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[57] ABSTRACT

A circuit using a differential amplifier multiplies the
capacitance of a discrete integrating capacitor by (R,
+ R,)/R, where R, and R, are values of discrete resis-
tor coupling an input signal e, to the amplifier inputs.
The output ¢, of the amplifier is fed back and added to
the signal coupled by the resistor R, to the amplifier

[52] US.Cl...co......... 333/80 R, 330/69, 307/230  through a resistor of value R,. A discrete resistor R,
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. 1

CAPACITANCE MULTIPLIER AND FILTER -
SYNTHESIZING NETWORK

ORIGIN OF INVENTION

The invention described herein was made in the per-
formance of work under a NASA contract and is sub-
ject to the provisions of Section 305 of the National
Acronautics and Space Act of 1958, Public Law
85-568 (72 Stat. 435; 42 USC 2457).

BACKGROUND OF THE INVENTION

This invention relates to filter networks, and more
particularly to networks for synthesizing an effective
capacitance much larger than that provided by an in-
cluded capacitor.

There is a need in many applications for a circuit to
synthesize a capacitor or other impedance, such as in
an integrating circuit, with an effective capacitance
much larger than that provided by a discrete capacitor.
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For example, in 2 communications system for space- -

craft intended to be used in the exploration of planets,
microminiaturization of the circuits aboard the space-
craft is essential. If a very large capacitor or other im-
pedance is required in the system, such as a long term
integrator of about 5,000 seconds in a phase-lock-loop
filter, it becomes necessary to synthesize the capacitor
with microminiaturized components.

In synthesizing an effective filter with a time constant
much larger than that provided by discrete elements, it
is frequently important that the filter transfer function
have a particular lead-lag characteristic, or that it have
either only a lead or a lag characteristic. In addition, it
may be desirable, or even necessary, for the filter to
have a finite voltage gain. Consequently, it is desirable
or necessary to be able to adjust the gain of the filter
independently of the transfer function, where the trans-
fer function is of the form:

eder=A ({1 + 7, SY{1 + 78D
)
where § is equal to jw, j is equal to V—I and w is the
angular frequency 27 f

A straight-forward circuit for synthesizing this trans-
fer function may consist of a high gain inverting ampli-
fier with an input resistor R, a feedback resistor Ryand
an RC circuit in parallel with the feedback resistor con-
sisting of a resistor R, in series with a capacitor C. In
that circuit the time constant 7, is equal to RC, the
time constant 7, is equal to R.C, and A is equal to
R4R,. It is evident that in this straightforward circuit,
any change of R, necessary to change the lag character-
istic of the filter will cause a change in the gain A. Con-
sequently, the larger the effective capacitor between
the input terminal and circuit ground, the greater the
gain. Therefore, an attenuator would be required at the
output to compensate for increased gain whenever gain
must not be affected. An attenuator at the input to the
filter circuit may not be acceptable to compensate for
increased gain because of the voltage offset which
would be introduced. What is needed is a circuit having
the general transfer function of Equation 1 with an ad-
justable gain independent of the lag or lead-lag charac-
teristics of the circuit, i.e., independent of the integrat-
ing RC time constant of the circuit.
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2
"~ OBJECTS AND SUMMARY OF THE INVENTION

An object of the invention is to provide a circuit for
synthesizing an effective capacitive element value
much greater than that of included elements without
causing large voltage swings and subsequent power
supply limitations.

Another object is to provide a circuit for synthesizing
an effective filter with an integrating RC time constant
much greater than that of included discrete elements
with a desired lag or lead-lag characteristic.

Still another object is to provide a circuit for synthe-
sizing a lag or lead-lag filter with an independently ad-
justable voltage gain.

These and other objects of the invention are achieved
by a differential amplifier having one input terminal
connected to an input junction by a first resistive
means, an output terminal connected to a second input
terminal by a second resistive means and to the input
Junction by a third resistive means, and an impedance
means connected between the one input terminal of the
amplifier and circuit ground. The effective impedance
of the impedance means is inversely proportional to the
ratio of the sum of the first and third resistive means to
the third resistive means. A fourth resistive means cou-
ples an input signal to the input junction to implement
a filter having a transfer function of the following gen-
eral form:

elde; = (1 + 1.89/(1 +1,5)

(2)

To provide a DC gain factor A for the entire circuit, the
second resistive means is comprised of two resistors in
series with a resistor between circuit ground and the
connection between the two series resistors. The trans-
fer function is then of the form given by Equation 1.
The gain A can be adjusted independently of time con-
stants 7, and 7, by adjusting the ratio of the resistor con-
nected to circuit ground to the sum of that resistor and
the resistor connected in series with the resistive
means, but when that is done the ratio of the fourth re-
sistive means to the third resistive means must be read-
justed to reset 7, to the desired value, i.e., a desired gain
A can be achieved independently of 7, and 7, by suit-
able selection of resistor values.

Other objects and advantages of the invention will
become apparent from the following description with
reference to the drawings.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 illustrates a circuit for synthesizing an effec-
tive capacitance much larger than the capacitance of
an included capacitor.

FIG. 2 illustrates the equivalent circuit of FIG. 1 with
an input resistor to form a filter with lag or lead-lag
transfer characteristics.

FIG. 3 illustrates a filter implemented from the effec-
tive capacitance of the circuit in FIG. 2 with lead trans-
fer function characteristics added.

FIG. 4 illustrates a filter implemented from the effec-
tive capacitance of the circuit of FIG. 3 with finite volt-
age gain which can be set independently of the filtering
characteristics.
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DESCRIPTION OF THE PREFERRED
EMBODIMENTS

Referring to FIG. 1, a differential amplifier 10 is
shown in a circuit which synthesizes an effective capac-
itance much larger than that of a discrete capacitor 11
connected between one terminal of the amplifier and
circuit ground. A resistor 12 connects that terminal of
the amplifier to a junction 13. A resistor 14 connects
the other terminal of the amplifier to the output termi-
nal of the amplifier. The junction 13 is connected to the
output terminal of amplifier by a resistor 15.

The resistor 14 is selected to be equal to the resistor
12 and is provided in the circuit to cancel current offset
in the circut due to current into the amplifier from the
junction between the capacitor 11 and the resistor 12.
In an ideal amplifier there would be no input current,
but since no amplifier is without input current, it is nec-
essary to provide the resistor 14. In the following analy-
sis of the circuit, the offset due to input current is taken
into consideration by assuming a resistor R, in parallel
with the capacitor 12. The resistor R, is shown in dot-
ted line to indicate that it is not a discrete element, but
is instead a path for stray current into the amplifier. A
corresponding stray current path is indicated at the
other input terminal of the amplifier.

The current through the resistor 12 is given by:

& L (14R,08)
R,+1+R o5 B (1+—+Rlcs)

’i|=

4 A
_R]+R|. ) €
Bl 1 fyres

s  R(1+R.C8) + R, (1+"'

+Rlcs)~lf.- R,

=e;
R
R, .(1+E+R,cs)
(8)
10

From the input voltage and current the input impe-
15 dance Z, is determined to be:

20
e

R,R.(l—{— +R,cs) 1+ Mt RS
2= = R AR R.CS TR RS~

+Rl+ Ieﬁcs

(9)
25

If R, is very large, as it is in a good amplifier, the equiv-
alent circuit is a resistor R,, in series with a capacitor
30 C,, between the junction 13 and circuit ground, where:

)
. RN=R1R2/(R1.+ Rz)
The voltage across the capacitor is given by: 35 (10)
Ceo=[(R + R)/R;]C
e'=i'l+I;B.CS e‘ an
: 1+ Vo S+ RiCS
* (4) 40 The effective capacitance given by Equation 11 is

The voltage at the other input terminal of the amplifier
is given by:

e, =[RJ(Ry + R,)] e,
(5)

The amplifier output voltage is:
e, = Aoleq — ep)

(6)
where A, is the open loop gain of the operational ampli-
fier. Since A, is very large, it follows that e, is very
nearly equal to e,. Assuming that to be exact, the out-

put voltage ¢, in terms of the input voltage e, is obtained
from Equations 4 and 5 as follows:

€1 . R1+R|
1+%+ res

€o=
(7
The input curre.nt i is then given by:

14+ R.CS
1+R2
R (1+ +R,Cs)

1:"—"1:1—1:1—

50

much larger than the discrete capacitor C by the factor
(R, + R;)/R,. The circuit can be used to implement cir-
cuits which require a large capacitor, such as a lag or
low-pass filter for a phase-locked loop, as shown in
FIG. 2 where the equivalent resistance R, and capaci-
tance C,, are shown as discrete elements 21 and 22, but
are to be understood to represent the entire circuit of
FIG. 1 between junction 13 and circuit ground. To ac-
complish that, the circuit of FIG. 1 is driven through a
resistor 20 and the output taken either directly at the
junction 13, as shown, or at the output of the amplifier.

45

The input voltage to the synthesizing circuit at junc-
tion 13 is given by:

5 ‘ €= é€p [Z(/(R.r+zl)]

v

(12)

where ¢, is the voltage input to the resistor 20.

Substituting for Z, in Equation 12 from Equation 9
and then computing the output voltage e, from Equa-
tion 7 yields the following:

60

Ri+R.
Ri+ But R\RCS + RyR, (ﬂg'c—s)

(13)

65 eo="e,

R
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The ratio of voltage output ¢, to voltage input e, may
be obtained directly from Equation 13 by dividing the
numerator and the denominator of the ratio by R, +R,,
and rearranging terms which yield the following:
e Ri+R,
€p - Rl + Rl+ Rx
1
' 1+ R\Rl e Rl+ R. .
Ry\+R,+R.' Bi+R.+R

Rx . Rl+ RZ
P P el R
14t

(14)
Letting K=1 + R /(R, + R,), Equation 14 reduces to:

€' 1 1 T ——
& K 1 RR, 1 R, R+tR
1+(K R ETR B R )cs
+__.
- R‘
Tel 1 1 o
Gp__K ‘_1_ R)R. Rx . Rl+ R2
“elerrt® R |8
1+F .
-1 1
K e
1+gs (15)
" where: -
T ’T; RR, | R, RHLR?“C_“"
"\ RART R R
+__
TR,
=[R,+ R, ({R, + R}/R)]C
' (16)

Equation 15 demonstrates that the effect of the finite
input impedance R, is to reduce the filter gain by a fac-
tor 1/K and to reduce the filter lag by the same factor.
Consequently, the finite input impedance R, must be
taken into consideration in the design of the filter.

A simple means of achieving a lead term in the filter
described with reference to FIG. 2 is to put a discrete
resistor 30 in series with the capacitor 11, as shown in
FI1G. 3. For convenicnce, the same reference numerals
are employed in FIG. 3 as for the filter of FIG. 2 in the

circuit of FI1G. 1. All of the discussion of FIGS. T and <
2 will apply to FIG. 3, except that the resistunce R, is ™

not the same value employed in previous calculations.
Analysis of this circuit will now be set forth with the im-
pedance of the resistor 30 in series with the capacitor
represented by Z. The currents in the two branches are:

i, =e, (R, +Z)

(17)
i-g = (eo, - en)/Rz

(18)
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The voltages in the circuit are then given by:

. €’
=l =5

R
+z (19)

Assuming no amplifier input current, e,’ is equal to ¢,

eJA=e,—e, =0

(20)
= &’ — e,
1+5‘;—l
€= e,,’R
145
(21)

€= e, (1 + R\/Z)

In determining these voltages, the input currents to the
amplifier are neglected since in practice they are very
small. The sum i of the currents is:

=i —iy=(e; — €')IR;
23

By substituting for the currents i, and i, from Equations
17 and 18, and in the resulting equation substituting for
e,’, the following equation is derived: -

€, (RZRI + RJ-R| + RIZ + R2RI) = eIZRg

24y

The transfer function ratio of e, to e; is then given by:

€ VA
@ p4fitPaip g
E

(25)

By letting R, + [(R: + R})/R.] R, = R’, the transfer
function can be expressed as follows:

€o Z

o RB+Z. (26)

5 Then by letting Z = R + 1/CS = (1 + RCS)/CS, the

transfer function can be expressed as follows:
eole; = (1 + RCS)/[1 + (R + R")CS]
=(1+19/(1 +7,8)

27)

Where 7, =(R+R')C (28)
1'2=RC

(29)

where R is the resistance of resistor 30.
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In that manner the lead term | + 7,8 of Equation 1 can
be synthesized while multiplying the capacitance of the
capacitor 30 by a desired factor and providing a filter
with the desired lag term | + 7,8,

Because some amplifier input current will be present,
and we have now assumed no such current in FIG. 3,
there will be an offset voltage. To reduce the offset
voltage, it is desired to maximize the ratio of R, to R,
but that will decrease the effective multiplication factor
for the capacitance. If some stage gain can be tolerated,
a compromise can be reached with independently con-
trolled gain as shown in FIG. 4.

The currents i, and i, are as given by Equations 17
and 18 even though resistors 41 and 42 are added to
the circuit. The capacitance to be multiplied is con-
tained in the impedance 43 which may be a resistor in
series with a capacitor, as in FIG. 3, just a capacitor, as
in FIG. 1, or some other impedance circuit. The ratio
K of the sum R, + R, to the shunt resistor R, will affect
the voltage ¢, as follows:

€b==£ﬂJ’(
(30)
eo=Key,= 1+'&.
(31)
e, = (e,JK) (1 + R/Z)
(32)

Equations 31 and 32 are the same as Equations 21 and
22 for the circuit of FIG. 3, except for the factor K, thus
demonstrating that it is possible to independently ad-
just gain of the circuit. The sum of the currents i, and
ip is still as in Equation 23. By substituting for the cur-

rents i, and i; from Equations 17 and 18 in Equation 23,

and in the resulting equation substituting for e,, the fol-

lowing equation is derived:

€, [RQR,- + R,Rl + (1 - K)RJ-Z+ R2R| + R22]= elKZRz
E))

Comparing Equations 24 and 33 shows that they are
the same but for the factors K and (1 — K) introduced
by the resistors 41 and 42. Transfer function is then
given by the following equation:

KZR/{R:R, + R:Ry + (1 — K)R, Z+ R,R, +
R,Z)

e,le; =

Z
R.+[(1—K>%—’;+1]z

=K
R+ R,
R+ 1;; 2

_ K ] - Z
= R Y
(1—K) 41 Rl+( = )R,

-y Z i

Z+
(34)
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By again letting Z = R + 1/CS for a resistor in series
with a capacitor as in FIG. 3, and letting

R' = A[RJ(R, + Rp)} [R: + {(R, + R))/R:} R/ ]+ R,
the transfer function can be expressed as:

eJey= A (1+ RCS)/(1 + R'CS)
(35)

where the gain factor A is given by the following equa-

(@)
T®-® )

(36)

Solving for the resistor ratio R, to R,, yields the follow-
ing:

r_+4()

R, A—1 (37)
Al
Letting R, = R,, (38) and
Rl
B +R. [2_E] =M
Ry (39)

then A (R /R2)2+ (24~ M + 1) (R/R;) + 2 = Mo

- Equations 39 and 40 are the final design equations for

a lead-lag filter circuit having independently adjustable
gain A, i.e., ratio of output ¢, to input ¢;. .

Although particular embodiments of the invention
have been described and illustrated herein, it is recog-
nized that modifications and equivalents may readily
occur to those skilled in the art and consequently it is
intended that the claims be interpreted to cover such
modifications and equivalents.

What is claimed is:

1. A network for synthesizing an effective capacitive
element value much larger than that provided by cir-
cuit elements including a capacitive element without
causing large voltage swings and subsequent power lim-

_ itations comprised of
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60
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a differential amplifier having first and second input
terminals and an output terminal for producing at
said output terminal a voltage signal proportional
to the difference between voltage signals on said
first and second input terminals,

resistive means having a resistance of value R, cou-
pling said first input terminal to a junction adapted
to receive an input signal,

means connecting said capacitive element between
said first input terminal and a source of reference
potential,

resistance means having a resistance value R, con-
necting said output terminal of said amplifier to
said second input terminal, and

resistive means having a resistance value Rz connect-
ing said output terminal of said amplifier to said
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junction, whereby the equivalent circuit is a resis-
tance R, equal to the ratio of the product RR; to
the sum R, + R,, in series with a capacitance C,,
equal to the ratio of the sum R, +R; to the value
of R,.

2. A network as defined by claim 1 including resistive
means having a resistance R, for coupling said input
signal from a signal input terminal to said junction,
whereby an effective filter is synthesized with a time
constant much larger than that of said capacitor and
the separate resistive means having values equal to R,,
R, and R,.

3. A network as defined in claim 2 including series
resistive means having a resistance R, in series to said
second input terminal of said amplifier, and shunt resis-
tive means having a resistance R, connected between
said source of reference potential and a junction be-
tween said series resistive means and said resistive
means connecting said output terminal to said second
input terminal of said amplifier, whereby an effective
filter is synthesized with an overall voltage gain which
can be adjusted independently of network time con-
stants by selection of said resistance values R, and R,,

4. A network as defined by claim 2 including a resis-
tor in series with said capacitor between said first input
terminal of said amplifier and said source of reference
potential, whereby an effective lead-lag filter is synthe-
sized with respective lag and lead time constants 7, and
7, much larger than that of said capacitor, the separate
resistive means having values equal to Ry, R, and R,
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and said series resistor having a resistance value equal
to R, said lag time constant 7, being the product (R +
R’)C, where R’ is equal to R; + R; (R; + R,)/R; and
said lead time constant 1, being the product RC in a
network having a transfer function between said signal
input terminal and said output terminal of said ampli-
fier equal to A(1 +7, S)/(1 + 7,S), where S is equal to
jw, wis the angular frequency of said input signal, and
A is the gain of said network.

S. A network as defined in claim 4 including series
resistive means having a resistance R, in series with
said resistive means connecting said output terminal to
said second input terminal of said amplifier, and shunt
resistive means having a resistance R, connected be-
tween said source of reference potential and a junction
between said series resistive means and said resistive
means connecting said output terminal to said second
input terminal of said amplifier, whereby an effective
lag filter is synthesized with an overall voltage gain A
which can be adjusted independently of said time con-
stants 7, and 7, by selection of said resistances R, and
R, and suitable selection of ratio R,/R, of said resis-
tance R, to said resistance R,, where said ratio R,/R,
is obtained from the following equation, for desired val-
ues of A and M, upon letting R, equal R

A(RIR +(RA—=M+ 1) (RJR) +2=M

where M = R’'/R,
and R' = A[RJ/(R, — R,) ]
*

* ok k¥



