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This paper presents  a simple so lu t ion  t o  the  problem of t h e  acous t i ca l  
coupling between a rec tangular  s t r u c t u r e ,  its a i r  content,  and an e x t e r n a l  
no ise  source. This s o l u t i o n  is a mathematical expression f o r  t h e  normalized 
acous t ic  pressure  i n s i d e  the  s t r u c t u r e .  
f o r  t h e  sound-pressure response 

The paper a l s o  gives numerical r e s u l t s  
f o r  a spec i f i ed  set of parameters. 

INTRODUCTION 

The formulation of t he  problem is based on t h e  following assumptions: 

1. The s t r u c t u r e  cons i s t s  of a three-dimensional chamber, o r ien ted  wi th  
respect t o  a Car tes ian  coordinate system as shown i n  f igu re  1. 
of t h e  chamber are r i g i d  except f o r  an elastic w a l l ,  of homogeneous material, 
exposed t o  an e x t e r n a l  no ise  source and clamped a t  a l l  edges. 

The boundaries 

2. The external no i se  source i s  assumed t o  be  a pure-tone (i.e., s ing le-  
frequency) s i g n a l  of known amplitude and frequency. 

3 .  The air i n s i d e  the  chamber i s  considered t o  behave as a compressible 
viscous f l u i d  undergoing o s c i l l a t i o n s  of s m a l l  magnitude. 

4 .  The e l a s t i c  w a l l  is considered t o  behave as a v i b r a t i n g  p l a t e  w i th  
l i n e a r  damping. 

The external,  i nc iden t  noise-pressure disturbance causes t h e  elas t i c  w a l l  
t o  v i b r a t e  i n  the  t r a n s v e r s a l  d i r e c t i o n ,  inducing pressure  f luc tua t ions  i n s i d e  
the  chamber wi th  a subsequent i n t e r n a l  pressure loading on the  elastic w a l l .  
The so lu t ion  f o r  t he  acous t i c  pressure  in s ide  the  chamber, when damping and 
viscous e f f e c t s  are neglected,  has been presented i n  re ference  1; t h e  e f f e c t s  
of air v i s c o s i t y  and w a l l  damping are included i n  t h e  ana lys i s  given i n  t h i s  
paper. 
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SYMBOLS 

W 

4 V 

height ,  width, and length of t h e  chamber 

c o e f f i c i e n t s  i n  t h e  expression f o r  t h e  elastic-wall de f l ec t ion  

speed of sound 

elastic-wall bending s t i f f n e s s ;  

Young's modulus f o r  t he  elastic w a l l  

a function of a, $ , y , and , defined by equation (28) 

thickness of t he  e l a s t i c  w a l l  

2 D = Eh3/12(l-o ) 

- -  - 

i 2  = -1 

air v i scos i ty  damping c o e f f i c i e n t  

cons tan ts  of i n t eg ra t ion  

coe f f i c i en t s  i n  the  expression f o r  t he  acous t ic  pressure 

sound-pressure level in s ide  t h e  chamber 

sound-pressure l e v e l  at z = c 

sound-pressure level at 

e x t e r n a l  sound-pressure level a c t i n g  on t h e  elastic w a l l  

amplitude of t h e  time-harmonic, ex te rna l  sound-pressure l e v e l  

weighting function used i n  the  weighted-residual method 

t i m e  

components of a i r  ve loc i ty  i n s i d e  the  chamber 

de f l ec t ion  of t h e  elas t i c  w a l l  i n  t h e  p o s i t i v e  z-direction 

mode shape of t he  elastic w a l l  

Cartesian coordinates 

wall-to-air m a s s  r a t i o  

wall-to-air  s t i f f n e s s  r a t i o  

wall-to-air i n t e r a c t i o n  damping r a t i o  

dimensionless air v i scos i ty  damping 

z = c/2 

a 4  a 4  = -  a 4  + 2  2 + -  
ax ax ay ay4 

w a l l  damping c o e f f i c i e n t  

rl 

h rlA ,I, separa t ion  cons r a n t s  

Vmn 

c h d  er width-to-hei ght r a t i o  

separa t ion  constants i n  the  expression f o r  t he  acous t i c  pressure  
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5 
P dens i ty  

d Poisson's r a t i o  f o r  t he  elastic w a l l  

w 
Subscr ip ts  : 

a r e f e r s  t o  t h e  a i r  i n s i d e  t h e  chamber 

maX denotes "maximum value" 

W r e f e r s  t o  t h e  elastic w a l l  

Superscript:  

- . r e f  e rs t o  dimens ion  les s q u a n t i t i e s  

dimensionless parameter defined by equation (29-b) 

c i r c u l a r  frequency of t h e  e x t e r n a l  no i se  

MATHEMATICAL FORMULATION 

The governing dynamic equation f o r  t h e  e las t ic  w a l l  is: 

The acous t ic  wave equation f o r  t he  a i r  contained i n  t h e  chamber is: 

2 2 2 2 U + a + + = L ( h  
ax ay2 az ca 2 2 a t  2 + ka -3 
The boundary conditions f o r  t he  problem are as follows: 

a) The edges of t h e  e las t ic  w a l l  are considered t o  be clamped: 

W(o,y,t) = W(a,y,t) = W(x,O,t) = W(x,b,t) = 0 (3) 

aw aw aw aw 
aY aY K ( O , Y , t )  = a , ( a , y , t )  = -(x,O,t) = -(x,b,t) = 0 ( 4 )  

b) The normal component of t h e  i n t e r n a l  a i r  ve loc i ty  near a r i g i d  boundary 
is zero: 

c) The normal component of t h e  i n t e r n a l  air  ve loc i ty  near t h e  elastic w a l l  
is equal t o  t h e  w a l l  ve loc i ty :  
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The r e l a t ionsh ip  between t h e  i n t e r n a l  a i r  pressure  and components of i n t e r n a l  
air ve loc i ty  are: 

The e x t e r n a l  no i se  pressure  is  considered t o  be harmonic i n  t i m e  and expressed 
by : 

i w t  = P  e PO 0 

and the  objec t ive  is t o  find: 

The so lu t ion  of equation (2) , by separation-of-variables technique, is : 

m m  

2 nr  2 2 w -iwk a mv 
where v 2 =  2 - - ( , T I  llm 

'a 

Application of equations (6) and (7) y i e lds :  

m w  i w t  mm Sin v c a w =  e K,, vm COS- COS 
llm a t  p a (ka+iw) a 

m=O n=O 

The value of - is found by in t eg ra t ing  equation (1) under t h e  loading 

conditions as indica ted  below: 
a t  

For a so lu t ion  of t h e  form: 

i w t  
W(X9YYt) = w(x,y)e 

IilITX 
llm 

cos- c o s y  cos v a 

equation (13) reduces to:  
w m  

(15) IUITX 4 i U Y  
v w  +w D w - pww2 = B[((F )- Km COS- a COS= b COS vWc) - Po] 

m=O n=O 
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Galerkin's method is  used t o  f ind  an  approximate so lu t ion  t o  equation (15). 
I n  t h i s  method, an approxxnate so lu t ion  which s a t i s f i e s  t h e  boundary con- 
d i t i o n s  of equations (3) and ( 4 )  is  f i r s t  assumed as follows: 

Coeff ic ien ts  are found such t h a t  equation (16) s a t i s f i e s  equation (15) 
and the  sum of t e weighted r e s idua l s  is  i d e n t i c a l l y  zero over t he  region 
of i n t eg ra t ion ,  i.e. : 

This process is  known as the  weighted r e s idua l  method and R is the  weighting 
function. 
shape func t ion  def in ing  t h e  approximation. I n  genera l ,  t h i s  leads  t o  the  b e s t  
approximation when 

I n  Galerkin's method, t he  weighting func t ion  is made equal t o  t h e  

1 (2i-1) 2nx  ] [ l - c o s  f 2 J b  ' -1) 2lTy 
a R = 1 - Cos 

Equation (17) app l i e s  f o r  every p a i r  of-  i n t ege r s  i and j . Generally the re  
are M * N  simultaneous equations of t h i s  form t o  be solved f o r  the coe f f i c i en t s  

For t h e  case of low-fre uency, normally-incident e x t e r n a l  no i se  only the 
diaphragm motion of t he  w a l l  ( f i r s t  mode) w i l l  be excited.  For t h i s  case, 
M = 1 and N = 1 , and i n t e g r a t i o n  of equation (17) l eads  to :  

a i j  P 

and W(x,y,t) = all (1 - Co-) (1 - C o e )  eiwt a 

The values of 

from equation (20) i n t o  equation (12): 
K22,K20,K02, and Koo are found by s u b s t i t u t i n g  the  de f l ec t ion  

When t h e  l e f t  and r i g h t  s i d e s  of equation (21) are equated t e r m  by t e r m ,  i t  
is found t h a t  a l l  t h e  constants 
These are e a s i l y  found and s u b s t i t u t e d  i n  equation (19) t o  give: 

are zero except K O O , K ~ ~ , K ~ ~ ,  and K22. 
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=-P/D(i[(?) +(${I+ -(-) 1 2m (2) - r . ~  9 0  (pwhw -is,) + 2 .  4 

all 0 2 . a  

00 V 

Cot v20c Cot v c 
+ + O2 f 

2v20 2v02 D 

Referring t o  equation (lo), t he  acous t i c  pressure  i n s i d e  the  chamber can now 
be w r i t t e n  as: 

P(X'Y,Z,t) = e iwt (Koo COS vo0z + K co+ cos vo2z + 
02 

K20 COF 2TX Cos v20z + K22 Cos- 2TX Cos* Cos v ~ ~ z )  
a a b 

To genera l ize  t h e  so lu t ion  obtained above, t h e  following dimensionless 
q u a n t i t i e s  are introduced: 

Using the  above dimensionless q u a n t i t i e s ,  equation (23) can be w r i t t e n  as: 
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and 
- <W 

5 --2-3 - (1 + 1.056n ) p C  h 
1 $ =  S Y '  - 

0.9221(3n4 f 2n2 + 3) 

- - -  PWh a = p h =  - 
ac 0 .0284g4 Paca 

a a '  (1-a2) ( 1  + 1.056n5) 
E =  ' b  g t l = - = -  - - 6 = -  

'a 

(29-a) 

(29-b) 

Equations (29, (28) , and (29) c o n s t i t u t e  the  a n a l y t i c a l  s o l u t i o n  t o  the  acousto- 
s t r u c t u r a l  problem. 
t r i b u t i o n  wi th in  t h e  chaniber is a harmonic function of t i m e  and depends on the  
following dimensPonless parameters: 

These equations show t h a t  t he  normalized pressure  dis- 

- 
- 1) wall-to-air  mass r a t i o ,  cc 

2) w a l l -  to-air s t i f f n e s s  r a t i o  , 6 
3) 
4) 
5) dimensionless frequency , w 
6) 
7) enclosure dimensions, a,b ,e 

- 
wall-to-air i n t e r a c t i o n  damping r a t i o ,  y 
dimensionless air viscous - damping, F 

dimensionless space coordinates,  x,y , z 
- - -  

- - -  

NUMERICAL RESULTS 

To obtain q u a n t i t a t i v e  values of sound-pressure level as a func t ion  of ex te rna l  
no i se  frequency, a cub ica l  chamber (a=b=c) is assumed, and t h e  amplitude of 
t h e  dimensionless sound pressure  a t  the  center  of t h e  chamber (x=y=z=c/2) is 
found: 

(30) 
- - Numerator 
P - 

42-  Denominator 
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1 + where, Numerator = 1 

2 JZ w -i6w sins2 JT- w -16w J-- w -4~ i  -1601 Sm/z  . Jm 
1 + 

2 ,/ ;2-8~2-ix; Sin4 

2 
Cot Jz2-4Tr - iJ i  + I n -  -4Ti 1 6 w  

+ 

(30-a) 

Cot /- LO - 8 ~ i  -16w 

4 ,/ z2-8r2-i% 

(30-b ) 

The response of t h i s  "advanced" three-dimensional model, as given by equation 
(30), is  compared wi th  t h a t  of a "simplified" one-dimensional model obtained 
by replacing t h e  e las t ic  w a l l  by a simple spring-mass system. For t h i s  sim- 
p l i f i e d  model t h e  amplitude of t h e  sound pressure a t  the  center  of t h e  cubica l  
chamber is: 

1 

I f  t he  e f f e c t s  of  w a l l  damping and a i r  v i s c o s i t y  are neglected,  t h e  r e s u l t s  
given by equations (30) and (31) agree with the  so lu t ion  i n  re ference  1, i n  
which damping e f f e c t s  were no t  considered. 
response, f o r  a p a r t i c u l a r  set of dimensionless parameters a and $ , over 
the  audio-frequency range, f o r  the  s p e c i a l  case of 7 = 0 and 3 = 0, i .e.  , 
when damping e f f e c t s  are neglected. These f igu res  show t h a t  a t  intermediate 
frequencies and a t  t h e  high-frequency end of t he  audib le  spectrum, the  pre- 
d i c t i o n s  of "advanced" and "simplified" models are q u i t e  similar. 

When damping e f f e c t s  are included, i .e. ,  when both 7 and 8 are not  zero,  
t h e  d i g i t a l  computer program f o r  the  frequency response i s  very complicated, 
involving complex numbers and requi r ing  double-precision (16 d i g i t s )  accuracy. 
Results f o r  t h i s  case w i l l  be published later. 

Figures 2 and 3 show the  frequency - 
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1" 

ELASTIC WALL SUBJECTED 
TO EXTERNAL NOISE 

Figure 1.- Three dimensional model of sound t ransmission through an  
elastic w a l l  t o  a rec tangular  chamber. 
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Figure  2.- Chamber frequency response t o  e x t e r n a l  n o i s e  source  a t  low - - - 
frequency f o r  a = 25 $ = 3.125, y = 0, and 8 = 0. 
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Figure 3.- Chamber frequency response t o  e x t e r n a l  n o i s e  source  a t  high - - - 
frequency f o r  a = 25 $ = 3.125, y = 0, and 8 = 0.  
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