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NON-DIMENSIONAL: GROUPS IN THE DESCRIPTION OF FINITE-AMPLITUDE SOUND
PROPAGATION THROUGH AEROSOLS

David S. Scott
University of Toronto

SUMMARY

Several parameters, which have fairly transparent physical interpreta-
tions, appear in the analytic description of finite-amplitude sound propagation
through aerosols. Typically, each of these parameters characterizes, in some
sense, either the sound or the aerosol. It also turns out that fairly obvious
combinations of these parameters yield non-dimensional groups which, in turn,
characterize the nature of the acoustic-aerosol interaction. This theme is de-
veloped in order to illustrate how a quick examination of such parameters and
groups can yield information about the nature of the processes involved, with-
out the necessity of extensive mathematical analysis. This concept is devel-
oped primarily from the viewpoint of sound propagation through aerosols, al-
though complimentary acoustic-aerosol interaction phenomena are briefly noted.

NOMENCLATURE

The nomenclature used is consistent with that of reference 1, from which
the analytic results discussed in this paper were taken.

C local wave propagation speed R ideal gas constant

Co infinitesimal sound speed in a T temperature

1
clean gas = (YRI) U gas velocity amplitude

particulate specific heat

u dimensionless gas velocity
Cp gas specific heat at constant HéD) ith order solution to u
pressure
X dimensional distance
H c/cy
. . X dimensional piston-displacement
— o) k $ £
1 dimensionless length = wx/c, amplitude
1= dimensionless distance to shock ¥ = o /o
formation PV

Spcg, = local change in infinitesimal
speed of sound due to tempera-
ture change

1*co dimensionless distance to shock
formation in clean gas

m mass of a single particle e  acoustic Mach number a U/c
M equilibrium particulate mass . . .
loading = mn /o, u gas dynamic viscosity
. . densi
particulate number density e gas density
. . . arti t i i
radius of a single particle p P tculate material density
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T particle momentum relaxation time frequency
= (2pD/9u)r2

INTRODUCTION

Interactions between sound and aerosols have received increasing scientific-
eéngineering attention in recent years. Moreover, many of the more important
applications involve high particulate load aerosols and intense acoustic
fields. In regard to the latter, the intensities are often sufficiently high
that finite-amplitude, or non-linear, effects become important.

Acoustic-aerosol interactions can be examined from two viewpoints. The
first results from considering the effect of the aerosol media upon the sound
which is propagating through that media. The second results from considering
the effect of the acoustic field upon the aerosol itself. Illustrative ap-
plications of the former viewpoint include sound propagation through fogs in
marine navigation and the attenuation of rocket or jet noise by particulate
matter in the exhaust stream. From the latter viewpoint, the most remarkable
result is an enhancement of the aerosol agglomeration rate; the result of a
marked increase in aerosol particle-particle collision frequency. Perhaps the
most promising application of this agglomeration phenomenon is in the condi-
tioning of industrial atmospheric aerosol emissions (ref 2). Very recently,
however, interesting prospects for application in the mitigation of IMFBR* ac-
cidents have appeared.

This paper will concentrate on the viewpoint of the influence of the aero-
sol upon sound propagation. It is this aspect which has succumbed most readily
to theoretical treatment and hence presents greater opportunity for examina-
tion of meaningful analytical results. It can be our hope, however, that
through gaining insight into the important parameters of acoustic-aerosol in-
teractions from this viewpoint, we simultaneously identify those physical para-
meters of most importantance to phenomena associated with the effect of sound
upon an aerosol.

> FUNDAMENTAL, PARAMETERS

To introduce our approach to the examination of acoustic-aerosol inter-
actions, it is appropriate to first beiefly review what we mean by an aerosol
and, secondly, to remind ourselves of the most well-known features of finite-
amplitude acoustics. Such a review is worthwhile in itself. But it will also
allow us to choose two parameters which we shall use to characterize the aero-
sol, and two further parameters which we shall use to characterize the acoustic
field. Moreover, as we shall see, simple combinations of these parameters can
then subsequently be used to allow physical interpretation of the acoustic-
aerosol interactions.

+Liquid.meta1 fast breeder reactor.

934



Of course to properly describe an aerosol or finite-amplitude acoustic
field, many more than two parameters for each would be necessary. However, it
is the theme of this paper that by choosing what might be considered the two
"most important" parameters in each case, a non-rigorous, but interpretively
useful, appreciation of the major processes can be gained.

Aerosol

An aerosol may be defined as a suspension of solid and/or liquid particu-
late matter in a gaseous media. Well-known examples include smokes, mists,
fumes and atmospheric dust clouds. The author's preference is to consider an
aerosol to be the combined particulate cloud and gaseous bath gas, rather than
the particulate cloud itself. We shall use this interpretation through the
remainder of this discussion.

The particulate component is typically characterized by classifications
such as volatile or non-volatile, spherical or non-spherical particles, mono-
disperse or polidisperse particulate size distributions, etc. A monodisperse
aerosol (sometimes also referred to as homogeneous) is one which contains
particles of only one size (strictly speaking, in only one small size range).
Next, in even the briefest outline of the nature of an aerosol, the remarkable
phenomenon of continuous and spontaneous particulate agglomeration must be
noted. The rate of agglomeration is proportional to the nurber density squared
such that,

-1 o n2. (1)

Of course, the appropriate constant of proportionality depends upon several
factors, such as, whether the aerosol is quiescent or in turbulent motion,
electrical field and charge effects, particulate characterization and, what is
of particular import to the phenomena we are treating, the absence or presence
of acoustic fields and their nature. Figure 1, which has been abstracted from
reference 3, is included to give some feel for the order of magnitudes involved
in aerosol dynamics.

To facilitate selection of these parameters which we shall use to charac-
terize the aerosol, it is expedient to choose a simply defined aerosol in
order to focus on the major features of the acoustic-aerosol interaction. As
such, we shall consider a monodisperse particulate cloud of spherical non-
volatile particles, spacially uniformly dispersed throughout an inert, quies-
cent bath gas which will exhibit no molecular relaxation processes when under
the influence of these acoustic fields we shall consider.

Clearly, a parameter of importance will be one which will characterize
the size of individual particles, and do so in terms of the gas in which they
are immersed, since any parameter chosen to characterize the aerosol must in-
clude features of both the particulate cloud and the carrier gas. Such a para-
meter is the momentum relaxation time, T, which under assumptions consistent
with the application of Stckes Drag Law, becomes

T 0 (2pp/9u)r2. ' @)
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The obvious choice for the second aerosol parameter will be one which gives a
measure of "how much" particulate matter is present. Again, the "how much"
must be given in terms of the bath gas. As such, the natural choice is the
mass loading ratio, M, given by,

M = (mn)/p. (3

We now have two very simple parameters which we shall use to characterize
the aerosol. It is of interest to note that one of these, M, can be considered
a "how much?" parameter, while the other, T, is in some sense a "what type?"
parameter. It will be useful to retain these simple "how much?" and "what
type?" concepts when choosing the two parameters which shall represent the
acoustic field. ’

Finite-Amplitude Sound

Consistent with our approach when we chose a simple aerosol as a vehicle
to introduce the aerosol parameters, we shall now direct attention to a simple
finite-amplitude acoustic field. In particular, we shall consider a plain pro-
gressive wavetrain generated by the sinusoidal motion of a piston at x = 0 and
propagating into the semi-infinite region x > 0. By referring to figure 2, we
can review the most well-known phenomenon associated with finite~amplitude
sound propagation; that of the distortion of the initial sinusoidal wavetrain
into a wavetrain more sawtooth in form containing higher harmonics.

There are two dominant mechanisms which cause this distortion and they do
so through their effect on the local wave propagation velocity, C, at each
point in the waveformys. If we consider C at each point in the wave, we note
that it is made up of the linear superposition of three velocities.

C=cy* Spcg tu (W)

Here, c, is the quiescent speed of sound, that is the speed of infinitesimal-
amplitude sound through the quiescent media. The second term accounts for
changes in the local speed of sound due to variations in the temperature of the
media caused by the presence of the acoustic field itself. The third term, u,
is a convective term, resulting from the fact that the media itself is moving
with a local velocity.

+ If we apply these physical considerations to determine the local speed of
sound, C, at each of three points, xq, X, and %3, in the "early wave form" of
figure 2, the mechanism of wave form distortion is easily understood. At xg
compression effects have increased the temperature of that part of the wave
above that in the quiescent gas. As such, §7Cy, is positive. Moreover the
convective velocity u is positive. Thus, C at x3 is greater than cy, and that
"part" of the wave moves faster in the direction of propagation than would an
infinitesimal amplitude wave. By similar arguments it is apparent that C at
x9 equals c, and C at x7 is less than cy. These combined effects lead to the
distortion shown by the "later wave form" of figure 2.

Now the important thing from our point of view is that both Spcy and u are
a direct consequence of the finite-amplitude nature of the acoustic field. As
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such, in seeking parameters to characterize the acoustic field, we necessarily
require a parameter which will measure the magnitude of finite-amplitude ef-
fects, or, the degree to which the field is a "finite-amplitude" field. The

most appropriate parameter for this purpose is the acoustic Mach number, ¢,
given by,

e = Ulcg. | (5)

Note that U is the acoustic velocity amplitude and not the local convective
velocity, u, discussed earlier.

Now by comparison with the parameters introduced to describe the aerosol,
it is evident that € may be thought of as a "how much?" parameter. And this
leaves us with the choice of a "what type?" parameter, which for the acoustic
field is clearly w, the fundamental sinusoidal frequency. Interestingly, in
terms of the displacement amplitude, X,, and for sinusoidal motion, the two
acoustic parameters are related through the expression,

= (wXo) /o (6)

Towards the end of this "early evolution" stage where non-linear effects
oring about a relatively rapid transfer of energy from the fundamental to the
righer harmonics, the waveform can resemble a series of low amplitude shocks.
This distance to shock-formation has been given by Blackstock (ref U4) as,

lgg = 2/Cy + De. o

At shock-formation, the ratio of magnitudes of the fundamental to its harmonics
ire "semi-stable", resulting from a balance between the concomitant processes
>f energy flow from the lower harmonics to the higher harmonics, and the pro-
xortionally greater dissipation of the higher harmonics. This concept was
first introduced by Fay (ref 5). The development of the wavetrain beyond the
>oint of shock-formation to extinction might be thought of as the "late evolu-
tion" phase during which the progressive dissipation of the energy associated
#ith the waveform causes the "semi-stable" waveform to decay to an infinitesi-
nal sinusoidal form.

Before leaving the interpretation of these four parameters, it is appro-
oriate to give some feeling for typical orders of magnitudes involved in units
associated with either aerosol science or non-linear acoustics. This is
dresented in Table 1.

M (grains/ft®) (gms/m®)| € SPL(dB) (Watts/m*)| t(sec) r(um)
Lo~ 0.057 0.013 |107% 114  2.5%10-1 1.2x10-7 0.1
10-3 0.57 0.13 |10-3 13y 2.5%10 1.2x10~° 1
10-2 5.7 1.3 10-2 154 2.5x%103 1.2x10-3 10
10-1 57 13 10t 17w 2.5x105 1.2x10-1 100

TABIE 1: Illustratlve conversions of parameters M, € and 1, for
pp=1 gn/an®, pg = 1. 29¥10‘ gm/cm?®,
u = 1.83x10-Y poise.
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INTERACTTONS

Intuitive

Of the four parameters, the two "what type?" parameters, T[t] and
w[t‘ 1, have inverse units, and their 81mple product, wt, is a non-dimensional
group which represents the physical ratio:

Wl _ time of particle dynamlc relaxation (8)
time of acoustic cycle :
As such, we expect the magnitude of wr will tell us something about how ef-
fectively the aerosol and sound are coupled. In particular, as wt > 0, the
time of particle dynamic relaxation is very short with respect to the time of
an acoustic cycle, and hence we expect the particles to behave much as if they
were an element of fluid in the bath gas. That is, we expect their presence
to play a minimal role affecting the sound being transmitted through the aero-
sol media. As w + 1 the dynamic relaxation time of the aerosol particles is of
the same order as the time of an acoustic cycle, and hence we might expect, in
some sense, a maximum acoustic-aerosol interaction. As wt + «, the long dyna-
mic relaxation time with respect to an acoustic cycle indicates that the aero-
sol particles are essentially stationary. We therefore expect that the pres-
ence of the acoustic field has minimal effect upon the aerosol. We might fur-
ther expect that although the aerosol could influence the sound, it would do so
in only a minor way, since the sound can be expected to propagate primarily
through the gaseous media in the interstices between particles, which is large
w.r.t. the particle volume.

The two remaining "how much?" parameters combine to give a non-dimensional
group, M/e, even more simply interpreted. Specifically,

M/e = ""how much?" particulate matter (9)
"how much?" sound

With this interpretation, we expect that as M/e + 0, finite-amplitude sound ef-
fects will dominate processes of interest. As M/e + 1, we expect that finite-
amplitude and aerosol effects influence various phenomena with approximately
equal importance. As M/e -+ «, we expect that the presence of the aerosol,
rather than that of finite-amplitude nature of the acoustic field, will be of
predominant importance. Of course these M/e interpretations should be viewed
in terms of the magnitude of the associated wt parameter which gives informa-
tion on the effectiveness of the acoustic-aerosol interaction. That is, if
the wt product indicates a weak acoustlc—aerosol coupling, the significance of
the M/e parameter might be unimportant & priori.

Analytic
We now consider the role of the preceeding acoustic-aerosol interaction

parameters by examining the analytic results of reference 1. In particular, we
shall examine the influence of the aerosol upon waveform distortion.
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The assumptions and analytic details of the results we shall consider are
presented in reference 1, and will not be repeated here. The work involved a
perturbation solution of a set of equations and boundary conditions which des-
cribed the attenuatien, dispersion and harmonic growth, of an initially sinu-
soidal finite-amplitude plain progressive wavetrain propagating towards infin-
ity.f The solution,in terms of the dimensionless gas velocity, u, was given in
the form:

u = eul?) + e2u(®) ¢ 3,03 4, (10)

Although not rigorously correct (see ref.l), it is possible,for the purposes
of our discussion to consider each term in this expansion, elu'l’, to be the
ith harmonic. With this interpretation we consider the magnitude of waveform
distortion by examining the evolution of u(®) with increasing distance from
the initial sinusoidal motion.

First consider the case, shown in figure 3, where the wt product is held
constant at unity and M is increased from 0 to 10-1. The M = 0 result cor-
responds to the growth of the second harmonic in a clean gas. As we increase
the amount of particulate matter, the harmonic growth is retarded as the ener-
gy is removed from the harmonic by particulate-gas dissipative mechanisms.

Turning to the influence of the parameter wt, we can consider the case for
which we hold the mass loading ratio constant at M @ 10=2. This is illustrated
in figure 4 which shows the influence of the wrt parameter over the range
0 £ wr 2w, In spite of the fact that the particulate loading is non-neglig-
ible, at wt = 0 the presence of the particulate matter does not alter the
growth of the second harmonic from that which it would be in a clean gas. As
the wr product moves to wt = 10~1, the acoustic-aerosol coupling improves, and
the growth of the second harmonic is somewhat retarded over tHat which would
be found in a clean gas. If we further increased wt through unity to infinity,
the maximum retardation of harmonic growth occurs at approximately wrt = 1,
after which the aerosol influence diminishes until, as wt =+ <, the sound pro-
pagates as if there were no particulate matter present.

We see how the presence of particulate matter, as given by the mass load-
ing ratio M, acts to netard the rate at which the growth of the second harmonic
distorts the original sinusoidal waveform. But the effectiveness by which the
aerosol retards the distortion is strongly affected by the effectiveness of
the acoustic-aerosol coupling as indicated by the wt parameter.

The next question which can be examined from this parametric approach is
that of the distance to shock-formation. Or, what may be considered the same
thing, the demarkation between the "early evolution" and "late evolution"
stages of waveform development.

Analytically, this problem has been approached by comparing the magnitude
of terms in the perturbation solution of equation (10). In reference 1 it is
shown that, in an inviscid clean gas, the ratios of the second order solution
to the first,and the third to the first, at the point of shock-formation, be-
come,

leul® )] = 4 1n
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and
]ezu(s)/u(l)f = 3/8 (12)

respectively. Either equation (11) or (12) may be used as a shock-formation
criterion for the case M = 0. If, however, it is assumed that the relative
amplitudes of the harmonics at the point of shock-formation in an aerosol are
also given by equations (11) and (12), the difference between the two predic-
tions will give some indication of the uncertainty associated with this as-
sumption. This was the approach taken in reférence 1 and the results are shown
in figure 5.

We note that the distance to shock-formation in an aerosol is always
greater than the distance to shock-formation in the clean gas. Thus, that
which was indicated by figures 3 and 4 - that the presence of an aerosol re-
tards the rate at which an initially monochromatic finite-amplitude wave dis-
torts - is reinforced by the shock-formation distance results. But the matter
of particular interest which is illustrated by figure 5, is the role played by
the interaction parameters M/e and wrt.

If we direct attention to the case wtr = 1, we note .that at M/e @ 1 the
distance to shock-formation in the aerosol is about 1.35 times that found in a
clean gas. On the other hand, as M/e decreases from unity the distance to
shock~formation approaches that found in the clean gas, while as M/e becomes
greater than unity, the shock-formation distance rapidly approaches infinity
and the system moves into a regime where shock-formation is precluded. Thus
our earlier speculation, that the M/e interaction parameter should be a measure
of the relative importance of aerosol effects as compared to finite-amplitude
effects is realized. Put simply, for the case M/e = 0.1, the wave distortion
proceeds essentially as if there were no aerosol present and is determined
totally by the magnitude of the acoustic field. Conversely, for the case
M/e @ 10, the acoustic field is damped out so rapidly by the -presence of the
aerosol that finite-amplitude distortion effects have no opportunity to signif-
icantly alter the harmonic ratios. In both cases, this is independent of the
absolute magnitude of either M or €.

Now consider the effect of the parameter wrt, by examining the cases
wt = 0.1 and wt = 10. As we move away from wt = 1, the coupling between the
acoustic field and the aerosol becomes less effective, thereby weakening the
influence of the aerosol upon waveform evolution, and allowing this evolution
to proceed more closely to that which it would in a clean gas. Again, this
conforms not only to the results of figures 3 and L, but also to our intuitive
expectations dlscussed earlier.

Before leaving figure 5, it should be noted that the two harmonic ratio
criteria do predict somewhat different shock—formatlon distances. This dis-
crepancy becomes marked as the ratio l‘/l“cg % 2 or greater,and results from
the fact that the semi-stable waveform characteristic of the newly formed
shock can be qulte different in an aerosol than in a clean gas. This, and
other matters, will be mentioned briefly in the next section.
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MORE GENERAL THEORTES AND ADDITTONAL PARAMETERS

The theme of this paper has been to introduce a means of performing order-
of-magnitude evaluations of the relative importance of different processes in
finite-amplitude sound propagation through aerosols, by means of quick examin-
ation of the four parameters, w, T, M and €, as well as their combination in
the interaction parameters M/e and wr. Nevertheless, the subject should not be
left without noting that additional parameters enter more general theories, and

giving some indication of where these theories may be found in the litera-
Ture.

The wt product has been found in acoustic-aerosol literature for a number
of years, and is perhaps best known from the monograph by Mednikov (ref 6) in
which the motion of individual particles is given in terms of a specified
acoustic field. This same parameter plays a major role in the formulation by
Temkin and Dobbins (ref 7) of the attenuation and dispersion of infinitesimal-
amplitude sound propagation through aerosols. In the event other transport
phenomena play a role, such as heat or mass transfer, other "what type?" pro-
ducts, wti, where i1 corresponds to the transport process of interest, can be-
come important. Sometimes, such as in the case of the theory drawn upon for
the present paper, even though one of these transport processes cannot be ne-
glected (heat transfer in the present case), the judicious choice of other par-
ameters (in our case setting H = 1) can remove this additional dependence such
that the problem collapses to a dependence on wt only. In other cases, such
as when volatile aerosols (ref 8) or compressibility of the particles (ref 9)
are treated, it may be somewhat more difficult to collapse all "what type?"
parameters into one.

The treatment of polydisperse aerosols is fairly readily accomplished by
treatments analogous to those referred to here, by the introduction of integrals
over the size distribtution using the appropriate size dependent parameter,
such as T, as a weighting function (e.g., references 1, 7, 10). If the semi-
stable waveforms of the "late evolution" regime are of interest, in addition
to the parameters we have introduced in the body of this paper, the parameter
H plays a major role and cannot be neglected. This "late evolution" regime is
treated by Davidson (ref 11).

CONCLUSIONS

It is the author's view that if an estimate of the relative magnitude, or
importance, of different effects encountered in phenomena associated with fin-
ite~amplitude sound propagation through aerosols are of interest, a fairly
quick appraisal of these can be made, by examining the magnitude of what are
probably the two most important acoustic-aerosol interaction parameters M/e
and wt. In many cases, examination of these parameters will show that one or
more effects will either dominate, or are unimportant, to the situation being
considered. Moreover, it may be hoped that by considering these groups (which
arise naturally in rigorous theoretical treatments) from the physical viewpoints
discussed, the underlying physical mechanisms may be better appreciated.
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Figure l.- Characterization of some aerosols.
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Figure 2.- Life-cycle of finite-amplitude progressive waves.
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