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Geometrically designed, variable
knot regression splines:
Asymptotics and inference

by

Vladimir K. Kaishev, Dimitrina S. Dimitrova, Steven Haberman
and Richard Verrall

Cass Business School, City University, London

Summary

A new method for Computer Aided Geometric Design of least squares (LS) splines with variable knots,
named GeDS, is presented. It is based on the property that the spline regression function, viewed as a
parametric curve, has a control polygon and, due to the shape preserving and convex hull properties, closely
follows the shape of this control polygon. The latter has vertices, whaserdinates are certain knot
averages, known as the Greville sites and wlyeseordinates are the regression coefficients. Thus, manipu-
lation of the position of the control polygon and hence of the spline curve may be interpreted as estimation
of its knots and coefficients. These geometric ideas are implemented in the two stages of the GeDS estima-
tion method. In stage A, a linear LS spline fit to the data is constructed, and viewed as the initial position of
the control polygon of a higher order% 2) smooth spline curve. In stage B, the optimal set of knots of this
higher order spline curve is found, so that its control polygon is as close to the initial polygon of stage A as
possible and finally, the LS estimates of the regression coefficients of this curve are found. To implement
stage A, an automatic adaptive knot location scheme for generating linear spline fits is developed. At each
step of stage A, a knot is placed where a certain bias dominated measure is maximal. This stage is equipped
with a novel stopping rule which serves as a model selector. The optimal knots defined in stage B ensure
that the higher order spline curve is nearly a variation diminishing (i.e., shape preserving) spline approxima-
tion to the linear fit of stage A. Error bounds for this approximation are derived in Kaishev et al. (2006). The
GeDS method produces simultaneously linear, quadratic, cubic (and possibly higher order) spline fits with
one and the same number of B-spline regression functions.

Large sample properties of the GeDS estimator are also explored, and asymptotic normality is established.
Asymptotic conditions on the rate of growth of the knots with the increase of the sample size, which ensure
that the bias is of negligible magnitude compared to the variance of the GeD estimator, are given. Based on
these results, pointwise asymptotic confidence intervals with GeDS are also constructed and shown to
converge to the nominal coverage probability level for a reasonable number of knots and sample sizes.

Keywords:spline regression, B-splines, Greville abscissae, variable knot splines, control polygon, asymp-
totic confidence interval, coverage probability, asymptotic normality
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1. Introduction.

Consider a response variabfeand an independent variabte taking values within an
interval[a, b] and assume there is a relationship betweandy of the form

y=f(x)+e, (1)
where f(-) is an unknown function andis a random error variable with zero mean and
varianceEe? = o > 0. We will consider the regression problem of estimating),
based on a sample of observatidrs yi}lY,. The design point$x}y; may be either
deterministic or random.

Different methods for the solution of this regression problem have been proposed and
the related literature is extensive. One popular approach is to approXimaits an

n-th order (degreea — 1) spline function defined ofa, b]. As is well knownn-th order
splines, on a set & internal knots, form a linear functional space, an element of which

is represented as a linear combination of appropriate spline basis functions. Thus, a
spline function is defined by its order by the number and location of iksinternal

knots and by the coefficients in front of the basis functions.

It is also well known that least squares fitting with splines of a fixed degree is a linear
optimization problem, if the number of knots and their location are fixed. However,
since the latter are in general unknown and need to be defined, several approaches to
constructing free-knot regression splines have been developed. The direct approach is to
assume that andk are fixed (but unknown), and to find the knot locations which mini-
mize the (non-linear) least squares criterion (see e.g. Jupp, 1978) or an appropriately
penalized version of it (see Lindstrom, 1999). For an extensive discussion of the
(dis)advantages of non-linear free-knot spline estimation, we refer to Lindstrom (1999).

In order to circumvent the difficulties related to the non-linear optimization approach, a
number of authors have developed adaptive knot selection procedures, such as step-wise
knot inclusion/deletion strategies. Among the latter are the early work of Smith (1982),
the TURBO spline modelling technique of Friedman and Silverman (1989), the MARS
method proposed by Friedman (1991), the POLYMARS of Stone et al. (1997) and the
spatially adaptive regression splines (SARS) of Zhou and Shen (2001). Other methods,
such as the knot removal algorithm of Lytch and Mgrken (1993) and the minimum
description length (MDL) regression splines of Lee (2000), have been proposed as well.
Multivariate spline regression and knot location has also been considered by Kaishev
(1984). Further references to alternative spline fitting methods, such as smoothing spline
techniques are to be found in Kaishev et al. (2006).

Asymptotic properties of least squares spline regression estimators have been consid-
ered by Agarwal and Studden (1980), Zhou et al. (1998), and more recently by Huang
(2003) and by Wang and Yang (2006). Assuming C9[0, 1], Agarwal and Studden
(1980) give expressions in terms of the derivath®(x), for the design density, the
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knot placement density and the number of knots which minimize the asymptotic inte-
grated mean square error. More recently, Zhou et al. (1998) and Huang (2003), have
studied local (pointwise) asymptotic properties of least squares regression splines. Under
the assumption of asymptotic uniformity of the knot placement, Zhou et al. (1998)
provide explicit expressions for the asymptotic pointwise bias and variance of regression
splines. A less stringent assumption on the knot mesh has been considered by Huang
(2003), who establishes some asymptotic results for general estimation spaces. These
asymptotic results shed some light on the large sample properties of least squares splines
under some conditions on the joint asymptotic behaviour of the number and position of
the knots and the sample size.

In this paper, we present a new variable knot spline regression estimation method which
is very different from the existing methods and includes two stages. In stage A, a least
squares linear spline regression fit to the data is constructed, following a novel knot
location method. The latter places knots sequentially, one at a time, at sites where a
certain bias dominated measure is maximal. Stage A is equipped with an appropriate
stopping rule which serves as a model selector (see Section 3, and Appendix A for the
complete description of stage A). In stage B, an optimal set of knots of a smoother,
higher order(n > 2) least squares spline approximation is found so that the latter has
also the characteristics of a Schoenberg's variation diminishing spline approximation of
the linear spline fit from stage A. We show that this new spline regression estimation
method has a direct Geometric Design interpretation. It stems from the fact that Schoen-
berg's variation diminishing spline approximation scheme is the fundamental concept
underlying parametric B-spline curve and surface modelling in Computer Aided Geomet-
ric Design (see e.g. Farin, 2002). For this reason we will call our new method the GeD
spline estimation method and will refer to the related estimator as a GeD spline estima-
tor or simply GeDS. Optimality properties of the knots of the GeD spline estimator are
established in Kaishev et al. (2006) where further algorithmic details, related to GeDS,
are also to be found. The numerical performance of GeDS, compared to other existing
spline estimators is addressed more thoroughly in Kaishev et al. (2006). In the present
paper, the focus of our attention is on introducing this new spline estimator and on its
statistical properties. Under some mild conditions on the design grints, we estab-

lish its asymptotic normality and give conditions under which the bias term of the approx-
imation error becomes asymptotically negligible compared to the variance term. The
construction of pointwise asymptotic confidence intervals is also considered and illus-
trated numerically.

The paper is organized as follows. In Section 2, it is shown that the spline regression
function can be interpreted as a special case of a parametric spline curve, with a
(control) polygon closely related to it. This geometric relationship is based on the estab-
lished convex hull and variation diminishing properties of the spline regression curve.
Since the vertices of its control polygon are defined in terms of its regression coeffi-
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cients and knots, it is proposed that their estimation is performed through positioning the
control polygon of the spline regression curve so that it follows the noise-perturbed
shape of the underlying function. This geometric characterization of the regression
problem is used in Section 3 to develop the GeD spline regression estimation method
and in particular, to formulate its two stages, A and B, as optimization problems. In
Section 4, some pointwise asymptotic properties of the GeDS estimator are established.
The GeDS method and its properties are illustrated numerically in Section 5, based on a
simulated example. It is shown how the large sample results of Section 4 can be used to
construct asymptotic pointwise confidence intervals with a required coverage probabil-
ity. In Section 6 we provide some discussion and conclusions. Detailed description of
part A of GeDS are given in Appendix A and proofs of the results of Section 4 are given
in Appendix B.

2. The B-splineregression and its control polygon.

Denote byS,, the linear space of afi-th order spline functions defined on a set of
non-decreasing knoty, = {ti}i2=“1+", wheret, = a, th,x.1 = b. In this paper we will use
splines with simple knots, except for timeleft and right most knots which will be

assumed coalescent, iy ={t1 = ...=t) <th41 <... <t <thyks1 = - =ik}

Following the Curry-Schoenberg theorem, a spline regression funto8, ,, can be
expressed as

f(tn; ¥) = 0'Np(¥) = 221 6 Nip(%),

where 6= (01, ...,6p)' is a vector of real valued regression coefficients and
Nn(X) = (N1n(X), ..., Npn(X)', p= n+K, are B-splines of order, defined onty,,. It is
well known that Zij:j_n+1 Nin()=1, for any telt,tj 1), j=n, ..,n+k, and
Nin(t) = 0 fort ¢ [t;, tisn].

In the sequel, where necessary, we will emphasize the dependence of thégline
on @ by using the alternative notatidtity n, 6; X).

The spline regression problem of Section 1 can now be more precisely stated as follows.
For a fixed order of the spline, given a sample of observationg, x}\,, estimate the
number of knot&, their locationgy, and the regression coefficiengs,

In order to solve this estimation problem and develop the GeD spline estimator, our
purpose in this section will be first to introduce an alternative way of expressing the
spline regressiof (t ,, 6; X). Recall that the standard way is to consider it as a function
of the independent  variable x e [a, b], following the  expression
f(tkn, 0; X) = SP.6 Nin(X). Alternatively, f(tx, 6; X) can be viewed as a special case

of a parametric spline curv@(t), t € [a, b]. A parametric spline curv@(t) is given
coordinate-wise as
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Q) = {x(t), YOI = {Z21& Nin(t), Z21 6 Nin()}, 2)
wheret is a parameter, arx{t) and y(t) are spline functions, defined on one and the
same set of knot ,, with coefficientst; andé;, i =1, ..., p, respectively. If the coeffi-

cientsé; in (2) are chosen to be the knot averages

§r=(tl+l++t|+n—1)/(n_l);| =l, ---1p; (3)
then it is possible to show that the identity

Xt) = T2 & N =t 4)
referred to as the linear precision property of B-splines, holds. In view of (2) and (4), the
spline regression functioh(tk ,, #; X) can be expressed as a parametric spline curve as

Q) = {t, f(ten, 65 D) = {Z21& Nin®), B216 Nin(®) (5)
wheret € [a, b] and ¢ is the average of tha—1 consecutive knot$,1, ..., tin1
given by (3). In what follows, it will be convenient to u&t) and f (tp, 6; t) inter-
changeably to denote a functional spline regression curve.

The valuest) given by (3) are known as the Greville abscissae. We will alternatively
use the notatioré*(tx,), to indicate the dependence of the set of Greville sites

& =1{&, ..., &ph = € (tkn) on the knotdy .

The interpretation (5) of the regression functidty ,,, ; X) as a parametric spline curve

Q' (t) is fundamental for our aim of developing a geometrically motivated least squares,
variable knot, spline regression smoother. It allows us to characterize the spline regres-
sion curveQ*(t) by a polygon, which is closely related@j(t), and is called the control
polygon of Q*(t), denoted byCq(t). It is constructed by connecting the points
C=(,6), i=1, ...,p, called control points, by straight lines. SGgq (&) =6,

=1, ...,p. In Fig.1, the geometric relationship between a spline regression curve and
its control polygonCq:(t) is illustrated. This relationship is due to the fact that both the

x andy coordinates of the control points i = 1, ..., p, are related to the spline regres-
sion curveQ*(t). More precisely, thex-coordinates,&, are the Greville sites (3),
obtained from the knot, and they-coordinates,f;, are simply the spline regression
coefficients. Sincezij:j_ml Nin(t) =1, for anyt e [tj, tj;1), j=n, ...,n+k, the curve

Q’(t) is a convex combination of its control points, and its graph lies within the convex
hull of its control polygonCq-. The convex hull ofty, ...,c, is the smallest convex
polygon, enclosing these points. Due to the convex hull property, the curve is in a close
vicinity of its control polygon which is illustrated in Fig. 1 with respect to two adjacent
polynomial segments @(t). The grey areas in Fig. 1 are the two convex hulls, formed
by cs, €4, C5 andcg, Cs, Cg, Within which the two segments QF (t), for t e [ts, ts] and

t € [tg, t7], lie. For further details related to geometric modelling with splines we refer to
Cohen et al. (2001) and the classic book by Farin (2002).
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Fig. 1. A quadratic, functional spline regression curve Q*(t) and its control polygon Cq-.

Another reason for the spline regression cupid) to be close to its control polygon
Co(t) is thatQ*(t) is the Schoenberg's variation diminishing spline approximation of
CQ*(t), i.e.,

VICql(®) = %21 Co (&) Nin(t) = 221 6 Nin(h) = Q°(1), (6)
whereé, i =1, 2, ...,p, arethe Greville abscissae, obtained froyn andCq+ (&) = 6,
by the definition of the control polygon.

Given a set of knotdy,, the spline approximatioW [g] (X) = Zip:1 9(&) Nip(x) of any
function g, defined ona, b], is known as the Schoenberg's variation diminishing spline
(VDS) approximation of ordem to g, on the set of knotlg . It is constructed by simply
evaluatingg at the Greville sites (3) and taking the valgés) as the B-spline coeffi-
cients of the VDS approximation.

It is important to recall a property &f[g], which is crucial for developing the GeD
estimator. That is, the VDS approximatidh,g] is shape preservingince it preserves
the shape of the functiam it approximates. More precisely,dfis positive, thenV/[g] is
also positive, ifg is monotone, theN[g] is also monotone, and ¢f is convex,V[g] is
also convex. Theariation diminishingcharacter oV |[g] is due to the fact that it crosses
any straight line at most as many times as does the fungtidself. In view of the
convex hull property and the shape preserving property of (6) it is more cled@ \ihy
lies so close to its control polyg@hy(t).

In summary, it has been established that the spline regression furictigné; x),
(which we alternatively denoted §5(x), X € [a, b]), can be expressed in the form (5)
and that its control polygoi&s 6., has vertices; = (&', 6),i =1, ...p, where& are
the Greville sites (3), obtained froiy,. The latter suggests that, giverandk, locating
the knotsty , and finding the regression coefficiedf f (t ,, 6; X), based on the set of
observationgy;, x}\,, is equivalent to finding the location of tixe and y-coordinates
of the vertices oCs,, 0. This establishes the important fact that estimatioi pand
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6 affects the geometrical position of the control poly@dw, . ¢.x, Which, due to the

shape preserving and convex hull properties, defines the location of the spline curve
f(tn, 6; X). Inversely, locating the vertices of Cy 6. affects the knotg, through

(3), and the values of, and hence affects the position of the regression curve
f(ten, 8; X). The latter conclusion motivates the construction, in stage A of GeDS, of a
control polygon as a linear least squares spline fit to the data, whose knots determine the
knotsty,, and whose B-spline coefficients are viewed as an initial estimatevatiich

Is improved further in stage B (see Section 3). This is the basis of our approach to con-
structing the GeD variable knot spline approximation to the unknown funttion(1),

and this is developed in the next section.

3. Geometrically designed spline regression.

In this section we introduce the GeD spline regression method which is motivated by the
ideas, outlined in Section 2. The method "positions" first an initial control polygon,
which reproduces the "shape" of the data, applying least squares approximation. Sec-
ondly, an optimal set of knots of a higher order 2) smooth spline curve is found, so

that it preserves the shape of the initial control polygon and then this curve is fitted to
the data, to adjust its position in the LS sense. In this way, it is ensured tmaththe
order smooth LS fit follows the shape of the initial control polygon, and hence the shape
of the data. This procedure simultaneously produces quadratic, cubic, or higher order
splines and the LS fit with the minimum residual sum of squares is chosen as the final fit
which recovers best the underlying unknown functibn The two stages of this
approach may be given a formal interpretation as certain optimization problems with
respect to the variablds tx ,, # andn. Hence, the approach produces a solution which
does not necessarily coincide with the globally optimal solution under the free-knot
non-linear optimization approach. As illustrated by the numerical examples presented
here and also in Kaishev et al. (2006), it produces LS spline fits which are characterized
by a small number of non-coalescent knots and very low mean square errors. Thus, GeD
spline fits are shown to be nearly optimal (see the example in Section 5 and also exam-
ples 1 and 2 of Kaishev et al., 2006) and to enjoy some very good large sample proper-
ties, such as asymptotic normality, established in Section 4. The latter allow for the
construction of asymptotic confidence intervals illustrated in Section 5. The GeD spline
estimation involves the following two stages:

Stage A. Fix the ordem = 2. Starting from a straight line fit and adding one knot at a
time, find the least squares linear splineffit », @; X) = P N; 2(X) with a number
of internal knots|, number of B-splinesp=1+2 and with a set of knots
012 =1{01 =02 <03 <...< 132 < I3 = J1;4}, such that the ratio of the residual sums of
squares

RSSI +G)/RSS) = Y "

L5 F@rg2ix)® [ 2, 1= £ @12 %)) = e
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whereayi is a certain threshold level. This means th@ 2, @; x) could not be signifi-
cantly improved ifg more knots are added> 1, and thereforef (6, », @; X) adequately
reproduces the "shape" of the unknown, underlying functiomhe linear LS spline fit
f (612, @; X) is viewed as a control polygon with vertic&, &), i =1, ..., p, where
& =641, 1=1, ...,p. The fit f(2, @; x) is constructed following an algorithm
described in Appendix A.

Stage B. For each of the values af= 3, ...,nnax, find the optimal position of the knots
fi_(n-2n, as a solution of the constrained minimization problem

min || f (6|,2! &1 X) - Cf(tlf(n—Z),ny&;X)”oo'

tI—(n—2),n:
&iv1<tin<iin-1, (7)
i=1,..k

where ||g|l., := MaX<x<p | 9(X) | defines the uniformL(,) norm of a given function
g(x), and¢&;, i =1, ..., p are thex-coordinates of the vertices of the control polygon
f (612, @; X) obtained in stage A. In fact, minimization in (7) is over all polygons
Ctmaman With verticesd{y, &), whosex-coordinates coincide with the Greville sites
& (t_n-2n), and whosey-coordinates, coincide with thecoordinatesy; of the vertices

of the polygonf (82, @; X). Clearly, the two polygons (8 ,, @; X) and Cf(tl_(n_z)yn’&;x)
have the same number of vertices=1+ 2, since the number of internal knots in
t_(n-2n ISl = (N-2).

As shown in Kaishev et al. (2006), the optimization problem (7) has no optimal solution
such that the minimum in (7) is zero, i.e., for which; .. = (82 @; x). Instead,

the objective of stage B, (i.e. of the minimization in (7)) is to produce a set of optimal
knotst|_n_2n, Which ensures that(§ 2, &; x) becomes (nearly) the control polygon of
the spline regression functioitti_n_2)n, @; X), i.e., thath(flfmfz)’m&;x) ~ (62, @ x. In

this way,j_n_2)n is placed so that(f_n_2n, & X) becomes (nearly) the Schoenberg's
variation diminishing spline approximation é6{é, ,, @; X) and hence, due to its convex
hull and shape preserving properties (see Section @) n, &; X) lies very close to

f (612, @; X), and hence to the "shape" of the data for which the linear LS approximation
is f (62, @; X) (according to stage A). This is the fundamental concept of optimal knot
placement in GeDS. For a proof of the fact th@t -2 n, &; X) is nearly a VDS approxi-
mation of f (82, @; X) with appropriate error bounds, we refer to Kaishev et al. (2006)
(see Theorem 1 and Corollaries 1.1 and 1.2).

However, we note that the fi(f,__2 n, @; X) will not be a least squares approximation

to the data set. In order to obtain an LS fit to the data and at the same time to preserve
the shape off(fi_n-2n, @ X, its optimal knotst_y,_, are preserved, whereas its
B-spline coefficientsy; are released and are assumed to be unknown parangeters,
which are estimated in the least squares sense, Wing}i“il. Thus, for a fixed

N=3, ...,Nmax, We find the least squares fiff|_n-2)n, 0; x) which solves
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. N ~
mam [ijl (yj — t(ti-n-2n, 6, Xj))z].

Finally, we choose the ordarwhose fitf(ﬂ_(n_z),n, o: x) has the minimum residual sum

of squares. In this way, along with the number of knots and their locations, the degree of
the spline is also estimated. This is an important feature of the proposed estimation
method which is rarely offered by other spline estimation procedures. One alternative
that we are aware of is the MDL method of Lee (2000). Of course, any of the produced
final fits of ordern # f could be used, if other features were more desirable, for example
if better smoothness were required.

Since (7) is a constrained non-linear optimization problem, and although for linear
splines, our experience shows that it is still difficult to solve. As with other nonlinear
optimization problems, finding the global optimum is not guaranteed. The knots
fi_(n-2n, Which are the optimal solution, may also be (almost) coalescent and this may
cause edges and corners in the final LS fit in stage B. To avoid these complications, the
following simple knot placement method, called gweraging knot location methps

shown in Kaishev et al. (2006) to produce an approximatiof.,2 n , given by (8), to

the optimal solutiori|_n_2n Of (7). Bounds of this approximation are also established in
Kaishev et al. (2006).

The averaging knot location method

Given the control polygonf (6,, @; x) of stage A, for each of the values of
n=3, ...,Nmax, Select the knot placement -, with internal knots, defined as the
averages of the-coordinates of the vertices 6t6 ,, a; x), i.e.

Tiin = Ojp2+ ...+ 0in)/(N=1), i=1, ..., =(n=2). (8)
The choice of the knofs_,-2)n according to (8) leads to an improvement in the bounds
established by Theorem 1 in Kaishev et al. (2006), which holdf far, . The
improved bounds for the set of kndtsn-2n are given by Theorem 2 and its Corollar-
les 2.1 and 2.2 in Kaishev et al. (2006).

In summary, using the averaging knot location method (8), the GeDS estimation method
simultaneously produces LS spline fiﬁ(sﬂ_(n_g),n, 9; x) of ordern=2, 3, ... with the

same number of basis functiops=1-(n—-2)+n=1+2. Hence, the spline estimation
spacesy,  , ,Nn=2,3, ... are of one and the same dimension. Note that from (8) when
n=2,%,=4, and thereforef) = & and f(ﬂ,z, 0; x) = f (61 2, @; X). For further approxi-
mation theoretic results and related algorithmic details, we refer to Kaishev et al. (2006).

4. L ocal asymptotic properties of the GeD spline estimator.

The purpose of this section is to explore the local asymptotic properties of the proposed
GeD spline estimation method and provide some large sample statistical inference.
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Local asymptotic properties of least squares spline regression estimators are useful in
constructing asymptotic confidence intervals and have been considered by Zhou et al.
(1998), and more recently by Huang (2003). To investigate the pointwise asymptotic
behaviour of the GeDS estimation errf{f_-2)n, o; x)— f(x) we will consider its
decomposition

f(Bi-m-2n 8 %) = f (0
= [ f(fi-n-2)m: 0; X) — E f(fi—n-2.n, 0; X)| + [E f(fi-n-2)n, 0; x) - f(x)]

where the first and the second terms on the right-hand side are correspondingly referred
to as the variance and the bias terms. As was noted in Section 1, the desigixfdints

can either be deterministic or random. Without loss of generality, we will consider here
the case of random design points under wr{nk;hyi}i’il is a random sample from the

joint distribution(X, Y) of the predictor variabl&X and the response variabte It will

be convenient to use the notat®e: (X, ..., Xy). In addition, we assume that the errors

are homoscedastic, so thaf(x) = E(e?| X = X) = 0? is a constant. The results easily
carry over to the heteroscedastic errors and fixed design case.

Thus, in our asymptotic analysis, as the sample d\e,grows to infinity with

i=1, 2, ..., under some mild assumptions with respect to the sequences of design points
{Xj};-\l;l (see Assumption 1), we show that the GeDS estimation method produces esti-
mates of the knotg _-2n, N = 2, whose global mesh ratios form a sequence bounded

in probability (see Lemmas 2 and 3). Based on these results, and on a theorem from
approximation theory establishing the stability of the norm of thel, projections

onto the linear space of splingg,, we will establish two asymptotic properties of the
GeDS estimator. Thus, Theorems 1 and 2 below give a bound for the bias term and a
sufficient condition for it to be of negligible magnitude compared to the variance term.

We also study in this section the asymptotic distribution of the GeD spline estimator
f(T--2ms o: x). After its appropriate standardizatiof(f_n-)n, o: x) is shown (see
Theorem 3) to converge to a standard normal distribution, given that a suitable value of
aexit IN the stopping rule of Stage A has been chosen. This characteristic of GeDS allows
for the construction of asymptotic confidence intervals, illustrated in Section 5. Proofs
of the results of this section are given in Appendix B.

In what follows, we will rely on the sufficient asymptotic conditions for the least squares
spline estimate to be well defined, established by Huang (2003). As is well known, the
least squares estimate is an orthogonal projection relative to an appropriate inner prod-
uct. The latter can be defined relative to a finite sample as
(fi, )y = & IR; fax) fax)  and  its  theoretical ~version is given as

(fy, fo) = fab f1(x) f2(X) p(x) dx, for any square integrable functiofisand f, on[a, b].

Denote by filly = (f1, f)N° and||fyll = (f1, f1)Y2. It will be required that as the sam-

ple sizeN goes to infinity,(f1, fo)y converges tqfy, f2), (see Remark 1). In order to
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investigate the asymptotic properties of the GeD spline estimator we will need the follow-
ing assumption.

Assumption 1. Let ¢, i=1, 2, ... be a sequence of designs[anb] with spectrum

points §i ={a<x1<..<Xn <b}, N_1 <N, at which the unknown functior is
observed. Assume the spectrum pointsiofare randomly generated according to a
density O< p(X) < oo, with respect to Lebesgue measure, such that the sequence of
global mesh ratios

M (1) — maxlsjsN‘—l(Xi,j-*—l_Xi,j)
G MiNg<j<n-1(%, j+1=%;,})

is bounded in probability, i.eMS” = Op(1).

Note that this assumption requires the design points to be asymptotically quasi-uni-
formly distributed. Our asymptotic setting is such that for each random sample
{Xij yi,j};\‘;l, the GeD spline regression estimation method produces a linear least
squares spline fif (8, 2, & x) with knots &> and higher order fits (¥ _-2n, o; X),

n> 2, with knotst;_n-2 ., Wherel; is determined by the choice of the parametgg;

for eachi. Recall that the latter parameter controls the exit from GeDS by the stopping
rule given in stage A and that the spline estimation spgces, , n=2, 3, ... are of

one and the same dimensigns |; + 2. Next, we give a result which relates the rate of
growth ofl; to that of the sample si2¢, which is used in proving the main theorems of
this section.

Lemma 1. Given a sequence of random sampies, yi:j}g\l;l from (X, Y), there exists

a sequence ofak;, such that, for a fixedn=2, lim,.li/N"*™Y =c and
Iimi_m |i |Og Ni/Ni =0.

It is clear that the sequenceaf;, from Lemma 1 could be different for different values

of n. Unfortunately, one can not specify general conditions which will determine a
required sequence,,, since the latter depends on the variability of the unknown func-
tion f and the noise levet. The following two lemmas establish other characteristics

of the knot meshes generated in stage A of GeDS which are important for the asymptotic
analysis.

Lemma 2. If Assumption 1 holds then, for any sequenég,, the sequence of global

mesh ratiosM;"”,

M (N _ M@%<jcrs3 (Gi,j+r—6i.j)
Si MiNo<j<ti—r+3(0i j+r=06i,j) '

r=2

of the knot set$) » = {0i1 = di2 < ... < di),+3 = di,+4}, generated according to stage A of
GeDS, is bounded in probability. In other words, there exists a constadtsuch that,

except on an event whose probability tends to zeM asco, MgP <.

Given the result of Lemma 1, we next show that under Assumption 1 the knot sequences
of the higher order fif(fh_(n_z),n 0 x), n = 2 of Stage B also have bounded mesh ratios.
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Lemma 3. If the sequence of global mesh ratiM%”, r = 2, of the knot set§, ,, gener-
ated in stage A, is bounded in probability by a consjantO, then the global mesh
ratio, Mf(i”, r = n, of the knot sequencg_n-2n, N =2, generated in stage B, is also
bounded by, i.e.,

() _ MaX%<j<i+1en-r( jor =t j)

[{ MiNnz <t +24n-r (G jor=Ti, )

except on an event whose probability tends to zehM) asco.

=y, r=n 9)

Remark 1. Under Assumption 1, the assertions of Lemmas 1 and 3 imply that, for some
appropriatea‘exit, limi_.lilogN;j/N; =0, and that the global mesh ratio of the knots
ti,-(n-2n IS bounded. Sincé(fh_(n_z),n, 0; x), nx= 2, is an LS estimator, one can apply
Lemma 2.3 of Huang (2003) to establish that the latter are sufficient conditions for the
theoretical norm to be close to the empirical norm, uniformly &er , ie.,

sup | lIslly, /lIsll =11 = op(1), (10)
wherese § oo This is essential for our asymptotic analysis since it ensures that the
problem of least squares GeD spline estimation is well defined.

We are now in a position to establish the asymptotic properties of the GeD spline estima-
tor, which are used later in constructing asymptotic pointwise confidence intervals. We
start with the following theorem.

Theorem 1. Under Assumption 1, there exist a sequemrgg and an absolute constant
C such thatexcept on an event whose probability tends to zeM asco,

IE(f (Th—cn-2)ms o; x) | X) - f)||_ < Cpon,.
wherepy, = inf {If —sll,:se thfmfzm}, n>2.

The bound in Theorem 1 can be specified, imposing a certain smoothness condition on
the unknown functiorf . Thus, iff € CY[a, b] andn = q then it can be shown (see e.g.
Schumaker, 1981) thak, = O/ ).

Next, we consider the asymptotic behaviour of the bias term, compared to the variance
term in the GeDS estimation error decomposition. We state the following theorem.

Theorem 2. Under Assumption 1, iff € C9[a, b], then there exists a sequengg;
such that, fon > q,

E(f (B -2 0X)|%)~f %)
\/Var( 1?(ﬂi—(n—Z),n,é;X)lY)

Sug(e[a’b] = OP(l) .

The above theorem together with the following result facilitates the construction of
pointwise confidence intervals fdi(x), using the proposed GeD spline estimator.
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Theorem 3. Under Assumption 1, suppose lin, E[€? Iy | X = X] = 0. Then, there
exists a sequence,;, such that

P[f(E-c2me 8 X) — E(f (B 8 %) | ) =t/ Var ((f -z 8 X) | %) | %] - @1
= 0p(1)
for x e [a, b] andt € R. Hence,

f(ﬂ.—(nfz),n,@;X)—E(f(ﬂ,f(nfz),n,@;x)h) d O 1 N
VWar(f (f-n-2.00:X)[%) — N(@O, D), =20

Theorem 3 establishes asymptotic normality of the variance term in the error decomposi-
tion of the GeDS estimator and enables us to construct asymptotic pointwise confidence
intervals for E(f(f-n-2,n o: x)|®), n= 2. Furthermore, combining Theorem 3 with
Theorem 2 allows for the construction of asymptotically valid confidence intervals for
the unknown functiorf .

As known from the standard regression theory, in the finite sample case,
Var(f(E_m_ain 6; X) | %) = 02 Ny ((F'R), FOI) ™ Na(),

where the matri¥ (X) = (Nn(X1), ..., Nn(Xn)). Thus, a 1001 — ) % confidence interval
can be constructed as

(B2, 05 %)+ 2102 ) Var(f(fin-zn, 8 %) | %), (11)
wherez;_,» = ®1(1-a@/2), n> 2. Following Theorem 6.1 of Huang (2003), in view
of Remark 1,

Var(f(f_n-z,n 8; X) | X) = 02 Ny {((F (), FOO) ™ Na(0) (1 + 0p(1)),
which means that (11) is an asymptotically valid confidence interval.

To conclude this section, recall that Theorem 2 gives the conditions on the order of the
number of knots under which the bias term of the GeDS estimation error is of negligible
magnitude compared to the variance term. The condition,Jitn/ N"@%" = oo

implies that, in order not to consider the bias asymptotically in constructing a confidence
interval, one needs to use higher number of knots than what is needed for achieving the
optimal rate of convergencal.-_zq/(zq”). The latter is obtained by balancing the rate of
convergence of the squared bias and the variance terms (see Stone, 1982). Therefore, as
was noted by Zhou et al. (1998), the knots obtained by using the generalized cross valida-
tion (GCV) as a model selector lead to undersmoofiigdand can not be used for the
construction of asymptotic confidence intervals fox).

Using the proposed GeDS estimator, the optimal rate of convergence is achievable (see
Section 6). However, in order for the conditions of Theorem 3 to be fulfilled and to have
asymptotic normality, one should use valuesepf, higher than what is needed for
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matching the optimal rate. The latter is possible and one has a considerable degree of
flexibility since the condition lim,,l;logN;/N; =0 on the rate of growth of the num-

ber of knots is much weaker than the condition_Ji,1?/N; =0 used in Zhou et al.
(1998). The construction of asymptotic confidence intervals and appropriate choices of
al,;, are illustrated in the next section, where further comments are provided.

5. Simulation studies.

The GeDS method has been thoroughly tested numerically and compared with other
spline methods and the results of this comparison are given in Kaishev et al. (2006).
Examples include different values of signal-to-noise ratio, small and large sample sizes,
x-values in a grid or uniformly generated witHa b]. The overall conclusion is that
GeDS has performed very well both in terms of efficiency and quality of the fit. Here we
will illustrate briefly the GeDS method using the following test example, which appears
in Schwetlick and Schitze (1995).

Table 1. Example used to test GeDS.

Test function | Interval | Samplesize, N Xi, i=1, .., N Noiselevel, o

f =32 |[-22 90 x =-2+ &L (- 1)| U (-0.05, 0.05

For a simulated data set, graphs of the linear spline fits, produced at each consecutive
iteration in stage A of GeDS, preceding the final one, are given in Fig. 2. As can be
seen, the initial straight line fit, presented in Fig. 2 (a), is sequentially improved by
adding knots, one at each iteration, to reach thie(di§,; x), plotted in Fig. 3 (a), which

can not be further significantly improved by adding more knots. Applying the averaging
knot location (8) to the knoisg, of the linear fitf (dg2; X), the set of knotsg_,-2), Of

the quadraticn = 3, and cubicn = 4, fits, f(Ts_(n-2)n; X), are defined. The LS spline fits
f(fg_(n_z)’n, 0; x), resulting from stage B of GeDS, are plotted in Fig. 3 (b) and (c) for
n=3 andn =4, respectively. The polygorGf(fm&;X) andCy t,, 4.4 Plotted in Fig. 3

(d), using dot-dashed and dashed lines, and obtained-withs the solution of (7) and

with t7 3, calculated using (8), are seen to be very close to each other and also close to
the initial control polygonf (s, &; X). The final LS fits, f(f73; %) and f(f73; ),
obtained with the optimal knofs 3 and with the knot$;3, according to the averaging

knot location method (8), have cloke-errors, respectively 0.2798 and 0.2944, which
confirms thafi; 3 approximates very well the optimal set of kriats.
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60,2={} 61,2={0.32}

-2 -1 0 1 2 -2 -1 0 1 2
(@) (b)
69,2=(-0.33, 0.32) 63,2=(-0.33, 0.12, 0.32}

-2 -1 0 1 2 -2 -1 0 1 2
© (d)
642=(-0.33,-0.12,0.12, 0.32) 652=(-1.1, -0.33, -0.12, 0.12, 0.32)

2 -1 0 1 2 -2 -1 0 1 2
©) )
S6.2=(1.1, -0.33, -0.12, 0.05, 0.12, 0.32) 672=(-1.1, -0.33, -0.12, 0.05, 0.12, 0.32, 0.96}

0
(h)

0
@

Fig. 2. The linear spline fits, obtained at each consecutive iteration in stage A, except the final one
(given in Fig. 3 (a)).
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0g,2={-1.1, -0.33, -0.12, -0.05, 0.05, 0.12, 0.32, 0.96}

0
(b)

0
(d)

0
(©)

Fig. 3. The final GeD spline fits: (a) linear; (b) quadratic; (c) cubic; (d) graphs of fA((ngz, a;x) - the
solid line, Ct (s mamn) ~ the dot-dashed line and Cy ) - the dashed line; The dotted curve

in (a), (b), (c) is the true function.

tg-(n-2),n.@:X

The details of the final linear fit, and its corresponding quadratic and cubic spline fits are
presented in Table 2he computation time for the three fits is less then a second (0.89
sec. on a PC, Pentium IV, 1.4 Ghz, 512 RAM). Note that the values for the parameters
aexit @and B are the default preassigned values 0.9, 0.5 (see Kaishev et al. 2006 for more
detailed comments on the effect of the choiceagfi and ). The parameteg is

defined and discussed in step 5 of Stage A (see Appendix A). As can be seen, the func-
tion f is symmetric and GeDS places, symmetrically around the origin, 8, 7 and 6 knots,
respectively for the linear, quadratic and cubic LS fits. As can be seen from Table 2, all
the fits are of a very good quality with respect to the MSE, defined as

MSE=>"" (i - fox)?/N.

Table 2. Summary of GeD spline fits.

Fit| Graph |n|k Internal knots exit, B | Lo —error, MSE
No

1 |Fig.3,®|2|8(|{-1.1,-0.33,-0.12,-0.05, 0.05, 0.12, 0.32, 0.960.9, 0.5| 0.2699, 0.00018
2 |Fig.3,(b) (3|7 {-0.69,-0.22,-0.09, 0.00, 0.09, 0.22, 0.4 | 0.9, 0.5| 0.2944, 0.00012
3 |Fig.3,(c) | 4|6 {-0.51,-0.17,-0.04, 0.04, 0.16, 0.47 0.9, 0.5 0.2631, 0.00011

[

~

©
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Based on thé.,-errors for the linear, quadratic and cubic fits given in Table 2, the best
GeDS fit for this particular data set is the cubic one. We have compared it (No 3, Table
2) with the optimal cubic spline fits obtained applying the LS non-linear optimization
method (NOM) and its penalized version (PNOM), due to Lindstrom (1999). The results
are summarized in Table 3. As can be seen, the three fits are very close, comparing the
L,-errors, the MSE and the location of the knots. However, the GeD fit recovers best the
original function as indicated by the corresponding MSE values. The computation time
needed for GeDS is less then a second (0.89 sec.) whereas for PNOM and NOM it is
respectively, 4.5 hours and 1.4 hours, usingMathematicafunctionNM ni m ze.

Table 3. The fits obtained by GeDS, PNOM and NOM.

Fit | Method | n | k Internal knots L, —error, MSE
No
1 | GeDS | 4| 6|{-0.51,-0.17,-0.04, 0.04, 0.16, 0.47 0.2631, 0.000119
PNOM | 4| 6| {-0.53,-0.16,-0.06, 0.05, 0.17, 0.51 0.2623, 0.000131
3 | NOM |4|6]{-0.48,-0.15,-0.07, 0.05, 0.18, 0.40 0.2614, 0.000154

We test GeDS by fitting 1000 simulated data sets from the fun€tigiven in Table 1.

A frequency plot of the number of internal knots of the 1000 linear GeD spline fits and
box plots of the MSE values of the linear, quadratic and cubic GeDS fits are presented in
Fig. 4 (a) and (b).

350

0.0004 e
300 ]

0.0003
200

150 0.0002

100
0.0001
50 |:| 1
— [
6 7 10 1

8 9 Linear Quadratic Cubic

@) ®)

Fig. 4. (a): A frequency plot of the number of knots of the 1000 linear GeD spline fits; (b): Box
plots of the MSE values of the 1000 linear, quadratic and cubic GeD spline fits.

The box plots presented in Fig. 4 (b) confirm that the best GeDS fit for this particular
function is the cubic one. Since the number of internal kikgtef a quadratic (cubic)
GeDS fit is always one (two) less than that of the corresponding linear fit, the frequency
plot for the 1000 quadratic (cubic) GeDS fits is identical to the one in Fig. 4 (a) but over
the rang&k=5,6, 7, 8,9, 10K=4, 5, 6, 7, 8, 9). The 1000 linear, quadratic and cubic
GeD spline fits, with median number of regression functiork = 10, have median
L,-errors 0.260, 0.267, 0.264 respectively, which are lower than 0.277, obtained by
Schwetlick and Schiitze (1995) for a quartic (of order 5) fit with the same number of
regression parameters and optimally located knots. The optimal quartic fit of Schwetlick
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and Schutze (1995) is obtained starting from 15 knots and after three time-consuming
knot generation, removal and relocation stages.

Constructing confidence intervals

The second part of our simulation study is devoted to the implementation of the asymp-
totic results for the developed GeD spline estimator, given in Section 4. We illustrate the
practical construction of finite-sample pointwise confidence intervals for the unknown
function f(x) and test their performance in achieving the required nominal coverage
probability levels. For this purpose, we again use the test function given in Table 1 but
with normally distributed error terng ~ N (0, 0.015, and for equally spaced design
points{xj};\‘;l, i=1, 2, 3 with sample sizeN; = 100, N, = 500, N3 = 1000. To assess

the finite-sample performance of the constructed confidence intervals we evaluate their
empirical coverage probabilities. The latter are calculated as the percentage of coverage
of the true valud (x) by the 10Q1 — )% confidence interval defined in (11), based on
1000 replications for each sample sike, Confidence intervals are obtained using both

the truec? ("oracle" value) and its estima@?, proposed by Hall et al. (1990) but only

the results for the oracle values are presented. This is because our simulated results show
that the estimaté” exhibits positive bias for small samples (see also Zhou et al., 1998)
and hence, unjustifiably increases the empirical coverage probability values.

In order to compute the GeD spline estimaitﬁr_(n_z),n, 0; x) and its variance, needed

in (11), we have selected the sequengg = 0.9, a3, = 0.99, o3, = 0.999 for the
stopping rule (see step 10 of Stage A), which determines the number of lah@atsit of
stage A. These values of,; have been chosen so that the requirement of Theorems 2
and 3 with respect to the rate of growthlofvith the sample size are met. Thus, the
median number of knots selected by GeDS for @agh i =1, 2, 3, isl; = 10,1, = 16,

|3 = 25 correspondingly.

In Fig. 5 we have plotted the empirical coverage probabilities for 95% level pointwise
confidence intervals as a function »f The empirical average coverage probability
(EACP) over aII{x,-}g\‘;1 are also presented under each of the plots.

As can be seen from Fig. 5, for all the linear, quadratic and cubic fits, the coverage
probability converges to its nominal level which is reached for the cubic fit for the
sample size of 1000 and median number of knots 25. The convergence for the linear and
guadratic fits are slower, as expected, since the dimension of the spline spaces is the
same for all the fits of different order. However, the coverage probability improves with
the order of the spline for all sample sizes. It has to be noted that the test function is
symmetrical with strong and sharp variation around the origin which makes it difficult

to fit, based on noisy data. This is reflected in the spikes in the coverage probability
observed in the neighborhood of the origin which almost disappear for the cubic fit with
1000 data points.
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Fig. 5. Empirical coverage probabilities of 95% pointwise confidence intervals, obtained by GeDS:
linear fit - first column; quadratic fit - second column; cubic fit - third column. Sample sizes:
N; = 100 - first row; N, = 500 - second row; N3 = 1000 - third row;

It is essential to mention here that, for such finite samples, it is important not only to
assess the appropriate rate of growth of the number of knots but also to determine their
absolute number and location. We believe that our number of knots is close to being
minimal and because they are optimally located using GeDS, the 95% nominal level of
the coverage probability is achieved already for sample $izel000. Whereas, for
example, if we fit a cubic spline to the data, using the same number and rate of growth
of the knots but placing them uniformly, the EACP is much worse, i.e., EACRO

for N = 100, EACP= 0.34 forN = 500, EACP= 0.63 forN = 1000.

Analyzing the rate of decrease of the bias term for the linear fit (not presented), com-
pared to its rate of decrease for the cubic fit over the sample sizes (see Fig 6, first row),
shows that this rate is much stronger for the cubic fit than in the linear case. This is not
surprising since the test function is smooth but oscillates around the origin and, using a
linear spline, it is difficult to achieve the quality of the approximation (improve the bias)
obtained by the smoother cubic fit with same number of regression coefficients. At the
same time the variance term decreases with the sample size at a similar rate in both
cases. This explains the slight deterioration in the EACP (from 0.78 to 0.74) for the
linear spline fit.
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Fig. 6. Empirical bias (first row) and standard deviation (second row) of the cubic GeDS fits over
1000 replicates. Sample sizes: N; =100 - first column; N, =500 - second column; N3 =1000 -
third column;

In order to illustrate the local adaptability of the GeDS estimators (see stage A in Appen-
dix A and Theorems 1 and 2 of Kaishev et al., 2006), in Fig. 6 we have plotted the
empirical bias and standard deviation fa@ﬁ_(n_z),n, 0; x), n=4, as a function ok for

N =100, N =500,N = 1000. One can see that the bias term becomes negligible com-
pared to the variance term, in fact fdr= 1000 it is on average 300 times smaller,
which corroborates the result of Theorem 2. As with the coverage probability, the bias
and variance also exhibit rough behaviour around the origin which smooths out with the
sample size. For brevity, we omit here the corresponding plots for the linear and qua-
dratic fits.

6. Discussion.

One of the important characteristics of the GeDS estimation procedure is that it gives
simultaneously linear, quadratic, cubic, etc. fits because once the LS linear spline fit in
stage A is found, using the averaging knot location method (8), the knots for the higher
order LS spline fits of stage B are immediately obtained. As far as we have been able to
establish, no other spline fitting procedure is capable of doing this. Hence, one has the
flexibility to choose the degree of the final fit providing best compromise between
smoothness and accuracy.

As an alternative to the stopping rule, described in step 10 of stage A (see Appendix A),
we have implemented two additional stopping criteria according to which our algorithm
exits with number of knots which minimizes Stein's unbiased risk estimate (SURE) (see
Stein, 1981)

R(f) = Ztl (vi — (Tn, 6; xi))z/ N +D &b 52 (12)
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or the generalized cross validation (GCV) (see e.g., Craven and Wahba, 1979)

N

i~ f (Tndix ’
GCV(f) = 2. N( ¥ / (1- 407 (13)

criterion. We have assumed that the minimum is attained when SURE or GCV do not
decrease in two consecutive iterations in stage A. Rules (12) and (13) depend on the
choice of the parametei and d(k), and whenD =2 andd(k) =k+ 1 they behave
roughly as our stopping rule. The chol@e- 3 andd(k) = 3k + 1, as noted by Zhou and

Shen (2001) tends to yield a smaller model, underfitting the underlying furfctibar a
comparative study of different model selection methods, we refer to Lee (2002). Apply-
ing (12) or (13), GeDS becomes entirely automatic and can be applied if such a feature
is preferred to the flexibility of controlling the output provided by our stopping rule.

We have addressed here pointwise large sample properties of this new spline estimator,
such as the asymptotic behaviour of the variance and bias components of the estimation
error and the construction of confidence intervals, based on the established asymptotic
normality. The results of the simulation study corroborate well with the theoretical
findings and support the strong practical appeal of the proposed GeD spline estimator. In
conclusion, we believe that the proposed GeDS method provides a novel solution to the
spline regression problem and in particular, to the problem of estimating the number and
position of the knots. It is motivated by geometric arguments and can be extended to
multivariate non-parametric smoothing as well as to generalized linear models. Details
of how this may be done are outside the scope of this paper and are the subject of ongo-
ing research.
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Appendix A

Stage A. A knot insertion scheme for variable knot, LS linear B-spline
regression.

In order to implement stage A of GeDS, an automatic knot insertion sdheraposed

to construct a variable knot, least squares, linear spline which reproduces the shape of
the noise perturbed underlying functidn based on the data det, yi}iNzl. The algo-

rithm may be given the following geometric interpretation. It starts from an LS fit, in the
form of a straight line segment, as described in step 1 below. The latter is then sequen-
tially "broken" into a piece-wise linear LS fit, by adding knots, one at a time, at those
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points, where the fit deviates most from the shape of the underlying function, (see Fig.
2), according to a bias driven measure of appropriately defined clusters of residuals (see
steps 2 - 8). A stopping rule is introduced, which serves as a model selector and allows
us to determine the appropriate number and location of the knots of the linear spline fit
f (612, @; X) (see steps 9 - 10). So, as is illustrated in Section 5, the linear GeD spline fit
f (612, @; x) is a sufficiently accurate reconstruction fof given that no further smooth-

ness is required. If a smoother fit is needed, a higher order GeD spline is constructed in
stage B of the estimation procedure, based on the geometrical for@) afa; x).

The knot insertion scheme in stage A can be described as a "greedy" one (see Hastie,
1989), since at each iteration it places a koigtwhere a within-cluster bias dominated
measure is maximal (see steps 3 and 5), which is very near to the site where placing a
knot gives the largest reduction in the residual sum of squares. This can be quantified
using the fact that given an LS fitdx »; X), with O< k < | internal knots, if a knoty*,

is added in the intervdbj-, 6j-;1], 2< j* <k + 2, then the updated LS fit(6k,1,; X)

adjusts best to the data [, dj-.1], since |f (6ko; X) — f (Ok,10; XN, X € [0}, Oj+1]
decreases exponentially [ijf — j|, which is the number of knots betweemndo*. This

follows from Theorem 1 of Zhou and Shen (2001). A formal description of the algo-
rithm of stage A is given next.

Step 1. Set n=2 and k=0. The starting set of knots i8> = {6i}i4=1 with
a=01= 02 <03= 04 =Db. Find the LS spline fit in the form of the straight line

f (80,2, @; X) = @1 Ny 2(X) + @2 N2 2(X) .

Calculate the residuals = r(x) = yi — f (602, @; %), i =1, ...,N and the residual sum
of squares RS¥) = Zi'\il r2 of the fit withk internal knots. Since thieth residualr(x;),
is a function ofx;, i =1, 2, ...,N we will refer tox; as thex-value of tha-th residual.

Step 2. Group the consecutive residuajsi =1, ...,N into clusters by their sign, i.e.,
find a numbeu, 1< u< N and a set of integer valuds> 0, j = 1, ...,u such that

signry) = ... = sign(rg,) # Sign(rg,+1) = SigNrg+2) = ... = SigNrg,+q,) #
o F Sigr(rd1+d2+...+du,1+1) = Sig“rdl+d2+...+du,1+2) = = Sigr(rdl+d2+...+du);

andzj-‘=1 d; = N. Note that the clusters are formed and numbered consecutively, follow-
ing the order of the residuals, i.e., the order of thefaluesx; < X, <... < Xy.

Step 3. For each of the clusters of residuals of identical signs, calculate the within-clus-
ter mean residual value

d.
m; = (Zizjl rd(j)+i)/dj
= (201 Fagipsi = E Faped) + (E Fagpui = fape) + €aipei) / dj
- Zl:l d(j)+i d(j)+i d(j)+i d(j)+i €d(j)+i J

d . . dj . dj
= 221 (Fagjyei = E fagpa) /dj + ZiZa (B fopu = fapa) /dj + 221 €jp+i / dj
j=1, ...,u,
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whered(j) =d; +dx +...+dj_1 and the three terms in the last decomposition can be
interpreted as the within-cluster average variance, bias, and error, respectively. Calculate
also the within-cluster rangg, defined as the difference between the right-most and the
left-mostx-value of the residuals belonging to th¢h cluster, i.e.,

Nj = Xd(j+1) — Xd(j+1, ) =1, ..., u.
Throughout the sequel we will refer [ty j)+1, Xa(j+1)] as the within-cluster interval.

Step 4. Find Myax = maxi<j<y (M;) andnmax= max<j<y (7j) and calculate, correspond-
ingly, the normalized within-cluster mean and range valogs=m;/mya and
i =1j/Mmax, SO thaD < < 1, 0<nj < 1.

Step 5. Calculate the cluster weights

wj=gmi+@Q-8n; j=1, ..,u, (14)
where, § is a real valued parameter<Q < 1. The valuew; serves as a measure,
attached to thg-th cluster of residuals of identical sign, which measures the deviation
of the current least squares linear splineffiby o, @; x) from f in the j-th cluster.
Obviously, the weighw; itself is a weighted sum of the normalized, within-cluster
mean and within-cluster range values and the wesgist one of the parameters whose
value will need to be chosen at the start of stage A.

Step 6. Order the clusters in descending order of their weightsj =1, ...,u, i.e,,
create a list of corresponding cluster indice§q, j2, ..., ju} Such that
Wj, = Wj, =...= Wj,. Thus, in order to improve(dyz, &; X), in the next step a new knot
is inserted, at an appropriate location, in the within-cluster intervahvaues, corre-
sponding to thg,-th cluster.

Step 7. Check whether there is already a knot in the within-cluster interval off; thie
cluster, which is the cluster with the highest rank, according to the ordering in step 6,
i.e., check whether

0i € [Xd(jp+1 Xd(jp+d;] »

for each internal knaf; € 62,1 =3, ..., k+2. If there is already a knot in the within-
cluster interval of thg;-th cluster, the check is repeated for the cluster with infdex
and so on until the first cluster, with indgx say, is found, whose within-cluster inter-
val does not contain a knot. Then, insert a new &nhat the site

d(js)+dj, d(js)+dj,
5*:[ 5 rm)/[ 5 ri]. (15)
i=d(js)+1 i=d(js)+1

Note that (15) is a convex combination of tti@alues of the residuals in the-th clus-
ter, henceo* € [Xy(jy+1, Xd(jo+d, 1. The new knot position (15) can be viewed as a
weighted average of thevalues of the residuals in the-th cluster, the weights being
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the normalized values of the residuals. The set of kdptsis being updated as
Oir12 = O0k2 U {07}

So, a new knot is placed where the cluster weight (14) is maximal. In view of the decom-
position in step 3, the cluster weight (14) can be referred to as a bias dominated measure
since the bias component is dominant in this cluster compared to the variance and error
terms (at least at the initial iterations when there are small number of knots in the linear
fit and the approximation error is large).

Step 8. Find the least squares linear spline fit
P
f (ki1 @ X) = > @ Ni2(X) .
i=1

Sincedy, 1, contains the new knot, the number of B-splingsyill increase by one.

Step 9. Calculate the residuals, i =1, ...,N and the RS&+ 1) for f (6y,1, @; X).
Note thatdy 2 C i1, implies thatS;,, ¢ S;,,,- Hencef (6 2, @; X) € S;.,, and apply-
ing the orthogonality property of least squares estimation it is easy to see that

N

N
. 2 . .
(Vi = f Brar2 & %)) + Z (f Brsr.2 & %) = f (B2, & %))
=1 i=1

N
N . 2 2
(Vi = f Bk2 &%) = . (16)
=1

Equation (16) implies that R85+ 1) < RSSkK). It is obvious also that RE§ will
converge to zero ds+ n— N since, wherk+ n= N the fit interpolates the data. The
greedy fashion of the new knot placement (15), combined with equation (16), gives rise
to the rule for exit from stage A tiie GeDS method, and this is given next.

Step 10. Letg= 1 be a fixed integer, chosen at the beginning of stage A. If the set of
knots,dy, 1, contains less thaa internal knots, then the algorithm goes back to step 2.
If this is not the case a, ; , containsg or more internal knots then the ratio

a=RSSk+1)/RSSk+1-0q)

is calculated. Note that from (16) it follows thak@ < 1. If @ > aeyi, an exit from

stage A is performed with the spline fit(s,, @ x), | =k+1-q. If @ <aex then

f (6.1 @ x) is taken as the current fit and the algorithm goes back to step 2. The value
Qeyit IS Chosen ex ante to be close to 1. This is because the raflbbe close to zero if

the fit has improved significantly by adding and will tend to 1 if no improvement has
been achieved in the lagt+ 1 consecutive iterations, i.e, the corresponding values of
the RSS have stabilize@ur experience has shown that this rule of exit works well as a
model selector withg = 2, i.e., stabilization of RSS in three consecutive iterations is
sufficient to exit from stage A with the appropriate number of knots. Hence, in the
implementation of GeDS) has been fixed equal to 2 by default.

This completes the description of stage A of GeDS.
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Appendix B

Proof of Lemma 1. The condition lim,.li /NY®™" = co, implies that, for a fixed
n=2, the number of knots in the st n-,n should grow at a rate higher than
NYC™D At the same time the condition iz, I; log N, /N; = O requires the number of
knotsl; to be of order smaller thaw /log N;. From the definition of the stopping rule in
step 10 of Stage A (see Appendix A), it can be seen thatlQ), < 1 and thatl;, = 1
corresponds td; = N;, al,;, = 0 corresponds td = const. Hencegql,;, can be chosen
(close to 1) so that is of order betweem:Y®™ andN;/logN;, as required

Proof of Lemma 2. Given Assumption 1, in order to prove tﬂdgf) <v, we need to
investigate the knot meshég, resulting from stage A of GeDS, as> «. Following

step 7 of stage A (see Appendix A), it can be seen that the &npotare non-replicate

and are obtained as weighted averages of design points within clusters (see (15)). Con-
sider two consecutive design points;, X j+1. These may either be part of a common
cluster of residuals, in which cagg and/orx; ;.1 could be the end points of the cluster
interval, or fall in two separate (consecutive) clusters. Analyzing all possible ways in
which two consecutive design points,, X j.1, may become part of residual clusters
(see step 1 and 2 of Stage A in Appendix A), one can conclude that a knot can be placed
at each of the design points;, X j+1 and no more than one knot can be located in the
interval (X j, X j+1). Hence, irrespective afl,, the knotsd) o disperse between the
design points without concentration ias co. Therefore, for any sequenag,;, and for

any & > 0, there will existy* >0 such thatP(Ms’| > y*) < &, r = 2, since the global
mesh ratio of the meshes of data poiMél,), is bounded in probability and according to
(15) the knots), , are weighted averages of the data points within a cluster. Therefore,
there should exist a constant- 0 such thatMéi” <v all i, except on an event whose

probability is zero adl, » . O

Proof of Lemma 3. Consider first the case= 2. Then}, » = 6, 2 and (9) is fulfilled for
any r>=2 by assumption. In the casen>2, from (8 we have
T j+n = (0ij+2 + ... + 6i,j+n) /(N = 1) and forr = n, (9) is fulfilled since,

m _ Masj<t+1({ijon=T) _ Ma%<j<t+1(5i, jr2+..46i j+n—0i jr2-n—...—0i j)/(N=1)

t Minne o1 jen—T ) — MiMn<jzi+1(Gi js2+.- +6i, jan—0i, jr2-n—--—6; ))/(N=1)

_ Ma¥%<j<i+1{(6i,j+2=0i j+2-n)+..4+(0i j+n—0i j)} < (N—1) mMaX%<j<i,—n+3(6i,j+n—0i,j) <

T MiMejel+1{(6i j+2=0i jr2-n)+.. H(01 jen=0i )} T (N=1) MiNoejc_ne3(Gi j+n—0i ) ~ Y
except on an event whose probability tends to zefd asco. In fact, it is also fulfilled
for r > n since M{"” <y leads tav{"*? <y, which completes the proaf.

Proof of Theorem 1. According to Lemma 1, there exists a sequesigg such that
limi_. lilogN;/N; = 0. In addition, under Assumption 1, from Lemma 3 we have that
the global mesh ratid\/lf(i”), of §,_(n-2,n is bounded. The result now follows from Theo-

rem 5.1 of Huang (2003) and Theorem 1 of De Boor (1976), establishing a bound in
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terms of the global mesh rathi”) on thelL, norm of the orthogonal least squares
projection onto the space of splines of ondevith knotst; -2 .0

Proof of Theorem 2. According to Lemma 1, there exists a sequemigg such that
liMise i / NYEH = 00 and lim.,. I log Ni /N; = 0. It follows from Theorem 1 that

SUB(ap | E(f(Ti-n-21m 8; X) | R) = F0 | = Op(179). (17)
Under the above conditions and in view of Remark 1, it can be shown, following Theo-
rem 5.2 of Huang (2003), that

Var (f(Ti-n-2n 8; X) | %) = C(1i/N) (1 + 0p(1). (18)

whereC is a constant independentxaf The desired result now follows combining (17)
and (18)a

Proof of Theorem 3. It was established that under Assumption 1, Lemma 3 holds and
the sets of knot§,_n-2n have bounded mesh ratios. From Lemma 1 it follows that for
some appropriate sequenag,, limi_.lilogN;/N;=0, and hence (10) holds (see
Remark 1). The assertion of the theorem now follows from Theorem 3.1 of Huang
(2003) since lim,, lilogN;/N; =0 implies the condition lim,li/N; =0 required
there.o
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