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We study multipartite correlations and nonlocality in an isotropic Ising ring under transverse magnetic field
at both zero and finite temperature. We highlight parity-induced differences between the multipartite Bell-like
functions used in order to quantify the degree of nonlocality within a ring state and reveal a mechanism for the
passive protection of multipartite quantum correlations against thermal spoiling effects that is clearly related to
the macroscopic properties of the ring model.
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I. INTRODUCTION

Correlated systems are fundamental in developing and
exploiting the possibilities arising from quantum mechanics.
A premier role in such an endeavor is played by chains of
interacting quantum spins [1], in light of their wide applicabil-
ity to many physical settings and their ability to simulate the
behavior of strongly correlated systems in condensed matter
[2,3]. They are a key ingredient in many distributed quantum
computation and communication protocols [4]. If we are truly
to benefit from the potential of such resources, a thorough
understanding of the nature of such correlations is essential. In
this respect, it is particularly important to gather information on
the distribution and amount of genuine multipartite quantum
correlations in one of such systems so as to be able to tailor
specific protocols to the available structure of entanglement
among the parties of a chain or lattice.

Entanglement and nonlocality are the key figures of merit
for nonclassical correlations. Already a good understanding
exists for simple bipartite entangled systems and there is much
research in the direction of multipartite entangled states [5].
Equally, nonlocality is truly at the forefront of current research
as the premier manifestation of true deviation of the behavior
of a system from classicality [6–8]. Nonlocality embodies
a stronger type of correlation than entanglement, and the
development of tools to detect, quantify, and characterize it
is moving swiftly in the field. Of course one should be mindful
of how any such system can be experimentally generated
and utilized and of the fact that unavoidable interactions
with a surrounding environment result in the loss of such
strong quantum correlations. Methods to control the effect of
these unwanted interactions (resulting in either losses or pure
decoherence) have been proposed, ranging from bang-bang
techniques [9] to the active use of the quantum Zeno effect [10].
All such methods, to the best of our knowledge, require
either heavy influences on the system at hand or expensive
additional resources for entanglement protection. The genera-
tion of nonclassical multipartite correlated states is already a
formidable task: if loss- or decoherence-tolerant methods for
their production have to be in order, this would necessarily
imply a frequently prohibitively escalating experimental cost.
It should thus be evident that a scenario where highly quantum
correlated states are produced as the ground state of a given
many-body interacting model and naturally maintained while
in the proximity of environmental effects is endowed with
extreme physical appeal.

In this paper we present a study of the Ising model of spin- 1
2

particles (qubits) in a transverse magnetic field. This model has
attracted wide attention due to its exactly solvable nature and
the attractive natural properties of its ground states [11–13].
We go significantly further than the available literature on this
model so far by addressing the case of genuine multipartite
quantum correlations and their nature. We examine the
zero-temperature dynamics of entanglement and nonlocality
highlighting by means of an efficient hybrid approach for the
determination of multisite correlation functions. The finite-
temperature regime is then addressed, and we show the ability
to control and preserve the nonlocality present in the system
with minimal additional effort. We show that the key ingredient
in the model is the presence and manipulation of the magnetic
field.

The remainder of the paper is organized as follows. In
Sec. II we introduce the physical model for spin-spin coupling
considered in this work and sketch the technique required for
its full diagonalization. Section III discusses the technical tools
used in our investigation for the quantification of multipartite
entanglement and quantum nonlocality. Section IV presents
the dynamics of multipartite correlations at zero temperature,
while in Sec. V we consider how entanglement and nonlocality
are affected in the finite-temperature case. Finally Sec. VI
summarizes our findings.

II. THE MODEL

We begin our study by discussing features and properties
of an isotropic Ising model in a transverse magnetic field. For
N coupled spins the Hamiltonian model reads

Ĥ = −J
N∑

n=1

σ̂ x
n ⊗ σ̂ x

n+1 + B
N∑

n=1

σ̂ z
n (1)

with J the interspin coupling strength, B the global magnetic
field for each qubit, and σ i

n (i = x,y,z) the i Pauli spin
operators for spin n = 1, . . . ,N . In order to strip our analysis
of unnecessary complications, we work with a dimensionless
version of the Hamiltonian, defined by assuming J = JE and
B = BE with E a common order-of-magnitude factor and J,B

dimensionless parameters. We thus consider the dimensionless
Hamiltonian

Ĥ ≡ Ĥ
E = −J

N∑
n=1

σ̂ x
n ⊗ σ̂ x

n+1 + B

N∑
n=1

σ̂ z
n . (2)
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We can readily determine the thermal state associated with this
Hamiltonian using

�(T ) = e− β

T
Ĥ /Z, (3)

where Z is the partition function and β = h̄/kB . Clearly each
spin interacts only with its nearest neighbors, and we shall
assume a cyclic boundary condition such that the last spin
interacts with the first, thus forming a spin ring. It is also worth
noting that we have taken the magnetic field to act orthogonal
to the interaction. This particular model is very attractive due
to its exactly solvable nature. The solution is presented in
[11,15,16], and so for completeness we simply comment on the
methods employed. In order to diagonalize the Hamiltonian we
use the Jordan-Wigner transformation [17]. First, we transform
the Hamiltonian using a new variable σ± = 1

2 (σx
n ± iσ

y
n ). We

can then easily move into the fermionic picture by introducing
a further transformation

ĉ†n = (ĉn)† = ⊗n−1
j=1

( − σ̂ z
j

)
σ̂+

n , {cn,c
†
m} = δnm, (4)

with δnm the Kronecker delta, which is 1 for n = m and 0 oth-
erwise. These fermionic variables then allow the Hamiltonian
to be written in the form

Ĥ= − J

N∑
n=1

(ĉ†n − ĉn)(ĉ†n+1 + ĉn+1) + 2B

N∑
n=1

(
ĉ†nĉn − 1

2

)
.

(5)

Using a Fourier transform we pass to the momentum repre-
sentation. The resulting Hamiltonian can then be diagonal-
ized by means of a Bogoliubov transformation introducing
new fermionic operators {b̂k,b̂

†
k}. The latter are related to

the Fourier-transformed fermionic operators ĉ±k through
b̂k = cos(ϑk/2)ĉk − i sin(ϑk/2)ĉ†−k and b̂

†
k = cos(ϑk/2)ĉ†k +

i sin(ϑk/2)ĉ−k . This brings it into the free-fermion form

Ĥff =
∑

k

εkb̂
†
kb̂k −

∑
k

εk, (6)

where εk =
√

J 2 + B2 − 2JB cos φk , tan ϑk = (−B + J

cos φk)/(J sin φk), and φk = π (2k + 1)/N with k =
−N/2, . . . ,N/2 − 1 in the subsector with an even number of
fermions and a slightly different definition for the odd-number
case. However, in what follows we will be mostly concerned
with the ground state of the Hamiltonian, which lives in
the even-number sector (the appropriate expression will be
used when leaving the ground state). The constant term
in Eq. (6) is related to

∑
k εk . The ground state of the

system is then the state with no population in any of the
decoupled b̂k modes, i.e., the state solves the set of conditions
b̂k|GSN 〉 = 0 simultaneously, for any allowed value of k.
A standard calculation (see for details Ref. [18]) then leads to
the ground state

|GSN 〉 =
⊗

k

[
cos

ϑk

2
|00〉k,−k + i sin

ϑk

2
|11〉k,−k

]
(7)

with |0〉φk
(|1〉φk

) the state with 0 (1) fermions with momentum
φk . This approach is particularly useful when a ring with a
large number of particles is considered. In this case, the direct
diagonalization of Eq. (2), in fact, becomes computationally
demanding. Regardless of the dimension of the ring at hand, the

magnetic field proves to be key to the behavior of entanglement
and nonlocality within our system. In fact, when no magnetic
field is present, from Eq. (6) we see that εk = J ∀ k, so
that the ground state has energy −NJ , which is the same
for ⊗N

n=1|+〉n and ⊗N
n=1|−〉n, with |±〉n = (|0〉n ± |1〉n)/

√
2

being the eigenstates of σ̂ x
n . In these expressions, {|0〉n,|1〉n}

is the computational logic basis of spin n = 1, . . . ,N . As
Stelmachovic and Buzek proved in Ref. [11], the proper
ground state of the ring in these conditions can be taken as
a Greenberger-Horne-Zeilinger (GHZ) state [14] in the basis
built from the tensor product of eigenstates of σ̂ x

n . That is,∣∣GHZx
N

〉 = (| + + · · · +〉 + | − − · · · −〉)/
√

2, (8)

which, when written in the ⊗N
n=1σ̂

z
n eigenbasis, always has

an even number of spins in their |1〉 state. In what follows,
the energy of the ground state in a system of N spins is
indicated as

	N = −
∑

k

εk. (9)

III. TOOLS FOR STUDYING MULTIPARTITE
ENTANGLEMENT AND NONCALITY

In order to examine the dynamics of nonlocality and
entanglement, we need appropriate instruments to quantify
them. Bipartite entanglement can be quantified by a number of
well-defined measures. However, for mixed, multipartite states
no such measure exists [5]. Here we shall employ a suitable
generalization of negativity, an entanglement measure based
on the well-known Peres-Horodecki criterion [19], which is
necessary and sufficient for 2 × 2, 2 × 3, and ∞ × ∞ systems,
together with an extension of Wootters concurrence [20] to the
case of a multipartite register of an even number of elements.

For a two-qubit system, negativity is defined as

N2 = −2max[0,λneg], (10)

where λneg is the single negative eigenvalue of the partially
transposed version of the density matrix describing the state of
the qubits. This measure can be extended to tripartite systems
by simply considering the partial transposition of the density
matrices associated with appropriate bipartitions of a given
system [21]. Let us consider three spins, A, B, and C. The
entanglement of spin A with spins B and C is

NA(BC) = −2max

⎡
⎣0,

∑
j

λ
A(BC)
neg,j

⎤
⎦ (11)

with λ
A(BC)
neg,j the negative eigenvalues of the partially transposed

density matrix describing the bipartition A − (B,C). We can
then determine the genuine tripartite entanglement content
of the tripartite state by taking a geometric average of all
the bipartitions, thus ensuring that the corresponding measure
remains a true entanglement monotone. Therefore

N3 = [NA(BC)NB(AC)NC(AB)]
1
3 . (12)

Unfortunately, the extension of this measure to larger systems
is not as straightforward, and one has to resort to other tools
for the quantitative analysis of multipartite entanglement.
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A rather handy one is embodied by N concurrence [23], which
is the direct generalization of bipartite concurrence to the case
of an even number of qubits. That is, one has to consider the
eigenvalues ηj of the N -spin flipped matrix

ρ
(⊗N

j=1σ̂
y

j

)
ρ∗(⊗N

j=1σ̂
y

j

)
(13)

with ρ the density matrix describing the state of the system
and ρ∗ its complex conjugate. The N concurrence C is then
given by C = max[0,

√
η1 − ∑N2

j=2
√

ηj ] with η1 � ηj ∀ j .
This measure is appealing due to its computationally handy
form and its sensitivity to global entanglement. In fact, it
is exactly zero if any qubit is separable from the rest of a
system. Its non-nullity, though, is only a sufficient condition for
multipartite entanglement as there are multipartite entangled
states with vanishing N concurrence, such as the N-qubit
W states. According to the definition given by Wong and
Christensen [22], in pure states N concurrence quantifies the
overlap between a given state and the one obtained upon
application of an antiunitary time-reversal operation. For qubit
states, such an operation is embodied by a collective spin-flip
operation. N concurrence is thus a natural choice when the
state under study is the eigenstate of a Hamiltonian respecting
time-reversal symmetry, such as those that can be written as the
sum of tensor products of an even number of nonidentity Pauli
matrices [23]. The Ising Hamiltonian satisfies this condition
when no magnetic field is applied, thus justifying our choice,
and our efforts here can well be seen as the quantification of
the robustness of the ground state of an Ising-like model to the
perturbation induced by the magnetic field.

There is no formal way to quantify the degree of nonlocality
of a given state. Nevertheless, the degree of violation of
Bell-type inequalities can be taken as a an intuitive means of
ascertaining the amount of nonlocality [24]. A more pragmatic
viewpoint for quantifying nonlocality, on the other hand,
is to consider the amount of noise required by a given
state to stop violating a Bell-like inequality. Moreover, in
the multipartite setting, a few ambiguities still remain in
deciding which type of inequality to utilize. In fact, as very
clearly pointed out by Cereceda [25] by reprising a point
originally made by Svetlichny [26], n-particle entanglement
is not physically equivalent to n-particle nonlocality. In this
respect, the violation of an n-particle Bell-like inequality of
some sort by an n-particle entangled state is not enough,
per se, to prove genuine multipartite nonlocality. When one
moves into the multipartite setting, Bell-type inequalities exist
that probe various different types of correlation. Technically,
this issue has produced considerable theoretical effort directed
toward the formulation of appropriate Bell-like inequalities
able to capture the genuine multipartite nonlocal nature of a
given state. Noticeably, Svetlichny has derived an inequality
for the tripartite case that, while obeyed by models assuming
two-particle nonlocality, is violated by quantum mechanical
states that are genuinely three-particle entangled [26]. As
discussed by Cereceda [25], a Svetlichny inequality (SI) is a
righteous Bell inequality for the tripartite case and emerges as
a valuable tool for the unambiguous assertion of the existence
of genuine tripartite entanglement and tripartite nonlocality in
any three-particle state. To this task, the use of a standard
Mermin inequality [27] is not sufficient: on the contrary,

quantum correlations that violate SI are strong enough to
maximally violate Mermin’s inequality as well. The inequality
by Svetlichny has been independently extended to the n-partite
scenario in Refs. [28,29]. In particular, Collins et al. [28]
have provided an iterative way to construct multipartite Bell
inequalities for dichotomic observables. We shall denote by oj

and Oj the two outcomes of a local measurement performed
over one of the particles. It should be noted that the explicit
form of the observable can be dependent on the state to be
tested. For instance, measuring along the incorrect axis for a
particular state can lead to a failure to see any violation. In
the next section we will fix the appropriate observable for our
model. Then, by setting m1 = o1 (M1 = O1), one constructs
the polynomials

mn = 1
2mn−1(on + On) + 1

2Mn−1(on − On),
(14)

Mn = 1
2Mn−1(on + On) + 1

2mn−1(On − on).

Quantum mechanically, we shall interpret the polynomials
mn and Mn as sums of n-particle correlation functions for
measurements having outcomes oj and Oj . We can then define
the generalized Svetlichny polynomials

Sn =
{
mn (n even),

(mn + Mn)/2 (nodd).
(15)

The bound imposed on Sn by local hidden-variable models is
1, while quantum mechanically an n-qubit GHZ state achieves
the maximum values of

√
2n−1 and

√
2n−2 for an even and odd

number of particles, respectively. Armed with such tools, we
now tackle the main point of our study.

IV. BEHAVIOR OF NONCLASSICAL CORRELATIONS:
ZERO-TEMPERATURE CASE

We begin our analysis considering the dynamics of the
correlations in the simplest case of just two coupled spins.
By assuming that both the spins are at zero temperature, the
ground state of Eq. (2) has the form

|GS2〉 = −(B + 	2/2)|00〉12 + J |11〉12√
J 2 + (

B + 	2
2

)2
(16)

with 	2 = −2
√

B2 + J 2 � B. Clearly, for B → 0, |GS2〉 →
(|00〉 + |11〉)/√2 ≡ |GHZx

2〉, in agreement with the expecta-
tions for the ground state of the model at hand. The calculation
of negativity is therefore straightforward and leads to

N2 = J√
B2 + J 2

(B > 0). (17)

The behavior against J and B is shown in Fig. 1(a). Clearly,
as B → 0 the entanglement achieves a full ebit, while as we
increase the amplitude of the magnetic field, the amount of
zero-temperature entanglement decreases, vanishing asymp-
totically. This behavior is in agreement with what has been
shown in Refs. [11,12], where concurrence was considered.

042324-3
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FIG. 1. (Color online) Behavior of entanglement against B and J

for (a) bipartite spin ring and (b) tripartite spin ring. For small values
of B the ground state is highly entangled. As the field strength is
increased we see the entanglement asymptotically approach zero.

We can extend our study to the case of tripartite entanglement.
The zero-temperature tripartite negativity of the ground state
of a three-spin ring can be calculated using Eq. (12) to be

N3 = 1

3

√
3J 2

B2 − BJ + J 2
− 4B − 2J√

B2 − BJ + J 2
+ 4. (18)

Figure 1(b) shows its behavior. Analogously to the entangle-
ment of the two-spin ring, we see that as the magnetic field is
increased there is an asymptotic decay to zero. While at B → 0
the state is the maximally entangled GHZ state, interestingly,
as we increase the magnetic field strength we find that the
reduced state of any two spins becomes entangled, thus stating
the departure of the ground state of the system from the GHZ
class of entangled states. As discussed in Sec. III, the case
of an arbitrarily sized ring is not easily managed because
of the lack of available measures for genuine multipartite
entanglement. Yet partial information on the distribution of
quantum correlations within an even-parity length ring can
be effectively gathered by means of the N concurrence. We
have thus evaluated the C for the significant cases of N = 4
and 6 and compared it with the entanglement measured by
the Wootters concurrence evaluated for a two-spin chain.
The results are shown in Fig. 2 against J and B and reveal
an increasing fragility of multipartite entanglement as N

grows. As should be evident, at nonzero J entanglement only
asymptotically decreases as B grows, showing that, although
the ground state of the ring progressively deviates from a GHZ
state, a degree of multipartite entanglement is nevertheless
kept by the spins.

FIG. 2. (Color online) Comparison of the N concurrence C
corresponding to the ground state of a ring of N = 2, 4, and 6 spins
(curves from top to bottom) at zero temperature. The N concurrence
is plotted against B and J .

However, the inability to discuss the nonclassical features
of correlations in the odd-parity scenario and the lack of a
“homogeneous” way to quantify entanglement (two different
measures had to be used in the above) is certainly an unsat-
isfactory feature. Therefore, in order to provide a much more
self-consistent characterization of the correlation properties
within the ground states of the Ising ring, we move to the
study of nonlocality. In such a two-spin setting, the well-known
Clauser-Horne-Shimony-Holt (CHSH) inequality [24] can be
used, which is encompassed in the formulation of the general
multipartite problem given in Sec. III. In order to run the CHSH
inequality test, we thus project the state of the two-spin system
onto the eigenstates of the local observable

Ri(θi) =
(

cos θi −i sin θi

i sin θi − cos θi

)
(i = 1,2) (19)

and calculate the correlation function among the various
combinations of outcomes. This is equivalent to

C(θ1,θ2) = 〈GS2|R̂1(θ1) ⊗ R̂2(θ2)|GS2〉 (20)

with θ1 and θ2 the angles defining the orientation of the
observable R̂i . We then construct the polynomial m2 by
identifying each term appearing in the first of Eqs. (14) with
the correlation function obtained by using two different sets of
angles, (θ1,θ2) and (θ ′

1,θ
′
2). We can then construct the CHSH

function as

S2 = 1
2 [C(θ1,θ2) + C(θ1,θ

′
2) + C(θ ′

1,θ2) − C(θ ′
1,θ

′
2)]. (21)

Classically this function is bounded by 1, while there are
quantum mechanical states that violate this bound by up to
a factor

√
2. In Fig. 3(a) we see how a typical CHSH function

|S2| behaves against the amplitude of the transverse field B,
for a set value of J . For nearly vanishing values of B we
have a maximally entangled state which maximally violates
the bound set by local realistic theories. As the amplitude of
B increases, we see S2 asymptotically approaching the local
realistic bound of 1.

Despite the apparent simplicity of the case studied above,
the results achieved in the two-spin ring serve as useful
milestones in the analysis to follow. In fact, we can extend

5 10 15 20

2

3
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B
5 10 15 20
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3

4

5

B

(a) (b)

FIG. 3. (Color online) (a) Multipartite nonlocality of the ground
state of a ring of an even number of spins against the amplitude of
the magnetic field B and at J = 5. The solid line is for N = 6, the
dashed line for N = 4, and, finally, the dotted one is for N = 2.
(b) Same as in (a) but for an odd number of spins. The dotted line is
for N = 3, the dashed for N = 5, while the squares show the results
for N = 7.
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our investigation to the genuinely multipartite scenario by
using the information on the ground state of the Ising ring
under scrutiny that can be gathered by means of the approach
described in Sec. II and applying it to the formalism for
multipartite Bell inequalities given in Sec. III. Our approach
goes as follows: although certainly possible, the calculation
of the correlation function in terms of the fermionic operators
putting Ĥ into the form Ĥff given in Eq. (6) is not straight-
forward, especially from the scalability viewpoint. Indeed,
as significantly remarked by Osborne and Nielsen [16], the
calculation of correlation functions for more than two particles
is, in general, a daunting problem. One should, in fact, work
out the expression of R̂i(θi) in the fermionic representation,
keep in consideration the anticommutation rules obeyed by
fermions, and recast the tensor product of N -particle local
observables in terms of the operators b̂k and b̂

†
k . Expectation

values over the ground state |GSN〉 of an N -spin ring could be
finally evaluated. Instead, we decided to use the information
on the energy 	N obtained by means of the apparatus set up
in Sec. II so as to determine the form of the ground state
of the system as expressed in terms of the elements of the
computational basis. This is easily and computationally very
conveniently done by solving the set of equations

(Ĥ − 	N12N )|GSN 〉 = 0, (22)

where 	N is now a known quantity, 1̂ is the identity matrix, and
0 is the identically null vector. Once the structure of the ground
state is determined, the evaluation of the necessary correlation
functions is largely simplified. To the best of our knowledge,
our study is the first to address multispin correlations over
the ground state of an Ising ring. We have thus studied the
behavior of the Svetlichny function against the amplitude of
the magnetic field B at a set value of J (we recall that the
important parameter, in this problem, is the ratio J/B). In
Figs. 3(a) and 3(b) we show the results of our investigation
for rings of up to seven spins. It is worth stressing that
larger rings can well be studied by our method. Given that
the determination of the ground state has been reduced to
the solution of the eigenequation (22), we require only the
solution of 2N linear equations. It is in the evaluation of the
multipoint correlation functions that care must be taken. Here
the number of correlation functions to be evaluated scales with
2N , and we must then optimize the generalized Svetlichny
polynomials Eq. (15) with respect to 2N parameters. This
leads to escalating computational cost, making rings larger
than N = 7 intractable. We have split the behavior of the
Sn functions against the parity of the length of a ring, thus
defining Seven and Sodd. As will be shown later, parity appears

to be relevant in the investigation of the features here under
scrutiny.

The dependence of the the two parity-related Svetlichny
functions on B is mutually fairly similar and overall consistent
with the behavior revealed for S2: at large values of J/B,
the ground state of the ring exhibits strong nonlocality, up
to the maximum allowed value set by the number of spins
being considered. As B grows (for a set value of J ), the
nonlocal nature of |GSn〉 deteriorates. Remarkably, though,
while the even-parity case approaches the local realistic bound
only asymptotically with B, a finite value of its amplitude is
sufficient to set |Sodd| = 1 exactly. Although it is difficult to
establish an explicit relation at this level, we believe that such a
parity-induced effect is related to the differences in the way the
ground state of an Ising ring has to be considered in the even-
and odd-number of spins cases, as highlighted in Sec. III when
the ring Hamiltonian was diagonalized. However, it should be
remarked that longer chains of an odd number of spins require
a larger B to reach the local realistic bound, while in a long
chain, the addition of a single spin would make a very small
difference, as it is intuitively reasonable to expect. Therefore,
one can extrapolate to the thermodynamical limit the behavior
of nonlocality and claim that the parity effect highlighted
above would eventually disappear. As a side remark, the
reduced states of any two-spin subsystem, regardless of the
length of a ring, despite being entangled, do not violate
Eq. (21).

V. BEHAVIOR OF NONCLASSICAL CORRELATIONS:
THERMAL EFFECTS

We now investigate the behavior of nonclassical correla-
tions in the nonzero-temperature case. Using Eq. (3) we can
determine the thermal state of the Hamiltonian. In general,
this necessitates the full spectrum of eigenstates in the
Hamiltonian, whose determination for a large number of spins
becomes a very difficult task to achieve. However, very useful
information comes from the study of the energy spectrum
of Ĥ . Figure 4 shows the spectrum of rings of two, three,
and four spins for J = 5 and against increasing field B [30].
It is seen that the splitting between the two lowest-energy
states increases with the strength of the magnetic field. In the
region of B � J , the ground and first excited energy levels
are almost degenerate, and a much larger energy gap separates
the quasidegenerate doublet from the rest of the spectrum.
This implies that an excellent approximation of the thermal
state of the ring comes from considering an admixture of
|GSN 〉 and |firstN 〉= b̂

†
k|GSN 〉 with coefficients determined by
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FIG. 4. (Color online) Energy spectra for a spin ring of N = 2 (a), 3 (b), and 4 (c) against B. We have taken J = 5.
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FIG. 5. (Color online) Behavior of Svetlichny functions SN for the state of a ring with J = 5 and T �= 0. We address the cases of N = 2, 3,
and 4 [(a), (b), and (c), respectively] as representative of the general trend exhibited by arbitrary N values. Each curve in the same plot is
for a specific choice of B ∈ [1,10]. Regardless of N , as B increases the degree of violation of the appropriate Bell-like inequality decreases.
However, the resilience to spoiling effects due to temperature increases.

the Boltzmann factor corresponding to the energies 	N and
	1

N=〈firstN |Ĥff|firstN 〉 such as

�(T ) � (
e− β	N

T |GSN 〉〈GSN | + e− β	1
N

T |firstN 〉〈firstN |)/Z.

(23)

Clearly, the approximation is legitimate as long as the
state (23) remains quasinormalized, that is, (exp[− β	N

T
] +

exp[− β	1
N

T
])/Z � 1. The proximity of the first two energy

levels for small values of B implies that even a small amount
of thermal energy is enough to fully mix the two lowest
eigenstates, which might well result in the wash-out of the
quantum correlations within the system. On the other hand,
for increasing values of B, a larger temperature is required to
mix the eigenstates.

We have examined the entanglement properties for even
values of N and N = 3 (which, we remark, is the only
odd case treatable through tripartite negativity) against the
temperature. For B � J , entanglement suddenly disappears
at finite values of T . On the other hand, for B ≈ J , quantum
correlations appear to cope much better against the effects
of a nonzero temperature: as B gets larger, the state of the
ring is able to withstand larger values of T before starting
to decay. Yet, this effect is accompanied by a reduction in
the amount of entanglement shared by spins. Again, in order
to bypass the problems inherent in entanglement measures
for mixed multipartite states, we use the tools provided by
multipartite nonlocality tests. Figures 5(a)–5(c) show the
behavior of the generalized Svetlichny functions for a few
significant cases. Evidently, as B grows, while paying in terms
of degree of violation of the appropriate Bell-like inequality,
we significantly enlarge the range of T within which the
correlations within the state of a ring cannot be described
by a local realistic theory.

This protection effect can be understood as follows: the
increasing magnetic field tends to align the spins in the ring,
thus affecting the strength of the spin-spin correlations. On
the other hand, the tendency to mutual alignment of the
spins makes them less sensitive to the fluctuations induced
by thermal effects. At the same time, a growing B makes the
spectral gap between the ground and first excited states of the
ring wider, thus making the admixture between the ground
state and the rest of the spectrum less likely to occur. We

can link the effects analyzed above to the magnetization of
the ring so as to provide a much neater connection between
the correlation properties of the system and its intrinsic
macroscopic features, which is certainly a very interesting
point to assess. Let us concentrate on the two-spin ring case,
which is nontrivial enough to encompass the general features
we are interested in. We consider the expectation value of
the global magnetization operator M̂2 = ∑2

j=1 σ̂ z
j over the

state of a two-spin ring at temperature T . Clearly, the modulus
of this function grows monotonically from zero to one at a
rate slowed down by the increasing temperature. Here, we are
interested in the connection between nonclassical correlations
and the global magnetization 〈M̂2〉. Due to the dimension of
the problem at hand, we can equally use negativity or the
Bell-like function S2, and we focus on the former simply
for easiness of calculations. In Fig. 6 we plot N2 against
〈M̂2〉 for a range of values of the temperature. At T = 0,
small values of the magnetization (corresponding to large
values of the ratio J/B) correspond to a very large degree
of entanglement, in agreement with the analysis so far [11].
A growing magnetization sees N2 decreasing to zero. The
behavior changes abruptly for even small nonzero values
of T , when we start from an initially maximally entangled
state, and as we increase the magnetization of the system we

FIG. 6. (Color online) Two-spin negativity against magnetization
and temperature for J = 5. We have taken T = 1, . . . ,20 (increasing
in unit steps). The entanglement for magnetization going toward 1
stays at finite nonzero values only because we have considered B ∈
[0,100]. By enlarging this range, smaller final values of negativity
would be reached. In fact, we have N2 → 0 as 〈M̂2〉 → 1.
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see a decrease in nonclassical correlations. For the bipartite
case we see the correlations become purely classical only
when the system is fully saturated by the magnetization, i.e.,
when M = 1 or equivalently B → ∞. Qualitatively the results
hold in the higher-dimensional cases. While the study of this
figure against temperature reinforces the features revealed
above (entanglement decays more slowly at larger values of
B, although the maximum achievable degree of negativity
decreases), we can also infer that larger values of the magnetic
field are required in order to optimize the entanglement within
the ring, if T grows. This is a clear manifestation of the
correlation-by-alignment effect discussed before: the thermal
randomness is counteracted by the order induced by a strong
magnetic field. However, if the alignment induced by B

exceeds the threshold determined by the degree of thermal
disorder, quantum correlations start to vanish as the spins
tend to be only classically correlated (as expected in an Ising
ring beyond the critical point). A qualitatively similar analysis
holds for longer rings. By controlling the macroscopic features
of magnetization, one could thus determine the degree of
quantum correlations set among the elements of the ring.

VI. CONCLUSIONS

We have studied the nonclassical correlations naturally
occurring in the ground and thermal states of an Ising ring
in a transverse magnetic field. The focus of our analysis was
the behavior of multipartite entanglement and nonlocality as
quantified by the violation of ad hoc many-spin Bell-like

inequalities [28]. At zero temperature, while even-length rings
cannot be described by local realistic theories even at the
limit of asymptotically infinite strength of the magnetic field,
odd-length ones behave differently: there is always a finite
choice of B beyond which the bound imposed by local realism
is satisfied. We have been able to exactly tackle multipartite
correlation functions in such a many-body problem, therefore
going significantly far from the standard analysis of the behav-
ior of quantum correlations in interacting many-body models.
At nonzero temperature, we have found that the thermal
randomness that would destroy the nonclassical correlations
found in the ground state of the model can be counteracted
simply by setting a large enough magnetization of the ring: a
large magnetic field, in fact, while decreasing the degree of
violation of Bell-like inequalities, will make the generalized
Svetlichny functions used for a nonlocality test resilient
against thermal spoiling effects. This suggests that a genuinely
multipartite quantum-correlated state in an Ising ring can be
generated simply by controlling the macroscopic properties of
the system, i.e., magnetization and temperature. We believe our
results will trigger further interest in examining entanglement
and nonlocality in many-body interacting systems.
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