I ‘ ‘ @ https:/intrs.nasa.gov/search.jsp?R=19780002202 2020-03-20T712:39:19+00:00Z

! 0 I

=y ,

N S N 1 (b i ”') ‘
Contonts
1. Introduction 238
2. Spacécraft Charging Model Development 240
3. Spacecralt Charging Simulation Résults 255 ]
4, Conclusions and Discussion 264
References 266 !
Appendix A 268 :

2. A Charging Model for Three-Axis
Stabilized Spacecraft

M. J. Massaro, T. Green, antd D. Ling
Genetal Electsic Company

Space Division
Philadelphic, Pa,

Abstract

A charging nodel is developed for geosynchronous, three-axis stabilized
spacecraft when inder the influence of a geomagnetic substorm. The differential
charging potentia s between the thermally coated or blanketed outer surfaces and
metallic structurc of a spacecraft are determined when the spacecraft is immersed
in a denseé plasma cloud of enérgétic particles. The spacecraft-to-environment
interaction is détermingd by representing the charged particle eénvironment by
- equivalent current source forcing functions and by representing the spacecraft by
2 its electrically equivalent cireuit with réspect to the plasma ¢harging phenomenon,
Theé tharging model includes a sun/earth/spacecraft orbit model that simulatés the
sun illumination conditions of the spacecraft outér sutfaces throughout the orbital
flight on a diurnal as well as a seasonal basis. Transient and steady-state numer-
ical results for a three-axis stabilized spacecraft aré preserited, .

*Thls work was performed urider a Generdl Electric Space Division 1976 Internal '
Research and Development Program, No. 76SDS4161, -
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L INTRODUCTION

Recent data from the geosynchronous orbiting NASA satellites ATS-5 and
ATs-8l 2,3 has indicated that the surfacé of these satellites can charge to hundreds
of volts whén in sunlight and thousands of volts (up to -10 kV) when in eclipse,

Data transmitted from these satellites during these charging events has indicated
the existence of transient fluxes of energetic particlés., It Has been suggestéd4

that these ¢louds of energeti¢ particles are injected into the 1ocal-midnight-to-

dawn region of the geosynchronous altitude during geomagnetic substorm activity,
Consequeritly, during a geomagnetic substorm, spacécraft at altitudes greater than.-
three Earth radii, in the locil time séctor from just before midnight to past dawn,
occasionally will encounter and be immersed in.a dense plasma cloud of energetic
particles. . It has beén further postulated that this charged particle environment is
the major cause of spacecraft charging. That is, in the steady-state, every isolated
part of a spacecraft immersed in the space environmental plasma will come into
electrical equilibrium by deveéloping surface charges of the proper sign and magni-
tude such that the net current — represented by the deposition and release of

charged particles from the surface of the spacecraft — is zero. The equilibrium
potential of the surface of the spacecraft is the potential difféerence between the
surface and ambient plasma shéath, The most important contribiitors to the equil-
ibratioh currents are the primary plasma eléctron and proton arrivals at the sur-
fate and the photoelectrons releaséd when sunlight illuminates the surfice. In
addition, the cofitributions of secondary electrons released from the surface under
primary proton or electron impact and possible electron reaftraction to the surface,
are also significant and must be considered in a complete analysis of the problem.

In the coincidence with the geomagnetic substorm activity in this local time
quadrant, is the otcurrence of anomalous everits on-board satéllites in geosyn-
chrohous orbit when immersed in the substorm plasma. Specifically, anomalous
behavior experienced by sevéral satéllites has included® control circuit switching,
powér system failure, sensor data noise, thermal control degradation, and tele-
metry logic switching, There is a growing body of eviderice which demonstrates
the dependence of satellite anomalous behavior of geophysical parameters such as
local time and geomagmetic activity.

Consequently, it has been postulatt-di' 4 that the anomalous behavior of syh-
chronous spacecraft is due to electrostatic charging of the various spacecraft
surfaces to large negative potentials and their subsequent discharging, The =lec-
tromagnetic pulses produced by the discharges cofnitain enough energy to interact
with electroiiic logic circuits at distances of tens of céentimeters, and cause voltage
spikes large enough to change logic states. Other data from spacecraft indicate
that repeated discharging also results in the degradation of thermal control surfaces.
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Thus, it is the diffcrential charging of the various thermally blutikéted of coated
outer surface materials with respéct to each other and with respect to the space-
craft metallie strueture and the subsequent discharging, when the dielectric
strength of the surface materials is excéeded, that is one of the major causes of
satellite anomalous behavior,

The purpose of this papeér is to develop a spacecraft charging simulation model
which adeqUately represents the spacecraft-to-environment interaction when the

spacecraft is immersed in the charged particle environment that is encountered at
geosynchronous orbit during a geomagnetic substorm. Further, the principal
results of the simulation analysis model developed will be the differential charging
potentials between the thermally blanketed or coated outer surfates and the metallic
structure of the spacecratft. . To determine the spacecraft-to-environment inter-
action, the equivalent electrical model of the spatecraft with respect to the charg-
ing phenomenon is developed and the plasma environment is represented by equiva-
lent current forc¢ing functions, The equivalent current sources of the charged
particlt environment simulate the ambient plasma as a charging current source
and the surface photoelectron and secohdary electron emissions as discharging
current sources., The spacecraft outer surface configuration is represented by
constituent dielectric and metallic surfaces which collect charge from the environ-
ment, In addition, a S/C geometrical model and a solar/earth orbital model are
also developed to determine the sun-illumination condition of the outer surfaces as
a function of spacecraft orbital position. That is, the geometrical and orbital
models are used to determine whether a surface is sun-illuminated, self-shadowed,
or earth-shadowed. In allitioh, when a surface is suh-illuminated, the intensity
of the illumination, which is a funiction of the sun/spacecraft surface aspect angle,
is also determined by the models,

Charging models have appeared recently in tl.e literature. 2,67

However, the
models are based primarily on the aftalysis of spin-stabilized spacecraft. For the
particular types of spacecralt analyzed, there was considerable seasonal and
diurnal varidtion of the exposed metallic area illuminated by the sun, However,
dueé to the restricted location of thermal blanket materials and the external struc-
tural form of spin-stabilized spacecraft, there were small diurnal variations in
both the amount and location of the thermal blanket material areas illuminated by
the sun during the midhight-to-dawn local time quaddrant, Consequently, ne attenipt
was made to determine the sun-illumination condition of exposed dielectric surfaces
during the daily orbital flight. However, for three -axis stabilized spacecraft the
diurnal as well as the seasonal variations of the amount and location of both the
dielectric and exposed metallic areas illuminated by the sun are considerable,

The model discussed in this paper determines the varfations of sun~illumination
condition of all of the cxposed surfaces throughout the daily orbital path in addition
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to considering the seasonal changes. Also, the previous models have nhot con-
sidered the intrinsic cdpacitance of the spacecraft structure with réspéct to the
plasma sheath. In this paper, the structural capacitahce has been included in the
simulatioti model, and it will be shown that the structural capacitance has a signil-
icant influenice on the trahsient response,

In the following sections, thé development of the spacecraft charging model is
discussed in general terms and includes a discussion of the plasma model, the
electrical model, the geometrical model, a solar/earth orbital modél, the mate-
rial properties and configuration definition, and the numerical integration
approath. Spacécraft charging results aré given for a geosynchronous satellite
during the midnight-to-dawn local time guadrant for thé fall-equinox and winter-
solstice seasonal periods.

2. SPACECRAFT CHARGING MODEL DEVELOPMENT

The spacecraft charging model development can best be described in terms of
the flow chart shown in Figure 1. The S/C charging model consists of four sepa-
rate models: a plasma model, an electrical model, a S/C geometrical model; and
a soldr/earth orbital model. The plasma model represents the charging anhd dis -
charging mechanism of the ambient plasima with respect to the spdcecraft by equiv-
alent current sources. The current sources, which are dépendent on the particle
energy distributioni furictiotis, constitute the forcing functions of the charging model
equations. The electrical model defines the lumped element equivalent circuit
representation of the spacecraft surfaces with respect to the electrostatic charg-
ing phenomenon. The plasma model and electrical model are combined to form
the nonlinear spacéecraft charging equations. The spacetraft geometrical model
défiries the spacecraflt outer surfaces in terms of approximate plahar surfaces and
curved surface projections and defines the vertices of all planar and curved
suifaces in terms of a spacecraft reference coordinate system. The soldr/earth
orbital model determines the location of the spacecraft with respect to the sun and
the earth. The geometrical model and the solar/earth orbital model are combined
to determine the variation of the sun-illumination cofiditions of the outer surfaces
with respect to orbital position.

To complete the modeling, the surface material properties and configuration
are defined. The surface material propérties that aré most important in a space-
craft charging analysis are: the relative dieléctiric corstant, the variation of the
surface resistivity with respect to electrical stress level, and the variation of the
bulk resistivity with respect to electrical stiess level. The material configuration
definition describes the location of the various thermal blanket and surface coating

materials,
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Figure 1. Spacecraft Charging Model Flow Chart

The elements of the flow chart will now be discussed in greater detail.

2.1 Plasma Model !

As discussed previously, spacecraft at geosynchronous. orbit will occasionally
encountér ehergetic charged particle fluxes and these fluxes will cause the various
outer surfaces to charge to largé potentials. The charging and discharging
mechanism of the ambient plasma with respect to the spacecraft can be represented
or simulated by equivalent current sources that become the forcing functions of the
charging model equatioris. The cohstituent particle fluxes that affect the charging
of a surface are protons, électroiis, photoelectrons, and secoiidary electrons. '

Several invest{gdtors 6,8,9 lave approximated the energy distribution of the
particle fluxes as measured on ATS-5 by a Maxwell-Boltzmanr (M-B} enérgy dis~-
tribution and, furthier, have assumed the particle fluxes to have an omnidirectional

energy distribution; that is, the energy distribution of the particles is identical in

241 4




cach dircetion., Thus, it is possibié to characterize the particle enérgy distribu-~
tions by a thernial energy (K) expressed in clectrofi volts, This approximation i
used in this papér to simplify the aralysis and to provide an insight into the problem
that might otherwise bé obscured by a more complnx approach,

The total current flowing into the outer surface of a spacecraft is

I1=-J.* A (1

T
where A is thé surface area and J o is the total positive current density into the
stirface and is given by

JTzJp+Jsp-Je+Jse+Jph (2)
where J_ is the incident proton current density, J sp is the secondary electron
current density produced by incident protons, J e I8 the incident electron currént
density, J e s the secondary electron current density produced by incident elec-
trons, and J ph is the photoelectron current density.

A chargéd surface at a given potential in & charged particlé énvironment will
accelerate particles of thé opposite polarity arid repel particles of th& same
polarity. Thus, assumirg an omnidirectional Maxwellian erergy aistribution, the
fraction of ambient plasma electrons reaching a large surface at a potential V is!

B ev
N, - N, exp (K—> , V=0 (3)
(e} -re

where N, is the incident electron density, Ne is the ambient electron density, V
is the potential of the surface tnder consxderahon K is Boltzmarn's cohstant, e
is the charge of an electron, anhd 7o is the absolute tempeérature of the M-B elec-
tron energy distribution.

The averagé ambient eléctron current detisity incident to a neutral surface is
given by

J =N_ ev (4)

where J is the average ambierit electrofi current density and Ve is the mean
ambient &ermal velocity.

Thus, from Eqgs. (3) and (4), the average electron cufrent density incident to
a large surface at potential V is
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Je?.Ne"Ve”eo(Y%) » V=0 5
or -
e” e, e(V/Te) , V=0 (6)
where
T, - K_:‘i (4]

is the equivalent température, expressed in volts, of the M-B distribution approx-
imating the plasma electron energy distribution, and J ¢ is the electron current
detisity incident to a large surface at potential V. For a positive surface

J,=4J , V=0 (8)

That ig, a surfacé at a positive potential will atirat oppositely charged particles
but cantiot extract more partiélus from the plasma énvironment than the ambient
particle density Neb. Similarly, the proton current density incident to a large
surfdace 4t potential V is
-V/T
J =J_ e P . v=o0 (9)

and

J . =J , V=0 (10)

where JPo is the average ambient pfoton current density incident to a neutral sur-
face, and T is the equivalént temperature of the M-B distribution approximating
the plasma pioton energy distribution and is expressed in volts.

In addition to the above chargéd particle fliixes, there will be secondary emis-
sion electrons as well as photoelectroi émissions, Both types of charged particles
wiil be repelled by d siirface at a riegative potentidl and attracted by a surface at a
positive potential, Cornisequently, based on the ptrevious discussion, the secondary
electioiis leaviiig a surface of poteiitial V is given by
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-V/T,
JseHJseoe , V=0 (11)
Jye =J9"o , V=0 (12)
Iop sp, e-V/TS , V=0 (13)
Isp © Jspo , V=0 (14)

where J ce andJ sp. are the avérage secondary electron current densities emitted
from a newtral surfate produced by incident elecirons and protonis, respectively,
Jg, and Jsp are the secondary électrqn current densities emitted by the incident
electrons and protons, respectively, and T g is the equivalent temperature of the
M-B distribution representing the energy distribution of the secondary emission
electrons and is expressed ih volts. The sécondary émission electron current
densities are directly related to the incident particle current densities, It is
dssumed that the secondary electrons emitted from a neutral surface are related

to the incident patticles by a fixed constant and can be expressed as

Jse “Jefo (15)
o
J.spo = Jp fp (16)

whére f, is the ratio of secondary eledtrons to ihcident electrons and fp is the ratio
of secondary electrons to incident protons. In general, the secondary emission
constants, fé and [, will have different values for dielectric and metallic surfaces.
A similar development holds for the photoelectron emissions produced by sun
illumination. The photoelectron current is directly proportional to the intensity
of surilight which is related to the angle of incidence, Consequently, the photo-
¢lectron current density emitted from a surface at potential V can be expressed as
-V/T

. ph
Jph = Jpho e

cosa , V=0 amn
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. « H
Jph Jphocosa , V=0 (18)

where J h is the photoelectron current density emitted from an illuminated surfuce
at poten?ial v, J ho is the average phiotoclectron current density emitted from an
fliuminated neutral surface, T h is the equivalent temperature of the M-B distri-
butionh representing the energy distribution of the photoelectrons expressed in volts,
a is the angle between the sun-line and the surface normal vector (sun/spacccraft
surface aspéct angle) and

cos o for |a| < /2
cos o =

0 for Ial = 7/2 (self-shadowing conditions) . (19)

The total positive current density into a surface can take one of four possible
forms deperiding on the polarity, positive or negative, of the surface potential and
the presence or abserce of sun illumination. Thus, for a large dielectric surface,
the current forcing function will have the general form

-v/T -v/T -v/T
= p s . pk:
ID(V) Jpo e (1 + pr e > + Jpho (cos a) e

v/T -V/T
+3, e efee 5-) ‘A (20)
D

where ID is the total positive current into a large dielectric surface, A is the area
of the surface, and all other terms have been defined previously, The above equa-
tiont must satisfy the following condition

114f s

it

+1 ahd V > 0; otherwisé leave unchanged
esV/X B

iifs

-1 and V = 0; otherwise leave unchanged . (21)
Exposed metallic parts ef the structure can be located on many different outer
surfaces of the spacecraft; consequently, the various exposed metallic surfaces,
which are electrically connected, can have different sun~{llumination conditions
and the current forcihg function will have a more complex form, In addition, the
exposed metallic surfaces are generally small in area. Fewer ¢charged particles
will be deflected from a small surface at a given potential than a large surface at
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the same potential; consequently, a correction factor must be applied to small
gurface areas, Thus, the positivé current flowing into the exposed metallic struc-
ture is

S7cN S 7

V/T, -V/T
e . 8
+AMTJeOe reMe | -1g1+IV/Te|)

= V/T g,

+ AMi Jpho (cos “i) e (22)

i=1

where Eq. (21) holds for the above équation, AMT is the total exposéd metallic
area, Ay, is the expoesed area of the it metallic surface, m is the total nurnber
of exposed mietallic surfaces, a; is the sun aspect angle for the ith

face, and the following holds for the.simall area correction termis

metallic sur-

(1+ V/Tg) for V 20
(1+V/T) =

p
1 for V<O (23)

(1 +|v/T |) for V=0
v/ -
1 for V>0 . (24)

Equations (20) and (22) are the plasma and photoemission géenerated current sources
and constitute the forcing functions of the spacecraft charging equations.

2,2 Material Properties and Conligutation

The spatecraft outer surface material : properties and configuraticn definition
are neeéded to complete both the geometrical and electrical models, Esseéntlally,
the matérfal properties and configuration definition tonsist of describing the loca-
tion of the various outer surface thérmal blarikeéts and coatings and thelr électrical
properties. The location of the materials is needed in the geometrical model to
establish the number of constituent plafiar and curved surfaces of the spacecralt,
Theé electrical propérties of the materials are rieeded i the electrical model to
determine the eqiivalent circuit element values of the outer surfaces of thé
spacécraft,
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The eledtrical properties of the outer surface thermal matérials that are most
iimportant i1 a spacecraft charging atalysis are:

(1) The relative dielectric constant,

(2) The variation of the surface resistivity with respéct to electrical stress
level,

(3) The variation of bulk resistivity with respect to elec¢trical stréss level.

(4) Ratio of surface to bulk leakage currents,
All of the above properties can be détermined éxpérimentally, In fact, for mean-
ingful results, the last three parameters should be measured under conditions
similar to those experienced. in the charged particle énvironment at synchronous
orbit during a substorm. Tha4t is, tke measurement results will be somewhat
dependent on the energy levels and current densities of the charged particles borm-
barding the dieléctric surface of the thermal blanket materials. In practice, how-
ever, these properties are.méasured by bombarding the materials with & mono-
ergetic electron beam.

2.3 Geometrical Model.

The purposé of the geometrical model is to défine thé spacecraft outer surface
areas in terms of approximaté planar and curved surface projéctions, establish a
reférence coordinaté systém in the spacecraft, and define the vérticés of all of the
planar and curved surfaces in terms of the reference coordihate system. Further-
more, thé results of thé geometrical model are needed to complete the electrical
model. THhat is, the approximaté geometrical surfaces of the spacecraft outer con-
figuration are used in the computation of the vquivalent capacitor and resistor
element values of the electrical model (each vdlué is relatéd to the surface
area). The refereiice coordinaté systém can bé selected anywheré inside the
vehicle structuré and should be chosen such that one or more covrdinate axes are
parallel to the axés of cymmetry, or paraliel to the major planar outer surfices.

The ieferénce coordinate system is useful in determining tkhe relative locations
and orientations of the constituent outéer surfacés. In addition, thé reference co-
ordinate system is needed to determine the location of the spacecraft with respect
to the earth and sun. The surface vértices are used In thé computation of the
surface normal vectors, and thé surfac¢e normal vectors togethier with thé location
of the spacecraft with respect to the sun aré used to detérmine the sun illumination
condition of the surfdce; that is, whethlier the surface is illuminated by the sun,
self-shadowed, or earth-shadowed. It should be noted that thére can exist outér
surfaces that are never illuriiinatéd by thé sun; these aieas dre designatéd as
"permaneiitly"' sliadowed areds.




In order to determine the sun~illumination condition of the constituent sur-
faces, all outer surface areas must be expiéssed in terms of the six major planes
parallel to the coordinate axes. Hence, the aréas of the constituent planar sur-
faces parallel to a coordinate axis can be easily expressed in terms of the six
major planes, However, for planar surfaces not parallel to a coordinate axis, the
effective surface areas projectéd into the six major planes must be determined.
The projected aréas in the six major planes are then assumed to have the sarie
normal vectors associated with the six miajor planés when determining their sun-
illumination condition; however, the true, unprojected area is used when determin-
ing the area that is subject to the charged particle énvironmient. The same proce-
dure is followed for all curved surfacdes, that is, cones, spherés, cylinders, etc.

The exposed metallic parts of the spacecraft structure require special
attention. Sinc¢e the exposed structural parts can exist on almost any constituent
planar surface of the spacecraft, the exposed metallic parts will have different
sun-illumination conditions depending on the particular location of the exposed
part.. The effective projected area of each exposed metallic part is comptited in
each of the six major referénce planeé as outlined above. The effective projected
area in conjunction with the particular sun/spacecraft surface aspect angle is used
in the computation of thé photoemission currént; this is répresented by the last
term of Eq. (22). However, the actual exposed ared of a metallic part is subject
to thé plasma environmeént; thus, the total exposed metallic area is usé” in the
computation of the incident particle currents. This is represented by the first two
térms of Eq. (22).

2.1 Electticil Meodel

The electrical model defines the lumped element, equivalent circuit represen-
tation of the spacécraft outer surfaceés with respect to the electrostatic charging
phenomenon. The equivalent eleéctrostatic circuit is a network consisting of capaci-
tors and resistors whose vilues ire either computed or measured. It will be
assumed that a dielectric surface can be represented as a simple lumped capacitor
and a parallel leakage régistanice; however, this is d4n approximate répresentation
wheti considéring the complex processes that occur when a dieléctric surface is
bombarded by high eénergy purticles. The capaeitor components represent the
capacitarcé of the various dielectric surfaces with respect to the spacecraft stric-
ture. The resistor componénts represent the leakage currefit from the dielectric
siirfdeés to the spacécraft structure. Additional capacitors aiid resistors are
heeded to represent the surfacé capacitance and ledkagé ciirrent between adjacent
surfaces and between illiminated and noriillimiriated séctions of a surface. How -
ever, these surface interaction processes are second-order coupling effects and
wiil not be coitsidered in the model. This is a coiiservative assumption afd does
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not affect the ability of the model to predict the potential differcences bétween a
surface and the structure or the potential differénées between adjacent surfaces.

Consequently, the equivalent circuit of the spaceeraft with respect to the charging
pheriomenon has the simplified form shown in Figure 2.

SURFACE
ELEMENTS
SPACECRAFT R

STRUCTURE R,

I
PLASMA o 1
SOURC™ v

c

VWA Vn .

. PLASMA
1 _|an SOURCE
T Co

In

Figure 2. Spacecraft Equivalent Circuit

It has been assumed that there are n outer surfaces., The i-th surface has an
absoluté potential of Vi volts and each surface, or node, has a. torresponding
plasma and photoemission generated current source having the genéral formi of
Eq. (20). The spacecraft structure has an absolute poteriti4l of V volts and I is
the plasma and photoemission generated current source into the exposed metalhc
surfaces and is given by Eq. (22). The capacitance, C is the intrinsic capaci-
tance of the spacecralt strutture with respéct to the plabma. This structural
capacitance can be approximated by the isolated capacitance of the structure, THis
is a reasonable approximation since the plasma shesdth outer boundary, which rep-
resénts the terminus of the strong satellite fields due to spacecraft charging, has
a depth on thé order of tens of meters,
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The followitig set of siinultanieous spacecraft charging equations can be written
for the simplified circuit of Figure 2:

Cralvy -V Wy -V o
at R v, - vy - 1t

o] + n [s] 1 (V )
@ "RV -V) n'n
dv n
C o _
el I (25)
i-0

Equation.(25) in genéral will be nonlinear sinte the leakage résistances are non-
linear functions of stress level (Vi -V 0) and the plasma and photoemission géen-
erated currents are nonlinear functions of absolute potential. The rumber of equa-
tions, n, is a function of both the number of surfaces with different dielectric
materiald and the numbeér of surfaces with difféerent sun-illumination conditions,

2.5 Solar ‘Earth ‘Spacecraft Orbit Model

The purpose of the solar/earth/spacécraft orbit model is to determine the
sun-illumination eondition of a spacecraft surface including both earth-shadowing
and self-shadowing conditions. The suh-illumination condition of a surface is
determined by first defining the planar surface and its vertices with. respect to the
spacecralt reference coordinate system. This is éssentially atcomplished in the
geometrical model. Next, the normal vector of this surface s computed and the
relative loéation of the normal vector with respect to the spacecraft refererice
coordinate system is determined. The relativé position of the sun with respect to
thé earth is computed as well as theé relative position of the spacecraft with réspect
to the earth, Using coordinate transformations, the relative position of the space-
craft coordinaté system with respect to the sun is then determined. Finally, the
arigle be*ween the surface normal arid the sun vector, the aspect angle, is com-
putéd. Thé intersity of suii-{llumiriatiori is proportiofial to the cosiné of the
aspect angle with full illumination occurring for an aspect angle of 0°, The surface
is self-shadowed when the absolute value of the aspect angle exceeds 90°, Also,
the earth-shadowing condition, which occuis whén the spacecraft is in the umbra
of the earth, can be similarly determined, The solar/earth/spacecraft orbit
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madel consists of four separate parts: the spacecraft ephemeéris model, the solar
model, the coordinate transformations, and the solar/vehicle/earth geometrical
model,

The relative geonietry between the earth, the sun, the spacecraft, and a con-
stituent surface is shown in Figure 3. As indicated in Figure 3, the surface 1s
defined by the vertices A, B, and C. To determine the solar/spacecraft surface
aspect angle, the surface normal vector and the surface-sun vector must be
computed. The vertex vectors of the surface expressed in vehicle coordinates
are

FB (26)

and the sun vectot in inertial coordinates at the center of the earth is

~
194

(27)

and is computed by thé solar model program. The spacecraft vector expressed in

inertial coordinates 1s
OF (28)

and 1s computed by the vehicle ephemeris program,

From Figure 3, it can be seen that the surface normal vector is given by

N (FA - FB) « (FC - FI) (29)
the solar ‘spacecraft surface aspéct anglé is then givén by

Cos o (S: . ﬁ:)(”—\-! "‘B—SI) s (30)

and the earth aspect angle 13

cos 4 (MBS - BOY (BS! RO . (3N
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Figure 3. Sun-Earthi-Spacecraft Orbital Geometry

Earth-eclipsing (shadowing) of a surfacé is given by the following condition

B < By eclipse condition

(32)
B = BT non-eéclipse condition
where
B = sin”! (R /r)
T é
R, - rdadius of éarth (33)
r - |OF|

and By s the earth disc aspect angle subtended a‘ the spacecraft., Thus, an earth-
eclipsing condition occurs when the spacecraft is in the umbra of the earth, Sclf-
shadowing or self-eclipsing of a surfacé by the spacecraft itself is given by the
following condition:
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la| = #/2 eclipse condition
(34)

|a| <n/2 non-eclips¢ condition

where o is the solar/spacecraft surface aspect angle determined frum the solar
projection upon the surfacé normals,

In the simplified spacecraft ephemeris model, the lotation of the spacecraft
with respect to the inertial coordinate system of the earth is determined. There
is no need for a precise spacécraft orbit so an abbreviated model is used. The
orbit is assumed to be circular with a constant radius and a nominal period of
1440 min. The spacecraft is flown in thé equatorial plane (inclination = 0°).

In thé solar model, the position of the sun with respect to the earth is derived
from tHe American Ephemeris and Nautical Almanac which provides méan position
in terms of a series expansion of elapséd centuries from a basée epoch. Converi-
tional toordinate transformations are employed to detéermine the position of the
sun with respect to the spacecraft (vehicle) reference coordinate system.

2.6 Numerical Integrition \ppioach

The first order, simultaneous, nonlinear spacecraft charging differential
Eqs. (25) with forcing functions represented by Eqs. (20) atid (22) are of such a
form that statidard closed-form methods of solution do not apply. Consequently,
several "initial value" numerical integration techniques wére utilized to compite
the time response of the absoluté potentials, Vl, ceny V. The greatest success
was achieved with the Runge!-Kutl:a11 integration procéss. After some preliminary
experimentation, it was found that a step size of 0. 001 séc produced satisfactory
results in the time response computation. The step size is the incremental value
of the independent variable, time, at which the dependent viriable value, absolute
poténtial, is computed.

From initial computations of the time response of the set of Egs. (25) using
actual circuit values of capacitancé and nonlinéar résistance and actual plasma
substorm parameters, it became apparernt that the transient and steady-state
résults could not be obtained in a-single numerical integration execution. First,
it was found that the steady-state values of potential are reachéd alter several
Hours., Secorid, the coniputer execution time-to<solution time was enormous
(typical run times weére on the order of 20 to 30 min to obtairn 1 to 3 min of simu-
lated time)., Consequently, it was decided to characterize the transient behavior
by computing the transient response up to that point in time at which the transient
response was well-behaved, that is, either mohotonically decreasing or increasing
(usually on the order of 1 to 3 min). The steady-state solution was computed
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separately in a rapidly exetuted program, This overall approdch was not rigor-
ously accuraté since plasma conditions can change within miinutes and {llumination
conditions can chatige within tens of minutes, However, if worst case plasma and
{llurhination conditions are employed, the solutions, both transient dnd steady-
state, will represent worst case valués and moré accurate solutions should not be
necessary.

To obtain the steady-state solution, a more direct method was employed.
The steady-state condition is characterizéd by the condition dVi/dt = 0. From .
Eq. (25), this results in the steady-state system of équations

dv; 1 (Vi - V) .
T=0=-C3_i- Ii-m , l=si=sn (35)
and
av -
o _ -
—&'{—--0- z Ii . (36)

1=

The solution to this system of equations can be viewed as an optimization
problem wheére Eq. (36), which repréedents the curreént balance condition, must beé
minimized while simultaneously satisfying the set of n fionlinear equations, Eds.
(35), which cafi be considered as constraint egquations on the current balarice con-
dition. For simplicity, it was decided to use a simple direct enumerdation scheme

to itératively search the region

vstist , O<i<n 37
where
Vi=VL+nAV , O=i=n (38)

such that Eq. (36) was minimized while satisfying the n constraint Eqs. (35). The
terms VL and v‘U are the lower and uppeér botnds, respectively, of the abgolute
potentials of the surfaces and structure. Positive poténtial valués were iricremeti-
ted by AV = 0,1 volts and negative potenitial values by AV = 50 volts.
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3. SPACECRAFT CHARGING SIMULATION RESVLTS

Spacécraft charging simulation results for a thrée-axis stabilized spacecraft
are présented in this section, The spacécraflt antalyzed, with thermal blankets in
place, could be adequately modeled geometrically as a '"box-like” structure with
large " flat panel" type solar cell arrays which are located above and below the
north and south panels, reéspectively, of the main spacecraft structure, The
antenna structures, with thermal blankets, could be modeled as conical structures
that protrude from the front side of the spacecraft main structure and point towards
the earth's surface., The dielectric propertiés of the thermal blankets and surface:
coatihg materials weré measured and the equivalent capacitances and leakage
resistances of the constituent surfaces were computed. The results are listed in
Table 1. There were 13 surfaces with either different materials or different
orientations (with réspect to the spacecraft reference coordinidte system) that had
to be considered in the spacécraft chargihg analysis. The front side had three
different materials and the north and south panels had two different materials.

The resistor values listed in Table 1 are based on the bulk resistivity character-
istic and represent the values computed at low stress levél, The last element in
the table is the structurdl capacitance and was computed by using someé of the
formulas listed in Appendix A,

Table 1. Element Value Summary of Three-Axis Stabilized Spacecraft

Analyzed

Element Location Resistor Value (ohms) Capacitor Value (uf)
1. Backside Ry 8.9x10° c, 0.37
2. West Panel R, - 1.2 x 10° Cy + 0,29
3. North Panel Ry - 2.1 ¢ 108 Cy = 0.16
4. North Panel R, - 1.8 ¥ 10° Cy 0.16
5. South Panel R, 1.4 ~ 108 Cc, - 0.24
6. South Panel R, - 4.0 v 10'° c, 0.08
7. East Panel R, 1.2710° c, 0.28
8. Front Panél Ry = 2.5 108 Cy = 0.13
9. Froht side Rg - 9.5 « 1019 Cg - 0,069
10. Front Side Ry 2.8~ 10!! C,p 0.024
11. Solat Afray Suh-Side Ry, - 3.0 1010 C,y  0.65
12. Solar Array Daik-Side Ry, 1.4 x 103 Cp 4.4
13, Permanently Shadowed Ry, -3.8~10 C,4 - 0.087

Sides

14. Spacecraft Structure c—ee-- Cy4 = 0.000356
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In general, the bulk reststivity is a function of stréss level, The bulk resis-
tivities of all the dielectric macerials were medsured by bombarding samples of
the materials by high energy electrons and measuring the through conduction leak-
age cufrent as a function of electron accelerating beam voltage. 't was tonserva-
tively assumed that thé surface stress level wds approximately equal to the beam
voltage and a piecewisé approximation to the bulk resistivity versus beam voltage
characteristic was computed. All of the piecewise approximations of the dielectric ‘
materials had a form similar to the piecewisé approxifnation of Chemglaze paint -
shown in Figuré 4. To simplify the simulation and to decrease the executioh time,
the piecewise approximation of all of the materials were employed in thé analysis.
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Figure 4, Pléce-Wise Approximation of Chemglaze Paint Bulk Resistivity
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Spaceeralt charging simulation results were obtained for the thiree-nxis
stabilized spacocrart during the peaks of the fall=cquinox and wintér-solstice
periods, These two periods of the earth-sun orbit represent the extremes of sun-
i{llumination condition expérienced by a Beosynchronous satellite, For example,
during the equinox period the satellite |4 totally shadowed because of carth-
cclipsing and the spacecraft structural potential will achieve its highest-negative
value, The earth eclipse period can last as long as 72 m in roughly from 23:30 to
0:45 local time, During the peak of the winter-solstice Periud the south panel of
the spacecraft ag well as the solar array, east panel, and backside are sun-

-solstice per-
périod., Thus, during the winter-solstice period the spacecrart structure wil]

Using the average plasma substorm parameters of the 2 January 1870 sub-
storm, which was the worst substorm measured by ATS-5 during the first 50 days

quately represented ag a "step" function in electroh and pro

and particle current densities over their values that

"quite-time," that is, their quiescent conditions,
The average substorm paramaters as well ag other parameters

Baséd on ATS-5 data of the 2 January substorm, a "step" function of 9 hr duration
Was employed in the simulation model, existing roughly from 23:00 to 8:00 local
time, Starting with init{a] vilues of zero absolyte potential at 23:00 hours, the

» thé continuous substorm résponse could not be com-
puted for theé fuil 9 hp duration, Instead, the transient solution

the Runge-Kitta Procedure until the surface and structural pote
wetre well-behaved arig approaching their steady-state valyes, .
Sirice the magnitude of the transient response is approximatel]

Wwas computed using
ntial time responses
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Table 2, Phototmission, Secondary Emission, aiid Omnidirectional Plasma
Parameters

Parameter Typical Hange Vaiue Sclécted
Tph 1V5Tph53v 2v
T5 2Vs= Ts =4V 2V
.
feM OsfeMsl 0.5
.
feb OsfeD_<_1 0.75
f 0<f =1 0.5
f N=f =1 0.175
Pp Pp
Tq --—-- , 6.0 kV (substorm)
3.0 kV (quiet)
Q 20, 0 kV (severée substorm)
T ———- 12,0 kV (substorm)
p 6.0 kV (quiet)
40. 0 kV (severe substorm)
J 0.82 na/ct‘n2 =J 2,0 na/cm?
ph, ph,
< 4 na/em?2
J 0.02 na/cm2 =Jdg4 0.6 na/cm'2 (substorm)
i <2 na/cm? (e} 0. 02 na/cmé (quiet)
Jp 2 pa/em? = Jp = 0.02 na/cm? (substorm)
© 32 pa/cm (e} 2,0 pa/cm? (quiet)

current denisities or energiés. Consequently, transient solutions were obtained at
the oriset of the plasma substorm, where particle temperatures (energiées) and cur-
rent dénsities change suddenly from their quiescent values to their substorm
values; at the beginning of earth-eclipse, where the photoelectron current forcing
function is zero; and at the énd of earth-eclipse, where the photoelectron current
forcing functioh becomeés nonzero. The transient response of the structure, the
solar array, and tlie surface that exhibited the gieatest steady-state potential dif-
ference is shown in Figure 5 for the onset of the 6 kV substorm. In this figure, as
well as the others. to be presented, the transient response is shown for a period

of 70 sec and the steady-staté solutions are shown on the right side of the figure.
The transition period fro n the transient to the steady-state solutions is indicated
by the dashed lines. (As expected, the surface that consistently exhibited the
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Figure 5. Transient Response at Onset of a 6 kV Substorm, Fall-Equinox 23:00 L.T

gredtest steady-state potential difference between the structure and the surface
itself, was covered with dielectric material that experimentally had the highest
value of bulk resistivity,) It was assumed that all potentidls were initially at zero
volts. It cah be seen thai the surfaces "fall" instantaneously to a few hunured volts
with small potential differences between the two outer surfaces and the underlying
structure. This behavior was typical of all of the surfaces of the spacecraft. The
absolute potentidls than " fall" monotonically negative until, after a long period of
time, the final steady-state values are achiéved. The transient response at the
onsét of earth-eclipse is shown in Figure 6. It was assumed, as a worst case,

that the steady-state values of the previous period had been achieved at the start

of the earth-gclipse and are the initial values used in the numerical integtation
program. It cah be seen that the structure instantaneously "falls" to a negative
value of about 9 kV, however, the initial potential differetices are maintained but
decrease mohotonically in the steady-state to small values on the order of a few
huridred volrs, The traiisiefit response at the end of the earth-eclipse period is
showit in Figure 7. Agdlin it was assumed, as a worst case, that the steady-state
values of the previous period had been achieved at the end of the earth-ec!ipse
pefiod ard these values thefi became the initial values in the numerical integration
program. The stiuctural potential instantaneously decreases to a negative value of
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Figure 6. Transiént Responise into Eclit ‘e for a 6 kV Substorm. Fall-Equinox
23:30 LT

a féw huhdred volts; howevér, the potential differences are maintained initially and
then inereasé monotonically to somewhat larger values, The solar array is
"clamped" to zero volts (actually less than oné volt positive) by photoemission.
This condition occurs for most surfaces with full sun-illumination intensity,

Upon comparirig the steady-state with the transient solution values, it bécomeés
apparent that the final steady-state values, that is, thosé values achieved if the
sun-illurhiriation conditiohs did fiot change, répresént the worst-case differential
values. Also, the differéntidi poter.:als cafi change ifistahtarieously by no moie
thau a few hHundred volts. But, the absolute poténtial of the spacecraft structure
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Figure 7. Transient Response Out of Etlipse for a 6 kV Substorm. Fall-Equinox
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can change almost ingtantaneously since it has small capacitance. In all cases,
the transient responseé times are controlled by either the potential constants of
the foreing functions or the time constants of the circuit elements or both. The
differential potentials of the outér surfaces do.not change instantanéously by large
armounts gince theé circuit élement timé constants, which dreé large-in value (the
product of resistarice and capacitance), aré dominant. However, the absolute
potential of the surfaces, which is the sum of the absolute potenitial of theé structutre
and the differential potential betwéen the surface and the structuré, can change

’ instantaneously i conjunction with the structure. This is demonstrated in all of
the transient resporises arnd in particular in Figures 6 and 7. At the beginning and
at the end of earth-eclipse, the absolute potentidl of the structure changés by a
large amotnt and the absoluté poténtials of the surfacés change by a similar amount;
thus the potential differences do not change in value initially,
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At the onset of the gubstorm, the structure 'falls'" slowly negatively cince
thece are photoelectron emissiot:s whic¢h tend to cancel the influx of electrons from
the plasma current source., At the onset of earth-eclipse thére are no photéelec-
tron currents and the plasma electron current sources dominant and rapidly
charge-up the small structural capacitance. At the end of earth-eclipse, the large
photoélectron current sources again recccur. The large outflux of electrons from
the exposed metallic parts produced by the photoémission currents is instantan-
eously supplied by the structural capacitance.and consequently, there is a rapid
decrease in the neégative absolutée poténtic' of the structure.

As discusseéd previously, for three-axi$ stabilized spaceérdft there is con-
siderable diurnal as well as seasonal variations in the amount and location of the
outer surface areas of the spacecraft that are exposed to thé sun. Thus, ihe sun
illumination cotidition of the 13 dielectric surfaces of the spacecraft are computed
throughottt the orbital path. From the solar/earth/spacecraft orbit model it was
found that the sun-illumination condition did not change significantly in local time
inc~ements less than 30 min, Congequently, steady-state solutions were computed
at 30 min increments throughout the duration of the substorm. In general, the
final steady-state solution will never be achieved at thé end of the 30 niin périod
siice some of the source potential and network time cohnstants involved are on the
oraer of thousands of seconds and the initial sun-illumination ¢onditions, on which
the final steady-state solution i based, will change significantly every 30 min. A
summary of the spacecraft steady-state values using thé average plasma parameter
values of the 2 January substorm, is listed in Table 3 for 1 hr incréments through-
out the duratfon of the substorm for the fall-equinox peériod. The hourly incre-
mental valués are représentative of the worst-case potential differences obtained
when compared against the values computed in the smaller half-lour increments.
The widely varying values of theé absolute potential of the spacécraft structure are
shown as well as the maximum surface differential potentials. It can be seen that
during eclipse (lasting roughly from 23:30 to 0:45) the spacecraft, in steady-state,
achieves a negative potential of about 9 KV and a maximum surface potential differ-
ence of -4.5 kV was reached towards dawn.

A similar rnalysis was conducted for the peak of the winter-solstice period for
the 6 kV test substorm. As expected, the lowest niegative spacecraft structural
potential was achieved durfing this period. A Summary of steady-state values is
presentéd in Table 4. A maximur potential differencé of -4.6 kV was achieved.

As c¢an sé seeti from. the sumniary tables, the spacecraft structural potential
varies widely reaching a maximuin negative value of about 9 kV at éclipse and a
minimum négative value of 450 KV during the winter-solstice perfod. In this
particular design, the structural éxposed metal was kept to a miniriurh and this
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Tablé 3. Summary of Steady-State Results for 6 kV Substorm During Fall-

Equinox
Material with the Maximurn
Potential Differcdnce for
Assuméd Plasma Conditions
Absolute AV Between Absolute Potential
Local Potential Surface and of $/C Structure
Time (volts) S/C. Structure (volts)
23:00 -5950 - -4000 -1950
24:00 ~8750 200 -8950
(eclipse)
1:00 -5950 -4000 -1950
2:00 -5500 -4250 -1250
3:00 -5500 -4250 -1250
4:00 -5500 -4250 -1250
5:00 -5700 -4200 -1500
6:00 ~-5850 ~-4050 -1800
7:00 -5350 -4350 -1000
8:00 -5200 -4500 -700

—

Table 4. Summary of Stéady-State Results for 6 XV Substorm During Winter-

Solstice
Material with the Maximum
Potentidl Difference for
Assurhéd Plasma Conditions
Absolute AV Between Absolute Potential
Local Potential Surface and of S/C Structure
Timeé (volts) S/C Structure (volts)
23:00 -5250 -4400 -850
24:00 -5700 -4100 -1600
1:00 -5250 -4400 -850
2:00 -5200 -4500 -700
3:00 -5200 -4500 -700
4:00 -5200 -4500 -700
5:00 -5200 -4500 =700
6:00 -5350 -4350 -1000
7:00 -5050 -4600 -450
8:00 -5050 -4600 -45Y
2R3
I e . R 1~ - i




-=> : helps to explain the fact that thé structure never achieved Zero potential when
various exposed parts weré illuminated by the suti, Examihation of the stecady-
_ state values of dll of the surfaces indicates that during eclipse all of the surfaces
3 achieve almost the same absoluté poteéntial, This results from the fact that all

t surfaces have the same shadow and plasma current source conditions,

=

L - CONCLUSIONS AND DISCUSSION

f This paper has been concerned with the development and application of a
=§ - chargirig model for three-axis stabilized spacecraft, The objective of the model
K is to determine the différential potentials between the outer surfaces and the struc-

ture of 4 spacecraft throughout its geosynchronous orbit when undér the influence

of a geomagnetic substorm. It was assuméd that the interaction between the plasma
and the spacecraft cih be adequately represernted by an equilibrium theory approach.
f That is, the energy distribution .of the constituent plasma particlés ¢an be expresseéed
2 in terms of an omnidirectional Maxwell-Boltzmarn distribution., The plasma is

then represented by equivalent voltage dependent current sources and the outer
surfaces by simple lumped elements. The resulting first order differential equa-
tions are integrated dand potential distributions detérmined. Sun-illumination con-
ditions weére detérmined by a solar/earth/spdcecraft orbit model and the intringic
capacitance of thé spacecraft with respect tc the plasma sheath is approximated by.
ite isolatéd capicitahcé. Spacecralt cHarging simulation results, including both

the transient and steady-state solutions, have been presented.

A knowledge of the potential distribution of the outer surfaces and structure of
thé spacecraft throughout its orbital path is important from 4 systems design and
analysis viewpoint. In general, spacecraft matérials that maintain stress levels
below their dielectrit strergth level should be selected. 1f, from the analysis, it
appears that the dielectric strength of various spacetraft surface matérials will be
exceeded, then, depeniding on the magnitude and repetition rate of the discharge
and location of the material, correetivé action such as modification or replacement
of thé material may be necessary. Thus, the spacecraft charging simulation re-

\ sults can be useful in detérniining the selection and location of the type of outer
- surface thermal blanket or coating materials to be employed in the design of

i spacecraft,
. 7 )
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The spaceeraft charging simulation results c¢an be useful in éstablishing the
relationship between the amount ang lotation of the exposed structural metallic
parts and the absolute potentisl of the spacecraift structure, For example, from
the spacecraft charging simulation results, it was found that when a maximum
amount of exposed metal was {lluratnated by the sun, the structural potential
achieved its lowest negative value (because of photoemission), At the same time,
the surface differential potential attained its maximum value, Converseély, when ;
a minimum amount of exposed metal was illuminated, the spacecraft structure - ]
achieved its highest negative value and the surface differential potential attained
its minimurn value. The above results demonstrate that it is desiravle to employ
design approaches that allow the structural potential to attain values between the
surfac¢es "clamped” at zero potential and those with the highest negative potential
since the differential poténtials are than minimized, The exact design approaches
taken will depend on the spacecraft configuration, orbit, and outer surface
materials,

In the simulation analysis émploying a step function, that is, time-independ -
ént, répresentation for the Plasma substorm, the worst case differential potentials
occurred at steady-state and rot during the transient response. This. representa-~
tion is not realistic since the particle energies and current densities are slowly
but widely varying functions of time. Becduse of the large time constants of the
equivalent spucecraft circuit, a stéady-state response using the actual time-
dépéndent plasma forcing functions would never bé reached, Howevér, the trans-
ient response obtained with a step foreing function is indicative of the type of
reésponse that can be expected when using the time-dependent forcing functions,

In addition, the steady-state response to a step forcing function can be used as an.
upper bound of the worst-case differéntial potentials when the step function is used
wi'™ worst-case plasma values, This is supported by simulation results whick
indicate that the magnitude of the differential potentials as well as the absolute
potentialg aré.direetly related to the magnitude of the substorm particle energies
(temperatures) afid current dénsities,

Upon exdamining the spacecraft tharginig results, it becomes apparént thait the
absolute potentials of the surfaces dre controlled by the absolute votential of the
structure. THe structural potential car charige instantaneously because of its
small intrinsic capacitance. However, the time response of the différertial poten-
tials is cortrolled by the large time constarits of the. equivalent spacecraft eleéctro-
static circiit and the large potential cofistants of the forcing functions.

The model préesented in this paper is based on an équilibrium théotry approach,
Gihér, more dccurate, but complex approaches take fnto cofisideration particles
trajectories, their actual energy dlstributlons, and detérmine the surface !
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potentidls by solving Poisson's potential distribution equation in three dimensions,
Although the model is based ot simplistic assunmptivns, thé simulation results
obtainied for the structurdl poténtial are in relative agreement with the structural
poténtials measured on-board ATS-6, a three-axis stabilized spacécraft. The
charging modél predicts that upon enteéring eclipse, the spacecraft structure falls
almost instantaneously to a value of about -3 kV and leaving eclipse the spacecralft
gtructure rises almost ingtantaneously to a few hundred volts negative. Similar
transiént results into and but of eclipse have been observed on ATS-6. In addition,
the structural potential variations during the post-eclipse period, as predicted by
the model, corréspond, relatively, to measured results on ATS-6. For example,
examining the steady-state stress levels in the post-eclipse périod, it can be séen
that the structural potential risés to a low negative value after eclipse but falls
negatively towards dawn and then rises to a low négative value at dawn. 'These
results are in relative agreerment with data measured on bBoard ATS-6.
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Appencix A

Electrostatic Capacifance of Several 1olot ¢d, ThreeDimensionol,
Gevmetrical Struetures

1. INTRODUCTION

In this appendix, équations for the isolated electrostatic capacitance of several
types of geometrical structurés aré given,

t.1 Sphere

The isoldted capacitance of a sphere is!
CISO =4re R (Al)

where CI?O is expressed in farads, R is the radids of the sphere in meters, and

£, is the.permittivity of.a vacuurm (8,85 x 10712

farads/meter),

k.2 Cibe

The capacitance of an isolated cube has been found to be2 3

CISO = 41rEo (0. 656) ¢ (A2)

where £ is the length of the sides of the¢ cube in méters and CIS‘O is expressed in
farads.
1.3 Cylinder

Theé capacitance of an isolated cylinder is given by*

d7e .a

~ g .
Ciso = T F , g 1/2 (A3)
In [a + (a° + R®) ]
"

where CISO is expressed in fardds, a is one-half the length of the cylinder in
metérs, and R is the radius of the cylinder in meters.

*This formula was derived by the authors.
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<y Teadeaiod Lone

The capacitance of a truncated cone will be approximated by the capacitance
of a cylindér with a length equal to that of the cone, but the radius of the equivalent
cylinder is the average of thé radii of the truncated cone. Using Eq. (A3), the
results are

4ne°a

1so ¥ PRYE
In [a + (a2 + R2) ]

C (A4)

where R - (R1 + Rz)/z and CISO i3 expressed in farads and the radif expressed in
meters.

1.5 Thia Rectangular and Elliptical Plates

The capacitance of thin rectangular and elliptical plates have been derived in
a previobus pap‘et'5 and the results are given in graphical form for various values
of length and width, and semimajor and semimiror. axes, respectively,

1.6 Thin Circular Plate

The capacitance of a thin circular platé is given by4

_2R 3
CISO = (111, 1) (A5)

where R is the radius of the circular disk in meters and CIS() is in picofarads.
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