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ABSTRACT

Multiple equilibria models are one of the main categories of theoretical models for stock market
crashes. To the best of my knowledge, existing multiple equilibria models have been developed
within a discrete time framework and only explain the intuition behind a single crash on the

market.

The main objective of this thesis is to model multiple equilibria and demonstrate how market prices
move from one regime into another in a continuous time framework. As a consequence of this, a
multiple jump structure is obtained with both possible booms and crashes, which are defined as

points of discontinuity of the stock price process.

I consider five different models for stock market booms and crashes, and look at their pros and
cons. For all of these models, I prove that the stock price is a cadlag semimartingale process and
find conditional distributions for the time of the next jump, the type of the next jump and the size
of the next jump, given the public information available to market participants. Finally, I discuss

the problem of model parameter estimation and conduct a number of numerical studies.
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1. INTRODUCTION

In literature, there are four major categories of models for stock market crashes: liquidity shortage
models, multiple equilibria and sunspot models, bursting bubble models, and lumpy information
aggregation models (see, e.g., Brunnermeier [9]). In liquidity shortage models, market price might
plummet due to a temporary reduction in liquidity (see, e.g., Grossman [22]). According to mul-
tiple equilibria and sunspot models, several price levels exist and a market crash might occur for
no fundamental reason (see, e.g., Gennotte and Leland [21], Krugman [31], Drazen [18], Barlevy
and Veronesi [5,7], Yuan [48], Angeletos and Werning [4], Barlevy and Veronesi [6], Ozdenoren and
Yuan [35], and Ganguli and Yang [20]). In bursting bubble models, all market participants realise
an asset price is greater than its fundumental value, but they keep buying that asset since they
believe others do not know that it is overpriced, and at some point the bubble bursts and market
crashes (see, e.g., Abreu and Brunnermeier [2], Scheinkman and Xiong [42], Cox and Hobson [15],
Jarrow et al. [28], O’Hara [34], Allen and Gale [3], Brunnermeier [10], Friedman and Abraham
[19], Jarrow et al. [26,27,29], Kindleberger and Aliber [30], and Brunnermeier and Oehmke [11]).
According to the lumpy information aggregation approach, the overpricing issue is not a common
knowledge among the market participants, but at some point an additional relevant information is
revealed and, combining that with the past price dynamics, less informed traders suddenly realise
that this overpricing exists and the price sharply declines (see, e.g., Romer [40], Caplin and Leahy
[14] and Hong and Stein [24]).

The main objective of this thesis is to develop a quantitative approach to the modelling of multiple
equilibria which describes how market prices jump from one regime to another. As a starting point
for the research, I take the one-period model in the paper of Gennotte and Leland [21] and study
its extension into continuous time.

Gennotte and Leland [21] attempts to explain the market crash of 1987 by the presence of dy-

namic hedgers. In this model, two assets are traded: a single risky stock and risk-free bond. The



future price of the risky security is assumed to be normally distributed and the current price is
determined according to supply and demand. Net supply consists of a fixed amount, some normally
distributed liquidity shocks and some dynamic hedgers component. Demand consists of uninformed
and informed investors, who all maximise expected exponential utility of their wealth over a single
period. According to this model, when hedging activity is unobserved the excess-demand curve can
be backward-bending, and this creates multiple equilibria. It means that a small shift in informa-
tion can lead to a market crash.

In Chapter 2, I develop three multiple equilibria models in a continuous time. It is assumed that two
assets, a single risky stock and risk-free bond, are traded and three groups of agents are considered:
rational investors, dynamic hedgers and noise traders. The first group of agents corresponds to the
total demand, while the second and the third groups correspond to the total supply in Genotte
and Leland [20]. For the sake of simplicity, it is supposed that there is no information asymmetry.
In making their decisions, agents approximate the future stock price dynamics with an auxiliary
Brownian motion with a drift process, and this makes it normally distributed. The first two models
assume that the total number of dynamic hedgers stays constant over all of the time period. The
difference between the two models is in alternative mechanisms for determining how the market
price moves from one regime to another. The third model corresponds to the scenario of the number
of dynamic hedgers being a jump stochastic process. For all three models, I prove that the stock
price is a cadlag semimartingale process and find conditional distributions for the time of the next
jump, the type of the next jump and the size of the next jump, given the information available to
market participants.

Although all three models work in accordance with the main objective of this thesis, they have some
drawbacks. First, they do not eliminate the possibility of negative prices. Second, actual price dy-
namics are different from the auxiliary Brownian motion with a drift approximation. Third, they
do not have a solution in a closed form and, therefore, can be solved only numerically. Finally, the
jump structure in the first two models is quite restrictive and does not allow for some frameworks; in
particular more than two consecutive market booms or more than two consecutive market crashes.
This provides the motivation to develop two alternative models that will be presented in Chapter
3. For both models, I prove that the stock price is a cadlag semimartingale process and find condi-

tional distributions for the time of the next jump, the type of the next jump and the size of the next



jump, given the information available to market participants. These models yield positive prices
and closed-form solutions, but the pricing equation is given exogenously and a simple jump struc-
ture model does not allow two consecutive booms or crashes: any boom precedes a crash which in
turn precedes a boom etc. The simple jump structure model is designed just to resemble the shape
of the market microstructure models. The Markov chain jump structure model is an extension of
the simple jump structure model and relaxes the construction that a crash can be followed only by
a boom and a boom can be followed only by a crash.

The sequence of this thesis is organised as follows. In Chapter 2, three market microstructure
models are introduced. In Chapter 3, two alternative models are considered. In Chapter 4, the
problem of model parameter estimation is discussed. Chapter 5 contains numerical studies and

Chapter 6 concludes.
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2. MARKET MICROSTRUCTURE MODELS

2.1 Market microstructure framework

I will work on a filtered stochastic base (2, F, (F)t>0,P) satisfying the usual conditions. It is
assumed that time horizon is [0, 7] and trading takes place continuously. In the models developed
in this chapter, there are two underlying assets in the economy: risky stock and risk-free bond.
Risk-free bonds are in perfectly elastic supply and grow at net return r > 0: one unit invested at
time t returns e"®t units at time t + At, 0 <t <t+ At <T. Stock is assumed to be in zero net
supply.

In making their decisions, agents use their wealth (W,,0 < s <t < T), the stock price process

(Ps,0 < s <t<T)and an auxiliary process (py,t < u < T') such that
pu:Pt-l-Oél X/Bu_t-i-ag X (u—t), (2.1)

where [ is a standard Brownian motion that starts at 0, a; > 0 and as € R. This process
(pu,t < u < T) approximates the future dynamics of the stock price (P,,t <u <T).

Let Ty € (0,T). It is assumed that agents estimate parameters in (2.1) based on the values
P, —PF, ,1<i<k where 0 =ty <t < .. <t <Tpand P, stand for the end-of-day prices
up to time Tpy. Since Brownian motion has independent increments, they can use the following
maximum likelihood estimates:

Y (Py—P,,) P, P

S ti—tia)

and

. 1 (P = Py —da(ti — ti1))?
a = % Z t; —ti1 '

i=1

In the subsequent sections, I will analyse the stock price dynamics (P, Ty <t < T).



2.1.1 Rational investors’ demand for stock

First, I start in the discrete framework and then take limits at the end. Following the methodology
of Gennotte and Leland [21], each rational investor maximises the expected utility of time t + At
wealth Wi Ay with respect to the amount of shares of risky stock, given the information this investor
has at time ¢, and assuming there is no trading between ¢t and ¢t + At and that he or she invests in

two underlying assets:
E[U(Wt+At) | ((WS,PS),O <s< t)}  max, (2.2)

where

Wt+At = TPt+At + GTAt(Wt — ZL‘Pt) (23)

and utility function is assumed to exhibit constant absolute risk aversion with coefficient a > 0:

LEYN

U(Wt+At) =—e "«

In view of (2.2) and (2.3), rational investors solve the following maximisation problem:

—e a a

— max.
x

(eT'Atfl)thfangt E (ei ajzBat )
The formula for the moment-generating function of a normal random variable yields the individual
rational investor’s demand for stock in the discrete framework is equal to

a(agAt — (e —1)Py)
a2 At '

As At | 0, it can be concluded that the cumulative demand for rational investors in the continuous

framework is equal to
R, alag — rPy)

2 )
a7

w

where w' is the total number of rational investors, which is supposed to be constant.

2.1.2 Dynamic hedgers’ demand for stock

It is assumed that the total number of dynamic hedgers follows some stochastic process w?’ with
the sole objective to replicate contingent claims of the following type:
F(Pr) =max(Pr — K,0).
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Since at-the-money forward options attract the greatest amount of volume, which decreases dramat-
ically as the option becomes deeper in-the-money forward or out-of-the-money forward, I normalise

the total number of contingent claims for each hedger th 1 but assume that the number of contin-
_(K—=kK)
gent claims with strike € dK is equal to —4—e 29% dK for some small value of o, > 0, where

£/ 2#0%

k= P, e"(T=sk) and P, is the most recent end-of-day price observation: 0 =ty < t1 < ... <ty < Tp.

In (2.18), an upper bound for o, will be specified.

It is supposed that the dynamic hedgers believe that the stock price follows (2.1), thus, they value

the claim at

T—t
P(t,z) = EF [e_T(T_t)F<eT(T_t)(:E—|—a1 / e—”dﬁs))}, for te [Tp,T).
0
Therefore,
0 . 1 _(w-»)?
P(t,z) = / (y— Ke 7Ty ¢ 25%() dy
Ke—(T—t) 272 (t)
1 ke TTT0)2 r— Ke (T
=X(t) x e 222(1) +(z—Ke T o( 0 —),
Q V2m ( ) < (t) )
where
1 — e—2r(T-1)
X(t) = -
(B =a 2r
and

]. z 112
O(x) = \/ﬂ/ e 2du

is the cumulative distribution function of a standard normal distribution.
Hence, the dynamic hedgers component of demand at time ¢ € [Ty, T') is equal to
* JP(t, 1 =2
m(t,x) = th/ (t,2) e 2% dK
o Oz (/27102

00 _ K —r(T—t) 1 _ (K-r)?
—th/ CI)(:E ¢ ) e 2% dK.

oo (t) /2702

2.1.3 Noise traders’ demand for stock

It is assumed that the noise traders component of demand is given by wlV x (uny +onBi), on > 0,

where (By,t > 0) is a standard Brownian motion starting at 0 and w” is the total number of

13



noise traders, which is supposed to be constant. Noise traders trade according to the rule that is
independent of the stock price fundamental value and is exogenous to the model. The noise traders
component of demand makes the dynamics of the stock price stochastic. Note that since Brownian

motion is a continuous process, the noise traders component of demand is also continuous.

2.1.4 Pricing equation

The market clearing condition states that the total demand should be equal to 0:

_rP 00 P — Ke (Tt 1 _ (K—r)?
waM+thx/ <I>< ¢ © ) e 2% dK—l—wa(uN—l—aNBt):O.
o —0 %(t) V2ro?
Denote by
ar ao
’V1ZwRX?, 72:wRX?+wN><MN, 73:’UJNXO'N, (2.4)

1 1
and define function H : [Ty, T) x Ry x R — R by

(K-r)?
2

_Ke—T(T—t) 1 — -
V1T — =z f_oooo Q)(x g(t) ) /271.0_'%6 2oh dK — Y2
73 '

H(t,z,x) =

Thus, the pricing equation is given by
H(t,wP, P;) = By. (2.6)
In the remaining part of this section, the properties of this equation will be discussed.

_(K—r)?

20;  dK < z, it can be concluded that

Remark 2.1. Since 0 < szooo CID(’”_K;;)(T_”> \/21 ~¢
wo2

lim H(t,z,z) =—oc0 and lim H(¢, z,2) = oc.
T—r—00 T—00

Remark 2.2. Note that H(¢, z, ) is C’LO’Q([TO,T) x Ry x R).

Differentiating H (¢, z, x) with respect to z, it can be shown that

B (sze_T(T_t))2 _ (K*N)Q

2@ ¢ 2} dK) (2.7)

1
Hy(t,z,z) = —

(’Y B z /‘X’ 1 .
ya V210232 (t) J oo V2

1

~ (’71 -
3 \/27T<O.I%62T(Tt) T 22(15))

(zfnefr(Tft)P
e 202 T=0152(1)) |,

z

14



If the total number of dynamic hedgers satisfies

wP <y \/27'(‘ (U,%efz’"(T*t) + 22(t)>, (2.8)

then H,(t,wp,z) > 0 for all x, that is, H(t,w”, ) is an increasing function of z. In virtue of

Remark 2.1 and Remark 2.2, the pricing equation has a single solution which is denoted by
p(t,wf, By). (2.9)

If the total number of dynamic hedgers is a continuous process, then, in obedience to the implicit
function theorem, the stock price process is also continuous. Therefore, if w? satisfies (2.8), the
price jumps only through a jump in the number of dynamic hedgers th .

On the other hand, if w} satisfies

wP >~ \/27'(‘ (U,%e*m’(T*t) + 22(t)>, (2.10)
then H,(t,wp,z) as a function of 2 changes its sign in Py (¢, w?) and ps(t, wP):

>0 if P < pi(t,wP) or P, > pa(t,wp)
Hx(tathaPt) =0 if P :ﬁl(tthD) or B, :pQ(t7va) (2.11)

<0 lfpl(tath><Pt<ﬁ2(t7th)7

where

pi(t,wp) = we 70 \/ ~2(o2er 00 4+ 22(0) In (L 2n(o2e (0 £ 22(1)) ) (212)
t

and

Po(t, wP) = ke T 4 \/ —2(02en(T—1) 4 ¥2(t)) 1n(l}3 \/ (026~ 2r(T—1) 4 2%&))). (2.13)
Wi
Denote the local maximum and local minimum values by
Hi(t,wP) = H(t,wP,p(t,wP)) and Hs(t,wP) = H(t,wP, pa(t, wP)). (2.14)

In the market microstructure models developed in this chapter, the dynamic hedgers component of

demand 7 (¢, P;) is an increasing function of P;, while the rational investors component of demand

wlt x W is a decreasing function of P;. If the total number of dynamic hedgers w? is large
1
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The number of dynamic hedgers is small The number of dynamic hedgers is large

H(t,z,x)
H(t,z,x)

Fig. 2.1: Plot of H(t,z,x) if the number of dynamic hedgers wP = z at time ¢ is small and large

enough such that it satisfies (2.10), then the roots of the pricing equation (2.6) have the following

structure:
P (t,wP, By) if By < Ho(t, wP)
P (t,wi’, Ha(t,wy’)) and pa(t, wP) if B; = Ha(t,w})
P (t,wP, By), ™ (t,wP, By) and p*(t,wp, B;y) if Ho(t,wP) < By < Hy(t,wp) (2.15)
p1(t,wP) and pU(t, wP, Hy(t,wP)) if By = Hy(t,wP)
pU(t,wP, By) if B; > Hy(t,wp),

where p'(t,wP, B;), p™(t,wP, B;) and p*(t,wP, B;) are defined implicitly as the roots of (2.6)

satisfying
P (t,wP, By) < p1(t,wp) and defined if B; < Hy(t,wP)
pi(t,wP) < pm(t,wP, By) < po(t,wP) and defined if Hy(t,wP) < By < Hy(t,wP) (2.16)
pU(t, wP, By) > pa(t, wP) and defined if B; > Ho(t, wP).

Therefore, the system exhibits multiple equilibria if Ha(t,wP) < B; < Hy(t,wP). Market booms
and crashes occur when the price moves from one regime into another, either through a jump into
an alternative root according to (2.15) or through a jump in the total number of dynamic hedgers

wp,

16



2.2 Constant number of dynamic hedgers models

In this section, it is assumed that the total number of dynamic hedgers w” is a constant satisfying
condition
D on(T—
> 2 ( 2-2r(T—1) 2%)). 2.17
WP > max (nyf2n(ste -0 4 3200 (217)
Recall that the value of o, should be quite small, hence, it can be specified that
2
@
0<o2< L 2.18
< O’I‘i — 27,, ( )
In view of (2.18), condition (2.17) is equivalent to
wP >~ \/271' (age_gr(T_TO) + 22(T0)>. (2.19)

In virtue of (2.10), the system admits multiple equilibria which give rise to jumps during the whole

interval [Tp,T'). To simplify the notation introduced in (2.5), (2.12) — (2.14) and (2.16), let

h(t,z) = H(t,w”, ), (2.20)
pl(t) :pl(t’ wD)v pQ(t) :ﬁQ(ta wD>7 (2'21)
hl (t) = H1 (t, wD), hg(t) = HQ(t,wD), (2.22)
and
p(ty) =P (twly), " (ty) =" (L wy),  pU(ty) = p(tw,y). (2.23)

Remark 2.3. According to (2.20) and Remark 2.1, it can be concluded that

lim h(t,z) = —oco0 and lim h(t,z) = occ. (2.24)

Tr—r—00 T—00

Remark 2.4. According to (2.20) and Remark 2.2, it can be shown that h(t, z) is 12 ([To, T) x]R).

In view of (2.11), (2.20) and (2.21), it can be concluded that

>0 if P < pi(t) or P, > pa(t)
he(t,Pt) § =0 if P, =pi(t) or P, = pa(t) (2.25)
<0 ifpl(t) < P <p2(t).

17



The pricing equation (2.6) can be rewritten as
h(t, ;) = B;. (2.26)

Roots of (2.26) have the following structure:

p(t, By) if By < ho(t)
p!(t, ha(t)) and po(t) if B; = ha(t)
pl(t, By),p™(t, By) and p“(t, By) if ha(t) < By < hy(t) (2.27)
p1(t) < p“(t, ha(t)) if By = hi(t)
p“(t, By) if By > hy(t),

where p'(t, By), p™(t, B;) and p“(t, B;) satisfy

pl(t, By) < p1(t) and defined if By < hy(t)
p1(t) < p™(t, By) < pa(t) and defined if  ho(t) < By < hy(t) (2.28)
p*(t, Be) > pa(t) and defined if By > ha(t).

Recall that the main goal of this thesis is to model how market prices move from one root to
another within this multiple equilibria framework. To do that, define a state process S taking
values in a state space S consisting of three different states: lower level equilibrium s;, medium
level equilibrium s, and upper level equilibrium s3. If Sy is known, the stock price value can be

assigned by

pl(t, Bt) if St = 51
Pt = pm(t, Bt) if St = S9 (229)
pu(t, Bt) if St = S§3.

According to (2.28), Sy = s; for By < ha(t) and S; = s3 for By > hi(t) whereas S; can take any

value in S for ho(t) < By < hy(t), that is, when the system exhibits multiple equilibria.

Remark 2.5 I would like to have a model that satisfies three basic conditions. First, it should not
have infinite price oscillation. Second, the jump times should be random. Finally, the jump sizes
and the price values at the time of the jump should depend not only on those jump times but also
from some other source of randomness. Otherwise, it would be known at time ¢ by how much or

at what price level the stock price process could jump at time u > ¢, and this is not the case if

18



discussing actual stock price dynamics.

Remark 2.6 The most intuitive and simple model would be the one that excludes state sy from
consideration and defines S; such that it switches from s; to s3 (respectively from s3 to s;) when
By crosses hi(t) (respectively ho(t)). In virtue of Theorem 2.1, it can be concluded that an infinite
price oscillation is not possible; but the problem is that, although the jump times are random, the
size of positive (respectively negative) jump at time ¢ is equal to p"(t, hi(t)) — p1(t) (respectively
p!(t, h1(t)) — pa(t)), that is, there is no other source of randomness aside from the jump time. For
this reason, consideration is given to the models with state processes taking all three values in S. In
Section 2.2.1 and Section 2.2.2, two models are developed that satisfy all three conditions described

in Remark 2.5.

Theorem 2.1 There exists some A > 0 such that
hl(t) — hg(t) > A, Vte [T(],T).

Proof The proof is provided in the Appendix. |

2.2.1 Endogenous switching model

Suppose the system is in the lower level equilibrium s;. If a simple rule is set S; = s or Sy = s3 for
ha(t) < By < hi(t), the result would be an infinite price oscillation when Brownian motion By hits
the boundary ha(t) since B; would come back to ho(t) infinitely fast. To avoid this oscillation, it is
necessary for S; to stay in the state s; for a while if B, hits ha(t). According to Remark 2.5, the
rule to wait until B; hits the boundary h;(t) does not work very well. In the endogenous switching
model, it is assumed that there is some exogenous exponentially distributed random waiting period
until By hits the boundary hq(t). After that random period expires, if the system is still in the state
s1, then instead of the boundary hj(t), a new boundary is necessary which is a convex combination
of hi(t) and ha(t). When By hits that boundary, ha(t) < By < hi(t), and the system switches from
the lower level equilibrium to the upper or medium level equilibrium pursuant to the value of an

independent Bernoulli random variable. If the system is in the upper level equilibrium ss, then
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the switching procedure is similar. If the system is in the medium level equilibrium sz, then it is
necessary to wait until B, hits one of the two boundaries hj(t) or ha(t) and then S; switches to the

corresponding regime.

Model setup

For any fixed u € [Tp,o0) and ¢ € R, define functions h' : [Ty, T) — R and h* : [Ty, T) — R by:

N 10 s (2.30)
ju) = '
e hy (1) + (1 e ) ho(t) if ¢ >
and
P (ti) 2(?) = (2.31)

(1 - e*C(t*“))hl(t) e tWhy(t) if > u.

Function h! (respectively h*) corresponds to a boundary the process B; should hit to switch from
the lower level equilibrium (respectively upper level equilibrium) to another equilibrium. In the
models developed in the thesis, the distributions for the time of, the size of and the type of the
next jump are calculated, and, for the market microstructure models, it can be seen that these
probabilities can be expressed in terms of some functions of Brownian motion hitting time densities
and probabilities of one-sided or two-sided curved boundaries. By construction, functions h’(t;u)
and h'(t;u) are in the class of C2<[T0,T)), and this technical condition admits application of
various numerical techniques that I discuss in Chapter 5.

Let the sequences of independent random variables (Til,z' =0,1,..), (T*,i=0,1,...),

(¢, i=0,1,..) and (¢*,i =0,1,...), where

T} ~ Exp(\), N >0, T} ~ Exp(Au), Ay > 0,

1 with probability pg, q Cul 1 with probability py
= an M=
0 with probability py, = 1 — pra ' 0 with probability pum = 1 — pu,

lu
7

(2.32)

be F-measurable and such that they are all independent of (By,t > 0) and of each other.
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Sequences (Til,i =0,1,...) and (T}*,i = 0,1, ...) correspond to waiting times in state s; and s3
until the Brownian motion hits the convex combination of hy and ho instead of just hy and ho, and
if this happens, then sequences of independent Bernoulli random variables Cf“ and Cﬁl determine

the new values of the state process S;.

Definition 2.1 Define processes (S;, Ty < t < T) and (P, Ty < t < T) according to the fol-
lowing construction mechanism.

Step 1 Set ¢ =0, 79 = Ty and the starting value of the state process

s1 if By, < ha(7)
St =19 s3 if By > hi(70)
s if ha(10) < By < hi(70),

where s € S is some known constant. If ha(79) < By, < h1(70), then all three states are possible and
Sr, = s just for definiteness. Although the system exhibits multiple equilibria when B, = ha(70)
(respectively B, = hi(7p)), assign value S;, = s; (respectively S;, = s3) in order to avoid an
infinite price oscillation. For this reason, it is assigned S; = s1 (respectively Sy = s3) if By < ho(t)

(respectively By > hy(t)) for all t € [Ty, T).

Step 2 Set
inf(t > 7,0 By > hi(t; 7 + TZZ)) AT it S;, =51
Ti+1 = inf(t > By > hl(t> or B; < hg(t)> AT if Sq—i = S9
inf(t > 71 By < h"(t; 7+ Tl“)) AT if S;, = s3,

where inf () = oo by convention.

If the system is in the lower (respectively upper) level state sq, then it is necessary to wait until
By hits the boundary h' (respectively h%). If the system is in the medium level state so, then it is
necessary to wait until B; hits either hy or hs.

Step 3 Set Sy = S;,,Vt € [, Tix1)-

Step 4 If ;.1 = T, then algorithm stops.
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Step 5 Set

s if By, < ha(Tig1)
83 lf BTi+1 2 hl(Tl+1)
sg  if ho < By, < hi(7iy1) and S;; = s1 and Cf“ =1
Titl

S1 if ho Tit1 Tit1 < hi Tid+1 and STZ. = S3 and CZUZ =1

< B
<B

(it1) (it1)

s2 if ha(ris1) < Br,, < hi(7i41) and Sy, = s; and ¢{* =0
(Tit1) (it1)
(it1) (it1)

so  if ho(Tit1 i1 < h1(7ig1) and S;, = s3 and Ci”l =0.

If, eg., Sy, =syand 7341 > 7 + Til, then, at time 7;41, B; hits a convex combination of h; and ho,
which means that ho(7i11) < Br,, < hi(741). In this case, the system switches from the lower
level to the upper or medium level according to the value of an independent Bernoulli random
variable. If B

< ho(7it+1) (respectively B, ., > hi(7it1)), then assign S,

.1 = 51 (respectively

Tit1 Tl
S7.., = s3) in concordance with the argument described in Step 1.

Step 6 Set i =i+ 1 and go to Step 2.

Finally, define the stock price (P, Ty <t < T) pursuant to (2.29). [
Intensities A; and A\, and parameter c¢ control the frequency of the stock price jumps, while prob-
abilities py, and py; control the proportion of small versus big market jumps corresponding to the

scenarios where B; hits a convex combination of h; and hs.
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Fig. 2.2: Simulated stock price dynamics in the endogenous switching model computed for some set of
parameters: Ty = 10, T = 100, o; = 0.3, ¢ = 0.025, 0. = 0.03, k = 100, wP =30, 11 =2, 72 = 1,
v3 = 2, (1% = 0; initial value of S; is assumed to be equal to so; convex combination starts at ¢ = 39

and t = 72; stock price jumps at t =19, t =43, t = 48, t = 57.
2.2.2 Exogenous shocks model

In the exogenous shocks model, like in the endogenous switching model, if B; < ho(t) (respectively
By > hi(t)), then S; = s (respectively S; = s3), for all t € [Ty, T). If ho(t) < By < hi(t), the
system stays in its current state until there is a new arrival in an exogenous sunspot shock process
which is assumed to be a Poisson process independent of B;. The shock switches the state of
the system to one of the other two states for no fundamental reason, and the new level value is
determined in obedience to the value of an independent Bernoulli random variable with probability

of success depending on the current state of the state process.
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Model setup

It is assumed that (Z;, ¢t > 0) is a F-measurable homogeneous Poisson process having some intensity
Az and this process is independent of (By,t > 0). Let the sequences of independent Bernoulli
random variables (¢/*,i = 0,1,...) and ({*,i = 0,1,...) be defined according to (2.32) and the

sequence of independent Bernoulli random variables (¢/"*,i = 0,1, ...) be given by

mu 1 with probability pm,.
i

0 with probability p,y =1 — pmw-

Suppose that all three sequences are in F and that they are all independent of (B, ¢t > 0), (Z,t > 0)
and of each other. These sequences determine new states of the state process S; in case of shock

arrivals when ha(t) < By < hy(t).

Definition 2.2 Define processes (S;,Tp < t < T) and (P;,Tp < t < T) according to the fol-
lowing construction mechanism.

Step 1 Set ¢ =0, 79 = Ty and the starting value of the state process

s1  if By, < ha(70)
Sro =14 s3 if By, > hi(m0)
S if hQ(T(]) < BTO < hl(TO)a

where s € S is some known constant. All the intuition is the same as in Step 1 of Definition 2.1.

Step 2 Set

inf<t>7-,-:Bt2h1(t)>/\ﬁ-/\T if S, = s1
Tig1 = inf(t > 1By > h(t) or By < @(t)) AHAT  if Sy, = s

inf(¢t > : B Shg(t)) AT NT if STi = S3,

where 7; is the first arrival after 7 in Poisson process Z; such that ho(7;) < Bz, < hi(7;). If there
are no such arrivals, then define 7; = co. Recall that inf ) = co by convention.

It is necessary to wait until B; hits the corresponding one-sided or two-sided curved boundary, or
until 7;, or until time expires, whatever is earlier. Intensity Az controls the frequency of jumps.
Step 3 Set Sy = S;,,Vt € [7, Tit1).

Step 4 If ;.1 = T, then algorithm stops.
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Step 5 Set

s if By, < ha(Tig1)
s3  if By, > hi(7it1)
s if ha(7iy1) < Br,,, < hi(7iq1) and S;, = s1 and ¢/* =1
sy if ha(Ti1) < Br,, < hi(7i41) and Sr, = s1 and ¢{* =0

Titl

BTH—I < hl 7-1+1 and STi = S3 and C;ul — O
s if ha(1i11) < By, < hi(7i41) and S7, = s2 and (™ =1

) (Tiv1)

(Ti41) (7iv1)
s1 if ho(mi41) < Br,, < hi(7i41) and S, = s3 and C;Jl =1
so if ha(7it1) (Tit1)

(7i41) (Tit1)

(Ti41) < (7i41)

S1 if ho Ti+1 < h Ti+1 and STi = s9 and szu =0.

L 7—1+1

Recall that if B, | < ha(7i41) (respectively By, > hi(7;41)), then assign S, ., = s (respectively
S7.., = s3) in view of the argument described in Step 1 of Definition 2.1.

If ho(Tig1) < Br,, < hi(7i+1) and, e.g., the system is in the lower level state s1, then it switches
to the upper or the medium level state according to the value of an independent Bernoulli random
variable Cf“.

Step 6 Set i =i+ 1 and go to Step 2.
Finally, define the stock price (P, t € [Tp,T)) pursuant to (2.29). |

2.2.3 Main properties of constant number of dynamic hedgers models

In Theorem 2.2, it will be shown that construction mechanisms in Definition 2.1 and Definition 2.2
determine the stock market price (P;, Ty <t < T'), that is, for all t € [Ty, T), there is some finite 4

such that ¢ € [, Ti41)(P-a.s.).

Theorem 2.2 In Definition 2.1 and Definition 2.2,

(i) for all ¢ > 0, if 7, < T, then 7; < 7341 (P-a.s.)

(ii) construction mechanisms stop after a finite number of iterations (P-a.s.).

Proof The first part of this theorem holds true due to Theorem 2.1, construction of 7; and the
facts that By is continuous and that exponential random variable is positive (P-a.s.). The second
part will be proved by contradiction. Suppose there is an infinite number of 7; on [Ty, T') with a

positive probability. Then one or both of the following scenarios must occur. According to the first
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Fig. 2.3: Simulated stock price dynamics in the exogenous shocks model computed for some set of parameters:
To =10, T = 100, o; = 0.3, 0. = 0.03, K = 100, w? = 30, v1 = 2, 72 = 1, 3 = 2; initial value of
S; is assumed to be equal to so; shocks occur at times t = 31, ¢t =39, ¢t =73, t = 78 and t = 95;
stock price jumps at t =19, t = 31, t = 39, t = 48 and t = 57; state process jumps to s3 and s, at

times t = 31 and t = 39 according to the values of corresponding Bernoulli random variables.

scenario, there are infinitely many independent identically distributed exponential random variables
such that their sum is less than T'— Ty. According to the second scenario, for any 0 < § < T — Ty,
there exists an interval of length ¢ in [T, T), and, in that interval, there are infinitely many points
s such that Bs > hj(s) and infinitely many points s such that Bs < ho(s). If (X;,i =1,2,...) is a
sequence of independent exponential random variables with a rate parameter A, then, for all n > 0,

Yo, X is distributed according to Erlang distribution Erlang(n, A) (see, e.g., Cox [16]). Because

of this,
00 n n—1 ;
_ AT =T0))" _xr-m)
P(,_ElXi<T_T0)SP(,_ElXi<T_TO)1_,_50i!e ' —0, n— oo

Therefore, the first scenario is impossible (P-a.s.). The second scenario is impossible as well due to

Theorem 2.1 and continuity of B; (P-a.s.). [ |
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Remark 2.7 Note that, according to the construction of the stock price process, for all t € [Ty, T'),
P, can not be equal to pi(t) or pa(t) defined in accordance with (2.12), (2.13) and (2.21). Indeed,
if it is assumed that P; is equal to pq(t), then By = hy(t) and either S; = s1 or S; = s9, but it is
known that, if B; > hj(t), then S; = s3, which is the contradiction. The same argument applies to

p2(t).

Remark 2.8 There is one-to-one correspondence between P, and (B, St).

Indeed, in virtue of (2.26), Definition 2.1, Definition 2.2 and Remark 2.7, given P,

s1 i P< pl(t)
By=n(t,P) and Si=1 sy ifpi(t) <P < pa2(?t)
sz if Py > pa(t).

Conversely, if By and Sy are known, P, can be determined according to (2.29).

Definition 2.3 Define a market crash as a point of discontinuity of (P;,0 < ¢ < T) such that
P, < P,_ and a market boom as a point of discontinuity of (P;,0 < t < T') such that P, > P,_,

where P, = limgyy Ps.

In virtue of Theorem 2.2 and Remark 2.4 applied to Definition 2.1 and Definition 2.2, there is
no infinite price oscillation and (7; < T,i = 1,2, ...) are the only jump points on [Ty, 7). I denote

the value of the i-th jump by J; = AP, = P, — Py, .

Definition 2.4 Define a big market crash (respectively a big market boom) as a transition of
Sy from state s3 (respectively s1) to state s (respectively s3). A small market crash (respectively
a small market boom) is a transition of S; from state s3 (respectively s1) to state sy or from state

s9 to state s1 (respectively s3).
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Note that Definition 2.1, Definition 2.2 and Remark 2.7 imply that

;

JU(7i) = p"(7i, (7)) — pa(ms) if By, = hi(m)

J (1) = p! (7, ha (7)) — pa(mi) if By, = hz(Ti)

J(7;, By,) = p“(7i, Br,) — p'(7i, Br,) if ho(m) < By, < hi(m), S = s1
= J" (73, Br,) = p™(7i, Br,) = p'(7i, Br,)  if ha(m) < BTI < hi(7i), S, = s1

J™(7i, Br,) = p*(7i, Br,) — p"™(7i, Br;)  if ha(m) < By, < hi(m), Sr, = 52

J™ (i, Br,) = p!(7i, Br,) = p™ (7, Br,)  if ha(m) < Bn < hi(7i), Sr; = s2

JU(r;, By,) = p'(1, By,) — p“(s, By,) if ho(m;) < By, < hi(m), Sy, = s3

JU™(7i, Br,) = p™(7iy Br,) — p*(7i, Br;)  if ha(m) < By, < hi(m), Sy, = s3

In view of (2.7) and (2.20), an increase in the number of dynamic hedgers w® leads to an increase

in the magnitude of booms and crashes. In Theorem 2.3, the uniform boundedness of jump sizes

and Sr,
and S
and S
and S
and S

and S

Ti+1

Titl —
Ti+1 =
Ti+1 =

Titl

(2.33)

83

52

53

S1

S1

2.

will be shown. This property will be applied in the proof of Theorem 2.6 that shows that the stock

price process is a special semimartingale.

Theorem 2.3 Jump sizes | AP, | of the stock price process are uniformly bounded by the ratio

of the total number of dynamic hedgers w” and ~;:

D
| AP, |< v
!

Proof The pricing equation (2.26) and the continuity of Brownian motion yield that

h’(Ti7 Pﬂ') = h(Tia PTi_)7

which means that

oo

Y1 AP, +wP /_Oo [q)(Ke_r(;;:; — Pn> _ q)(Ke

As a consequence,

D oo K—RQ D
1 _(E-n)
mm</ e 2 dK = -

N Jooo /2702 M

since the cumulative distribution function satisfies 0 < ®(x) < 1,Vx € R.

In Theorem 2.4, the cadlag property of the stock price process will be proved.
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Theorem 2.4 The stock price process P, is cadlag (P-a.s.).
Proof By Theorem 2.2 and Step 3 in Definition 2.1 and Definition 2.2, process S; is cadlag (P-a.s.).
Recall that, in view of (2.29),

pi(t,By)  if Sy =s
Pt = pm(t, Bt) if St = 89
pu(ta Bt) if St = 83,
which means that P; is cadlag (P-a.s.) as well due to Remark 2.4 and the implicit function theorem.

|
Let 7/ be the natural filtration generated by the stock price process:

FP =o{P,, Ty < s < t}. (2.34)

I call this filtration the market filtration since this is the public information available to all market
agents. In Theorem 2.5 and Theorem 2.6, it will be shown that the stock price jump times are

}—tp -stopping times and the stock price dynamics on [Ty, T") will be analysed.
Theorem 2.5 The sequence (1; < T,i = 1,2,...) is a sequence of .7-",5P -stopping times.
Proof By Theorem 2.4, the stock price process P; is cadlag (P-a.s.). This process is adapted to

its natural filtration, and the result follows from Proposition 1.32 in Jacod and Shiryaev [25], p.8. B

Theorem 2.6 Stock price process is a special semimartingale such that

t t Ny
Pi=Pr+ | 61(s,P)ds+ | 63(s, P)dBs+ Y AP, forte[Tp,T), (2.35)
To To i=1

where Ny =} ;- I(r; <) is the total number of jumps on [T, t],

hs(s, Ps) + Shaal(s, PS)(m)2

01(s, Ps) = — 7o (s, ) (2.36)
and
Ou(s, P,) = h(slm (2.37)
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Proof Consider the decomposition
Nt Nt
Pi—Pp, =P —Pry +» (P, —Pr_))+ ) _ AP, (2.38)
i=1 i=1
According to Remark 2.4, the implicit function theorem and Theorem 32 (p.78) in Protter [38],

t t
Pt—PTNt:/ egN“(s,Ps)dH/ 0N (s, P,)dB,,
TN,

t TNy
for some functions 9§Nt) and GéNt). Applying Ito’s lemma to the pricing equation (2.26), it can be

shown that
1
ha(t, Py)dt + ho(t, PO (¢, P dt + ha(t, PO (t, P)dB, + Shaa(t, PO (¢, P))2dt = dB,.

As a consequence,

(Ny) 1 (Ny) hs(S,Ps)+ %hxw(S,Ps)(hw(;ps))Q
e R =GRy R = s, 72) ’
and
t hg(s, Ps) + %h:can(S,Ps)(ﬁ)2 t 1
P — P, = —/ 25757 ds —|—/ ———dB;. (2.39)
N¢ ™, hx(sts) ™, hx(S,Ps)
Similarly

Ti— hs(S,Ps)—i-%hmc(S,Ps)(ﬁ)Q TiT 1
P._—P.  =— 25 d —— dB,, i=1,2,..,N,.
' o /7'11 he (s, Ps) 8+/r he (s, Ps) ' !

i—1
(2.40)
In view of formulas (2.38) — (2.40), it can be concluded that formulas (2.35) — (2.37) hold.

Define processes (Pt(k), k=1,2,..) by

(k‘) tATE tATE Nink
PY = pp, +/ 01 (s, Py)ds +/ 02(s, P)dBs + > APy,
To To i=1

By Remark 2.4, Theorem 32 (p.78) in Protter [38] and induction,

tATE tATE
PTO+/ 01(5,P3)ds+/ 02(s, Ps)dBs
To To

is a semimartingale. By Theorem 2.3, jumps of the stock price process are bounded, hence, processes
Pt(k) are semimartingales as well. By Proposition 1.4.25¢ in Jacod and Shiryaev [25], p.44, and
Theorem 2.2, the stock price process is a semimartingale. Proposition 1.4.24 in Jacod and Shiryaev
[25], p.44, and Theorem 2.3 imply it is a special semimartingale, and the result follows. [
In Theorem 2.9 and Corollary 2.7, the canonical decomposition of the special semimartingale process

(P, Ty <t < T) will be obtained.
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2.2.4 Conditional distributions in the endogenous switching model

In this section, conditional distributions for the time of the next jump, the type of the next jump
and the size of the next jump in the endogenous switching model will be found, given that the
stock price dynamics on [Ty, t], t € [Ty, T), is observed. In Theorem 2.7, their joint conditional
distribution, given Ff, is computed. Based on this theorem, marginal conditional distributions

can be found.

Theorem 2.7
Assume that Tp < t < u < T, () is any combination of elements in S and Cy € B(R). In the
endogenous switching model, the joint conditional distribution for the time of the next jump, the

type of the next jump and the size of the next jump, given the information ]-'tP , is equal to

Fl(t,TNt,Ri,Bt,u, 01,02) if St = 851
P(TNt-i-l < u, STNt+1 S C1, JNH—l S CQ ’ ]_—-tP) = Fg(t,Bt,u, 01,02) if St = S2 (2‘41)
F3(t7TNt7Rg)Btaua CI)CQ) if St = 83,

where expressions for Fy, F5 and F3 are given in the proof of this theorem in the Appendix.

Proof The proof is provided in the Appendix. |

Distribution of the time of the next jump

Taking C7 = S and C5 = R in the formulas in Theorem 2.7, the conditional cumulative distribution

function of the time of the next jump, given the market filtration 7/, can be obtained.

Corollary 2.1

Suppose that Tp <t < u < T. Then the conditional cumulative distribution function of the time
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of the next jump, given the market filtration F/, is equal to

L— [5 D!, 7, + 2,8, B e M Fddeif S, = 5
P(rn,+1 < u | ff) ={ 1—Dn(u,t,B) £S5, = s
1- f;; D%(u, 7N, + ,t, By)A\ye @B dz  if §; = s3
(1= [ Dl(u, 7y, + RL+ 2.t B)Ne Nodr i S = s,
= 1 — Dy (u,t, By) if S = so
1— [;° D"(u, 7, + RY + x,t, B)Aye M dx  if S = s3,

where D!, D", Rl and R? are defined in the proof of Theorem 2.7 in the Appendix and D,, is
defined in (2.46).

Distribution of the next state of the state process

Let t € [Tp,T). Taking u = T and Cy = R in the formulas in Theorem 2.7, the conditional
cumulative distribution function of the next state of the state process, given F/, can be computed.
On the set [P, < p1(t)] the conditional probability that there will be at least one more jump and
the first jump will be a small boom given F/ is equal to

t—7n,

F4(t7 TN Rllt) Bt) = Pim [/

(1 — DYT, ry, + 1, Bt))Ale*Al@*Ri)dx
R}

T_TNt !
+ / <D1 (TNt + x, t) Bt) - Dl(T7 TNy + x, ta Bt)) )‘le_)\l(m_Rt)dl‘ )
t

—Tn,
while the conditional probability that there will be at least one more jump and the first jump will

be a big boom given .7-"53 is equal to
t—TNt l
Fs(t, 7, Ry, Br) = puu [/ (1 — DNT, 7y, + 2, t, Bt)) Ao NERD gy
Rj
T—TNt l
+ / (Dl (TNt + Z, t, Bt) — Dl (T, TNt —+ x, t’ Bt)) )\le—Al(Z‘—Rt)d:U
¢

_7—Nt

T—7n,
n / ' [1 — Di(ry, + o1, Bt)} NeNEED gy e NT=mn=R) (1 _ Dy(Tt, By)),
t

7TNt

where D!, D; and Ré are defined in the proof of Theorem 2.7 in the Appendix.
On the set [p1(t) < P, < pa(t)] the conditional probability that there will be at least one more jump
and the first jump will be a market boom given 7 is equal to Dy, 1(T,t, By), while the probability
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that there will be at least one more jump and the first jump will be a market crash is equal to
Dy, 2(T,t, Bt), where Dy, 1(T,t, B:) and D, 2(T,t, B;) are defined in the proof of Theorem 2.7 in
the Appendix.

On the set [P, > pa(t)] the conditional probability that there will be at least one more jump and
the first jump will be a small crash given F/ is equal to

t—7n,

Fﬁ(thNﬂRZEJ)Bt) = Pum |:/

(1 — DT, 7y, + 2,1, Bt)>/\ue’)‘“("”’R?)d:z
Ry

T—’TN
+ / ‘ <D2(7Nt + x,t,B;) — DY(T, 7N, + x, t, Bt)))\ue_)‘“(x_R?)d:p],
t

—TN,
while the conditional probability that there will be at least one more jump and the first jump will

be a big crash is equal to

F7(t7 TNy R;Lv Bt)

t—TNt u
= Dul [/ (1 — DY(T, 1N, + x, t, Bt)))\ue_’\“(’D_Rt ) da
R}

T—7n,
+/ ¢ (DQ(TNt + 2,1, By) — DT, 7y, + , 1, Bt)))\ue_“(m_R?)dx
t

_TNt

T*TNt y w
+ / [1 — Do(7y, + 2, t, Bt)} Ae M@ ) g 4 eI =R (1 — D(Tt, By)),
t

,TNt

where D", Dy and R} are defined in the proof of Theorem 2.7 in the Appendix.
Combining these formulas all together, Corollary 2.2 can be obtained.

Corollary 2.2 Suppose that Tp < t < T. Then the conditional cumulative distribution func-

tion of the next state of the state process, given the market filtration Ff | is equal to

=so | FF') = Fy(t,7n,, R}, By)  if Sy = s1
Fs(t,7n,, R By)  if Sy = s
m,1(T,t, By) if S; = s9
m.2(T,t, Bt) if Sp = s9
Fs(t,7n,, R, By) if S; = s3
F;(t,mn,, R}, By) if S; = s3.

P TN+1 < T, STN
P

t+1

P
TN+1 < T, ‘S’TNt+1 =53 ‘ Fi )

~

P
TN+1 < T, STNt+1 =83 ‘ "rt )

(

(

( D
(Thi+1 < Ty Spy s = 51 | FP) =D
(

(

~

P

TNe+1 < T’ STNt+1 = 52 ‘ ]:tp)
)

P
P(rN,41 < T, Sy, = 51| Fi
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Distribution of the size of the next jump

Let t € [Tp,T) and C € B(R). Taking v = T and C; = S in the formulas in Theorem 2.7, the
conditional cumulative distribution function of the size of the next jump, given the market filtration
FF, can be computed.

On the set [P, < p1(t)] the conditional probability that there will be at least one more jump and

the first jump value will be in C given F} is equal to
Fg(t, TN¢» Rylfa B, C)
T
=) [U ) € Ol By

T— TNt TNt+x T
/t / I(J*(y) € C)n(y,t, Bi)dy + / (PraL(" (g, h (s 7, + @) € C)

TN, TN, +x

+ plmH(']lm(yv hl(y; TN, + 33')) S C))¢l(ya TNy + z, t? Bt)dy) )\le_Al(I_Ri)dx

.\ /tTNt (/tT (plu]l(‘]lu(y’ hl(y; ™, +2)) € C)

R}

+ pinl(J"™ (y, W (y; v, + 7)) € C))cbl(y,m +x,t, Bt)dy) Ne NERD) gy

where ¢1, ¢! and Rf€ are defined in the proof of Theorem 2.7 in the Appendix and J*, J'* and J!™
are defined in (2.33).
On the set [p2(t) < P, < p1(t)] the conditional probability that there will be at least one more jump

and the first jump value will be in C given F} is equal to

T
Fy(t, By, C) = /t {H(Ju(y) € C)m(y, t, B)dy + I(J'(y) € C)¢m,2(y7tht)]dya

where ¢, 1 and ¢, 2 are defined in the proof of Theorem 2.7 in the Appendix and J* and J L are
defined in (2.33).
On the set [P, > pa(t)] the conditional probability that there will be at least one more jump and
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the first jump value will be in C given F} is equal to
Fio(t, Ty, Ry, B, C)
T
— e MR [T101y) € Coanly.t By
t

T—7n, TN+ T
T /t ( /t I(J'(y) € O)o2(y, t, Br)dy + / § H(pul]I(J“l(y, h(y; T, +2)) € C)

TN t

o Pun (T (y, Ky T + ) € C))§"(y, T, + .1, By)dy ) AR da

[ (e € 0

Ry

 Pumd (T (g, h (3 7, + 7)) € C) )" (y, T + @, Be)dy ) Aue ™R ),

where ¢9, ¢" and RY are defined in the proof of Theorem 2.7 in the Appendix and J!, J* and J"“™
are defined in (2.33).

Combining these formulas all together, Corollary 2.3 can be obtained.

Corollary 2.3 Suppose that Ty < t < T and C € B(R). Then the conditional cumulative

distribution function of the size of the next jump, given the market filtration 7, is equal to

Fy(t,7n,, R}, By, C)  if Sy = 51
P(tN1 < Ty Jry 1 €C|FP) =14 Fy(t,B,,C) if S = so
Flo(t,TNt,Rg,Bt,C) if St:83.

2.2.5 Conditional distributions in the exogenous shocks model

In this section, conditional distributions for the time of the next jump, the type of the next jump
and the size of the next jump in the exogenous shocks model will be obtained, given the informa-
tion about the stock price dynamics on [Ty, t], t € [Ty, T). In Theorem 2.8, their joint conditional
distribution, given Ff, is computed. Based on this theorem, marginal conditional distributions

can be derived.

Theorem 2.8

Assume that Tp < t < uw < T, C} is any combination of elements in S and Cy € B(R). In the
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exogenous shocks model, the joint conditional distribution for the time of the next jump, the type

of the next jump and the size of the next jump given the information F/ is equal to

Fi1(t, By, u,C1,Co)  if Sp = 51
P(Tn+1 < u, Sry, 4y € CrIN+1 € O FPy = Fio(t, By,u,Cy,Co)  if Sy = 59
Fi3(t, By, u,Cp,C)  if Sy = s3,

where expressions for Fy1, Fi2 and F}3 are given in the proof of this theorem in the Appendix.

Proof The proof is provided in the Appendix. |

Distribution of the time of the next jump

Taking Cy = {s1, s2,s3} and Cy = R in the formulas in Theorem 2.8, conditional distribution for

the time of the next jump, given the market filtration /| can be computed.

Corollary 2.4 Suppose that Ty < t < w < T. Then conditional distribution for the time of

the next jump, given the market filtration 7/, is equal to

F14(t, Bt, u) if St = S1
P(rn,41 <u | F) = Fi5(t, By,u) if Sy = s9
Fig(t, By,u) if Sy = s3,

where F14, F15 and F16 satisfy

u—t

Fi4(t, By,u) = e~ rz(u—t) (1 — D1(u,t,By)) + / Age Azr [(1 — Dy(t+r,t,By))

0

hg(t+7‘)
+ / QI(«Ta T, t; Bt)FléL(t + r,x, U)dx + (Dl(t + r, t; Bt) Cl'l“,

—00

F15(t7 Bta U) =1- e_)\Z(u_t)Dm(u7 ta Bt))

u—t
Fie(t, By, u) = e 20D (1 — Dy(u, t, By)) + / Age 2T [(1 — Dy(t +1,t, By))
0

oo

+ / q2(x;r,t, By) Fig(t + r,x,u)dx + $o(t + r,t, By) | dr,
hl(t+7“)

and D; and Dy are defined in the proof of Theorem 2.7 in the Appendix, D,, is defined in (2.46),

q1 and ¢o are defined in the proof of Theorem 2.8 and ®; and ®y are defined in (2.47) and (2.48).
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Distribution of the next state of the state process

Let t € [Tp,T). Taking u = T and Cy = R in the formulas in Theorem 2.8, the conditional
cumulative distribution function of the next state of the state process in the exogenous shocks
model, given the market filtration ff , can be computed.

On the set [P, < p1(t)] the conditional probability that there will be at least one more jump and
the first jump will be a small boom given F/ satisfies

T—t ha(t+r)
Fi7(t,By) = /0 Age 2T [/ _ q1(z;ryt, By) Fir(t + ryx)dx 4+ ppmn®1(t + 7, t, By) | dr,

while the conditional probability that there will be at least one more jump and the first jump will

be a big boom given F/ satisfies
T—t
Fig(t, By) = e 2= (1 — Dy(T,t, Bt)) - / Aze T {(1 — Dy(t+7,t, Bt))
0

hQ(t-‘rT‘)

+ / q1 ($; T, ta Bt)F18(t + 7, ZL‘)dJ? + pluq)l(t + 7, ta Bt):| d?",
—00

where D is defined in the proof of Theorem 2.7 in the Appendix, ¢; is defined in the proof of

Theorem 2.8 in the Appendix and ®; is defined in (2.47).

On the set [p1(t) < P; < pa(t)] the conditional probability that there will be at least one more jump

and the first jump will be a market boom given F/ is equal to
T—t
Fuo(t, By) = e 2T=DD, (Tt By) + / 7€ | D (47,8 By) + pa Dt + 7,8, By) | dr,
0

while the probability that there will be at least one more jump and the first jump will be a market

crash is equal to
T—t
Fao(t, B) = e @D, o(T,t, By) + / Ng€ " [ Dypa(t 4 7,8, B) + pa Dt + 7,1, By) | ar,
0

where D,, 1 and D,, 2 are defined in the proof of Theorem 2.7 in the Appendix and D,, is defined
in (2.46).

On the set [P, > pa(t)] the conditional probability that there will be at least one more jump and
the first jump will be a small crash given F/ satisfies

T—t o)
Fgl(t,Bt) = /0 Aze_kzr [/h ( )q2(:E;T‘,t,Bt)F21(t+7",l‘)dﬂf +pum‘1)2(t—|—r,t,Bt) dr,
1(t+7r
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while the conditional probability that there will be at least one more jump and the first jump will

be a big crash given F} satisfies
T—t
F22(t7 Bt) = eiAZ(Tit) (1 - DQ(Ta t7 Bt)) + / )‘Zei)\zr |:<]- - DQ(t + 7, t) Bt))
. 0
+ / q2(x;r,t, By) Fao(t + r,x)dx + pyy®Pa(t + 1, t, Bt)} dr,
hl(t+’r)

where Dy is defined in the proof of Theorem 2.7 in the Appendix, g2 is defined in the proof of
Theorem 2.8 in the Appendix and ®; is defined in (2.48).

Combining these formulas all together, Corollary 2.5 can be obtained.

Corollary 2.5 Suppose that Tp < t < T. Then the conditional cumulative distribution func-

tion of the next state of the state process, given the market filtration Ff, is equal to

P(ra, 41 < T, Sy, = 52 | FF) = Fur(t, By)  if Sy = s1
P(r, 41 < T, Sy, = s3 | FL') = Fig(t, By) if Sy = s1
P(ra, 41 < T, Sy oy = 83| FL) = Fio(t, By) i Sp = s
P(ra, 41 < T, Sy, oy = 51| FF) = Fao(t, By) i Sp = s
P(rn, 11 < T, Sry, oy = 52 | F) = Far(t, By)  if S; = s3
P(ra, 41 < T, Sy, 0 = 51| FL) = Fao(t, By)  if S = s3.

Distribution of the size of the next jump

Let t € [Tp,T) and C € B(R). Taking v = T and C; = S in the formulas in Theorem 2.8, the
conditional cumulative distribution function of the size of the next jump, given the market filtration
FF, can be computed.

On the set [P, < p1(t)] the conditional probability that there will be at least one more jump and
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the first jump value will be in C given F/ satisfies
F23 (ta Bt7 C)

T
_ o Aa(T=) / 1(J*(y) € C)é1(y, t, By)dy
t
_ thr ha(t+r)
+/ Age e [/ I(J“(y) € C)¢1(y,t, Bt)dy+/ qi(z;r,t, By)Fosg(t + 7, z,C)dx
0 t

—00

hl(t+T)
+/ q1(z;7,t, By) (pzuH(Jl“(t +r,2) € C) + prl(J™(t 41, 2) € C))da:} dr,
hz(t—‘rT)

where J%, J™ and J'™ are defined in (2.33), ¢; is defined in the proof of Theorem 2.7 in the
Appendix, and ¢; is defined in the proof of Theorem 2.8 in the Appendix.

On the set [p2(t) < P; < p1(t)] the conditional probability that there will be at least one more jump

and the first jump value will be in C given F} is equal to
Fou(t, B, C)
T
=270 / L") € C)oma(y,t, Br) + 1(J'(4) € C)omaly.t, Br) | dy
¢
T—t t+r
[ a7 10 0) € Oyt B) + 10 W) € Chémalyst, B dy
0 t

hl(t-i-’l”)
+ / ¢" (37, t, By) (pmu]I(Jm“(t +r2) € C) + pol(J7(t +1,2) € C))d:v} dr,
h2(t+7")

where J*, J!, J™ and J™ are defined in (2.33), ®m,1 and ¢, 2 are defined in the proof of Theorem
2.7, and g, is defined in the proof of Theorem 2.8 in the Appendix.

On the set [P; > p2(t)] the conditional probability that there will be at least one more jump and

the first jump value will be in C given F/ satisfies
Fys(t, By, C)

T
_ e—Az(T—t)/ I(J (y) € C)go(y,t, By)dy
t

T—t t+r
+ / )\Ze—/\ZT’ |:/ H(Jl(y) € C)¢2(yat7Bt)dy+ / q2(x;r7t7Bt)F25(t+7a>$70)d$
0 t ha(t+r)

hi(t+r)
+ / a2(w; 7, B) (prl(J"(t + 7, 2) € C) 4 praI(J" (¢ 4 7,2) € C) ) dadr,
ho (t+r)

where J!, J“ and J%™ are defined in (2.33), ¢ is defined in the proof of Theorem 2.7 in the
Appendix, and ¢o is defined in the proof of Theorem 2.8 in the Appendix.
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Combining these formulas all together, Corollary 2.6 can be obtained.

Corollary 2.6 Suppose that Ty < t < T and C € B(R). Then the conditional cumulative

distribution function of the size of the next jump, given the market filtration /', is equal to

F23(t, Bt,C) if St = 51
P(rN1 < Ty ey, € C | FP) =1 Fou(t,B;,C) if S; = s
F25(t, Bt,C) if St = S§3.

2.2.6 Canonical decomposition of the stock price process

In Theorem 2.6, it has been shown that, for both models, the stock price process is a special

semimartingale. In this section, its canonical decomposition, that is, a decomposition to a local

martingale and a predictable finite variation process starting at zero, will be computed.

Canonical decomposition in the endogenous switching model

Theorem 2.9 describes the canonical decomposition of the stock price process in the endogenous

switching model. Lemma 2.1 and Lemma 2.2 will be used in the proof of Theorem 2.9.

Let
Jo=0 and ZF' =(P.,,J;),i=0,1,..,

then in view of Theorem 2.2 a double sequence (7;, Z') is a marked point process.

Denote by
FZ=o{(r, 20).0<j <i)

and

OP(ri1 <u, ZE, € C| FZ")
ou ’

¢ (u,C) = ue [, T),

where C' = (01,02), Ch e B(R) and Cy € B(R)

(2.42)

(2.43)

(2.44)

Lemma 2.1 In the endogenous switching model, suppose that v € [r;,T) for some i > 0,
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C = (C1,Cy), C1 € B(R) and Cy € B(R). Then conditional distribution for the marked point

process (7;, Zf) given f_gP is equal to

F26(TZ')BTZ'7U, C) lf ST'L = 81
P(ri41 <u, Zf, € C | ]:TZiP) =9 Fyr(7i, Bry,u,C)  if Sy, = s9
Fos(7i, B, u, C) if Sy, = s3,

where Fyg, Fo7 and Fbg are defined in the proof of this lemma in the Appendix.

Proof The proof is provided in the Appendix. |

Lemma 2.2
In the endogenous switching model, assume that u € [, T') for some i > 0, C' = (C1,Cy), Cy € B(R)
and Cy € B(R). Then the function g1 (u, C) satisfies

F29(T’L')BTZ'7U; C) lf ST'L = 81
9" (u,C) =S Fy(ri, Bryu,C)  if Sy, = 59
F31(7i, Br,,u,C) if Sy, = s3,
where Fog, F3g and F31 are defined in the proof of this lemma in the Appendix. In particular, for
E =TR?,
e—Az(u—Ti)¢1 (U7 Tis Bri) + fou_ﬂ' ¢l(u7 T + x, T, BTi)Ale_)‘lmdar if Sn- — 5
g(i+1)(u, E)= ¢Gm(u, 74, Br,) if S, = s
G_Au(u—Ti)QbQ(U, Tiy BTl) + fou_Tz‘ ¢u(u’ Ti —+ €T, Tg, BTi))\ue_Auxdﬂf lf STi = s3,

where
0D (u,t,y)
m(u,t,y) = — ) 2.45
O, 1,9) o (2.45)
and
Dy (u,t,y) = ]P’(hg(t +s)—y<Bs<hi(t+s)—y,Vse[0,u— t]) (2.46)
are Brownian motion hitting density and probability of a two-sided curved boundary.
Proof The proof is provided in the Appendix. |
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Theorem 2.9 Let ¢t € [Ty, 7). The canonical decomposition of (P, Th <t < T') in the endogenous

switching model is given by

Pt:PT0+Mt+At7 MT():Oa AT():07

where
t Nt t
My = | 03(s,P.)dBs+ Y AP, — | 05(s,7x,, Bry, )ds
To i=1 To

is a local martingale,

t t
Ay :/ Hl(s,PS)ds+/ 03(s, TN, , Bry_)ds
TO TO ’

is a predictable process with finite variation, 61 (s, Ps) and 05(s, Ps) are defined in (2.36) and (2.37),
F32(8,TNS,B7—NS) if STNS = 851
03(s, 7., Bry,) = § Fss(s,7n,, Bry,)  if Sry, = 2
F34(s,7n,, Bry,) if Sry, = s3,
with

1
fooo Dl(s, 7N, + ©,7N,, Bry, )Nie~N2dx

F32(37 TNy BTNS) - [Ju(s)e_Al(S_TN'S)¢1(Sa TNs» BTNS )

S_TNS
+ / (plquu(87 hl(s; TN + $)) + plmJlm(Sa hl(s; TN + 113‘))) X
0
X qzﬁl(s, TN, + a:,TNS,BTNS)/\le_’\lxd:C],

1
Dm(S, TN BTNS)

Faa(s, 7, Bry,) = [T(8)0m1(5, 7 Bry, ) + J'(5)6m (s, 7 Bry, )|

1

Fs4(s, , B =
34( TN, TNS) fooo D“(s,x, N, BTNS))\ue—)\ua:dx

[T ()€™ (s, 7, Bry,)

S_TNS
+/ (pulJ“l(s, RU(s;Tn, + ) + pumJ " (s, R (s; TN, + x))) X
0
x (s, TN, + T, TNS,BTNS))\ue_’\"de: ,
Ju, gl gtmogts el and JU are defined in (2.33), D!, ¢1, @', ¢dm1, dma, DY, ¢2 and ¢¥ are

defined in the proof of Theorem 2.7 in the Appendix, and D,, is defined in (2.46).

Proof Applying Theorem T7 from Bremaud [8], p.238, to the counting process N7 (C) defined by

NZ(C) =) "Iz} € O)(r; < t),

i>1
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it can be concluded that the process f;o ls(C)ds such that

gt (s,0)
1— [T gt (7 + y, E)dy

Is(C) = for s € [1i,7i+1), 1=0,1,..,

is the compensator of NZ(C).

In view of Lemma 2.2,

Fa9(74,Br;,5,C)

— if S, = S1
1- 57T Fag(1i,Br,,mi+y,E)dy Ti
Fso(7i,Br.,s,C .
1,(C) = _Foo(73,Bry,0.C) if S, = s
1—fy " F30(74,Br;,mi+y,E)dy
F31(7,Br.,s,C .
1.7, Br;9.C) it S, = s3.

1— 5~ 7 Fs1(7i,Br,,mi+y,E)dy

In virtue of the results of Theorem 2.6 and Chapter 8 in Bremaud [8], it can be shown that

Mt:/ 05(s, Py)dBq +ZAP / /22l (dz)d
To To
and

A = 01(5 P) ds+/ /zgls(dz)ds
Ty E

where E = R? and z = (21, 22), and the result follows since

/ 2ols(dz) = 05(s, T, Bry, )
E

Canonical decomposition in the exogenous shocks model

Define Jy, (ZF,i = 0,1, ...), (.FTZiP,i =0,1,..) and ((¢"tY(u,0),u € [, T)),i = 0,1,...), where
C = (C1,C2) and C; € B(R) and Cy € B(R), according to formulas (2.42) — (2.44). To find the
canonical decomposition in the exogenous shocks model, the same methodology as the one applied

in the endogenous switching model will be used.

Lemma 2.3 In the exogenous shocks model, assume that u € [r;,T), i = 0,1,..., C = (C1,Cy),

Cy € B(R) and Cy € B(R). Then conditional distribution for the marked point process (7i, Z1)
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given FTZZ, " is equal to

Fs5(u,7i, By, C) if S, = 51
P(riy1 < u, Z5, € C | ]:TZZ.P) =9 Fss(u, 73, B,,C) if Sy, = 59
Fs7(u, 73, By, C) if S;, = s3,

where F3s5, F36 and F37 are defined in the proof of this lemma in the Appendix.
Proof The proof is provided in the Appendix. |

Lemma 2.4 In the exogenous shocks model, assume that v € [r,T), i = 0,1,..., C = (C1,Cy),
Cy € B(R) and Cy € B(R). Then the function ¢+ (u, C) is equal to

Fss(u, 73, By, C) if Sy, = s1
9" (w,C) =1 Fy(u, 7, B, C) if Sy, = s
Fy(u, 73, B;,,C) if S;, = s3,

where F3g, 39 and Fyy are defined in the proof of this lemma in the Appendix. In particular, for

E =R?, Fss(u,t, By, E) satisfies
F38(u7 ta Btv E) = e—)xz(u—t)¢1 (U, t, Bt) + )\Ze_)\Z(u_t)(I)l(ua ta Bt)
u—t ha(t+r)
+ / Age 2" {/ q1(x;r t, By)Fss(u,t +r, x, E)da;} dr,
0 —00
where
Dy (u,t,y) = ]P’(BS <hi(t+s)—y,0<s<wu—t;By_y> ha(u) — y), (2.47)
Fs9(u,t, By, E) is equal to
Fsg(u,t, By, E) = e 2Dy (u,t, By) + Age 77
and Fyo(u,t, By, F) satisfies
Fyo(u,t, By, E) = e W Do (u, t, By) + Age 22Dy (u, t, By)
u—t [e’s)
+ / Age AT [/ q2(x;t, B, r)Fao(u, t + 7, x, E)d:c} dr,
0 ha(t+r)

where

Do (u,t,y) = ]P’(BS > ho(t+8) —y,0<s<u—t; Byt < hi(u) — y). (2.48)
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Proof The proof is provided in the Appendix. |
Applying the same argument as in the proof of Theorem 2.9, Corollary 2.7, which describes the

canonical decomposition of the stock price process in the exogenous shocks model, can be obtained.

Corollary 2.7 The canonical decomposition of (P;,t € [Tp,T)) in the exogenous shocks model
is given by

Pt:PT0+Mt+At7 MT():Oa AT():07

where

t N t
M; = / GQ(S,Ps)st +ZAPTZ‘ _/ 04(S7TNS’BTNs)dS
To i=1 To

is a local martingale,
¢ ¢

At = 01(8, Ps)ds + 04<3; TNy, BTNS)dS
To TO

is a predictable process with finite variation, 61 (s, Ps) and 63(s, Ps) are defined in (2.36) and (2.37),

F41(S,TNS,BTNS) .
S=TN, lf STNS = 51
lifO F38(TN5+vaNS ’BTNS 7E)dy
F42(S,TN ,B ) .
04(3, TNS, BTN ) = Ty S’ TNg lf STNS = S92
° 1=fo 7° Fso(Tng+y, N, By, E)dy
Fy3(s,7ng,Bry,) .
S—TNg = lf STNS = 83’
\ 1_.[0 F40(TNS+vaNS»BTNS7E)dy

Fy1(u,t, By) satisfies

h(uw)

F41 (U, ta Bt) = e_AZ(u_t) Ju(”)d’l (u7 t7 Bt) + )\Ze_AZ(u_t) |:/ q1 (l’, U — t? ta Bt) (plu‘]lu(u7 ZL‘)

ha (u)
o+ P ™ () ) dt] + /O e /

ha(t+r)
q1(z;r,t, By) Fa(u,t +r, x)d:v} dr,
—0oQ

F42 (U, t) Bt) = 6_>\Z(u_t) [Ju(u)¢m,l(u7 t) Bt) + Jl (U)Qbm,Q(u’ ta Bt)i|

hi(u)
+Aze a0 / 0" (5w = 1,6, By) (P ™ (1, 2) + pyut T (0, 3) ) d,
ha(u)

Fys3(u,t, By) satisfies
hi(u)

Fus(u,t, By) = e 200 JL ) do(u, £, By) + Age 70 [ /

q2($; U — t: t? Bt) (pulJuz(u> ':U)
ho(u)

o0

u—t
+ pum J " (u, w))dx] + / Age A2T {/ q2(x; 7, t, By)Fas(u,t +r, a:)dx] dr,
0 h1(t+7‘)
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Ju, gt gut qum s glu s gtm - pmu s gmlare defined in (2.33), ¢1, ¢m.1, $m.2 and ¢o are defined in the

m

proof of Theorem 2.7 in the Appendix, ¢, ¢"* and ¢o are defined in the proof of Theorem 2.8 in

the Appendix and E = R2.

2.3 Stochastic number of dynamic hedgers model

In this section, a model is developed with the number of dynamic hedgers as a piecewise constant
positive stochastic process that jumps at random times by random amounts. Hence, if a model is
constructed with no infinite price oscillation, then such a model would satisfy all the conditions
mentioned in Remark 2.5. Since the model should be as simple as possible, it will be developed

based on the most intuitive framework discussed in Remark 2.6.

Denote by
D o o\ oy
g (t)=m 2w(5+(aﬁ—§)e* ( ﬂ), for ¢ € [Tp, T1,

and assume that the value of o, satisfies (2.18). Then conditions (2.8) and (2.10) imply that the
system admits multiple equilibria if and only if w” > ¢”(t). In view of (2.18), if the system
admits multiple equilibria at ¢t € [Ty, T), it should admit multiple equilibria all the time before
the next jump in the number of dynamic hedgers process since function g”(t) is decreasing on its
domain. Similar to the model discussed in Remark 2.6, the medium level equilibrium is excluded
from consideration. If the state process is in the lower (respectively upper) level equilibrium, it is
necessary to wait either until By crosses Hj(t,w]) (respectively Ha(t,w})) or until the number of
dynamic hedgers changes, or until 7', whatever happens first.

If the number of dynamic hedgers does not satisfy condition (2.10), then there are two possible

scenarios. According to the first scenario,

wp > g”(T) = y1y/2102,

hence,

wP < gP(u), for u e [t, TP (wP)],

and

w > gP(u), for u e (TP (wp), T),
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where

TP(wP) =T — — 2 e (2.49)

In this case, it is necessary to wait either until time 77 (w}) or until the number of dynamic

hedgers changes, whatever happens first. During this waiting period the pricing equation (2.6) has

a single solution. If the number of dynamic hedgers stays constant on [t, TP (w})], it means that

the system will admit multiple equilibria all the time after 7”(w?) until the number of dynamic

hedgers changes, and the value of the state process is set to the lower level equilibrium if
Bropy < Ho(TP (wP),wP) = Hu(TP(wl), wf) = HTP(wf), wf, ke =70
or upper level equilibrium if

Bropy > Ho(TP (wP), wP) = Hy (TP (wf), wP) = H(TP (wP), wP, weT=T7 W),

Then the system evolves in concordance with the mechanism that corresponds to the case when w}’

satisfies condition (2.10). According to the second scenario, w’ < gP(T'), and the pricing equation
(2.6) has a single solution all the time until the number of dynamic hedgers changes.

For the sake of definiteness, it is postulated that if the number of dynamic hedgers changes in
such a way that the system admits multiple equilibria and Ha(t,w) < By < Hy(t,w}), then if
the system admitted multiple equilibria right before the jump, it will stay at the same equilibrium
level. Otherwise, it switches to the upper or lower level equilibrium according to the value of an

independent Bernoulli random variable.

2.3.1 Model setup

It is assumed that (Z;, ¢t > 0) is a F-measurable homogeneous Poisson process having some intensity
Az. It is supposed that the noise traders component of demand and the number of dynamic hedgers
are independent, which means independence of stochastic processes (B, t > 0) and (Z, ¢ > 0). It is
assumed that a sequence of independent F-measurable random variables (&;,7 = 1,2, ...) exists, such
that they are also independent of both (B¢, t > 0) and (Z;,t > 0). Each time Z; changes its value,

the number of dynamic hedgers is multiplied by a corresponding random variable &; distributed
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according to a uniform law with density function fe(z) z € € €Y, where 0 < ¢! < 1 < &,

= _1
= gl
which means that both decreases and increases in the number of dynamic hedgers are possible. For
the sake of determination, it is also supposed that the initial number of dynamic hedgers w?o is
given.

Denote by S a state space consisting of three different states: the lower level equilibrium sq,
the single equilibrium so and the upper level equilibrium s3. In Definition 2.5, a state process
(S, Ty <t < T) taking values in S is defined. Based on that process, the value of the stock price
(P, Tp <t < T) is determined.

It is also assumed that there exists a sequence of independent F-measurable Bernoulli random

variables ((;, i =1,2,...) with

1 with probability p;
0 with probability p, =1 — p;

such that this sequence is independent of (B, t > 0), (Z;,t > 0) and the sequence of (&;,7 =1,2,...).
If the system admits multiple equilibria, Ho(t,w?) < By < Hi(t,wP) after a change in the number
of dynamic hedgers and the system does not admit multiple equilibria right before the change, then
St switches to the lower level equilibrium s; or the upper level equilibrium ss according to the value
of the corresponding random variable (.

In Definition 2.5, an auxiliary process (S’t, To <t < T) taking values equal to 0 or 1, which means
that the system is either in a normal or an abnormal state, will be defined. If the system gets to
an abnormal state, it stays there forever, that is, this state is absorbing. In Section 2.3.2, it will
be shown that, P-a.s., the system will never get to an abnormal state and that if it is in a normal
state over the whole interval [T, T), then there is no infinite price oscillation. In Section 2.3.3,
conditional distributions for the time of the next jump, the type of the next jump and the size of

the next jump on the set [5} = 0] will be found, given the market information available.

Definition 2.5 Define processes (S;, Ty < t < T) and (P, Ty < t < T) according to the fol-
lowing construction mechanism.

Step 1. Initially set the system to the normal state:

S, =0,Vt e [Ty, T),
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and let i = 0 and 7, = Tj.

If w% > g”(19), that is, the system admits multiple equilibria, then set

S1 if BTO S Hg(To,wT?))
S’T‘O = sy if B‘ro > Hl(To,wgo)

so if HQ(T(),UJ.PO) < BTO < Hl(T(),w?O),

where sp € {s1, s3} is some known constant. All the intuition in assigning the value for Sy, is the
same as in Step 1 of Definition 2.1.

If w% <gP (70), that is, the pricing equation has a single solution, then set Sy, = sa.

Step 2. Denote by 7; the first time after 7; when the number of dynamic hedgers changes, and if

this number never changes after 7; at all, define 7; = oc.

Then
go to Step 3 if wfi) > gP ()
go to Step 4 if w2 < ¢P(n) and wP < gP(T)
go to Step 5 if wl < gP(n) and wl > gP(T).
Step 3. Set

inf(t > 71 By > Hl(t,wg)) ANFH AT if S, =51
e inf(t >71: B < H2(t,wg)) AT AT if Sy, = s3.

Recall that inf ) = co by convention. Then assign S; = S, Vt € [7;, Ti+1), and go to Step 6.

The system gets to Step 3 if it admits multiple equilibria. The system stays in the current regime
either until B; hits the corresponding boundary, or until the number of dynamic hedgers changes,
or until time elapses, whatever happens first. The state process value stays unchanged until that.
Step 4. Set 7,41 = 7; AT and assign Sy = S, Vt € [15, Tiy1).

If Tit1 < T, set

S1 if ’LUE > gD(TH_l) and Bﬂ'+1 < HQ(TZ‘+1,U)TD, )
i+1 1+1
s1 if w£+1 > gD(Ti_H), H2(7—7;+1,'LU7I_2+1) < Bﬂ._‘_1 < Hl(Ti—o—l,wngl) and CZ =1
St = s if wgﬂ < gP(1i11)
sz if wl > gP(riv1), Ha(riy1, w2 )< B, < Hi(ris1,w?, ) and ¢ =0
Tit1 i+1)s 2\Ti+1, Wr Tit1 1+1, Wery 1y )
sg if w,2+1 > gD(TZ'_H) and BTz‘+1 > Hl(Ti+1,w7€+l),
(2.50)
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assign ¢ = ¢ + 1 and go to Step 2. Otherwise, stop.

The system gets to Step 4 if the number of dynamic hedgers is so small that, with the current
number of dynamic hedgers, the pricing equation has a single solution up to maturity 7', therefore,
it is necessary to wait either until the number of dynamic hedgers changes or time elapses, whatever
happens first. The state process value stays unchanged until that. If the number of dynamic hedgers

changes before the maturity, the system admits multiple equilibria and B, , < H2(7i+1,w£+ )

(respectively B > H1(7i+1,w£+1)), then assign S;,,, = s1 (respectively S;, , = s3). If the

Ti+1
number of dynamic hedgers changes before the maturity, the system admits multiple equilibria and

D

H2 (Ti+1a wﬂ'+1

) < Br,,, < Hi(Ti41,wr ), assign the value for S, according to the value of the

D
Ti41
corresponding Bernoulli random variable (;. If the number of dynamic hedgers changes before the

maturity and the pricing equation still has a single solution, assign S;,,, = s3. If the number of

i+1

dynamic hedgers stays unchanged up to 7', stop.
Step 5. If 7; < TP (w?), then set

Tit1 = ﬂ', St = STi,Vt S [’7’1',7'@'4_1),

according to (2.50), set i =i+ 1 and go to Step 2.

)y = H(TP(wh), wl /ie_T(T_TD(wg))), then set

s W

assign Sy,

If 7 > TP (w?) and Bro(

wh
Sp = Sp, Vit € [1, TP (WD), Sy =1,vt € [TP(w?),T),

and stop.

Otherwise, set S; = S.,,Vt € [, TD(wg)), assign 7,41 and Sy to be equal to

inf (t > TP(wP) : B, > Hy(t, wg)) N7 AT if Brogpy < H(TP (wh), w? re TT=TP(wr))y

Ti
inf (t > TP (w) : By < Ho(t, wg)) N7 AT if Brog,p) > H(TP (wl), w?) A e Y

and

s1 Vte [TP(wh), 7iqq) if BTD(wg) < H(TP(wP),w?, /@e_r(T_TD(“’g)))

sVt € [TP(wR), mis1) if Brogup) > H(TP (wh), wp, ne 17050,
and go to Step 6. Recall that inf () = co by convention.
The system gets to Step 5 if the number of dynamic hedgers is such that, with the current number of
dynamic hedgers, the pricing equation has a single solution up to 77 (wZ) defined in (2.49). If the

number of dynamic hedgers changes earlier than TP (wg ), then the value of the state process stays

50



unchanged until that and assign the value S;,,, according to (2.50). If the number of dynamic

+1

hedgers stays unchanged until 77 (wg ), the system will start admitting multiple equilibria. If

Dy wP 7T(T*TD(7“”€'))), then the system switches to the

), Wy s KeE

Brpp(ypy is greater or less than H(TP(w
corresponding upper or lower level equilibrium and evolves according to the mechanism described
in Step 3. Otherwise, go to the abnormal state.

Step 6. If 7,11 < T and w” > ¢gP(1;41), that is, the system admits multiple equilibria, then set

Tit+1
if B, , < Hy(7; D
S1 1 Ti+1l — 2 T7,+1awri+1
— : D
STi+1 - S3 if BTiJrl Z Hl (Ti+17 w‘l’¢+1)

: D D
STz‘+1— if HQ(Ti+1,wTi+1) < BTH_1 < Hl(Ti+17w7—i+1)a

set © = ¢4+ 1 and go to Step 2. Recall that, for the sake of definiteness, it is postulated that if

D
Ti+1

D

it .), then the state process stays at its current level.

Hy(miv1,wy, ) < Bry < Hi(Tig1,w

D

o < gP(7i41), that is, the pricing equation has a single solution, then assign

If Tig1 < T and w
S

(3

L1 = 82, set i =i+ 1 and go to Step 2.

Otherwise, that is, if 7,11 = T, stop.

The system gets to Step 6 if it admits multiple equilibria and then either Brownian motion B
hits the corresponding boundary Hi (¢, w? ) (and the state process jumps from the lower level equi-
librium s; to the upper level equilibrium s3) or Ha(t, w”) (and the state process jumps from the
upper level equilibrium sz to the lower level equilibrium 1), or the number of dynamic hedgers

changes, or time elapses, whatever happens first.

Finally, define the stock price (P, To <t < T') pursuant to (2.9) and (2.16):
If S, = 0, then set
pt,wP, By if Sy = s
Pr= < p(t,wP,By)  if S; = s9
pu(t,wP, By) if S; = s3.

If S, = 1, then define P; as any (e.g., the smallest or the largest if there are more than one) solution

of the pricing equation. |
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Fig. 2.4: Simulated stock price dynamics in the stochastic number of dynamic hedgers model computed for
some set of parameters: Ty = 10, T = 100, oy = 0.3, ¢ = 0.025, o, = 0.03, k = 100, w¥ = 30,
v1 = 2, 79 = 1, 73 = 2; initial value of S; is assumed to be equal to ss; the number of dynamic
hedgers declines at ¢ = 36 and ¢t = 45; at time ¢t = 45 it is equal to 10, which corresponds to
TP(10) = 53.72, and after time ¢t = TP (10) the system admits multiple equilibria; stock price

jumps at t =19, t = 36, t = 45 and t = 66.
2.3.2 Main properties

In Theorem 2.10, it will be shown that the construction mechanism in Definition 2.5 determines
the stock market price (P;, Ty <t < T), that is, for all ¢t € [Ty, T), either S, = 0 and there is some

finite ¢ such that ¢ € [r;, 7;11) or S =1 (P-a.s.). Moreover, it will be proved that the system does

not get to the abnormal state (P-a.s.).

Theorem 2.10 In Definition 2.5,
(i) for all ¢ > 0, if 7, < T, then 7; < 7341 (P-a.s.)
(ii) construction mechanism stops after a finite number of iterations (P-a.s.)

(iii) P(S; = 0, Vt € [Ty, T)) = 1.
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Proof The proof of the first statement follows from the construction since hitting times of con-
tinuous processes and exponential random variables that correspond to the inter-arrival times for
homogeneous Poisson process are both positive (P-a.s.).

Assume the second statement in this theorem does not hold. Since Z; is a Poisson process, there is
a finite number of times on [Ty, T) when the number of dynamic hedgers changes (P-a.s.). Hence,
there should exist a time interval such that w}’ is constant on that interval and such that there is
an infinite number of iterations on that interval, and this leads to a contradiction due to Theorem
2.2 and Remark 2.4.

Second statement combined with the fact that B; has a continuous distribution implies that the

third statement also holds true. [ |

Remark 2.9 If wP satisfies (2.10), then P, < pi(t,wp) or P, > po(t,wP), t € [Ty, T). This
result follows from Definition 2.5, Remark 2.7 and the fact that, by construction, medium level
equilibrium is excluded from consideration. If w} satisfies (2.8), then H(t,w},z) is also an in-

creasing function of x.

Definition 2.6 Define a market crash as a point of discontinuity of (P;,0 < ¢t < T') such that

P, < P,_ and a market boom as a point of discontinuity of (P;,0 < ¢t < T') such that P, > P;_.

This definition is the same as Definition 2.3 considered in the analysis of the constant number of dy-
namic hedgers models. In view of Theorem 2.10, Remark 2.4 and Definition 2.5, (1, < T,i = 1,2,...),
are the only jump points on [Ty, 7)) and there is no infinite price oscillation if the system stays in
the normal state on [Ty, T) (P-a.s.), and probability that it stays in the normal state on [T, T) is
equal to 1. Denote the value of the i-th jump by J; = AP, = P;, — P _. Similar to the constant
number of dynamic hedgers models, it can be shown that the cadlag property of the stock price
process holds. Defining the market filtration 7/ in accordance with (2.34), it can be concluded
that the stock price jump times (r; < T,i = 1,2,...), are F{ -stopping times. The proofs of these
two properties are patterned after Theorem 2.4 and Theorem 2.5. Finally, Theorem 2.11 describes

the stock price dynamics for t € [Ty, T).
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Theorem 2.11 The stock price process is a semimartingale that follows
t t Nt
P=Pr+ | 01(s,PowP)ds+ | 0a(s, P,wl)dBs + > AP, forte [Ty, T),
To To P
where Ny =3, I(r; < t) is the total number of jumps on [7p,1],
Hy(s, Py, wP) + S Hyu(s, P, wP) (751 )

HI(Svp-SawsD)
Hx(S, PSJ wsD)

91(87P57w3D) = -

and
1

bo(s. P w)) = o py-

Proof The proof is patterned after Theorem 2.6. |

2.3.3 Conditional distributions

Recall that [S; = 0] means that the system is in the normal state at time ¢ € [Ty, 7). In this
section, it is supposed that [S’t = 0] and find conditional distributions for the time of the next
jump, the type of the next jump and the size of the next jump, given that the stock price dy-
namics on [Tp, ] is observed. In Theorem 2.12, their joint conditional distribution is found, given

the market filtration /. Based on this theorem, marginal conditional distributions can be derived.

Theorem 2.12 Assume that Tp < ¢ < u < T, [S; = 0], C; is any combination of elements in
S and Cy € B(R). In the stochastic number of dynamic hedgers model, the joint conditional distri-
bution for the time of the next jump, the type of the next jump and the size of the next jump on

the set [S; = 0], given the market filtration /', is equal to

F44<t7th7Bt7ua 01702) if St = 81
P(TNt+1 < u, STNt+1 S 017 JNt+1 (S CQ | f—tp) = F45(t7th,TD(th),Bt,u, 01702) lf St — 5y
F46(7f,th,Bt,u, 01,02) lf St = 83,

where Fy4, Fy5 and Fyg are defined in the proof of Theorem 2.12 in the Appendix.
Proof The proof is provided in the Appendix. |
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Distribution of the time of the next jump

Taking C7 = {s1, $2, 83} and C2 = R in the formulas in Theorem 2.12, the conditional cumulative

distribution function of the time of the next jump, given the market filtration ftp , can be computed.

Corollary 2.8 Suppose that Ty < ¢t < u < T and [S’t = 0]. Then the conditional cumulative

distribution function of the time of the next jump, given the market filtration 7, is equal to
1—e 2D (u,t, B, wP) if S; = s
P(rn, 41 < u | ]:tP) =9 Fur(t, th’TD(w?)’Bt’u) if S = s2
1— e*)\Z(U*t)DQ(u’ t7 Bt, ’UJtD) if St = 83,

where

__(@=Bp* _
¢ TP (1 - Dy (u, TP (wP), 2, wP))da

H(TP (wP)wp e~ (T=T7 ) .
“ [ /
- V2r(TP(wP) —t)
1

___(z=Bp? _
e 2<TD<th>7t>(1 - D2(U>TD(th)7xath))dx

o0
<
H(TP (th),wP,ne_T(T_TD(th))) \/27T(TD (UJD) - t)
and D; and D are defined in the proof of Theorem 2.12 in the Appendix.

Distribution of the next state of the state process

Let t € [Ty, T) and suppose [S; = 0]. Taking « = T and Cy = R in the formulas in Theorem 2.12,
the conditional cumulative distribution function of the next state of the state process, given the
market filtration /', can be computed. On the set [P, < pi(t,w?)] the conditional probability
that there will be at least one more jump and the first jump will be a small boom given F is equal
to Fus(t,wP, By, T, s2,R), while the conditional probability that there will be at least one more
jump and the first jump will be a big boom given F/ is equal to Fus(t,wp, B, T, s3,R). On the set
[p1(t, wP) < P, < pa(t,wP)] the conditional probability that there will be at least one more jump
and the first jump will be a market boom given F/ is equal to Fys(t,w?, TP (wP), B;, T, s3,R),
while the probability that there will be at least one more jump and the first jump will be a market
crash is equal to Fys(t,wP, TP (wP), B, T,s1,R). Finally, on the set [P, > pa(t,w})] the condi-

tional probability that there will be at least one more jump and the first jump will be a small crash
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given FF is equal to Fye(t,wp, By, T, s2,R), while the conditional probability that there will be
at least one more jump and the first jump will be a big crash is equal to Fye(t,w}, By, T, s1,R).

Combining these formulas all together, Corollary 2.9 can be obtained.

Corollary 2.9 Suppose that Ty < ¢t < T and [S't = 0]. Then the conditional cumulative dis-

tribution function of the next state of the state process, given the market filtration F/, is equal

to
P(r, 41 < T, Sy, oy = 52 | FI') = Faa(t,w, B, T, 52, R) if Sy = s1
P(tn+1 < T, Sry, ,y = 83| FP) = Fu(t,wpP, B, T, s3,R) it Sy =51
P(1ny+1 < T, Sry,y = 83 | F) = Fas(t,w?, TP (wf), By, T, 53,R)  if Sy = 59
P(rn,+1 < T, Sry,,, = 51| FPY = Fys(t,wP , TP (wP), By, T, 51,R)  if Sy = s9
P(rn,+1 < T, Stayi1 = 82 | FP) = Fye(t,wpP, By, T, 52, R) if S; = s3
| P(rve1 < T, Sty = 81 | FP) = Fye(t,wP, By, T, 51, R) if Sy = s3,

where Fyy, Fy5 and Fyg are defined in Theorem 2.12 in the Appendix.

Distribution of the size of the next jump

Let C € B(R) and suppose that ¢t € [Tp,T) and [S; = 0]. Taking u = T and C; = S in
the formulas in Theorem 2.12, the conditional cumulative distribution function of the size of
the next jump, given the market filtration F{, can be obtained. On the set [P, < pi(t,wP)]
(respectively [p1(t,wP) < P, < pa(t,wP)], respectively [P, > pa(t,w})]) the conditional prob-
ability that there will be at least one more jump and the first jump value will be in C given
FF is equal to Fy(t,wP, By, T,S,C) (respectively Fys(t,wP, TP (wP), B, T,S,C), respectively

Fys(t,wP, B, T,S,C)). Combining these formulas all together, Corollary 2.10, can be obtained.

Corollary 2.10 Suppose that Ty < ¢ < T, [S; = 0] and C € B(R). Then the conditional cu-
mulative distribution function of the size of the next jump, given the market filtration 7/, is equal
to

Fu(t,wP, By, T,S,C) if Sy = 51
n €CIF) =X Fst,wP, B, T,S,C) if S = s

Fys(t,wP, By, T,S,C) if Sy = s3,

P<TNt+1 <T, JTN
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where Fy4, Fy5 and Fyg are defined in the proof of Theorem 2.12 in the Appendix.
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3. ALTERNATIVE MODELS

3.1 DMotivation

In the previous chapter, three multiple equilibria and stock market booms and crashes models were
developed based on the market microstructure framework: the model with a constant number of
dynamic hedgers and endogenous switching, the model with a constant number of dynamic hedgers
and exogenous switching and the model with a stochastic number of dynamic hedgers. For all of
these models, the stock price process dynamics and conditional distribution formulas for time to,
the type of and the size of the next jump were computed. Note that these models might yield
negative prices and assume agents make their decisions based on a Brownian motion with a drift
approximation of the stock price process, but its actual dynamics have a different form. According
to the jump structure in the constant number of dynamic hedgers models, the stock price can not
have more than two consecutive upward or downward jumps, and this is quite restrictive. If, for
example, the stock price is in the lower level equilibrium, then the next jump type should be an
upward jump. Similarly, if the price is in the upper level equilibrium, then the next jump type
should be a downward jump. Moreover, distribution formulas in these models are given in terms
of the functions of Brownian motion hitting probabilities and densities for one-sided and two-sided
curved boundaries, and these probabilities and densities can be evaluated only numerically. To
overcome these drawbacks, two alternative models are developed.

In the simple jump structure model, it is considered that the pricing equation pattern that resembles
the shape of the one obtained within the market microstructure framework. This new pattern
excludes negative prices and has a closed-form solution, but it assumes the stock price process is
given exogenously. Similar to the stochastic number of dynamic hedgers model, for the sake of
simplicity, it is assumed that the state process that corresponds to the price equilibrium levels can

take only two values: the lower level equilibrium s; and the upper level equilibrium s,.



In this model, any upward jump always precedes a downward jump, which, in turn, always precedes
an upward jump. Even if the medium level equilibrium is incorporated, similar to the constant
number of dynamic hedgers models, still it would not be possible to have, for example, three
consecutive upward or downward jumps.

This observation is the motivating factor for the development of an alternative approach that could
have any jump structure dynamics. The simple jump structure model, thus, can be considered
as a transition model from the market microstructure models to the Markov chain jump structure
model, in which the next jump type, market boom or market crash, is determined by a Markov chain
with a 2 x 2 transition probabilities matrix. This model exhibits all the pros of the simple jump
structure model: it excludes negative prices and has a closed-form solution. As in the simple jump
structure model, the price in the Markov chain jump structure model is determined exogenously

rather than by the law of supply and demand.

3.2 Alternative models framework

I will work on a filtered stochastic base (2, F, (F:)i>0, P) satisfying the usual conditions. Assume
that on this probability space there exists a standard Brownian motion (B, ¢ > 0) starting at 0.
In this chapter, framework will be developed which satisfies some properties. First, all the condi-
tions mentioned in Remark 2.5 should hold. Second, it should avoid negative stock prices. Third,
it is required to have conditional probabilities of the time of the next jump, the type of the next
jump and the size of the next jump that can be found in a closed form. Fourth, the pricing equation
should look like the one in the market microstructure models considered in Chapter 2. Finally, the
model should be as simple as possible.

For the sake of simplicity, the preferred model will have the pricing equation that resembles the
form of (2.26), which is the special case of the pricing equation (2.6) like in the constant number
of dynamic hedgers models and excludes medium level equilibria from consideration like in the
stochastic number of dynamic hedgers model. Recall that, according to Remark 2.3 and Remark
2.4, both lower and upper level branches of function h(t,z) are in the class C1? inside their do-
mains and property (2.24) holds true. To exclude the possibility of negative stock prices arising

from (2.24), the following modification of the market microstructure framework is considered.
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Definition 3.1 Define the stock price process (P, t > 0) taking values in R, as the solution
of equation

h(t, Py —n;) = By,

where an auxiliary stochastic piecewise-constant process (1;,t > 0) taking values in Ry is model-
specific and will be defined in Definition 3.3 for the simple jump structure model and in Definition
3.4 for the Markov chain jump structure model and function h(t,z) € C*? (R4, R,) is known and
satisfies the following properties:

(i) hg(t,x) > 0 on its domain, that is, it is an increasing function of x

(i) limg o h(t,z) = —oo and limg_, 4o h(t, z) = +o0.

Remark 3.1 By the implicit function theorem, for each ¢ > 0 fixed, the inverse function h=!(y, t)

exists and is twice continuously differentiable. Based on Definition 3.1, the stock price P; satisfies
Pt = h_l(Bt,t) + Nt- (31)

Remark 3.2 If h(t,z) = ait + a2 In(x) with some constants a; € R and az > 0, then a Geometric
Brownian motion for the stock price can be obtained:
_eryy 1

P=e ay Ty Bt + ;.
In the models developed in this chapter, the same definitions of market filtration and market crashes
and booms are used as applied in the market microstructure models. Similar to (2.34), the market
filtration F/ is defined by

FP =o{P,,0<s <t}

Definition 3.2 determines market jumps based on Definition 2.3 (or, equivalently, Definition 2.6).

Definition 3.2 Define a market crash as a point of discontinuity of (P, ¢t > 0) such that P, < P,

and a market boom as a point of discontinuity of (P, ¢ > 0) such that P, > P,_.

It is also assumed that on the probability space exist (¢},i = 0,1,...) and (¢%,i = 0,1,...), the
sequences of independent random variables distributed according to some laws with density func-
tions (f!(z),z € [0,1]) and (f%(x),z > 1), such that both sequences are independent of B; and

each other.
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In the simple jump structure model, define an auxiliary state process (S, ¢ > 0) that takes values
in the state space S consisting of two values: lower level state s; and upper level state so. If S
is in the state s1, then both S; and 7 stay unchanged until the Brownian motion B; hits some
boundary and then S; switches to the other state so and the stock price jumps upwards by some
random amount: at the time of the jump the value of 7; is multiplied by some corresponding
random variable (!, and, according to Remark 3.1, the jump size is equal to 7;(¢}* —1). Then both
S; and 7, stay unchanged until the Brownian motion B; hits some other boundary and then .S;
switches back to the state s; and price jumps downwards by some random amount: at the time of
the jump the value of 7; is multiplied by some corresponding random variable Cf, and, according to
Remark 3.1, the jump size is equal to 7;(¢! — 1). Then this mechanism iterates. Figure 3.1 shows
the analogy between the market microstructure framework discussed in Chapter 2 and the simple
jump structure model. In the simple jump structure model, each upward jump is followed by a

downward jump which in turn is followed by an upward jump.

Market microstructure framework Transition step Simple jump structure model

h(t,x)
h(t,x)
h(t,x)

Fig. 3.1: Analogy between the market microstructure framework and the simple jump structure model

To make the jump structure not so restrictive, the Markov chain jump structure model is developed.
It is assumed that the state of the asset space S consists of two states: lower level equilibrium state
s1 and upper level equilibrium state so, and the jump type state space SY consists of two states:
market crash state s{ and market boom state s7. Two auxiliary processes are defined: the state of
the asset process (S;,t > 0) taking values in S and the jump type state process (Sy,t > 0) taking

values in S?. If S, is in the state s1, then S, ng and 7; stay unchanged until the Brownian motion
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B, hits some boundary and then S; switches to the other state sy. Similarly, if S; is in the state
59, then Sy, S/ and n; stay unchanged until the Brownian motion B; hits another boundary and
then S; switches to the other state s;. Therefore, the state of the asset process has the same type
of dynamics as the state process in the simple jump structure model. The difference between two
models is in the structure of the jumps. In the Markov chain jump structure model the type of
the next jump, market crash or market boom, which is described by the value of the jump type
state process, is determined according to the Markov chain mechanism with a 2 x 2 transition

probabilities matrix

1—
De Dec ’ (3'2)

T—po o

where 0 < p. < 1 and 0 < pp < 1, and such that it is assumed to be independent of (Bt > 0)
and sequences (¢*,i = 0,1,...) and (¢!,i = 0,1,...). In this matrix, p. denotes the probability that
the next jump of the stock price process will be a market crash given the current jump is a market
crash, 1 — p. denotes the probability that the next jump will be a market boom given the current
jump is a market crash, 1 — p; denotes the probability that the next jump will be a market crash
given the current jump is a market boom, and finally p, denotes the probability that the next jump
will be a market boom given the current jump is a market boom. If the next jump is a market
crash, then at the time of the jump the value of 7; is multiplied by some corresponding random
variable (!, and like in the simple jump structure model, the jump size is equal to 7;(¢} — 1). If the
next jump is a market boom, then at the time of the jump the value of 7; is multiplied by some
corresponding random variable ¢, and like in the simple jump structure model, the jump size is
equal to 7;(¢}* — 1). Then the process is iterated. Note that if this transition probabilities matrix
has identical rows, a special case of the jump structure is obtained where the probability of the
next jump type, a market boom or a market crash, does not depend on the current state of the
jump type state process.

The next question is how the boundary processes that move the stock prices from one regime to
another should be modelled. Recall that an explicit form is required for the conditional probability
of the time of the next jump, given the market information Ff. To do that the appropriate
boundary processes are required which Brownian motion should hit in order for the stock price to

switch the regimes. A possible solution would be to use one of deterministic functions for which an
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explicit form exists (see examples of those boundaries in Salminen [41], Daniels [17] and Novikov
[32]). A problem with this kind of modelling is that, in virtue of (3.1) and the fact that 1, stays
unchanged between the stock price jumps, it can be known at time ¢ at what value the stock price
could jump at time u > ¢, and this is not the case if discussing actual stock price dynamics. For
this reason, an example of stochastic boundaries will be considered that admit this conditional

probability in a closed form.

Let a deterministic function («(t),t > 0) and constants a € R and A € R such that a < A be given.

>0

Assume that processes (L, t > 0) and (U, t > 0) satisfy

dL; = a(t)(By — Ly)dt, Lo =a, (3.3)
and

dU; = a(t)(By — Up)dt, Uy = A, (3.4)
that is,

Ly = ae” Jo als)ds 4. /t e s or)dr o (s)Byds < Ae™ Jo als)ds 4 /t e )i Ardro(s)By = Uy (3.5)
0 0

In Section 3.6, it will be shown that, for both models, if the boundary processes are given by L;
and Uy, then there is no infinite price oscillation and the conditional probability of the time of the

next jump, the type of the next jump and the size of the next jump, given the market information

FF, can be found in a closed form.

Remark 3.2 Consider the simple jump structure model. Suppose the current state of the state
process is equal to s1, which means that the next jump will be upwards. Denote the time of the
next jump, which is the Brownian motion hitting time of the boundary U;, by T'. In Theorem 3.5
in Section 3.6, it will be shown that 7' is finite (P-a.s.). Since process Uy — By is continuous, T,
which is its first hitting time of 0, is a predictable stopping time (see Protter [38], p.104). There-
fore, there is a sequence of stopping times 7,, increasing to T. Consider the sequence of trading
strategies, H(Tn <t< T), which consist in buying the stock right after 7,, and selling at T'. The
profit associated with this strategy is Pr — Pr,. In Theorem 3.2 in Section 3.6, it will be shown
that the stock price process P; is cadlag, hence, Pr, converges to Pr_, so the profits converge to

Ppr — Pp_, which is strictly positive, and there would be an arbitrage in the limit. Similarly, if the
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current state of the state process is equal to so, there would also be an arbitrage in the limit. To
avoid that arbitrage opportunity in the simple jump structure model, it is assumed that there is
a sequence of independent exponential random variables (u;,7 = 0,1,...) with a rate parameter A,
defined on the probability space such that this sequence is also independent of B; and sequences
(¢t,i=0,1,...) and (¢*,i = 0,1,...). In Definition 3.3, boundary processes L; and U; are replaced
by corresponding modified boundary processes Lgi) and Ut(i) that depend on p; in accordance with
formula (3.8). Agents do not know the corresponding value of u; before the jump happens, and this
excludes the arbitrage opportunity. At the same time ng‘) and Ut(i) satisfy all the pros of bound-

aries Ly and Uy defined in (3.3) and (3.4): there is no infinite price oscillation and corresponding

conditional probabilities can be found in a closed form.

Remark 3.3 In contrast to the simple jump structure model, in the Markov chain jump struc-
ture model, it is never known whether the next jump will be upwards or downwards. Indeed, by
assumption, 0 < p. < 1 and 0 < p, < 1, which means that both crash and boom are possible,
regardless of the current state of the jump type state process, and the boundaries L; and U; are
used since they do a good job. Note that all three market microstructure models have a finite time
horizon, which means that with a positive probability there might be no next jump at all and such

an arbitrage opportunity as the one described in Remark 3.2 does not exist.

In the subsequent sections, the simple jump structure and the Markov chain jump structure model
setups will be discussed, including their main properties and conditional distributions for the time

of, the type of and the size of the next jump, given the market filtration F/ .

3.3 Simple jump structure model

Model setup

In Definition 3.3, the state process (S, ¢ > 0) and the process (1, t > 0) taking values in S and R4

are determined.

Definition 3.3 Define state process (St, ¢ > 0) and the process (7, t > 0) according to the following
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construction.
Step 1 Set i =0 and 79 = 0.
Step 2 Define boundary processes (Ut(i),t > 71;) and (Lgi),t > 7;) by

Ly = a(t)(B, - L")dt, LY = L, — ;. (3.6)
and
AU = a(t)(B, = UN)dt, UD = U, + (3.7)
that is,
L9 = Ly — e 00 < LU, < U e 0O — g, (3.8)

Step 3 If i = 0, then set initial values of 7 and S;

si  if By < LY
N =c¢ and Sy =< sy if By > UT(S)
SO lf Ls—g) < BT() < U7('(()))7

where ¢ € Ry and sp € S are some known constants. Assign value sg for the sake of definiteness

since for ng) < B < UT((? ) both states s1 and s are possible. Note that, according to Step 2 and

formulas (3.3) and (3.4), L(Tg) =a— po and UT((?) = A+ po.

Step 4 Set

inf(t >7 B = Ut(i)> it S, =51

Ti+l =
inf(t >1: B = Lﬁ“) if S, = s5.

Recall that inf ) = co by convention.

Step 5 For t € [1;, Ti41), set Sy = S5, and 1y = 7n,.

Step 6 Set the next state of the state process equal to the other state: S;,,, =S\ 5.

Step 7 Set
Gy 1Sy =51

Nrig1 =

Czlnn lf STi == 82-
Step 8 Set i =i+ 1 and go to Step 2.
Finally, define the stock price (P;, ¢t > 0) pursuant to (3.1). |
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3.4 Markov chain jump structure model

Model setup

In Definition 3.4, the state of the asset process (S;,¢ > 0), the jump type state process (S7,¢ > 0)

and the process (1, t > 0) taking values in S, S? and R, are determined.

Definition 3.4 Define the state of the asset process (S;, ¢ > 0), the jump type state process
(S{,t > 0) and the process (n;,t > 0) according to the following construction.

Step 1 Set i =0, 79 = 0 and starting values

s1 if By <a
M =c, St =s7 and Sp; =S s ifB,>A
so ifa< B <A,

where sg € S? and sy € S are some known constants. Assign values sg and sg for the sake of

definiteness, that is, when more than one state is possible.

Step 2 Set

inf(t > 1B = Ut) it S, = s

Ti+l =
inf(t > 1By = Lt> if S, = s5.

Recall that inf ) = co by convention.

Step 3 For t € [, 7i11), set Sy = Sy, S/ = STJZ, and 1y = n,.

Step 4 Set the next state of the state of the asset process: S;,,, =S\ S,.

Step 5 Set the next state of the jump type state process S;]i o according to the Markov chain

mechanism (3.2).

Step 6 Set i =i+ 1 and go to Step 2.
Finally, define the stock price (P, ¢t > 0) pursuant to (3.1). [

3.5 Main properties of alternative models

In Theorem 3.1, it will be shown that there is no infinite price oscillation (P-a.s.).

66



Theorem 3.1 In both simple jump structure and Markov chain jump structure models,

(i) for all i = 0,1, ..., there is 7; < 7341 (P-a.s.),

(ii) for all T > 0, there is only a finite number of 7; on [0, T], hence, they are not accumulating
(P-a.s.).

Proof According to (3.5) and (3.8), for t € [0,7] and i = 0,1, ...,

UO(t) — LO) > Uy — Ly > 8(T),

where

§(T) = (A — a) e~ Jo le@lar ¢

and the result follows from the continuity of Brownian motion and processes L; and Uy. |
Theorem 3.2 shows the cadlag property of the stock price process.

Theorem 3.2 The stock price process is cadlag (P-a.s.).
Proof The result follows from Remark 3.1, Theorem 3.1 and the construction of (1,¢t > 0) in
Definition 3.3 and Definition 3.4. [

By construction and (3.1), the set of (7;,7 = 1,2, ...) and the set of all the jumps in the stock price
process are the same and the value of the i-th jump is equal to J; = AP, = P, — P, =1y, — 07,
Theorem 3.3 shows that jump times (7;,7 = 1,2...) are F{ -stopping times and Theorem 3.4 shows

that the stock price is a semimartingale.

Theorem 3.3 Jump times (7;,7 = 1,2...) are F/ -stopping times.
Proof In virtue of Theorem 3.2 the proof patterns after Theorem 2.5. |
Theorem 3.4 The stock price process is a semimartingale that follows the dynamics

P, =h"YBy,t)+mn, t>0.

Proof Indeed, the result follows from Remark 3.1, Theorem 32 (p.78) in Protter [38], Theorem 3.1

and the construction of (7, ¢ > 0) in Definition 3.3 and Definition 3.4. [

67



Denote by
o0
Ne=>I(n<t), t=0,
=1

the total number of jumps on [0,¢] and let

UM —B, it S =s
B, — LM it S, = s

and

Ut — Bt if St = 851
DMC — (3.10)

Bt - Lt if St = S92
be the distances to the border processes corresponding to Step 4 in Definition 3.3 and Step 2 in
Definition 3.4:

inf (u >t Df = 0) for the simple jump structure model

TNt-‘rl = (311)

inf (u >t: DMC = O) for the Markov chain jump structure model.
In virtue of the definition of D{W C for the Markov chain jump structure model, a similar process
for the simple jump structure model can be defined:

g Ut - Bt if St = 51
a7 = (3.12)

Bt_Lt if St:SQ.

In view of (3.8), it can be concluded that
Df = (dtsaTNwtv,U/Nt)a (313)

where

I:Nt a(r)dr

WP T, b x) = df + xe (3.14)

If 7,41 is finite, then values of S; S and J

Ne+1 D41 n,41 Can be determined according to Definition

3.3 and Definition 3.4. For the sake of completeness, assign S, S and .J, any value from S,

S? and R. Theorem 3.5 shows that, for all £ > 0, the next jump time is finite (P-a.s.). In the
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subsequent sections, conditional distribution for the time of the next jump, the type of the next

jump and the size of the next jump will be calculated, given the market information F} .

Theorem 3.5 For all t > 0, the next jump time is finite (P-a.s.):
P (TN, 41 <oo|]-'tp) = 1.
Proof In view of (3.3), (3.4), (3.6), (3.7), (3.9) and (3.10),
dDy = —a(t)Dfdt —dB; if S; = s;
dDy = —a(t)Dydt + dB; if S; = so
and
dDMC = —a(t)DMCdt — dB; if S; = s
dDMC = —a(t)DMCdt +dB; if Sy = so,

which means that, on [t, 7n,+1), distance to the border processes D% and DM€ have an Ornstein-

Uhlenbeck type dynamics and satisfy

u

(3.15)
e Ji als)ds (Dts + ftu elt O‘(T)deBs> it S; = s9

and

—Jials)ds (DM _ (v [l a(ndrgp ) i G, =
oI e s 1 51
pue ( M- ) ' (3.16)

o S ols)ds (DgWC + [ effa(ﬂdrst) i S, = s9.

According to Revuz-Yor [39], p.181, one can obtain a representation of ftu eli eMdrgp  as a time

changed standard Brownian motion W = (W;,t > 0) starting from 0 and such that

/t Celiatirgp Wt (3.17)
where

Tt u) = /t "2l e g (3.18)

Therefore, 7y,41 is finite (P-a.s.) since hitting times of Brownian motion of a fixed level are finite.
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3.6 Conditional distributions in the simple jump structure model

In this section, conditional distributions for the time of the next jump, the type of the next jump
and the size of the next jump in the simple jump structure model will be found, given that the

stock price dynamics on [0,¢], ¢ > 0, is observed.

Distribution of the time of the next jump

Theorem 3.6 Suppose that 0 < t < u. Then conditional distribution for the time of the next

jump, given the market information }'tP , is equal to

o0

2 o0 2 B B
]P)<TNt+1 S u | ]:tp) - \/ﬂ/ [/Y(dfm]\rt,t,z) e 2 dyi| /\,U«e )\H(x Rt)d$a
B

where d7, v(d7, Tn,,t,z) and T(t,u) are defined in (3.12), (3.14) and (3.18), and

Ri= sup <—dSS€fTNt a(T)dr) . inf <d§efTNt Ol(T)dr> .
]

SE[TNt7t SE[TNt,t]

Proof According to (3.5) and (3.12) — (3.14), d¥ € FF and Df € F/*, where

Fr = o((P0< s < 0).,).

Therefore,
P(rvn <l F) =B [BP[I(rwen <) | FOH] | FF]
2 & y?
=EP|— e_Tdy\]:P}
= | ps t
-v2m T(tt,u>
2 o y?
_ P -y P
=E L\/27r (A TN, N, e Zdy ’ ]:t ]
VT ()

The first equality follows from the law of iterated expectations. The second equality is due to
formulas (3.11) and (3.15), time-changed Brownian motion representation (3.17) and the cumulative
distribution function for the maximum of Brownian motion (see, e.g., Shreve [43], p.113). Finally,
the third equality holds true according to (3.13).

Then the result follows in view of the assumption that py, is an exponential random variable with

parameter A\, and the fact that the condition
[V(dfa TNg» Sy MNz) >0, Vs € [TNt?t]]
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is equivalent to the condition

[MNt > Rt] .

Distribution of the next state of the state process

Remark 3.4 Suppose that ¢ > 0 and s € S. According to Theorem 3.5 and Step 6 in Definition

3.3, the next state of the state process is equal to the other state (P-a.s.), which means that

H%Smﬁ1:s|ff):1—ﬂwg:s)

Distribution of the size of the next jump

Remark 3.5 Suppose that ¢ > 0 and C € B(R). In virtue of Theorem 3.5 and Step 5 and Step 7
in Definition 3.3, the distribution of the size of the next jump is given by

[ (e —1) €C) @) it 5 =5
P(JyeC|F)=4"
fo (nt:z—l EC’)fl()a; if Sy = s9.

Recall that (f%(x),z > 1) and (f'(z),z € [0, 1]) are the density functions of random variables §7

and d\/t'

3.7 Conditional distributions in the Markov chain jump structure model

In this section, conditional distributions for the time of the next jump, the type of the next jump
and the size of the next jump in the Markov chain jump structure model will be found, given that

the stock price dynamics on [0,t], ¢ > 0, is observed.
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Distribution of the time of the next jump

Theorem 3.7 Suppose that 0 < ¢t < u. Then conditional distribution for the time of the next

jump, given the market information Ff , is equal to

2 o _y2
P(TNt+1 S u | ]_—tP> = \/72771_ DEMC (& y2 dy (319)
Naxoo)

Proof The proof is patterned after Theorem 3.6 by applying formulas (3.11) and (3.16), time-
changed Brownian motion representation (3.17) and the cumulative distribution function for the

maximum of Brownian motion. [ |

Distribution of the type of the next jump

Remark 3.6 Suppose that ¢ > 0. According to Theorem 3.5 and Step 5 in Definition 3.4

De if S/ = s/
P(s4,., = o1 177) = o

TNy+1

1—p, ifS/ =5
and

1—p. if S/ =s
B(5,,, = 51 | 7F) = P

TNy+1

Db if S/ = s.
Distribution of the size of the next jump

Remark 3.7 Suppose that t > 0 and C € B(R). In virtue of Theorem 3.5 and Step 3 and Step 5

in Definition 3.4, the distribution of the size of the next jump is given by

P<JNt+1 e(C | .7:tP>

pe o Lin(z —1) € C) fia)dz + (1 —pe) [CL(ne(x — 1) € O) f(x)dz if S{ = s{

(1—pp) fo (ne(x —1) € O) fY(x )d:c—{—pbfl (ni(x — 1) € O) f¥x)dx if S} = s9.
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4. ESTIMATION OF PARAMETERS

All the parameters can be divided into two groups. The first group is model-specific probabilities,
rate parameters and intensities. In the subsequent sections, they will be estimated by assuming
some prior distributions and obtaining posterior distributions according to the Bayesian inference
approach. All other parameters and parameters of those prior distributions can be calibrated by
doing a number of stock price simulations and finding a set of parameter values that fits some

historical price dynamics.

4.1 Bayesian inference in the endogenous switching model

Estimation of )\

To estimate the rate parameter )\;, assume it has some prior density fy,(A) and let

Ni—1

N =Y u(sﬂ. - 51)]1(371.+1 < hl(n+1))

i=0
Ni—1
(respectively Ntl’2 = Z I[(STi = 31>H<Bn+1 = hl(Ti_H))).
i=0

be the number of times up to time ¢ when, at 7;, the system starts from S;, = s; and then jumps
after (respectively before) 7; + T7.

Set ié’l < 0 (respectively 2.10,2 < 0) and, for j =1, ...,Ntl’1 (respectively j = 1, ...,Ntl’2), let

11 ..
iy = mln(z >0 S, =syand B, < h]_(Ti+1)>

(respectively 222 = min (z > 2231 08, =syand B, =M (Ti+1)>>



be the indices of the corresponding jumps.

Therefore, information that is available is the following:

W (run o 1an +T4,) =B
(’Lj’ +17 7’j’ ié,l) Ti§’1+1’

that is, in view of (2.30),

B7'.l_,1_'_1 - hQ(Ti;’l_;,_l)

@
J

l !
T,l 1 =1 = T.1
i 5 s

— Ti1+ — In
J J J J

+1 C hl(Til,’lJrl) — hZ(Til.’lJrl)
J J

and

[ l
Tho 2Yio =Taz, , — Taz.
7’j zj lj (2

+1 ¥
Then by Bayes formula the posterior density
I I ! I Nyt I Ny I
(A Lody s a5 Y2y Y02 ) o fAl()‘)szl ()‘ exp(—Aa:il_,l))szl eXp(—)\yil_,z).
1 Nzl’l 1 Né,z f] J

Assuming the conjugate prior Gamma(\; a;, b;), where

b

Gamma(\; a, by) = m)\‘”_le_)‘bl, A>0,
and I'(a;) denotes the Gamma function, it can be shown that
N}! N}?
l,1
I (A :1:211,1, ,mﬁ“l E yé,lg, ...,yiul 2) = Gamma(\;a; + N7, by + Z x'lil.’l + Z yﬁlv’g).
Ny Ny = =

It can be concluded that an increase in one of the values of xl,l,l or yl,ly2 leads to a decrease in the
1. !

J J

. . . . 1.1 . . 1,1 11
posterior mean of )\;, while an increase in N,”, given that the number of observations N, + N’

and all the values xim and yim stay unchanged, causes the opposite effect. Indeed, if it is known

J J
that one of the values of Tzl in the sample is greater than z; rather than greater than zo, or one

of the values of Tll is equal to z; rather than equal to z9, or one of the values of Til is equal to

z1 rather than greater than z1, where z; < 23, then the posterior mean of the rate parameter \;

should increase.
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Estimation of A\,

Similarly, to estimate the rate parameter \,, assume it has some prior density fy,(\), A > 0, and

let

N¢—1

et = 3150 =i > )
=0
Ni¢—1

(respectively N2 = Z ]1<5n- = 53)]1(37.”1 = hQ(TH_l))).
i=0
Set ig’l < 0 (respectively ig’2 < 0) and, for j =1, ..., Nt“’1 (respectively j =1, ..., Nt“’z), let

w1 (ol
z}“ = mln(Z > z?’_l : S;, = sz and By, > hQ(TrH_l))

(respectively 1;2 = min (z > Z;L_Ql 08, =s3and B, = h2(7’i+1)).

In view of (2.31), information that is available is the following:

1 h1(Ti;,1+1) — BTZ_%1+1
u u J
w,l —L .1 — T.u,l — T.u,1 + — ln( >
i 1 7. +1 2, — ’
25 25 J J C hl (Ti;"lJrl) hQ(Ti;,l+l)
u > u _
u,2 _y-u,Q = T.u,2 — T.u,2.
i i i +1 i

Then by Bayes formula the posterior density

Nu,l Nu,2
PO s Gl rfen ) 5 Fr T (Aexp(-Aa) )L, exp(-Agt).
1 w1 Tl T2 2 Y

t t

Assuming the conjugate prior Gamma(\; ay, b, ), it can be obtained that

Nu,l Nu,2
t t
u u u u . u,1 u u
(A Thuts ooy Ta Y2y ey Yoo ) = Gamma(\; a, + N, , by + E T + E yiu,g).
1 Nu,l 1 Nu,2 - J - J
t t j=1 7=1

Similar to the analysis of the posterior distribution for );, an increase in one of the values of :U;L,l or
j
y;ft;z leads to a decrease in the posterior mean of )\, and an increase in N,* ’1, given that the number
i
of observations N}* s Ny 1 and all the values a:i“%1 and y;fh2 stay unchanged, does the opposite.
i i
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Estimation of py,

To estimate the sunspot probability py,, assume it has some prior density fi,(p) and let

Nb3 _Nilﬂ(sﬂ. - 31>]I<Bn+l < hl(nﬂ))ﬂ(sﬂ.ﬂ - 33>

i=0
Ni—1
. 1,4
(respectlvely N = Z ]I(Sn = 51)H<Bn+l < hl(Ti+1))H(STi+1 = 52>)
1=
be the number of times up to time ¢ when, at 7;, the system starts from S;, = s; and then jumps
after 7; + T} to state s3 (respectively s).

Then by Bayes formula the posterior density

l, l, 1,3 1,4
fru(p | NP2 NP o fra(p)p™ (1 =)™

Assuming the conjugate prior B(p;x1,y1), where

prt (1 —p)!
3(331, yl)

B(p;x1,91) =
and B(z1,y1) denotes the Beta function, it follows that
1,3 1,4 1,3 1,4
S | N7, Ny7°) = B(psz1 + Ny7yn + Ny°).

It can be concluded that an increase in Ntl 3 given that the number of observations NZ 3 +Ntl 4 stays
unchanged, leads to an increase in the posterior mean of py,. Indeed, the greater the proportion
of times when Bernoulli random variable is equal to 1, the greater the posterior mean of that

probability to be equal to 1.

Estimation of py;

Similarly, to estimate the sunspot probability p,;, assume it has some prior density f,;(p) and let

N¢—1

Nt“:3 — Z ]I(STZ. = Sg)H(Bq—H_l > hQ(Ti+1))H(STZ’+1 = 81)
i=0
(respectively Ntu’4 :NtZ_I]I<STZ. = .S:3>]I(B.r2.+1 > hg(TiH))H(STZ.H = 52>).
i=0
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Then by Bayes formula the posterior density
Fup | NP NP o fu(p)p™ (1= )
Assuming the conjugate prior B(p; x2,y2), it can be shown that the posterior density
Fu(p | Nf%, N*) = B(piwa + N o + M),

Similar to the analysis of py,, an increase in N,* ’3, given that the number of observations N;* ’3+Nt“ A

stays unchanged, leads to an increase in the posterior mean of p,;.

4.2 Bayesian inference in the exogenous shocks model

To estimate intensity Az, assume it has some prior density fy,(A). According to Remark 2.8, at
time t € [Ty, T), the Brownian motion past dynamics (Bs, Ty < s < t) is known, and the total

number of exogenous shocks when the system admitted multiple equilibria is equal to
NZ = Zﬂ(n < t)ﬂ(hg(n) < B, < hl(n)).
i>1

The question is how the posterior distribution of Az can be found, based on the information

contained in the sigma-algebra
FNOB = 6{(By, N%), Ty < s < t}.

Denote by
FNOP = PNV FL,

where FB = (By,s > Ty) and FN” = o(NZ, s € [Ty, ]), hence, }'tNZ’B C .7:"tNZ’B. In Theorem
4.1, it will be shown that the process A7 = Az f;,o ]I<h2(s) < Bs < hl(s))ds is the compensator in
the Doob-Meyer decomposition for (Ntz,ﬁfVZ’B), t e [To,T).

To compute the posterior distribution of Az, the method of the reference probability described in
Chapter VI in Bremaud [8] is applied. According to this method, a reference probability Q can be
obtained by an absolutely continuous change of measure with the corresponding Radon-Nikodym

derivative given by

_dPy RY J1, (1=T(h2(5)<Bs<hi(s)))ds

L, = —% —
LT dQ,

i
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A
where, for each ¢t € [Ty, T'), P, and Q; are the restrictions of P and Q respectively to (€2, ]-"tN ’B). By
the results of Chapter VI in Bremaud [8], under the probability measure Q, process NtZ is a Poisson
process with intensity Az and it is independent of Brownian motion B;. For any Borel-measurable

and bounded function f: R} — R,
zZ
() | FYP) = BQ(LafO02) | FYOP) = LEQ(F(A2) | NE),

hence, it is required to calculate the posterior distribution of Az based on the values of N and

fT ) < Bs < hi(s))ds, and it can be implemented by applying Bayes formula.

Theorem 4.1 Process A7 = \z fT (hg s) < By < hl(s)>ds is the compensator in the Doob-
Meyer decomposition for (N7 ,.7-}]\7 By t e [Ty, 7).
Proof First, since the expected total number of exogenous shocks on [Ty, t] is equal to Az (t — Tp)

and 0 < ]I(hg(s) < Bs < hl(s)) <1, for s € [Ty, t], it can be concluded that
EF | NZ — AZ |KEPNZ + EPAZ < \z(t — Tp) + Az (t — Tp) < o0
Suppose that s € [Tp, t]. Then

EP(NtZ — A7 | ]:";VZ’B) =NZ — AZ +EP(ZH(5 <1< t)]l(hg(n) < B, < hl(n)) | f;VZ’B>

i>1
~ Ay /:H(hg(r) <B, < hl(r))dr

Pursuant to the monotone convergence theorem and the law of iterated expectations,

EF (Z ]I(s <7 < t)H(hQ(n) < B, < hl(n)) ] ﬁjVZ’B>

i>1

- ;EHD(H<S <7 < t)1(ha(m) < By, < ha(m)) | FVF)

=Y B (BR(1(s < 7 < 0)1(ha(m) < By, < ma(m)) | 7, FNOF) | PV
i>1

_;/ts 5+r)<Bs+r<h1(s+r)>WdT

) /Ot Sﬂ(hz(s +7) < Bygr < (s +7)) ;Wdr

— )y /:I[(hg(r) < B, < hl(r)>dr,
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and the martingale property holds true. |

Bayes formula and independence of N4 and B yield
t
IP()\Z € dA | N7 = n/ I(ha(s) < Bs < ha(s))ds = :1:)
T
. 0
~ IP’(NtZ - n/ I(ha(s) < By < hi(s))ds € dz | Az € dA)IP(/\Z € dA)

To
t

x EQ (LtH( / I(ha(s) < By < hy(s))ds € dz)[(NZ =n) | Az € dA)IP’(AZ € dA)
To
o eA(thO)7A"”67A(t7TO)AnIP’()\Z € dA)

x e ATATP(\, € dA).

For the rate parameter Az, it is assumed that the conjugate prior is given by Gamma(A; a, b), hence,
the posterior density is equal to

Fry ()\ | NtZ’/t ]I(hz(s) < Bs < h1(5)>ds> = Gamma()\;a—}—NtZ,b—k/t H(hg(s) < Bs < hl(s))ds).
To To

An increase in N/, given that f;o H(hQ(S) < Bs < hl(s)>ds stays unchanged, leads to an increase
in the posterior mean of Az, while an increase in f;o ]I(hg(s) < Bs < hl(s))ds given N7 stays
unchanged does the opposite. It can be concluded that this posterior density coincides with the
one obtained for a standard Poisson process taking value N7 at time thb I(ha(s) < Bs < hi(s))ds.
The value of this integral is equal to the total amount of time Brownian motion spends in the
interval where the system admits multiple equilibria since when the Brownian motion is outside

this interval, new shocks can not be detected.

4.3 Bayesian inference in the stochastic number of dynamic hedgers model

Estimation of \z

To estimate Az, assume that it has some prior density f),(\) and count the total number of stock
price jumps caused by Poisson process Z;:

Ny

NE =3 [1(AP, > 0)1(Hy(mwh) # Br,) + (AP, < 0)1(Ha(ri,wh_) # By, )|

=1
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Then by Bayes formula the posterior density
Prz N INE) o fr, (A MTTONNE,
Assuming the conjugate prior Gamma(\; a,b), it can be obtained that
Fr, (N | N7) = Gamma(\;a + NZ, b+ (t — Tp)).

An increase in N7, given that t — T} stays unchanged, leads to an increase in the posterior mean

of Az, while an increase in ¢ — T given N7 stays unchanged does the opposite.

Estimation of py

To estimate the probability p;, assume it has some prior density fy, (p) and let

Ny

N = Z]I(STH - 82)]1<n < %i_l)H(Hg(n,wg) < B, <H (Ti,wg))ﬂ(s.,-i - 53>
=1

(respectively Ny = gH(Sﬁ_l = 32>]I<TZ~ < %i_1>]I(H2(Ti,w£) < B;, < Hy(m, w.ﬁ))]I(STi = 31>>

denote the total number of observable values of (§;,7 = 1,2,...) such that & = s; (respectively
& = s3). Values of & can be observed if and only if the number of dynamic hedgers changes when
the state process is in the state so and Ha(7;, wg) < B;, < Hi(m;, wfi)).

Then by Bayes formula the posterior density
Jo(p | NE NG o< fu (p)p™ (1 = p)M.
Assuming the conjugate prior B(p;a,b), it can be concluded that
P | Ni.N}') = B(p;a + Nj,b+ NY).

An increase in N}, given that the number of observations N 4+ Nj* stays unchanged, leads to an
increase in the posterior mean of p;, while an increase in N}*, given that the number of observations

N} + N}* stays unchanged, does the opposite.

80



4.4 Bayesian inference in the simple jump structure model

To estimate the rate parameter \,, assume it has some prior density fy, (1), p > 0. Based on the
information ]-'tP ,t >0,

= —dS emtewdr N, — 1,

Ti41
can be calculated.

Then by Bayes formula the posterior density
_ Ng-1
I (/\ | p1, "'7/’LNt—1) oc MVeT1e A5 “ﬂfAH()\)

Assuming the conjugate prior Gamma(\; a, b), it can be shown that

N¢—1

I, (A | p1, ...,uth) = Gamma()\;a + (N —1),b+ Z Hj)-
j=1

An increase in one of the values of p; causes an increase in the posterior mean of A,.

4.5 Bayesian inference in the Markov chain jump structure model

To estimate probabilities p. and p,, assume they have some prior densities f, (p) and fp,,(p),
p € [0,1]. Based on the information F/", ¢t > 0,

NC

TNp—1
Se = Z X{ and f.= NTCNt_1 — Se,
i=1
can be calculated, where
1, if Jli+1 <0
lp=0, Il;= min(i >l i < 0),i =1,2, ""NgNt—N XZC =
0, if Jj,41 >0,
and \
TNp—1
w= Y X0 ad f= N s,
i=1
where
b b 1, if Jg,41 >0
ko =0, k:i:min(i>ki_1 2 J; >0)’i:1’2""’NTNt—1’ Xi =

0, if Jk¢+1 < 0.
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Then s, is the number of successes and f. is the number of fails in the sample of a random variable
which is a Bernoulli trial with unknown probability of success p. and s is the number of successes
and fp is the number of fails in the sample of a random variable which is a Bernoulli trial with
unknown probability of success py.

By Bayes formula, the posterior densities
o0 | ses fe) = p*e(L =) fo.(p) and [y, (P | 56, o) = 0™ (1 = p)” [, (p)-
Assuming conjugate priors B(p; a1, b1) and B(p; ag, b2), it can be shown that
fpe(p | se, fo) = B(p;ar + se, b1 + fo) and [, (p | s, fo) = B(p;az + sp, bz + o).

It can be concluded that an increase in s. given that the number of observations s. + f. stays
unchanged leads to an increase in the posterior mean of p.. Similarly, an increase in s given that

the number of observations sj + f; stays unchanged causes an increase in the posterior mean of py.
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5. NUMERICAL STUDIES

In this chapter, a number of numerical studies are conducted in C/C++ and MATLAB. Numerical
techniques to find conditional probabilities discussed in Chapter 2 and Chapter 3 will be demon-
strated by the example of the time of the next jump. Conditional probabilities of the type of the

next jump and the size of the next jump can be computed applying similar numerical algorithms.

5.1 Market microstructure models

5.1.1 A numerical algorithm for the endogenous switching model

Owing to the results of Corollary 2.1 and Sections 4.1.1 and 4.1.2, it can be concluded that the

conditional probability of the time of the next jump is equal to

,
i1 Nbl N2 )
1-— F51(t7 TN, + Rzl‘,7 B, u,a; + ]\ft7 o+ Zj:t1 xélv,l + Zj:t1 yilg) if S =91
J J

1-— Dm(u,t, Bt) if St = S92

u,1
Nt

Nw? .
1 _F52(t7TNt +R}‘,LvBt7u7 au—i_Nl;u’l?bu—i_Zj:l xi%l +Zj:t1 y;%?) if S = 83,
J J

\

where

F51(t, z,y,u,a,b) = /000 </OOO D'(u,z + :U,t,y))\e_’\”da:> Gamma(\; a, b)dA
and

Fso(t, z,y,u,a,b) = /OOO (/000 D*(u,z + x,t, y))\e/\xdw> Gamma(\; a, b)d\.

In Sections 5.1.4 and 5.1.5, numerical algorithms to compute corresponding probabilities D!, D,,
and D" will be discussed. Conditional probabilities F5; and Fse can be numerically approximated

by applying Gauss-Laguerre formula (see, e.g., Abramowitz and Stegun [1]).



5.1.2 A numerical algorithm for the exogenous shocks model

Owing to the results of Corollary 2.4 and Section 4.2, it can be concluded that the conditional

probability of the time of the next jump is equal to

Fia(t, By,u,a+ NZ,b+ [1, ]I(hg(s) < B, < hl(s)>ds) if S, = 81
Fsu(t, B, u,a+ N7 b+ [1, ]I(hg(s) < B, < hl(s)>ds) if S) = so
Fs5(t, By, u,a + NtZ,b+ f;ﬂo H(hg(s) < Bg < h1(8)>d3) if S; = s3,

where F53(t,y,u,a,b) satisfies

u—t

F53(t>y7U7 a, b) = (1 - Dl(uatay)> / e_A(“_t)Gamma(/\;a,b)d)\—l— / [(1 - Dl(t+ rt, y))
0 0
h2(t+7‘)

+®1(t+1ty) + / q1(z;m, t,y) Fss(t + )z, u)dm] [/ e M Gamma(); a, b)d)\] dr,

oo 0

Fsy(t,y,u,a,b) =1 — Dm(u,t,y)/ e_/\(“_t)Gamma()\; a,b)d\ (5.1)
0
and Fs5(t,y,u,a,b) satisfies

o) u—t
Fs5(t,y,u,a,b) = (1 — Do (u,t, y)) / e*)‘(uft)Gamma(/\; a,b)d\ + / [(1 — Do(t+1,t, y))
0 0
+ Oo(t + 1, t,y) + / q2(z;r, t,y) Fs5(t + 7, 0, u)dac} [/ )\e_’\TGamma()\; a, b)d)\} dr,
hl(t+T) 0

The value of F53 can be approximated by finding Fsg, where
[o.¢]
Fs6(tiy Ym, tny,a,b) = (1 - Dl(tnl,ti,ym)> / e*)‘(t"fti)Gamma(/\;a, b)dA+
0

n1 00
+ A % Z (/ /\e*)‘(tﬂ'*ti)Gamma(}\; a,b)d\ x [(1 — Dl(tj,ti,ym)> + <I>1(tj,t,-,ym)+
j=i+1 70
k

J
+ P(yk_l —UYn < Btj*ti < Yk — Ym ’ B, < hl(ti + 8),V8 S [O,tj — ti]>F56(tj,yk,tn1)d$]),
k=1

(5.2)

boundary condition is

Fs6(tn, s Ymstny,a,0) =0 for m=0,1,..., ky,,

kj:max<0§k§n2 Zykghg(tj)>, j:1,2,...,n1,
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and a mesh with uniform spacing is given by

ti=t+iA1,i=0,1,...,n1, and vy, =C1+mAgy,m=0,1,...,n9,

with
Alzu_t, 71121, and AQZM, 7”@21.
ni ng
Constants C7 and C9 are taken such that
P( min B; < C)) =P( max B>—(J)—2q>( % )—e (5.3)
sefou—t] = VT ey T YT Vu—t/) '

for some small € > 0 and

Cy> max hi(t+s).
s€[0,u—t]
The value F5¢ can be computed applying backward induction to ¢ = 1,...,n; and Gauss-Laguerre

formula for

/ e~ M=t Gamma(\; a, b)dA
0

and

/ Ae M) Gamma(\; a, b)dA, =i+ 1,...,n1,
0

and F54 can be approximated by applying Gauss-Laguerre formula for

/ e M=) Gamma()\; a, b)dA.
0

Finally, Fr55 can be computed according to exactly the same procedure as the one applied for Fis,
therefore, the details are omitted here.
In Sections 5.1.4 and 5.1.5, numerical algorithms to approximate corresponding Brownian motion

probabilities in formulas (5.1) and (5.2) will be discussed.

5.1.3 A numerical algorithm for the stochastic number of dynamic hedgers model

Owing to the results of Corollary 2.8 and Section 4.3.1, it can be concluded that the conditional

probability of the time of the next jump is equal to

1 — Di(u,t, By, wP) [ e M=) Gamma(\;a + NZ, b+ (t — Tp))d\  if Sy = s,

0
Fs7(u,t, By,wP,a+ NZ,b+ (t — Tp)) if St = s9
1 — Dy(u,t, By,wP) [° e M= Gamma(\;a + NZ, b+ (t — Tp))d\  if Sy = s3,
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where

Fs7(u, t,y, wt ,a,b)

1-— e_)‘(“_t)Gamma()\; a, b)d)\> + ]I(TD(th) < u) / e M=) Gammal(\; a, b)dAx
0
H TD(wt )wP ke T=TP wE)) 1 _ @w)?
X |:/ € Q(TD(thFt) (1 - Dl(u>TD(th)7xa th))dJL‘
o V21 (TP (wP) —t)
+ /OO ! 6_2(Tg(”i];’“(l — Do(u, TP (wP), z,wP))dz|.
H(TD(wP),th,nefr(TfTD(w \/27'(' TD(U) ) 2 ! !

On the sets [S; = s1] and [S; = s3], this conditional probability can be numerically approximated

applying Gauss-Laguerre formula for
[e.e]
/ e M=) Gamma(; a + N2, b+ (t — Tp))dA
0

and

/ e M"Y Gamma(X;a + N2, b + (t — Tp))dA.
0

On the set [S; = s3], one can apply Gauss-Laguerre formula

/ e_)‘(“_t)Gamma()\; a,b)dX,
0

replace
H(TP (wP) P e~ (-T2 ") 1 Tt T e S
/ ¢ HP@P 0 (1 — Dy(u, TP (wP), 2, wP))da
—00 \/271’ t)
by
zn: (1= D1 (u, TP (wP),zi1,wP)) + (1 —D1(u,TD(th),xi,th))X
2
=1
z 1 __ (z—y)?
2(TD (wP)—t) dx
_y- - D TD(wt > v, wP)) + (1= Dy, TP wp), 21, wP)
2
=1
(=) )
TP(wp) —t TP(wp) —t
where

y+Cr=x0<x1 <...<xp = H(TP(WP), 0P, me*T(T*TD(“’tD)))
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is an equally spaced grid on [y + Cy, H(TP (wP), wp, o e C M)] with a constant C; defined

according to (5.3), and then, similarly, replace

> 1 S G ) . _
e 2(TD(wt )—t) 1 — D2 'U;, TD wD ’x, wD d.%'
/I_I(TD(wD)7wP’He—r(T—TD(wP))) \/QW(TD(th) —t) ( ( ( t ) t ))

t

by
il (1 - D2(“>TD(th)7xi—1ath))2+ (1 - DZ(“? TD(th)7xivw7tD)) %
T —Y Ti—1—Y
=) Can =)
where

H(TD(th),wf),/ie*r(T*TD(th))) =<t <..<xp=y—Cp

is an equally spaced grid on [H (TP (wP),wP, ke "T=TP @)y v — Cy].
In Section 5.1.5, numerical algorithms to compute corresponding probabilities D1 and Dy will be

discussed.

5.1.4 Examples of numerical techniques to calculate Brownian motion

hitting probabilities and densities for two-sided curved boundaries

In this section, the application of the numerical techniques developed by Skorohod [44], Novikov
et al. [32], Poetzelberger and Wang [37] and Buonocore et al. [12] to calculating Brownian motion

hitting probabilities
P<T>U,BugK), u e 0,7, (5.4)
and
P(T <u,B, = f(T)), e [0,7], (5.5)
will be discussed, where
T = inf(t >0:B;= f(t) or By = g(t)),

deterministic functions f and g are in the class C? ([0, u]) and satisfy f(t) < g(t), Vt € [0,u],
and constant K is such that f(u) < K < g(u).
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To compute
P(T >u, K1 < By < KQ), u € 0,7,
it can be used that
]P(T > u, K < By < K2> - P(T > u, By < KQ) - P<T > u, By < K1>. (5.6)

Based on these results applied for K = g(u) and Brownian motions B and —B, the values of D,,,
Dy, 1 and Dy, 2 can be derived. Values of ¢™, ¢y, ¢m,1 and ¢, 2 can be calculated according to a

rectangle rule. Note that other numerical methods can be applied as well.

PDE approach

According to Skorohod [44],
P(T > u, By < K) = 01(0,0)
and
IP’(T <wu, B, = f(T)> = 15(0,0),

where, for 0 < ¢t < u and f(t) < x < g(t), functions v;(¢,x) and wva(t, z) solve the backward linear

heat equation
81)1- 1 82’1)1'

= =0, i=1,2,
ot "2z !

with corresponding boundary conditions

ut, fE) =0, wit,gt) =0, vi(u,z)= H(x < K)

and

U2(t7f(t)) =1, U2(tag(t)) =0, UQ(U,LU) = 0.

To find v1(0,0) and v2(0,0), one can use 3-sigma and rectangle rules approximating function H

from formula (2.5) with

—Kie " (T70 T20f
7195—2><A><Z?:1<1><“*’ f(t) >\/27r0'26 28—y

V3
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where Kk — 30, = Ko < K1 < ... < K, =Kk+30, and A = K;41 — K;,i=0,1,...,n, and then apply
Crank-Nicolson finite difference method which is used for numerically solving the heat equation

(see, e.g., Thomas [45] and Wilmott et al. [47]).

Approximation by piecewise linear boundaries

In this section, an alternative to PDE approach to evaluate probabilities and densities that corre-
spond to formula (5.4) is considered.

Let f(t) and §(t) be piecewise linear approximations for f(t) and g(t) on the interval [0,u], with
nodes t;, to =0 < t1 <ty < ... < t, = u, At; = t;11 — t;, such that f(tl) = f(t;) and g(¢t;) = g(t;).
Then Novikov et al. [32] refers to Hall [23] that calculated

p(i, £, 4| @i, 2i1) = P(f(t) < By <g(t),ti <t <tiy1| By, =2, By, = $i+1)

=1- P(a17a2787xi) - P(_a27 —ag, _ba _xi)7

where
2 2(2j—1)(jetas) , a2 (Awi—bAti—(je+as)) C abj(2j—a) . 22 je(Azi—bAti—je)
P(ay,az,b,x;) = Ze e At —Ze edt ,
j=1 j=1
with

9(tiv1) — g(ti)
At;

f(tiv1) — f(ti)

by =
) 2 Atz )

a1 = g(tiv1) —x;, ag = f(tiy1) — x5, b1 =

ba — by 6—b2+b1 &_a1+a2

2 7 2 7 79 7

c=ai —ay, b= Ax; =iy — @

and develops the recurrent algorithm to evaluate probability (5.4). Using that algorithm and

approximation (5.7), one can compute

. 1
20(2) =p(0,£,9 |0, 2) == exp(~

and

)= [ k. f. ! St ) R A
k(x> - f(t ) Zk—l(y)p( 7f7g ‘ y,[L’) 27T'Atk exp( B ) Y, =1L...,n 3
k

and then evaluate (5.4) by calculating




Alternatively, to evaluate (5.4), one can use (5.7) and the Monte Carlo simulation method developed
in Poetzelberger and Wang [37] and generate a random sample Xi,...,X) from the multivariate

normal distribution of By, ,...,By, and estimate probability (5.4) by the sample mean

tn
k
EZ Xlaf tl f(tn—l)af(tn);g(tl)7"'7g(tn—1)7K))
where

T2(Z1y eeey Tpj A1,y eeey Q3 b1, ooy byy)

=117 1(a; < z; < b; )( exp[— At2i_1 (ai—1 — wi—1)(a; — 1’@)] — eXP[_AtQi_l(bi—l —xi—1)(b; — l’z)])

Volterra integral equations approach

Volterra integral equations approach is an alternative to PDE approach to calculate the probabilities
and densities that correspond to formula (5.5). According to Buonocore et al. [12], densities ¢y, 1

and ¢, 2 satisfy a system of Volterra integral equations of the second kind:

dma1(t) = —2m(g(t),t]0,0)+ 2f§[¢m,1(s)m(g(z&),t | 9(5), 8) + Pmo2(s)m(g(t),t | f(s),s)]ds
¢m,2(t) = Qm(f(t)’t ’ O’O) - 2fg[¢m,l(5)m(f(t)7t | f(S), 5) + ¢m,2(5)m(f(t)7t | 9(5)7 S)}ds,

where for all y € R and s < t one has

m(f(t),t|y,s) =n(f(t),t[y,s)r(t s,y),

1 €Xr — 2
n(,t | y,s) = [2n(t — )] exp<-;(t_yg)>,
sy = L0 S E?_ o3

and density ¢,, defined in (2.45) is equal to

¢m(t) = ¢m,1(t) + ¢m,2(t)-

Buonocore et al. [12] has shown that if functions f(¢) and g(¢) are in the class C2<[0, oo)), then
this system of Volterra integral equations possesses a unique continuous solution that can be found

numerically, e.g., according to a composite trapezium rule. One can apply (5.7), set the integration
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step A >0 and t = kA, k=1,2, ..., and use the following approximation:

Om,1(A) = =2m(g(A),A|0,0),
¢m,1(kA) = 72m(g(k:A), kA | 070)
k—1
+ 20 (b1 (1A)m(g(kA), kA | g(GA), GA) + dm2(IA)M(g(kA), kA | f(A), jA)], k > 2,

<
Il
—

Pm2(A) = 2m(f
Pma(kA) = 2m(f

—

A),A]0,0),

—

kA), kA | 0,0)

e
—_

=28 ) [bma(GA)M(f(EA), KA | g(7A), JA) + dma(GA)m(f(RA), kA | F(GA), jA) k= 2.

<
Il
—

The sum ¢y, 1 + ¢ 2 then provides an evaluation of ¢,,. Finally, the values of D,,, Dy, 1 and D,, 2

can be calculated by applying a rectangle rule.

5.1.5 Examples of numerical techniques to calculate Brownian motion

hitting probabilities and densities for one-sided curved boundaries

In this section, it will be discussed how one can apply the numerical techniques developed by
Skorohod [44], Novikov et al. [33] and Wang and Poetzelberger [46] to calculate Brownian motion
hitting probability

P<T>U,Bu§K>, ue0,T], (5.8)
where
T= inf(t >0: B :g(t)),

deterministic function ¢ is in the class C’2<[0, u]> and satisfies g(0) > 0, and constant K is such
that K < g(u), and the numerical techniques developed by Buonocore et al. [13] and Peskir [36]

to calculate the special case of formula (5.8), which corresponds to K = g(u),
IP(T > u) ue[0,7]. (5.9)
To compute

P<T > u, K1 < B, gKQ), u e [0,7],
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formula (5.6) can be applied.

Based on these results applied for Brownian motions B and — B, probabilities ®, ®, D1, Do, Dy,
Dy, D' and D* can be found. To calculate densities q1, g2, ¢1, 2, ¢1, d2, ¢! and %, a rectangle
rule can be used. As in the two-sided boundary case, some other numerical methods can be applied

as well.

PDE approach

Since

]P’(Bt < g(t),t € [0,u), and B, < K)

IP(C < B; < g(t),t € [0,u], and B, < K) +P< rr[loin]Bt <C, B;<g(t),te[0,u], and B, < K)
te|0,u

< IP(C < B, < g(t),t € [0,u], and B, < K) +IP>( min B; < C’)
te[0,u]

< IP’(C < By < g(t),t € [0,u], and B, < K) +P<tr§a>é] B, > —C)
and

IP’(Bt < g(t),t €[0,u], and B, < K) > P(C < B, < g(t),t € [0,u], and B, < K)
for all C' < 0, probability (5.8) can be approximated with

P(Cl < By < g(t),t € [0,u], and B, < K) (5.10)

where a constant Cy is defined in (5.3). Probability (5.10) can be evaluated according to the PDE

approach discussed in Section 5.1.4.

Approximation by piecewise linear boundaries

Approximation by piecewise linear boundaries is an alternative to PDE approach to evaluate prob-
abilities and densities that correspond to formula (5.8).
Let g(t) be piecewise linear approximations for g(¢) on the interval [0, u], with nodes t;,

to=0<t; <ty <..<t,=mu, At; =1t;41 — t;, such that g(tl) = g(ti).
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Novikov et al. [33] calculates

p(i, g | i, 2i41) = P<Bt <g(t),ti <t <tip1| By, =, By, = $i+1>

A~ ~ _Z(g(ti)_zi)(g(ti+1)—1i+1)
= H(g(ti) > xiag(tiJrl) > $i+1> [1 —e Aty }

and develops the recurrent algorithm to evaluate probability (5.8). Applying (5.7) and that algo-

rithm, one can compute

2
- x
zo0(x) = p(0,g ] 0, ) o eXp(_Ttl)
and
9(tk) 1 Y
() :/ -1 (0)p(k; | 9, @) e exp (gm?)dy, k=1,.n—1,

and then evaluate (5.8) by calculating
K 2
1 Y
1(y)— ——)dy.
/_OO an-1(y) = exp(—5 )dy
Alternatively, to evaluate (5.8), one can use (5.7) and the Monte Carlo simulation method developed
in Wang and Poetzelberger [46] and generate a random sample Xi,...,X) from the multivariate

normal distribution of By, ,...,By, and estimate probability (5.8) by the sample mean

n

k
Z r1(Xi;g(t1), s 9(tn-1), K),
i1

=

where

2
P15 e T b1y ey bn) = I (2 < by) (1 - eXp[_E(bi—l —xi—1)(bi — CCZ)D

Volterra integral equations

Volterra integral equations is an alternative to PDE approach to evaluate probabilities and densities
that correspond to formula (5.9).
According to Buonocore et al. [13], the density ¢ of the first passage time of B over g can be

determined implicitly from the integral equation
t
o) = —2m(g(0).410.0)+2 [ o(ma(t).¢ | g(s).5)ds.

Buonocore et al. [13] has shown that if g(t) is C? ([0, oo))—class function, then this integral equa-

tion possesses a unique continuous solution that can be found numerically applying a composite
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trapezium rule. One can apply (5.7), set the integration step A > 0 and ¢t = kA, k= 1,2, ..., and

use the following approximation:

(b(A) = —Qm(g(A),A ’ O7O)a
k—1

H(kA) = —2m(g(kA), KA | 0,0) + 28 S 6(IA)m(g(kA), kA | g(GA), jA), k> 2.
j=1

Alternatively, Peskir [36] has shown that this density function ¢ also satisfies a linear Volterra

integral equation of the first kind

qf(g\(/?)_/o \I/(g(t);\/fgs(s)w(s)ds, >0,

where

U(r)=1- /03? ! exp(f?)dz.

Applying (5.7) and setting t; = jAt for j =0,1,...,n, At = % and n > 1, one can implement the

N

following numerical approximation algorithm:

M w10 gty
j=1 m J \/5 ’ yeeey 1L

Finally, the cumulative distribution function of the first passage time of B over g can be determined

applying a rectangle rule.

5.1.6 Numerical studies

In this section, conditional distribution for the time of the next jump is computed for some given
set of parameters: t =1, T =5, a1 =1,0, =1,k =50, 71 =1, 9 = 1, 73 = 1. For the constant
number of dynamic hedgers models, it is supposed that th = 14, which means that condition (2.10)
holds true, and the dynamics of lower and upper boundaries hs and hy is illustrated by Figure 5.1.
For the stochastic number of dynamic hedgers model, two different cases are considered. In the
first case, it is assumed that w? = 14 and, similar to the constant number of dynamic hedgers
models, (2.10) holds true, therefore, the state process is either in the lower level state s; or in the
upper level state s3. In the second case, it is assumed that w = 5, hence, the system does not
exhibit multiple equilibria and the state process is in the state s3. According to (2.49) and (2.5),
TP (wP) = 2.01 and H(TP(wP),wP, ke "T-T7wP)) = 52.34. Figures 5.2-5.7 plot probabilities

of time to the next jump for different values of B;.
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Fig. 5.1: Lower and upper boundaries: t =1, T =5, wP =14, a; = 1, 7 = 0.001, 0, = 1, K = 50, 7, = 1,
T2=1v=1

Numerical studies for the endogenous switching model
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Fig. 5.2: Conditional probability of the time of the next jump given S; = s; computed according to the PDE

approach: t =1, T =5, wP =14, 0, =1,7=0.001, 0, =1,k =50,71 = 1,92 =1,3=1,c=1,
a=4,b=5
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Fig. 5.3: Conditional probability of the time of the next jump given S; = s computed according to the PDE
approach: t =1, T =5 wP =14, 0, =1,7=0.001, 0, =1,k =50, 11 =1, o =1, 13 = 1

Numerical studies for the exogenous shocks model
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Fig. 5.4: Conditional probability of the time of the next jump given S; = s; computed according to the PDE
approach: t =1, T =5, wP =14,a; =1,r=0.001, 0, =1,k =50, 71 =1, 2 =1, 3 =1, a = 4,
b=5
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Fig. 5.5: Conditional probability of the time of the next jump given S; = so computed according to the PDE
approach: t =1, T =5, wP =14,a; =1,7r=0.001, 0, =1, 6 =50, 71 =1, 2 =1, 3 =1, a = 4,
b=5

Numerical studies for the stochastic number of dynamic hedgers model
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Fig. 5.6: Conditional probability of the time of the next jump given S; = s; computed according to the PDE
approach: t =1, T =5 wP =14, 0, =1,7=0.001, 0, =1,k =50, 71 =1,y = 1,93 =1, a = 4,
b=5
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Fig. 5.7: Conditional probability of the time of the next jump given S; = s computed according to the PDE
approach: t =1,T =5, th:5, a1 =1,r=0001,0,=1, k=50, =1, %9 =1,v3=1,a =4,
b=5

5.2 Alternative models

5.2.1 A numerical algorithm for the simple jump structure model

Owing to the results of Theorem 3.6 and Section 4.4, the conditional probability for the time of

the next jump can be numerically approximated by applying Gauss-Laguerre formula for

Ni—1

2 00 o0 oo 2
= / [ / ( /7 o € Ay ) AR dg] Gamma | A+ (N = 1),0+ 37 gy | d
0 VR N =

5.2.2 A numerical algorithm for the Markov chain jump structure model

According to Theorem 3.7, the conditional probability of the time of the next jump can be numer-

ically approximated by applying Gauss-Laguerre formula for (3.26).
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5.2.3 Numerical studies

In this section, conditional distribution for the time of the next jump is calculated for two different
examples of (a(s), s > 0): a(s) =1 and a(s) = 1. Suppose that current time is ¢ = 3. In the simple
jump structure model, it is also assumed that 7o, = 2, a + (IV; — 1) = 4 and b + Z;V:tl_l pi = 5.

Figures 5.8-5.11 plot probabilities of time to the next jump for different values of df and DM .

Numerical studies for the simple jump structure model

S_,
Z o7 —dP=05
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Sosl dt =1
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0 0.5 1 15
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Time to the next jump

Fig. 5.8: Conditional probability of the time of the next jump: ¢t = 3, 7n, =2, a(s) =1, a + (N — 1) = 4,
b+ 30 =5
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Fig. 5.9: Conditional probability of the time of the next jump: ¢ =3, 7, =2, a(s) = 1, a+ (N; — 1) = 4,

b+ =5

Numerical studies for the Markov chain jump structure model
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Fig. 5.10: Conditional probability of the time of the next jump: ¢t = 3 and «(s) =1
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Fig. 5.11: Conditional probability of the time of the next jump: ¢t = 3 and a(s) = %
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6. CONCLUSION

In this thesis, I present a quantitative approach to the modelling of market booms and crashes
within a multiple equilibria continuous time framework. I consider five different multiple equilibria
models describing how market prices fluctuate and move from one regime to another.

As a starting point for my research I used a one-period multiple equilibria model from Gennotte
and Leland [21] and extended it into a continuous time framework. In the market microstructure
models discussed in Chapter 2, price is determined pursuant to the law of supply and demand. In
Chapter 3, I develop simple jump structure and Markov chain jump structure models within an
alternative framework in which pricing equation is given exogenously, and this is basically the main
drawback of this framework. For all the models presented in the thesis, I prove that the stock price
process is a cadlag semimartingale; find conditional distributions for the time of, the type of and
the size of the next jump, which is defined as a point of discontinuity of this process; discuss the
parameter estimation procedures; and conduct a number of numerical studies. I develop alternative
models in order to overcome some drawbacks of the market microstructure models. For example, in
contrast to the market microstructure models described in Chapter 2, alternative models exclude
the possibility of negative prices and give expressions of conditional probabilities in explicit form.
It seems that this topic has a high potential for future research. It would be of an interest to
calibrate the models and see how they work in different stock markets. Another direction is pricing
and hedging of securities with underlying following the dynamics of stock price processes of the
models presented here. Finally, it would be good to find a powerful framework that would possess

all of the good features of the models discussed.
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Proof of Theorem 2.1 This theorem will be proved in several steps.

Step 1 First, it will be shown that there exist some ¢; € (0,7 — Tp) and A; > 0 such that

hl(t) — hz(t) > Al, Vt € (T — 51,T).

According to (2.12), (2.13) and (2.21),

A = hmp1 \/ 202 ln 2%02)
and
Ay = hTme =K+ \/ 202 ln 27r02)
T
which means that 4; < As.
Then
i [ e (KT miy 1 et
HT ( 2() ) ¢
T oo \2mos
™ o] Ke—T(T—1) —pi(t) 1 _<K%g>2 Ik
- (t”% > (%) ) ¢
0o 1 2mo;;
o0 1 7(K72m)2
= e 2% dK
/Al /2702
and
00 K r(T—t) _ t 1 _(KE-r)?
lim <I>< ¢ P2( )> e 2% dK
T J_oo X(t) \/2mo2
Y AP i SO S = ST
N (tll%’l Y(t ) / 3 ° "
—o0 T (1) 2ro
oo} 1 (K n)2
= / e 2% dK
Ay /2702
Hence

2 2 (%1 2
= — <’yl 2nole™ / e T dy — ’yla,{z>
0

where

1 Ag 1 7(K—n)2
lirjr}(hl(t) - m(t)) - —(wD / e % dK — 271\/_203 ln<

71

w?P

/)



2 2
z z 1 _y
2y1/2m02ze 2 fo 7= 2d

73

Since f(0) =0 and f'(z) =
that

is positive for z > 0 and 0 for z = 0, I obtain

%l(hl(t) ~ h2(t)) > 0.

Finally, one can take, e.g., Ay = 1 limyp <h1 (t) — hg(t)) and use the definition of the limit.
Step 2 Second, it will be proved that there exists some Ay > 0 such that
hl(t) — hg(t) > Ag, Vt e [To,T — 51]

Assume that t € [Ty, T — 61]. Then (2.12), (2.13) and (2.21) imply that

pa(t) — pa(t) = 2\/ —2(02er(T—1) 4 ¥2(1)) m(% V2m(o2e 20 4 22@)))

1 _ 727‘51 2 2
> 2\/—2(0',2{6_T(T_T0) + ozfgi) 111(’%\/277(611 + (02 — ﬁ)6—27“(T—T0))>
w

r 2r 2r

=: 42 > 0,

which means that, for all y € [—%2, %2],

p1(t) < ke "It 4 y < pa(t)

and, hence,
ha(t) > h(t, ke "D 4 ) > ha(2). (-1)
Furthermore, in virtue of (2.7) and (2.20),

D _ y2
e 2002em(T=t) 1 52(1)) )

w

\/271' (GEG*ZT(T*t) + 22(75))
1 D 5

- —276
w Z(U%E_T(T_TO)+Q% 1—e r 1 ))

(- 6
3 \/% (O_%e—Qr(T—TO) + 22(T0)>

hm(ta He_r(T_t) + y) = i <71 -

<
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Condition (2.19) guarantees that there exists some positive d3 < ‘52 such that

hao(t, ke 7T — 53) = hy(t, ke "1 + §3)

D _ 53
1 v e 2<o%e*T<T*T0>+22<T—61>>)

7 (’h
\/277‘ (0%6*2’"(T*T0) + 22(TO))

=: —04 < 0.

Taking the partial derivative with respect to z in (2.7) and using (2.20), it can be concluded that

o e—T(T—t) )2
wD(:U—/ﬁe r(T t)) __ (keT" )

e 2okemT=04m20))
3/ 2m(02e=2r(T—1) 1 32(1))(02e—(T=1) 4 ¥2(t))

hyr(t, ) =

that is, h,(t, ) is a decreasing function of z for # < ke "I~ and an increasing function of z for

xr > ke T(T=1)

It means that, for z € [ke " (T — 63, ke 7Tt 4 4],
ha(t, @) < max(hm(t, ke "D 63) hy(t, ke T 4 53)> < —dy.
Thus, by the mean value theorem and in view of (.1),
hi(t) — ha(t) > h(t, ke "T=D — §3) — h(t, ke " T 4 §3) > 2836, > 0.
Step 3 Finally, it will be shown that there exists some A > 0 such that
hi(t) — ho(t) > A, Vt € [Ty, T).
Indeed, one can take A = min(A1, As), and the result follows. |
Proof of Theorem 2.7 The proof of this theorem will be done in several steps.

Step 1 Initial decomposition.

In virtue of Remark 2.8, S; € 7. Hence, the following decomposition can be considered:

P(TNy1 < U, Sry, 4y € C1y In41 € Co | FY)

—EP (]I |:7'Nt+1 < Uy Sy, €01, IN4 € 02} \ -7:tP)

iﬂ[st = Sz} (]I |:7—Nt+1 <u, AS",-]\,]5_~_1 S Cl, JN,5+1 S 02i| | .}}P) (2)
=1
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Step 2 Calculation of the conditional probability on the set [S; = s1].

In view of Step 2 in Definition 2.1,
TN 41 = inf(s >t: B> hl(S;TNt —|—T]lvt)>,

where function A is defined by formula (2.30). To find conditional distribution for T Jth given FF,

note that the information that is available about Tzlvt is that
B, < hl(s; 7, +T,l\,t),Vs € [N, 1],
and, in view of the continuity of the Brownian motion and function A, it is equivalent to
f(ry,) <0,

where

FITh) = max (B = B (si7n, +Th,)). (:3)
<5<

Since hi(s) > ha(s),Vs € [tn,,t], and ¥(z) = e is a strictly decreasing function for ¢ > 0,

formula (2.30) implies that, if 0 < ¢; <ty <t — 7n,, then
Rl (s;Tn, 4+ t1) = hl(s; 7w, + t2) = hi(s),Ys € [1n,, T, + t1],

and

hl(S;TNt +1) < hl(S;TNt +t9),Vs > 1N, + t1,

that is,

fHt) > fHt) i fi(t) <0

A4
fl(t) > fl(t2)  if fi(t1) 2 0. .
If £/(0) <0, then define R. by
R =0 (.5)
and if f1(0) > 0, define R! implicitly as the solution of
F'(R) =0, (6)
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which exists and is unique due to (.4), the fact that

fl(t—7n,) = max (Bs — hl(s; t)) = _max (Bs - hl(s)) <0

TN, <8<t TN, <s<t

and the continuity of function f'.
Recall that T Jth ~ Exp()\;), and it means that conditional distribution for TJth given Ff is the

distribution of T}, conditional on the set [T}, > R}], that is, its density function is given by
d'(z) = Ae MERD 5> R (.7)

Let

JTP,T}\,t B !
¢ = o{(Ps, T Ssgt),TNt}.

Then, in view of the law of iterated expectations and the construction mechanism in Definition 2.1,
the following decomposition can be considered:
EF (]I [TNt+1 < u, STN#I € C1,JN,41 € 02} | ]:tp)
P (P PTy, P
= (E (]I[TNt+1<U,STNt+1 ECl,JNtJrlGCQ] |]:t ) |]:t )
P I P PTy, P
=E" (I TNtJrl > U — TN, E* (I TN+1 < u7STNt+1 S ChJNt-H S CQ | ft ‘ ft
+EP(H|:t—TNt < T]lvﬁl < U—TNt:| X
P ! PTy, P
xE (]1 |:TNt+1 < 7N+ Tnpt1s St a € Ot Iy € 02] | Fi ) | Fi )
—i—IEP(]I[t—TNt <Th < u—TNt} X
P I PTY, P
X EF (I|7n + Tt < Tkt < Sry, € Ot Ivsn € Go| |7, ) | FF)
P ! P PTY, P
+E (H[TNH-I <t-— TNJE (]I|:TNt+1 < u, STNt+1 € Ch,JIn,+1 € CQ] | Fy ) | F; )
The first two terms in this decomposition correspond to the scenario in which Brownian motion
hits hy. By construction, the next state of the state process is s3 and the jump size is equal to
J*(TN,+1) defined in accordance with (2.33).
The other two terms correspond to the scenario in which Brownian motion hits the convex com-
bination of h; and hy. The next state of the state process is equal to s3 with probability p;, and
s9 with probability pp,. If the next state is equal to s3 (respectively s3), then Jx,11 is equal to

Jh (TNt+1, hl(TNt+1, TN, + Tzlvt)> (respectively J'™ <7_Nt+1, hl(TNt+1, ™, + Tzlvt)>> defined in accor-

dance with (2.33).
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Applying formula (.7), I obtain the expression for F in terms of Brownian motion hitting densities

¢ and ¢l

Fl(ta TNy Rzlfv Bt,’LL, Cla C?)

— e~ Ni(u—Nn,—Ry) / I(s3 € C1, Jy) € Co)p1(y,t, By)dy
t

U—TNy TN+ |
+/ </ I(s3 € C1,J"(y) € CQ)¢1<y7t7Bt)dy> A @R gy
t

t—TnN,

U—TN, u
+/ (/ (prl(s3 € Cr, J™(y, bl (y; 7w, + 2)) € Cs)
t TNt—i-x

_TNt

+ piml(so € C1, I (y, B (y; 7, + @) € C2))¢' (y, v, + .8, Bt)dy> Ae M@= R) oy

t_TNt u
+ /l (/ |:plu]1($3 S Cla Jlu(y’ hl(y;TNt + x)) c 02)
R; t

+ plmH(SQ € Cla Jlm(yv hl(yv TNy + .’E)) € 02):| gbl(ya TNy + t, Bt)dy> )‘le_Al($_Ré)dxa

where
0D (u,t
o1(u, t,y) = —W, Di(u,t,y) = ]P’(BS <hi(t+s)—y,Vse€[0,u— t]),
l
o v, t,9) = 220D Dl g1 y) = B(B, < e+ s0) —pVs € 0,u— 1),
u

are Brownian motion hitting densities and probabilities of one-sided curved boundaries and Rff is
defined in accordance with formulas (.3), (.5) and (.6).

Step 3 Calculation of the conditional probability on the set [S; = s2.

According to the first scenario, Brownian motion hits the upper boundary h; earlier than the lower
boundary hg, then the state process switches to the state s3 and the jump size is equal to J“(7n,+1)
defined by (2.33). According to the other scenario, Brownian motion hits the lower boundary hso
earlier than the upper boundary hq, then the state process switches to the state s; and the jump

size is equal to J'(7x,+1) defined by (2.33). Therefore,

EP(]I [TMH < U Sry, 1y €01 IN+1 € 02] | ]:tp)
= EP<H{BTMH = h1(TN41), TN 1 < U, 83 € C1, JY(Tn41) € 02} ‘ -7:tP>

+EP(H[BTNt+1 = ha (TN, +1)s TN +1 < w51 € O, ! (Tavpn) € Cz} | ]:tp)a
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and I obtain the expression for F» in terms of Brownian motion hitting densities ¢y, 1 and ¢, 2:

u—t
Fy(t, Bt,u,C1,Cy) = / [H(S:s € C, J "t +y) € C2)dm1(y,t, By)
0

+1(s1 € C1, I (t+) € Co)bmaly.t, Bo)|dy,

where
9D 1 (u,t,y
¢m,l(u7 t7 y) = 73(1‘6)7 Dm,l(uy t, y) = ]P)(T(t: y) <u-— ta BT(t,y) = hl (t + T(ta y)) - y)a
0Dy, 2(u,t,y
¢m,2(u7 t? y) = Qa(u) and D’m72(u7 t7 y) = ]P)<T(t7 y) S u— t? BT(t,y) = hQ(t + T(t7 y)) - y)
and

T(t,y) =inf{s >0: Bs =ha(t+s)—y or Bs=hi(t+s)—y},

are Brownian motion hitting densities and probabilities of a two-sided curved boundary with 7(¢, y)
as the first hitting time of this boundary.

Step 4 Calculation of the conditional probability on the set [S; = s3].

Calculation procedure is patterned after Step 2. Similar to the lower equilibrium scenario, denote

by
FUT) = | min (By = W', + TH). (:8)
If f(0) > 0, then define R} by
R/ =0 (.9)

and if f*(0) < 0, define R} implicitly as the solution of

fHry) = 0. (.10)
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As a result, I obtain the expression for F3 in terms of Brownian motion hitting densities ¢ and ¢":

Fg(t,TNt, R?, Bt, u, Cl, CQ)

_ e~ Mulu—ry, —RY) / I(s1 € C1, J'y) € C)éa(y,t, By)dy
t

’LL*TNt TNter )
+/ (/ I(sy € C1,J'(y) € Cg)gbg(y,t,Bt)dy) Ay~ @B gy
¢

t—7N,

U—TN, u
+/ (/ (putl(s1 € C1, J" (y, B (y; 7w, + ) € C2)
t TNt+m

7TNt

+ puml(s2 € O1, J" (y, R (y; 7w, + ) € C2))¢"(y, T, + 2, 1, Bt)dy> Age @B gy

t—TNt u .
+/ </ [pulﬂ(sl € Cla J" (yahu(y; TN + LL‘)) € 02)
Ry t

+ pumH(SQ € Cl? Jum(y7 hu(ya TN + JJ)) S 02)] (Z)u(yv TN; + T, t, Bt)dy) Aue_/\u(x_R?)dx7

where
oD t
¢2(U,t,y) = _W7 DQ(uatay) = ]:P(Bs > hQ(t+ S) - y’vs € [O,U - t])a
DY t
¢ (u,v,t,y) = _E)(tgv,,y) and D“(u,v,t,y) = ]P’(BS > h(t+ s;v) —y, Vs € [0,u — t])
U

are Brownian motion hitting densities and probabilities of one-sided curved boundaries, and R} is

defined in accordance with formulas (.8) — (.10). [

Proof of Theorem 2.8 The proof of this theorem will be done in several steps.
Step 1 Consider the initial decomposition described by (.2) and denote by 7 the remaining time
to the first arrival after ¢ in the sunspot shock process Z;. Recall that 7 is independent of Ff and
Z, is a Poisson process with intensity Az. Hence, 7 has an exponential distribution with parameter
Az. Let

FPT = o{(Ps, Ty < s <t),7}.
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Step 2 Calculation of the conditional probability on the set [S; = s1].

By the law of iterated expectations,

EF (]I |:TNt+1 <, Sry, 1 € C1 N1 € 02} ‘ ff)

=EF E]P(]I |:7’Nt+1 < U, Sry, 1y € CrodNp1 € 02] | ]'—tP’T) | .7-}P>

Il

=

=
/N N
=
L—

TZUu— t} EP( [TNt—H < U Srypa € O IN41 € C’z} | ]:PT> | ]:P)

+1

u— B (1]
T<U—t}EP( [Bt+7<h2 t+7)t+ 7 < TN < u, Spy, €C1,JNt+1€C2] |~7'—f’7> ’]:tp>
Jen(r]

+EP( [T<u—t E ( Biyr > ho(t+7),t+ 7 < 7N, 41 < u, Srayia GC]_,JNt+1€CQ] |]:tPT) |]:P)

The first term in this decomposition corresponds to the scenario that there are no shock arrivals
on [t,u) at all and, hence, Brownian motion hits the boundary h; on (¢,u). The new state of the
state process is equal to s3 and the jump size is J"(7n,+1)-

The second term corresponds to the scenario that the first shock arrival time is ¢ + 7 < u and
Brownian motion hits the boundary hy on (t,t + 7). As in the first scenario, the process switches
to s3, the jump size is equal to J*(7n,+1)-

According to the third scenario, the first shock arrival time is t + 7 < u, the Brownian motion
value stays smaller than the value of the boundary hy on (¢,t + 7) and at the time of the shock
By < ha(t + 7). As a consequence, there is no jump at time t + 7.

The fourth scenario is the same is the third one with the only difference that B,y > ha(t + 7).
Therefore, the price jumps at time ¢t 4+ 7. With probability p;,, the new state of the state process is
s3 and the jump size is J(t 47, By, ). With probability 1 — py,, the new state of the state process
is so and the jump size is J™(t + 7, Byy,).

In view of the independence of 7 and F/, the first and second terms are equal to
u
e Az / I(s3 € O, J*(y) € C2)én(y, 1. B)dy
t

and

u—t t+r
| e [ K € o) € Colontyt By ar
0 t
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The third term is equal to

t+1

EP (11 [T <u-— t} EF (11 [BHT < ho(t+7),t + 7 < TNyt < U Sy o, € O, Jnpt1 € 02} | ]-'tP’T> | ftp)
=B (1|7 < u— t|E7 (P (1| Biyr < halt + 1), (B, < ha(s), Vs € [t,t +7))]

]I(TNH_l <y Sry, 1y € 1y s € 02) | ]-'t]iT) | ]—‘f’T> | ftp)
= BF (1[r < w— |7 (1[Busr < halt 4 7), (By < a(5),¥s € 1,0+ 7))]

Fll(t+T,Bt+T7ua01702) ’]:tPJ) ‘]:tp)

u—t ha(t+r)
= / Age Azr [/ q1(z;r,t, B)Fii(t + 7, x, u, Cl,Cg)dﬂf} dr,
0

— 00

where ¢ (z;7,t,y) is the density of B, on the set [Bs <hi(t+s)—y,Vs e [O,r]], and the fourth

term is equal to
EP(]I[T <u-— t}EP(H[BHT > ho(t+7),t +7 < 7N41 < U, Sryy, €01, N4 € 02:| | }'f’T) | ]:tP)
- EP(H[T <u-— t}EP(H[BHT > ha(t+7), (By < h(s),Vs € [t, ¢+ T))]
H(STNH_I e (1, JNtJrl € CQ) | ftp’T> | ]_-tP)
u—t hi(t+r)
= / Age 2T [/ q1(z;r, t, Bt)<plu]1(83 e Oy, JUt+ 1) € Cy)
0 ha(t+r)
+ piml(se € C1, J™(t 41, x) € C’g))daz] dr.
Combining all the terms together implies that

Fii(t, By, u,Cy,Cy) = _AZ(”_t)/ I(s3 € C1,J"(y) € C2)p1(y,t, Bi)dy

t+r
+ / _AZT / I(s3 € C1,J"(y) € C2)d1(y, t, Bi)dy
0 t

+

h2 t—H"
/ x r, t Bt)Fll(t-l-T T, u, Cl,CQ)d

1 t+7’
+/ (x;7r,t, By) (plu]I(s;J, S C'l,Jl“(t—i-T x) € C9)
hg(t+7‘

+ piml(s2 € C1, T (1 +7,3) € Cs) ) de]dr.

Step 3 Calculation of conditional probability on the set [S; = sa.
According to the first scenario, there are no shock arrivals on [¢t,u) at all and, hence, Brownian

motion hits one of the two boundaries hy or hy on (¢,u). If it hits h; earlier than hg, then the new
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state of the state process is s3 and the jump size is equal to J“(t + 7n,+1). If it hits hy earlier
than hp, then the new state of the state process is s; and the jump size is equal to Jl(t + TN 41)-
According to the second scenario, the first shock arrival time is ¢ + 7 < v and Brownian motion
hits one of the two boundaries hy or hy on (¢,t + 7), then the new state of the state process and
the jump size are determined by the same mechanism as in the first scenario. Finally, according
to the third scenario, the first shock arrival time is t + 7 < w and Brownian motion stays between
both boundaries hy and he on [t,t + 7]. With probability pn.,, the new state of the state process
is s3 and the jump size is J™"(t + 7, Bry,). With probability 1 — py,,, the new state of the state
process is s; and the jump size is J™(t 47, By, ). Taking this decomposition, I obtain the formula

for Fia:
Fia(t, By, u, Cy, Cy)

= e_AZ(u_t) / [H(83 € Cl: Ju(y) € C2)¢m,1(y,t, Bt) + H(sl c Cla Jl(y) € 02)¢m,2(y7t, Bt):| dy
t
u—t t+r
[ e [ 1o € € () € C)bma (.t B) + List € oI (0) € Ca)omayst. B dy
0 t

hl(t+7’)
—|—/ q"(x;r,t, By) (pmu]I(53 e C,J™(t+rz) e Cy)
h2(t+’r’)

+ pill(s1 € C1, Tt +7,2) € Cy) )da | dr,

where ¢ (z; 7, t,y) is the density of B, on the set |:h2(t +5)—y < Bs < hi(t+s)—y,Vs €0, r]}

Step 4 Calculation of conditional probability on the set [S; = s3].

The conditional probability on the set [S; = s3] satisfies

Fi3(t, By, u, Cy,Cy) = e 2= t)/ (51 € C1, I (y) € C2)baly,t, By)dy

t+r
+/ _/\ZT / I(s1 € C1,J'(y) € Co)ea(y, t, Br)dy
0 t

o0
+/ (x;r,t, By)Fi3(t + r,x,u, C1,Cy)dx
hi(t+r)

1(t+7‘
+/ (x;r,t Bt)(pulﬂ(sl € Cy, JUt+r,x) € Co)
ha (t4r)

+ punl(sy € C1, J*" (8 4 7,3) € Cy) ) dadr,

where ga(x; 7, t,y) is the density of B, on the set [BS > ho(t+s) —y,Vs € [0, rﬂ The calculation

procedure is patterned after Step 2. |
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Proof of Lemma 2.1 First, the following decomposition is considered.
P(ri41 <u, Z5, € C | .FTZiP) = EP<]I|:TH_1 <wu,Zh, € C’} | .FTZZ,P>

_ ;H[Sn — ;| B (U|ri1 < w20, e €] | FZF).

Applying the same technique as in the proof of Theorem 2.7, I obtain that the conditional proba-

bilities on the sets [S;, = s1], [Sr, = s2] and [S;, = s3] are equal to

FQG(Ti7 Bﬂ'vua C)

= e M) [y b (4)) € Cr, () € Co) (u, 73, Br,)dy

i

U—Tj Ti+x
+/ </ I(p"(y, i (y)) € C1, J*(y) € C2)d1(y, 7, Bn)dy) e M dx
0 T

i

s [ ol o+ ) € G i i+ ) € G
0 Ti+x

+ pinI(P™ (y, B (y5 7 + @) € C, J™(y, bl (y; 73 + 1)) € C2))¢ (y, 73 + 2, 74, Bn)dy> Ne M d,

For (73, B7,,u,C) = / [H(p"(ﬂ' +y,hi(ri+y)) € Cr, Jm +vy) € C2)pma(y, Ti, Br,)
0

+1(p (7 + y, ha(ri +y)) € Cr, T (i +y) € C2)¢m,2(ya7—iaBn):|dy
and

FQS(Tiy BTia u, C)
N / Iy, ha(y)) € Cr, J'(y) € Ca)baly, 73, Bry)dy
uU—T; T¢+Zx ; . A
[ 10w € 01T W) € Calenly. e Br)dy) e
0 T
[ a4 o) € O+ ) € Co
0 Ti+x
+ Punl (™ (y, R (y; 7 4+ ) € C1, J"" (y, K" (y; 7i + x)) € C2))¢" (y, T + x, T3, Bn)dy> Aue M0 da.
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Proof of Lemma 2.2 Applying Leibniz’s rule for differentiating integrals to Fbg, Fb7 and Fbg, 1

obtain

Fs9(7i, Br,,s,C) = ef)‘l(ufﬁ')l[(p“(u, hi(u)) € Cy, J"(u) € C2)¢1(u, 7, Br,)
+ / Z (plu]l(p“(u, hl(u; i +x)) € Cy, Jl“(u, hl(u; Ti +x)) € Ca)
0
+ P L(p™ (u, hl(u; i +x)) € Cy, Jlm(u, hl(u; Ti + 1)) € Cg)))(;ﬁl(u, T+, T, Bn))\le*)‘l“dx,
(.11)

F30(T’L7BTZ‘7U7 O) = ]I(pu(ua hl(u)) € Clu Ju(u) S 02)¢m,1(u7Ti7BTi)

+1(p' (u, ha(u)) € C1, J'(u) € C2)bm.2(u, i, Br,) (.12)
and

F31(75, By, u, C) = e W= (p! (u, ho(u)) € C1, J (1) € Co)a(u, 73, Br,)
N / (P o (s 73+ ) € O, T, 7+ ) € )
0
+ punI(p™ (u, R (u; 7 + x)) € Cr, J“™ (u, W (u; 73 + x)) € C’g)))(b“(u, T+, T, Bn)/\ue*)‘“””:dx.
(.13)

Finally, if C = R?, then indicator functions in (.11) — (.13) are equal to 1, and the result for
gD (u, R?) follows. [ |

Proof of Lemma 2.3 Calculations pattern after Theorem 2.8, and F3s5(u, t, By, C') satisfies

F35(U,t,Bt, C) = e—AZ(U—t)/ H(pu(yahl(y)) € 017 Ju(y) € CQ)d)l(y’tv Bt)dy
t

vt —Azr o u U
[ Az [ 1My () € C1 T ) € Co)on(y,t, Br)dy
0 t

ha(t+r)
+/ q1(x;7,t, By)Fas(u, t + r,z, C)dx

—00

hl(t+T)
+ / (J1(UC; rt, Bt) (plu]l(pu(t + 7, J)) € Cla Jlu(t =+, $) € 02)
hz(t-‘r?“)

+ P I(p™ (t + 7, x) € Cp, J™(t + 7 2) € C’g))dw} dr,
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F36(u7 tv Bt7 C)
= e_AZ(“_t)/ [H(p“(y, h(y)) € O, J*(y) € Co)bm (v, t, By)
t
+ 1 (y: ha(y) € C1, T (y) € Co)bmaly.t, Bo)|dy
u—t t+r
+/ )‘ZeiAZT [/ |:]I(pu(y7 hl (y)) € Cla ‘]u(y) € 02)¢m,1(y)t7 Bt)
0 t
10y, hoy) € C1, J'(y) € Co)bmalyst, Br) | dy
h1(t+7‘)
+/ ( el (P2t + 7, 7) € O, ™t + 1, 7) € C)
hg(t+7‘)
+ prl(P (t + 17, x) € C1, J™(t + 7, 2) € Cg))qm(x; r,t, By)dz |dr
and Fs7(u,t, By, C) satisfies
F37(u,t, B, C) = GAZ(Ut)/ I(p' (y, ha(y)) € C1, ' (y) € C2)2(y,t, By)dy
t
u—t t+r
+/ Aze 2" [/ I(p' (y, ha(y)) € C1, ' (y) € C2)2(y, t, By)dy
0 t

+/ q2(x;t, B, r)Fs7(u, t + r,z, C)dx
hl(t+’r)

hl(t-i-’l”)
+/ q2(z;t, By, r) (pul]l(pl(t +rz) € Ch, J“l(t +r,z) € Cy)
h2(t+7")

+ punl(p" (t + 1, x) € Cy, J" (t+1r,2) € Cg))dx} dr.

Proof of Lemma 2.4 Applying Leibniz’s rule for differentiating integrals to Fs5, F3¢ and F37, 1
obtain that Fsg(u,t, By, C) satisfies

Fsg(u,t, By, C) = e_AZ(u_t)H(pu(u, h1 (u)) e (1, J“(u) € 02)¢1 (u, t, By)
hi(u)
+ Age Azt [/ qi(z;u —t,t, Bt)(pluﬂ(pu(ua x) € Cy, J"(u,z) € Cy)
ha(u)
+ pinI(p™ (u, x) € C1, Jlm(u,a:) € C’g))d:c}

u—t ho(t+r)
+ / Age Az" [/ q1(x;r t, By)Fss(u,t +r, x, C)d:n} dr, (.14)
0

—0o0
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Fgg(u, t, By, C) = 6_)‘Z(u_t) []I(p“(u, hl(u)) € Cl, J“(u) (S 02)¢m,1(’u, t, Bt)

1 (u, ha(w)) € C1), J' (1) € Co)dma(ust, By)|

hi(u)
+ /\Ze*)‘z(“*t) [/ q"(x;u —t,t, By) (pmuﬂ(p“(u, x) € Cp, J"™"(u,x) € Cs)
ha(u)

+ potl (P (u, ) € C1, J™ (u, z) € C’g))dx] (.15)
and Fyo(u,t, By, C') satisfies

F40(u, t, By, C) = €_>\Z(u_t)ﬂ(pl(u, hz(u)) e (C, Jl(u) € CQ)(Z)Q(U, t, Bt)

hi(u)
+ Age 20 | / oy 2B =) (Pl @' (u.2) € C1, T (u,) € Co)
ho(u

+ pumﬂ(pm(ua $) S Cla Jum(“? iL‘) € CQ)>dx]

u—t o]
+ / Age A2T {/ q2(x;t, B, 1) Fao(u, t + r, x, C)daj} dr. (.16)
0 h1(t+7‘)

In particular, for C' = R?, indicator functions in (.14) — (.16) are equal to 1, and the result for

¢t (u, R?) follows. |

Proof of Theorem 2.12 First, I prove that stochastic processes w? , By and S; are adapted

to the filtration /. By the pricing equation and continuity of By, for i = 1,2, ...,

(T (K—r)?
D oo P —Ke m(T—7) 1 5.2
’YlPTi — W ffoo (I)( 3(7i) \/271,0[%6 r dK — Y2
= BTi
73
and
D 00 P _KefT(TfTi) 1 _@
— Ti— 20f —
71PTZ‘— Wr; 4 ffoo (I)( 3(7i) ) \/271_(7)2€ € dK V2
= BTi?
3
which means that
D 00 P _—Ke (T—7) 1 —(K_§>2
Ti 207
_ mAP vl Jee(Ts ) T K
’LUTI, == 2 ’
[ (I)(PTZ.—Ke*T(T*n')> 1 €JK2;§:> IK
—00 () \/27ro',%

thus, since (1; < T,i=1,2,...) are Ff—stopping times and w% is known, it can be concluded that,

by induction, wP = Y77  wP(r; <t < 711) is adapted to the filtration F/ .
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Hence,

(K —r)?

—r(T—t) —
WPh +wP [ @(Pt C )\/2;7@ N AR

B, =

73
is also adapted to the filtration Ff .
Finally, S; is adapted to the filtration F/ since S; = Yoo SrI(r <t < 1iq1) and, foralli = 0,1, ...,
> gP () and Py, < p1(7, w?)
n<gP(n)
oD ) S (e oD
s3 if wl > ¢gP(n) and P, > po(7i, wP).

STz' = 592 if w

The rest of the proof is patterned after Theorem 2.7 and Theorem 2.8. In view of the fact that
S; is adapted to Ff, one can apply the initial decomposition described by (.2) and then calculate
conditional probabilities on the sets [S; = s1], [S¢ = s2] and [S; = s3] considering all possible
scenarios in accordance with the model construction. Recall that, when the number of dynamic
hedgers changes, it is multiplied by a corresponding random variable &; distributed according to a
ﬁ,m € [€', €%, where 0 < ¢ < 1 < &v.

It can be concluded that Fys(t,wp, B, u,C1,Cs) is equal to

uniform law with density function fe(z) =

Fu(t,wP, By, u, C1,Cy)

= 6_&(“_0/ I(s3 € C1, p"(y, wi’, Hi(y,wP)) — pr(y, wi’) € C2)1(y, t, By, wy’)dy
t
u—t t+r
+/ (/ I(s3 € C1,p"(y, w, Hi(y, wP)) = pr(y, wP) € C2)1(y, t, By, wy )dy>/\ze AzT gy
0 t

u—t Hi (t+rwy’)
+/ </ [/ F48(y7that+T7xaclaCQ)fg(y)dy}gl(x;r,t’ Btthl))dx>AZ€7)\Zrdr7
0 ¢l

—00
where
0D; (u,t,y,x)
ou
D

are Brownian motion hitting density and probability of one-sided curved boundary, ¢, (z;r,t,y,w;’)

b1(u,t,y, ) = — and Di(u,t,y,x) = ]P’(BS < H{(t+s,x)—y,0<s< u—t)

is the density of B, on the set [B < Hy(t+ s,wP) —y,Vs € [0, r]] and

F48(y,wt Jt+rx,Cp,Co)

:H(yw?>g t+r>]1<a;<H1 t+ r, yw; ))]I(sleCl, (t +rywP, x) — §(t +r,wP, )GCQ>
+H(ywt > gP(t+0)1( = i+ ryw?) )1(ss € Crpt(t+rywP,2) = 5+ uf @) € G)
—Hl(y t—i—r)]I(sQECl, (t+ r,ywl, z) — pl(t + r,wP, )ECQ)
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Similarly, Fyg(t, w?, By, u,C1,Cy) is equal to

F46(t>w£> Bt7 u, Cla 02)

= e_AZ(“_t)/ I(s1 € C1,p' (y, wP, Ha(y,wp)) — pa(y, wi’) € Ca)da(y,t, By, wy’)dy
t
u—t t+r
+/ (/ I(s1 € C1,p' (y, w, Ha(y, wP)) — pa(y,wi’) € Co)a(y, t, By, wy )dy>/\ze Az” gy
0 ¢

u—t o0 gu
+/ (/ |: F49(y7w?7t+T;x?Cl,Cg)fg(y)dy}QQ(x;r7t7Bt,wt[))daj))\zei)\zrdr’
0 (t+rwP)

Ho &l
where
- ODo(u,t ~
dpa(u,t,y,x) = —W and  Da(u,t,y,x) = ]P’(BS > Hy(t+s,2) —y,0< s <u-— t)
u

are Brownian motion hitting density and probability of one-sided curved boundary, g (z; 7, t, y, wP)

is the density of B, on the set [B > Ho(t + s,wP) —y,Vs € [0, r]] and

Fyo(y, wP t +r,z,C1,Cy)

:I[(yth>g t+r)]1(x>H2 t+r, yw; ))]I(SgeCl, Ut oyl ) — Pt 4 wh, )602)
—i—]I(yth>g t+r>]1<:c>H2 (t + 7, ywy ))]I<81€C1, (t+r,ywp,x) — pU(t + r, wp, )GCQ)
(

—|—]I(yw?§g t—|—r)]l s9 € C,D t—|—rywt, x)—p (+th, )602)

Finally, if I denote by

Fso(y,wP t +r,z,C1, Ca)

=1(ywp > g°(t+ 1)) [1(w < Ha(t + 7, ywl) ) + pI(Ha(t + 7, ywl) < < Hy(t + 7, ywl) )|
x1(s1 € O, (t+7,ywp @) = plt + 1,0 2) € )]

+1(ywf > g+ ) [1(z > Halt+ 7, ywP)) + pall (Halt + 7 ywl) < o < Hi(t+r,y0p) )|
xX(s3 € Crp"(t+ryywp @) = it + 1, 0P,2) € G )|

—i—]I(ywt <g (t+r)>]1<3266’1, p(t + 7 ywl ) — Bt +r,wl, x )ECQ)
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then Fys(t, w?, By, u, C1,Cy) is equal to

F45(t Wy ,TD(wt ) By, u, 01,02)
u—t o0 & 1 (z Bt)
=1(7P > u F, D¢ c,,C d - dz ) \ze 27d
( (wp) > >/0 </_oo[/gl 50(y, wy”, t +1,2,C1,C2) fe(y) y} \/%6 90) z€ r

—H[(TD(wt ) < u)

/T (wP)—t /oo /EuF ( b Cr. O fe(y)d 1 (e— Bt) de )\ e—Azr g
X ,wy , t+r,x, Oy, ] e l’) e r
|: 0 ( _Oo|: 5[ 50 y t 1 2 f y y \/% Z
_ H TD D , D7 7T(T7TD(U)D)) (z—B )2
+ /u t )\Zef)‘zr (/ (e e o 1 eiQ(TD(wZD)—t) X
TD (wP)—t oo V2 (TP (wP) —t)

t+r _
X [/D( D)]I(53 € Chﬁ“(z,th,Hl(z,th)) —pl(z,th) € Cg)>¢1(z,TD(th) x, Wy )dz]d
T (wy
o0 1 (z—By)?
+/ 21D (wP)—t) o
H(TP (wP)wp we™ T TPy \/2m(TP (wf) — t)
t+r _
X [/ ]I(sl € C1, P (z,wP, Ho(z,wP)) — pa(z,wP) € Cg))(ﬁg(z,TD(wt ), &, w; )dz]dac)d
TD(wt )
u—t H(TP (wP ,wD,nefr(TfTD(th)) __ (z-By?
TP (wP)—t —00 \/27T t)
& _
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gl

(z—By)?

o0 —
+/ . ! e 2ATPwP)-6)
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& _
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l
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n e_AZ(U—t) </ ( (’LUt )wt Ke t ) 1 6imx
—00 \/27r t)
U
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> 1 @By
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