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Pion Content in Nucleon Using Finite Renormalization
Scheme with Spectral Amplitude Separation of Ghosts
1.

Introduction

There has long been discussion concerning the nucleus and the forces controlling

the binding of nucleons together. In 1934 H. Yukawa proposed a theory in which the
nucleons of the nucleus are bound together by a field. This field would be different from
the already well established electromagnetic and gravitational fields. The nucleon force, in

order to realistically describe nature, must be a very powerful short-ranged one. This field

should be properly quantized, and some characteristics of the field lead naturally to a
description of such a quantum. For example, the short range of the force ( compared to the

electromagnetic range) would indicate a massive quantum. H. Yukawa's theory predicted

what is now known to be the pion. These particles were experimentally verified in 1947.

Confirmation of Yukawa's particles was a great triumph of the theory; however, some
questions have to be asked regarding other implications of the theory.

One such aspect is the strength of the field inside the nucleon. The field increases
as one approaches the center of the nucleon. The mean field strength is given by [1]

Lt--f
7t pi

)

1 xr 1

This expression tells us the strength of the field, with itN coupling constant f, at the
position x due to the presence of a nucleon at point r. a and i are Pauli spin and isospin
matrices, respectively, and pt is the pion mass. Evidence of the long range effects of the

field has been well examined and compares well with experimental evidence. Accurate
theoretical calculations of the photodisintegration of the deuteron or the magnetic moment

of 3He require the inclusion of meson exchange currents in the nucleus over a few fermi.

2

Also, large partial wave scattering is well explained by the one-pion exchange. However,

the short-range effects of the pion field are more questionable. How does this field act
around and within a nucleon? Our present understanding of the nucleon is that it is a three

quark state. These quarks are in constant motion throughout the nucleon "bag" and hence
there is no a priori significance to the center of the nucleon. Why should the field blow up
at the center? We may compensate for the unphysical form of the theory by including form

factors which effectively cut off the field at short distances. Also, if the theory were
correct, then the field could get strong enough to create many virtual pions. Since pions

mediate the nuclear force, it is thought that for a large nucleus the pion field should be

enhanced compared to smaller nuclei or a collection of the same number of isolated
nucleons. This enhancement should yield more virtual pions in the large nucleus. Such
effects have been studied.

In the early eighties, experimental data seemed to support Yukawa's theory,
particularly in high energy muon-nucleus scattering experiments. For large momentum
transfers the muon scattering is proportional to the number of quarks. These experiments

produced results which showed more quarks than contributed by the nucleons. This
excess was thought to be due to the pion field. However, later experimental evidence

seemed to cast doubt on these results. In 1993 G.F. Bertsch, L. Frankfurt, and M.
Strikman [2] compiled some new experimental results from proton-nucleus collisions,
electron-nucleus scattering, and muon-nucleus scattering. These results conflicted with the
short-ranged strong pion model. The expected pionic enhancement was greatly suppressed

at short distances. This is a compelling argument for studying the short-range pion
distribution, specifically the pion content of the nucleon.

It is important to stress that the conclusions reached in [2] were restricted to virtual

pions with momenta greater than 400 MeV /c. These pions will have an effective range of

about 0.75 fm. Thus the long-ranged effects mentioned earlier are not addressed. What

3

has happened to the short-range pion field? Trying to answer this question, one begins to
look at the nucleon and determine the probability amplitude for pions inside the nucleon at
any given time. This process naturally leads to the role of the pion in the renormalization of

the nucleon. It is this analysis with which this thesis is concerned.

The effect of the pion on the nucleon propagator was studied in some detail by L.

Wilets and collaborators [3]. This work looked through the spectral representation at the

renormalization of the nucleon propagator. More recent developments [4] and [5] have
taken a similar approach. These attempts at understanding the dressed nucleon propagator

have had only limited success. In [4] and [5] the calculated pole strengths of the nucleon

are complex. Since the pole strength of the nucleon is a measure of probability, this is
impossible. There has been no consistent method for separating these "ghost" poles from
the real physical pole.

To describe the process self-consistently we should consider the nucleon and pion
propagators as a system of coupled Schwinger-Dyson equations. Our model will use only

bare meson propagators. This approximation is based on the results of [3] where it is
shown that corrections due to renormalized meson propagators are small relative to bare

meson contributions. In our phenomenological model we will be using dressed vertices,
where the corrections to the bare vertex are contained in the vertex form factor, which in
turn is obtained from experimental results.

Some aspects of our theory are key. The first lies in our use of the SchwingerDyson equations: we work backwards. Assuming that we know the renormalized self

energy, we relate this to the unrenormalized self energy. We are not interested in the
unrenormalized self energy itself; we are interested in how the nucleon propagator depends

on the self energy. At this point we also incorporate the fact that the nucleon propagator
has a pole at the physical mass. In this way we are able to link both the bare mass and the
pole strength to the imaginary part of the renormalized self energy and the physical mass.

4

The value of expressing everything in terms of the imaginary parts of the renormalized self

energy is that these may be calculated from the imaginary parts of the propagators. The
imaginary parts of the propagators are on shell. Hence the integrals in the renormalized self

energy are greatly simplified. Thus we proceed backwards from the renormalized self
energy to the bare mass and the pole strength. A major advantage of this model is that we
are always dealing with finite quantities.

Another crucial point in our model is the form factor used in the vertices. The effect

of the form factor is to smear the vertex out over a few tenths of a fermi. Including the
form factors takes care of the divergences which occur with point vertices. This regulates
the integrals of the self energy, making them finite. Determined by data, the form factors

cut off the contribution of the self energy at about 1.5 Gev (center of mass energy). We
introduce two form factors in Chapter 3 to examine the effect they have on the results.
This thesis demonstrates a method for determining the physical pole strength for the

dressed nucleon. Both the pole strength and the bare mass of the nucleon may be
determined uniquely using physical observables. We need to introduce form factors to
"dress" the vertices and thereby control the divergence of some integrals. In Chapter 2 we

introduce the formal development of the theory. Introducing an arbitrary self energy loop

for a nucleon, we renormalize its propagator to obtain its pole strength and bare mass in

terms of the unrenormalized self energy. In our scheme we renormalize the nucleon
propagator by vacuum polarization. It is then straightforward, when comparing the form
of the unrenormalized and renormalized self energies, to rewrite the pole strength and bare
mass in terms of the imaginary part of the renormalized self energy and the physical mass.

Both of these observables are accessible through experiment. For us to make predictions

from the expressions obtained, we must use particular forms of the itNN coupling. In
Chapter 3 we relate the vacuum polarization introduced in Chapter 2 to ItN scattering.
Particularly, the dynamical similarities between the self energy and the nucleon direct Born

5

scattering term are exploited. From this relationship we realize that the vertex form factors
needed may be obtained from model fits to experimental phase shift results, particularly in
the P11 channel. We use these form factors with a pseudovector 7tNN coupling to estimate

the pole strength and the bare mass. We also test our model by considering a large nNN

coupling, the pseudoscalar case. The relationship between the form factors and
experimental phase shifts for the pseudoscalar coupling representation is not accurate.
However, we may still perform calculations to study the pole strength and the bare mass,
and compare to the smaller pseudovector coupling.

Chapter 4 discusses the usefulness of the theory and speculates on where it leads

us. For completeness we plot and discuss the spectral amplitudes of the nucleon. From

this work we hope to reconcile some of the present concerns regarding the pion
contribution to dressing the nucleon.

6

2.

2.1

Expressing nucleon renormalization constants
in terms of observables

Framework
Our goal is to find explicit expressions for the bare nucleon mass and the pole

strength renormalizations in terms of the renormalized quantities the nucleon mass M and

the imaginary part of the renormalized self energy Im ER(k). The imaginary part of the

renormalized self energy is calculated by imposing renormalization conditions on the

propagators in the self energy, for example, that the pole strength for the propagator
remains one. It is convenient to represent our expressions in this way since both M and

Im ER(k) can be linked directly to observables (see Chapter 3). Following the work of
Wilets [3] we note that the corrections for renormalizing the pion propagators are negligible

in this formalism. The mass of the pion is far below the threshold of its intermediate states.

Hence, our expressions for the renormalized self energy contain unrenormalized pion
propagators and renormalized nucleon propagators.
Our technique for approaching this problem is to use Dyson equations,

S(k)-1 = S(k)0-1

E(k)

,

which relate propagators, masses, and self energies, not in the conventional way but
backwards. Here S(k) is the complete propagator in momentum space, So(k) is the bare

propagator, and E(k) is the proper self energy. The proper self energy is the sum of the

one-particle irreducible graphs. We begin by considering the self-energy process. We
restrict our discussion to the leading term in the nucleon self energy. Diagrammatically,
Figure 1 shows the self-energy bubble with which we will be working. The corresponding
expression for the unrenormalized self energy is

I(k) = g2

d4q
f(27)4

Ft S (k+

D (q)

,
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q

P

Figure 1. Self energy bubble for nucleon with pion-nucleon intermediate state.

where we have integrated over the pion 4-momentum. g is the coupling strength, F is the
itNN interaction vertex, S(k+q) is the nucleon propagator, and D(q) is the pion propagator.
Both propagators have real and imaginary parts, for example, D(q) = Re D(q) + i Im D(q).
Thus we may expand the propagators and solve for the imaginary part of the self energy:

Im E(k) = g

icj---4q Ft (Re S (k+ q) r Re D (q) Im S (k+ q) F Im D (q)).
(21)4

Both the nucleon and the pion propagators satisfy their own dispersion relations of
the form [6]

Im D(to)

Re D(0) = P
IE

0)

sgn(0))

.

q0

Here we have suppressed the spatial coordinates and assumed the chemical potential is 0.
Sgn is the sign function which is evaluated to be ±1 depending on whether its argument is

positive or negative. Siemens, Soyeur, White, Lantto, and Davies [7] show that, upon
substitution of the dispersion relations in the self energy equation above,

Im /(k) = g2fd4q Ft Im S(k+q) F Im D(q) [1 sgn(k0+0) sgn(0)]
J

.

(21c)4

Only the particle-antiparticle contributions survive.

Hence, we may simplify this

expression further:

Im E(k) = 2g2

f(2d4

70q 4

Ft Im S (k+ q) F Im D(q) e(k0+0) Co(q0)

.

(1)
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Here O is the step function which returns a value of 1 if the argument is positive and 0 if
the argument is negative. To obtain the real part of the unrenormalized self energy we rely

on causality. Causality allows us to determine the real part in terms of its imaginary part
through an unsubtracted dispersion relation, which in the nucleon rest frame k = (ko,0) has
the form

Re Z(k) = P

d62 Im Z(62)
it

(2)

02 _ k2

In eq.(2) the Im Z (Re I) denotes the imaginary (real) parts of the coefficients of the Dirac
gamma matrices.

Next, we compare eq.(1) with a similar expression for the imaginary part of the
renormalized self energy,

Im ER(k) = 2g2 I

d4q

Ft Im SR (k+ q) r Im D (q) e(kol-q0) e(q0)

,

(3)

(27c)4

where SR(k+q) is the renormalized nucleon propagator. As explained above, the pion

propagator is left unrenormalized. It is important to note that the real part of the
renormalized self energy is obtained from the imaginary part by a subtracted dispersion

relation. Our present development, however, does not need the subtracted dispersion
relation and hence avoids the issue of the subtraction constants involved.

Another necessary condition involves the analyticity of the self energy. Each
channel considered for the self energy produces a branch cut in the complex plane. Our
model looks only at the lowest-energy channel, the 7th channel. Hence, beginning at the
channel's threshold k2 = (M + m)2, there is a cut in the complex k plane. However, Z(k)

is analytic below this threshold. This means that, in this region, we may use the analytic

properties of the self energy, including series expansions. This will be important in our
discussion of the pole strength, where we are looking at the region around k2 = M2.

9

2.2 Renormalization constants and the unrenormalized self energy

In order to relate eqs.(1) and (3) we use a two-step approach. First, we must
renormalize the bare nucleon propagator,

SO(k)-1 = t - Mo ,

(4)

where M0 is the nucleon bare mass and k is the nucleon 4-momentum. We accomplish this

by considering an interaction producing an unrenormalized self energy, which may be
decomposed into scalar, Zs, and vector, Iv, parts:

E(k) = zy (k2) k

ES(k2)

(5)

This results in the interacting propagator:

S(k)-1 = k M

Z(k)

,

Or

(1-zy(k2)) t

(mo+zs(k2))

S(k) - (1-Ev(k2))2 k2
- (Mo+zs(k2))2

(6)

Since the nucleon described by this propagator is real and satisfies the kinematical relations

for a free particle, we demand of this propagator that it must have a pole at the physical
mass M. This requirement tells us that
( 1E v (k2) )2 k2

0+Es (k2))2

I

k2 -M2

=o

and

M0 = (i_zvm) M Esm
where Zxm represents Zx(k2=M2) and we have chosen M 0

(7)
.

The above requirement on the nucleon pole allows us to eliminate the bare mass in

the nucleon's propagator. Upon substituting the value given in eq.(7) into eq.(6) we find
the propagator is now

10

S(k)

(1Ev) (t+M)
(1-EV)2(k2-M2)

[(EsEsm)

(Ev_zv m)mi

[(ES-ESAI)+(EV-EVANI] [2M+ (ys_Esm)..F(Ev+Evm)mi
(8)

Notice that terms of the form Ex

Ixm can be recognized as part of a Taylor

expansion for the coefficients Ex(k2) about the point k2=M2. Following our discussion on

the analytic properties of the self energy, we know that E(k) may be expanded in the
neighborhood of k2=M2. To find the pole strength of the nucleon propagator (8) it is more

convenient to express these terms differently. Taking the coefficients Ex(k2), we expand
about k2=M2:
00

Ex(k2)

Ex(k2=m2) =

(k2)
n!

cl(n)(k2)

n=1
k 2=

m2

Rewriting for simplicity, we have
EX(k2) - EX(k2=1112) = (k2-M2) FX(k2)

(9)

where
00

,

(k2_m2)7._1

d,x(k2)

n!

d(n)(k2)

(10)

n=1
k 2=

m2

Note that the derivatives in the Taylor expansion are with respect to k2.

Our unrenormalized nucleon propagator (8), using the expressions above, may now
be rewritten as

S(k)

(1 E") (it+m) (k2_m2)(Fs+A4Fv)
(k2 M2) (1 _Ev)2 (Fs+mFv)[2(1 _zv)M (k2_m2)(Fs+mFv)]

(11)
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Now we have a useful expression for determining the pole strength of the propagator, that

is, the coefficient of the propagator at its singular point. By considering the propagator at
the pole, k2=/V/2, we find

(k2M2)S(k) I k2=m2

(i_zv lop

(1r 1 m)(k+M)
Ey m 2M (Fs m+M Fv m)]

(12)

Inspecting the expansions in eq.(10), we find that at k2=M2 only one term in the sum
survives,
Fx(k2 =M2) 7.---. Fxm

dEx(k2)
d(k2)

=_-

(ZX)'m

k2.412

Thus we see from (12) that the pole strength is given by
1

Z2
1

E "M

2MREs)'m + M(Ev)tm]

(13)

We would like to renormalize the nucleon propagator such that this new
renormalized propagator has a pole with unit residue. We accomplish this by defining a
renormalized nucleon propagator due to the unrenormalized self energy E(k) as
1

SR(k) E 72.5(k)

(14)

At this point we have renormalized the bare nucleon propagator (4) by assuming an

unrenormalized self energy E(k). We have expressed the nucleon bare mass M0 and the
nucleon propagator pole strength Z2 via equations (7) and (13) respectively, in terms of the

physical mass M and the unrenormalized self energy Z(k). Our expressions for both Z2
and M0 are valid for any unrenormalized self energy. Notice also that the unrenormalized
self energy terms Exm are evaluated below threshold, and hence are purely real quantities.

Thus both Z2 and M0 are real quantities. This is important since (1Z2) is the probability

of finding a pion in the nucleon. This enables us to write the renormalized nucleon
propagator in terms of M and E(k) only. The consequence of this becomes more apparent

12

following our discussion of the second step in our approach: relating the unrenormalized
and renormalized self energies.

2.3 Renormalization constants and the renormalized self energy
We are now ready to use the pole strength Z2 in the expression for the renormalized

nucleon propagator. Then we can use eq.(14) to obtain an equation for the imaginary part

of the renormalized self energy ER(k). Comparing the renormalized self energy to the
unrenormalized self energy, we obtain a simple relation which enables us to express Mo
and Z2 in terms of the renormalized quantities. The relationship between unrenormalized
and renormalized imaginary parts of the nucleon self energy depends on the renormalization

scheme. We are using the vacuum polarization shown in Figure 1, which provides a
straightforward proportionality between the renormalized and unrenormalized terms. In
Chapter Three we relate Mo and Z2 to measurements.

Using our renormalized nucleon propagator (14) in the renormalized Dyson
equation (3), we find
Im ER(k) = 2g2

Im S (k+ q)
r
t
F Im D(q) e(ko+o) ®( -qo)
(21r)4
Z2
d4q

(15)

Comparing this to eq.(1) we see that

Im ER(k) = 22 Im E(k)

.

(16)

This relation holds with our approximation for all forms of the self energy containing one
factor of the nucleon propagator.

Next, by using the dispersion relation for the unrenormalized self energy (2) we can

relate the real parts of the unrenormalized self energy to the imaginary parts of the
renormalized self energy:

13
CO

de Im ER(02)

Re E(k) = Z2 P

(17)

02 _ k2

it

(M + A)2
This is important because the terms in our expression for the pole strength depend upon the

real parts of the unrenormalized self energy. Furthermore, we may decompose the
renormalized self energy into its scalar and vector parts,

ER(k) = a(k2) k + b(k2)

(18)

Now we have direct relationships between the unrenormalized self energy and the
imaginary parts of the renormalized self energy. By combining (5), (16), (17), and (18) in
the nucleon rest frame we get the following six relations:

a) Im E" (k2) = Z2 Im a(k2)

;

b) Im Es(k2) = Z2 Im b(k2)

;

CO

de a Im a(62)

c) Re Ev(k2) = i P

(19)

02 _ k2

it

(M + A)2

r d62 IM b(02)

d) Re ES(k2) = Z2 P

j

62

it

k2

(M + 11)2

d(k2) 2k-,
00

e)

dRe E \(k2)

de a Im a(e)

Z2
P
2k3

It

(G2

_ k2)2

(M + A)2
00

f)

dRe Es(k2)
d(k2)

Z2 P

de

Im b(e)

ic

(62 _ k2)2

(M + A)2

(3 k2 _ 0.2)

;
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For notational efficiency we define from (19):

Z2X ;

a) Re Ev(k2=M2)

b) Re ES(k2=M2) = Z2V ;

c)

d)

dRe Ev(k2)
d(k2)

(20)

Z2Y

;

k2_,m2

dRe Es(k2)
d(k2)

Z2W
k2_,m2

The relationships in (20), when substituted into our expression for the pole strength

(13), yield a formula for the pole strength of the nucleon propagator in terms of only the
imaginary parts of the renormalized self energy ER(k) and the physical mass M:
1

Z2

Z2[X + 2M(W + MY)]

1

which may easily be solved for Z2,
1 + 1/

Z2

1

4[X + 2M(W + MY)]

2[X + 2M(W + MY)]

(21)

Notice that, after the introduction of the renormalized quantities, our expression for the pole

strength appears to have become a multivalued function. However, only one of the
solutions to eq.(21) also satisfies eq.(13), as we shall see from the following discussion.
We get the additional benefit of being able to express the bare mass Mo also in terms of
only the imaginary parts of the renormalized self energy ER(k) and the physical mass M.
Substituting eq.(20) into eq.(7), we obtain

M0 = M Z2(V + MX)

.

(22)
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We now have expressions for the bare mass Mo and the nucleon pole strength Z2 in

terms of the physical mass M and the imaginary parts of the renormalized self energy
ZR(k). Both of these are estimated using experimentally determined quantities in Chapter
Three. By working with unsubtracted dispersion relations, we are able to formulate Z2 and

Mo without needing to know the subtraction constants associated with subtracted
dispersion relations. We need only the observationally accessible M and Im ER(k2).

Beginning with a bare nucleon propagator with unrenormalized self energy I(k),
we renormalized the nucleon propagator, demanding that it have a pole at the physical mass

k2=M2. We then used this renormalized propagator in the renormalized Dyson equation.

Comparing expressions for unrenormalized and renormalized self energies, with
unrenormalized and renormalized nucleon propagators respectively, we have arrived at
expressions for the pole strength and bare mass which we may now evaluate with the aid of
experimental results.

2.4

Ghost separation using spectral decomposition
At this point we would like to better understand the results and implications of

equations eq.(21) and eq.(22). We first address the expression for the pole strength Z2.
Our original expression for the pole strength in terms of the unrenormalized self energies

I(k), upon substituting in the renormalized self energy ER (k), has apparently become
multivalued. There are two seemingly disturbing implications of eq.(21). First, consider
the radical. Inside the radical we have the term 1 4[X + 2M(W + MY)]. If this were ever
to be negative then we would have an imaginary pole strength, which is unphysical. This
would also contradict results from our unrenormalized expression in eq.(11) which told us
that Z2 is real and positive. However, we can see that this never occurs through a different
analysis of the nucleon propagator, namely its spectral (Lehmann) representation. We may
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represent the unrenormalized nucleon propagator in terms of the spectral amplitudes pi(k2)
and p2(k2) [6],

Im S(k) = -it[ pi(k2) k + P2(k2)

(23)

From these spectral amplitudes we are able to glean the following (see Appendix A):
k Im Ev(k2)

Im Es(k2) 5 0

Im Ev(k2) 5 0

(24)
(25)

,

where k = 4k2

The implications of these restraints are clearer when they are introduced into
equations (2) and (13). From the dispersion relation in eq.(2) we see
00

fd62 Im E(62)
ic 02 _ m2

Re E(k)m = P

(M + /1)2
00

Re Es(k)'m =

d Re Es(k)
d(k2)

Im Es(e)

da2

P

(02 _

k2 =M 2

+ /42
00

Re Ev(kym =

d Re Ev(k)

d02

P

d(k2)

7C

k2 =M 2

(M

_02) aim yv(02)

(3M2
2M3 (02

M2)2

11)2

Since 62 ranges from (M + p)2 upward, surely 62 M2

0

.

We also know that below

threshold Im E(k) = 0, which implies E(k)m = Re E(k)M. Hence, in eq.(13) it is clear
that Z2 is real since

Evm + 2M[(Es)'m + M(E`Tm] = Re E "M + 2M [ (Re Es)'m + M (Re Ev)'m] = N
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is real. Care must be taken in evaluating the above integrals: Im E and Re E are the
coefficients to the Dirac gamma matrices. Using the above dispersion relations, after some
manipulation, N may be expressed as
00

d62 6 In) Ev(62)

N = 2M P

(G2

7E

(M

ES(62)

m2)2

11.)2

Clearly, with eq. (24) it follows that N

0

.

Using this in equation (13) for the pole strength we find that, in terms of
unrenormalized quantities, Z2

0. The apparent multivaluedness of the propagator's

residue Z2 in eq.(22) is an artifact of our mathematical substitution of the renorrnalized

quantities. We would like to separate out the correct solution, that which agrees with

This is important since, for us,

eq.(13), from the extra unphysical results.

Im E(k) = Z2 Im ER (k), and we may rewrite eq.(24) and eq.(25) in terms of the
renormalized quantities:

k Im a(k2) + Im b(k2) 5. 0

Im a(k2) 5 0

,

(26)
(27)

.

These conditions are for all k. Through the application of conditions (26) and (27) to
equations (19) and (20), which define X, W, and Y, along with the knowledge that below

threshold Im E(k) = 0, we arrive at the conclusion

X + 2M(W + MY) 5 0

,

(28)

which indeed must be true. From eq. (28) it is clear that the term inside the radical for Z2
cannot be negative.

However, this still apparently allows for two possible solutions for Z2. They are
both real as just shown, but how can we classify and separate the two values for Z2? This

18

is our second concern. Looking closely at the expression inside the radical we are able to
draw conclusions about the form of the solutions. Using eq.(28)
1

4 [X+ 2M(W + MY)]

4 [X + 2M(W + MY)]

111

1

1

.

Thus, looking at (21) we see that of the two solutions for Z2, one will be positive
(physical) and one will be negative (unphysical). However, we know from eq.(13) that
Z2 ?. 0. Thus, the negative value for the pole strength does not agree with eq.(13) and
may be rejected on mathematical grounds. The negative Z2, called the ghost pole, may also

be rejected as being unphysical. Thus we have separated out the physical solution for the
pole strength and found that there is only one acceptable solution for the pole strength. It is

determined entirely from the imaginary parts of the renormalized self energy and the
physical mass, and is given by

Z2

11

4[X + 2M(W + MY)]
2[X + 2M(W + MY)]

(29)

We must now address the expression for the bare mass Mo. What information can

we obtain about the bare mass given in equation (22) from the conditions (26) and (27)?
Drawing from the discussion of Z2 above, we conclude from (19) and (20) that

fda2 a Im a(a2) + Im b(a2)

V+MX =P

rc

(M

a2 _ m2

<0

.

/2)2

Along with the knowledge that Z2

0, we determine that Mo > M. This is intuitively

satisfying since we can understand this process as a two-level (N, N+n) system with the
lower coupled state, the dressed nucleon, having a lower energy than the lowest uncoupled
energy, the bare nucleon.

19

We now have a much better understanding of our results. Representing the
unrenormalized nucleon propagator in its spectral amplitude form results in positivity
conditions which the propagator inherently must satisfy. It is these conditions which tell us

which expression for the pole strength Z2, in terms of renormalized quantities, describes

the one true physical solution eq.(29). Similarly, these same conditions tell us that this

same value for the pole strength results in a renormalized nucleon mass less than the
particle's bare mass. Our theory is consistent in that no assumptions are imposed on the

system to create the conditions necessary for our results. Rather, the structure itself

maintains its own integrity. We are now ready to connect our equations to physical
observables and make predictions for the pole strength and the bare mass of the nucleon.
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3.

3.1

Model calculations of the pion content of the nucleon

Introduction
Chapter 2 presented us with a general development of expressions for the pole

strength Z2 and the bare mass M0 in terms of the experimentally accessible quantities
Im ER(k) and M. In order for us to obtain numerical estimates for these quantities, it is
necessary to work with particular models and approximations. In this chapter we consider

two different itl\IN couplings, pseudovector and pseudoscalar, and make concrete
calculations using our model.

We may calculate, using both pseudovector and pseudoscalar itIIN couplings,

expressions for the imaginary parts of the renormalized self energy from eq.(3). To
perform such calculations we must address the question of how we express the vertices
themselves. Our phenomenological approach will use form factors in our description of the

vertices. Much of our work maintains the general form of the vertex form factor.
Ultimately, however, we will need specific expressions for our calculations. This is our
link to experimental results.

We must find experimentally accessible quantities which are dynamically consistent

with and relatable to our self energy vertices. itN scattering has terms which are similar.
Reconsider for a moment the self energy we used for our renormalization. By considering

the self energy as a chain of pion-nucleon bubbles one can see quite clearly a similarity
between the self energy and 7cN scattering. The incoming and outgoing particles of the
scattering may be considered the annihilation and production of the intermediate particles in

the self energy. Diagrammatically, if we consider a chain of self energy bubbles and cut a

segment through adjoining bubbles, this segment looks very similar to the nucleon
intermediate state direct Born scattering term (see Figure 2).

21

3.2

Extrapolation of ItNN form factors from nN phase shifts
The direct Born scattering term provides us the information from which we are able

to describe the form factors we need for our calculations. Let us check carefully the
dynamics of the two processes. From the self-energy diagram we obtain the imaginary
parts of the self energy, from which we get the real parts through dispersion relations. The

important point is that it is the imaginary parts with which we are working. For the
imaginary parts of the self energy, the intermediate particles are on shell. Similarly, the
incoming and outgoing pions and nucleons are on mass shell for the scattering. Also, the

interaction form factors only depend on the invariant masses of the interacting particles,

which are the same for both processes. Inspection shows that p, q, and k represent the
same dynamical quantities in both cases.

Hence, from the 7tN scattering amplitudes and phase shifts of the direct Born term

we can obtain the vertex form factors for the renormalized self energy. The direct Born

approximation to the scattering process is shown in Figure 3. The corresponding
amplitude may be expressed as

M = g2 Ti(p1)

S(k)

rt u(p)

,

(30)

p

Figure 2. Self energy chain illustrates dynamical similarities between self energy terms
and the direct Born itN scattering.
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k

Figure 3. Direct Born itN scattering diagram with nucleon intermediate state.

where g is the coupling constant, u (p') and u(p) are the on shell Dirac spinors of the final

and initial nucleons, F is the interaction vertex, and S(k) is the intermediate nucleon
propagator.

Since much of this scattering amplitude is common to the self energy we are
reminded of Ward identities. It would be very elegant if we could generally formulate a
relation between the scattering amplitude and the self energy. However, the development
of the Ward and Takahashi identities [8-11] depends upon the masslessness of the photon
and the conservation of the current. In our case there is only an approximate conservation

of the axial current because chiral symmetry is broken. The best that can be done is a
partial expansion in the momentum [12]. We do not obtain a nice generalized relationship
between the two.

This does not mean that relationships can't be found. We may calculate the
scattering amplitude of eq.(30) in terms of two functions A and B which only depend upon
invariants. The scattering matrix may then be expressed as two independent amplitudes,

M = u (p') (

Ail +

Bji) u(p)

(31)

q and q' are the incoming and outgoing pion 4-momenta and Aji and Bji are the ji-th
components of the scattering matrix M. This is a strong-force interaction, and we know
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that such interactions are isospin invariant. Nucleons have isospin 1/2 and pions have
isospin 1. Hence, all the scattering channels may be described in terms of matrix elements
corresponding to total isospin 1/2 and 3/2. Finally we may describe Aji and Bji in terms of

amplitudes A+ and B+ for processes without isospin flip, and amplitudes A and B for
processes with isospin flip,
1

[tj,Ti] A

,

Bji = Sji B+ + [Tj,Ti] B

.

Aji = Sji A ++

1

Incorporating these in eq.(31), we may relate this to a partial wave expansion of the
scattering matrix[13],
1+1/2

3/2

J=1-1/2

1=1/2

Mji = E(21+1)

Eoroji f1J1(W) p1(cos.15)

1=0

where 1 is the orbital angular momentum, J is the total angular momentum, and I is the total

isospin. P1 is the 1-th Legendre polynomial. We use the usual shorthand notation where ±
replaces J = 1±1/2 and T = 1±1/2, and define the partial waves
_

L.+

T(f1+-fi)
1

11 ±

3/2

1/2

1

+=

A/2

4.3/2 \

Tkii-±-1-Lii+)

The projection operators are

111/2 =
113/2 =

Here to is the pion isospin operator,
to i = T(T+1)

tn

1

3

2 + tE
3
ti

is the nucleon isospin operator and

11/4. This leads us to expressions for the partial waves in terms of the

amplitudes A± and B±,
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1

+

E+M

1

f-1 ±

2

[-At + (W

P1(x) dx

M)

87CAT

1

E8----7: [A± + (W + M) B±] 131+1(x) dx

+

(32)

In these expressions, P1 are the Legendre polynomials, E is the nucleon center-of-mass
energy, and the kinematical invariants are:

W2 =s=k2= (p+q)2

t = (q

= -2 q2 (1

,

cosi)

u = (p q')2 = 2M2 + 412 s t

(33)

,
.

15 is the center of mass scattering angle, W is the total center of mass energy, and q is the

pion three-momentum. In the nucleon center of mass system there exists a relationship
between the pion three momentum and the nucleon energy. Call the nucleon 4-momentum

(k0,0) and the intermediate pion and nucleon 4-momenta (En,q) and (EN,-q) respectively.

Using the off-shell invariant nucleon mass, along with conservation conditions at each
vertex, we arrive at an expression for the pion three-momentum :

q2 =

(ko2

- (m+02) (k02 - (m_(M -1)2)
4k02

(34)

The form of eq.(32) is useful since it enables us to relate the partial waves to the
scattering phase shifts which are observable. The cross section for elastic scattering may
be expressed as

du =
df2

M2
(4rtW)

IM12.

For the energy region in which inelastic processes may be neglected, we may write the
partial wave amplitudes as

± = rcir eL

8

sin(51±)

.
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This may be expanded into real and imaginary parts.
1

fi ± = w ( cos(81±) sin(8]±) + i sin(Sa)2 )

.

The real part is

Re fi ± =

Igo

which may be inverted and solved for the phase shift,

81+ =

sin-1(2q Re f1 ±)

(35)

2

Thus, we arrive at an expression for the phase shift in terms of the amplitudes f1+

.

Now

we are able to analytically calculate all contributions to each scattering channel. Each
channel has contributions from a number of different intermediate states. Therefore, there

are contributions from various vertices

INN, nNA, TENN*, and icl\lp

as well as direct

and cross terms to incorporate in the model. The different scattering terms in a particular

scattering channel may be calculated from diagrams similar to Figure 3. Using a
phenomenological approach, each vertex will include a form factor with free parameters.

Experimental data will supply the experimental phase shifts for each channel, and
theoretical calculations of the scattering amplitudes will supply the partial waves which

contribute to that specific channel. A particular vertex may arise in many different
channels. Thus, the free parameters are adjusted and manipulated until a "good" fit to the
experimental results is obtained by the theoretical predictions. Much work has been done

in fitting 7N scattering phase shifts over many scattering channels. We can use these
results to give us the form factor expressions in our INN vertices. We shall present two
examples of INN form factors and discuss the implications of each.

The first was introduced by Siemens and Xia [14] who used a pseudovector
coupling for their analysis, and a form factor
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2

F(k,q)

In this model Q2 =

(exp[(Q2_mr2)2 Mb4] + 1)2

(k + (k+q))2 =

(2(k+ q)2 + 2k2

q2), and Mr and Mb are

parameters fixed by data in [14]. The second was introduced by Korpa and Ma lfliet [15],
who also used a pseudovector coupling with a form factor
2
An
+

F(k,q)

A2ir

2

A4 + m4
A4 + M4
q2 (A4 + (k2)2) A4 + ((k + q)2)2

We may simplify these by realizing that the scattering process has all incoming and
outgoing particles on shell. Also, our self energy has been derived such that we only
concern ourselves with the imaginary part of the propagators for which the intermediate
particles are on shell. This means that for both processes q2 = g2 and (k + q)2 = M2. The
first, exponential form factor reduces to

F(k,q) =

2

)2
exp[(2M2+2k2-0_4mr2)2 10441 + 1)

(36)

and the second, algebraic form factor reduces to

A4 + m4
F(k,q) = (A4 (k2)2)

(37)

where A = 1.2 GeV.
A comparison of the form factors is shown in Figure 4. Notice that the exponential

form factor is much more restrictive. In the renormalized self-energy integrals we get the
square of the form factors, and the effect of the exponential form factor in eq.(36) is to cut

off the integral at a nucleon momentum of about 1.25 GeV. The algebraic form factor
however extends the region to well beyond 2.0 GeV.

It will be instructive at this point to check the validity of these form factors. Let us
calculate the 7ENN direct Born term contribution to the TtN scattering. It is the P11 channel

to which this term contributes. Some experimental data for the P11 channel phase shifts
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are shown in Figure 5 (dotted curve). Having expressions for the form factors eq.(36) and

eq.(37), we may calculate the scattering matrix of eq.(31). This yields the independent
amplitudes A± and B± from which we obtain the partial waves f±L±

.

Using eq.(35) we

return to the expression for the phase shifts.

Form Factor Comparison
1

0.8
0.6

Li 0.4

Algebraic

0.2
Exponential

0

-0.2
1

1.2

1.4

1.6

1.8

2

k (GeV)
Figure 4. itNN form factors used for model calculations.

Full (dashed) lines:

exponential (algebraic) form factor.

3.3. The self energy and the nNN coupling

There are two ways to couple the pseudoscalar pion to the spin 1/2 nucleon while
conserving parity and angular momentum. We know a pseudovector form of pion-nucleon

interaction guarantees a small S-wave scattering length in agreement with observations.
The smallness of the S-wave scattering was traced by Weinberg [16] to the approximate
chiral symmetry of which the pion is the Goldstone boson. The broken-symmetry solution
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is naturally expressed in terms of a pseudovector coupling. The pseudoscalar coupling of
the original unbroken symmetry could also be used, but then large subtractions would have

to be made. These subtractions also lead to Hartree-like terms in the self energy as shown

by Milana [6]. The pseudovector coupling provides a much simpler and more natural
phenomenology. Now we shall separate the direct Born term contribution to the Pll phase
shifts.

3.4.

Nucleon direct Born contribution to Pll phase shifts
We would like to calculate and plot the contribution from the nucleon intermediate

state in the direct channel to the Born phase shift, and see what contribution this makes to

The pseudovector interaction has

the P11 ic N channel.
F = yµ y5 (it) i kgF(pcqp

M = g pv

(p')

M = g 2pv

y5 (Tj) i

(Pi) 7461

Noting that q' = p + q

F(p',q")

M
k2 _ M2

p' and u (p') p'

u (p')

vertex of

Eq.(30) for the pion-nucleon scattering matrix becomes

.

t

M gPv

a

+

k2

,

M

(tj) (r) F(p',q') F(p,q)t u(p)
u (p') M = 0, this leads to
M

M)

y5 'yv (ti) (i )qvF(p,q) u(p)

1

t

M2

4 (tj) (TO F(p',q') F(p,q)t u(p)

We substitute k= p + q , manipulate the matrices and find that

M = g pv u (p')

(p2 + q2 +

)4

2m

2M q2

M2 If

j)(ti) F(p',q') F(p,q)t u(p)

We know the following two relationships about the Dirac nucleon spinors:
7 (131) lh 0 11(P) = u (19')

(2P.0 M 0) u(p)

and

(P') 4 u(P) = 17 (13')

u(p)
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Using these in the above expression we arrive at the pseudovector scattering matrix,

M = -g2pv u (p')

(s +3M2)

+

2M (s -M2)
A/2

s

x (Sji +

F(p,q)t u(p)

[Tj,ti]) F(pi

(38)

In our model s = k2. Relating this to the independent amplitude form of the scattering
matrix we find

A+ = A- = -g2 v F(pcq') F(p,q) t 2M

B+ = B- = -g 2pv

,

(s +3M2) F (p' ,q1) F(p,q)t
s
M2

(39)

Note that Al: and B± do not depend on 15, the center of mass scattering angle. Thus,
combining with eq.(32),
lql fl f

E+M
8itW

lql [-At + (W M)

.

Introducing this into eq.(35) we are prepared to calculate the phase shift. Our model gives

us the real part of the partial waves. The imaginary part, due to higher order processes, is
small since the phase shift is small and
Im f1± = tan (81_+) Re f1

.

We perform the calculation for both the exponential form factor and the algebraic form
factor, using the knowledge that the incoming and outgoing particles are on shell. We plot
the phase shift in Figure 5 as a function of nucleon momentum in the center of momentum
frame.

What we see is that the direct Born term is a major contributor to the shifts up to

about 1.25 GeV. This follows the trend of the form factors in Figure 4. Near threshold
the direct Born contribution is about twice the experimentally observed result. This may be
seen from the scattering volume for the P11 channel all. Experimentally all = -0.081 t -3
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and theoretically [17] the direct Born contribution is all= 0.22 pt-3. As we increase the
energy, other contributions lower the P11 phase shift until the direct Born contribution is
about 1/3 of the total. Following this, attractive interactions begin to dominate, the phase
shifts increase, and eventually, at about k = 1.23 GeV, become positive as the N* attraction

dominates. This sequence is represented in Figure 5. Here, the experimental curve crosses

the theoretical curves twice, once close to threshold as the total phase shift drops, and a
second time close to where the attractive interactions dominate the repulsive and the total
phase shift becomes positive. The algebraic form factor was not a product of a curve fitting
scheme, and its effects extend well beyond those of the exponential form factor.

We also notice that the sign of the phase shift is represented correctly. We can
understand the negative sign of the phase shift as a consequence of level mixing. As we
described in Chapter 2 when considering the effect of the pion on the mass of the nucleon,

we may understand the process as a two level (N, N+n) system. We are describing an S-

channel process. That is, there is one intermediate particle, the nucleon. Drawing from
Figure 3, the nN T matrix element in lowest order perturbation for the nucleon direct Born
term has the form [18]

(p'q'IVITNIk)(k IVIEN}Pq)
E

EN(p)

where YEN is the itN interaction, E is the initial energy ( E = En(q) + EN(p) ), and EN(p) is

the energy of the intermediate nucleon. The intermediate state N has a lower energy than
the N-FIE initial state, E

EN(p) < 0. The numerator is a positive quantity. The result is a

negative phase shift.

The simple fact that the phase shift changes sign indicates that more than one
process competes in the scattering. Considering the interaction from an energy perspective,

the nearest two contributors to the nucleon in the P11 channel are the p exchange and the

N* intermediate state. Hua-Chuan Wu and P.J. Siemens [17] have analyzed the
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contributions of these three processes to the P11 channel. The contribution of the nucleon,

though dominant close to threshold, competes with the p exchange up to about 1.25 GeV.

At about 1.22 GeV the tail end of the p process begins to dominate and the N* starts to
contribute. We can see that, since the N* resonance is centered about W = 1.44 GeV, its
contribution to the energy range of our plot is primarily in the high energy region. And it is

true that the large increase in the high energy region is from the N*. The momentum

dependence of the form factors, the role of the t-channel processes, and the relation
between the nucleon and the N* have all been discussed in the context of quark models

[19,20], with conclusions similar to those used in the phenomenological analysis [17].
Our attention will focus on the lower energy region of the plot.

P11 Phase Shifts (Pseudovector)
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Figure 5. itN scattering P11 phase shifts. Dots: experimental data. Full (dashed) lines:
nucleon direct Born contribution with exponential (algebraic) form factor. Pseudovector
coupling.
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This gives confidence that our scheme is valuable. The form factor developed by
Xia and Siemens [14] for the itNN vertex is one which we may incorporate in our model

calculations of the renormalized self energy. The dynamical similarities between the
scattering and the vacuum polarization chain afford us the opportunity to use the scattering
analysis in our calculations of the self energy.

3.5.

Coupling expansion of the pole strength
Let us first return to the pole strength given by equation (29). We find it useful and

informative to expand the pole strength in terms of the coupling. To obtain the strong and
weak coupling limits, we note that

Z2

-,h.±

A

1

A

2

where A E -4[X + 2M(W + MY)]

0

.

X, Y, and W are integrals over the imaginary

parts of the renormalized self energy and are proportional to the square of the coupling. In
the weak coupling limit 0 5_ A 5_ 1 and we have the expansion

Z2 = 1-71-+

I,

A2

(40)

,

while in the strong coupling case 1 5_ A, and we have
,

Z2 = 2 00--./2

2
A

in

(A)-3/-

c in

(Ar-i- +

1

-7 in

(A)- 11

+ 15(1-912)

.

(41)

From eqs. (40) and (41) we have simple expressions for the pole strength in the weak and
strong coupling limits.

Our unrenormalized derivations in Chapter 2 used the most general form of the self
energy. To relate unrenormalized and renormalized self energies, we used the leading term

in the nucleon self energy shown in Figure 1. We then expressed Z2 and M0 in terms of

the imaginary parts of the renormalized self energy For us to make predictions for the
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propagator's pole strength and bare mass we must first calculate the renormalized self
energy. We shall consider the different nNN couplings for calculations of Z2 and M0.

3.6.

Model calculations for pseudovector nNN interaction
We are prepared now to make some estimates from our model developed in Chapter

2 for the nucleon pole strength and the nucleon bare mass. Making the connection to

experiment, we have expressions for the nNN coupling, which is essential in the
calculations. We begin with the pseudovector coupling. The pseudovector coupling is
small, and as discussed in section 3.2 we have a good description of the vertex form factor.

In the pseudovector case the derivative of the pion field combines with a pseudovector
isovector nucleon current. The interaction Lagrangian density is represented by

Lpv(x) = si d4y d4z 1' (z) g

pv 71-1

75 t T(y) "a119(Z) F( (xY)2,(xz)2 ,(Yz)2)

.

where T, the isospin factor for the nucleon, is contracted with the isospin-1 pion field 9 to

form an isoscalar. `Y(y) is the nucleon field, gpv is the pseudovector coupling constant,

and F( (xy)2,(xz)2,(yz)2 ) is the nNN vertex form factor.

From this we obtain the nNN interaction vertex, which we apply to the
renormalized self energy of the form in Chapter 2 eq. (3):

fd4q Ft Im SR(k+q) F En D(q) 0(ko-Fq0) e(q0)

Im FR(k) = 2g2
Pv

(2704

,

where we have:

Im SR(k+q) = 7r (k + 0 + M) 8( (k+q)2 M2)

Im D(q) ®(k0+0) = 1E 8( q2

µ2)

r = yi 75 (TT7r) i kgF(k2 ,R+02,q2)

,

(42)
;

and we must again sum over all intermediate states and integrate over the pion 4
momentum. In our vertex, t is the isospin vector operator for nucleons and Tic is the
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isospin operator for the pion. The term in the vertex F(k2,(k+q)2,q2) = F(k,q) is a
smearing function (form factor) and is Lorentz invariant. It is the Fourier transform of the
non-local vertex in the Lagrangian density.

Incorporating equations (42), the renormalized self energy for the pseudovector
interaction is

Im /R(k) = I(T7c)(T7c) 27c2g

2

Pv (270
(2 )4

5

yvy kv F(k,q) (4 +4 +M) y5y1-1-kg F(k,q)

spins

x 5( (k+q)2

M2) 8( q2

p.2 ) 8(k0-1-q0) e(-0)

(43)

Summing over the spin-isospin part and manipulating the gamma matrices, we arrive at the
expression:
Im ER(k)

6g2
Pv

7E2

fd4q (k2 4
(27c)4

x 5( (k+q)2

+

2q.k 4

M2 ) 5( q2

q2 #

q2) F (k,02

t2 ) e(k04.0) (21(-0)

(44)

We use the fact that the imaginary parts of the propagators are on shell, which allows us to

perform all the integrals in the nucleon rest frame k = (4,0). The four integrals involved

in solving eq.(44) are lengthy and performed in Appendix B (13, 14, and 15). Delta
functions from the on-shell propagators allow us to retain the generality of the form factor.

Since we are in vacuum, F(k,q) is a Lorentz scalar and only depends on the invariant
masses. Thus, we apply the rotational symmetry of the integrands to take care of two
dimensions of the integral. The remaining two dimensions are easily performed with the
delta functions provided by the on-shell imaginary parts of the intermediate particles. The

results of these calculations, in the k = (40) frame, give us the following result:
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(_6 o2 n2
opv

Im ER(k) =

AI (4,02

\(2703 2ko

where, from Appendix B qo =

P.

2

( 1121N°

M 11.2 ) Rk0,0)2

2q02740

M2 + 112

k02

2k0

After rearranging terms to separate scalar and vector parts, and expressing qo in terms of
ko, we arrive at the final expression for the renormalized self energy for the pseudovector
coupling,

3g pvF (4,0)2
Im ER(k)

l

8n k0

ql

(k02

-M2)2 -1-1.2(k02 +M2)
2k02

Mg2) (45)

We have here introduced the pion 3-momentum q to simplify the expression. The pion 3

momentum may be represented as in eq.(34) of section 3.2 for the scattering . From
eq.(45) we may individually express the scalar and vector components of the renormalized
self energy:

3gpv F(ko,q0)2
Im a(k2)

lql

M2)2 _112(42

8 ic k0

242

(46)

3g,iv
2 F(ko,q0)2

Im b(k2)

8n k0

lql M p.2

.

(47)

Notice that from equations (46) and (47), the stipulations of the spectral amplitude
analysis of Chapter 2 are satisfied for all form factors F which only depend on the invariant

masses. It is clear by inspection that above threshold Im a(k2) 5 0. Also, it is a simple

matter to show that k Im a(k2) 5 Im b(k2) k Im a(k2). Now we apply eqs.(46) and
(47) to the dispersion relation integrals of Chapter 2, eqs.(19) and (20):
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de

X=P

3g pv F(a2)2 ica)i

_M2)2 _OW
2G2

8n M a (cs2

it

a

M2)

(M +1-I.)2

_m2)2 _11202

_3g2 F(0.2)2 lq(c5)I

dal

Y=P
(M

a (3M2

0.2)

2a2
87c (2M3) a (02 _ M2)2

Pv

+p)2
00

da2

V =P

F(0,2)2 iccoi

3g

1.12

Pv

8m a (a2

M2)

(M + 11)2
00

f da2

W=P

it

3gpv F(a2)2 405)1 Mµ2
8 7c a (02

m2)2

(M

This prepares us to calculate the pole strength and bare mass in the pseudovector

coupling. Expressions for the pole strength and the bare mass are given by eq.(29) and
eq.(22) respectively. The dispersion integrals may be carried out numerically, since there
is only a simple pole in the region of integration. The F(02) are the form factors discussed

earlier. We now calculate the pole strength and the bare mass for two form factors and

discuss the results. Solving first for X, Y, V, and W above, we then substitute these

values in eq.(29) for the pole strength and eq.(22) for the bare mass. Performing the
necessary integrals is straightforward since the singularities of the above expressions lie
outside the integration interval. We must numerically compute the bare mass and the pole
strength. Such a calculation produces the results shown in Table 1.
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Form Factor

Coupling

Z2

MO (GeV)

0.9775

0.9445

0.8960

1.032

Pseudovector:
2

F(ko,q0) exp[(Q2mr2)2 mb4]+ 1)2
A4 + m4
F(k,q) =

(A4

(k2)2

Table 1. Results from numerical calculations for the nucleon pole strength and bare mass

In the center-of-momentum frame, Mr = 0.98

Q2 =

(442 ± p.2

4k0 go) =

,

Mb = 0.53

,

A = 1.2 , and

(242 + 2M2 1.12)

.

These results show that our theory predicts a surprisingly small pion contribution to

the nucleon dressing. For the exponential form factor we obtain an admixture of about 2%

of pions in the nucleon. For the less restrictive algebraic form factor the contribution is
larger, which is understandable, but it still is only about 10% of the nucleon probability.

The form factor does influence the results. This is not surprising when we look at
expressions for the unrenormalized self energy, Figures 6a and 6b, and the plot of the form
factors in Figure 4.
Figure 6a represents the real and imaginary parts of the nucleon unrenormalized self

energy with the exponential form factor. They are obtained from the renormalized self
energy through eqs.(19) in Chapter 2. The real parts of the self energy have extrema at
threshold M + µ

.

It is interesting to see that the scalar and vector components of the self

energy are opposite in sign. Thus their contributions to the pole strength and bare mass

partially cancel. The real scalar part peaks at threshold where the imaginary scalar part

38

begins. As the imaginary scalar part peaks the real scalar part crosses the axis. This is
nearly coincidental, however the imaginary part peaks slightly prior to the real part crossing

the axis. Both parts then asymptotically go to zero. The vector parts behave similarly in

that the real vector part bottoms out at threshold where the imaginary part begins.
However, the rise of the real vector part and the falling off of the imaginary part result in a

bottoming out of the imaginary part and crossing of the axis by the real part at a higher
energy than their scalar counterparts. All of the self-energy components fall quickly to zero
at high energy. This is a consequence of the exponential form factor.
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Figure 6a. Real and imaginary parts of the nucleon unrenormalized self energy E with
exponential form factor and pseudovector itNN coupling.

Figure 6b represents the real and imaginary parts of the nucleon unrenormalized self

energy with the algebraic form factor. The development of the real and imaginary
components of the self energy progress similarly to the above discussion of the self energy
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with the exponential form factor, however the curves are broadened significantly due to the

influence of the form factor. The real parts both have maxima at threshold and cross the

axis nearly at the same point. The imaginary parts begin at threshold and have their
extrema at momenta slightly lower than where the real parts cross the axis. They then
asymptotically approach the axis at about the same rate. Also, the slower fall off of the
form factor compared to the exponential form factor increases the self energy by a factor of

about 5.

Unrenormalized Self Energy (Pseudovector)
.

10 x Re S(s)(k)

100

.......

N

.

IMO

2

10 x Im S(s)(k)

.."

.......... ....

,
.... ..

..

,

.-'' k Re E(v)(k)

"

100

,

*-- ............. -**

200

1

0.8

I

......... , . : ..................................

t

1

t

1

1

1.2

i

i

.-

.--;

1

' "..
I

1

-_,

k Im Z(v)(k)

1

1.4

i

1

i

i

1.6

1

I

1.8

1

2

k (GeV)
Figure 6b. Real and imaginary parts of the nucleon unrenormalized self energy E with
algebraic form factor and pseudovector itININ coupling.

In our expressions for the pole strength and bare mass, the contribution of the form

factors is contained in the imaginary parts of the self energy. For eqs.(13) and (7) the
unrenormalized self energy is evaluated at the physical mass of the nucleon, which is below

the vacuum polarization threshold. This makes the unrenormalized self energy real in these

equations, but the real parts

as we discussed in Chapter 2

may be expressed as
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integrals over the imaginary parts of the renormalized self energy. These relationships
were presented in eqs.(18). The integrals contribute in the combination X + 2M(W + MY),

where X, Y, and W are generally defined in eqs.(18), and listed above specifically for the
pseudovector coupling case. Thus, the form factors dominate the shape of the self energy
and regulate the magnitude of the pole strength and bare mass. Our theory produces results
which appear to be consistent with current inelastic experiments.

3.7. Model calculations for large 7tNN coupling
We saw the effect of a small nI\IN coupling on the nucleon pole strength and bare

mass by calculating with the pseudovector vertex. There we used the experimental phase

shift results to give us the phenomenological form factors for the itNN vertex, and
incorporated them in our model calculations. We saw that the phase shifts were small and

the resulting pion admixture was small. How might these quantities be affected by
considering a large itNN coupling? We will try to answer this by introducing the second
form of the itNN coupling, the pseudoscalar case. As we shall see this representation will
be highly unrealistic but it will tell us something about the stability of the model. We will

use the form factors introduced by Xia and Siemens and by Korpa and Malfliet for our

calculations here. We shall calculate the nucleon intermediate state direct Born term
contribution to the P11 phase shifts.

3.7.1.

Nucleon direct Born contribution to P11 phase shifts
We will perform a calculation similar to that done for the pseudovector coupling

case of section 3.4, but now introduce a pseudoscalar niIN coupling. Then we will plot
the nucleon intermediate state direct Born phase shift and see what contribution this makes
to the P11 ItI1 channel. Consider the pseudoscalar interaction which has a vertex of
r = i y5 (TT7c) F(p',q1)
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Again, ti is the nucleon isospin, T31 is the pion isospin, and F(p',q') is the form factor.
Thus the pion-nucleon scattering matrix of eq.(30) becomes:

M = g2ps u (p') i y5 (rj) F(p',q')
= g2ps u(p1)
Knowing that /5 u(p)

k2

M2

1

(i )y5 (Ti) F(p,q)t u(p)

M

,

F(p',q) F(p,q)t (rj) (ti) u(p)

M u(p) = 0 and 7(p1) 4 u(p) =

u(p), we obtain the

pseudoscalar scattering matrix
t_g2ps

M = u (p')

F(p',q')
k2

(p

+ ql

M2

(Sji +

1

[tj,ti]) u(p)

(48)

Referring to eq.(31), the independent amplitude form of the scattering matrix, we see

A+ = A = 0 ;

B+= B

F

,q')

k2

(49)

_ m2

From eq.(32) evaluated for 1= 0 and J = 1/2, we find

r_g2

(E + M) (W M)
10+

ps

F(p',q') F(p,q)t'
M2

s

87cW

or
lql f- o+ = lql

(E + M) (W

M)

8itW

Here E is the nucleon center-of-momentum energy and W

We use this expression to compute the phase shift in eq.(35). We perform the
necessary calculations for both the exponential form factor and the algebraic form factor,

using the fact that the incoming and the outgoing particles are on shell. The nucleon
intermediate-state phase shifts are plotted with the experimental data in Figure 7. What
results is disastrously wrong.
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First and most noticeable failure is the magnitude of the direct Born term
contribution. It is orders of magnitude larger than the whole channel's phase shift. The
unphysically large size of the P11 phase shift in the pseudoscalar coupling is similar to the

result for the Sll phase shift, which was the motivation of Weinberg's classic analysis.
As we discussed earlier in section 3.3, this analysis showed that the pseudoscalar coupling

is not a natural representation of the broken-symmetry solution. Also, the form factors are

results of multichannel model fits to the scattering data. The model assumed a
pseudovector itNN coupling. Thus, the form factors used to fit the data are correct for a
pseudovector model, but not a pseudoscalar model. From this we conclude that using the

itN scattering phase shifts as a link between experiment and theory excludes the
pseudoscalar coupling.
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We are still interested in the effects of the large coupling on the pole strength and

the bare mass. Were the small results in the pseudovector case reflections of either the
small phase shifts or the small coupling? Such questions may be addressed by carrying out

the calculation of the renormalized self energy of the nucleon with a pseudoscalar itNN
interaction. The coupling itself is still a viable representation of the pion-nucleon-nucleon

vertex. Although there will be no experimental support for the vertex form factors, we
shall carry out the calculation with the form factors used in the pseudovector analysis.

3.7.2.

Model calculations for pseudoscalar nNN coupling
Following the developments from Chapter 2, we are prepared to make some

calculations for the pole strength and the bare mass with a large itNN coupling. The link to

data, as discussed above, is tenuous at best, but we hope to obtain some qualitative
comparisons to the small coupling results. The interaction Lagrangian density for the
pseudoscalar case is represented by

Lps(x) = J d4y d4z T (z) (i gps) 75 "C T (y) -9(z) F( (x y)2,(x z)2,(yz )2)
where T, the isospin factor for the nucleon, is contracted with the isospin-1 pion field 9 to
form an isoscalar. T(y) is the nucleon field, gps is the pseudoscalar coupling constant, and

F( (xy)2,(xz)2,(yz )2) is the 7cNN vertex form factor.
Obtaining the INN interaction vertex from this Lagrangian, and applying it to the
renormalized self energy of the form in Chapter 2 eq.(3), we find

Im IA(k) = 2g2

d4q
r t Im SR (k+q) F In) D(q) e(k0 -Fq0) e(q0)
f(27)4

,

(50)

where we have

Im SR(k+q) = 7c (k + c + M) 8( (k+q)2
Im D(q) ®(ko +qo) =

5( q2 _112 )

M2)

,

(51)
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F = i y5 (TTE) F(k2,(k+q)2,q2)

;

and we must sum over all intermediate states and integrate over the pion 4-momentum. In
our vertex, ti is the isospin vector for nucleons and TIT is the isospin vector for the pion. M

is the physical nucleon mass andµ is the physical pion mass. We use the same form factor
as in the pseudovector case.
Our equation for the renormalized self energy, incorporating the above expressions,
becomes:

Im ER(k) =

l(t7c)(tn) 27t2g P'

d'Iq

y5 F(k,q)

(27c)4

+ 4 + M) y5 F(k,q)

spins
x 5( (k-Fq)2

M2) 5( q2

µ2) 8(k0+03) ®( qo)

(52)

Performing the sum over the spin-isospin part of the equation and rearranging the gamma
algebra in the integrand, we are left with
Im

6g2P, O
a

C17)L
4

+4

M) F (k,q)2 5( (k+q)2

M2 )

(2f

x 8( q2 - µ2) e(k04.0) e(-0)

(53)

We again use the fact that the imaginary parts of the propagators are on shell, which allows

us to perform all the integrals in the nucleon rest frame k= (1(0,0). The three integrals
involved in solving eq.(53) are performed in Appendix B (11 and 12). Delta functions from

the on-shell imaginary parts of the propagators allow us to retain the generality of the form

factor. The results of these calculations, conveniently carried out in the k= (1(0,0) frame,
give us the result
Im ziFt(k)

6g2 7,c2

1

((2n)1 2k0

goh

µ2 (

rq0 M ) F(ko,q0)2

45
1(02 _ m2 + 112

where qo =

24

and k = 4T2

.

After rearranging scalar and vector terms, and expressing qo in terms of ko, we arrive at the
final expression for the renormalized self energy for the pseudoscalar coupling:

34s F(Ico,q0)2
Im ER(k) =

42

_ 11 2

M)

I/

lql

87c ko

.

(54)

We have introduced the pion 3-momentum q from eq.(34) to simplify the equation.
Relating eq.(54) to the decomposition of the renormalized self energy in eq.(18), the scalar
and vector parts of the renormalized self energy are :

345 F (ko,q 0)2
Im a(k2) =

lql

(42 +M2

22

(55)

,

2k02

8 7E ko

3g2ps F(k040)2

Im b(k2) =

Iqi M

8n ko

(56)

.

Once again we check to see that the pseudoscalar renormalized self energy satisfies

the spectral amplitude relations. Brief inspection shows that they are indeed fulfilled, and
we also maintain the generality of the form factor F, which depends only on the invariant

masses. Now we apply equations (55) and (56) to the dispersion relation integrals of
Chapter 2, eqs.(19) and (20):
00

X=P

f dal
it
(M + 11)2

3g 2ps F(a2)2 lq(a)1

Y=P

f

d(52
it

(M + /42

-3g2 F(a2)2 ,q(,),
ps

r

a

2

8n M a (02

co

2 _2
11

13

M2)

2

11,12

87c (2M3) 6 (G2

112) a

M2)2

(3M2

0.2)

46
CO

V =P

f

3g2ps F(62)2 lq(a)I M
87c a (32 M2)

,

00

W =P

1 d62 3gps F(a2)2 Icl(a)l M
87c s (02 _ M2)2
IC
(M + 02

This prepares us to calculate the pole strength and bare mass, eq.(29) and eq.(22)

respectively, for the pseudoscalar coupling. The dispersion integrals above contain a
simple pole outside the region of integration, so numerical calculations are straightforward.

Solving for X, Y, V, and W and substituting into the equations for the pole strength and
the bare mass yields the results shown in Table 2.

Form Factor

Coupling

Z2

MO (GeV)

0.9823

0.9430

0.9313

0.9885

Pseudoscalar:

F(ko,q0) (

2

exp[(Q2mr2)2 / Mb4] + 1)2

F(k,q) =

A4 + M4
(A4 + (k2)2

Table 2. Results from numerical calculations for the nucleon pole strength and bare mass

In our case, Mr = 0.98 , Mb = 0.53

,

A = 1.2 , and

Q2 = 4 (442 4. 112 ± ttkocm) = 4 (2k02 + 2m2

112)
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The results in Table 2 are surprisingly small. This case involves a large coupling

between the pion and the nucleon. As a result, we found the corresponding phase shifts
they were very large. The renormalization is very small, only a 2 to 7 percent admixture of

the pions.

Perhaps the answer lies in the self energy itself. We calculate the

unrenormalized self energy for the pseudoscalar coupling with the form factors in eqs.(36)

and (37). These are shown in Figures 8a and 8b.
Figure 8a shows the pseudoscalar unrenormalized self energy using the exponential

form factor. Each of the four parts (both scalar and vector components have real and
imaginary parts) are about two orders of magnitude larger than the pseudovector plot in

Figure 6a. This increase in the self energy is a direct manifestation of the pseudoscalar
interaction. The impossibly large phase shifts result in a very large self energy. Note also

the high degree of symmetry in the plots. The real and imaginary parts of Is(k) are near
mirror images of k I v (k) reflected through the k-axis.
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Figure 8a. Real and imaginary parts of the nucleon unrenormalized self energy 1 with
exponential form factor and pseudoscalar itNN coupling.
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It is this high degree of symmetry which results in the small contributions to the

pole strength and the bare mass. In our expressions for the pole strength and the bare
+ Im

mass, the scalar and vector components contribute in the combination k Im

S.

Thus, the two components have a very large cancellation. This symmetry was not evident
in the pseudovector case. We need only discuss the imaginary parts since the real parts are
obtained through dispersion relations.

Figure 8b shows the pseudoscalar unrenormalized self energy using the algebraic
form factor. Again, we see a very large degree of symmetry between the scalar and vector

components. The net result of this is a large cancellation when the scalar and vector
components contribute together as they do for the pole strength and bare mass.
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These results show that our theory predicts the pion contribution to the nucleon
dressing is surprisingly small, even for a model which predicts unrealistically large phase
shifts as with the pseudoscalar coupling case. The results for the pole strength and the bare

mass are consistently small, and depend upon the vertex form factor. For the exponential

form factor we found about 2% admixture of pions in the nucleon. For the weaker
algebraic form factor the contribution is larger, which is understandable, but still is only
about 10%. Even this unrealistic coupling produces results which appear to be consistent
with current inelastic experiments.
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4. CONCLUSIONS AND DISCUSSION

This study of the effects of the pion on the nucleon propagator has introduced a
new technique for studying the renormalization constants of the nucleon. In Chapter 2 we
introduced the theoretical foundation of our model. In Chapter 3 we used experimental TEN

phase shifts to obtain the vertex form factors used in our phenomenological model. We
considered two form factors, a very restrictive exponential form factor and a less restrictive

algebraic form factor. With these we were able to calculate renormalization constants for
the small TENN pseudovector coupling. Carrying out calculations with both form factors

we also could demonstrate the influence of the form factor on the results. The treatment
used here lends itself to further refinement which would lead to more precise calculations

and other interesting attributes of the TEN system. Our treatment is also acceptable for a
strong TENN coupling, which we demonstrated with the pseudoscalar coupling case.

Our framework, presented in Chapter 2, presented a completely general analysis of

the pole strength renormalization of the nucleon due to an arbitrary unrenormalized self
energy E(k). The approximation in our phenomenological field theory lies in our treatment

of the nucleon self energy. We included only the vacuum polarization term in the
propagator's self energy, which contains one factor of the nucleon propagator. This leads
to a simple proportionality between the unrenormalized and the renormalized self energies

(see eq.(16)). Further studies could investigate the ramifications of renormalizing the
vertices and the pion propagator. Since any renormalization constants can be taken out of
the renormalization integral, the renormalized self energy and unrenormalized self energy

should still be proportional. However, the other renormalized parts would necessarily
introduce coupled equations. This may be illustrated with a brief discussion of the effects
of renormalizing the pion propagator in addition to the nucleon propagator.

Let us consider making our phenomenological model of nucleon, pion, and TENN
interaction more complete by renormalizing the pion with an N N intermediate state. If we
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renormalize both the pion and the nucleon, we obtain two unrenormalized self-energy
equations of the form of eq.(1). Also, we obtain two equations for the renormalized self
energy of the form of eq.(3). The latter may be represented as:

Im FR(k) = 2g2

d4q
rt 'In SR (k+q) F Im DR(q) e(k0+q0) e(go)
f(2704

Im IIR(k) = 2g2 Tr

f(2704 .Ft Im SR (k+q) F Im SR(q) e(k0+.70) e(-0)

IIR(p) is the renormalized pion self energy, ER(p) is the renormalized nucleon self energy,
SR(k) is the renormalized nucleon propagator, DR(k) is the renormalized pion propagator,

and F is the itNN interaction. For the pion self energy we take the trace of the matrix
inside the integral. The renormalized propagators will be related to the unrenormalized

propagators as in eq.(14). Thus, the effect of the renormalization constants on the
renormalized self energy expressions above is given by two proportionalities of the form of

eq.(16):
1m ER(k)

ImFIR(k) =

1

znIml,(k)

,

zNIm 11(k)

.

1

ZN and Z7E are the renormalization factors (pole strengths) of the nucleon and the pion
respectively. l(k) and II(k) are the unrenormalized self energies of the nucleon and pion

respectively. These would then be substituted into previous expressions for the nucleon
and pion pole strengths, solved in terms of unrenormalized quantities as in eq.(13). Such a

process couples the two pole strength equations when expressed in terms of renormalized

quantities. We believe the dressing of the nucleon propagator to be the primary
contributor, and expect that renormalizing the vertices and pion propagator would only
produce a small correction to the present work. A complete study of such effects would be
a worthwhile future investigation.
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A major achievement is that the unrenormalized treatment works for any self energy

of the nucleon. The renormalization technique, leading to the expressions for the bare mass

eq.(7) and the pole strength eq.(13) in terms of unrenormalized quantities, is generally

applicable. Also, the spectral analysis in Appendix A is generally applicable for any
covariant self energy. This shows that Z2 will be real and positive, which is comforting

since Z2 is a measure of probability. Other renormalization schemes will change the
relationship between unrenormalized and renormalized self energy terms, as in eq.(16).
This will change the final expression for the pole strength and the bare mass in terms of

renormalized quantities. As a result, separating the real physical solution from the
expression containing renormalized terms, as we did with eq.(29), will be more difficult.

However, this treatment provides an outline for how to approach other such
renormalization schemes.

Some work can be done to modify the calculations performed in Chapter 3. For the

self energy of the nucleon we used only the nucleon-pion intermediate state to dress the

propagator. A more substantial calculation of the self energy should include other
intermediate states, particularly the pion-Delta. This would alter the imaginary part of the
renormalized self energy. Another open question remains concerning the form factor used

to smear out the itNN vertex. Our present analysis, being covariant, assures that the form

factor depends only on the invariant masses. The only other restriction on the functional

form of the factor is that it must regulate the dispersion integrals in eqs.(19) and (20).

Aside from this the form is open to further studies of the interaction. Due to the delta
functions in the integrals, the form factors can be taken outside the integrals and the effect
of the form factors studied.

Inclusion of other irreducible contributions in our renormalization scheme would
introduce other vertices, and hence other vertex form factors. Fortunately, however, these
vertex form factors may be obtained from phase shift analysis like that of Wu and Siemens

[17]. By phenomenologically fitting multiple 7rN scattering channels, form factors for
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irNp, nNA, and nIIN* vertices were also obtained and could be incorporated in a more
ambitious renormalization scheme.

We can best see the effects of the form factors by comparing the form factors with

the unrenormalized self energy, Figures 4, 6, and 8 respectively. What we notice is that
the self energies follow, to a large extent, the trend of the form factors. The exponential
form factor from [14] confines the pion's effective influence on the nucleon self energy to

the range of threshold to about 1.35 GeV (nucleon center of mass momentum). This may

be contrasted to the algebraic form factor of [15] which involves a broader region from
threshold to about 3 GeV. We also see this influence on the P11 phase shifts in Figure 5.
The exponential form factor damps the nucleon direct Born contribution at about 1.35 GeV,
while the algebraic factor extends the contribution to beyond 2 GeV.

Our results for the pole strength and bare mass of Tables 1 and 2 may at first appear

too small when compared to other studies [4,5]. They also seem to contradict the fact that
we are dealing with the strong interaction. But recent experimental evidence [2] shows that

the pion enhancement around the nucleon is dramatically lower than expected. Our results

are consistent with this. To a large extent the relatively small results are due to two
different effects.

The first stems from the fact that we may relate the pion dressing to chiral
symmetry. This symmetry is broken by a small amount. This may be traced back to the
fact that u and d quarks have mass, though this mass is small on the hadronic scale. In the
QCD picture one may consider the free-quark Lagrangian, reduced to u and d quarks only
[1]:

L = q(x) [i yp, aii

m ] q(x)

where m is the diagonal mass matrix with up-quark mass mu and down-quark mass and on

the diagonal. These are the free (current) quark masses. q(x) is the Dirac wave function

for the quark. For a massless spin 1/2 particle the helicity (chirality) is a conserved
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quantity with eigenvalues ±1. In this case the Dirac 75 matrix takes the role of the helicity
operator. One may then show [1] that for massless quarks there is a symmetry under chiral
rotations.

It has been shown [1] that the S-wave interactions are weak, and prominent only in

the threshold region. We are concerned with the threshold region and so we look to
explain the weakness of the isoscalar combination. Tomozawa and Weinberg [16] showed

in 1966 that itN scattering matrices and scattering lengths are constrained by chiral

symmetry. We showed in section 3.5 how to relate the scattering amplitudes to the
renormalized self energy. Hence, we find that the renormalized self energy can be
considered proportional to the breaking of chiral symmetry. This is reflected in the small
effect the pion dressing has on the nucleon.

The second effect is the cancellation between the scalar and vector contributions to

the pole strength. They contribute in combination in the integrand of the expressions for

the real parts of the self energy discussed in section 2.4: k Im Iv (k) + Im Es(k). In the
pseudovector TENN coupling, the derivative contributes two factors of the pion momentum

to the self energy resulting in a self energy two orders of magnitude less than the nucleon

mass. In addition, there is also cancellation between vector and scalar contributions, as

seen in Figures 6a and 6b. This cancellation is much more pronounced in the strongcoupling case considered, where scalar and vector components, shown in Figures 8a and
8b, are nearly mirror images of one another. In both cases we are left with small values for
A in our expansion of the pole strength in eq.(40). The difference between the results from

our two form factors arises from the fact that the algebraic form factor allows the self
energy to "see" more of the momentum's influence. In contrast the exponential form factor
limits the integrals for the self energy to a rather small range.
Our method of Chapter 2 and the spectral analysis of Appendix A are general for the

nucleon in vacuum. An interesting next step would be to apply our method to incorporate a

nuclear medium in which the particles are imbedded. It is unclear what overall effects the
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medium might have on the system. The effects of the medium on the nucleon spectral
functions was looked into briefly by Korpa and Malfliet [15]. For completeness we have

included Figures 9 and 10. These use the results in Appendix A to show the spectral
amplitudes our theory predicts for the pseudovector coupling and also the pseudoscalar
coupling with both vertex form factors.
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Figure 9a. Spectral functions for nucleon with pseudovector itNN coupling and
exponential form factor.

We see that for the pseudovector coupling, Figures 9a and 9b, the k p1 + P2
combination (particles) clearly dominates the k p1

P2 combination (antiparticles). The

spectral densities begin at threshold, k = M + p... Again we see the influence of the form

factor on the results. Let us consider Figure 9a which shows the distributions with an
exponential form factor. Note that the distribution is concentrated over a relatively narrow

range of about 300 MeV. The distribution is nearly Gaussian with a slight skew towards
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the low energy. In contrast, the algebraic form factor distribution, shown in Figure 9b, has

a range extending over more than 1 GeV from threshold. Both kpi + P2 and kpi

P2 are

skewed toward the low energy side, but the distributions have a long tail. This tail reflects
the slow fall off of the algebraic form factor as may be seen in Figure 4.
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Figure 9b. Spectral functions for nucleon with pseudovector itNN coupling and
algebraic form factor.

For the pseudoscalar 7rITI1 coupling, Figures 10a and 10b show the spectral
densities using the exponential and algebraic form factors respectively. Remember that this

interaction was not fit to scattering data. Thus, the plots are not as reasonable as in the
pseudovector case. What we may recognize is that the spectral amplitudes again resemble

the distribution of the form factors of Figure 4. The ranges of the plots increase slightly
compared to the pseudovector case but the general features of the figures are similar to the
pseudovector case. However, the large mixture of antiparticle density is striking.
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Aside from the benefit of this model that we only need to know the imaginary parts

of the renormalized self energy and the physical mass, we do not deal with the infinities
usually encountered when renormalizing. In using the Schwinger-Dyson equations as we

have, we build on finite quantities; that is, we assume known, finite quantities and work
backwards to unknown quantities which are finite. We do not need to determine a finite
quantity from an infinite. We avoid the introduction of subtractions in the renormalized self
energies and find unique real solutions for both the nucleon residue and the bare mass.
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Figure 10a. Spectral functions for nucleon (Pseudoscalar coupling) with exponential
form factor.
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Spectral Densities (Pseudoscalar)
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Appendix A. Spectral density constraints on

nucleon unrenormalized self energy
In the early part of Chapter 2 we determined relationships between the bare mass,

the pole strength, and the renormalized self energy. The resulting expressions were
multivalued. This appendix describes the process necessary to obtain the relationship
between the unrenormalized self energy E(k) and the spectral densities pi(k2) and p2(k2)

via the nucleon propagator S(k) in eq.(6). From the spectral densities we can arrive at
some enlightening positivity conditions imposed on Im E(k). The resulting conditions on

the unrenormalized self energy are valid for any renormalization scheme. Arriving at
equations (13) and (7), we had not specified what unrenormalized self energy we have,

only that it has a scalar and a vector part as in eq.(5). From Bjorken and Drell [21] we
know

(Al)

Im S(k) = -it ( P 1(k2) k+ p2(k2) )

Relating this to our propagator in Chapter 2, we must decompose the nucleon propagator in
eq.(6) into its real and imaginary parts:
S(k)

(1
(1

Ev(k2)) k + (M0 + Es(k2))
Ey (k2))2 k2 (A 4 + zs(k2))2

(A2)

For simplicity let us define C(k2) and D(k2):
C(k2) E--- (1

Ev(k2) = CR + iCI

,

(A3)

D(k2) E (MO + ES(k2)) = DR + DI

Then eq.(A2) may be rewritten:
S(k)

C(k2) t + D (k2)
C (k2)2 k2

(A4)

D (k2)2

At this point it is useful to discuss the propagator in eq.(A4). Above threshold the
denominator is still a complex quantity. Below threshold Im E(k) = 0 and the denominator
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is real. As we mentioned in Chapter 2 when we were concerned with the behavior of the
propagator below threshold, around k2 = M2, it was justifiable to treat the form in eq.(A4)

as analytic. Our solution of the pole strength was simplified by using this short cut. Now,

however, we are interested in the spectral densities related to the propagator for all
momenta above threshold, and we must rationalize eq.(A4). Using the identities

D(k2)2 = (CR2

C(k2)2 k2

ic 2)/c2

D(k2)2]* = (CR2

[C(k2)2 k2

(DR2

C12)k2

D12) + 2i(CICR

(DR2

D12)

DRDI)

2i(CICR

(A5)

,

DRDI)

our rationalized propagator becomes
S(k)

D(k2)] [C(k2)2 k2 D(k2)2]*
[C (k2)2 k2 D (k2)2] [C(k2)2 k2 D (k2)2] *
[C(k2)

(A6)

For notation we define
E(k2) = C(k2)2 k2
c12)k2

E(k2) = [(CR2

(A7)

D(k2)2 = ER + iE1

(DR2

D12)] + i[CICR k2

(A8)

DIDR]

Then

(ER

S(k)

iEI) (C(k2) k + D(k2))

(A9)

ER2 + E12

and
S(k) RERCR+EICT)k

+ (ERDR+EID1)] + i[(ERCIEICR)k + (ERDIEIDR)]
ER2 + E12
(A10)

Expanding the components, we find after some manipulations

i) ERCR +

2
1

= k [ (CR k + DR)

ii) ERDR + EIDI =

IC k

D12 + (CR k DR) IC k + DI2

(CR k + DR) IC k D 12 + (CR k

DR) IC k + DI2

,

,

(All)
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iii) ERC1 EICR
iv) ERDI

DI2 + (CI k

2k [ (CI k + DI) ICk
1

EIDR =

[ (C1 k + DI) IC k

DI2

(CI k

D1) ICk + DI2 ]

,

DI) IC k + DI2 ] .

As we see from eq.(A1) it is the imaginary part of the propagator, eq.(A10), in
which we are interested. From eq.(A10), this is given by

(ERDIEIDR)]
Im S(k) =(ERCIEICR)k +
ER2 + E12
This will link us directly with the spectral functions, p1 and p2, apart from the delta
functions at the physical mass M. It will be explained later why we do not need to include
the singular nature as a special part in this analysis. Substituting the above expression into

eq.(A1) and decomposing the components with eq.(A11), we arrive at expressions for the
spectral amplitudes in terms of the unrenormalized self energy:

(C. k + D 1) IC k
PI

it

ER2 + EI2

2rck)

D 12 + (C k
ER2 ± Ei2

D1) ICk +D12

(Al2)
k + D i) ICk
P2

7c

ER2 + Ei2

2n

DI2 (CI k
ER2 + EI2

D I) ICk + D 12

Bjorken and Drell [21] and Bogloliubov and Shirkov [22] give four important rules
governing these spectral functions. These are:

i) p1 and P2 are real

ii) pi > 0

,

(A13)

,

iii) The antiparticle density k pi

P2 ?. 0 ,

iv) The particle density k pi + P2 ?. 0 .

These rules give us restrictions on the imaginary parts of the unrenormalized self

energy. Condition (i) can be seen by inspection and the definitions of C, D, and E. The
second, p1

0 though interesting, does not immediately help us. Conditions (iii) and (iv)
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are the ones which shed some light on the predictions of Chapter 2. By looking at
eqs.(Al2) and the above condition (iii) we find

+ Di) ICk

P2 -=

k P1

D12

0

ER2 + E12

,

which implies that
(CI lc+ DI) .?.. 0

(A14)

Similarly, from eqs.(Al2) and condition (iv):

kpiP2=
-F

DDICk+ DI2
ER2 + E12

GE

?.. 0

and
(C1 k

Di)

0

(A15)

.

Remember, from their definitions in eq.(A3), Cl and Di are directly related to the
imaginary parts of the unrenormalized self energy. Using these definitions, eq.(A14) and
eq.(A15) may be rewritten as

k Im zy (k2) + Im Es(k2)
k Im E" (k2) + Im Es(k2)

_>. 0

0

(A16)

(A17)

From both of these, it is clear that

k Im Ev (k2) 5 0

(A18)

and
k En Ev (k2)

Im Es (k2)

k Im Ey (k2)

(A19)

The importance of these constraints on the imaginary parts of the unrenorrnalized

self energy is that they came from the general propagator in eq.(A2) without any
dependence on the interaction vertex. All we assumed was that there is a bare nucleon
propagator S0(k) affected by an unrenormalized self energy l(k) = E° (k2) k + Es(k2).

We conclude with a note about the fact that we did not need to address the delta
function part of the spectral densities specifically. Below threshold Im E(k) = 0, and by

66

taking the limiting case of eq.(A10) we find that the delta function part of the propagator
looks like

Z2 (k + M) K2 M2)

.

However, the application of the spectral densities is to the dispersion integrals in Chapter 2.

For these integrals we are in a dynamical region where k2
contribution from the delta function part.

(M + 11)2 and there is no
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Appendix

Renormalized self energy integrals

B.

In this appendix we calculate four integrals helpful in our analysis of Chapter 3.
The integrals come about in our expressions for the self energy from Chapter 2, eqs.(1)

and (3), when we apply them for a particular model. It is important to note that the

generality of the vertex form factor is preserved in these integrals.
F(k,q) = F (k2 ,(k+q)2q2) is a Lorentz scalar, and rotationally symmetric.

I.

c14

11 a

F (k ,q)2 8( (k+02

(2704

M2) 6( q2

µ2) e(k0+q0) e(-q0)
(B1)

To help us in the calculations we will proceed in the center of momentum frame
k = (ko, 0). We note that the integrand is rotationally symmetric and perform the angular

integrals. Now Ii becomes
=

4n

fdqo

f

dlq12

lql F(ko,q) 2 8( ko +go q2 ±2koqo

M2 )

(27c) 4

x 5( 02 _q2 _ µ2)
The delta functions from the intermediate nucleon and pion make the remaining integrals
elementary

=

f
(2704

dqo

g02

112 F(ko,q0)2 5( ko +2k0q0

M2

)

It is helpful to rewrite the second delta function using [23]:

1

8(g(x)) =

Igi(xi)1

3(x

xi)

(B2)

.

i=1

We then obtain

=

idg0
(2703

q02.

F(ko,q0)2 5( q0

ko2

M2 +

2k0
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Finally, the integral II has the simple form

Ii =
where q0 =

1

(27)3 2k0

112 F(ko,q0)2

'N/ 02

(B3)

,

k02 _ A/2 .i.. 112
.

2k0

The next four integrals will make use of the format used in this calculation.

II. Our second integral is similar to I1, but it also contains a factor of 4 in the integrand:
Id4q
cj F(k,q)2 8( (k+
(27)4

12

M2 ) 5( q2

1t2) e(ko±q0) e(-q0)
(B4)

Due to the symmetry of the intervals, the spatial terms qi integrate to 0. We are left with

only the temporal coordinate q0. Again, to simplify the calculation we proceed in the
nucleon center-of-momentum frame k = (k0, 0). Then
12 =

(2704

jdo q0 figi2 lq I F (ko,q) 2 8(k0 +go q2 +2kogo_ M2)
x 8(g02 g2 112)

Using the first integration as a guide we find

=

(27)3 2k0

PqoAilgo2

P.2 Rico,o)2

.

(B5)

111 Our next integral, I2, contains a factor of the magnitude q2 in the integrand.

13 =

4q
(d27 0 4

q2

F(k,q)2 S( (k+ 02 M2 ) S( q2 112 ) e(ko-Fq0) ®( qo)
(B6)

This integral is simple when we notice some similarities with the previous integral.
Including the invariant q2 in the integrand does not change the symmetry of the spatial
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terms or their intervals. Hence, it is clear that the spatial terms qi of the integrand will
integrate to 0. We proceed in the frame k = (ko, 0). Note, though, that the extra factor q2
is exactly determined by the delta function from the pion propagator, so that 13 = t2 12,
2

13 =

q02

(270) 2k0

-

11

(B7)

2 'NO F(kO,q0)2

IV. For the integral 14 the integrand includes a factor of the dot product q -k in addition to
the integrand of 12:
d4q

(2q k)

(27c)4

F(k,q)2 5( (k+ q)2

M2) 8( q2

2)

x e(ko+q0) e( -q0)

(B8)

In the nucleon rest frame the dot product reduces to qo ko. We may now use our symmetry
argument to see that the spatial parts of the integral are 0. Then our integral becomes
47t (2k0)

7ID fdqo 02

(2704

ill* lql F(ko,q)2 8(k 0+0q 2 + 2k 00 M2)
x 8(02 q2 R2))

In light of part I this reduces to
2

112 02 yOko RICO,q0)2

(B9)

(2703 2k0

I

V. Finally, the fifth integral multiplies the integrand of II by a factor of the invariant q2
15

4q

(230 4

q2 F(k,q)2 6( (k+ (1)2

M2 ) 8( q2

µ2) e(k04.170)
(B10)

The factor q2 is determined by the pion delta function to be the square of the pion mass 1.1.
Staying in the nucleon center of mass frame and proceeding as in the first integral, it is clear
that I5 = 1.12
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112

15 =

-\I 02 - 112 F(k0,0)2

(B11)

(27)3 21co

Now we have a complete list of the integrals necessary in calculating the renormalized self

energies of Chapter three. In all of these integrals we have not needed the specific form of
the form factor since we have assumed it is a Lorentz scalar. This enables us to choose the
functional form of F later.

