are energy and volume 
parameters. For pure fluids the parameters are determined by the critical temperature and 
pressure for the VDW equation and these plus the acentric factor for the PR equation. '' 
The recomended forms of a and b for mixtures is nb = n bi and n2a = iE n.n.a. where 
bi and aii "e pure fluid parameters and ai- , i j  are1 mixture parameteti t6 Jbtj6etemined 
by a fit of the equation to experimental da4a on two-component systems. The PR equation is 
quantitatively superior to the VDbI equation but qualitatively both are quite similar, and so 
either serves equally well the purposes of this article. 

Planar interfaces 

The ~omponent~density profiles, ni(x), of a planar interface are obtain d by solving 
Equation ( ) with ue - 0 and su ect to the boundary conditions p(x = --) = nll) and 
n(x=~x.) = nf2), rhere n( '1 and n?') denote the component densities in coexisting bulk phases 
1 and 2. Th se component densbties are o& cpuf;e determined by the usual equilibrium con- 
ditions P (of')) - pO(n(')), pi(p( ')) = ui(* . i-1,-.* .\'. Equation (3) can be solved 
analyticaPly in the case of a one-component fluid but must be solved numerically in the 
multicomponent case."q~'R 

The density profile of a one-component liquid-vapor interface predicted with the VDW 
equation at the reduced temperature kTb/a = 0.197 is shown in Figure 1. The density is 

Figure 1. Density in units of b-', distance in ,%F. kTb/a = 0.197. Ref. 14. 
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given i n  u n i t s  of b-'and t he  d i s t ance  i n  u n i t s  of V'Z-:, a length  of t h e  o rde r  of magnitude 
of a  molecular diameter .  I n  a  p lanar  i n t e r f a c e  t he  normal pressure  P , t h a t  i s  t h e  com- 
ponent of p ressure  measured by a  f l a t  t e s t  su r f ace  l y ing  i n  t he  i n t e r j l a c i a l  l ane ,  is 
cons tan t  i n  a~(.ordanc~~with~the,condition of hyd ros t a t i c  equi l ib r ium (P-P - !. o r  dPN/dx = 0 
s ince  P = PN ii + P T ( j j  + kk), i the  u n i t  vec to r  along t h e  x - ax i s ) .  On ' the o t h e r  hand, t he  
t ransverse  pressure  PT, t he  component of p ressure  measured by a  f l a t  t e s t  su r f ace  or thogonal  
t o  t he  i n t e r f a c i a l  p lane ,  is  not  cons t ra ined  by hyd ros t a t i c  equi l ib r ium end must t ake  on 
whatever va lues  forced on i t  by t he  dens i t y  p r o f i l e .  P cannot be cons tan t  i n  t he  i n t e r -  
f ace ;  otherwise,  the  i n t e r f a c i a l  t en s ion ,  which i s  t h e  Xi f fe rence  between t he  normal and 
t r ansve r se  pressuras  i n t eg ra t ed  across  t he  i n t e r f a c e ,  namely, 

would have t o  be zero .  

From Equation (5) it follows t h a t  

This r e s u l t ,  which has been derived from seve ra l  approximations13 t o  t h e  c o e f f i c i e n t s  i n  
t he  grad ien t  t h e o r e t i c a l  p ressure  t e n s o r ,  i s  h e u r i s t i c a l l y  very  sugges t ive .  The d e n s i t y  
n(x) i z  uniform i n  a  p lane  p a r a l l e l  t o  t he  i n t e r f a c e ,  t h a t  is  t h e  pressure  i s  i s o t r o p i c  i n  
such a  plane. The con t r i bu t i on  t o  t he  t r ansve r se  pressure  from molecules l y i n g  nea r  t he  
plane i s  expected t o  be propor t iona l  t o  Po(n(x) ) .  Molecules l y ing  f u r t h e r  from t h e  plane 
a r e  d i s t r i b u t e d  t o  maintain a  cons tan t  normal pressure  P . The con t r i bu t i on  of t he  so- 
d i s t r i b u t e d  molecules t o  t he  t ransverse  pressure  should ffe of same o rde r  of magnitude. 
Thus, i t  n igh t  be argued t h a t  P w i l l  be a  l i n e a r  combination of Po(n) an< PN, t he  
r e spec t i ve  c o e f f i c i e n t s  being 2T3 and 113 r e f l e c t i n g  t he  f a c t  t h a t  t he  dimensions of t he  
i n t e r f a c i a l  plane a r e  2 and t he  normal d i r e c t i o n  i s  1. It  would be i n t e r e a t i n g  t o  f i n d  a  
convincing de r iva t i on  of Equation (8) from t h i s  po in t  of view. An accounting of t he  l i n e s  
of intermolecular  f o r ce  passing through a  small  element of a r e a  versus  o r i e n t a t i o n  of t he  
element might be f r u i t f u l  i n  pursuing t h i s  goa l .  

An important impl ica t ion  of Equation (8) i s  t h a t  t he  s t r u c t u r e  of t he  t r ansve r se  
pressure  i n  t he  i n t e r f a c e  is  determined by the  equation of s t a t e  of homogeneous f l u i d .  The 
normal and t ransverse  pressures  ccrresponding t o  t he  p r o f i l e  i n  Figure 1 a r e  shown i n  
Figure 2 .  As expected t he r e  i s  a  wide region i n  which t he  i n t e r f a c e  i s  under tens ion  ( i . e . ,  
P < PN) . Since tens ion  i s  p o s i t i v e  and equals  t he  a r e a  under t he  curve PN - P versus  x ,  
t x e r e  must be a  region i n  which PT . P . There i s  however a  small region of cozpress icn  
(PT ' PN) on t he  gas s i d e  of the  rn te ryace .  The correspondence between t he  van de r  l?aa ls  
loops i n  t he  PVT phase diagram f o r  homogeneous f l u i d  i s  seen by comparing Figures  2 and 3 .  
The normal pressure  PN i s  of course the  l iquid-vapor coexis tence  p r e s su re ,  i . e . ,  PN = 
PO(n,) = Po(ng), ng  and n t he  l i q u i d  and vapor d e n s i t i e s ,  r e s p e c t i v e l y .  The region 3f 
compression i n  t he  in tc r f%ce  a r i s e s  from the  reg ion  in  which t he  pressure  isotherm . . ~ e s  
above the  t i e - l i n e s ,  which l o c a t e  t he  pressure  PN. 

A s i g n i i i c a n t  f e a t u r e  of t he  theory is  t h a t  t he  s t r u c t u r e  and s t r e s s  i n  t he  i n t e r f a c e  
are determined by the  thermodynamic func t ions  of homogeneous f l u i d  i n  t h e  metastable  and 
uns tab le  regions of t he  PVT diagram. I t  has u sua l l y  been thought t h a t  in  t he  uns tab le  
region of t he  phase diagram the  thermodynamic func t ions  a r e  meaningless.  Far from being 
meaningless,  t he  behavior of these func t ions  i n  t h i s  region i s  a  determining f a c t o r  of 
i n t e r f a c i a l  behavior .  The grad ien t  terms provide t be  necessary f r e e  energy t o  s t a b i l i z e  
s t a t e s  t h a t  would be uns tab le  i n  homogeneous f l u i d .  

A s  a  c r i t i c a l  po in t  o r  a  so lu t i on  p l a i t  po in t  i s  approached, t he  VDIJ loops i n  t he  
pressure  isotherm begin t o  f l a t t e n  out  and become synmetric about t he  t i e - l i n e ,  both pa t -  
t e rn s  of which d r ive  the  tens ion  towards ze ro .  That t ens ion  goes t o  zero a s  a  c r i t i c a l  
p i n t  is apnroached is wll-known, but t he  mechanism of g e t t i n g  low tens ion  by symmetrizing 
t he  VDV loops o t  the pressure  isotherm i s  novel .  Such an e x a ~ p l e  is  provided i n  Figure 4 ,  
i n  which i s  given dens i t y  and pressure  p r o f i l e s  of  t he  l i q u i d - l i q u i d  i n t e r f a c e  of carbon 
dioxide and decane. ' ' T h e  p r o f i l e s  were pred ic ted  with t he  PR equat ion using t he  mixture 
parameter va lues  a12 - dallaZ2 and c12 -0.9icllc22 and cii  va lues  f i t t e d  from pure f l u i d  

sur face  tens ion .  The tension of t he  i n t e r f a c e  i n  Figure 4 i s  y = 0.6  dyn/cm. 



Figure 2. Principal pressures in a planar Figure 3. PVT phase diagram of a,VDW fluid. 
interface. VDW fluid. Pressure Density in units of b- tempera- 
in units of a/b', distance in ture in alkb. The liquid-vapor 
v*%. Ref. 14. densities are indicated by points 

connected with constant-pressure 
tie-lines. 

DISTANCE 

Figure 4. Density and principal pressure profiles of a C02-decane liquid-liquid 
interface of a PR fluid. kTb1a = 0.148, density ni in units of b?'. 
distance in id/a, pressure in alb2. a, b, c C02 values. Ref. 19. 



Contact angle, wettability, and film formation 
) i 
I ' 

The adsorption and wetting characteristics of fluids on solid surfaces and at fluid- 
: :  fluid interfaces are of enormous practical interest in the design of detergents, lubricants, , I 

flotation and foaming agents, paints, ca illary delivery devices, and the like. In spite P of such practical importance, the molecu ar theory of adsorption and wetting is still a / ._ 
fledgling science, based most often on ad hoc models for various special situations. 
Gradient theory shows promise of giving a unified theoretical basis to the subject. In what 1 1  
follows, the theory is applied to adsorption and film formation at interfaces, three phase 
contact regions and the contact angle, and perfect wetting transitions. . 

. .  
Suppose a fluid-fluid interface contacts a flat solid wall as indicated in Fi ure 5 .  [ 

: If the meniscus (a mathematical surface representing the position of the interface7 is I .  observed at some distance R lying far enough from the solid for bulk fluid phases to exist 
on each side of the surface but not far enough for gravitational distortion to affect it, 
then the observed contact angle 0 obeys Young's equation . I 

. . 
(9) cose . YTn Y y f i  + . ' cx f i  

v y ,  and 7 denote the tensions (or surface excess free energies) of fluid phases a and B 
with. sold phase y .  7 6 is the interfacial tension of the interface between fluids rr and 
8. The basis and mean?ng of Equation (9), which can be derived from a force balance on the . ' 

hemicylinder wtose cross-section is shown in dashed lines in Figure 5, has been discussed 
at length in a recent paper by Benner e t  a L . l 5  

Figure 5. Angle of contact of fluid menisc~s Figure 6. Angles of contact of three fluid 
at a flat solid wall. phases. 

If all three phase are fluid, then the menisci define three dihedral angles (Figure 6) 
obeying the force balance 

A contact angle is not always observed when three phases are brought together. If 
either of the inequalities 

'7n ' ' l y ~  + ' , c ~  
or Y ~ B  ' Yya + 'n~ (11) 

then Equation (9) (or (10)) has no solution and the free energy of the system will decrease 
as the result of a thin layer of phase 4 (or phase a) intruding between phase 7 and phase cr 
(or phase 8) as shown in Figure 7. The intruding phase is said to c o m p l e t e  L y  or perfec t ly  
o e t  the interface between the other two phases. The transition between contact angle and 
perfect wetting behavior occurs at conditions for which one of the inequalities in Equation 
(11) becomes an equality. 



Per fec t  wett ing i s  of course essen- 
t i a l  i n  app l i ca t i ons  involving spontaneous 
spreading of some f l u i d  a t  hn i n t e r f a c e .  
Examples of pe r f ec t  wett ing a r e  well-known. 
In  t h e  presence of a i r ,  most l i q u i d r  per-  
f e c t l y  wet on c lean  metal su r f aces ,  water  
on qua r t z ,  some organic l i q u i d s  on water ,  
some organic l i q u i d s  on some polymers, 
e t c .  Not s o  well-known is  c r i t i c a l  point  
~ e t t i n g , ~ ?  phenomenon hypothesized r ecen t ly  
by Cahn. He noted t h a t  according t o  
c r i t i c a l  point  theory and experiment, a s  
a c r i t i c a l  point  of  phase a and 0 is 
approached along a temperature, p ressure ,  
o r  chemical po t en t i a l  pa th ,  t he  i n t e r -  
f a c i a l  tension approaches zero asymptoti- 
c a l l y  a s  

where h i s  the  f i e l d  va r i ab l e  (any thermo- 
dynamic quan t i t y  being t h e  same i n  a l l  
coexis t ing  phases) ,  hc i t s  value a t  the  
c r i t i c a l  po in t ,  and yo a s c a l e  f a c t o r .  
Cahn pos tu la ted  t h a t  thgBdif fe rence  
l y y u  - Ya* I w i l l  approach zero a s  t h e  
composition of t h e  components i n  phases Figure 7 .  Conditions f o r  pe r f ec t  wet t ing  
n and 0 approach each o t h e r ,  i . e . ,  i t  by e i t h e r  phase a o r  phase 0 .  
obeys t he  scal.ing law 

s u f f i c i e n t l y  near  the  c r i t i c a l  po in t .  Since y approaches zero f a s t e r  than t h a t  pos tu la ted  
f o r  I y - y I , Cahr. concluded t h a t  t he re  w i l y  always e x i s t  a c r i t i c a l  wet t ing  va lue  of 
the  fi&Yd va i f ab l e ,  il , not  equal t o  h , a t  which one of t h e  f l u i d s  w i l l  become p e r f e c t l y  
wett ing.  The combinafYon of  Equations ?9), (12) and (13)pives asymptotic formulas f o r  t he  
contact  angle a t  a s o l i d  a s  h approaches hew, namely, 

where yc  i s  t h e  va lue  of y,lB a t  h = hcw. 

The p r a c t i c a l  s i gn i f i cance  of Cahn's theory i s  t h a t  one of a p a i r  of f l u i d s  can alwayu 
be made pe r f ec t ly  wett ing i n  t h e  presence i n  a t h i r d  phase by ad jus t i ng  f i e l d  va r i ab l e s  
( e . g . ,  by changing temperature o r  pressure  or  by adding some compone,~t) t o  ge t  near  a 
c r i t i c a l  po in t .  

To t e s t  t h e  v a l i d i t y  of Equation (13) ,  an unver i f ied  hypothcsis,and t o  underatand the  
r e l a t i q n  of y and hcw t o  f l u i d  and s o l i d  p rope r t i e s  and i n t e r f a c i a l  s t r u c t u r e ,  Teletzke 
e t  a:." studfed with gradien t  theory the  behavior of a one-mmponent f l u i d  a t  a f l a t  s o l i d  
wal l .  Some r e s u l t s  of t h i s  work a r e  of i n t e r e s t  here .  The PR equation of s t a t e w a s  used f o r  
the  f l u i d  and the  wal l  was charac ter ized  by the  wa l l - f l c id  molecule p o t e n t i a l  

,i choice appropr ia te  f o r  wal l s  and f l u i d s  composed of molecules i n t e r a c t i n g  with t h e  6-12 
Lennard-Jones p o t e n t i a l .  x denotes t h e  d i s t ance  from the  wa l l .  W i n  a measure of t he  
s t r eng th  of  t he  wa l l - f l u id  p o t e n t i a l  and d i t s  range. 

The gradien t  p r o f i l e  equation with constant  in f luence  parameter was solved f o r  t h e  
dens i ty  p r o f i l e  n(x) by the  Galerkin technique using a f i n i t e  element b a s i s  s e t .  The s o l i d -  
f l u i d  tension can be computed a s  t he  a rea  de r iva t ive  of t he  f r e e  energy, v - aF/aA,  o r ,  
e u i v a l e n t l y ,  from the  pressure  formula, Y = {m[~o(nB) - PT]dx. nB beinp t h e  bulk dens i ty  
04 f l u i d  f a r  from the  wal l .  The boundary condi ions f o r  the  problemare n(x)+O a t  x+O and 
n(x)+nB as x-. 

A PR f l u i d  has an upper c r i t i c a l  temperature Tc equal t o  0.1704 i n  t h e  u n i t s  a / b .  



Gradient throry predic t r  a critical-wetting 
temperature Tcw above which the l iqu id  
phase becomes ~ e r f e c t l y  wett in a t  the f solid-vapor w r f a c e .  An examp e i s  rhown 
i n  Figure 8 ,  fo r  the so l id - f lu id  pa rmete r r  0.20- 
W = 6 . 4  a/b  anti d = m, Below Tcw a drop M Thick-T h h  Films 
of l iquid  would not spread on the s o l i d ,  Thick-Thin Film8 
but would form a contact angle. Above Tcw 0.18 - 
the drop would rpread to  fonn a perfect ly  I- 
wetting layer .  The c r i t i c a l  wetting tem- 
perature depend8 on W and d.  A t  f ixed d l  
T decreases with increasing W ,  i. e .  , a s  

0.16- 

tf% strengtil of the ro l id- l iquid  potent ia l  
increaser perfect  wetting occurr a t  lower WETTING 
tam era ture .  A t  f ixed W ,  Tcw decreares 
w i t [  increasing range d of the wall 
potent ia l ,  i . e . ,  the longer the range of 
the potent ia l  the lower the temperature 
a t  which perfect  wetting occurs. CONTACT 

ANGLES 
Correspondingly, the charac te r i s t i c  

tension yc : Y L V ( T ~  ) decreases with DENSITY, n i n c r e a ~ i n g  Tcw ( a d ,  therefore ,  with 
decreasing W o r  d ) .  I f  W and/or d a r e  
small enough, then Tc. i s  near the 
c r i t i c a l  point and Equation (14) should 
hold i f  Cahn's hypothesis i s  t rue .  This 
was indeed found t o  be t rue  (although there Figure 8. Phase and fi lm diagram f o r  a 
i s  a small d e t a i l  uf mean-field v ~ r s u s  Peng-Robinson f l u i d .  Tempera- 
correct  scaling laws2 ' ) .  On the other hand, ture  +n u n i t s  a/kb,  density 
a s  2.I and/or d increase,  the perfect-wetting in  b' . Ref. 21. 
temperature T decreases and Equation (14) 
no longer holcfs. A t  s u f f i c i e n t l y  low temperature the in ter face  is very sharp (narrow) 
and the Good-Girifalco fonnula2 ' 

ought to  hold since it i s  based on a d iscont inuou~ in ter face  approximation. This turns  out 
t o  be the case. The dependence of T and Y = v "(T ) on W and the dependence of cos0 on 
Y ~ , ~ ( T ) / Y ~  f o ~  various values of W ar&wshown f n  ~ j k r e % ' ' ?  and 10 f o r  the care d = CiX The 

0 
a 
mo- o 
0 

SCALING LAW 

. G000-GIRIFALCO &'6.4 

CORRELATION 

Figure 9 .  V ~ r i a t i o n  of c r i t i c a l  wetting Figure 1C. Contact angle versus y V(T)/y, 
t tepera ture  (uni ts  a/kb) c r i t i c a l  f o r  various W. ~ e f .  2k. 
wetting tension (un i t r  & b') 
with W (uni ts  a/b) . Ref. A. 
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near-critical scaling law, Equation (14),holds for W 5 3, the Good-Girifalco formula, 
Equation (16), holds for W 2 9. In the intermediate range, neither formula holds. 

Several years ago, Zisman2' suggested thet the contact angle correlates with the ratio t 
ytV/yc but that ye was a characte:istic only of the solid, not of the fluid pt.d. e. The 
implication of Fi ure 9 is that this is not so unlerr the reduced energy at-mrtrr blb/a and 
length parameter ! I /FT~ are fired in the series of fluids c o t  ared. As tRese ratios depend 

b/a and tG7Z were not very dig! 
E both on solid and fluid, it a ears that Zisman's scaling wor ed because the fluid parameters 

erent for the systms compared. 

Another thing gradient theory predicts is a first order transition of the absorbed 
layer at the solid surface. In the temperature ran l T, to Tcs (Figure 8), as the bulk f fluid density increases from zero towards the gas s de of the phase diagrnm a composition 
is reached at which two adsorbed layers or thin-films of different thickness are redicted 
at the same equilibrium conditions. An example is shown in Figure 11. As the bufk density 
is increased beyond the thin-film co- 
existence curve the thin-film nrowr 
continuously into a thick thinzfilm to become 
finally a perfectly wetting layer of 
liquid when the liquid-vapor phase dome is 
reached. The temperature TCR 19 a film 
critical point. Above T as bulk density 
increases from zero to tfie liquid-vapor 
coexistence curve an adsorbed layer grows 
continuously through thin-film states into 

erfectly wetting layer of liquid phase. 
'3e " P ow T, only submonolayer adsorption 
occurs wyth increasing density until at 
the liquid-vapor coexistence curve liquid 
appears as a drop with a contact angle. 
On the liquid side of the coexistence 
region only submonolayer adsorption occurs. 
A thin-film transition was predicted by S a m  
and EbnerZ usin an integral model free 
energy. Their din-f ilm coexistence curve 
is very similar to that of described here. 
The thin-film transition predicted by Cahn 
on the basis of a two-dimensional model of 
the solid is, however, quali~atively 
different . 

DISTANCE FROM WALL, x 

Figure 11. Density rofilc of fluid at a 
solid ua!l as a function of 
bulk fluid density. Ref. 21. 

T t  s h o u l d  be emphasiaed t h a t  a c c o r d i n g  co t h e  t h e o r y  t h e  p a t t e r n s  o f  j ' i 2 m  and ph480 
b e h a v i o r  o f  a one-component  f l u i d  a t  a  s o l i d  w a l l  a r e  g c s e r a l .  Sufficiently near a 
critical point of a pair n and 13 of multicomponent coexisting fluid phases, either a or 0 
will become perfectly wetting at the interface formed by a third phase y and the nornetting 
fluid phase. The third phase y can be solid or liquid. The critical point c m  be n upper 
or lower critical point. In approaching a critical point alon any field variable t. e.8. 
temperature, pressure, or cliemical potential of a corn onent, ttere rill be a critical 
wetting value . a finite distance from the criticd point value h at d i c h  one of the 

I 
k near-critical p ases becomes perfectly wettin on a third hare. 0ut;ide but near the 

coexistence composition region of o and 8 .  a first order tRin-film transition occur. with a 
coexistence curve lyin between h and he,, hc being the film critical point. he# lies 
between hew and hc . I f  h lies befgeen h and b, , then sufficiently near the a-0 
coexistence region a thin-film formed between the third phase y and, say, phase a will 
thicken continuously into a layer of the perfectly wetting phase 0. 

An exnmple of the structure and stress of a liquid-vapor interface a: which a thin-film 
has almost grown into a layer of a second liquid hare is shown in Figure 12. This figure 
was taken from the work of Falls e t  a I .  l '  in whicR theory was applied with the PR equation 
to planar interfaces and spherical drops formed in carbon dioxide and decwe mixturer. The 
transverse pressure profile is highly structured, looking like that of a liquid-liquid 
interface on the left and of a liquid-vapor interface on the right. 

There is abundant evidence that the qualitative patterns of wettin tranritionr dercribed 
ere are correct2 ' @ ' * " a:$ the expected continuously thickening thin films have been 
observed by ellipsomecry. However, the predicted firrt order thin-film transition has not 
been verified experimentally, nor have the critical exponents of Equations (13) and (14) 
been established experimentally. 

The theory of wetting transitions and film formation at flat surfaces requires solving 
only a one-dimensional density profile problem. However, if the structure and stresr of 
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Figure 12 .  Density and p ressure  p r o f i l e s  of a  thLn-film L C  a l iquid-vapor  
i n t e r f a c e  i n  C02 and decane. Den:ity n i  ir  u n i t s  b i l ,  d i s t a n c e  

I 
i n  Jc= and p ressure  i n  a l l /b l .  Component 1 i s  C02. 

kTbl/all = 0.148.  Ref.  19 .  

the  t h r e e  phaae con tac t  region i s  d e s i r e d ,  the  roblem becomes of n e c e s s i t y  g r a l t e r  than 
one-dimensional. even i f  one phase i s  a  f l a t  s o l i d .  I f  a  f l u i d - f l u i d  i n t e r f a c e  con tac t s  
a  f l a t  s o l i d  the  componc.>t d e n s i t i e s  depend on the  d i s t a n c e  x  from t h e  wa l l  and t h e  Jis- 
tance y  p a r a l l e l  t o  the  w a l l ,  Benner e t  U Z . ' ~  have r e c e n t l y  s t u d i e d  the  con tac t  region of  
a  one-component l iquid-vapor  i n t e r f a c e  a t  f l a t  s o l i d .  The PR equat lon was used f o r  the  
f l u i d  and Equation (15) f o r  the  w a l l - f l u i d  i n t e r a c t i o n  p o t e n t i a l .  The space a v a i l a b l e  h e r e  
does no t  a l low an ex tens ive  d i scuss ion  of  the  paper .  However, one i n t e r e s t i n g  f e a t u r e  i s  
t h a t  t h e  s t r e s s  s t a t e  i n  t h e  l iquid-vapor  Lnterface  i s  a f f e c t e d  r e l a t i v e l y  f a r  f r o n  t h e  
i n t e r f a c e .  An example of t h i s  i s  given i n  Figure 13 .  The p r i n c i p a l  p ressure  d i r e c t i o n s  
in  the  x-y plane a r e  ind ica ted  by c r o s s e s ,  
the  s i z e  of which i n d i c a t e s  t h e  magnitudes 
of the  p r i n c i p a l  p ressures  i n  the  x-y plane.  
Far away from the s o l i d  and the  l iquid-vapor  
meniscus (def ined a s  t h e  posi t ior ,  where 
n(r ,y)  = 1/2(n  + n,) and ind ica ted  by t h e  
s o l i d  curve) 'the p ressur r  components eqvlal 
the  bulk f l u i d  value wich is so small  t h e  
corresponding c rosses  a r e  almost i n v i r i b l e  
on the  s c a l e  of  Figure  13. A t  a planar  
l iquid-vapor i n t e r f a c e  the  normal p ressure  
component (Pll) would be cons tan t  and 
t h e r e f o r e  the  r e s s u r e  c rosses  would ap e a r  
as  h o r i r o n t a l  f i n e s  (P21 l a r g e .  P l l  s m f l )  
in  the  i n t e r f a c i a l  zone. Ins tead ,  even t c  
the  f a r  r i g h t  of P i  u r e  13, a  disti ince of 3 about 25 so1ecu;ar iameters  away from t h e  
w a l l ,  the  normal p ressure  component i s  very 
l a rge .  And t h e  p r i n c i p a l  stress p a i r s  P11,  
P 2 undergo four  s i g n  changes i n  going from 
rfie li uid  t o  the  vapor phase. Wild and 
wonderjul p a t t e r n s !  Are they connequent i a l ?  
Anujor  conclusion from t h e  work of Benner 
e t a l .  i s  t h a t  a t  a  f l a t  su r face  Young's 
equation is a p p l i c a b l e  o u t s i d e  the  con tac t  
region (see  Figure  5 ) .  The r a d i u s  of the  Figure 13 .  P r i n c i p a l  p resca re  anti components 
con tac t  region is LJO o r  t h r e e  times the i n  a l iquid-vapor  i n t e r f a c e  n e a r 8  
th icknessof  t h e  i n t e r f a c i a l  zone between the  wa l l .  kTb/a = 0 . 1 ,  W = 6a /b .  Wi.ith 
f l u i d  phases. of r e g i o ~ s h o w n  i s  2 5 , z .  YR f l u t C .  

Ref. i 5 .  



Spherical  f l u i d  micros t ruc tures  

Vis ib le  examples of spher ica l  micros t ruc tures  d r e  t h e  drops and bubbles t h a t  occur i n  
mists, foams, beverages, manufactured g l a s s ,  and b a s a l t  l avas .  I n v i s i b l e  examples a r e  
c o l l o i d a l  p a r t i c l e s ,  vesicl-es ,  and mice l les .  The c l a s s i c a l  de sc r ip t i on  of sphe r i ca l  
s t r u c t u r e s  is based on the  Young-Laplace equation and t h e  Kelvin equation expressing 
mechsnical and chemical equil ibr ium between a bulk phase i n t e r i o r  and a bulk phase e x t e r i o r  
separated by an in t e r f ace  having the  tens ion  of a p lanar  i n t e r f a c e .  I n  a s u f f i c i e n t l y  
small spher ica l  micros t ruc ture ,  however, t he  i n t e r i o r  w i l l  no t  be bulk phase and t h e  
tension w i l l  not be t h a t  of  a planar  i n t e r f a c e .  Deviation from c l a s s i c a l  behavior m i  h t  be 
consequential i n  nuc lea t ing  f l u i d s  and mice l la r  s o l u t i o n s ,  i n  which the  equil ibr ium mfcro- 
s t r u c t u r e s  a r e  tens  o f  angstroms i n  diameter and, t o  mention a couple of  examples rece iv ing  
spec i a l  a t t e n t i o n  a t  t h i s  colloquim, microdrops o r  microbubbles i n  microdrops and t h i n  
l i q u i d  l ayc r s  on the  i n s ide  of g l a s s  s h e l l s .  

Gradient theory provides a molecular l e v e l  theory of sphe r i ca l  s t r u c t u r e s  which es tab-  
l i s h e s  t he  point  a t  which the  c l a s s i c a l  de sc r ip t i on  breaks down and determines t h e  
s t r u c t u r e ,  s t r e s s  and mechanisms of s t a b i l i t y  of sphe r i ca l  micros t ruc tures .  By wfy yf example, I w i l l  o u t l i n e  some r e s u l t s  of t h e  recent  investigation:,  of F a l l s  e t  a l .  * on 
one and two-component nirrodrops and microbubbles. 

For spher ica l  microstructures  suspended i n  bulk f l u i d ,  t he  boundary condi t ions  a r e  
ani/3r = 0 a t  r = O  and ni(r)-ni a s  r+-. n i ~  being the  bulk phase dens i ty  of i i n  t he  sus-  
pending f l u i d .  With these  bounsary c o n d i t ~ o n s  and constant  in f luence  parameters.  F a l l s  
e t  aZ. have solved gradien t  theory f o r  a one-component VDW f l u i d 1 4  and a two-component PR 
f l u i d . I 9  Figure 14 i l l u s t r a t e s  t h e i r  r e s u l t s  f o r  t he  dens i ty  p r o f i l e s  n ( r )  of l i q u i d - l i k e  
microdrops suspended i n  a vapor phase. From t h e  Young-Laplace and Kelvin equat ions,  one 
expects t he  i n t e r i o r  of the  drop t o  be a t  higher  pressure ,  and the re fo re  higher  dens i ty .  
than the  s a tu ra t ed  l i q u i d  dens i ty  n:q.. This  is seen t o  be t r u e  i n  Figure 14 f o r  drops of 
rad ius  l a rge r  than about four  molecular diameters ( t he  "radius" of  t h e  drop does not  have 
a prec ise  meaning f o r  microdrops) . Howeger , f o r  smaller  drops,  the  i n t e r i o r  dens i ty  
decreases with drop s i z e  and the  dens i ty  
p r o f i l e  takes  on a Gaussian-like shape wi th  
no i n t e r i o r  bulk region.  The l o s s  of a 
bulk-l ike i n t e r i o r  begins t o  occur when the  
rad ius  of the  drop is  about equal t o  t he  
thickness of t he  l i q u i d  vapor i n t e r f a c e .  n 

DENSITY 

Because the  i n t e r f a c e  i s  curved, t he  
normal pressure profLle PN 
(P - = P N ( r ) r r  + PT(r) ( z  - ) i n  a 
spher ica l  f l u i d  s t ruc tu re )  i s  not constant  
across t h e  i n t e r f ace .  Thus, t he  pressure 
p ro f i l e s  i n  a spher ica l  i n t e r f ace  a r e  q u i t e  
d i f f e r en t  from those i n  a planar  i n t e r f a c e  
a t  the  sane temperature (compare Figures 15 
and 2 ) .  This leads on? t o  expect s t rong  
deviat ions between the  tensLon y_ of a 
planar i n t e r f ace  and t h e  tension y(R) of a 
microdrop of radius R. S imi la r  devia t ions  
a r e  expected f o r  the  Young-Laplace equation 'bq o P 4 6 8 10 12 n M S T ~  r 
as  c l a s s i c a l l y  appl ied ,  i . e .  PN(r=@) - FROM CENTER 
P (r-m) = 2y /R. From the  thermodynamics OF d;ops i t  fol lows t h a t  t he  appropriate  
rad ius  R with vhich t o  descr ibe  the  tension 
of t he  drop i s  the  rad ius  of che surfac: of 
tension. '  This rad ius  (which does not d i f f e r  
greatly from the at which n( r )  = Figure 14. Density p r o f i l e s  of microspherical  1/2(n(r-0) + nB)) and the  corresponding 
tension y(R) a r e  predicted by gradien t  drops i n  a VDV vapor. kTb/a = 

theory."  A s  i l l u s t r a t e d  i n  Table 1 ,  the  0.197, de-si t  i n  u n i t s  of  b-' , 
tension of t he  drop does d i f f e r  from ym f c r  d i s t ance  .. A. 
small drops and the  c l a s s i c a l  Young-Lalace 
equation does break down. However,  hat i s  
remarkable is t h a t  already f o r  drops 
f i f t e e n  molecules wide the  drop i n t e r f a c e  
has v i r t u a l l y  the  same tension a s  a p lanar  
i n t e r f ace  and the  c l a s s i c a l  Youag-Laplace 
equation i s  accura te .  



Table 1. Microdrops i n  VW vapor. 
Radius R i n  u n i i s  of fi55. 
kTb/a = 0.197. 

- 
P ~ ( o )  - P~(m) R Y ( R ) / Y ~  

( 2  

Figure 15. P r inc ipa l  pressure  p r o f i l e s  of a 
microspherical  drop i n  a VDW 
vapor. Pressure i n  u n i t s  of a/b: , 
dens i ty  i n  b - ' ,  d i s t ance  i n  1 7 a .  
k T b / a =  0.197. Ref. 1 4 .  

The implicat ion of the one-component s tud i e s  j u s t  ou t l i ned  i s  t h a t  microdrop 
curvature a f f e c t s  t h e  i n t e r f a c i a l  s t r u c t u r e  and the  i n t e r f a c i a l  t ens ion  very l i t t l e  once 
the  drop r ad ius  i s l a r g e r t h a n  10 molecular diameters .  I n  multicomponent systems t h i s  con- 
c lus ion  may o r  may not  fol low. Consider f o r  example t he  bubble i n  l i q u i d  CO; and decane 
shown i n  Figure 16 (from F a l l s  s t  , x i .  l o ) .  The rad ius  of t he  bubble i s  only about 1 2  carbon 
dioxide diameters ,  but i t s  component dens i ty  p r o f i l e s  a r e  almost i d e n t i c a l  t o  those of t h e  
planar l i q u i d  vapor i n t e r f a c e  ( ind ica ted  a s  a bubble with RE--). 

.~&tt&mt i 2. i I a 
DISTRNCE F90M BUBBLE CENTER 

Figure 16 .  De t~s i ty  p r o f i l e s  i n  a planar  l iquid-vapor i n t e r f a c e  (R-) 
and i n  a bubble (F = 1 2 )  i n  a CO -decane PR f l u i d .  Density 

i n  u n i t s  of b i  . d i s t ance  i n  ?i976. kTbl/all = 0.148.  
:if. 19.  



'1 
The tensions of the bubble and planar interface agree within 10%. Thus, this bubble 
behaves as expected from the one-component results. 

However, as was discusseu ill the previous section (Figure 12). in a multicomponent fluid 
conditions can besuch that a thin-film of an incipient third phase may be formed at an inter- 
face. These films are very sensitive to a chan e in a field variable. Curving an interface 
changes the chemical potential of the system (tfis follows from Kelvin's equation in the 
classical theory), and so it can be anticipated that under conditions of high adsorption or 
thin-film formation the interfacial structure and stress will be very sensitive to drop 
size. Compa7;son of the drop component density and pressure profiles of Figure 17 (from 
Falls e t  < x i .  ) with the corresponding planar case, Figure 12, illustrates that this is 

DISTQNCE FROB DROP CENTER 

Figure 17. Density and pressure profiles of a drop in a C02-decane PR 
fluid. Density ni in units of bil, pressure in all/bc, 
distance in i ~ ~ f ' ~ ~ .  kTbl/all = 0.148. Ref. 19. 

indeed the case. At this temperature, it has been estimated1' from the theory that the 
drop structure will not begin take on the planar form until it is larger than 100 carbon 
dioxide molecules in radius. The important implication of this result is that i.1 r a g i ~ n n  

t i : t r l -+ ' : in  fL?z*mL:? i i , * t  t h r  i n : e r f ~ , : i a !  i-om;lositic3n ,?an ke t;rsatl:.! m s J i f i e J  by c u r o o t u r e .  
This faci migilt he quite important in the manufacture of objects with thin, uniform layers 
of a desired material. 

Although space does not allow discussion, gradient theory predicts the work of fonna- 
tion of drops and bubbles, a quantit~~important to the theory of homogeneous nucleation. 
In fact, the theory was used by Cahn to support his theory of spinodal decomposition. He 
showed that the barrier expected for the nucleation of microdrops is not there owing to the 
size dependence of the interfacial tension and that as a result a homogeneous material at 
the spinodal density can transform continuously into a multiphase system. In heterogeneous 
nucleation, it is likely that thin-film formation will be an important intermediate step in 
the process when conditions are right. These matters are ripe for future work. 

Closing remarks 

In closing. I would like the point out a few problems to which gradient theory mi~ht 
profitably be applied next. 

1. Thin, uniform layers of fluid in a spherical solid shell. A fluid-solid otential 
will have to be introduced for shell. For uniform thin-films and thin layers of p R ase only 
spherically symmetric solutions need to be sought, so the problem remains one dimensional. 
By a different method Kim, Hok, and Bernat address this problem in their paper. 

2. Fluid microstructure at rough or chemically heterogeneous sclid surfaces. For this 
problem a two-dimensional solid-fluid potential will have to be introduced. Thus, the prob- 
lem is two-dimensional. 

3. Contact angles with rough or chemically heterogeneous solid surfaces. This invol- 
ves the same solid-fluid potential as in Problem 2 and a fluid interface in the vicinity of 



t he  s o l i d  and s o  i s  a three-dimensional problem. The problem w i l l  pose a chal lenge t o  
computer-aided mathematics. 'i 4. Drop shapes on inc l ined  rough o r  chemically heterogeneous su r f aces .  This again i s  
a three-dimensional problem and an even g r e a t e r  chal lenge than Problem 3.  i 
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