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ABSTRACT

The lunar-probe tracking program at the Jet Propul-
sion Laboratory has two prime objectives: (1) provide real-
time predictions of the direction of the probe from various
observation stations; (2) establish a reliable trajectory
corresponding to the actual flight path of the probe. The
tracking program, although developed for use with lunar
probes, can be used for interplanetary probes if certain
modifications are made.

The program, as developed for the IBM 704 digital
computer, has two distinct phases. First, the equations of
motion and the variational equations are integrated to each
observation time where the elements of the equation Av = b
are computed. The second phase is concemed with the
solution of a specified subset of Av = b.

Flexibility and ease of operation have been major
objectives in writing the 704 program. The number of data
points and tracking stations that may be used is limited
only by computing time and core storage. Input formats and
operating instructions are presented for utilizingthe various
computational options available in the program.

I. INTRODUCTION

The lunar-probe-tracking program of the Jet Propulsion Laboratory (JPL) has been
developed using the maximum likelihood approach for correction of estimated values of the
parameters defining the coasting trajectory. The correction of the estimate is obtained by

correlating predicted values of certain quantities with.the corresponding observed values.

The tracking program has two prime objectives: (1) provide real-time predictions of the
direction of the probe from various observation stations in order that the antennas may acquire
the signals being transmitted; (2) establish a reliable trajectory corresponding to the actual

flight path of the probe.

The tracking program currently available at the IBM 704 digital-computer installation at
JPL was developed for use with lunar probes. Although this tracking program can be used for
interplanetary probes, certain modifications should be made to account for approximations which,

though appropriate for flight paths of short duration, are unsuitable for interplanetary flights.
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‘ . THEGRETICAL BASIS FOR THE PROGRAM

The tracking program is assumed to be effective during the coasting portion of the flight.

The parameters chosen to define the calculated trajectory are the injection conditions

Ro» %0+ 1 vor %0 % M

at time ¢, where

R = distance from center of Earth, meters
@ = geocentric latitude (positive north)
g

longitude from Greenwich (measured east)

magnitude of velocity relative to Earth, m/sec

<
]

7 = elevation angle of velocity relative to Earth (positive up from

the local geocentric horizontal)
0 = azimuth angle of velocity relative to Earth (measured clockwise

from north in local geocentric horizontal as viewed looking

toward the center of the Earth)

at Greenwich Mean Time (GMT) t. (The time is actually measured in seconds from some reference

time tref')

It is assumed that the following quantities can be observed from the ith observation

station:

AR Kk ARk kkk kkk Kk
) , o. S, , (2
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()™ = the effect of station aberrations have been included

r; = distance from ith station to probe

{; = doppler signal from probe at ith station

7; = local elevation angle of probe relative to ith station
(geocentric horizontal)

0; = local azimuth angle of probe relative to ith station
(geocentric horizontal)

8; = local declination of probe relative to ith station

&; = local hour angle of probe relativelto ith station

It is convenient to introduce the notation F ¥ to designate the kth type of observation from the

ith observation station:

F“ - r:**
Fi2 - f:*t
Fi3 ’}"-***
Fid o Ui***
Fis - 8:**
Fi6 a***

The quantity of the kth type which is actually observed from the ith observation station at time

t; will be denoted by ﬁ;k, which will differ from the true value of the observable F;k by the

observational error ¢i¥

i therefore,

ik _ ik ik
;}l’ = Fi + e (3)
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It is assumed that the observational error consists of two parts,

e;:k = Eik , ik (4)

where £V is a constant, referred to as a bias, and E}‘.k is a random error from a normal distribution

with mean zero and standard deviation O;-k. Thus,

Pik _ Tik , ik 5

F}. = Fi + € | (5)
where

N; . . -

F;.k = F;.k + Ezk (6)

Identity (6) might be written more completely as

FE (qp qg s a0 E™) = FIF gy, gy, ooe s ) + ETF (7)
where
71 = Ro
99 = ¢0

Q
(™)

i
ST
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From identity (7), it is evident that

OFtk  gRik
Jo__ 1 | (8)

for 1 =1,2,+.,6

If q(l') (t = 1,2, .. ,6) represents the rth estimate of the injection conditions (1), and if

Eikr represents the rth estimate of the bias E* then
6 szr
ek (sz Flkr) Z (r) ~ SEikr _ ... (9)
= I
where

F}t:kr - Fll:k [q{r)’ q(zr)’ - qér)’ Eikr)
ikr ik
aFl. BFL.

il

dq;  Idgqy gy = ¢\, e, gg = glr)

(n . q; - q(lr)

jogl
-
-
i

SEikr Eik _ pikr

The assumptions made thus far on 6;:" imply the frequency function
A 2
ik
1  [FiF - F
exp| - = { ————— (10)

2otk 2 ok
] ]
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In setting up the likelihood function for the set of random observational errors {e‘k}

associated with a set of observations {F'k} two additional assumptions have been made

ik

1. The errors € are independent with regard to time as well as to observational

type and observation station.

2. The standard deviations GI-”‘ are not known, but for fixed i and %, the ratio of

ik

any two of the g is known; therefore

otk - (11)

where wl':k is known, may be written.

With these assumptions, the likelihood function associated with a set of observations

{F‘k} has the form

AV wih : ik fik ik N

] ] ] J ]
I — [T — ) pexps-— > (12)
i,k von ik 2 & i o ik

i

where the products and the summations on j are understood to take place only on values of j
corresponding to times t; at which observations of the kth type have been made from the ith
station. The number N** is the number of observations of the kth type from the ith observation

station.

In addition, it is assumed that there is a frequency function, associated with the injection

conditions and with the biases £, of the form

2 2
(r)
6 1 1 & /9 -9\ Eikr - pik
ﬂ —_— H ——— | exp |- — z —_—] - - (13)
I=1\./ 2770'ql 1,‘k ~/ 27705‘- 2 1=1 Uql 2 ik OEik

where %, and O ., are a priori estimates, based on engineering knowledge, of the standard

deviations of q; and E** from their nominal values.
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The resulting likelihood function L is merely the product of functions (12)and (13). The
maximization of L with respect to the differences, SqE') and 8E*#", leads to a set of nonlinear
equations in these differences. The numerical solution of the nonlinear system is obtained by
: s : r) ik _ pikr (r+1) _ (n ik(r+1) _ pikr
linearizing, replacing q; — ¢)” and E E* by q; g; and E ErT
respectively, and iterating until the linear system converges. The inclusion of the function (13)
as a factor improves the conditioning of the linear system and, thus, accelerates convergence.
The a priori estimates of the standard deviations enter in as reciprocal squares; therefore,

setting the reciprocal squares to zero in the linear system corresponds to deletion of factor (13).

The tacit assumptions in any application using the procedure of iterating on the linear

system to solve the nonlinear system are:

1. The initial estimate of the injection conditions and the biases must be
sufficiently close to the maximum likelihood estimate of the injection

conditions and biases.

2. Sufficient data to determine the solutions must be used.
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.  THE SYSTEM OF EQUATIONS

The system of equations resulting from linearization of the maximum likelihood equations

may be written in the matrix form

Au = b (14)
where the column matrix is partitioned
u
!
PR U (15)
us
1=12+,6
s =7,8,9,

The sequence on s represents some well ordering of the biases E*¥. The elements of u, then, are

by = q(lr+l) - qgr)
(16)
us - Eik (f‘l) - El'kf
The corresponding elements of the column matrix & are
'aF_ikr
1 2\ 2 CFj A; ~,
- ik ik _ pikr
v S 5
ik | (o¥7) d¢q,
(17)

1 a\2 /A, ~,
= k k k
by = E (w; ) (Fl‘ - F; ')

(Uz'kr)2 J

and the elements of the symmetric matrix A are given by
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9 'aFjikr ‘aFiikr 5

' 1 . im
Alm = z ) Z (w;k) + 2
ik (oikry" i 9q;  9q, (oq)
aFikr
1 2\ 2
Ay = —— z (w}k) ! (18)
(o.zkr) i aql
1 'I 2 1
Aop = By | —— Z(w;c) b ——
(Uzkr) ] (UE”‘ )
where Spq is Kronecker's delta, and
Lm=12 ¢.,6
st =7,8,9, o0 .
The quantity 047 is the rth estimate of 0** and is given by
. 2 1 \2 [ A, ~. \2
k _ k k _ pikr
() Tk f\j (“’;') (Fi' F ) (19)
In addition to 0”", it is also desirable to have the quantity O"”", defined by
. 2 1 \ 2 A, ~, .aFiikr . 2
@k . Y w‘.k) (F.'" - F.""> -1 2 ATg + ATER (20)
ik N ] ] ] . 3 !
N ] . v ql
where
A'q[
N (21)
ArEik
is the solution to the matrix equation
Bw = ¢ (22)
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with the elements of the 7 x 7 symmetric matrix B given by

ikr ikr
BFI. BF,.

Bin = % ()

J a‘l[ 3qm
ikr
B ik\2 aFl'
n = Z Y -
J 3‘11

1\ 2
k
By = ¥ (wf¥)
j
and the elements of ¢ given by

€

]
—
\EW-
=

')
Q
|
=
-~
—~
<>
=
N>
b
~

com T (o) (- )

The quantity "k serves as a measure of the noise on the data of the corresponding type.

Page 10
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IV. THE ITERATIVE PROCEDURE

At the beginning of the determination of the (r + 1)st estimate of the injection conditions

ql(l = 1, 2, e+, 6) and the biases E“‘, it is necessary to have the set of observations {?;k} and
the rth estimate of g, and E, \

As corrections may not be made to the estimates of all injection conditions or estimates
of biases, those which are to be corrected must be specified in order that the elements of column
matrices (15) and (21) corresponding to those injection conditions and biases not being corrected
may be set equal to zero, and the order of the matrix equations (Eqgs. 14 and 22) may be cor-
respondingly reduced. In the remainder of this Section of the Report, it is assumed that the
reduced systems are being used when any reference is made to Eqgs. (14) and (22). It should be
added that, for simplification of the machine programming, biases are corrected for only one

observation station at a time. Thus, the system of Eq. (14) is, at most, of 12th order.

The following steps indicate the iterative procedure, although they do not describe the

sequence actually programmed for the computer. !
(1) Calculate the set of Fj“"

(2) Calculate 0" from Eq. (19)

QFikr
(3) Calculate the set of

Bql
(4) Form the coefficients of Au =5

(5) Solve Au =b for qg'*l) -~ qY) and EVR(*D) _ FikT where any difference

not explicitly solved for is assumed to be zero.

(6) Calculate

Dg) = «/(cofactor of APP )/(determinant of 4) (25)

forp =1, 2, +

(7) Fom the coefficients of Bw = ¢

(8) Solve Bw = ¢ for A'q; and ATE*®, where any quantity not explicity solved

for is assumed to be zero

(9) Calculate o*¥7 from Eq. (20)
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(10) Replace q(lr) and EF7 by qE”l) and Eik (r+1), respectively, and repeat the

procedure.

One of the options available at the end of each iteration is that of predicting the value of

one of the observables at some later time t,- The prediction is accomplished by calculating
Fik (D) F‘ik[(q(lrﬂ)' U, e, gt ik (oD, ,#] (26)

as well as the quantity

1
9 P
‘aFt'k (r+]) aFik(f*l)
n
DY e s | —E p{n) (27)
dq 9q
1 6

4“

(referred to as the ‘‘standard deviation of the prediction’’).where p indicates the particular

member of (25) corresponding to the choice of i and k.

A:
Another of the available options is that of putting the Fi’k observations to the test of a

rejection procedure; the observation is rejected if

ik rRik _ pik(reD)
w; [F’ F} ]

>K (28)

O.Ik

where the denominator is inserted as an external constant for each data type, and K is a pre-
scribed constant. Additional observations may be added to the original set of F’.”‘ in conjunction

with this procedure.

The method of calculating F;kr and BF/'""/Bql is discussed in the following Section.
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Y. CALCULATED VALUES OF THE OBSERVABLES AND PARTIALS

The quantities 'f\:iik' and the partial deviatives 3Fl':i"/aql are obtained numerically as a
result of integrating a system of differential equations. This system may be divided into two
parts: (1) an independent system which leads to the quantities F/‘:k', and (2) a system dependent
on the solution of the independent system and leading to the partial derviatives aF;:k’/aql. Both
systems are integrated numerically relative to a rectangular coordinate system; transformations

from the rth estimate of injection conditions (1) to the injection conditions

X, ¥, 20, X, 7, 240 (29)

are made by using the following equations at time ¢:

" x =R cos $pcos b
y = R cos ¢sin 6

z=R sin ¢

£ = v sin Y cos P cos 8- v cos ¥sin fsin 0~ v cos ysin ¢cos 6 cos O
¥ =vsin Y cos $sin &+ v cos Y cos & sin 0= v cos ¥ sin @ sin 6 cos O

$ = v sin ¥ sin ¢ + v cos Y cos ¢pcos o (30)

© = [0+ GHA Q ()] mod 27 (31)

where GHA Q (¢) is the Greenwich Hour Angle of the first point of Aries (i.e., vernal equinox) at

time ¢,

X =R cos ¢ cos O
Y =R cos ¢ sin O

=1z
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X = (-~ wy) cos [GHA Q)] ~ (7 + wx) sin [GHA Q ()
Y = (4 - wy) sin [GHA Q] + (5 + wa) cos [GHA Q ()]

7 =z (32)

where w is the angular rate of the Earth’s rotation.

It is convenient to introduce the notation

X=X X(IO) = Xg')
X, =Y X(zo) = ¥
Xy=12 X < 7o
Xp= X x40 o xin
Xg =Y X <
Yo = 2 Y= 20 | (33)

The aforementioned independent system of differential equations may then be written

dx,
= [, (K Xy e, X ) (34)
de

with initial conditions

for p = 1, 2, «e- , 6.

The dependent system of differential equations then may be written

6 ,
| o, of, [ ox,
U R — ) — (35)
dt aXS]O) m =1 8Xm 6/\(0)
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with initial conditions

8Xp 5
——-_‘-(——)" = at { = tO
ax'o
q

forp, g =1, 2, «-«, 6, where Spq is Kronecker’s delta.

It is noted that the unknowns being solved for in Eq. (35) are the partial derivatives

[axp/axfl"q.

The functions fp are given explicitly in the prior terminology by

=%
fa= ¥
f3 = Z
KX T (n) (n
E o lx-x X
e A e
R n B ri Rg
.. KEY ) —Y _ Y(n) Y(n)—
fo=-—1¢g - z K, +
R3 n L rg Rg_
K7 B (n) (n]]
E o {z-2z Z
fe=-—e8- 3 K, + (36)
S Y
where
Ja2 522 Da* [ 632% 4222
By =1+ — [1-—u0u]+ - +3
R? R? 7R* \ R* R?
Ja? 522 Da* [632% 7072
o =1+ — [3-— )+ - + 15 (37)
R? "~ R? 7R* \ R4 R?
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“ where

1
2 2 2.2
= A =XM1 [y - YT [z - 2]

n

. 1
R, = (X174 (ym)? [z %

a is the Earth’s equatorial radius,
J and D are the Earth’s coupling constants,
K is the product of the universal gravitational constant and the mass of the Earth, Kp = GMp,

K, is the product of the universal gravitational constant and the mass of the nth body whose
potential is being taken into account, K = GM_, and X, yim |z are the rectangular

cootdinates of the nth body at time t.

. For the system of Eq. (35), it is assumed that the terms associated with / and D may be
omitted, and that the explicit formulas used for the partial derivatives of the fp are obtained by

setting g = go = 1 in Eq. (36) and performing the respective differentiations with respect to

X, Y, 2, X, Y, Z. The following examples are typical of the twelve formulas which do not yield

zero:

I
— = 1
oxX
9, [ 1 3x? 13X - xt?
— =K — -]~ T K-
9X R3 RS n rﬁ ri
ofy Jfs 3XY [ slx - xW [y - yie)
C— E — KE —— + Z I\n -«
3Y X RS " /5
n
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(The remaining eight nonvanishing formulas are permutations of these four.)

The values used for aF}‘I"'/aq, are obtained from

ik 6 ; A0
ke afkr X, Ix

aql m, p aXp BX(”?) aql

(38)

It is assumed that, so far as the partial derivatives aF]':k'/aql are concerned, one can use the
calculated values of the partial derivatives of the functions ka which are not corrected for
station aberrations or atmosphere. With this assumption, analytical formulas can be given for
Gf}ik’/aXp and for (7Xf7?)/8ql. These formulas are given explicitly in App. A. The middle factor
in each term of the right side of Eq. (38) is given by the numerical solution of system (35) at

time ¢..
]

o,
The transformations from the numerical solution of system (34) at time tito F;-k' are
made as follows:

The location of the ith observation station is given by

Then,
x; = R, cos ¢i cos 6
¥; = R; cos ¢ sin 6,
z; = R; sin ¢, (40)

1
y,-)2 + (z - z,-)2] 2 (41)

I

ry= [{x ~ xi)2 + y

(x—xi)i:+(y—yi))"+(z-—z‘-):’:

= (42)
i
(x - xi) x; + ()’ - )") Yi * (2 - zi) Z,-
Y; = arc sin (43)
: Ri'i
) ik o+ oy o+ z;2 - Riri sin ;
% = ’ (44)

Rir; cos ;
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The value of o; is given by

o, = o] if (- x - x;) sin 6, + (y =) cos 6,] > 0

=27 - Ui' it [- (x - x;) sin 6". + (y - ¥;) cos 6’,-] <0 (45)

where, using principal values in the range 0 < 0] < 7,

- (x ~ x)) sin ¢ cos G; - (y = y) sin ¢ sin 6; + (z - z) cos #;

r;, cos ’)’i

(46)

% sin dJi cos Gi + ¥ sin ¢i sin Hi - % cos ¢i + cos O ("i cos ¥; ~ 1, ’3/‘ sin ;)

o, = -—_— ————

r. sin O, .
; 8ln O; cos yl

(47)
8, = arc sin [(z - z))/r,] (48)
8, = (¢ = #; sin 8)/r, cos §, (49)
a; = (6; - 6) mod 27 (50)
where, using values from the range 0 < 5‘ < 2rr
8, = arc tan [(y - ¥/ (x - x,)] (51)~

(Ambiguities are resolved by observing the signs of numerator and denominator.)

. Gb-y)d-(e-x)y
QA 5 e e (52)

(c - x)% + (y - y)?
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The values of 5‘. and a; may also be computed from the values of Y and o; by using the

formulas

u, = = cos 7 sin 0; sin &; ~ cos % cos 0; sin ¢; cos 6; + sin 7y cos ¢ cos 6; (53)
uy, = cos Y sin 0} cos Hi - cos Y cos O; sin ¢£ sin 9'~ + sin Y, cos ¢i sin 6’i (54)
u, = cos ¥; cos O; cos ¢.. + sin ¥ sin ¢‘. (55)

51- = arc sin u (56)

a; = (Bi - ai') mod 277 (57)

where, using values from the range 0 < a‘.' < 27

a‘.' = arc tan (uy/ux) (58)

(Ambiguities are resolved by observing the signs of numerator and denominator.)
The angles Yis Opp Qs Si are subjected to a number of corrections:

1. The following correction is made for refraction:

*

Y =%+ A% 0 R) if 0< 7 < 15deg
(59)

n

Y+ Npcot if 15 deg < % < 90 deg

The basis for this correction is given in App. B. The increment Av,isa
function of ¥, the elevation angle, and R, the probe’s distance from the
center of the Earth, The form suggested for 7; > 15 deg is a result of

fitting the numerical results.

The corresponding val:es ofsz and a: are found by applying
formulas (53) through (58) to Y; and 0,
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2. The following correction is made for the bubble vertical deviation from the

radial vertical;

N
*k . . . * *
7,- = arc¢ sin [sm '}"- sin ')’l + cos ’)’i cos ’)’] cos (UI - Ui)]
* * m *
sin O; cos Yi =\ = = 7 )sin ¥, sin o (60)
2 .
ok
g; = arc tan
* * n . *
cos Ui cos ’)". - - - ')’[ sin 7Y; cos o9,

where the elevation angle and azimuth angle of the bubble vertical at the

ith station (relative to the geocentric horizontal) are given by 7, and o

The second equation of (60) is obtained by using the small angle approximations

sin ¥ =1

in

(. * * . * o, ) . * 52 . *
ok . sin O; sm’)’lcos’)".-—sm‘}’i smcrlcos'yl sm')’l-cos'}'i cos 0y co 'y,sm(cr[—-oi)

U'i = arc tan

* o Lk
€08 O; cos sm’}’l—sm')’i cosU]cos’}’l

(the exact formula)., The ambiguity in the second equation of (60) is resolved by choosing that
value of 0': which differs the least from o

It is assumed that the bubble vertical deviation occurs only with observations made

using a radio telescope having an azimuth-elevation angle mounting; therefore, no corresponding

. ok *
changes are made in &; and a;.

Finally, bore-sight corrections are made:
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* %k % ok ~

71 = 7i + Ayz !
U:** = U:* + AU;‘ ?

(61)

5t - 8 4 AS

H i }

LR ] *

o =0+ Aa‘. J

where A7y, Ao, A S, Aa, are simply additive constants which must be provided.

* %k %k R . . . . .
The quantity f; ~ is assumed to be a linear function of r;, the coefficients depending on
the frequency transmitted as well as the manner in which the circuits are built for determining the

doppler shift in frequency.

The formula presently being used for fi*** has the form

B C co
fco M T it "i
* ok <

;- - F, (62)

I - where

) Bi' Ci, Fi are reference frequencies for the ith station, cps.

feo is the transmitted frequency, cps,

A; is a multiplicative factor in the circuitry used at the ith station.

c is the velocity of light in a vacuum.

Currently, no correction in r is made for the effects of refraction. The coefficient of r in the
linear function must also multiply the partial derivative of r¥** in order to obtain the partial

derivative of f . The range r, is treated in a similiar manner.

) . . Kokk KAk kK
It is assumed that the time derivatives of Y .o, 8:‘

those of ;, oy, 5, and a,. The values‘of these time derivatives are useful in determining

* ok
, and a;,  are the same as

tracking rates required of the observing instruments.
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AUXILIARY CUTPUT FROM THE PROGRAM

A number of quantities are calculated as auxiliary outputs of the program.

The transformations for obtaining

at time ¢ from

are given by

R,¢&, & v,y 0o

NY.Z X Y. 7

X
© = arctan (—)
A

(Ambiguities are resolved by observing the signs of numerator and denominator.)

e
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8= [0 - GHA Q ()] mod 277

(X + ) cos [GHA Q ()] = (¥ - wX) sin [GHA © ()]

= X+ @) sin [GHA Q ()] + (Y ~ wX) cos [GHA Q (8]

v e

(63)

(61)

(65)

(66)

(67)

(68)

(69)

(70)
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xX + vy + z2
'y = arc sin <—~——?—)-l—j ) (71)
Rv
oc=0" if(-2%sin 8+ 3 cos I)> 0
= 2m—0' if (- % sin @+ % cos N<O (72)
where, using principal values in the range 0 < o' < 7
o' = arc cos ((-— 4 sin @ cos 6 — 3 sin ¢ sin & + % cos d)/v cos 'y} (73)

A number of the auxiliary quantities calculated are related to the attitude of the probe.
The equations of motion (Eq. 34) are those of the center of mass only, and their solution gives
no information regarding the attitude. Although it is conceivable that dynamic equations may be
added which would account for the calculation of the attitude of the probe at any time, the
. current assumption is that the attitude is known in terms of a unit vector ¢ in the direction of the

probe axis.

The following quantities are also available as output from the program:

. CofX = X) v CoY = ¥) + C4(Z - Z)
QN Rip T AFC COS [ - —emm ot e el (74)

r.
i

> G o
where €. Cq, C4 are the componeats of ¢ in the X, Y, Z, system and where J ¢, R’.p means the

-
angle between ¢ and the vector from the ith station to the probe,

L Colxt™ - XT v ¢y (¥™ —¥) v ez - 7]
4‘ c, an = arc cos R e (75)
,

n

where i\)pn is the vector from the probe to the nth body whose potential is included,
CiX + CoY + G2

q .c",l‘é = Are €08 | e cmiiemom (76)
R
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“ .
where R is the vector from the center of the Earth to the probe,

1
o I? | {{’\'(n)}Q , [)"(n)]Q . [é(n)]?}? 7

n n'

where the time derivatives on the right are obtained from differencing ephemeris data for the nth

body.

1
-V I X2y pmy2 7 pmy2)e (78)

i CLY = X)L e [V - YWY 17 - )
YT - F) e cosdnn e e AT T

(79)
V-

n
where I’ - i'n is the velocity of the probe relative to the nth body

R S T SRR S LU G RS U L Y VAL I Y P}

- -»
D R S

{(80)

- N
where an and R _are, respectively, the vectors from the probe to the nth body and from the nth

Lody to the Sun,

Al x oyl y gl g
DL (82)
R, R
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LY >

where R and Rl"p are the vectors from the center of the Farth to the ath body and the probe,

respectively,

L (W= X)W - A) - (V= VY =YD (7 - Z)(Z - Z)

IR, VR = are cos | e e -— ——— (83)

ip is -
' p
r. .

t "I\I\‘

- -
where Rip and Il arc the vectors from the ith station to the probe and to the Sun, respectively,

and

e (1x . X2 [y oy, [y o gny2yp (84)
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Vil.  THE IBM 704 COMPUTER PROGRAM

As mechanized for the 704 digital computer, the tracking program can be considered as
having two distinct phases. In the first phase, the equations of motion and the variational
equations are integrated to each observation time where the elements of Fq. (14) are computed
and stored. The second phase is concerned with the solution of a specified subset of Eq. (14).

Figures 1 to 3 present block diagrams of the procedure.

The normal mode of operation is the iterative procedure where Eq. (14) is generated,
solved, and the corrections are added to the prior estimate of the probe’s injection coordinates.
For increased flexibility, several alternatives are under operator control during this sequence of

operations. The major options are as follows:

1. The composition of Eq. (14) may be specified as to (a) number of stations and data

types to include (b) order of the matrix (c) weighting of the data types.

2. The data can be ignored if they fall 304k or more outside the predicted value. (a)
Data which fail the test are left out on subsequent iterations except that (b) all data

may be re~examined at any time.

3. Pointing predictions for the tracking stations may be obtained at specified times
using the latest values of the probe’s injection coordinates. The “‘standard deviations

of the predictions’’ may be computed.

Ay~ ' )
4. During any iteration, the Fl'-k, F}I" and the partial derivatives OF]'."/Oq, may be

printed off-line,
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v

INJECTION CONDITIONS

Ao +Vo 190180 4170 1 90

/

TRANSFORM TO
Xor Yor Zor Xgs Yor 2

,l

INTEGRATE EQUATIONS OF MOTION AND
PERTURBAT!ION EQUATIONS FORWARD

TRACKING
DATA

Y

AT OBSERVATION TIMES COMPUTE F}*
AND FORM THE ELEMENTS OF & AND ¢

HAS ALL DATA BEEN PROCESSED 7
lYEs

FORM THE EQUATION Auv = & AND SOLVE FOR v

ADD v TO PREViOUS ESTIMATE OF INJECTION CONDITIONS

|

NO

Fig. 1. The Basic Computer Program

Page Z7



Technical Report No, 32-7 Jet Propulsion

Laboratory

Page 28

¥

DETERMINE WHICH STATION SENT THE £74 AND
COMPUTE £'* FOR THAT STATION

CORRECT FOR ALL ABERRATION AND BIAS
TO OBTAIN' THE A%

Y
3 &% REJECTION SUBROUTINE

v :

COMPUTE THE NECESSARY PARTIAL DERIVATIVES
AND FORM THE ELEMENTS OF MATRIX & AND ¢

AT TIME ¢,

ADD THESE ELEMENTS (PERFORM SUMMATION OVER
/) TO THE PREVIOUS VALUES ON DRUM | AND
RETURN UPDATED VALUES TO THE DRUM

l

I'ig. 2. Procedure at Data Times
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SET ELEMENTS OF MATRICES 4AND 6 = O
SET 7= 1|

Ll

GET THE SETS OF EQUATIONS
Bw=c FOR THE /th STATION
FROM DRUM |

DOES DATA CONTROL WORD SAY USE _,[: "
TYPE F* 2 Kkt

y
l YES

SOLVE Bw = ¢ AND COMPUTE o*'*

y

ADD ELEMENTS OF & AND ¢ TO 4 AND
b RESPECTIVELY

NO

ISKk=86 f

Y
PRINT STATION NAME, o ¥
cr'/", E/A; N/A'

YES

y

NO
@*L HAVE ALL STATIONS BEEN USED 7
| l YES

USE MATRIX CONTROL WORD TO REDUCE
Au=b TO SPECIFIED SUBSET

SOLVE FOR AND PRINT OUT SPECIFIED
Y Up, == =AND CORRESPONDING O,

| |

Fig. 3. Generation and Solution of the Normal Equations
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VIll. INTERNAL PROGRAM CONTROL

The input required by the program during any traching operation may be divided into four

groups:

a. An estimate of the injection coordinates
b. Data from tracking stations
c. Internal constants

d. Internal program control

Groups a, b, and c are defined by listing all the pertinent quantities in Sec. IX on input format.

The group d input is used primarily to specify the order and composition of the matrix

equation (Fq. 14). In forming this equation, the program must ask the following questions:

a. What data did the ith station send?
b. Which data types are to be used?

¢. What subset of Eq. (14) is to be solved?

The control words to answer these questions are termed format control, data control, and matrix

control respectively.

A. Format Control

The first word on each tracking data card is assumed to be the station identification
number {. The format control must identify the rest of the data on the cards. It should be noted
that these control words are fixed in the sense that they are determined solelv by the data sent
from the tracking stations. The format control is an octal number associated with each tracking
station of the form CCCCCCCOOOON, The ¢ digits specify the type of data and the N specifies
the amount. The first digit corresponds to the second word on the data card (remembering that the
first word is ¢), the second digit corresponds to the third word, etc. The amount, X, is the number

of . digits used. The following tabulation gives the possible data types:
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C Data type
0 data condition
1 time (¢}
il
2 slant range (F*7)
‘A,
3 frequency (Fi?)
. N3
4 elevation (F'*)
- ‘ . YR}
) azimuth (F*7)
Aje
6 declination (F©®)
0 Ao
! v hour angle (F*™)

The data condition is a digit on the data card indicating the quality of the observations.

]
‘ The program accepts only data with a zero data condition. The minimum information that a card
oo . L ) ) . Th . he el -
i may contain is 7, t and one observation, The maximum is { and the eight quantities above.
&
n
4
,
\«\33
3 8. - Data Control
[T ’
me»«;‘ e . . . - . . .
The situation may occur in which the operator desires to omit a particular data tvpe
. even though it appeared on the data cards. In order to accomplish this, another list of control
o words is hept by the program to specify the data tvpes to be used in kq. (11,
RN
The data control words are octal numbers having the form ABABABABABAR where eacl
Ry pair B represents a station. Six stations may be specified by one word: the left pair AR is
associated with station 1, the right pair with station 6,
e
e
digit A digit 8
elevation 1 hour angle 1
frequency - 2 declination 2
slant range 4 azimuth 4

In order to determine 4 and B, add the numbers corresponding to the data type desired.

A
3
i Al « A . .
) For example: in Lq. (1), use only slant range, frequency, hour angle. and declination from
SN station 2. The data control word would be 006300000000,
iy e
!
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C. Matrix Control

Thus far, only the type of data has been specified. “1he order of Fg. (14) must also be
entered as must the choice of weighting factors 1 or 1 He YT This s accomplished by one
control word which is constructed as follows: If bit 2 equals 1, set o th 1. If the program is
to solve for a bias from the ith station, i must be entered in the decrement of the control word.

The cight-most 12 bits of the address are used to specify whicl quantities are to be wolved for.

Bit number Solve for correction to:
21 %
- ‘n
20 “u
27 'y
28 ‘o
29 )
30 bias in r,
21 bias in "i
32 " bias in Y
33 bias in <
34 bias in oF
35 - bias in v,

1
The control word is checked for the two allowable cases,
L. decrement - 0, one or more of the bits 30-35 ; 0
2. decrement 0, hits 30-35 0

The program will stop on a divide check if it is asked to solve for a bias in an F'% which

either did not appear in the tracking data or was omitted by means of the data control word.
D. The Rejection Sigmas

A table of o s khept by the program for the purpose of rejecting bad data points. During
any iteration, the vbservation FI* will not be used, by sense switch option, if :;\;}‘ .- ’/\‘:}iki,‘: 3k,
In order to conserve storage the FELEP packed in a pseudo-floating point form, three per word. As
a station is allowed six types of observations, two words per station are required. The two words
are decimal numbers of the form ExxFaxExx, ExxExxEax, where each triplet £xx represents a
“Lih

<™ und the order, left to right, is elevation, frequency, slant range, hour angle, declination, and

azimuth. The decimal point is assumed at the right of xt and F is the exponent plus five: e.g..
815 15000., 515 15.. 111 .001). If the rejection option is being used and a triplet
Fxx - 0, it is interpreted as an instruction to keep that data tvpe. Hence, rejection sigmas need

be entered onlv for the data types which are suspected of containing bad points,
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IX. GENERAL INPUT

The input subroutine used by the program is NYIVPL, which will accept data in the

standard SAP form. Each card has a lncation field. an operation field. and a variable field. The

location field. if needed, must contain the decimal address of the first word of data on the card. .
The operation field must contain BCD, DEC. OCT, or TRA specifying BCD information. decimal

data. octal data, or a transfer. Floating point information is recognized by a decimal point or the

letter £ denoting multiplication by a power of 10; e.g., 1.88 . .188K1 = 18.8E- 1. As with SAP,

if data are to be stored scquentially in core, more than one word of data may be put on a card, each

word being separated by a comma. A blank in the variable field indicates that information to the

right of the blank is a comment and is not to be used,

»Q
By
A. Format
. }
L - The following tabulation gives the location and form of input data needed by the program. ‘
All DEC information is in floating point decimal form unless the identifying symbol is followed
5oy
; by an asterisk, in which event the information is a decimal integer. All storage locations are
e referred to by their symbolic locations, though decimal uddresses must appear on the cards. A
- decimal symbol table is provided with the program listing.
}
PR s . . . . . )
The following dimensional units are used throughoui the program:
length, meters '
velocity, m sec
o .
= angles, deg

angular rates. deg-hr

frequency. cps

LOCATION OPERATION VARIABLE
. FIELD FIELD FIELD
columns 1.6 - 8-11 12.72
GROUP 1 Rl DEC 2y
Rl DEC vy
RV . 2 DEC "
Rl . 3 _ DEC N
Rl - 4 DEC ‘o
R1 .5 DEC o
' RV - 6 DEC " l
R1. 7 DEC | o 1
o Rl . 8 DEC r
i‘“(‘“ ?‘}
d e
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LOCATION OPERATION VARIABLE
FIELD FIELD FIELD
columns 1.6 8-11 12.72

GROUP 2 {none) DLe o, DR

GROUP 3 RI- i DEC R
PHIL - i DEC ¢
THETAI - i DEC g
73 T DEC oy 2
" St DEC i .
RRIAS - DEC Vrp o E
- FBIAS - | DEC Af = B2 3
iy DIG - DEC R A 3
Lo DIS - i DEC Ao BN 3
DID - i DEC Ao, = EP 3
. DIA - i DEC Ao EO 3
ol ASURL - i DEC A, 4
BSURI - i DEC B 4
o CSURE - § DEC C, . 4
. FSURI - DEC F. 4
HALL - i RCl lxxxxxx
HOLLY necn laxxxax
FCO0 NEC f 1

co

R \TZNY DEC mt

it

o GROUDP 4 : CODEWD « § oCT CCCCCCCO000N
; DTYPE ocT ABABARABABAR
o REJSK; -~ 20, - D) DEC ExxFExxEx*, ExxbaxFxe® 5

o)
- Poge 34
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P

In the preceding tabulation, the numbered input is not needed under the following

assumptions:
1. Spin axis orientation is immateriul
2. No station misalignment (nominal values b 9.,y = 0 should be
entered)
3. There are no constant biascs to be subtracted from the data
v 4. The frequency computation is immaterial
fe® )
E:";z\i
o 5. The rejection option is not used
o In group 1, ty is a 10-digit decimal number giving GMT of injection. The word in pairs of
digits is month, day, hour, minutes and seconds: e.g., 0113051648 is January 13, 5h, 16m, 48s.
In group 2, D is the data condition and ¢ is the GMT of the observation; ¢ is a 6-digit number

giving hours, minutes, and seconds. In order 1o specify the day of the year, the number of days

) since 0 hr Januvary 1, 1959 must be punched in columns 70 through 72 on the first card of each

R day’s data. As it reads the tracking data, AYIAP] is modified in order that this number is not
interpreted as a comment. [t should be recalled that by means of the format control the amount of

Y data following the i on each group 2 card is flexible and the data may be in any order. In group 3,

the two B8CD words are the {irst and last 6 letters of the station name, and m is the number of

stations.
j
‘ B. The Input Deck
3
ok All input from groups | and 4 (and group 3, if it was not written on the program tape) is
. stacked together and followed by the card TRA 3, . This card is followed by all the group 2 data.
5y Y
Y Although the program sorts the group 2 data, with respect to time, in groups of 15 cards,

the operator should take care that the data cards arc not seriously out of time sequence. The

group 2 cards are written on tape 2 as soon as they have been read. These cards are read only

once. unless the operator decides to merge udditional data with previously read cards. In this

event, the operator will have to merge the cards and start over. Other than considerations of

computing time. there is no limit on the number of group 2 cards that may be entered.

The group 2 input procedure is illustrated in Fig. 4.
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READ-IN 15 DATA CARDS

USE THE STATION IDENTIFICATION NUMBER

ON THE CARDS AND THE FORMAT CONTROL

WORDS TO DETERMINE WHAT INFORMATION
APPEARS WHERE ON THE CARD

ARRANGE THE DATA FROM EACH CARD IN
THE ORDER r,, £,, %, , o, , 8, q,

IF ANY CARD CONTAINS A TIME SMALLER
THAN THE LAST TIME ON THE DATA
TAPE DO NOT USE THE DATA

SORT THE DATA'WITH RESPECT TO TIME

WRITE THE DATA RECEIVED ON CARDS ON
THE DATA TAPE

l
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X.  MISCELLANEOUS INFORMATION

A The Prediction Option

lf sense switch 6 is down, the program will integrate past the last group 2 time and print
the normal output at intervals specified by the operator. The prediction times may be specified in

*
one uf two ways:

PREDT DEC t'. dt.n or PREDT DEC 1A n

' . . v . .
where t', 8t n are floating point numbers, and t” is a decimal integer.

In the first case, ¢ 'is the number of seconds beyond the last group 2 card. At is the
print interval in seconds, and n is the number of prediction points. In the second case, t” is the
GMT of the first prediction with the same form as 2, in the group 1 cards: A¢ and n mean the
same as in the first case. Nominal values of 900..1.,1. are currently ussembled. This instructs
the program to make one prediction 15 min after the last group 2 card. If sense switch 2 is down

along with sense switch 6. Iiq. (27) is evaluated and printed out at cach prediction time.

-

B. The Use of the Sense Switches

In the following tabulation. sense switch 2 is additionally tested as the program i«
loaded in core for on-line {down) or off-line output. Qutput is usually taken on-line as the
operator must make decisions such as which data to use. when to reject bad points. and whether

or not convergence hﬂS ()('Curl‘d.

Sense Switch Up Down

1 no operation a. select card reader to read data while
program is running
b. if put down at 151+ 2 stop, program
returns to LS1 + 2 after solution of

Egq. (14)
2 stop to enter matrix a. if matrix control word = 0. do not sto
f p

control word b. if SS06 down. do standard deviations
: of the predictions.

A oy T
3 no operation print F;". F;k. und rif"" “q, on tape 4
4 no operation do 3otk rejection
5 all data on tape 2 mare tracking data in card reader
6 no operation predict
Page 37
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Sense switch 1is tesied at each integration step and merely selects the card reader,

which is used to read in constants or control words which the operator may wish to change. Sense

switches 3 and 4 are tested at each observation time. Sense switches 2, 5, and 6 ure tested
after the final observation is read from the data tape.” Sense switch 5 should be up if there is no

tracking data in the card reader.

C. Program Halts and Error Indications

1. Error stops (should not occur).

o
¥ . .
i? [.ocation Description
INP + 604 illegal operation in data card
I
o IND + 3764 out of range decimal data
e INP 4 6574 illegal punch in data card
?(:‘:\:\:{
B -
BSTP -5 check sum error on tape 5 after 3 tries
\ § LOGKD - 104 time out of range of ephemerides, check input
G n sl
LOOKD - | time out of range of ephemerides, check input
)
P D27 check sum error on tape 1, rewrite program tape
eyt START + 2 EOF return for card reader, input error if in
tracking mode.
o 2. Error indications. If u 5-digit number appears on-line in columns 1 to 5, the octal
. location of an error return is indicated. These usually occur in the output transformations and do
not affect the program: e.g.. if ¥ = 90 deg, o is not defined and will give an error return. If
K there is a check sum error in reading the data tape, CHECK SUM ERROR ON DATA TAPE will
be printed on-line.

E . Page 38 '
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3. Normal stops.

l.ocation

START -3 Occurs after program deck or tape is
loaded. If tracking, hit Start. If run-
ning single trajectory enter S, 1, 2
in MQ, hit Start.

LS1+2 Fnter matrix control word in M0, 1f

SS¥ 1 is down, program will retumn to

g;m this location to solve a different
L matrix. If the control word is zero or

illegal, the program will remain at
this stop.

B TS4 Program stops here after a prediction.
If further iteration is desired, put

SSK 6 up and hit Start.

e D. Restart Feature
- If the matrix 4 is ill-conditioned, the solution may be meaningless. The initial condi-
< tions from the previous iteration are saved; thus, if meaningless corrections are added to the
. :V(m\f’) injection conditions, they may be removed by hitting Reset, then Start. The program will retum
to the previous initial conditions and the operator can solve for a lower order matrix at the 1514
a § 2 stop.
j

E. Single Trajectories

4

It is possible to run the tracking program to obtain “‘single’” trajectories. The varia-

2
3

pr
H

tional equations are not integrated and computations pertinent only to tracking are ignored. The

g s

{

input consists of groups 1 and 3 followed by cards which specify the amount of printing to be

done. These cards have the form

g

4

TSTOP +6 DEC ty, Oty 1.ty Oty 1, e 10,0

TR1 3. 4

This instructs the program to begin printing at t| with a print interval of &4, seconds. At ¢,

switch to {1, seconds for the print interval, etc. As many as 18 time triplets may be entered.
The triplet tf.VO. 0 instructs the program to select the card reader for another case at time Ly

> The ¢'s are GMT and have the same format as 1, in group 1. whereas the &1°s are entered as

vtar”

floating point numbers. As many cascs as desired may be stacked together, separated by
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TR 1 3, 4 cards. Only those parameters which change need be input on succeeding cases. After
the program tape is loaded, enter bits S. 1, 2 in the }{) at the stop in location START ~ 3. Put

the input deck in the card reader and hit Stare. Output will be off-line on tape 3.

F. The Program Tape

Clear and load the binary deck. After the final card is read, the program will be written
on tape 1. The operator may. at this time, write the group 3 data on the program tape. At the
program halt in START - 3, put the group 3 data in the card reader, followed by the card TR
DUMP, and hit Stare. The group 3 data will be written on the program tape. This may be done
with anv of the data but that of group 2. Iowever. groups 1 and 4 are usually entered cach time

on cards as they are likely to change.

G. Atmospheric Refraction

In the present program a correction is added to the elevation angle to account for re-
fraction effects. A two-parameter table look-up is made to determine this correction. As the
current table in the program is for a transmitter frequency of 960 mc, the user may want to
remove the atmospheric refractions correction. This may be done by putting the instruction
TRA STR in location SXD + 7.

H. Rejection Logic

The program keeps a table of ikj binary bits corresponding to each observation fl'" If
an observed value is rejected, the ikjth Litiis set to 1 to indicate a bad data point. On subsequent
iterations, instcad of re-examining the data, this table is scanned-to determine whether or not to
use the f‘l‘k in the least-squares fit. Fach time the sense switch option to reject bad points is.

used, the table is cleared and all data are re-examined for 3 o ik rejection (see Fig. 5).

1. Storage Allocation

The current JPL program has been written for a 704 computer with an 8K core, un 8K
drum. and 5 tape units. Memory is distributed as follows: The program, tracking data, and Sun—
Vloon ephemerides are kept on separate tapes, leaving two units for off-line output. The ik
normal matrixes and the ikj rejection bits are stored on the magnetic drums. All other data are
kept in core memory. Although coded for ¥ tracking stations, the current 8K core restricts the
program to a maximum of five stations. A maximum on the order of 50 stations is anticipated for

a 32K core with no magnetic drums.

Page 40



¥ 3
ik

r
bR
i
i

Py
e

wor oy

-y

|
N
P

ot

rmn s

e

Jet Propulsion Laboratory

Technical Report No, 32-7

!

GET &% AND CONVERT PSEUDO FLOATING POINT NUMBER

GET REJECTION BIT

rky

IS THE DATA BEING RE-EXAMINED?

NO YES
n il s
IS REJECTION BIT /k/ =07 15 |F-F*2 35
YES NO YES NO
4
SET w™s | SET w'* < 0 PR A DEJECTED
SET w' = 0 SET w/ =1
SET BIT 14/ =1 SETBIT /4 /20
v
STORE REJECTION BIT /ik/
Fig. 5. The 35 Rejection Test
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Unit ' Function
tape 1 program
tape 2 tracking data
tape 3 if SSW2; output
A ~, o
tape 4 if SSK3: Fi%, F* and BF/F 5,
tape 5 Sun-Moon ephemerides
st
I
b drum 1 ik normal matrixes
drum 4 ikj rejection bits
% M’*»
T
3
3
Py
3
i
v
i
1]
o
S0
::“w%\
s "’3
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Xl. NUMERICAL METHODS

A fourth-order Runge-Kutta method is used to integrate the equations of motion. This

method was chosen primarily for the convenience of using a variable integration step whichsas

the tracking data may come in at any interval. is an important feature.
The matrix equations which appear in the least-squares method are often ill-conditioned,

uation which can cause serious loss of significant digits in the process of solving the

of error as much as possible’by using a Gauss-

a sit
cquations. ‘The program reduces this source

Jordan reduction method which interchanges rows and columns in order to obtain the largest

pivotal element while developing the inverse matrix.

The current program uses a tape which contains the Cartesian coordinates of the Moon
and Sun at 1/2-day intervals for the years 1959 through 1962. A fourth-order interpolating poly-

nomial is used to find positions at any GMT. Efforts are currentlv under way to include an

ephemeris of all the planets for the years 1960 through 1970.

As set up for tracking satellites and lunar probes,the program uses the following criteria

for choosing integration step size:

R - min (R.R) .

0 < R < 16000 km "Ar - 30 sec
16000 « R < 86400 360
86400 < R 1800

These values have been determined empirically in order to ensure a small truncation error while,

at the same time. giving relatively small computing times. A 35-hr trajectory to the Moon requires

about 3 min computing time with a truncation error of less than 5 km at the Moon.

The computing time is severely increased when the program is in the tracking mode. The
36 variational equations must now be integrated and matrix computations must be made at each
ohservation time. Further, the program is usually restricted from taking an optimum step size by
the group 2 data rate. In the tracking mode, the computing time is on the order of 2 scc per

observation time.
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APPENDIX A

Analytical Formulas for Partials

9Xy :
== cOs ¢ cos Oy ' (A-1)
oR,
where
T”: 6, = [00 + GHA Q (to)] mod 2777
°Xg . .
Lo —— = =R sin ¢ cos 6, ‘(,‘\-2)
Auie ‘adzo
o e — "‘RO cos ’-po Sin 90 (A-s)
8670
)
f\\::} aX
0 )
,,,,, -0 (A-4)
B i
5X0 : ‘
% ORI (A-5)
i
. A ')()
5%,
) z o ez ) (A-6)
9 a,
.VZ;}
RN
o aY,
mmmm =08 P sin By (A-7)
,3 ?*RO
f;. 3
3Y0 ' .
———— "‘RO sin (1}0 sin @0 (A-B)
a¢0
oo (A-9)
~;~~~—— = Ry cos ¢y cos O A-
¢ :'0 )
,}'0
N e =2 0 , (A-10)
fw’g o vy
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eY, .
. e = () (.\'11)
@ Yo
3)’0
—v————— T 0 (A'12)
dey
BZO
- e = sin ¢ (A-13)
Lo Ry
L
oz
0
gw':w —— = Ry cos &, (A-14)
b a¢, '
R oZy
i{\)&: — 0 (A‘IS)
" E,HO ‘
- 0Z,
- O (A'16)
P ’(\ s :
P ‘o
27
[t v = () . (A'l?)
i 9%
. Ly ,
L U (A-18)
?'UO
;*“::% .
oh Xy
—emem = = Goc08 By sin O (A-19)
PR,
X,
....... — = —V{ €OS Yy cos ¢q cos g cos 0 - v sin ) sin ¢q cos O + « Ry sin tq sin @
a(f,o
. (A-20)
X,
. e = =Dy €08 Y sin 0y cos O 4 vy cos ) sin ¢ cos ¢, sin 6
. R i
— w;) —rq sin % cos ¢ sin Oy —w Ry cos ¢ cos O - (A-21)
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wj\a&i) "7.{.0
?\ e o= cos Y sin sin @, — cos % sin "'L() CuS Ly Con @0 « win g cos by cos @” (A-22)
o & 1,0
oX,
~g~v~- = 1 sin Y, sin 1, sin G)O s 1 sin )y sin ¢O cos I €08 @0 v vg cos ) cos ¢0 cos @0
Y,
0 (A-23)
"Xy
o - = g €08 Y COs (7 sin ('30 r vy 008 Y, sin Z sin 9y cos (‘)ﬂ (A-24)
by cc
B 0
o ¥y .
—— oz 4 €08 iy cos O (A-25)
e 3R
0
3 ER O
- s = =g €08 Yy c0s g cos Uy sin 6 ~ v sin g sin it sin B =« Ry sin £ cos oM
a2l
0 (A-26)
™ A
R ~ vy c0s Y sin 0y sin Oy = rg cos g sin g cos 0 cos O
T ey .
L § i g sin yy cos dy cos B — «wRy cos ¢ sin O (A-27)
B ¥ . :
E ~=w— = €08 ) Sin ¢, cos 6y - cos Y, sin ¢ cos J; sin O ¢+ sin % cos‘(,‘:o sin 6, (A-28)
"ty
o3
oY,
- = =1y sin Y sin gy cos B + vy sin Y, sin ¢ cos gy sin Oy + vy cos ¥, cos ¢q sin O
2 g ?“
70 : (A-29)
o ¥y
N e =g €08 Yy cos 3 cos B + vy cos )y sin dg sin 9 sin @, (A-30)
300
vz,
ez () (A-3))
')RO
"Z()
. } — - vy sin g cos [y~ vg cos ) sin f cos I (A-32)
§ o
\:»",
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cZo

ad,

——— = sin Y, sin ¢0 + €08 Y cos ¢ cos T

= v €OS Y sin (250 - vy sin ), cos ¢0 cos Oy

3z,
- ¥ =1 €08 ), COS ¢0 sin O,
doy,
or; X - R; cos ¢; cos ©;
9X r;
where
®; = [# + GHA Q (1)) mod 27
S.r‘. Y - R, cos ¢; sin 0;
?)" r;

ar. — R. sin ¢.
ar; Z R‘sme,‘

(A-33)

(A-34)

(A-35)

(A-36)

(A-37)

(A-38)

(A-39)

(A-40)

(A-41)

(A-42)
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g';;:i A
) or, 1 . 1 or;
—_ (X4 wR; cos ¢; sin 0,) - — r". -—— (A-43)
3X ri r; °X /.
al"i l R ) l af‘
—_— — (Y —- wR; cos ¢; cos e) - — r"- — (A-44)
aY r; r; Y .
g»’; —af-l 1 R . Bri
i —_— = =\ L= — (A-45)
YA r 32
o
b or, o, ‘
sy _,—- A (A-46)
L X °9X
Lo
ar'i ar‘.
el , (A-47)
aY Y
( 3 BFi ar;
g —m , . (A-48)
. VA 9Z ’
%»m)§.f
s
[
d Y 1 3ri
i_} — — | cos @, cos ©; —sin y; — (A-49)
i;\,,,ﬁ ax r; €os Y, oX
Mfz h? 1 3r,
o ——— cos ¢i sin ©; - sin y; — (A-50)
oY r; cos y; Y
o 9% 1 . . or,
- sin ¢i -sin Y; — (A-51)
97 r; cos o7
2
— =0 (A-52)
oX
3,
. — =0 (A-53)
) ¥ :
o
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U

4
}
§

W3

4 fe 1

. .

= (sin 0; sin @; cos @; ~ cos 0; sin O;)
DX r; cos Y,

.

i -~y
°ci 1 N
~~~~~ ~ —~ (sin o; sin ¢; sin ©; + cos ¢; cos ©;)
oY ri cos Y, J

— (~ sin o, cos ¢i)
Y4 r; cos

38‘. ) ar‘. 3ri

3X  rjcos 8, | 3X 37

95‘- 1 ar‘- Pr‘
2} r. cos 5‘. i Y 7 i
. [~ 2
e e | 1 = =
=¥4 r; cos b 37
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(A-54)

(A-55)

(A-56)

{A-57)

(A-58)
(A-59)

(A-60)

(A-61)

{A-62)

(A-63)

(A-64)
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= 0 (A-65)

oy
55,
o= 0 (A-66)

L el (sin(0; - a))] (A-67)

£6 X r; cos b,

i
Lk
Aoy,
e i 1
b i [eos (@, - )] . (A-68)
G 32 r; cos 5i
I da .

e oo | (A-69)

P

b

- da,;

L et - 0 (A-70)

L 0%

[
()(‘L .

Fey i .

. j e 0 (A'(l)

b 3]

kisas -

b drli

Lo e 0 (A-72)
-5

ey

LI

i

o 0%

Yo
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APPENDIX B

Bosis for Corrections for Refraction

Consider an electromagnetic signal of given frequency sent from a probe to a receiving

station fixed on the surface of the Farth. Assume an index of refraction

n = n(k) (B-1)

where b = R - R,. Suppose that the position of the probe (in the azimuth plane) at time ¢, relative
to the observation station, is given by K (¢), ¥, (¢), where R (¢) is the distance to the probe from

the center of the Earth and Vi (¢) is the elevation angle relative to the station (see Fig. B-1).

Because of an index of refraction which varies with increasing 4, the path taken by the
signal will not, in general, be a straight line but rather some curve such as C. The path C can be

determined by using Fermat’s principle and applying the calculus of variations.

Suppose one considers a variety of paths between the probe and the observation station.

Fermat’s principle states that the path taken will be that path € for which

5 f dt - 0 (B-2)
C

Multiplying by the velocity of light in vacuum. c, replacing dt by ds,’c’ where ¢’ is the velocity

of light in the medium, and using the definition .

n el ~(B-3)
the relation (B-2) is replaced by
Sf nds = 0 (B-4)
(5
Using the metric
ds? < dh? « (R, « HUdTT)? (R-5)

where 7 is the central angle (see Fig B-2), (B-5) becomes
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2
dr* ,
§ + (R, 2 (——-—~—-) dh = 0 (B-6
fc n, /13 (R;+h) i )

Applying the calculus of variations to (B-6). the result is

[ ar A
n(R, + h)2( )
. d dh . 0
g R 4 e v o e et 34 i s = (B-?)
Py a )
bl dr* 219
1+ (R, + 1;)2< )
? Substituting L dh )
— * d7"*
v (h) = arc cot (Ri + b)) ——— (B-8)
boshas dh
;\:T the result is
Co) d
Sadr e L [n(Rl + h) cos ‘)'*] =0 (B-9)
: dh

: or
mffm n(h) - (R, + k)« cos y* () = n(0) - R, + cos v*(0) (B-10)
Pt
o If the variable Lf* = Ri'r* is introduced, Eq. (B-9) is replaced by
n%v\\‘(

" R;

T ~*(R) (B-11)

dh R, +h
where
-~
§ 0 &
cos ‘y*(h) = :‘(,_ o cOS ’)’*(0)
n(h) Rl + h
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If there were no atmosphere, n{k) would always equal 1. and in this case. omitting the asterisk,

R;
SO . A cot 7y (h) (B-12)
h

where

R.
cos Y(B) = - —t— cos v (0)
R;+#k

Since at time ¢,

¥(0) = (1)
R . (B-13)
¥ 0 =y (0

the determination of the apparent elevation angle ¥ *(1) from given R () and 7,(¢) consists of
finding the initial condition % *(0) which is needed in order that the integration of (B-11) gives a

value of ) -

-

'

R(t)“R‘

K.
e . f T oty dk (B-14
0 R, +h .

equal to the value obtained by integration of (B-12),

lR(t)-Ri R
£, =f ——1 . cot y(h) dh (B-15)

0 R, +h
wherein the initial condition ¥(0) = %;(0) is used.

In terms of the variables é* and &, it is evident from Figs. A-1 and A-2 that the above

determination is equivalent to requiring

*

vy

h’R(t)'Ri

h=R(¢)—R‘

a condition which must hold if C intersects the straight line path to the probe at the probe.

s
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The numerical accomplishment of the determination can be done in the following manner:

A scquence of angles

¥ D), ¥ 20), 53N, e, B, (B-17)
e is built up by using’
é’é ~* (Do) = ¥;(8), in degrees
- 88.5 (B-18)
3 ’)"(2)(0) = (1.5 b e ’)"-(t)), in degrees
b 90
} Integrals of type (B-14) are obtained with each of these initial conditions, giving, respectively,

: , :
| : ' £, M (B-19)
W and

£ (B-20)
B °p
;M Using the integral (B-15), the differences
s 2MD .
Ep=6 20 (B-21)
and
PRIvS fp - ‘;’_":(2) : 0 (B_22)
Ny
\J are formed.

sy b e
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I pr - .fp’(n = (p - 5p‘(2) = 0, '}:(t) = 7,() - 90 deg. Otherwise, with 4 = 3. use

be L 22 |4y 4 te _ £ !7“(2)(0)

* (k) e T “p " op

R (1 ) e (B-23)
e _ g, g _ gD
Pop = 5p *p " °p

Evaluate the integral of type (B-14) with initial condition ‘)"(")(0). to obtain & *(R) 1t

g, - B> (B-24)

where € is some preassigned small non-negative number (in practice € is usually not chosen
equal to zero), then, on the right side of (B3-23). substitute the difference ?;’p - ‘fp‘(“ for the
previous difference having the same sign and substitute " BY0) for the corresponding angle. On
the left side of (B-23). increase k by one, and repeat the process until a value of wfp‘(k) is

obtained such that

& -.«5p*(k>§ <€ (B-25)

The corresponding value of ’y‘(k)(O) is then used as ”):(I).

It is evident that the value of 2 (k) must be provided. For the current program, the

assumption has been made that n(k) is of the form

n(h) =1+ 10766G, 4% (B-26)
where. if & is measured in statute miles,
A = 0.22

and (;; represents the surface refractivity for the ith observation station.
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. % Fig. B-1. Path of Electromagnetic Signal
N
i
bt

} ‘ Fig. B-2.  Apparent Elevation Angle
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5
W APPENDIX C
e
N Qutput Format

The output is composed of three groups. the format of which are given in this Appendix.
Group 1 is the normal trajectory output. Group 2 is the output obtained from the least-squares fit,

and group 3 is the off-line output obtained from the sense-switch 3 option.

In group 1, the last line of output is obtained only if the option to compute the *‘standard

£ deviations of the predictions’ is used (see quantity 27). In group 2. 47 Vis printed as a 6 < 6
[
b matrix if the rightmost 6 bits of the matrix control word are zero. Otherwise. 47Vis printed as a
. 12 x 12 matrix with each two lines of printing representing one row of the matrix.
. GROUP 1
RN
GMT GMT-1, Year
; . § '
v R v $ ¢ Y v
-t d
Ye v X e.R GHA Q () e }
A X X X x % ¢,
ey ¥ 1 } ¥ y C,
; Name of Nth Body
o , . -
"~ )‘n tn Rn n ¥, 1‘pn S an' Rnt
e . . . < ’ »
»1 n n ¢n n x(e, V- I") l'n
ENE - _.,x - i—‘ —
- /n Zn “n “ —ln' Rl'n'[\f.'p 0
- Name of ith Station
o bi f ’\x fx
a; bi U, Vi T
-t - -
Lo, Rip ¥ Rzp‘ Rn ¢ ‘}l Ti
. Name of ith Station
§
fur won
SN D, Dy Dy D, D, Dg
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GROUP 2
Normalization with Sigma
Name of ith Station Sigma 1 Sigma 2
R at! o il
F r/,i? o i2
EL o i3 o i3
AZ o 4 o 4
DEC o5 o M5
HA 16 o "6
Noise Moment Matrix
AT
Corrections to Initial Conditions
i uy Uy uy .
117 UR “0 14 10
Dy b, Dy [)3
GROUP 3
GMT
; ik Pik Rik _ pik
3Pk B¢, arik 3, 3Fik 3y,

For each GMT and each i, these three lines will be repeated A times, where K is the

Bias

Or
i

US

“Il

D:

Dy

;;'t'k

- “ilt,"
oF™ 7 ay,

Ni3
\id
NiS

IV i6

tyg

4

D

Dy,

3FtkraR,

al“i,‘ )ao-o

number of data types from the ith station. Samples of the output are presented in Fig. C-1.
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03 MAR G5 15 25 Sv 30 0C 1959

7 653009 3 100401 2 281lY1ls 3 28517« 2 1203462 2 9348740

-6 543389 3 360u00 I IIVES IV IV 3 23%0v% i 16ud67 5 110540

i=5¢cufa3 w=G39637 1.755641 7 157613 5 106086 455394

i 151640 w=95471h 1-211167 1=559G10 2654199 ~-12329C

1311231 s bewTi2 i=636027 /311231 3 489722 881453
MO ON

B=255926 “ 1038 /s » 37514¢ Y 3772265 3 101052 3 104880

P=152025 3=10706a57 «=184081 4+=936332 2 955477 4 104438

¥=-118463 d=l2%31z S 267040 5 114698 3 107990 000000
SUN

12 14.86& 4 375523 12 148210 12 1448216 2 689367 000600

11-422834 5 2600537 1=-715677 G 244244 3 107071 5 300271

1i1~-183%64 5 112990 2 104199¢ 5 402912 3 158872 000000

HAWAL I 3 227999 1 771711963 z 65091¢ 2=357255 Y 960020

3-1296648 2=20v660 2=566508 3~-1214810 4 943169%

3 100264 5 12838 Z 188é3b 3 2045153 7 782166

JOURELL BAdKk 3 110121 3 3ulg4a 3 274454 2=267660 9 960065

3=-335187 Z=3378%9 3=2996b4 2 174655 L=456593

3 129223 3 139691 2 530510 3 357694 7 620343

CANAVERAL 3 284134 1 786064 2 856566 2 161304 5 104550

3=470765% 3292280 2 478928 3=548468 5 104892

2 924771 3 109543 2 282954 3 279420 6 669041

GOLDSTONE 3 256667 3 322092 2 8B68032 2=154199 5 105807

3=158956 2 951701 3=173784 2=760349 4 $99798

3 110654 3 116107 2 352070 3 243152 7 &08132

PUEZRTO RICO 3 111951} 2 5567710 3 328410 1 329563 5 122655

4151360 4 134059 4 1230¢9 3 567065 4~561316

2 371¢07 Z 881727 2 180650 3 292911 7 137767

IFig. C-1. Samples of Format. Group 1
Page 59




Technical Report No, 32-7 Jet Propulsion Laboratory

NORMALIZATION wITh $IGMA
PUERTO RICO SIGMAL SIGMA2 s1as N
R ¢ w000 0000 $U000
F « 5000 $G00L «0036
g;g EL 241686 $0248 +0000 30
. Az 5713 w21l U000 30
B DEC ¢2000 0000 40000
- HA «0000 ¢ 0uu0 « U000
?ﬁ? GOLDSTONE SIGMAL SIGMA2 81AS N
e R 2000 L0500 5000
f”g F +2000 SOLO0 +0000C
- EL $ 0000 «UU00 «0000
“ AZ +0000 +0U00 +0000
! DEC 442864 «0041 0000 10
f HA 643258 20059 «0000 10
R NOISE MOMENT WMATRIX
. 9 4532642 4 146721 3~825884 6 696876 5-148040 3-922859
MK% 4 1646721 =1 217607 =2-792041 1 804976  ~1-653040 =1 308419
) 3-825884  —-2-792041 =2 683842 1-597993 =1 454346 =2 168771
Ljé 6 696876 1 804976 1-597993 4 687693 2-348524 1-215197
) 5-148040 —-1~653040 -1 454346 2=348524 634967  ~1 571974
[ 1
- 3-922859 =1 308415 =4 168771 1-215197 =1 571974 145895
CORRECTIONS TO INITIAL CONDITIONS
o 126241 3121620 555782 -101311 1-431624 1 123789
J0G0O0U 000000 003000 000000 000000 000000
5 212895 : 829272 147515 =1 826947 796836 381963
- V00U J0OL 00 JOUGO 06006¢ 000000 000000
J; ,,,j Fig. C-1 (Cont"d). Group 2
;
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03 MAR 05 17
1 1 1000¢C
3-32386463

03 MAR 05 17
1 1 100u0
1-25922729

03 MAR 05 17
1 1 10000
1-15683623

03 MAR 05 17
1 1 10000
3-36546930

03 MAR 05 17
1 1 100u0
1-25565827

03 MAR 05 17
1 1 10000
1-20039277

03 MAR 05 17
1 1 10000
3-39027717

03 MAR 05 17
1 1 10000
1-2478161¢4

03 MAR 05 17
1 1 10000
1-23647999

03 MAR 05 17
1 1 10000
340096569

03 MAR G5 17
1 1 10000
1-23693790

03 MAR 05 17
1 1 10000
1-26501107

11
5 11435000
3 80175083

11
2 19500000
~81205436

11
2 17508000
1 52092538

21
5 11355000
3 72706720

21
2 2025200v
1-1029b6101

21
2 22324000
1 49194936

31
5 11282000
3 65036476

31
2 20816000
1-12205844

31
2 26908000
1 45882680

41
5 11217000
3 57591097

41
2 21204000
1-138010422

41
2 31196000
1 42358952

3 150350000
1 12817831

1 12094400
-2 15734382

~-84399700
-2 48278849

3 15025000
1 12620384

8u741307
-2 14982958

~do5952084
=2 49916649

3 14850000
1 12974494

51687098
~2 14011162

~82308936
=2 20647464

3 145719000
1 13135474

21026969
=2 12944934

~T7724380%
-2 50003247

5 11284500
2 25025445

2 16290560
63152147

2 18351997
~44148571

5 11204750
2 19458219

2 194045382
88608335

2 £3183021
=47395046

5 11133500

2 10769599

2 20299129
93448831

2 27731089
~49873461

5 11071250
1 31410656

2 20993730
97697803

2 3196u436
~51623899

-3 764873738
3-10357997

~a 44734961
42405450

-5-41731311
21275023

-3 40256253
2-86128892

-4 43198870
45780827

~-o-84777583
31075049

~3 11663992
2~-70157784

=4 41615510
48221737

-5-86320892
40777286

~3-~10820597
2-56113612

-4 40030438
49789397

~5-86572025
50020243

Fig. C-1 (Cont’d). Group 3
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