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SUMMARY 

C las s i ca l   boundary - l aye r   t heo ry  i s  i n a d e q u a t e  to deal with 
t h e   p r o b l e m   o f   f l o w   s e p a r a t i o n   o w i n g   t , o  i t s  unde r ly ing   a s sumpt ion  
that  the  boundary   l aye r  has a n   i n s i g n i f i c a n t   e f f e c t   o n  t h e  e x t e r -  
n a l  stream. Th i s  d i f f i c u l t y  i s  r e s o l v e d   b y  t h e  modern  theory 
w h i c h   i n c l u d e s   i n t e r a c t i o n  w i t h  t he  e x t e r n a l   f l o w .  T h i s  newer 
t h e o r y  i s  desc r ibed   f rom the  v i ewpo in t   o f  t he  a s y m p t o t i c  t r i p l e -  
d e c k   s t r u c t u r e .   S e v e r a l   t r i p l e - d e c k   s t u d i e s  are rev iewed w i t h  
emphasis on r e s u l t s   o f   i n t e r e s t   i n   a e r o n a u t i c a l   a p p l i c a t i o n s .  

I N T R O D U C T I O N  

S e p a r a t e d   f l o w   o c c u r s  when a n   a t t a c h e d   b o u n d a r y   l a y e r   e n -  
c o u n t e r s  a downst ream  compress ive   d i s turbance   o f   suf f ic ien t   magni -  
t ude .   Obse rva t ions  show tha t  t h e  s e p a r a t i o n   p o i n t  l i e s  a t  a 
ra ther  l o n g   d i s t a n c e   u p s t r e a m   o f  t h e  d i s t u r b a n c e ,   c o n t r a d i c t i n g  
t h e   i n h e r e n t   n a t u r e   o f   P r a n d t l I s   b o u n d a r y   l a y e r   t h e o r y  t ha t  no 
ups t r eam  in f luence   can   occu r .   Crocco   and   Lees  ( r e f .  1) have  shown 
tha t  c o u p i i n g  the p r e s s u r e   o f  the  e x t e r n a l   i n v i s c i d   f l o w  to t he  
d i s p l a c e m e n t   t h i c k n e s s   o f   t h e   b o u n d a r y   l a y e r  permits ups t r eam  in -  
f l u e n c e  to b e   c o n s i s t e n t  w i t h  the   boundary - l aye r   equa t ions .  T h i s  
concep t   l ed  to t he  in tegra l   methods   o f   Lees   and   Reeves   ( re f .  21, 
and   o the r s ,  for v i scous   i n t e rac t ing   f l ows .   However ,  t h e  c o r r e c t  
m a t h e m a t i c a l   s t r u c t u r e  of such   f l ows  was n o t   g i v e n   u n t i l  t h e  
papers of   S tewar tson   and  Williams ( r e f .  3 )  and   of   Nei land  ( r e f .  4 )  
o n   s e l f - i n d u c e d   s e p a r a t i o n   i n   s u p e r s o n i c   f l o w s  a t  high  Reynolds  
number.   Independent ly ,  t h e  same a s y m p t o t i c   s t r u c t u r e  was shown to 
h o l d   f o r   i n c o m p r e s s i b l e   f l o w  a t  the  t r a i l i n g   e d g e   o f   a n   a i r f o i l  by 
S t e w a r t s o n  ( r e f .  5 )  and  by Messiter ( r e f .  6 ) .  This  f l o w   s t r u c t u r e ,  
wh ich   S t ewar t son   has  named It the t r i p l e  deck",  has been  found to be 
r e l e v a n t   i n  a wide v a r i e t y  of a p p l i c a t i o n s .  The pu rpose   o f  t h i s  
p a p e r  i s  to r e v i e w   s e v e r a l   o f  these t r i p l e - d e c k   s t u d i e s  t ha t  are 
o f   i n t e r e s t   i n   a e r o n a u t i c a l   a p p l i c a t i o n s .  

THE TRIPLE DECK 

A s chemat i c  o f  t he  t r i p l e - d e c k   s t r u c t u r e  .is shown i n   f i g u r e  1. 
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The  parameter  E = Re'1/8 ( R e  - Reynolds  number) has been   s tandard-  
i z e d   i n  t h e  t h e o r y   b e c a u s e   o f  t he  o c c u r r e n c e   o f   v a r i o u s   i n t e g e r  
powers  of E .  A s  i n d i c a t e d   i n  t h e  f i g u r e ,  t h e  streamwise e x t e n t   o f  
t h e  t r i p l e  deck  i s  o f  o rde r  c 3 ,  while the t h i c k n e s s e s  of the  lower, 
main,   and  upper   decks are o f   o r d e r  E ~ ,  E ~ ,  and E ~ ,  r e s p e c t i v e l y .  
The d o m i n a n t   p h y s i c a l   p r o c e s s e s   f o r   l a r g e  Re i n   e a c h   o f  t h e  decks  
are as f o l l o w s :  

(1) The main  deck i s  the c o n t i n u a t i o n   o f  the ups t ream 
b o u n d a r y   l a y e r .  It i s  e s s e n t i a l l y   i n v i s c i d   b e c a u s e  of  
t h e  s h o r t   l e n g t h  ( c 3 )  o f  t h e  i n t e r a c t i o n   r e g i o n .  A s l i p  
v e l o c i t y  i s  produced a t  t h e  base o f  t h e  main  deck by the 
p r e s s u r e   i n t e r a c t i o n .  

( 2 )  The lower   deck  i s  a v i s c o u s   s u b l a y e r   i n   w h i c h  the  s l i p  
v e l o c i t y  a t  the base o f  t h e  main  deck i s  r e d u c e d   t o   z e r o  
a t  the wall. Because i t  i s  t h i n ,  the  lower  deck  f low i s  
governed  by t h e  boundary-layer  equations.   However,  t h e  
c o n d i t i o n  o f  matching t o  t h e  uppe r   deck   p rov ides   an  un- 
conven t iona l   boundary   cond i t ion   on  these e q u a t i o n s .  

The upper   deck  i s  a subreg ion   o f  t h e  o u t e r   p o t e n t i a l  
f l o w  where t h e  p r e s s u r e   a d j u s t s   t o  the s t r e a m l i n e  d i s -  
placement   produced by the   v i scous   f l ow  be low,   t hus  com- 
p l e t i n g  t he  i n t e r a c t i o n   p r o c e s s .  For supe r son ic   f l ow,  
t h e  uppe r   deck   equa t ions   o f   mo t ion   r educe  t o  t h e  c l a s s i -  
c a l  wave e q u a t i o n  wi th  s imple-wave   so lu t ions .  For sub- 
s o n i c   f l o w ,   L a p l a c e ' s   e q u a t i o n   r e s u l t s ,  w i t h  t h e  u s u a l  
H i l b e r t  i n t e g r a l s   g o v e r n i n g  the i n t e r a c t i o n   b e t w e e n  
p r e s s u r e   a n d   d i s p l a c e m e n t   t h i c k n e s s .   I n  e i t he r  subson ic  
or s u p e r s o n i c   f l o w ,   u p s t r e a m   i n f l u e n c e  i s  permit ted by 
the  i n t e r a c t i o n   p r o c e s s .  

The ma themat i ca l  de t a i l s  o f   t r i p l e - d e c k   t h e o r y   c a n  be found i n  
r e f e r e n c e s 3   t h r o u g h  6; we sha l l  c o n c e n t r a t e  here on  some r e s u l t s  
o f   t h e   t h e o r y .  

COMPRESSION-RAMP STUDIES 

Supe r son ic   f l ow past a compress ion   corner  i s  a fundamenta l  
p roblem  in   aerodynamics .  The i n v i s c i d   f l o w  is  e s p e c i a l l y  s imple,  
w i t h  two  uniform  f low s ta tes  d i v i d e d  by a n   o b l i q u e   s h o c k  wave 
o r i g i n a t i n g  a t  t h e  c o r n e r .  The c l a s s i c a l   b o u n d a r y - l a y e r  problem, 
however, has n o   s o l u t i o n   s i n c e  t he  upstream  boundary layer  i s  t e r -  
minated by the  i n f i n i t e l y   a d v e r s e   p r e s s u r e   g r a d i e n t   a s s o c i a t e d  
w i t h  the co rne r .   Expe r imen ta l   obse rva t ions  show that  the  a c t u a l  
p r e s s u r e  r ise  does   no t   occu r   d i scon t inuous ly  as i n v i s c i d   t h e o r y  
p r e d i c t s ,   b u t   i n s t e a d  i s  smeared o u t   o v e r  some i n t e r a c t i o n  dis- 
t a n c e ,  w i th  b o u n d a r y - l a y e r   s e p a r a t i o n   o c c u r r i n g  ahead o f  the 
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c o r n e r .  This problem is  n a t u r a l   f o r   t r i p l e - d e c k   t h e o r y ,   a n d   s o l u -  
t i o n s   t a k e n   f r o m   r e f e r e n c e s  7 and 8 are shown i n   f i g u r e  2 .  Here 
P, X, and a are s c a l e d   v a r i a b l e s   r e p r e s e n t i n g  the  p r e s s u r e  p*, d i s -  
tance   f rom t h e  c o r n e r  x*, and ramp a n g l e  a*: 

The Reynolds  number R e  i s  based o n   c o n d i t i o n s   i n  the u n d i s t u r b e d  
i n v i s c i d   f l o w  ahead o f  t h e  ramp ( i n d i c a t e d  by s u b s c r i p t  - >  and  on 
t h e  l e n g t h  L f rom  l ead ing  edge t o   c o r n e r .  C d e n o t e s  t h e  Chapman- 
Rubes in   cons tan t   and  X i s  the  B l a s i u s   c o n s t a n t  ( 0 . 3 3 2 0 6 ) .  ' p ,  u, T, 
and M are"the u s u a l   s y m b o l s   f o r   d e n s i t y ,   v e l o c i t y ,   t e m p e r a t u r e   a n d  
Mach number. 

The r e s u l t s   o f   f i g u r e  2 show a s m o o t h   m o n o t o n i c a l l y   r i s i n g  
wall p r e s s u r e   f o r  a below t h e  v a l u e   f o r   i n c i p i e n t   s e p a r a t i o n ,  
a i  = 1 . 5 7 .  (Note t ha t  c l a s s i c a l   t h e o r y   w o u l d   p r e d i c t   s e p a r a t i o n  
for any a* > 0 ) .  For a i n c r e a s i n g   a b o v e  a i ,  a n   i n f l e c t i o n   p o i n t  
appears and   r ap id ly   fo rms  the  p r e s s u r e   p l a t e a u   o b s e r v e d   i n  many 
expe r imen t s .  The p l a t e a u   p r e s s u r e   l e v e l  i s  i n   c l o s e   a g r e e m e n t  
w i t h  Williams v a l u e  p = 1 . 8  f o r  s e l f - i n d u c e d   s e p a r a t i o n   ( r e f .  g ) ,  
c o r r e s p o n d i n g   t o   a n   o b s t a c l e  f a r  downs t r eam  o f   s epa ra t ion .   In  
f i g u r e  2 ,  t h e   i n i t i a l   p r e s s u r e   d i s t r i b u t i o n  up t o  t h e  p l a t e a u  
l e v e l  i s  pushed  upstream w i t h  i n v a r i a n t  shape as a i n c r e a s e s .  T h i s  
p o r t i o n  of t h e  p r e s s u r e   d i s t r i b u t i o n   r e p r o d u c e s  Williams' free- 
i n t e r a c t i o n   s o l u t i o n ,   s u g g e s t i n g  t h a t  as a + ( & *  i n c r e a s i n g  be- 
yond t h e  Re-1/4 s c a l e )  t he  s e p a r a t i o n   p o i n t  i s  pushed   ups t ream t o  
i n f i n i t y  ( t h e  i n t e r a c t i o n   l e n g t h   e x c e e d s  the  R e m 3 i 8   s c a l e ) .   I n  
t u r n ,  t h i s  s u g g e s t s  t h a t  for l a r g e  a(a* beyond  the   Re ' l14   sca le ) ,  
the  s e p a r a t i o n   r e g i o n  up to t h e   p l a t e a u  i s  s t i l l  c o n t a i n e d   i n   t h e  
t r i p l e - d e c k   s t r u c t u r e ,   b u t  t ha t  t h e  c o n s t a h t   p r e s s u r e   p l a t e a u   a n d  
s u b s e q u e n t   r e a t t a c h m e n t   r e g i o n   d e v e l o p   o n   d i f f e r e n t   s c a l e s .  

An a n a l y s i s   o f  t h e  f l o w   s t r u c t u r e  based on these ideas i s  
g i v e n   i n   r e f e r e n c e  1 0 .  The p r i n c i p a l   r e s u l t s  are as f o l l o w s .  For 
ramp a n g l e  a* o f   o r d e r   o n e ,   t h e   s e p a r a t i o n   b u b b l e  i s  l o n g ,   o f  the  
order   o f  t h e  d i s t a n c e  L f r o m   l e a d i n g   e d g e   t o   c o r n e r   i n   l e n g t h .  The 
r e a t t a c h m e n t   p r o c e s s  i s  shor t ,   however ,  w i th  l e n g t h   o f  t he  o r d e r  
o f  t h e  boundary - l aye r   t h i ckness  ( i . e . ,  o f   o r d e r  Re-l12).  Becaus.e 
of i t s  small s c a l e ,   r e a t t a c h m e n t  i s  p r e d o m i n a n t l y   i n v i s c i d   i n  
n a t u r e ,  much as h y p o t h e s i z e d  by Chapman ( r e f .  11). Hence, the 
a s y m p t o t i c   a n a l y s i s   f o r   l a r g e   R e y n o l d s  number r e v e a l s  the separa- 
t i n g - r e a t t a c h i n g   f l o w   t o  be three coupled  b t d i s t i n c t   r e g i o n s :  
the  s e p a r a t i o n   r e g i o n  w i t h  l e n g t h  O(L Re-3  Y *),  i n  which t h e  p r e s -  
s u r e  rises t o  the p l a t e a u   l e v e l   ( P  = 1.8); the p l a t e a u   r e g i o n   o f  
c o n s t a n t   p r e s s u r e  w i t h  l e n g t h  O(L) ;  and t h e  r e a t t a c h m e n t   r e g i o n  
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with  l e n g t h  O(L Re-lI2), i n  w h i c h   t h e   p r e s s u r e  r ises from the 
p l a t e a u   l e v e l  to i t s  f i n a l   v a l u e  w i t h  m a i n s t r e a m   p a r a l l e l  to the 
ramp. 

F i g u r e  3 i l l u s t r a t e s   r e s u l t s   o f   c o m p u t a t i o n s  based on the  
above   a sympto t i c   t heo ry .  The e x p e r i m e n t a l  data are t aken   f rom 
r e f e r e n c e  1 2 .  The f l o w   c o n d i t i o n s  were M, = 2.55, Re, = 200,000 
based  on ' the  d i s t a n c e  L f rom  lead ing   edge  to c o r n e r .  This compari- 
son  shows t h a t  t h e  p r e s s u r e   l e v e l s   p r e d i c t e d  by the t h e o r y  are  very 
g o o d ,   a l t h o u g h   t h e   i n i t i a t i o n   o f  t h e  p r e s s u r e  r i se  i s  p r e d i c t e d  
somewhat e a r l y .   F o r   c o m p a r i s o n ,  i t  may be   no ted  tha t  momentum- 
i n t e g r a l   i n t e r a c t i o n   t h e o r i e s   e x h i b i t  a similar u n c e r t a i n t y   i n  t h e  
p o i n t   o f   i n i t i a t i o n   o f  t h e  p r e s s u r e  r i s e ,  which i s  u s u a l l y   c h o s e n  
t o  b e s t   a g r e e  w i t h  expe r imen t .  A similar ad jus tmen t   o f  t h e  t h e o r y  
could   be  made i n   f i g u r e  3 by  means o f   a n   a r b i t r a r y   o r i g i n   s h i f t   i n  
t h e  a s y m p t o t i c   f o r m u l a s .  

A c o m p o s i t e   t h e o r y   f o r   f i n i t e   R e y n o l d s  number i s  p rov ided  by 
the  compress ib l e   boundary - l aye r   equa t ions   coup led  wi th  a p r e s s u r e -  
d i sp l acemen t   cond i t ion .  This  s e t   o f   e q u a t i o n s   i n c l u d e s  a l l  t h e  
terms f rom  the   Nav ie r -S tokes   equa t ions  t h a t  are  i n c l u d e d   i n   t h e  
g o v e r n i n g   e q u a t i o n s   f o r   e a c h   o f  t h e  th ree  r e g i o n s   i d e n t i f i e d  by t h e  
a sympto t i c   t heo ry .  A f i n i t e - d i f f e r e n c e   a l g o r i t h m   o f  these i n t e r -  
a c t i n g   b o u n d a r y - l a y e r   e q u a t i o n s  has been  programmed by Werle and  
Vatsa ( r e f .  1 3 ) .  Their  e x p e r i e n c e  has shown that  a t  high  Reynolds 
numbers ,   accu ra t e   so lu t ions   can  b e  o b t a i n e d   o n l y  by choos ing  the  
mesh s i z e  s m a l l e r   t h a n  t h e  l e n g t h   s c a l e s   g i v e n  by t r i p l e - d e c k  
t h e o r y ,   a n d   i n  t ha t  c a s e ,  the  i n t e r a c t i n g   b o u n d a r y - l a y e r   s o l u t i o n s  
asymptote  t h e  t r i p l e - d e c k   r e s u l t s   f o r   v e r y   l a r g e   R e y n o l d s  numbers 
( r e f .  8 ) .  A s  i n d i c a t e d   i n   f i g u r e  4 ,  a t  lower  Reynolds  numbers  of 
p r a c t i c a l   i n t e r e s t ,  t he  i n t e r a c t i n g   b o u n d a r y - l a y e r   s o l u t i o n s   a g r e e  
q u i t e   w e l l  w i t h  bo th   expe r imen ta l  data  ( r e f .  1 4 )  and wi th  s o l u t i o n s  
o f  t h e  Navier -S tokes   equat ions  ( r e f .  1 5 ) .  The f low  cond i t ions  were 
a d i a b a t i c  w i t h  M, = 4, Re, = 68,000 based   on   d i s t ance  to t h e  
c o r n e r .  The p r e s e n c e   o f  t h e  p l a t e a u   " k i n k " ,   p r e s e n t   i n   b o t h  t h e  
expe r imen ta l  data and   Nav ie r -S tokes   so lu t ions ,   bu t   no t   ev iden t   i n  
t h e  i n t e r a c t i n g   b o u n d a r y - l a y e r   r e s u l t s ,  i s  caused by t h e  s h a r p  
corner   which  was s l i g h t l y   r o u n d e d   i n   t h e   m o d e l l i n g   o f   W e r l e   a n d  
Vatsa. Otherwise t h e  agreement i s  e x c e l l e n t ,   a n d  i t  can  be  con- 
c luded  tha t  t h e   i n t e r a c t i n g   b o u n d a r y - l a y e r   t h e o r y   m o d e l s  weakly  
s e p a r a t e d   f l o w s  w i t h  a c c u r a c y   s a t i s f a c t o r y  for e n g i n e e r i n g   p u r -  
poses .  It should  be  noted,   however ,  t ha t  t h e  a s y m p t o t i c   t h e o r y  
i n d i c a t e s  t ha t  n o r m a l   p r e s s u r e   g r a d i e n t s ,   n o t   p r e s e n t   i n  t h e  
boundary-layer  model,  become i m p o r t a n t   n e a r   r e a t t a c h m e n t  when the  
sepa ra t ion   bubb le  i s  l a r g e .  

TRAILING EDGE STUDIES 

Another   a rea   o f   impor tance   in   aerodynamics  i s  t h e  problem  of  
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v i s c o u s   i n t e r a c t i o n  a t  a t r a i l i n g   e d g e .  The sudden  change-over 
from t h e  no - s l ip   cond i t ion   on  the a i r f o i l   s u r f a c e   t o  the  wake- 
con t inu i ty   , cond i t ion   p roduces  a s i g n i f i c a n t   v i s c o u s   m o d i f i c a t i o n  
to t h e  f low  near  t h e  t r a i l i n g   e d g e ,   e v e n   f o r  a f l a t  p l a t e  a t  ze ro  
inc idence .  For the  a i r f o i l  a t  inc idence ,  l i f t  i s  reduced  due to 
v i s c o u s   a l t e r a t i o n   o f  t h e  Ku t t a   cond i t ion .  For unsteady  motion, 
v i scous  phase e f f e c t s  may a l t e r  f l u t t e r   b o u n d a r i e s .  A l l  these 
problems  have  been t reated u s i n g   t r i p l e - d e c k   t h e o r y .  

A s c h e m a t i c   o f   t h e   t r i p l e - d e c k   s t r u c t u r e  i s  g i v e n   i n   f i g u r e  5 
f o r  t he  c a s e   o f   a n   a i r f o i l  a t  ze ro   i nc idence .  The t r i p l e  deck  on 
t h e  uppe r   su r f ace  i s  r e f l ec t ed   symmet r i ca l ly   be low t h e  a i r f o i l .  
I n   c l a s s i c a l   b o u n d a r y - l a y e r   t h e o r y ,  t h e  v i s c o u s   c o r r e c t i o n  to the  
p o t e n t i a l   f l o w  would  produce a s i n g u l a r i t y   i n  the p r e s s u r e  a t  t h e  
t r a i l i n g   e d g e ,  owing to the s i n g u l a r   s l o p e   o f  t h e  displacement  
th ickness   p roduced  by the  abrupt   change  of   viscous  boundary  condi-  
t i o n  a t  t h e  t r a i l i n g  edge. The coupl ing  of pressure  and   d i sp lace-  
ment i n  t he  v i s c o u s - i n t e r a c t i o n   t h e o r y   e l i m i n a t e s  th is  s i n g u l a r i t y .  
The fundamen ta l   t r a i l i ng -edge   p rob lem  o f   t he  f l a t  p l a t e  a t  ze ro  
inc idence  has been  solved  independent ly  by Jobe  and  Burggraf   ( ref .  
161, by Veldman and  van de Vooren ( r e f .  17), and by Melnik  and 
Chow ( r e f .  18), a l l  f o r   i n c o m p r e s s i b l e   f l o w .   I n   a d d i t i o n ,  the  
same problem  for   supersonic   f low has b e e n   t r e a t e d  b y  D a n i e l s   ( r e f .  
1 9 ) .  A summary of t h e  r e s u l t s  i s  p r e s e n t e d   i n   f i g u r e  6 ,  t aken  
f rom  re ference  1 6 .  Here X i s  t h e  t r i p l e - d e c k   s c a l e d - l o n g i t u d i n a l  
coord ina te ,  w i th  X = 0 t aken  a t  t h e  t r a i l i n g   e d g e ,   a n d  P i s  the  
s c a l e d   p r e s s u r e ,   b o t h   d e f i n e d  as be fo re   bu t  w i t h  t h e  Mach number 
f a c t o r ,   t e m p e r a t u r e   r a t i o  and  Chapman-Rubesin c o n s t a n t   d e l e t e d .  
A i s  a -  s c a l e d   ( n e g a t i v e )   d i s p l a c e m e n t   t h i c k n e s s ,   p r o p o r t i o n a l   t o  

The p r i n c i p a l   r e s u l t s   i n d i c a t e d   i n   f i g u r e  6 are the p r e s s u r e  
f a l l  as the   f l ow i s  a c c e l e r a t e d . t o w a r d  t h e  t r a i l i n g   e d g e ,   a n d  t h e  
accompanying r i s e  o f  s k i n   f r i c t i o n  to a t r a i l i n g - e d g e   v a l u e   n e a r l y  
35% g r e a t e r   t h a n  t h e  B l a s i u s   v a l u e .  Downstream  of t h e   t r a i l i n g  
edge, t h e  r a p i d l y  r i s i n g   p r e s s u r e   o v e r s h o o t s  t h e  freestream v a l u e  
( P  = 0 )  and   t hen   s lowly   decays   fo r   l a rge  X.  The t h e o r e t i c a l   d r a g  
c o e f f i c i e n t ,   a l s o   g i v e n   i n   f i g u r e  6,  compares  amazingly well  w i th  
both   exper imenta l  data ( 1 0  5 Re < lO,OOO), wi th  RMS e r r o r  of 3 .5  
pe rcen t   ove r  t h e  range  of  the  exper imenta l  data, and   an   e r ro r   o f  
8 pe rcen t  a t  R e  = 1 and  only 2 p e r c e n t  a t  R e  = 15 when compared 
w i t h  the Navier -S tokes   so lu t ions .  

The t h e o r e t i c a l   w a k e - v e l o c i t y   p r o f i l e  ( r e f .  1 8 )  i s  compared 
wi th  exper imenta l  data ( r e f .  2 0 )  i n   f i g u r e  7 .  The c e n t e r l i n e  
va lue   p red ic t ed   by   Go lds t e in ' s   non- in t e rac t ing   t heo ry  i s  shown f o r  
compar ison .   Trans i t ion  to t u r b u l e n c e  was o b s e r v e d   t o  begin a t  a 
s t a t i o n   c o i n c i d i n g  wi th  the  maximum o f  t he  induced   pressure ,   ind i -  
cate.d i n  t h e  f i g u r e ,   s u g g e s t i n g   t h a t   v i s c o u s   i n t e r a c t i o n  may b e  
i m p o r t a n t   i n   p r e d i c t i n g   t r a n s i t i o n   i n  wakes. 
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The c a s e   o f   a n   a i r f o i l  a t  a n g l e   o f   a t t a c k  i s  more d i f f i c u l t  
to t r ea t ,  as t h e  upper   and  lower t r i p l e   d e c k s  a re  no   l onge r  symme- 
t r i c a l .  T h i s  problem has b e e n   s o l v e d   f o r  t h e  s u p e r s o n i c   c a s e  by 
D a n i e l s   ( r e f .   2 1 ) ,   a n d   v e r y   r e c e n t l y   f o r  the  i n c o m p r e s s i b l e   c a s e  
by Chow and  Melnick ( r e f .  22; see a l s o  re f .  18  f o r  p r e l i m i n a r y  
r e s u l t s ) .  The f l o w   s t r u c t u r e  i s  i n d i c a t e d   i n   f i g u r e  8, which i s  
now g e n e r a l i z e d  to i n c l u d e  t h e  S t o k e s   l a y e r s  I 1 2  and  1112,  which 
o c c u r   i n  t h e  u n s t e a d y   c a s e   o n l y .  For t h e  s t e a d y   c a s e ,   r e g i o n s  111 
and 1111 c o i n c i d e   a n d   r e p r e s e n t  t he  conven t iona l   boundary   l aye r ;  
I V 1 ,  I V 2 ,  and I V  r e p r e s e n t  t he  t r i p l e  deck ,   and   reg ions  V 1  and V2 
are t h e  o u t e r   a n 2   i n n e r   l a y e r s   o f  t he  wake as deduced by G o l d s t e i n .  
V i s c o u s   i n t e r a c t i o n   o c c u r s   o n l y   i n   t h e  t r i p l e  deck ,   o f   cou r se .  
Chow and   Me ln ik   ca r r i ed   ou t  the f la t -p la te  t r i p l e - d e c k   s o l u t i o n  
f o r  a r a n g e   o f   a n g l e s - o f - a t t a c k   u p   t o  a v a l u e   v e r y   n e a r  the  s t a l l  
limit a s ,  which was estimated by e x t r a p o l a t i n g   t h e i r   s o l u t i o n s  to 
z e r o  shear stress on the  u p p e r   s u r f a c e .  Below s t a l l ,  the  p o i n t   o f  
minimum shear stress o c c u r s  ahead of  t h e  t r a i l i n g   e d g e ,   b u t  
a p p r o a c h e s   t h e   t r a i l i n g   e d g e   i n  the s t a l l  limit. The r e d u c t i o n   i n  
l i f t  c o e f f i c i e n t   d u e  to v i s c o u s   i n t e r a c t i o n  i s  shown i n   f i g u r e  9 .  
Chow and  Melnik  conclude that  t h e  s t a l l  i s  c a t a s t r o p h i c ,  w i th  
ACL Re-3/8 -f m i n  t h e  doub le  l i m i t  Re -f a, a -f cis. However, t h i s  
p o i n t  i s  n o t   y e t   d e f i n i t e l y   r e s o l v e d .  

The v i scous   f l ow  abou t  t he  t r a i l i n g   e d g e   o f  a r a p i d l y   o s c i l l a -  
t i n g   p l a t e  has b e e n   s t u d i e d  by Brown and   Dan ie l s  ( r e f .  2 3 ) .  They 
f i n d  t h a t  to h a v e   a n   u n s t e a d y   c o n t r i b u t i o n   o f   v i s c o u s   i n t e r a c t i o n  
t o  t he  p o t e n t i a l   f l o w ,  the  o s c i l l a t i o n   f r e q u e n c y ,   i n  e i t h e r  p i t c h -  
i n g  or plunging   mot ion ,   mus t  s a t i s fy  S = W * L / U * ~  = O ( R e 1 i 4 )  where 
L i s  t h e  p l a t e   l e n g t h .  For S l a r g e ,   e v e n   o n  t h i s  s c a l e ,  there 
r e s u i t s  two c o n t r i b u t i o n s  to t h e   u n s t e a d y  l i f t  having   phase  leads 
of  45' and 90° ,  wi th  similar r e s u l t s   f o r  the  moment. Fur ther   de-  
t a i l s  of  t he  a n a l y s i s  may be  found i n   r e f e r e n c e  23. 

CONCLUDING REMARKS 

The examples   o f   v i scous   i n t e rac t ion   t heo ry   summar ized   above  
s h o u l d   g i v e  t h e  reader some idea o f  t h e  c o n t r i b u t i o n s   b e i n g  made 
by modern  boundary-layer   theory t h a t  were n o t   p o s s i b l e   i n   c l a s s i -  
c a l   t h e o r y .  Many o ther   examples   could  be g iven ,   such  as l e a d i n g  
e d g e   s e p a r a t i o n   b u b b l e s ,  mass i n j e c t i o n   e f f e c t s ,   s w e p t   c o n f i g u r a -  
t i ons ,   and   more ,   bu t   space   does   no t   pe rmi t   fu r the r   d i scuss ion   he re .  I 

It i s  hoped tha t  t h e  reader has g a i n e d  some a p p r e c i a t i o n   f o r   t h e  
p o t e n t i a l   o f  t h i s  r ap id ly   expand ing  f i e l d  of   s tudy .  I 
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Figure 2.-  Compression-ramp pressure  distribution. 
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Figure 7.- Wake-velocity profile: theory vs. experiment. 
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Figure  9 . -  Limit  flow s t r u c t u r e   f o r   o s c i l l a t i n g   p l a t e .  
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