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SUMMARY 

The propagation of sound i n  a converging-diverging duct con ta in ing  a quasi- 
one-dimensional s teady flow w i t h  a high subsonic t h r o a t  Mach number is  s tud ied .  
The behavior of l i n e a r i z e d  a c o u s t i c  theory a t  t h e  t h r o a t  of t h e  duct  is shown 
t o  be s i n g u l a r .  This s i n g u l a r i t y  imp l i e s  t h a t  l i n e a r i z e d  a c o u s t i c  theory i s  
i n v a l i d .  The e x p l i c i t  s i n g u l a r  behavior i s  determined and is used t o  s k e t c h  
t h e  development (by t h e  method of matched asymptotic expansions) of a non- 
l i n e a r  theory f o r  sound propagation i n  a s o n i c  t h r o a t  region. 

1. INTRODUCTION 

Observations of a c o r r e l a t i o n  between a x i a l  Mach number and a t t e n u a t i o n  of 
sound r a d i a t e d  upstream from so-cal led son ic  engine i n l e t s  have r e c e n t l y  focus- 
ed a t t e n t i o n  on t h e  a c o u s t i c  behavior of variable-geometry d u c t s  ( r e f s .  1 and 
2 ) .  For.high-subsonic flows i n  t h e s e  duc t s ,  non-linear t r a n s o n i c  e f f e c t s  be- 
come of major i n t e r e s t .  I n  t h e  l i n e a r  case, a f u l l y  three-dimensional theory 
p resen t s  formidable computational d i f f i c u l t i e s ,  and a s tudy of p o s s i b l e  non- 
l i n e a r  e f f e c t s  is, of course,  even more complicated. Thus, it i s  n a t u r a l ,  i n  
undertaking such an e f f o r t ,  t o  restrict a t t e n t i o n  i n i t i a l l y  t o  a quasi-one 
dimensional model: t h e  s implest  case l i k e l y  t o  l e a d  t o  r e s u l t s  of some prac- 
t i ca l  i n t e r e s t .  Many earlier a u t h o r s  have s tud ied  l i n e a r  quasi-one dimensional 
duct a c o u s t i c s  (see r e f s .  2-6, f o r  example), bu t ,  i n  gene ra l ,  t hese  s t u d i e s  
have n o t  been concerned wi th  e i t h e r  t h e  behavior o r  t h e  v a l i d i t y  of t h e  l i n -  
e r i z e d  s o l u t i o n  as t h e  axial  Mach number approaches un i ty .  

The p r e s e n t  paper p r e s e n t s  some r e s u l t s  of a n  ongoing a n a l y t i c a l  s tudy of 
quasi-one dimensional a c o u s t i c s  i n  converging-diverging duc t s  w i th  high-subsonic 
t h r o a t  Mach numbers. The problem is  i n h e r e n t l y  non l inea r ,  much l i k e  s teady 
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t r a n s o n i c  flow theory,  but t h e  nonl inear  behavior occurs only i n  a narrow re- 
gion surrounding t h e  t h r o a t  s e c t i o n .  
t i o n  i n  t h i s  region,  and t h e  cu r ren t  s tudy is employing t h e  method of matched 
asymptotic expansions t o  determine t h e  proper s o l u t i o n .  However, i n  o rde r  t o  
apply any asymptotic method t o  c o r r e c t  a s o l u t i o n  which is  n o t  uniformly v a l i d ,  
i t  i s  necessary t o  know i n  d e t a i l  t h e  s i n g u l a r  behavior of t h e  d e f e c t i v e  solu- 
t ion. 

Linear ized theory y i e l d s  a s i n g u l a r  solu- 

Thus, i t  is  t h e  major purpose of t h i s  paper t o  s tudy t h e  n a t u r e  of  t h e  
s i n g u l a r i t y  of l i n e a r i z e d  theory a t  a son ic  t h r o a t .  To c o r r e c t  t h e  d e f e c t  
u s ing  asymptotic methods r e q u i r e s  an i n t r i c a t e  a n a l y s i s ;  t h e  problem depends 
c r u c i a l l y  on two small parameters, and t h e  non l inea r  c o r r e c t i o n  t o  t h e  de fec t  
i n  l i n e a r i z e d  theory involves  a d i s t ingu i shed  l i m i t  f o r  s m a l l  v a l u e s  of t h e s e  
parameters. 
a n a l y s i s .  However, they a l s o  are of independent i n t e r e s t  and do not  appear t o  
have been discussed previously.  

The r e s u l t s  obtained here are necessary p r e l i m i n a r i e s  i n  t h i s  

The a n a l y s i s  presented i n  s e c t i o n s  3 and 4 n a t u r a l l y  suggests  t h a t  l i n -  
e a r i z a t i o n  is inappropr i a t e  i n  a small region near  t he  t h r o a t  of t h e  duct .  The 
d e t a i l e d  r e s u l t s  concerning t h e  s ingu la r  behavior of t h e  l i n e a r  s o l u t i o n  l e a d  
t o  an a p p r o p r i a t e  s t r e t c h i n g  of t h e  space v a r i a b l e  and a corresponding inne r  
expansion of t he  dependent v a r i a b l e s  which does no t  s u f f e r  a s i n g u l a r i t y  a t  t h e  
t h r o a t .  I n  t h e  f i n a l  s e c t i o n  of t h i s  work t h e  equa t ions  desc r ib ing  t h i s  i nne r  
non l inea r  theory are presented,  although t h e  d e t a i l s  of t h e  expansion process  
are omitted f o r  b rev i ty .  The s o l u t i o n  of t h e s e  non l inea r  equat ions i s  t h e  
sub jec t  of c u r r e n t  r e s e a r c h  and w i l l  appear i n  subsequent pub l i ca t ions .  

2 .  FORMULATION AND ACOUSTIC PERTURBATION 

W e  consider  t h e  propagation of sound i n  a v a r i a b l e  area duct  ca r ry ing  a 
homentropic i n v i s c i d  i d e a l  gas flow. The a c o u s t i c  wavelength is  assumed s u f f i -  
c e n t l y  l a r g e ,  and t h e  area v a r i a t i o n  s u f f i c i e n t l y  slow, t h a t  t h e  f i e l d  can be 
descr ibed by t h e  equat ions of quasi-one dimensional gas dynamics (ref. 7 ) :  

csp t + ;px +;Gx +;G(A-'./A) = o 

c u + GiiX + ( u p )  SX = o  s t  

i j / c y  = cons tan t  = B 

I n  equat ions (2.1)  5, p ,  and u are t h e  t o t a l  f l u i d  p re s su re ,  d e n s i t y ,  and axial 
v e l o c i t y ,  and A(x) is  t h e  duct c ros s  s e c t i o n a l  area. The dimensionless inde- 
pendent v a r i a b l e s  x and t are measured i n  u n i t s  of L and L/cs  r e s p e c t i v e l y ,  
where L i s  a c h a r a c t e r i s t i c  l eng th  a s s o c i a t e d  wi th  the  area v a r i a t i o n ,  and cs 
i s  t h e  s t a g n a t i o n  va lue  of sound speed i n  t h e  gas. The geometry of t h e  problem 
i s  as ind ica t ed  i n  f i g u r e  1 where t h e  o r i g i n  of x corresponds t o  a t h r o a t :  
A' (O)=O. 
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I f  t h e  v e l o c i t y  and d e n s i t y  i n  t h e  b a s i c  s t eady  f law i n  t h e  duc t  are de- 
noted by U(x) and R(x) r e s p e c t i v e l y ,  then from (2 ,1 ) ,  

UR' + RU' + RU(A'/A) = 0 , and UU' + Y B R ~ - ~ R '  = 0 (2.2) 

where t h e  energy r e l a t i o n  i n  equa t ions  (2.1) has been used t o  e l imina te  t h e  
p re s su re  from t h e  system. W e  i n t end  t o  seek s o l u t i o n s  t o  t h e  system (2.1) which 
are s m a l l  p e r t u r b a t i o n s  about t h e  s teady va lues  U and R,  and i t  is convenient a t  
t h e  o u t s e t  t o  d e f i n e  dimensionless v a r i a b l e s  u ( x , t )  and P(x , t )  according t o  

(2.3) 
- c(x, t )  = U(x)[ l+u(x, t ) ]  , and p ( x , t )  = R ( x ) [ l + p ( x , t ) ]  

S u b s t i t u t i n g  (2.3) i n t o  (2.1) and employing t h e  s teady r e l a t i o n s  (2.2) y i e l d s  
t h e  system of equat ions on u and p i n  t h e  form 

G 2 p t  + M[ (l+u)px+(l+p)ux] = 0 

G7ut + M(l+u)u +(l/M) (l+p)y-2p +(M'/G)[ ( l + ~ ) ~ - ( l + p ) ~ - ~ ]  = 0 

3- 

(2 4) 
3- 

X X 

I n  equat ions (2.4),  M(x) is t h e  flow Mach number U(x)/c(x) ,  c ( x )  i s  t h e  speed 
of sound i n  t h e  s t eady  flow (c2=yBRY-1), and 

(2.5) 
G(x) = ( C ~ / C ) ~  = 1 + (y-l)M 2 /2 

t h e  la t ter  expression fol lowing from t h e  Bernou l l i  r e l a t i o n  implied by the  sec- 
ond of equat ions (2.2). Equations (2.4) are equ iva len t  t o  those used by Cheng 
and Crocco i n  r e fe rence  3. 

We introduce a s m a l l  dimensionless parameter 6 ,  which measures t h e  s t r e n g t h  
of t h e  source of sound i n  t h e  duct ,  and i s  assumed given from t h e  boundary con- 
d i t i o n s  a s s o c i a t e d  w i t h  t h e  system (2.1).  Then u ( x , t ) = u ( x , t ; 6 ) ,  p ( x , t ) = ( x , t ; d )  
which we  assume t o  have expansions f o r  6<<1 of t h e  form 

u = 6 u ( x , t )  + .. . , p = Sr(x, t )  + ... (2 6) 

S u b s t i t u t i n g  (2 .6 )  i n t o  (2.4) and neg lec t ing  a l l  b u t  f i r s t - o r d e r  terms we o b t a i n  
t h e  l i n e a r i z e d  a c o u s t i c  equations: 

G t r t  + M(rx+ux) = 0 
(2.7) 

G t u t  + M u x  + (1/M)rx+(M'/G)[2u-(y-l)r] = 0 

Equations (2.7),  s u b j e c t  t o  appropr i a t e  boundary cond i t ions ,  gene ra l ly  must 
be solved numerically because of t h e i r  v a r i a b l e  c o e f f i c i e n t s .  It is  t h e  purpose 
of t h e  p re sen t  work t o  analyze t h e  behavior of s o l u t i o n s  t o  (2.7) i n  t h e  v i c in -  
i t y  of t h e  t h r o a t  of t h e  duct  when t h e  t h r o a t  Mach number M(0) i s  c l o s e  t o  u n i t y  
It is w e l l  known t h a t  t he  system (2.7) is  s i n g u l a r  a t  any po in t  where M(x)=l. 
This can be seen most simply by s u b t r a c t i n g  the  two equat ions;  t h e  r e s u l t i n g  
equat ion has  no uX t e r m ,  and the  c o e f f i c i e n t  of rx becomes (M2-l)/M, which 
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vanishes  as Wl. This can only occur at x=O f o r  t h e  duct  of Fig. 1. The s in-  
g u l a r i t y  a t  x=O impl i e s  t h a t ,  i n  general ,  t h e  a c o u s t i c  q u a n t i t i e s  r and 1.1 w i l l  
be s i n g u l a r  when t h e  flow is s o n i c  the re .  Thus, as w e  s h a l l  see i n  what follows, 
r and p gene ra l ly  become a r b i t r a r i l y  l a r g e  n e a r  x=O as M ( 0 )  approaches u n i t y ,  
thereby v i o l a t i n g  t h e  assumptions made i n  d e r i v i n g  (2.7) that  1.1, 1 . 1 ~ ~  r ,  and rx 
a l l  remain bounded. 

A s  a r e s u l t  of the s i n g u l a r  behavior of t h e  system (2.7) f o r  high subsonic 
Mach numbers i n  t h e  t h r o a t  region,  l i n e a r i z e d  a c o u s t i c  theory is inadequate t o  
d e s c r i b e  sound propagation i n  t h e  duc t ;  w e  mst re-formulate t h e  p e r t u r b a t i o n  
scheme t o  t ake  i n t o  account non l inea r  t e r m s  i n  t h e  system (2.4) which w e r e  neg- 
l e c t e d  i n  (2.7). However, i n  o rde r  t o  make p rogres s  i n  th i s  d i r e c t i o n  i t  is  
necessary t o  know p r e c i s e l y  t h e  n a t u r e  of t h e  s i n g u l a r  behavior of t h e  s o l u t i o n s  
1.1 and r t o  (2.7). This behavior has been recognized, b u t  never resolved,  i n  
previous t r ea tmen t s  of t h e  system (2.7) ( r e f s .  4 ,5) .  I n  s e c t i o n  4 of t h i s  paper 
w e  cons t ruc t  an a n a l y t i c a l  gene ra l  s o l u t i o n  f o r  t h e  l i n e a r  system (2.7) which 
d i sp lays  e x p l i c i t l y  t h e  n a t u r e  of i t s  s o l u t i o n s  a t  x i 0  when M ( 0 )  is  near  un i ty .  
Before cons t ruc t ing  t h i s  s o l u t i o n ,  however, we  must d i scuss  t h e  behavior as 
M(O)+l of t h e  s o l u t i o n s  t o  t h e  s t eady  flow equat ions (2.2) i n  some d e t a i l  i n  
t h e  following s e c t i o n .  

3. BASIC STEADY FLOW 

A s  w e  have seen, t h e  a c o u s t i c  equat ions of motion are s i n g u l a r  a t  x=O when 
M(O)=l. It is  u s e f u l ,  t h e r e f o r e ,  t o  i n t roduce  a parameter &=l-M(O) i n t o  our 
d i scuss ion  and t o  consider both the  b a s i c  s teady flow q u a n t i t i e s  and t h e  acous- 
t i c  q u a n t i t i e s  as func t ions  of E; i . e . ,  U(X)=U(X;E), ~ - I ( x , ~ ) = L I ( ~ , ~ ; E ) ,  and so  on. 
The parameter E can be considered as having been introduced through t h e  un- 
s t a t e d  ‘boundary cond i t ions  on t h e  s t eady  flow. 

The elementary equat ions of quasi-one dimensional f low (2.2) are discussed 
i n  d e t a i l  i n  numerous texts; f o r  example, a p a r t i c u l a r l y  comprehensive treat- 
ment i s  given by Crocco ( r e f .  8 ) .  It i s  s t r a igh t fo rward  t o  express  any of t h e  
f l u i d  q u a n t i t i e s  i n  t e r m s  of t h e  duct area A(x)  o r ,  equ iva len t ly ,  i n  terms of 
t h e  Mach number M(x;E). However, t h e  behavior of M e x p l i c i t l y  as a func t ion  of 
x and E does n o t ,  t o  ou r  knowledge, appear i n  t h e  l i t e r a t u r e ,  and it i s  t h e  pur- 
pose of t h e  p re sen t  s e c t i o n  t o  determine t h i s .  

W e  begin wi th  t h e  well-known r e l a t i o n  implied by equat ion (2.2) ,  

(3  1 )  2 M’= -MGA’/(l-M )A 

which becomes, a f t e r  i n t e g r a t i o n ,  

a”MS(x) [l+(y-1)M2(0)/2] = Ms(0) [l+(y-1)M2(x)/2] 

where, i n  equat ion (3.2) we have def ined,  
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Figure 2 shows a ske tch  of t y p i c a l  i n t e g r a l  curves  of equat ion (3.1) assuming 
A " ( 0 ) f O .  We are i n t e r e s t e d  i n  a curve such as AB i n  f i g u r e  2 ,  f o r  which M re- 
mains less than un i ty  f o r  a l l  x. S ince  l-M(O)=& is assumed small it is n a t u r a l  
t o  seek an  expansion of M(x;E) i n  t h e  form 

M(x;E) = MO(x) + &M1(x) + E%,(,) ... (3.4) 

where MO(0)=l. 
f i n d  t h a t  Mo(x) must s a t i s f y  

S u b s t i t u t i n g  (3.4) i n t o  (3.2) and equat ing l i k e  powers of E w e  

(y+l)asM: / 2  = 1+(y+l)MO2/2 (3 * 5) 

whi le  Ml(x)=O, and 

Obviously, as can a l s o  be i n f e r r e d  from t h e  i n t e g r a l  curves  of f i g u r e  2 ,  t h e  
expansion (3.4) i s  no t  uniformly v a l i d  near  PO: t he  t h i r d  t e r m  is  as l a r g e  as 
t h e  f i r s t  whenever 1-Mo(x) is  as s m a l l  as E *  

It  remains t o  f i n d  Mo(x)=M(x;O) i n  terms of x; i . e . ,  t o  so lve  equat ion  
(3.5). W e  express  a ( x )  as a power series 

2 a ( x )  = 1 + ax + ... 
where we assume a=A' ' (0)/2A(O)#O. 
a lgebra  i n  the  form: 

Then Mo(x) can be determined a f t e r  some 

Thus, t h e  l ead ing  t e r m  of M(x;E) behaves as a p iecewise  l i n e a r  func t ion  of x 
near  t he  t h r o a t  so long as a#O. I f  a=O we  f i n d a t h a t  Mo(x) .is smooth a t  x=O, 
bu t  t h i s  case  w i l l  no t  be discussed f u r t h e r  i n  t h i s  paper .  

4. SINGULARITY OF THE ACOUSTIC SOLUTION 

W e  s h a l l  now analyze t h e  a c o u s t i c  equat ions (2.7) i n  order  t o  e x h i b i t  ex- 
p l i c i t l y  t h e  s i n g u l a r  behavior of t h e i r  s o l u t i o n s  i n  the  v i c i n i t y  of t h e  t h r o a t  
as M(0) approaches un i ty .  
&=l-M(O), t h e  c o e f f i c i e n t s  i n  the  a c o u s t i c  equat ions  and hence t h e  a c o u s t i c  
q u a n t i t i e s  v and r are func t ions  of E. For ~ < < 1  w e  look f o r  s o l u t i o n s  of t h e  
a c o u s t i c  equat ions  i n  the  form 

Since t h e  s teady  flow depends on t h e  parameter 

r=r 0 (x, t)+Er 1 (x, t ) +  . . , u=uo(x, t)+Eul (x , t )+  . . (4.1) 

I n s e r t i n g  equat ion (4.1) i n t o  equat ion (2.7) and using expansion (3.4) f o r  t he  
c o e f f i c i e n t s ,  we  g e t ,  a f t e r  neg lec t ing  h igher  o rde r  terms, 
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G 4 r + M  ( r  + u o )  = O  
x x  0 '0 O O t  ( 4 . 2 )  

W e  recall t h a t  Mg(x) is  any Mach number d i s t r i b u t i o n  which y i e l d s  a s o n i c  velo- 
c i t y  a t  t h e  t h r o a t  and a subsonic  v e l o c i t y  throughout t h e  remainder of t he  duct. 
These equat ions  are s i n g u l a r  a t  x=O s i n c e  M0(0)=1 This  is  most d i r e c t l y  
seen  by s u b t r a c t i n g  t h e  two equat ions.  

* 
, 

Analy t i ca l  s o l u t i o n s  of t h e  system (4.2) cannot be found f o r  a r b i t r a r y  
Mo(x) and a r b i t r a r y  t i m e  dependence. 
system can be reduced t o  a system of ord inary  d i f f e r e n t i a l  equat ions wi th  a 
s i n g u l a r  po in t  a t  x=O and no o t h e r  s i n g u l a r  p o i n t s  w i th in  the duc t .  The na tu re  
of t h i s  s i n g u l a r  po in t  w i l l  determine the  s i n g u l a r  behavior i n  the  t i m e  harmon- 
i c  a c o u s t i c  q u a n t i t i e s .  E x p l i c i t  a n a l y t i c a l  r e s u l t s  concerning t h e  exac t  
na tu re  of the s i n g u l a r  po in t  and the  dependence on Mo(x) o r  UO(X) can be found 
by use of series s o l u t i o n  methods f o r  l i n e a r  ord inary  d i f f e r e n t i a l  equat ions.  
W e  do no t  p re sen t  t he  gene ra l  r e s u l t s  of t h i s  a n a l y s i s  i n  t h e  c u r r e n t  paper .  
In s t ead ,  w e  s h a l l  i l l u s t r s t e  the s i n g u l a r  behavior of a gene ra l  s o l u t i o n  of t h e  
system (4.2) corresponding t o  a s p e c i f i c  s teady  flow. We assume t h a t  t he  t i m e  
dependence is  harmonic and t h a t  t h e  s t eady  v e l o c i t y  d i s t r i b u t i o n  i s  given by a 
piecewise l i n e a r  func t ion  of x: 

However f o r  harmonic t i m e  dependence t h e  

IJQ, (x) = c* (l-KI X I  ) 1x1 < (1/K) ( 4 . 3 )  

where c* is t h e  c r i t i c a l  sound speed and K i s  a p o s i t i v e  cons tan t .  
c i t y  d i s t r i b u t i o n  corresponds t o  a reasonably shaped duct  w i th  A'(O)=O and 
A" (0) fO.  Equation ( 3 . 7 )  l eads  us  t o  observe t h a t  f o r  any duct  w i t h  A' (O)=O 
and A"(O)#O, Uo(x) w i l l  be  given by equat ion  (4.3) f o r  x s u f f i c i e n t l y  c l o s e  t o  
the  t h r o a t .  Thus r e s u l t s  of t h i s  s e c t i o n  w i l l  be  gene ra l ly  a p p l i c a b l e  t o  the  
t h r o a t  reg ion  of many duc t s  of p r a c t i c a l  i n t e r e s t .  The Mach number d i s t r i b u -  
t i o n  a s soc ia t ed  wi th  equat ion ( 4 . 3 )  i s  

This  velo- 

Mo(x) = (l-KIx]) [ (y+1)/2 - (y-1) ( l -K]x/  )2/21-4 ( 4 . 4 )  

A genera l  s o l u t i o n  of t h e  system ( 4 . 2 )  wi th  Mo(x) given by equat ion ( 4 . 4 )  
can be  cons t ruc ted  by j u d i c i o u s  use of an a n a l y t i c a l  s o l u t i o n  found by Crocco 
and Cheng ( r e f .  3 ) .  I n  e f f e c t ,  they obta ined  a gene ra l  s o l u t i o n  t o  t h e  system 
( 4 . 2 )  with 

*They are a l s o  s i n g u l a r  s i n c e  M o t  ha s  a jump d i s c o n t i n u i t y  a t  PO. 
n o t  a f f e c t  t he  dominant s i n g u l a r  behavior i n  t h e  s o l u t i o n  and would not  be  pre- 
sent i f  w e  had chosen A"(O)=O. 

This  does 

866 



Their  t reatment  involves  i n t r o d u c t i o n  of t h e  new independent v a r i a b l e  z= ( ~ + K x ) ~ .  
I n s e r t i n g  equat ions (4.5) and'(4.6) i n t o  t h e  system (4.2) and in t roduc ing  z and 
a ( z ) = r o ( x ( z ) ) ,  v ( z ) = v ~ ( x ( z ) )  w e  o b t a i n ,  a f t e r  e l i m i n a t i o n  of v(z),  

(4.7) z (1-z)d20/dz2-2[l+iB/ (y+l)]z da/dz - [iB(2+iB)/2(y+l)]o=O 

and 

Equation (4.7) i s  a hypergeometric equa t ion  wi th  complex c o e f f i c i e n t s .  Two 
l i n e a r l y  independent s o l u t i o n s  are 

al=F (a, b,  d; 1-2) and o - (1-2) l-dF (-b ,-a, 2-d; 1-2) (4.9) 2- 

where 

d = 2 + 2iB/(y+l) , a+b+l = d , ab = iB(2+iB)/2(Y+l) (4.10) 

and F is t h e  s tandard hypergeometric func t ion  ( r e f .  9 ) .  

Since t h e  v e l o c i t y  d i s t r i b u t i o n  used by Cheng and t h a t  i n  equat ion (4.3) 

Of course,  Cheng's s o l u t i o n  f o r  x>O corresponds t o  a supersonic  
are i d e n t i c a l  f o r  x<O, equat ion (4.9) provides  a g e n e r a l - s o l u t i o n  t o  our  prob- 
l e m  f o r  x<O. 
s teady flow and i s  n o t  r e l e v a n t  t o  our discussion.  I n  order  t o  o b t a i n  a solu- 
t i o n  when UO(X) is  given by equat ion (4.3) f o r  x>O we  observe t h a t  t h e  a c o u s t i c  
equat ions i n  t h i s  case reduce t o  equat ions (4.7) and (4.8) i f  B is replaced by 
-6. Thus we have found a general  s o l u t i o n  t o  t h e  a c o u s t i c  equat ion correspond- 
i n g  t o  Uo(x) given by equat ion (4.3) f o r  both x<O and x>O. 

The s i n g u l a r i t y  a t  x=O can be found e x p l i c i t l y  by examining t h e  s o l u t i o n s  
01 and 02 of equat ion (4.9) and t h e  corresponding f u n c t i o n s  when B i s  replaced 
by -6. Clea r ly  01 is a n a l y t i c  a t  z=l(x=O) and t h e  s i n g u l a r  behavior is due t o  
02. The l ead ing  t e r m  i n  02 f o r  z near  u n i t y  is  given by 

CT 2 -(l-z)l-dF(a,b,d;O) = [cos(qRn(l-z))T i sin(qkn(1-z))] / ( l -z> (4.11) 

where q=2B/(y+l) and t h e  - and + s i g n s  hold f o r  x<O and x>O, r e s p e c t i v e l y  ( r e f .  
9 ) .  For gene ra l  a c o u s t i c  boundary cond i t ions  both 01 and 02 appear i n  t h e  
a c o u s t i c  s o l u t i o n ,  and t h e  amplitudes of t h e  a c o u s t i c  q u a n t i t i e s  w i l l  approach 
i n f i n i t y  as x-1 when x+-0. I n  a d d i t i o n  t h e i r  phases have an o s c i l l a t o r y  d i s -  
con t inu i ty  a t  x=O. Figure 3 shows a n  example t y p i c a l  of t h e  behavior of t h e  
a c o u s t i c  q u a n t i t i e s  (p re s su re ,  i n  t h i s  ca se )  f o r  s m a l l  E. The r a p i d  rise i n  
t h e  v i c i n i t y  of t h e  t h r o a t  i s  i n d i c a t i v e  of t h e  developing s i n g u l a r i t y  i n  t h e  
l i n e a r i z e d  a c o u s t i c  q u a n t i t i e s  as E+O. For t h e  t y p i c a l  case shown a p res su re  
wave of magnitude u n i t y  w a s  i n c i d e n t  from t h e  l e f t  on a converging-diverging 
s e c t i o n  s i t u a t e d  i n  an otherwise uniform duct.  

Since any duct  w i t h  a t n r o a t  a t  which A"(0) fO w i l l  have a l o c a l l y  (near 
x=O) p i e c e w i s e  l i n e a r  s t eady  v e l o c i t y  d i s t r i b u t i o n ,  t h e  a c o u s t i c  q u a n t i t i e s  i n  
such a duct  w i l l  have t h e  s i n g u l a r  behavior given i n  equat ion (4.11). I n  t h i s  
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circumstance t h e  l i n e a r  theory governing expansion (2.6) f a i l s  f o r  any nonzero 
6 ,  no matter how small. 
region. I n r t h e  next  s e c t i o n ,  an approach is o u t l i n e d  which a p p l i e s  t h e  method 
of matched asymptotic expansions t o  s tudy t h e  nonl inear  e f f e c t  i n  t h e  reg ion  
near  t he  th roa t .  

Nonlinear e f f e c t s  become apprec iab le  i n  t h e  t h r o a t  

5. NONLINEAR PERTURBATION EQUATIONS 

I n  t h i s  s e c t i o n  we set  f o r t h  i n  summary t h e  theory descr ib ing  sound propa- 
ga t ion  nea r  t h e  t h r o a t  as M(0)+1. 
t i o n s  (2.3) and (2.6) as an ou te r  expansion v a l i d  as 6+0 f o r  f i x e d  va lues  of x, 
t ,  and E; i .e.,  

W e  regard t h e  expansion ind ica t ed  by equa- 

i i (x , t ; s ,6 )  = U(X;E)[l + 61I(X,t;E) + ... 1 
- 
p ( x , t ; ~ , G )  = R(x;E)[ l  + 6r (x , t ;E )  + ... 1 

(5.1) 

From t h e  d e t a i l s  of t h e  previous s e c t i o n  w e  know t h a t  i n  genera l  11 and r become 
a r b i t r a r i l y  l a r g e  i n  t h e  l i m i t  as x and E approach zero,  being expected t o  grow 
as x-1. 

Therefore w e  in t roduce  an inner  v a r i a b l e  X=[ (y+1) /2 ]$ (x /~ )  and assume t h a t  u and behave asymptot ica l ly  as s+O with  X,  t f ixed  as: 

- u = Ei(Xyt;E) = u i (X;E)[l+Elli(X,t) + . . . I  
(5.2) 

where E is  assumed t o  be a func t ion  of 6 which vanishes  as 6+0 and is  t o  be 
determined by asymptotic matching of (5.2) wi th  (5.1).  I n  add i t ion  w e  expand 
t h e  s teady  flow q u a n t i t i e s  i n  t h e  form: 

u i (x;E)=ui(x)+Eut(x)+. . . , R ~ ( x ; E ) = R ~ ( x ) + E R ~ ( x ) + .  . . 
0 0 1 (5.3) 

Equations (5.3) could be combined d i r e c t l y  wi th  (5.2) as one inner  expansion, 
bu t  w e  f ind  t h a t  i t  s i m p l i f i e s  the  considerable  a lgebra  involved t o  r e t a i n  t h e  
dimensionless pe r tu rba t ions  1-1 and r and t o  mul t ip ly  t h e  sepa ra t e  expansions as 
ind ica t ed  i n  equat ion (5.2).  

The s teady  flow q u a n t i t i e s  i n  equat ion (5.3) are known i f  t h e  correspond- 
i n g  expansion of t h e  Mach number is  known. W e  assume an expansion f o r  M of t h e  
same form as (5.3) ,  s u b s t i t u t e  t h i s  expansion i n t o  equat ion (3.1),  transform t o  
the  inner  v a r i a b l e  X,  and so lve  the  success ive  d i f f e r e n t i a l  equat ions which 
r e s u l t .  After  matching w i t h  t h e  ou te r  expansion (3.4) w e  f i n d  

where a=A"(0)/2A(O) as before .  Using (5.4) we f i n d  the  c o e f f i c i e n t s  i n  the  
expansions (5.3) by use of the  s teady flow r e l a t i o n s  between M and U o r  R. 

868 



Next we ca r ry  ou t  t h e  s a m e  process  on system (2.4) using u=&pi-b . . . , 
p = E r l +  ..., and s u b s t i t u t i n g  equat ion (5.4) i? t h e  c o e f f i c i e n t s .  
t h e  system of inne r  equat ions  s a t i s f i e d  by p1 and r i  i n  the  form: 

This  y i e l d s  

(5.5) 

where i n  equat ions (5.5) we have def ined  

< = ( 3 7 )  (vi+ri)/4 and = (y+l) (pi-ri)/4 

Equations (5.5) are t h e  nonl inear  equat ions  which, to f i r s t  o rder  i n  E ,  

govern sound propagation through a t h r o a t  as t h e  Mach number t h e r e  approaches 
uni ty .  The lengthy d e t a i l s  of so lv ing  t h e  system w i l l  no t  be presented here .  
However, c e r t a i n  important conclusions can be made a t  t h i s  s tage .  The quanti-  
t ies  TI and < are r e l a t e d  t o  t h e  Riemann i n v a r i a n t s  of system (2.4) ,  n represent-  
i n g  the  upstream and < t he  downstream propagat ing po r t ions  of t h e  s o l u t i o n  t o  
(2.4).  Considerat ions of asymptotic matching between expansions (5.1) and (5.2) 
lead  t o  t h e  conclusion t h a t ,  t o  f i r s t  o rder  i n  E, < a c t u a l l y  vanishes .  Thus, 
as is  o f t e n  argued from phys ica l  cons idera t ions  , t h e  lowest order  nonl inear  
e f f e c t  of  t he  son ic  t h r o a t  is  on the  u p s t r e a m  propagat ing waves alone.  

A f i n a l  observat ion which w e  make here  is t h a t  matching cons idera t ions  
i n d i c a t e  t h a t ,  i n  t h e  d is t inguished  l i m i t  implied by t h e  inne r  expansion (5.2),  
E i s  t o  be taken equal  t o  6%. Hence w e  conclude t h a t ,  given an a c o u s t i c  source 
s t r e n g t h  6 ,  nonl inear  e f f e c t s  on sound arise f o r  t h r o a t  Mach numbers as f a r  
away from u n i t y  as 6+. 
observed experimental ly  f o r  t h r o a t  Mach numbers as low as 0.75-0.8. 

This would exp la in  why marked son ic  th roa t  e f f e c t s  are 
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Figure  1.- Sketch of t y p i c a l  duc t  geometry. 
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Figure 2 . -  Typica l  s teady  f low i n t e g r a l  curves .  Curve AB 
is descr ibed  by equat ions  ( 3 . 4 )  and ( 5 . 4 ) .  
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