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A b s t r a c t  

Th i s  paper  d e a l s  wiLh t h e  c a l c u l a t i o n  of t h e  stress genera ted  i n  a  suspens ion  of  d rops  
i n  t h e  r r e s e n c e  of  a  uniform e l e c t r i c  f i e l d  and a  pure  s t r a i n i n g  motion, t i . : ing i n t o  account  
t h a t  t h e  magnetohydrodynamic e f f e c t s  a r e  dominant. It  is  found t h a t  t h e  stress genera ted  i n  
t h e  suspension depends on t h e  d i r e c t i o n  o f  t h e  a l p l i e d  e l e c t r i c  f i e l d ,  t h e  d i e l e c t r i c  con- 
s t a n t s ,  t h e  v i s c o s i t y  c o e f f i c i e n t s ,  t h e  c o n d u c t i v i t i e s  and t h e  p e r m e a b i l i t i e s  o f  f l u i d s  i n -  
s i d e  and o u t s i d e  t h e  d r o l s .  The express ion  o f  t h e  p a r t i c l e  stress shows t h a t  f o r  f l u i d s w h i c h  
a r e  good conductorc, and poor d i e l e c t r i c s ,  e s p e c i a l l y  f o r  l a r g e r  d rops ,  magnetohydrodynamic 
e f f e c t s  t end  t o  reduce t h e  dependence on t h e  d i r e c t i o n  of  t h e  a p p l i e d  e l e c t r i c  f i e l d .  

The s t u d y  of a  f low system i n  b.hich t h e  e l e c t r i c  f j e l d  and t h e  v e l o c i t y  f i e l d  e f f e c t  
each o t h e r  i s  c a l l e d  electroh!rdrodynamics. The a p p l i c a t i o n s  of  e lect rohydrodynamics  a r e  
numereous: c ryogen ic  f l u i d  management i n  t h e  ze ro-grav i ty  environment o t  space ,  format ion and 
coelecence o f  s o l i d  and l i q u i d  p a r t i c l e s ,  e l ec t roaasdynamic  high v o l t a g e  and power g e n e r a t i o n  
i n s u l a t i o n  r e s e a r c h ,  physicochemical hydrodynamic, h e a t ,  mass and momentum t r a n s f e r ,  e l e c t r o -  
f l u i d  dynamics of  b i o l o g i c a l  sys tems,  and a tmospher ic  and c loud p l y s i c ~ . l - ~  I n  n a t u r e  and 
i n d u s t r y  w e  a r e  q u i t e  o f t e n  concerned w i t h  t h e  p r o p e r t i e s  of a  f l u i d  i n  which smal l  p a r t i c l e s  
a r e  suspended and c a r r i e d  about  by t h e  motion of  t h e  ambient f l u i d .  I f  t h e  average d i s t a n c e  
betweer t h e  p a r t i c l e s  is  smal l  compared w i t h  t h e  c h a r a c t e r i s t i c  l e n g t h  o f  t h e  motion c f  t h e  
suspens ion ,  one c i n  r e g a r d  t h e  suspension a s  a  homogeneous f l u i d .  The problem is t o  determi-  
n e  t h e  r h e o l o g i c a l  p r o p e r t i e s  of  t h i s  e q u i v a l e n t  f l u i d  from t h e  knowledge of  t h e  p r o p e r t i e s  
of  t h e  ambient f l u i d .  The macroscopic p r o p e r t i e s  of t h e  suspension w i l l  be  r e f e r r e d  t o  a s  
bu lk  p r o p e r t i e s .  When t h e  suspension i s  d i l u t e ,  t h e  suspending f l u i d  Newtonian t h e  p a r t i c l e s  
r i g i d  spheres ,  and t h e  p a r t i c l e  Reynolds number s u f f i c i e n t l y  s m a l l ,  t h e  suspens ion  can be 
d e s c r i b e d  i n  bulk  a s  a  Newtonian f l u i d  w i t h  an e f f e c t i v e  v i s c o s i t y  " * =  v (1+2 .5  c ) ,  provided 
o n l y  t h a t  t h e  p a r t i c l e s  a r e  n o t  s u b j e c t e d  t o  an e x t e r n a l l y  a p p l i e d  f o r c e  o r  couple .  For  t h e  
more g e n e r a l  c a s e ,  t h e  non- i so t rop ic  s t r u c t u r e  of the  suspension u s u a l l y  r e s u l t s  i n  a  n o n -  
Newtonian form f o r  t h e  bulk s t r e s s  t e n ~ o r . ~  The fo rmula t ion  of t h e  problem of determining 
t h e  s t r e s s  i n  a  suspension of p a r t i c l e s  is n o t  s t r a i g h t - f o r w a r d ,  p a r t l y  due t o  t h e  f a c t  t h a t  
t h e  bulk stress i n  a  suspension i s  n o t  obvious .  Bulk stress and o t h e r  bulk  p r o p e r t i e s  a r e  
d e f i n e d  i n  terms of  ensemble averages  of  t h e  a c t u a l  q u a n t i t i e s .  T h i s  is  shown by ~ a t c h e l o r ~  
t o  be e q u i v a l e n t  t o  d e f i n i n g  b ~ l k  p r o p e r t i e s  i n  terms of volume averages  provided t h a t  t h e  
averaging volume is chosen t o  c o n t a i n  many p a r t i c l e s  and is such t h a t  t h e  s t a t i s t . ? a l  proper-  
t i e s  of t h e  suspcnsion a r e  uniform over  it. 

I n  t h e  c a s e  of a  d i l u t e  suspension,  which means t h a t  t h e  flow near  any one p a r t i c l e  is 
independent of  a l l  t h e  o t h e r  p a r t i c l e s ,  t h e  c o n t r i b u t i o n s  t o  t h e  bulk stress from t h e  v a r i -  
ous  p a r t i c l e s  a r e  l i n e a r l y  a d d i t i v e .  The c o n t r i b u t i o n s  may be c l a s s i f i e d  i n  t h r e e  groups: : 
The f i r s t  is a  p u r e l y  i s r t r o p i c  c o n t r i b u t i o n ,  t h e  second i s  t h e  c o n t r i b u t i o n  of t h e  dev ia to -  
r i c  stress and t h e  t h i r d  r e p r e s e n t s  t h e  c o n t r i b u t i o n  t o  t h e  bulk s t r e s s  due t o  t h e  presence 
of  the  p a r t i c l e s .  The s t r e s s  i n  t h i r d  type  of  contribution is termed a s  " p a r t i c l e  s t r e s s "  
and o n l y  t h e  d e v i a t o r i c  p a r t  of i t  is s i g n i f i c a n t .  

Non-Newtonian behavior  of a  suspens ion  can occur  i n  g e n e r a l  i n  t h e  fo l lowing  cases: '  ( i) 
Non-sgher ical  p a r t i c l e s  can cause  some d i r e c t i o n a l  proper tie^.^'^ (ii) The e f f e c t  of  weak 
Brovnian m ~ t i o n . ~  (iii) The e f f e c t  of a  couple  cn a  p a r t i c l e  isto r o t a t e  and t o  g e n e r a t e  an 
ant isymmetr ic  p a r t  of t h e  p a r t i c l e  s t r e s s  t e n s o r . R  I ( i v )  The e f f e c t  of  t h e  shape of a  de- 
formable p a r ~ i c l e  g i v e s  r i s e  t o  non- l inear  s t r e s s . l l ( v )  Sur face  t e n s i o n  a t  t h e  boundary of 
a  f l u i d  p a r t i c l e  o r  e l a s t i c i t y  of a  s o l i d  p a r t i c l e  can  cause  time-dependent e f f e c t s  and t h e  
suspension e x h i b i t s  v i s c o - e l a s t i c  p r o p e r t i e s .  l 1  , I 2  ( v i )  I n  t h e  c a s e  of  auf f  i c i e n t l y  l a r g e  
s i z e ,  t h e  i n e r t i a  f o r c e s  cannot  be n e g l e c t e d  i n  t h e  r e l a t i v e  motion near  one p a r t i c l e  and 
t h e  p a r t i c l e  s t r e s s  dellends non- l inea r ly  on t h e  bulk v e l o c i t y  g r a d i e n t . 1 3  

In  t h i s  paper an express ion  is found f o r  t b e  r a r t i c l e  s t r e s s  t e n s o r  of  a  suspension of  
d rops  i n  an e l e c t r i c  f i e l d .  I t  i s  assumed t h a t  t h e  suspension is d i l u t e ,  suspending f l u i d  
Newtonian, t h e  d r o p s  spheres  and t h e  p a r t i c l e  Reynolds number s u f f i c i e n t l y  s m h l l .  The e x p l i -  
c i t  form of t h e  stress tensor  depends on t h e  e l e c t r o m a g n e t i c  p r o p e r t i e s  of  t h e  d rops  and 
t h e i r  surroundingn I t h e r e f o r e ,  t h e  f low due t o  a s i n g l e  d rop  i s  needed i n  de te rmin ing  t h e  
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p a r t i c l e  stress of a  sur .pens ion.  For  t h i s  r e a s o n ,  c o n l i d e r a t i o n  i s  g i v e n  f i r s t  to tL:c f low 
due  t o  a  d r o p  i n  t h e  p r e s e n c e  o f  an  electric f i e l d  i n  a  p u r e  s t r a i n i n g  mot ion .  

Exper imenta l ly  and t h e o r e t i c a l l y  it h a s  been shown by ~ a ~ l o r ? ~  i h a t  a  c i r c u l a t i o n  c a n  
occul. i n  a  d r o p  and i ts s u r r o u n d i n g  i n  t h e  p r e s e n c e  o f  a  uni form electr ic  f i e l d .  T h i s  f l o w  
f i e l d  set up is due  t o  t h e  s u r f a c e  c h a r g e  and t h e  t a n g e n t i a l  e lectr ic  f i e l d  strebs o v e r  t h e  
s u r f a c e  of t h e  d rop .  The f low f i e l d  o u t s i d e  t h e  d r o p  g i v e n  ir114 i s  v e r y  s i m i l a r  t o  a  sys t em 
i n  wk:ich t h e  f i e l d  c a r r i e s  a  uni form c u r r e n t .  15116 In such a  cese the flew f i e l d  i s  produced b y  
t h e  r ~ t a t i o n a l  Lorentz  f o r c e  due  t o  t h e  d i s t o r t e d  electric c u r r e n t  and t h e  a s s o c i a t e d  mag- 
n e t i c  f i e l d .  Fo r  f l u i d s  which a r e  poor c o n d u c t o r s  t h e  magn.>tic e f f e c t s  a r e  n e g l i g i b l e 1  and 
f o r  f l u i d s  which a r e  good c o n d u c t o r s  and y o r  d i e l e c t r i c s ,  3r f o r  l a r g e r  d r o p s  t h e  magneto- 
hydrodyarnic e f f e c t  may b e  dominant.  l 7  

F o l l o d i n g  t h e  g e n e r a l  a rguments  g i v e n  i n 1  a and l 9  n 2  t h e  p r e s s u r e  and t h e  v e l o c i t y  i n  
t h e  f l u i d  o u t s i d e  tlie d r o p  and i n s i d e  t h e  d r o r  which ? s  embedded i n  a  p u r e  s t r a i n i n g  mot ion  
a r e  de t e rmined .  S i n c e  t h e  gove rn ing  e q u a t i o n s  a r e  l i r i e a r  i n  t e rms  o f  v e l o c i t y  and t h e  elec- 
t r i c  f i e l d ,  t h e  e f f e c t s  i n  t h e  c a s e s  o f  a  d r o ; ~  i n  an  e l e c t r i c  f i e l d  i n  t h e  absence  o f  a p u r e  
s t r a i n i n g  mot ion  and a  d r o p  i n  a  p u r e  s t r a i n i n g  motion w i t h o u t  an electric f i e l d  can  b e  su -  
perimposed.  

S i n c e  i t  i s  assumed t h a t  t h e  s u s r e n s i o n  is  d i l u t e ,  t h e  f l o w  nea r  one  d r o p  is i n d e ~ e n d e n t  
o f  o t h e r  d r o r s  and co w e  may u s e  t h e  r e s u l t r  o b t a i n e d  f o r  one  d r o ~  t o  e - r a l u a t e  t h e  i n t e g r a l  
i n  t h e  p a r t i c l e  s t r c s s .  The e x p r e s s i o n  o f  t h e  p a r t i c l e  stress h a s  two terms, one  w i t h  an anp- 
l ied  e l e c t r i c  f i e l d  and t h e  o t h e r  w i t h o u t  e lectr ic  f i e l d .  The term which depends  on  e lec tLic  
f i e l d  [ r e s e n t s  a  d i r e c t i o n a l  e f f e c t :  and t i l l s  makes t h e  s u s p e n s i o n  a  non-Newtonian f l u i d .  
T h i s  shows t h a t  t h e  s u s p e n s i o n  o f  d r o p s  i n  an  e lectr ic  f i e l d  canno t  be  r e r r e s e n t e d  by a  v i s -  
c o s i t y  t h a t  is independent  o f  t h e  r a t e - o f - s t r a i n .  The v i s c o s i t y  depends  on  t h e  c l i r e c t i o n  o f  
t h e  a p p l i e d  e l e c t r i c  f i e l d .  

The f i r s t  term of t h e  p a r t i c l e  stress shows t h e  e f f e c c  i n  t h e  absence  o f  an a p p l i e d  elec- 
t r i c  f i e l d ,  and t h e  second term d e n o t e s  t h e  a d d i t i o n a l  e f f e c t  due  t o  t h e  a p p l i e d  e l e c t r i c  
f i e l d .  The second term c o n t a i n s  two p a r t s :  one  is  due t o  t h e  absence  o f  t h e  magne t i c  e f f e c t  
i n  t h e  f l u i d  o u t s i d e  t h e  d r o p  and t h e  o t h e r  i s  due  t o  t h e  p r e s e n c e  o f  t h e  magne t i c  e f f e c t .  
When t h e  magnetohydr?dynamic e f f e c t  i s  a b s e n t ,  t h e  e x p r e s s i o n  o f  t h e  p a r t i c l e  stress r e d u c e s  
t o  t h a t  o f  g i v e n   in.^' 

The e x p r e s s i o n  o f  t h e  b u l k  stress 

In  o r d e r  t o  e s t a b l i s h  t h e  r e l a t i o n  o f  t h e  hu lk  stress t o  t h e  v e l o c i t y  and stress d i s t r i -  
b u t i o n s  i n  t h e  f l u i d  n e a r  i n d i v i d u a l  p a r t i c l e s ,  t h e  e x p r e s s i o n  f o r  t h e  b u l k  stress i n  t h e  
s u s r e n s i o n  a s  a volume i n t e g r a l  is used.  The ave rage  volume V i s  chosen t o  c o n t a i n  many par-  
t i c l e s  and i s  such t h a t  t h e  s t a t i s t i c a l  p r o r e r t i e s  o f  t h e  s u s p e n s i o n  a r e  un i fo rm o v e r  it. 
The hydromechanica l  bu lk  stress i n  t h e  s u s r e n s i o n  is 

s i n c e  t k e  e f f e c t  o f  i n e r t i a  f o r c e s  i n  t h e  r e l a t i v e  motion n e a r  a  1 - a r t i c l e  is  n e g l e c t e d .  The 
Maxhell bu lk  stress t e n s o r  may be  d e f i n e d  i n  a  s l m i l a r  manner. The bu lk  v e l o c i t y , q r a d i e n t  is 
g iven  by 

where q, and u i  a r e  t h e  a c t u a l  v a l u e s  of t h e  hydromechanica l  stress and v e l o c i t y  a t  any 
p o i n t  x i n  t h e  suspens ion ,  whether  i t  be  i n  t h e  ambient  f l u i d  o r  i n s i d e  a  p a r t i c l e .  The s u r -  
f a c e  and t h e  volume o f  a  t y y i c a l  p a r t i c l e  i n  V w i l l  de deno ted  by At, and Vo r e s p e c t i v e l y .  

Assuming t h a t  t h e  ambient  f l u i d  i s  Newtonian w i t h  t h e  v i s c o s i t y p  t h e  hydromechanica l  
hu lk  stress may b e  w r i t t e n  a s  

where t h e  rummation i s  c v e r  a l l  t h e  p a r t i c l e s  i n  V. The bulk  v e l o c i t y  g r a d i e n t  becomes 



where n is  an  outward  u n i t  normal t o  Ao. N e g l e c t i n g  i n e r t i a  e f f e c t s ,  t h e  f o l l o w i n g  can be 
w r i t t e n  : 

With t h e  a d d i t i o n  ( 2 )  and ( 3 1 ,  t h e  e x p r e s s i o n  (1) becomes 

The volume b - f  V. is  whol ly  o c c u r i e d  by ambient  f l u i d  and t h e  volume Vo must  b e  r e g a r d e d  a s  
i n c l u d i n g  t h e  i n t e r f a c i a l  l a y e r  ; arrd t h e  s u r f a c e  A 3  w i l l  be  r e g a r d e d  as a  s u r f a c e  j u s t  o u t -  
s i d e  cf t h e  i n t e r f a c i a l  l a y e r .  The f i r s t  t e rm i n  t ; ,e  e x ~ r e s s i o n  f o r  14' i n  ( 4 )  i s  a  p u r e l y  
i s o t r o p i c  c o n t r i b u t i o n ,  t h e  second i s  t h e  d e v i a t o r i c  stress and t h e  e h t r d  r e p r e s e n t s  t h e  
c o n t r i b u t i o n  t o  t h e  bu lk  stress due t o  t h e  p r e s e n c e  o c  t h e  p a r t i c l e s .  The t h i r d  term i n  (4 )  
is c a l l e d  t h e  " p a r t i c l e  s t r e s s "  and is deno ted  w i t h  'fl . 

V 
I t  is  assumed t h a t  t h e  suspens ion  o f  r a r t i c l e s  i s  f o r c e - f r e e  and c o u p l e - f r e e .  S i n c e  t h e  

e x e r t i o n  ci' a  c o u p l e  on t h e   articles by e x t e r n a l  means g e n e r a t e s  an  a n t i s y m m e t r i c  c o n t r i b u -  
t i o n s  tc, r h e  b u l k  stress, t h e  b u l k  stress i n  t h e  absence  o f  a  c o u p l e  e x e r t e d  on p a r t i c l e s  
t h u s  becomes a  s m e t r i c a l  t e p c o r .  

When t h e  r a t i o  o f  t h e  c o n v e c t i o n  o f  c h a r g e  t o  t h e  conduc t ion  c u r r e n t ,  which is  r e f e r r e d  
to a r  t h e  electric Reynolds number, is much s m a l l e r  t h a n  u n i t y ,  t h e  i n f l u e n c e  o f  t i le  e lectr ic  
s t r e s se~  on t h e  f l u i d  i s  i n c l u d e d  i n  t h e  model,  b u t  t h e r e  is  no reci;?roc!al e f f e c t  o f  t h e  mot i -  
on  on t h e  f i e l d s .  A s i m i l a r  s i t i l a t i o n  f o r  t h e  magne t i c  f i e? -d  can  bc c o n s i d e r e d  x i t i i  no e f f e c t  
o f  t h e  n o t i o n  on t h e  magne t i c  f i e l d  8 and t h e  e lectr ic  c u r r e n t  d e n s i t y  i s  t h u s  g i v e n  by i ts  
e l e c t r o s t a t i c  form. For t h i s  r e a s o n ,  i n  t h i s  paFer ,  i n  v i ew o f  t h e  absence  o f  t h e  r e c i p r o c a l  
e f f e c t  of  t h e  motion on t h e  e l e c t r o m a g n e t i c  f i e l d ,  t h e  h y d r o l ~ e c h a n i c a l  b u l k  stress i n  t h e  
s u s p e n s i o -  is c o n s i d e r e d  a l o n e .  

Governing e q u a t i o n s  

The magne t i c  i n d u c t i o n  i n  t h e  f l u i d  i n  and o u t  o f  t h e  d r o p  is n o t  n e g l i q i b l e  because  a£ 
dynamic c u r r e n t s  a r e  n o t  s m a l l  enough. I t  i s  assumed t h a t  t n e  i n f l u e n c e  o f  t h e  e l e c t r i c  stres- 
ses o n  t h e  f l u i d  is i n c l u d e d  i n  t h e  model, b u t  t h e r e  i s  no r e c i p r o c a l  e f f e c t  o f  t h e  mot i cn  on 
t h e  f i e l d s .  T h e r e f o r e ,  t h e  a p p r o ~ r i a t e  laws o f  e l e c t r o d y n a m i c s  a r e  e s s e n t i a l l y  t h o s e  o f  elec- 
t r o s t a t i c s  f o r  t h e  electric f i e l d  and t h e  e lectr lc  c u r r e n t  d e n s i t y ,  e x c e p t  f o r  t h e  magne t i c  
i n d u c t i o n  f i e l d .  Under t h e  c o n d i t i o n s  c o r ~ s i d e r e d  h e r e ,  t h e  gove rn ing  ec:uations o f  e l e c t r a h y -  
drodynamics a r  2" : 

where E , i s  t h e  e l e c t r i c  f i e l d  i n t e n s i t y ,  J t h e  e lectr ic  c u r r e n t  d e n s i t y ,  R the magnetic 
f i e l d ,  G t h e  e l e c t r i c  c o n d u c t i v i t y ,  u  t h e  v e l o c i t y ,  p t h e  p r e s s u r e ,  )r t h e  v i s c o s ; l t y ,  % 
t h e  permeahil i t : . .  Throughout t h e  paFer  MKS u ~ i t f  a r e  used .  Because o f  t h e  absence  o f  f l u i d  
mot ions  t h e  t e r n  #YUI H i n  ( 7 )  and t h e  termGX tunH) a i n  ( 1 0 )  a r e  o m i t t e d .  

The boundary c o n d i t i o n s  t o  be  a p p l i e d  a t  t h e  i n t e r f a c e  o f  a d r o p  i n  an e l e c t r i c  f i e l d  are 
t h e  f o l l o w i n g Z Z  



I ,  
where d is t h e  v i scous  stress, t and h a r e  t h e  electric p a r t  and magnetic p a r t  o f  t h e  I, 
Maxwell s t r e s s  t e n s o r ,  r e c p e c t i v e l y  I and { A )  denotes  t h e  jump o f  A a c r o s s  t h e  i n t e r f a c e .  
T i s  t h e  s u r f a c e  t e n s i o n ,  and R 1  and R2 irre t h e  r a d i i  o f  c u r v a t u r e  o f  t h e  s u r f a c e  t t h e s e  1, 
r a d i i  a r e  taken a s  p o s i t i v e  when t h e  correspondina c e n t e r  o f  c u r v a t u r e  lies on t h e  s i d e  o f  
t h e  i n t e r f a c e  t o  which n p o i n t s .  

I 

Under t h e  c o n d i t i o n s  considered here ,  t h e  e l e c t r i c  f i e l d  E and H and t h e  v e l o c i t y  
f i e l d  u  can be d e t e r ~ l n e d  independent ly  by e m a t i o n s  ( 5 ) - ( 1 1 )  and t h t n ,  they  can be r e l a t e d  
by t h e  boundary condi t -ons  (12) - (17)  . I ;  

A drop  i n  an e l e c t r i c  f i e l d  I 
We cons ider  a  drop o r  W l e ,  assuining t h a t  i t s  shape is b p h e r i c a l  w i t h  r a d i u s  a .  The 

d i s t a n c e  between e l e c t r o d e s  and t h e  drop measures t o  many r a d i i  t h u s  causing t h e  e l e c t r i c  
f ' 
f 

f i e l d  f a r  from t h e  d rap  t o  be uniform. An a p p r o p r i a t e  s p h e r i c a l  p o l a r  c o o r d i n a t e s  a r e  d e f i -  I , . 
ned with  t h e  o r i g i n  a t  t h e  c e n t e r  of t h e  drop and t h e  symmetry a x i s  i n  t h e  d i r e c t i o n  o f  t h e  
app l ied  f i e l d .  There a r e  four  boundary c o n d i t i o n s  f o r  t h e  electric f i e l d  i n t e n s i t y  : (i)  E , ~ 

i s  f i n i t e  i n s i d e  t h e  drop I (ii) t h e  t a n g e n t i a l  component of t h e  electric f i e l d  is cont inuous 
a c r o s s  t h e  s u r f a c e  of t h e  d r o p ;  (iii) t h e r e  is no s u r f a c e  c u r r e n t ,  and ( i v )  E tends t o  E a s  
1x1 t e n d s  t o  i n f i n i t y .  Sub jec t  t o  t h e s e  boundary c o n d i t i o n s ,  equa t ions  (5 )  - 0 1 ,  (12) an8  (13)  : j 
g i v e  f o r  t h e  e l e c t r i c  f i e l d  o u t s i d e  t h e  drop , . 

where rr  1x1 , and f o r  that.  i n s i d e  t h e  drop 

- 
where QL=/C . A symbol with  a  bar  is used f o r  t h e  q u a n t i t i e s  o f  t h e  medium i n s i d e  t h e  drop :. 
and a symbol without  a  b a r  is used f o r  those  of t h e  medium o u t s i d e  t h e  drop.  The express 'on 
i n  equat ion (19) shows t h a t  t h e  e l e c t r i c  f i e l d  i n s i d e  t h e  drop is uniform. 

Since t h e r e  is no a p p l i e d  magnetic f i e l d ,  e a u a t i o n s  (8 )  and (9 )  g i v e  f o r  t h e  magnetic 
f i e l d  o u t s i d e  t h e  drop 

and f o r  t h a t  i n s i d e  t h e  drop 

The c i r c u l a t i o n  i n  and round t h e  drop is  r e s p o n s i b l e  f o r  t h e  e l e c t r i c  s u r f a c e  f o r c e  den- 
s i t y  and t h e  n a g n e t i c  f o r c e  d e n s i t y  which a r e  r e l a t e d  t o  t h e  Maxwell stress t e n s o r .  Expres- 
s i o n  of  t and h over t h e  surfac!e of t h e  drop a r e  needed. The t a ~ g a n t i a l  and normal rnmpo- 
n e n t  d i f f e r e n c e s o f  t a c r o s s  t h e  s u r f a c e  of t h e  drop a r e  



3 
where ( 0 * g f i  is  t h e  r a t i o  o f  t h e  p e n n i t t i v i t i e a .  The t a n g e n t i a l  and nonnal component d i f f e -  
rences  o f  h a c r o s s  t h e  s u r f a c e  of t h e  d rop  a r e  

The flow considered i n  t h i s  p a p e r , i s  governed by equa t ions  (101 and (11). The boundary 
c o n d i t i o n s  f o r  t h e  v e l o c i t y  a r e :  (1) g is f i n i t e  i n s i d e  t h e  d rop  and tends  t o  ze ro  a s  1x1 
t ends  t o  i n f i n i t y  I ( i f )  u.n 0 and u.n O a t  t h e  i n t e r f a c e  I (111) t h e  t a n g e n t i a l  c a p o -  
nent  of t h e  v e l o c i t y  a c r o s s  t h e  d rop  is  cont inuous r ( i v )  t a n g e n t i a l  e l e c t r i c  stress and 
t a n g e n t i a l  magnetic stress an4 t a n g e n t i a l  v i s c o u s  stress a r u  i n  ba l snce  a t  t h e  i n t e r f a c e .  

Following t h e  g e n e r a l  arguments given i n l e  and lg  t h e  p r e s s u r e  and t h e  v e l o c i t y  i n  t h e  
f l u i d  o u t s i d e  t h e  drop2 can be w r i t t e n  a s  

ui b~ Xi + bij X) g(r )+  bki 9 x 1  h(r) 
where 

4 l - E ~  E e i  bci = b j i  hi SE:~  8 

and t h e  ex~ressic.:?r f o r  R,Q,f,g and h a r e  given i n  t h e  appeadix. Uoing t b e  same reasoning a s  
f o r  o u t s i d e  t h e  drop,  t h e  p r e s s u r e  and t h e  v e l o c i t y  i n s i d e  t h e  d rop23  can b e  w r i t t e n  a s  

- - - -  
where t h e  exprecs ion  f o r  R,Q,f ,g  and a r e  given i n  t h e  appendix. 

The balance of t h e  normal s t r e s s e s  on t h e  i n t e r f a c e  of t h e  d rop  is given by equa t ion  (17) .  
Since it is assumed t h a t  t h e  i n t e r f a c e  o f  t h e  d r o r  is  t o  be s p h e r i c a l  t h e  l a s t  term i n  equa- 
t i o n  (17) is  r e ~ . l a c e J  by -2T/a. In  o r d e r  t o  f i n d  o u t  whether t h e  d r o p  w i l l  become o b l a t e  o r  
p r o l a t e  under c o n d i t i o n s  where equa t ion  (17) is n o t  q u i t 3  s a t ? s f i e d ,  t h e  Taylor  technique1'  
is en~ployed and i t  ir.: assumed t h o t  a s t r e s s  ~cor'B[=fi[E en) /E: J is a r p l i e d  normally t o  t h e  
s u r f a c e  o f  t h e  drop,  which i s  necessary t o  keep it s p k e r i c a l .  Replacing T i n  t h e  modified 
form of equa t ion  (17)  it is found t h a t  

where Y-p/F . The o x r r e s c i o n  of  Fo has  been given i n 1 ?  (an a r i t h m e t i r  e r r o r  i n  ec,uation (30) 
in17  is c o r r e c t e d ,  and 44 is  r e i l a c e d  by 1 4 ) .  The equilibrium geometry dekendr on Fo , namely 
t h e  f u n c t i o n a l  r e l a t i o n  which is given by a , ~ , v , x , T , 3  and a .  For a d e t a i l e d  d i s c u s s i o n  the 
reader  may. be r e f e r r e d  to .  

A drop i n  an electric f i e l d  i n  a pure  s t r a i n i n g  motion 

S ince  t h e  governing et!uations a r e  l i n e a r  i n  termc o f  t h e  v e l o c i t )  rnd electric i i e l d ,  t h e  
e f fec : t s  i n  t h e  c a r e  o f  a d ro i  i n  an electric f i u l d  b i t h o u t  a l i n e a r  v e l o c i t y  a t  i n f i n i t y  ana 
t h a t  of  a d rop  embedded i n  a r u r e  s t r a i n i n g  motion i n  the a ~ s e n c e  o f  a uniform electric f i  ., 
a t  i n f i n i t y  can LK c u p e r i m l ~ s e d .  F o l l o r i n g  the g e n e r a l  arQrarent8 g iven  i n  t h e  p r e ~ i 0 ~ ~  p a b &  
graph t h e  p r e s s u r e  and t h e  v e l o c i t y  i n  t h e  f l u i d  o u t s i d e  t h e  drop can be n i t t e n  a s  



and inside the drop as 

where k , Q , f , g , h , E , G , ? , G , L , ~ , ~ , ~ , i , f i  are given in the appendix. Although a similar dincunnion 
to that given in the previous paragraph for the shape of the drop can be done, this in bekond 
the scope of this Faper. 

The particle stress in a dilute suspension 

By the expression dilute suspension it is meant that the flow near one particle ir Inde- 
pendent of all the other particles. However, a simple model'" illustrates how eurprioingly 
close the spheres are for concentrations which are numerically quite small. The relation (4) 
shows that for a dilute suspension the different particles in the volume V 9f nus~ennion make 
linearly additive contributions to the particle stress and the particle stress obtained under 
these conditions is correct to the order of c (where c is the csncentration of particles by 
volume). Thus, the results obtained in the previous section may be used to evaluate the third 
term in equation (4). However, sone nec*ssary modifications nlust be made. The velocity, pres- 
sure and stress in the fluid will be *zitten as 

where e is a constant and ui , p' , are the disturbance quantitie. renu1tir.g f: >m the 
presence of the particle. The particle ttkesr becomes 

since only the deviatorfc part of the particle stress is significant, the term-?$ 
milar terms are omitted. 

% and si- 

Inserting ecuation~ (26) and (27) in equations (30) and ueirlg the well-known identities 

in khich the integration is carried over the surface of a sphere of radiuz a, the following 
equation is obtained 

in this equation 



S i n c e  o n l y  d e v i a t o r i c  p a r t  o f  t h e  p a r t i c l e  strerr is s i g n i f i c a n t ,  c;? i s o t r o p i c  term i n  t h e  
e x p r e s s i o n  f o r  t h e  p a r t i c l e  strers is n o t  cona1de:ed. I f  h g o e s  to z e r o  e q u a t i o n  (31 )  r edu-  
ces tc, t h a t  g i v e n  i n . 2 1  The f i r s t  term of  t h e  p a r t i c l e  stress, g i v e n  by e q u a t i o n  (311 ,  rhowr 
t h e  ~ t f e c t  i n  t h e  absence  o f  an  a p p l i e d  electric f i e l d ,  and t h e  second term d e n o t e s  t h e  a d d i -  
t i o . ; a l  e f f e c t  due  t o  t h e  a p p l i e d  electric f i e l d .  The 8econd term o f  t h e  p a r t i c l e  stres8 con- 
t a i n s  two p a r t s  : one  is  due  t o  t h e  absence  o f  t h e  magne t i c  e f f e c t  i n  t h e  f l u i d  o u t a i d e  t h e  
d r o p  and t h e  o t h e r  is due  t o  t h e  p r e s e n c e  o f  t h e  magne t i c  e f f e c t .  S i n c e  i t  is arrumed t h a t  
t h e  f l u i d  o u t s i d e  t h e  d r o p  i r  more c o n d u c t i v e  t h a n  i n s i d e  t h e  d r o p ,  t h e  c o n d u c t i v i t y  r a t i o a  
i r  vc*ry much s m a l l e r  t h a n  u n i t y ,  and t h e  flu!d o u t s i d e  t h e  d r o p  is poor  d i e l e c t r i c  i n  compa- 
r i c o n  t o  t h a t  i n s i d e  t h e  d rop ,  t h e  d i e l e c t r i c  : a t l o  6 is  v e r y  much s v a l l e r  t h a n  u n i t y , ,  t h e n  
o > Q  and t h e  magne t i c  e f f e c t  h o r k s  t o  r educe  t h e  d e y n d e n c e  o f  t h e  ? a r t i c l e  stress on t h e  
d i r e c t i o n  o f  t h e  a r p l i e d  e l e c t r i c  f i e l d .  
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