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Bacterial cell division involves a complex and dynamic sequence of events whereby polymers of the protein FtsZ assemble at
the division plane and rearrange to achieve the goal of contracting the cell membrane at the site of cell division, thus dividing
the parent cell into two daughter cells. We present a mathematical model (which we refer to as CAM-FF: Critical Accumulation
of Membrane-bound FtsZ Fibres) of the assembly of the contractile ring in terms of the accumulation of short linear polymers
of FtsZ that associate and dissociate from the cell membrane. In prokaryotes, the biochemical function of FtsZ is thought to
underpin the assembly and at least the initial kinetic force of ring contraction. Our model extends earlier work of Surovtsev
et al. [PLoS Computational Biology, 2008, 4, 7, e1000102] by adding (i) the kinetics of FtsZ accumulation on cell membrane
anchor proteins and (ii) the physical forces required to deform the cell against its surface tension. Moreover, we provide a more
rigorous treatment of intracellular diffusion and we update some of the model parameters in light of the experimental evidence
now available. We derive a critical contraction parameter which links the chemical population dynamics of membrane-bound
FtsZ molecules to the force of contraction. Using this parameter as a tool to predict the ability of the cell to initiate division, we
are able to predict the division outcome in cells depleted of key FtsZ-binding proteins.

1 Introduction

Co-ordination of cell division, both temporally and spatially, is
essential for the propagation of life through successive genera-
tions. A key event is the formation of a contractile ring, which
is anchored to the cytoplasmic face of the cell membrane at the
division plane. Following assembly, the ring contracts, draw-
ing the membrane on opposite sides of the cell together. This
divides the parent cell into two daughter cells.1

In eukaryotic cells, contraction relies on the sliding force
generated by the ATP-dependent interaction of the motor pro-
tein myosin and the structural actin filaments within a ring of
polymeric actin fibres.2 As yet no equivalent motor protein
has been identified in prokaryotic cells.3 Whereas in eukary-
otes the major structural component is actin, in prokaryotes
the ring consists primarily of a tubulin homologue, FtsZ,4,5

and is referred to as the Z-ring.6

Although over two dozen additional proteins have hitherto
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been found to localise to the division site, evidence suggests
that the assembly of the ring and the generation of contractile
force are critically dependent on the protein FtsZ.7 Indeed, pu-
rified FtsZ spontaneously forms linear head-to-tail polymers
in vitro, as well as more complex structures, depending on ex-
perimental conditions.8–11 Moreover, FtsZ is the only compo-
nent of the division machinery that has homologues in almost
all prokaryotic species so far analysed, including the minimal
genome of Mycoplasma genitalium. 7 This suggests that the
presence of FtsZ is a minimum requirement for division to oc-
cur. In addition, in Escherichia coli, FtsZ-deficient mutants
show no indentation of the membrane, whereas mutation of
other essential division genes results in some level of indenta-
tion even when full division fails.12 In liposomes seeded with
membrane-tethered FtsZ, Z-ring structures are apparent below
regions of indented membrane.13 These results suggest that
the force of indentation is generated by FtsZ, at least initially.

Work reported by Surovtsev et al. 14 (which we shall refer
to as the Surovtsev model) involved analysis of the assembly,
maintenance, and contraction of the Z-ring based on kinetic
parameters of FtsZ measured in vitro. Their model was the
first to include the hydrolysis of GTP to GDP and the exten-
sion of linear polymers via head-to-tail annealing (see Fig-
ure 1B(iv)) in addition to polymer elongation by single FtsZ
subunits, as used previously by Chen and Erickson 15 in a sim-
pler model of FtsZ polymerisation. The Surovtsev model sug-
gests that the Z-ring consists of long single-stranded FtsZ fila-
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ments that span the entire circumference of the cell and anneal
head-to-tail to form closed polymers. There have been two
mechanisms proposed for the contraction of a ring of such a
structure: (i) a progressive increase in the lateral overlap of
the two ends of the filament forming a spiral structure16,17 or
(ii) that proposed by Surovtsev et al. 14 : the progressive loss
of FtsZ subunits following GTP hydrolysis with the open ends
generated re-annealing.

However, more recent evidence suggests that rather than be-
ing composed of long circular polymers, the Z-ring consists
of shorter overlapping FtsZ filaments.3,13 This remains con-
sistent with the “Z-centric” hypothesis: that assembly and the
force of constriction originate from FtsZ. In addition, our re-
cent work determined the persistence length of FtsZ (i.e. the
length over which the polymer naturally remains straight) to
be 1.15±0.25 µm.18 This far exceeds previous estimates and
makes it impossible for a single fibre to span the midcell cir-
cumference. Accordingly, the central aim of the present pa-
per is to model the assembly of the Z-ring as a collection of
shorter, membrane-bound, open filaments in the midcell re-
gion. Our model combines a substantial portion of the molec-
ular kinetics developed by Surovtsev et al. 14 , detailed here in
Appendix A, but omits cyclisation as the driving force. We
introduce diffusion of FtsZ into the midcell region as well
as the interaction of FtsZ with membrane-bound anchor pro-
teins, both additions to the Surovtsev model. Furthermore, we
explicitly include the force exerted by FtsZ polymers on the
membrane. We also modify some parameters in light of data
determined since publication of the Surovtsev model in 2008.

Surovtsev et al. 19 have since incorporated their model of
Z-ring assembly and contraction into a more complex model
of protocell growth and division. They anticipate that the only
viable path towards a whole-cell predictive model is via the
collaborative development of individual modules to be added
piecemeal to a global model. We present this work as a devel-
opment of the Z-ring assembly and contraction module. Lan
et al. 20 have modelled the deformation and inward growth of
the bacterial cell wall originating from the small Z-ring force
that deforms the cell with full division dependent on the re-
modelling of the peptidoglycan layer. We anticipate that this
is complementary to our work and forms an additional mod-
ule of the full cell division model. Our long-term goal is to link
the current model with modules for: (i) the membrane bend-
ing, (ii) the link to the outer membrane remodelling, and (iii)
the outer membrane remodelling.

§2 introduces the equations describing the dynamics of FtsZ
polymerisation, much of which follows the work of Surovtsev
et al. 14 , and the concentration of FtsZ at the midcell mem-
brane. §2 concludes with our new analysis of the force re-
quired for Z-ring contraction, leading to the definition of a
key quantity which we call the contraction parameter. §3
shows that by implementing the wild-type parameter values,

estimated from the current experimental literature, the model
solutions are in accordance with the properties of the Z-ring
measured in vivo. In §4 we show that the contraction parame-
ter is a useful tool to predict the division outcome in cells, such
as on depletion of the membrane-anchor proteins. §5 contains
an analysis of the model assumptions.

2 Model

In the nascent daughter cell, FtsZ monomers are dispersed
throughout the cytosol.21 Formation of the Z-ring for the next
cell division therefore requires polymerisation of FtsZ, poly-
mer localisation at the midcell and polymer anchoring to the
cell membrane. In the present model, which we refer to as
CAM-FF: Critical Accumulation of Membrane-bound FtsZ
Fibres, the cell is conceptually divided into three compart-
ments: the midcell region, the adjoining cell caps, and the
midcell membrane, as shown in Figure 1A. All FtsZ molecules
are initially monomeric and dispersed within the cell caps
and midcell compartments. A system of ordinary differential
equations (ODEs) describes the changes in the concentrations
of FtsZ molecules within the three compartments over time, as
detailed in Appendix B. FtsZ molecules within the cell caps
and the midcell region undergo the polymerisation and GTP
hydrolysis reactions as shown in Figure 1B. Movement be-
tween these two compartments is by diffusion. Movement oc-
curs from the midcell region to the midcell membrane when
FtsZ molecules bind to anchor sites fixed to the membrane and
via polymerisation reactions between membrane-bound FtsZ
and free (unbound) FtsZ in the midcell region. The model ex-
plicitly accommodates the interaction of single FtsZ polymers
with multiple membrane anchor sites as depicted in Figure 1C.
Once bound to the membrane, the length of the polymer may
increase by the addition of unbound FtsZ monomers and poly-
mers but we assume that polymerisation reactions do not oc-
cur between membrane-bound FtsZ molecules due to the low
density of anchor molecules on the membrane surface. There
is evidence of some polymerisation on the surface in the data
from Mateos-Gil et al. 22 but this is at 40 times the density of
the in vivo situation. GTP hydrolysis and polymer dissocia-
tion are assumed to occur within membrane-bound polymers
in the same way as for free polymers. We do not include the
lateral interaction of FtsZ polymers since, according to Erick-
son 23 , when the subunit entropy contribution is considered, a
contraction mechanism based on FtsZ polymer sliding is im-
plausible. Thus the FtsZ:FtsZ lateral interactions are not the
key to membrane contraction.

2 | 1–20



Average polymer length (subunits)
Total FtsZ concentration (µM)
Number of FtsZ molecules
Contraction parameter (i2av ZN)
1
2
3

Ratef = kex1 [GDP-FtsZ] [GTP] ,Rater = kex2 [GTP-FtsZ] [GDP] , (1)

d

dt
[GTP-FtsZ] = Ratef − Rater , (2)

Rateh = khyd1 (i− 1)[FtsZi] , Rex2 = kex2 [GTP-FtsZ] [GDP] , (3)

Pi

0 50 100 150
1

d
dt� (τZ − τ̂) p1(i)

2
0.0003
3× 10−4 2× 10−4 1× 10−4

A
Length (i)
Time (s)
B
C
D
E
F
Concentration (µM)
h
GTP
GDP

1

A
Length (i)
B
C
D
E
F
Concentration (µM)
h
GTP
GDP
GTP-FtsZ
GDP-FtsZ
ϕ
τ0
l
τp
2π�
1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�

1

Average polymer length (subunits)
Total FtsZ concentration (µM)
Number of FtsZ molecules
Contraction parameter (i2av ZN)
1
2
3

Ratef = kex1 [GDP-FtsZ] [GTP] ,Rater = kex2 [GTP-FtsZ] [GDP] , (1)

d

dt
[GTP-FtsZ] = Ratef − Rater , (2)

Rateh = khyd1 (i− 1)[FtsZi] , Rex2 = kex2 [GTP-FtsZ] [GDP] , (3)

Pi

0 50 100 150
1

d
dt� (τZ − τ̂) p1(i)

2
0.0003
3× 10−4 2× 10−4 1× 10−4

A
Length (i)
Time (s)
B
C
D
E
F
Concentration (µM)
h
GTP
GDP

1

Average polymer length (subunits)
Total FtsZ concentration (µM)
Number of FtsZ molecules
Contraction parameter (i2av ZN)
1
2
3

Ratef = kex1 [GDP-FtsZ] [GTP] ,Rater = kex2 [GTP-FtsZ] [GDP] , (1)

d

dt
[GTP-FtsZ] = Ratef − Rater , (2)

Rateh = khyd1 (i− 1)[FtsZi] , Rex2 = kex2 [GTP-FtsZ] [GDP] , (3)

Pi

0 50 100 150
1

d
dt� (τZ − τ̂) p1(i)

2
0.0003
3× 10−4 2× 10−4 1× 10−4

A
Length (i)
Time (s)
B
C
D
E
F
Concentration (µM)
h
GTP
GDP

1

Average polymer length (subunits)
Total FtsZ concentration (µM)
Number of FtsZ molecules
Contraction parameter (i2av ZN)
1
2
3

Ratef = kex1 [GDP-FtsZ] [GTP] ,Rater = kex2 [GTP-FtsZ] [GDP] , (1)

d

dt
[GTP-FtsZ] = Ratef − Rater , (2)

Rateh = khyd1 (i− 1)[FtsZi] , Rex2 = kex2 [GTP-FtsZ] [GDP] , (3)

Pi

0 50 100 150
1

d
dt� (τZ − τ̂) p1(i)

2
0.0003
3× 10−4 2× 10−4 1× 10−4

A
Length (i)
Time (s)
B
C
D
E
F
Concentration (µM)
h
GTP
GDP

1

Average polymer length (subunits)
Total FtsZ concentration (µM)
Number of FtsZ molecules
Contraction parameter (i2av ZN)
1
2
3

Ratef = kex1 [GDP-FtsZ] [GTP] ,Rater = kex2 [GTP-FtsZ] [GDP] , (1)

d

dt
[GTP-FtsZ] = Ratef − Rater , (2)

Rateh = khyd1 (i− 1)[FtsZi] , Rex2 = kex2 [GTP-FtsZ] [GDP] , (3)

Pi

0 50 100 150
1

d
dt� (τZ − τ̂) p1(i)

2
0.0003
3× 10−4 2× 10−4 1× 10−4

A
Length (i)
Time (s)
B
C
D
E
F
Concentration (µM)
h
GTP
GDP

1

GTP
GDP
GTP-FtsZ
GDP-FtsZ
ϕ
τ0
l
τp
2π�
1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�
ω
β
r

1

GTP
GDP
GTP-FtsZ
GDP-FtsZ
ϕ
τ0
l
τp
2π�
1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�
ω
β
r

1

GTP
GDP
GTP-FtsZ
GDP-FtsZ
ϕ
τ0
l
τp
2π�
1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�
ω
β
r

1

GTP
GDP
GTP-FtsZ
GDP-FtsZ
ϕ
τ0
l
τp
2π�
1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�
ω
β
r

1

+ + 

+ 

+ 

+ 

+ + 

Average polymer length (subunits)
Total FtsZ concentration (µM)
Number of FtsZ molecules
Contraction parameter (i2av ZN)
1
2
3

Ratef = kex1 [GDP-FtsZ] [GTP] ,Rater = kex2 [GTP-FtsZ] [GDP] , (1)

d

dt
[GTP-FtsZ] = Ratef − Rater , (2)

Rateh = khyd1 (i− 1)[FtsZi] , Rex2 = kex2 [GTP-FtsZ] [GDP] , (3)

Pi

0 50 100 150
1

d
dt� (τZ − τ̂) p1(i)

2
0.0003
3× 10−4 2× 10−4 1× 10−4

A
Length (i)
Time (s)
B
C
D
E
F
Concentration (µM)
h
GTP
GDP

1

A B

C

kdif

kdif kdif

kdif

k
b
in

d
2

k
b
in

d
1

kex1

kex2
kdim1

kdim2
kel1

kel2
kan1

kdis

kbind1

kbind2

kbind1

kbind2

(i)

(ii)

(iii)

(iv)

(v)

D
Surface
tension

Cell
radiusZ-ring

radius

E

Fτ

FP

Fig. 1: Schematic diagram of the cell model used in this work. (A) The cell is conceptually divided into three compartments:
the cell caps (1), the midcell (2), and the midcell membrane (3). FtsZ moves between the cell caps and the midcell regions
by diffusion. Exchange between the midcell region and the midcell membrane is via the interaction of FtsZ with membrane
anchor sites and subsequent polymerisation. (B) Using the notation of ? ], the chemical reactions in the model are: nucleotide
exchange (i), dimerisation (ii), and elongation (iii) (reversible processes) and annealing (iv) and polymer breakdown following
GTP hydrolysis (v) (assumed to be irreversible). (C) Depending on the anchor density, an FtsZ polymer may bind to multiple
anchor sites. As polymer length increases, the number of anchor connections increases thereby lowering the probability that
the polymer will be released from the membrane. (D) Z-ring contraction pulls the membrane inwards against the outward force
from the cell surface tension. (E) For the slice through the Z-ring, at equilibrium the horizontal force due to the ring tension
(Fτ ) is balanced by the internal pressure acting over the cross-sectional area of the slice (FP).

midpoint of the extreme values of the contraction parameter at approximately 70,000.

In the model solutions, the assembly of the Z-ring is complete within 5 sec compared to the 1-min

assembly time measured in E. coli in vivo [? ? ]. It is anticipated that the use of a single diffusion constant

for all lengths of FtsZ polymer accounts for this variation. The assumption of instantaneous dissociation

of the FtsZ polymers on GTP hydrolysis may also account in part for the rapid assembly if in fact there

is a time delay between GTP hydrolysis and polymer dissociation. These assumptions will be addressed in

future work.
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Fig. 1 Schematic diagram of the cell model used in this work. (A) The cell is conceptually divided into three compartments: the cell caps (1), the midcell (2),
and the midcell membrane (3). FtsZ moves between the cell caps and the midcell regions by diffusion. Exchange between the midcell region and the midcell
membrane is via the interaction of FtsZ with membrane anchor sites and subsequent polymerisation. (B) Using the notation of Surovtsev et al. 14 , the chemical
reactions in our model are: nucleotide exchange (i), dimerisation (ii), and elongation (iii) (reversible processes) and annealing (iv) (assumed to be irreversible in
the absence of GTP hydrolysis) and polymer breakdown following GTP hydrolysis (v) (also irreversible). (C) Depending on the anchor density, an FtsZ polymer
may bind to multiple anchor sites. As polymer length increases, the number of anchor connections increases thereby lowering the probability that the polymer
will be released from the membrane. (D) Z-ring contraction pulls the membrane inwards against the outward force from the cell surface tension. (E) For the slice
through the Z-ring, at equilibrium the horizontal force due to the ring tension (Fτ ) is balanced by the internal pressure acting over the cross-sectional area of the
slice (FP).

2.1 FtsZ polymerisation and GTP hydrolysis: the
Surovtsev model rewritten

The molecular kinetics of FtsZ polymerisation and GTP hy-
drolysis/dissociation summarised in Equations (1) to (6) are
the rate equations as proposed by Surovtsev et al. 14 . FtsZ is a
GTP/GDP-binding protein that interconverts GTP and GDP.24

The nucleotide-binding site is exposed to the cytosol allowing
for a bound nucleotide to be released, leaving the site open
for another nucleotide to bind in nucleotide exchange. The
relative concentrations of GTP-bound and GDP-bound FtsZ
monomers therefore depend on the relative concentrations of
GTP and GDP in the cytosol. In CAM-FF, all FtsZ monomers
are initially GDP-bound reflecting the starting point for some

in vitro experiments25 and the depolymerisation of the Z-ring
in the previous cell division event.21 The rates of nucleotide
exchange for monomeric FtsZ in solution are given by

Rex1 = kex1 [GTP]ZD and Rex2 = kex2 [GDP]ZT , (1)

where ZD and ZT are the concentrations of GDP-bound and
GTP-bound FtsZ monomers, respectively. In the GTP-bound
state, FtsZ molecules polymerise rapidly in vitro forming
head-to-tail subunit chains.10 In CAM-FF, the rates of dimeri-
sation and elongation of GTP-bound FtsZ are given by for-
ward and reverse rates,

Rdim1 = kdim1 Z2
T , Rdim2 = kdim2 Z2 (2)
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and
Ri

el1 = kel1 ZT Zi , Ri
el2 = kel2 Zi+1 , (3)

respectively, where Z2 is the concentration of FtsZ dimers and
Zi is the concentration of FtsZ polymers of length i subunits.
We assume the rate of elongation does not depend on the
length i. The rates of dimerisation and elongation of GDP-
bound FtsZ are assumed to be zero.10 We assume the forward
rates of dimerisation and elongation to be equal; for the corre-
sponding dissociation, the rate constant has been found to be
higher for the dissociation of FtsZ dimers than for the dissoci-
ation of FtsZ polymers.26 This is reflected in the values of the
rate constants kdim2 and kel2, see §3.

Polymer length can also increase by annealing reactions, in
which a polymer of length i is formed by the annealing of a
polymer of length j to a polymer of length i− j. This occurs
with rate

Ri
an1 = kan

i−2

∑
j=2

1+δ j i− j

2
Z j Zi− j , (4)

and the removal of polymers due to annealing is given by

Ri
an2 = kan Zi

imax−i

∑
j=2

(1+δi j)Z j , (5)

where imax is the maximum length polymer that can form in
the model. In principle, the model should allow for arbitrarily
long filaments, i.e. imax → ∞, but for the purpose of calcula-
tion a cut-off value is selected that is sufficiently large such
that the results do not depend on the value chosen. We do not
include reverse rates for the annealing reaction since we as-
sume that depolymerisation does not occur in the absence of
GTP hydrolysis.

On polymerisation, a GTPase active site is formed when
a catalytic aspartate residue of one subunit inserts into the
GTP-binding pocket of the adjacent subunit. 27,28 Once poly-
merised, the nucleotide state of an FtsZ subunit may therefore
switch from GTP-bound to GDP-bound. In vitro, depletion
of GTP leads to net depolymerisation, which suggests that
the GDP-bound polymers are unstable.10 Surovtsev et al. 14

assumed that upon GTP hydrolysis, the GDP-bound subunit
dissociates from the intact polymers on either side instanta-
neously. We use the equivalent rate equation given by

Ri
dis = (i−1)kdis Zi , (6)

where a polymer of length i has i−1 GTPase active sites.
However, instead of the hydrolysis rate of 0.15 s−1 as used
by Surovtsev et al. 14 , to account for the rate of dissocia-
tion of FtsZ following hydrolysis, we use the value of kcat
from Romberg and Mitchison 25 of 4.5 min−1 per FtsZ to give
rate constant kdis = 0.075 s−1. The rate constant kdis is equal
for all GTPase active sites since it has been shown that all

monomer interfaces are equally competent for hydrolysis.22

The significance of the change in the model is that we now
account for the time spent by FtsZ subunits within polymers
in the GDP-bound state following hydrolysis, prior to dissoci-
ation.

2.2 Novel features of our membrane contraction model

2.2.1 FtsZ diffusion. In CAM-FF, we consider the
change in the midcell concentration due to diffusion from the
cell caps to the midcell for FtsZ molecules of length i to be
given by

Ri
cm = kdif(Zcc

i −Zmid
i )/Vmid , (7)

and that for the diffusion from the midcell to the cell caps to
be

Ri
mc = kdif(Zmid

i −Zcc
i )/Vcc , (8)

where kdif is the diffusion constant, which is assumed to be
equal for all values of i, and Vcc and Vmid are the volumes
of the cell caps and midcell compartments, respectively. The
rate of diffusion defined in Equations (7) and (8) applies to
all polymer lengths and for both GDP- and GTP-bound FtsZ
monomers.

The process of diffusion without any other factor will en-
sure a uniform concentration of FtsZ throughout the cell. To
model the accumulation of FtsZ at the midcell and the physi-
cal attachment that confers a pinching force, we introduce to
our model a compartment corresponding to the midcell mem-
brane.

2.2.2 Membrane binding: Interaction of FtsZ poly-
mers with multiple binding sites. To anchor to the cell
membrane in vivo, FtsZ interacts directly with the membrane-
binding proteins proteins ZipA and FtsA.29 The anchoring
means that if the Z-ring constricts, it exerts a pinching force
on the cell membrane.

The rate of attachment of the FtsZ polymers within the mid-
cell compartment is given by

Ri
bind1 =

i kbind1 Zmid
i

�
1021B
NAVbnd

−
�

Zbnd
D +Zbnd

T +
imax

∑
j=2

S( j)Zbnd
j

��
,

(9)

for i ≥ 2, where B is the total number of binding sites, Vbnd
is the volume of the midcell membrane compartment, NA is
Avogadro’s number and S( j) is the expected number of bind-
ing sites occupied by a polymer of length j. Multiplication by
i reflects the number of potential anchor binding sites along an
FtsZ polymer of length i. GDP- and GTP-bound monomers
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may bind to the midcell membrane with rates given by

RD
bind1 =

kbind1 Zmid
D

�
1021B
NAVbnd

−
�

Zbnd
D +Zbnd

T +
imax

∑
j=2

S( j)Zbnd
j

��

(10)

and

RT
bind1 =

kbind1 Zmid
T

�
1021B
NAVbnd

−
�

Zbnd
D +Zbnd

T +
imax

∑
j=2

S( j)Zbnd
j

��
,

(11)

respectively. Release from the membrane is given by

Ri
bind2 = kbind2 p1(i)Zbnd

i for i ≥ 2 , (12)

where p1(i) is the fraction of polymers of length i expected
to be attached to the membrane by a single binding site only.
For GDP- and GTP-bound monomers, the rates of release are
given by

RD
bind2 = kbind2 Zbnd

D and RT
bind2 = kbind2 Zbnd

T , (13)

respectively. On release, polymers return to the midcell solu-
ble population.

To determine p1(i), the binding of polymers to multiple
binding sites is modelled as a Markov chain with a fixed num-
ber of binding sites available. We assume that the anchor pro-
teins interact with single FtsZ subunits allowing a polymer of
length i subunits to potentially form i membrane interactions.

At equilibrium, the fraction of polymers bound to a single
binding site is given by

f j
1 =

j
κ(1+ 1

κ )
j −κ

, (14)

where j is the number of binding sites available and κ is the
dissociation constant. A full derivation of Equation (14) is
given in Appendix C. Since each anchor interacts with a single
FtsZ subunit within the polymer, the probability that j binding
sites are available to a polymer of length i is given by

P( j sites) =
�

i
j

�
P j

a(1−Pa)i− j

1− (1−Pa)i , (15)

where Pa is the probability that one FtsZ subunit is adjacent
to a binding site. This equation is derived by conditioning the
binomial distribution on at least one binding site being avail-
able, since for a molecule in the membrane-bound fraction,
this condition is satisfied. The fraction expected to be attached

by a single anchor is the expectation of fractions for all values
of j from 1 to i:

p1(i) =
i

∑
j=1

�
i
j

�
P j

a(1−Pa)i− j

1− (1−Pa)i · j
κ(1+ 1

κ )
j −κ

. (16)

Since a polymer is held on the membrane until the final FtsZ-
anchor interaction is broken, adjustment of the rate of release
using the fraction of polymers in the singly-bound state ac-
counts for the binding to multiple sites.

The binding rate is proportional to the number of available
binding sites. The available number depends on the total num-
ber of binding sites and the number of occupied binding sites,
which itself depends on the membrane-bound FtsZ popula-
tion. The expected number of sites occupied by a chain of
length i is given by

S(i) =
Pa i

1− (1−Pa)i , (17)

which is again conditional on at least one site being occupied
by a membrane-bound polymer.

2.2.3 Polymerisation of membrane-bound FtsZ. For
membrane-bound monomeric FtsZ, we assume that nucleotide
exchange occurs as for soluble FtsZ, cf. Equation (1). The ex-
tension of membrane-bound FtsZ polymers occurs by inter-
action with unbound, soluble FtsZ in the midcell region. By
analogy to Equations (2) and (3) for soluble FtsZ, the rates
of dimerisation and elongation of membrane-bound FtsZ are
given by

Rdim1 bnd = kdim1 Zmid
T Zbnd

T , Rdim2 bnd = kdim2 Zbnd
2 (18)

and

Ri
el1 bnd = kel1 Zmid

T Zbnd
i , Ri

el2 bnd = kel2 Zbnd
i+1 , (19)

respectively. For the reverse reactions, it is assumed that a
GTP-bound FtsZ monomer returns to the midcell region while
the shortened polymer (which is a GTP-bound monomer in
the case of the reverse of dimerisation) remains bound to the
midcell membrane. The rate of polymer annealing is given by

Ri
an1 bnd = kan

i−2

∑
j=2

Zbnd
j Zmid

i− j , (20)

with the removal of polymers due to annealing given by

Ri
an2 bnd = kan Zmid

i

imax−i

∑
j=2

Zbnd
j , (21)

and

Ri
an2 mid = kan Zbnd

i

imax−i

∑
j=2

Zmid
j , (22)
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for the midcell region and midcell membrane, respectively.
The Kronecker delta used in Equations (4) and (5) for the
annealing reactions of soluble FtsZ is not required since
the double-counted combinations for the soluble case are no
longer equivalent in the case of interaction of a membrane-
bound population with a soluble population. As for soluble
FtsZ, the annealing reactions are assumed to be irreversible.
The value of rate constants for dimerisation, elongation, and
annealing are assumed in the model to be equal to those for
reactions between soluble FtsZ.

2.2.4 Hydrolysis of membrane-bound polymers. The
GDP-bound subunit and the shorter polymer(s), generated by
the polymer cleavage that follows a hydrolysis/dissociation
event, may remain bound to the membrane or may return to the
soluble midcell compartment, depending on their attachment
to adjacent binding sites. For a parent polymer of length i�,
the probability that any subunit is adjacent to a binding site is
given by

P(site adjacent | i�) =
Pa

1− (1−Pa)i� . (23)

Therefore, for a polymer of length i, formed as a result of a hy-
drolysis/dissociation reaction, the probability that the polymer
returns to the midcell compartment is the probability that none
of the i subunits is adjacent to a binding site which is given by

Pi(no sites | i�) =
�

1− Pa

1− (1−Pa)i�

�i

. (24)

The probability that a polymer remains in the membrane-
bound fraction is therefore 1−Pi(no sites | i�). It is assumed
that the fraction of those with at least one adjacent binding
site will join the population of membrane-bound polymers of
length i. The interaction of FtsZ with FtsA or ZipA does not
affect the rate of GTP hydrolysis in vitro. 30,31 Therefore, the
rate of dissociation of membrane-bound polymers remains as
given by Equation (6) for soluble FtsZ in § 2.1.

We do not directly account for the potential of membrane-
bound polymers to reanneal after fragmentation. However, the
increased likelihood that a GTP hydrolysis/dissociation event
occurring towards either end of the FtsZ polymer results in
permanent loss of subunits from the polymer, compared to a
GTP hydrolysis/dissociation event in the centre of the poly-
mer, as found by Mateos-Gil et al. 22 , is accounted for in the
model. By calculation of the number of binding sites available
to the polymer fragments produced on dissociation, smaller
polymers are less likely to be bound to an anchor and so are
more likely to move back to the soluble fraction with loss from
the Z-ring. Although fragments that remain bound do not re-
anneal, they are available for reannealing to free (unbound)
FtsZ polymers and remain within the Z-ring compartment.

2.2.5 Tension in the Z-ring. Two key properties govern
Z-ring contraction. The first is the total tension of the Z-ring,
τZ, defined in terms of the cell surface tension and the radius
of the Z-ring as contraction proceeds. The second is the maxi-
mum tension the Z-ring can withstand, τ̂ , at a given radius, ς ,
based on the population of FtsZ polymers assembled and the
force of the interaction between FtsZ and the membrane an-
chor. The analysis shown in Appendix D, in which the com-
ponents of the cell surface tension and the forces acting on the
Z-ring are considered as in Figure 1D and Figure 1E respec-
tively, shows that τZ, the total tension of the Z-ring during
contraction, is given by

τZ = τ0

�
1+

2r
ω

ρ
�

1−ρ2
�

, (25)

where τ0 is the cell surface tension, ω is the width of the Z-
ring, and ρ = ς/r is the dimensionless ratio of the radius of the
Z-ring during contraction, ς , to the radius of the Z-ring before
contraction, r. For the sake of simplicity, the parameters τ0
and ω are assumed to be constant throughout the contraction
process.

As shown in Appendix D, the maximum tension the Z-ring
can withstand τ̂ is given by

τ̂ = F
Pal0
ωr

.
ī2NZ

ρ
, (26)

where F is proportional to the force of the interaction of FtsZ
with a single anchor site, l0 is the length of one FtsZ subunit,
ī is the average number of subunits per polymer, and NZ is the
total number of polymers bound to the membrane.

In the model, the sign of d
dt (ς) agrees with that of (τZ − τ̂)

because it is assumed that this difference will drive the con-
traction. The precise functional form of the relationship de-
pends on the molecular mechanism of contraction, which re-
mains to be elucidated. In the absence of detailed data, a sim-
ple linear relationship is proposed:

d
dt

ς = ϑ0 (τZ − τ̂) , (27)

where ϑ0 is a constant. Substituting the total ring ten-
sion and maximum sustainable tension, defined in Equa-
tions (25) and (26) respectively, gives an ODE for the rate
of change of the dimensionless ratio ρ , the size of the ring
relative to its starting size:

d
dt

ρ = ϑ
�

α
�

1+ γρ
�

1−ρ2
�
− ī2NZ

ρ

�
, (28)

where

ϑ � ϑ0FPal0
ωr

, α � τ0ωr
FPal0

, and γ � 2r
ω

. (29)
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Hidden in these parameters are the details of membrane bend-
ing energy and the molecular reorganisation that occurs con-
comitantly with the contraction. A full model of bacterial
cell division would complement CAM-FF with a membrane
remodelling module. Contraction corresponds to the rate of
change of ρ being negative. Therefore, contraction proceeds
if and only if

ī2NZ > αρ (1+ γρ
�

1−ρ2) . (30)

The ability of the cell to divide thus depends on the value of
the contraction parameter:

χ � ī2NZ . (31)

Initially, ρ = 1 and contraction therefore begins when χ > α .
Numerical solution of the system of ODEs, given in full in
Appendix B, allows determination of χ under various biolog-
ical scenarios and prediction of the ability of cells to initiate
and sustain division (since Equation (30) also tells us if con-
traction stops).

Since the average length of polymers ī is squared in the
calculation of the contraction parameter, for a given num-
ber of FtsZ subunits bound to the membrane, a smaller num-
ber of longer polymers are expected to collectively provide a
stronger contractile force than a larger number of shorter poly-
mers.

3 Estimation of wild-type rate constants

Surovtsev et al. 14 selected rate constants based on the best
available experimental data. However, we use a lower value
of [FtsZ]Total. Based on the 15,000 molecules of FtsZ per cell
found by Lu et al. 32 , [FtsZ]Total = 12 µM. Although lower
values for the number of FtsZ molecules have been found33,34,
we use the highest of the recorded numbers since we use
a large volume to calculate the corresponding concentration.
Whereas, the effective volume available to the FtsZ will be
much lower??? - I don’t know how to word this! We retain the
values used by Surovtsev et al. 14 for [GTP], [GDP] and imax.
The value of imax = 150 subunits is consistent with the average
length of FtsZ polymers measured in vitro using transmission
electron microscopy of 23 subunits35 and we have ensured
that this is sufficiently large that the results are independent
of its value. An increase in the value to imax = 200 does not
change the predicted average lengths of free and membrane-
bound FtsZ polymers, the predicted number of membrane-
bound FtsZ molecules nor the predicted percentage of FtsZ in-
corporation into the Z-ring. We also follow Surovtsev et al. 14

in representing the cell as a cylinder with radius 0.4 µm,
length 4 µm, and midcell region width 0.1 µm. In contrast
to them, we include the whole midcell slice, as shown in Fig-
ure 2, not just a region of depth 8 nm. The volumes of the

cell caps and midcell regions are therefore Vcc = 2.0 µm3

and Vmid = 0.05 µm3 respectively. For the midcell radius of
0.4 µm and the midcell width of 0.1 µm, this corresponds to
a midcell membrane surface area of 0.25 µm2. The depth of
the midcell membrane was set to 4 nm (the size of an FtsZ
subunit) giving a volume Vbnd = 1.0 × 10−3 µm3. As the
diffusion constant D of ovalbumin, which is of similar size
to FtsZ, is 78 µm2s−1,36 we use this value for the diffusion
constant of FtsZ. Fick’s Law gives the flux across the dif-
fusion area A equal to AD

L ∆C where ∆C is the concentration
difference between the two compartments and L is the dis-
tance between the midpoint of the two compartments, in this
case 1 µm. In our model, the flux in equivalent units is given
by kdif(Zcc

i − Zmid
i ), Equation (7), whence kdif ∆C = AD

L ∆C.
Therefore, kdif =

AD
L . The value for the diffusion area A is

given by the bounding area of the midcell slice, 2πr2, see Fig-
ure 2, giving kdif ≈ 78 µm3s−1. This is equal to the original
value of the diffusion constant D since the diffusion distance
is taken as 1 µm and the area of the boundaries of the slice are
approximately equal to 1 µm2 for a radius of 0.4 µm.

Initially, ρ = 1 and contraction therefore begins when ī2NZ > α. Numerical solution of the system of ODEs,

given in full in Appendix B, allows analysis in terms of this � of Z-ring contraction under various biological

scenarios and prediction of the ability of cells to initiate division.

3. Estimation of wild-type rate constants

Surovtsev et al. [14] selected rate constants based on the best available experimental data. The values

for [FtsZ]Total, [GTP], [GDP] and imax are therefore as chosen in the previous model [14]. The value of imax

of 150 subunits is sufficiently large to accommodate the average length of FtsZ polymers measured in vitro

using transmission electron microscopy of 23 subunits [26]. In Surovtsev et al. [14], the cell was represented

as a cylinder with radius 0.4 µm, length 4 µm, and width of the midcell region 0.1 µm. Here, the midcell

region was not modelled with depth 8 nm, as in their model, but included the whole midcell slice, as shown

in Figure 2. The volumes of the cell caps and midcell regions are therefore given by, Vcc = 2.0 µm3 and

Vmid = 0.05 µm3. For the volume of the midcell membrane, the depth was set to 4 nm, the size of an

FtsZ subunit to give Vbnd = 1.0 × 10−3 µm3. The experimental literature cites the diffusion constant D

of ovalbumin, of similar size to FtsZ at 45 kDa, as 78 µm2s−1 [27]. Fick’s Law gives the flux across the

diffusion area A equal to AD
L ∆C where ∆C is the concentration difference between the two compartments

and L is the distance between the midpoint of the two compartments, in this case 1 µm. In our model, the

flux in equivalent units is given by kdif(Zcc
i − Zmid

i ), Equation (7), whence kdif ∆C = AD
L ∆C. Therefore,

kdif =
AD
L . The value for the diffusion area A is given by the bounding area of the midcell slice, 2πr2, see

Figure 2, giving kdif ≈ 78 µm3s−1. This is equal to the original value of the diffusion constant D since

the diffusion distance is taken as 1 µm and the area of the boundaries of the slice are approximately equal

to 1 µm2 for a radius of 0.4 µm.

L

1
2A

Fig. 2: The rate constant for the diffusion of FtsZ from the cell caps into the midcell region, kdif, is estimated using Fick’s
Law assuming diffusion through area A along a path of length L.

12

Fig. 2 The rate constant for the diffusion of FtsZ from the cell caps into the
midcell region, kdif, is estimated using Fick’s Law assuming diffusion through
area A along a path of length L.

A key parameter in our model is the fraction of membrane-
bound FtsZ polymers which are in the singly-bound state. This
depends on the probability that a subunit is adjacent to a bind-
ing site, Pa, and on the dissociation constant κ . We assume
the two anchor interactions (ZipA and FtsA) have the same
binding strength. The FtsEX complex may provide an ad-
ditional anchoring role since FtsX is an intergral membrane
protein and is linked to FtsZ via the soluble protein FtsE.37,38

However, the role of FtsEX in cell division is unclear and key
data are missing such as the number of molecules per cell.
The anchoring role of FtsEX has, for now, been omitted. The
experimental literature cites the number of molecules per cell
for ZipA and FtsA as 1500 and 740, respectively33 and using
fluorescent-labelled ZipA, Stricker et al. 39 found that approx-
imately 30% of the cell complement of ZipA localises to the
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Z-ring in vivo. Therefore, it is assumed that 30% of the cell
complement of anchors are found in the midcell membrane
compartment. By dividing the surface area of the membrane
into a grid of squares 4 nm × 4 nm, Pa is given by the pro-
portion of grid squares occupied by 30% of the total number
of anchor proteins. This gives Pa = 0.043. The wild-type dis-
sociation constant of 0.2 µM for the FtsZ-ZipA (and hence
the other) interactions was used to give κ . 40 Figure 3 shows
p1(i), the fraction of polymers expected to be attached to the
membrane by a single binding site only, for Pa = 0.043 and
κ = 0.2 µM. The high proportion of polymers that remain in
the singly-bound state for shorter lengths reflects the obser-
vation that although an FtsZ polymer of length i has the po-
tential to form i FtsZ:anchor interactions, ZipA interacts with
FtsZ substoichiometrically.41 The interaction data presented
by Martos et al. 41 shows that oligomers of FtsZ, up to hex-
amers, bind to a single ZipA molecule. This is reflected in the
model as the predicted number of anchor proteins occupied by
FtsZ oligomers at the membrane is 1 for an FtsZ monomer, up
to 1.11 for a hexamer.

Key to the model is the fraction of membrane-bound FtsZ polymers in the singly-bound state, dependent

on the probability that a subunit is adjacent to a binding site, Pα, and the dissociation constant κ. Although

the model is based on a generic anchor interaction, Pα in fact accounts for the number of molecules of the

FtsZ-binding proteins ZipA, FtsA and the FtsEX complex. The experimental literature cites the number of

anchor molecules per cell for ZipA and FtsA as 1500 and 740 per cell, respectively [28]. Since the equivalent

value for the FtsEX complex is as yet unavailable, it is assumed that FtsEX is as abundant as FtsA and

the total number of anchor sites is set to 3000 per cell. Using fluorescent-labelled ZipA, Stricker et al. [29]

found that approximately 30% of the cell complement of ZipA localises to the Z-ring in vivo. Therefore, it

is assumed that 30% of the cell complement of anchors are found in the midcell membrane compartment.

This gives the number of binding sites B = 900. By dividing the surface area of the membrane into a grid

of squares 4 nm × 4 nm, 900 anchor proteins corresponds to Pα = 0.057. For the dissociation constant κ,

the wild-type dissociation constant of 0.2 µM for the FtsZ-ZipA interaction was used [30]. Since the model

accounts for a single FtsZ-anchor interaction, the value for the FtsZ-ZipA interaction was used for all FtsZ-

anchor interactions in the model. Figure 3 shows p1(i), the fraction of polymers expected to be attached to

the membrane by a single binding site only, for Pα = 0.057 and κ = 0.2 µM.
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Fig. 3: Fraction of membrane-bound polymers expected to be attached by a single FtsZ-anchor interaction, as a function of
polymer length for Pα = 0.057 and κ = 0.2 µM.

Finally, for the dissociation constant of 0.2 µM, the model requires the associated kon and koff values

as kbind1 and kbind2 respectively. Using fluorescence recovery after photobleaching (FRAP) the half life of

recovery of fluorescence in the Z-ring for wild-type FtsZ in E. coli was found to be 30 sec [29], corresponding

to an observed rate of release from the membrane of 0.023 s−1. Since the steady state of Z-ring assembly has

been reached prior to the photobleach, the observed release rate is given by kbind2 multiplied by the value

for p1(̄i) (see Equations (12) and (16)) where ī is the average bound polymer length at equilibrium. With

the dissociation constant κ fixed at 0.2 µM, the model solution corresponding to an observed wild-type half

13

Fig. 3 The fraction of membrane-bound polymers expected to be attached by a
single FtsZ-anchor interaction, as a function of polymer length for Pa = 0.043
and κ = 0.2 µM.

Fluorescence recovery after photobleaching (FRAP) exper-
iments have shown the half life of recovery of fluorescence
in the Z-ring for wild-type FtsZ in E. coli to be 30 sec.39

Since the recovery of fluorescence in the bleached patch of
the Z-ring is exponential, the observed rate of recovery is
given by ln2/t1/2. For a half life of recovery of 30 sec-
onds, the corresponding observed rate of release from the
membrane is 0.023 s−1. Since the steady state of Z-ring as-
sembly has been reached prior to the photobleaching, it fol-
lows that kbind2 p1(ī) (see Equations (12) and (16)) equals
0.023 s−1 (where ī is the average membrane-bound polymer
length at equilibrium). With the dissociation constant κ fixed
at 0.2 µM, it follows that the lower bounds of kbind1 and kbind2
are 0.142 µM−1s−1 and 0.0284 s−1, respectively.

For the wild-type parameter values as shown in Table 1,

Table 1 Wild-type parameter values

Parameter Wild-type value Units Reference
[FtsZ]Total 20 µM 14

[GTP] 90 µM 14

[GDP] 10 µM 14

B 672 - 33

Pa 0.043 - 14,33

κ 0.2 µM 40

imax 150 - 14

kex1 0.01 µM−1s−1 14,26,42

kex2 0.005 µM−1s−1 14,26,42

kdim1 4 µM−1s−1 14,26

kdim2 40 s−1 14,26

kel1 4 µM−1s−1 14,26

kel2 0.4 s−1 14,26

kan 4 µM−1s−1 14,26

kdis 0.15 s−1 25

kdif 78 µm3s−1 36

kbind1 0.142 µM−1s−1 39,40

kbind2 0.0284 s−1 39,40

the NDSolve function of Wolfram Mathematica 8 was used
to numerically solve the ODEs as provided in Appendix B.
As described in Appendix E, including both the diffusion of
FtsZ into the midcell region in a more physically realistic man-
ner and an explicit model of membrane binding, prevents the
truncation artefact arising in the Surovtsev model where long
polymers accumulate thus increasing the concentrations of
large polymers up to imax. CAM-FF predicts that the average
FtsZ polymer length for the membrane-bound population is
14 subunits, which is considerably lower than in the Surovtsev
model.14 The average membrane-bound FtsZ polymer length
of 14 subunits for the total of 504 polymers membrane-bound
at equilibrium, gives a total polymer length of 29.3 µm. This
is sufficient to span the circumference over 11 times. This
overlap of short FtsZ filaments on the membrane is consistent
with the hypothesis that Z-ring formation proceeds by overlap
of short FtsZ polymers.13 In the wild-type, our model predicts
that the average polymer length at equilibrium for soluble FtsZ
is 4 subunits in both the cell caps and midcell regions.

In the Surovtsev model, 80% of the cell complement of
FtsZ was found at the midcell due to the enforced confinement
to this region.14 In CAM-FF, the percentage incorporation of
FtsZ into the membrane-bound Z-ring is predicted to be 28%,
in accordance with the value measured experimentally of 30–
35%.39,43

Figure 4 shows the value of the contraction parameter χ
over time for the wild type. The contraction parameter in-
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creases reaching its maximum value on formation of the Z-
ring.

Table 1: Wild-type parameter values

Parameter Wild-type value Units Reference
[FtsZ]Total 20 µM [? ]
[GTP] 90 µM [? ]
[GDP] 10 µM [? ]
B 900 - [? ]
Pα 0.057 - [? ? ]
κ 0.2 µM [? ]
imax 150 - [? ]
kex1 0.01 µM−1s−1 [? ? ? ]
kex2 0.005 µM−1s−1 [? ? ? ]
kdim1 4 µM−1s−1 [? ? ]
kdim2 40 s−1 [? ? ]
kel1 4 µM−1s−1 [? ? ]
kel2 0.4 s−1 [? ? ]
kan1 4 µM−1s−1 [? ? ]
khyd 0.15 s−1 [? ]
kdif 78 µm3s−1 [? ]
kbind1 0.16 µM−1s−1 [? ? ]
kbind2 0.032 s−1 [? ? ]

is a time delay between GTP hydrolysis and polymer dissociation. These assumptions will be addressed in

future work.
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Fig. 2: The contraction parameter � increases to a maximum value on formation of the Z-ring. The threshold value for the
wild-type solution αWT is assumed to lie at the midpoint of the extreme values. Parameter values as shown in Table 1.

Results and discussion

The effect of various mutations on the population of membrane-bound FtsZ at equilibrium is summarised

in Table 2.

5

Fig. 4 The contraction parameter χ increases to a maximum value on forma-
tion of the Z-ring. Parameter values as shown in Table 1.

4 The contraction parameter predicts division
outcome

The key parameter in CAM-FF is the contraction parameter χ
which is a useful tool to predict the ability of cells to initi-
ate and continue Z-ring contraction. Once contraction is ini-
tiated, the evolution of both the contraction parameter and the
contraction threshold determine whether Z-ring constriction
proceeds to completion. For the Z-ring radius to continue to
decrease, χ must remain greater than αρ (1+ γρ

�
1−ρ2).

If the width of the Z-ring is assumed to be constant during
contraction, γ is constant at 8 (cf. Equation (29)) and the con-
traction threshold is a function of ρ , the dimensionless ratio
of the radius of the Z-ring at time t to the initial radius. The
plot of χ vs ρ is given in Figure 5 for the wild-type case.
CAM-FF predicts three possible division outcomes: (i) divi-
sion proceeds to completion, (ii) division is initiated but stalls
prior to completion and (iii) division is not initiated. These
scenarios are highlighted in Figure 5, on the assumption that
the contraction parameter χ remains constant throughout the
division process. The value of the initiation threshold α is
currently unknown. Therefore, using the wild-type parame-
ters, the value of α is set on the assumption that the wild-type
contraction parameter value χ is sufficient to allow full divi-
sion with the capacity to lose 15% of its value before division
behaviour is affected. In Figure 5, the initiation threshold α
is set to 20,000. The value of α determines the peak of the
threshold curve or the “completion threshold”.

4.1 Predicting division behaviour in cells depleted of
FtsA or ZipA

Deletion of an anchor protein in CAM-FF alters the values
of B, the total number of membrane-binding anchors, Pa, the
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Fig. 5: The threshold value varies as the radius of the Z-ring decreases. The contraction parameter � must exceed this value,
at all values of the radius ratio from 1 to 0, for contraction to proceed.

a given population of bound FtsZ. It is therefore less likely that the condition for contraction is met i.e.

that τ̂ > τZ for lower values of Pα, see Equation (27), and the threshold α is correspondingly increased, see

Equation (29). With the value of the wild-type threshold α as shown in Figure 4, the model predicts that

the contraction parameter does not reach the threshold value and cells are unable to initiate contraction in

the absence of ZipA. The average length of the bound polymers remains at 15 subunits, as for the wild-type

solution, but the number of bound polymers is reduced from 589 for the wild-type to 364 and the percentage

incorporation falls from 37% to 22%. This prediction is corroborated by the experimental observation that

the Z-ring can still form in the absence of ZipA but that ZipA is essential for cell division to occur [21]. The

model thus accurately predicts the outcome of ZipA deletion.

For the deletion of FtsA, Pα is set to 0.043 corresponding to a total number of anchor proteins of 2260

i.e. ZipA and the FtsEX complex only, again with 30% located on the midcell membrane. As shown in

Figure 6B, the model predicts that the value of the contraction parameter is able to reach the threshold.

Thus contraction will be initiated on depletion of FtsA. However, in this scenario, the difference between

the initiation threshold and the equilibrium value of the contraction parameter is much smaller than in the

wild-type solution, suggesting that the increase in the threshold value on initiation of division may drive the

threshold value above that of the contraction parameter thus contraction may be stalled. This is borne out

by experimental observations. Following induced ZipA depletion in E. coli, cells are no longer able to divide

and appear completely smooth [33], suggesting that for ZipA depletion the initiation of division is prevented.

For induced depletion of FtsA, while cell division is prevented, indentations form above the Z-ring, which

suggests that contraction is initiated but is later arrested, indicating that the model solutions accurately

predict the effect of anchor depletion on contraction initiation.

Attainment of the threshold α for the initiation of contraction is not sufficient to predict the ability of

16

Fig. 5 The contraction threshold value varies as the radius of the Z-ring de-
creases. Using the wild-type value of the contraction parameter χWT and the
85% tolerance limit χ85, for the parameter values in Table 1, α = 20,000.
γ = 8. Since the contraction parameter χ must exceed the contraction thresh-
old at all values of the radius ratio from 1 to 0 for contraction to proceed, the
model predicts three division outcomes: χ(i) division proceeds to completion,
χ(ii) division is initiated but stalls prior to completion and χ(iii)division is not
initiated.

probability that one FtsZ subunit is adjacent to a binding site
and the initiation threshold α . Anchor deletion results in an
increase in the initiation threshold value α from the assigned
wild-type value since α ∝ 1/Pa. The underlying reason for
this behaviour can be understood from Equation (26). The
maximum tension the ring may withstand, τ̂ , is proportional to
Pa so in the deletion mutant, τ̂ is smaller than in the wild-type
for a given population of membrane-bound FtsZ. It is therefore
less likely that the condition for contraction is met i.e. that τ̂ >
τZ for lower values of Pa, see Equation (27), and the threshold
α is correspondingly increased, see Equation (29).

If FtsA is depleted, as shown in Figure 6C (B = 450,
Pa = 0.029), we expect the initiation threshold to increase
to α = 29,665 and outcome (ii) is predicted: division is ini-
tiated but stalls prior to completion. The predicted average
membrane-bound FtsZ polymer length remains at 14 subunits
but the percentage incorporation falls to 21%. Experimental
data for a mutant with FtsA depleted shows that the Z-ring is
still formed, indentations are observed above the Z-ring but
division is prevented,44 in accord with the model prediction
that division is initiated but later arrested.

The loss of ZipA changes the parameters to B = 222,
Pa = 0.014, and the effect is shown in Figure 6D. The initi-
ation threshold increases to α = 61,429 and the equilibrium
value of the contraction parameter falls below the initiation
threshold. Outcome (iii) is therefore predicted: division is not
initiated. The average membrane-bound FtsZ polymer length
is increased slightly to 15 subunits and the percentage incorpo-
ration is less than half that of the wild-type at 12%. Following
induced ZipA depletion in E. coli, cells are no longer able to
divide and appear completely smooth.44 The model thus ex-
plains the outcome of ZipA deletion.

1–20 | 9



suggested that the loss of division activity on deletion of ZipA was due to the loss of initiation of contraction

of the Z-ring, whereas for FtsA, the model predicts that division is initiated but may subsequently stall

if the value of the contraction parameter cannot remain above threshold which rises following initiation of

contraction.

Although certain aspects of the biological process have been simplified in the model and the molecular

mechanism of the contraction process remains to be elucidated, the definition of a contraction parameter

and the analysis of the time evolution of the parameter allows whole-cell predictions to be made based

on the biochemical activity of FtsZ measured in vitro. The application of such a framework will not only

improve our understanding of the biological process itself, as in the formulation of a hypothesis of the

explanation of the biochemical mechanism of the temperature sensitivity of ftsZ84, but may also be applied

to the optimisation of anti-biotic drug design, such as the suggested inclusion in screening protocols for

small molecules that increase the observed rate of GTP hydrolysis. Further potential drug interactions may

be tested for efficacy in silico by identification of their effect on key processes of the system.
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Fig. 10: ATP binding and hydrolysis by the ftsZ84 temperature-sensitive mutant. Solid line: Wild-type solution. All other plots
kex1 = 3 × 10−4 µM−1s−1. Dotted line: 43◦C, khyd eff = 0.15 s−1. Dashed lines correspond to reduced temperatures. Short
dash (–): A 2-fold decrease in the rate of ATP hydrolysis, khyd eff = 0.1 s−1. Medium dash (−): A 3-fold decrease in the rate
of ATP hydrolysis, khyd eff = 0.08 s−1. Long dash (—): A 4-fold decrease in the rate of ATP hydrolysis, khyd eff = 0.075 s−1.
(A) ATP:GTP ratio 2:1, [NTP] = 270µM, [NDP] = 20µM. (B) ATP:GTP to 3:1, [NTP] = 360µM, [NDP] = 20µM.
(C) ATP:GTP to 4:1, [NTP] = 450µM, [NDP] = 20µM. All other parameters as shown in Table 1.

17

Fig. 6 The effect of anchor deletion. (A) The wild-type value of the contraction parameter χWT is shown for B = 672, Pa = 0.043. χ85 indicates the 15% tolerance
threshold used to set α = 20,000. (B) For the deletion of FtsA (B = 450, Pa = 0.029, α = 29,655), division is initiated but stalls prior to completion. (C) For the
deletion of ZipA (B = 222, Pa = 0.014, α = 61,429), division is not initiated. All other parameters as shown in Table 1.

5 Analysis of model assumptions

5.1 Membrane-binding

Although the model accurately predicted the ability of the cell
to divide in the absence of either one of the anchor proteins,
more subtle features may become apparent if we acknowledge
that the interaction of FtsZ with each protein is likely to differ,
including the value of the dissociation constant κ , the force
of the interaction F , and the strength of the interaction of the
anchor protein with the cell membrane. It was assumed in
the calculation of the maximum tension sustainable by the Z-
ring that the weak point is the interaction of FtsZ with the
anchor protein. While this seems plausible for the transmem-
brane protein ZipA,44 whether this is the case for FtsA is less
clear since FtsA is a peripheral membrane protein.29 An ad-
ditional anchoring role may be provided by the FtsEX com-
plex.37 Here, the weak point may be the interaction between
FtsE and FtsX. The fact that the model predicts the behaviour
of depletion mutants supports our assumptions.

5.2 Polymerisation and dissociation rates

We (and Surovtsev et al. 14) assumed (i) the rate of polymeri-
sation of GDP-bound FtsZ is zero, and (ii) the GTP hydrolysis
event results in the dissociation of an FtsZ subunit, thus break-
ing two FtsZ-FtsZ interfaces. In reality, there may be some
level of polymerisation of GDP-bound FtsZ and the hydrol-
ysis event may disrupt only the FtsZ-FtsZ interface contain-
ing the bound nucleotide resulting in the dissociation of the
parent polymer into two shorter polymers, without the loss of
the GDP-bound subunit. While Surovtsev et al. 14 assumed
that the dissociation of the GDP-bound subunit is instanta-
neous (thus all subunits in FtsZ polymers were assumed to
be GTP-bound), we introduced the rate constant of FtsZ dis-
sociation (following GTP hydrolysis) in accordance with the
GTP turnover measured by Romberg and Mitchison 25 . Al-
though technically within CAM-FF all FtsZ subunits within
polymers are GTP-bound, apparently in contrast to the report
that in vitro approximately 20% of the subunits in FtsZ poly-
mers are GDP-bound, the reduced rate constant accounts for
the time spent in the GDP-bound state following GTP hydrol-
ysis.

We also assumed that the rate of GTP hydroly-
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sis/dissociation is equal for soluble and membrane-bound FtsZ
and that the rate of nucleotide exchange for FtsZ subunits
within polymers is zero. According to structural studies
by Oliva et al. 45 , and molecular modelling by Mingorance
et al. 46 , the active site is non-occluded leaving the nucleotide
free to exchange with the cytosol from within FtsZ polymers.
However, Chen and Erickson 47 found no evidence of nu-
cleotide exchange within FtsZ polymers and Huecas et al. 48

reported that while exchange can occur, disassembly occurs
first. Therefore our assumption is in accord with the latest ex-
perimental evidence. We do not explicitly include the role of
the putative bundling and stabilising (reduced GTPase activ-
ity) proteins that also localise to the Z-ring such as the ZapA
orthologue YgfE in E. coli. 49,50 Since at this point in time, ex-
perimental data to refine the model are not available. Thus we
are implicitly assuming that they are behaving as required.

5.3 Regulation of FtsZ localisation

In CAM-FF, we assumed that FtsZ interacts with anchor pro-
teins within the midcell region only, even though the midcell
membrane contains only 30% of the total cell complement
of anchors. In vivo, this apparently unrealistic assumption
is made valid by additional systems that operate to regulate
the localisation of Z-rings allowing formation at the midcell
only.6

5.4 Changes in fibre geometry as contraction proceeds

In CAM-FF, we assume that the contraction parameter value χ
remains constant throughout the division process. This is un-
likely to be true for the later stages of cell division since as
the radius decreases, the values of Vmid and Vbnd also change.
The properties of the membrane-bound FtsZ population, in-
cluding the components of the contraction parameter: the av-
erage membrane-bound polymer length and the number of
membrane-bound polymers, may also vary. However, it is
anticipated that the assumption of constant χ is reasonable
for the initial stages of division which actually determines the
prediction of division outcome since the peak of the threshold
curve i.e. the “completion threshold” is early in the division
process at ρ = 0.833, independent of the value of α .

Finally, a single diffusion constant for all lengths of FtsZ
polymer was used. Extension of the current approximation
of diffusion to a spatially continuous model may remove the
artefact of the rapid assembly time observed compared to that
measured in vivo. Our model predicts that the assembly of
the Z-ring is complete within 5 sec, as does the Surovtsev
model.14 However, the assembly time measured in E. coli in
vivo is 1 min.51,52

5.5 Dynamics of contraction

Whenever the maximal Z-ring tension that can physically be
sustained by the population of FtsZ polymers assembled is less
than that required to maintain a given radius, the Z-ring radius
is expected to expand under the force of the cell surface ten-
sion. Conversely, whenever the maximum tension sustainable
in the Z-ring exceeds the tension required to maintain a given
Z-ring radius, we assume that cell constriction proceeds. The
relationship between the rate of change of the Z-ring radius
and the difference in the maximal tension and the required
tension was assumed to be linear, as shown in Figure 7A. De-
pending on the molecular mechanism, it is conceivable that the
true form of the relationship is non-linear, e.g. proportional to
(τZ − τ̂)3 as in Figure 7B, or a higher-order power. For the
current analysis, the prediction of division outcome is based
on the sign of (τZ − τ̂). Therefore, this assumption only con-
cerns the the rate of change of the radius.

that the FtsA and FtsEX interactions play a secondary, consolidating role important to the completion (as

opposed to the initiation) of Z-ring contraction.

5.4. Changes in fibre geometry as contraction proceeds

The model assumes that the volume of the cell compartments remains constant over time and the

solutions have not been analysed here for progression of contraction following initiation. As the radius

changes, the values of Vmid and Vbnd also change as do the properties of the bound FtsZ population,

including the components of the contraction parameter: the average bound polymer length and the number

of bound polymers. If the contraction parameter cannot keep pace with the rate of contraction, its value

may subsequently fall below the threshold and contraction will be arrested.

Finally, a single diffusion constant for all lengths of FtsZ polymer was used. It is anticipated that

extending the current approximation of the rate of diffusion to a spatially continuous model may remove

the artefact of the rapid assembly time observed compared to that measured in vivo.

5.5. Dynamics of contraction

Whenever the maximal Z-ring tension that can physically be sustained by the population of FtsZ poly-

mers assembled is less than that required to maintain a given radius, the Z-ring radius is expected to expand

under the force of the cell surface tension. Conversely, whenever the maximum tension sustainable in the

Z-ring exceeds the tension required to maintain a given Z-ring radius, we assume that cell constriction pro-

ceeds. The relationship between the rate of change of the Z-ring radius and the difference in the maximal

tension and the required tension was assumed to be linear, as shown in Figure ??A. Depending on the

molecular mechanism it is conceivable that the true form of the relationship is non-linear, e.g. proportional

to (τZ − τ̂)3 as in Figure ??B, or a higher-order power.

A
d
dt ς

Tension difference (τZ − τ̂)

B
d
dt ς

Tension difference (τZ − τ̂)3

20
Fig. 7 Relationship between the rate of change of the Z-ring radius ς and the
difference in calculated tensions. (A) In the presented model the relationship

is assumed to be linear
d
dt

ς = ϑ0(τZ − τ̂). (B) The true form may be a higher

order power e.g.
d
dt

ς = ϑ0(τZ − τ̂)3.

6 Discussion and conclusions

The model presented here integrates the observed assembly
behaviour of FtsZ in vitro with the hypothesis that the Z-ring
is a molecular assembly of short open polymers that bind to
the membrane via linking proteins, rather than extremely long
cyclic polymers, assumed in earlier work of Surovtsev et al. 14 .
The division of the cell into distinct compartments and the in-
troduction of diffusion of FtsZ between the cell caps and the
midcell region, along with explicitly modelling the attachment
of FtsZ polymers to membrane anchors, have been shown
to be sufficient to prevent the truncation artefact that arises
in the Surovtsev model. The model was further extended
by representing the forces of adherence of FtsZ polymers to
the cell membrane and their additional role in the generation
and support of tension during contraction of the midcell re-
gion. This analysis linked the chemical population dynamics
of membrane-bound FtsZ polymers to the force of contraction
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via the definition of the contraction parameter χ , a useful pa-
rameter in the prediction of the ability of cells to initiate and
complete cell division.

We used CAM-FF to analyse the effect of reducing the
concentrations of membrane-anchoring proteins to understand
how their absence inhibits cell division by reducing the num-
ber of FtsZ polymers and the percentage of FtsZ molecules
in the cell that bind to the membrane. Cell division is still
initiated if the less concentrated anchor FtsA is depleted but
division stalls before completion. The cells show no sign of
even initiating cell division if the more prevalent anchor ZipA
is removed. Thus we effectively model whether division oc-
curs or not. More work is required to to accurately model the
timescale of cell division. In particular a more complicated
analysis of diffusion is required, though currently the experi-
mental parameters are not available.

Our model is silent on the molecular mechanism of Z-
ring contraction except to consider the force required for it.
At the molecular level, we implied this constriction as being
driven by thermodynamic fluctuations. Biochemically analo-
gous processes, such as the contraction of mammalian skeletal
muscle, have previously been modelled by a Brownian ratchet
mechanism whereby the movement of a motor protein along
the actin fibre due to thermal fluctuation becomes unidirec-
tional when coupled to a non-equilibrium chemical reaction.53

For the contraction of skeletal muscle, the directionality arises
from the conformational changes of the motor protein due to
its nucleotide-binding state, where the chemical hydrolysis of
the nucleotide is far from equilibrium.54 While no equivalent
motor protein has hitherto been identified in prokaryotes, the
existence of an as yet undiscovered motor protein is neither
proposed nor repudiated in the assumption of a relationship
between the difference in calculated tensions and the rate of
change of the Z-ring radius. In the absence of a motor pro-
tein, as in the presented model, the contraction mechanism is
nonetheless coupled to a non-equilibrium process by the con-
tinual binding and release of FtsZ polymers, dependent on the
rate of GTP-hydrolysis. It seems prima facie plausible that the
release and rebinding of FtsZ polymers could create a ratchet
mechanism whereby local fluctuations become locked in place
by the adjacent binding of further FtsZ polymers.

The presence of multiple membrane anchors may provide
a ratchet-type mechanism whereby e.g. ZipA, and potentially
the FtsEX complex, are tightly anchored within the membrane
but FtsA is more weakly bound and so may be released and
rebound during thermal fluctuations, either from the FtsZ or
from the cell membrane. Interestingly, FtsA is an ATPase55

suggesting a possible means of chemical coupling to drive uni-
directional contraction. The state of the bound nucleotide may
affect the interaction of FtsA with FtsZ or the cell membrane
or both. In our model, we coupled the thermal fluctuations of
the Z-ring radius to the non-equilibrium hydrolysis of GTP by

FtsZ via the rate constant ϑ0, Equation (28).
An additional role of the Z-ring that is not included in

this work is the recruitment of peptidoglycan remodelling en-
zymes on the outside of the inner cell membrane.6 As the Z-
ring contracts, the peptidoglycan remodelling process poten-
tially creates a physical barrier to any subsequent re-expansion
of the Z-ring. This barrier formation process would be a pos-
itive feedback loop contributing to unidirectional contraction
by consolidating the progress made thus far. The mechanics
of the bacterial cell wall during division have been modelled
by Lan et al. 20 in a complementary study. We assume that the
contraction parameter is constant at the initial stages of divi-
sion which is satisfactory for the prediction of incomplete cell
division but to be fully confident of the prediction of division,
the cell wall must also be considered.

We have established a framework for the further investiga-
tion of the effect of modifications to the biochemical proper-
ties of FtsZ and its membrane binding on the initiation and
completion of cell division. Application of such a framework
will not only improve our understanding of the biological pro-
cess itself, but may also be applied to the optimisation of anti-
biotic drug design. Potential drug interactions may be tested
for efficacy in silico by identification of their effect on key
processes of the system. This model may also now be applied
to a global model of cell division as proposed by Surovtsev
et al. 19 .

A ODEs as defined by Surovtsev et al. 14

The change in concentrations of FtsZ molecules over time was
given by Surovtsev et al. 14 in terms of the following rate equa-
tions:

d
dt

ZD =−Rex1 +Rex2 +R2
hyd +R2

hyd cyc

+ξ
imax

∑
j=3

(R j
hyd +R j

hyd cyc) , (A.1)

d
dt

ZT = Rex1 −Rex2 −2Rdim1 +2Rdim2 −R2
el1 +ξ R2

el2

−ξ
imax−1

∑
j=3

(R j
el1 −R j

el2)+R2
hyd +ξ R3

hyd

+ξ
imax

∑
j=4

2
j−1

R j
hyd +R2

hyd cyc , (A.2)

d
dt

Z2 = Rdim1 −Rdim2 −R2
el1 +ξ R2

el2 −R2
an2 −R2

cyc1 +R2
cyc2

−R2
hyd +

1
2

ξ R3
hyd +ξ

imax

∑
j=4

2
j−1

R j
hyd +ξ R3

hyd cyc ,

(A.3)
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d
dt
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cyc1 +R3
cyc2

−R3
hyd +

1
3
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2
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hyd cyc , (A.4)

d
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d
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Zimax = Rimax−1
el1 −Rimax−1

el2 +Rimax
an1 −Rimax

cyc1 +Rimax
cyc2 −Rimax

hyd

(A.7)

and

d
dt

Zcyc
i = Ri

cyc1 −Ri
cyc2 −Ri

hyd cyc1 . (A.8)

ξ is the ratio of the midcell volume to the cytosol volume.
To allow polymers to form closed rings, the forward and

reverse cyclisation rates are given by

Ri
cyc1 = kcyc1(i)Zi , Ri

cyc2 = kcyc2 Zcyc
i , (A.9)

where the forward rate constant is dependent on the polymer
length i and is given by

kcyc1(i) = kcyc1 e−(i−i0)2/σ2
, (A.10)

where i0 is the length at which the cyclisation rate is optimal
and σ is the width of the distribution of rates. The rate of GTP
hydrolysis for cyclic polymers is given by

Ri
hyd cyc = i khyd Zcyc

i , (A.11)

where cyclic polymers of length i have i GTPase active sites.

B ODEs of the present model

The change in concentration of FtsZ molecules within the cell
caps over time is given by

d
dt

Zcc
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For the midcell compartment the change in concentration of
FtsZ molecules over time is given by

d
dt

Zmid
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R j
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where Vmid and Vbnd are the volume of the midcell and the
midecell membrane compartments, respectively. A volume
is used for the midcell membrane compartment rather than
a surface area so that the concentrations of membrane-bound
molecules are in equivalent dimensions to the cell caps and
midcell concentrations, and so the global rate constants may
be applied.

For the midcell membrane, the change in concentration of
FtsZ molecules over time is given by
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dis bnd

+
imax

∑
j=3

2
j−1

(1−P1(no sites | i� = j))R j
dis bnd ,

(B.14)

d
dt

Zbnd
2 =

Vmid

Vbnd
R2

bind1 −R2
bind2 +Rdim1 bnd −Rdim2 bnd

−R2
el1 bnd +R2

el2 bnd −R2
an2 bnd −R2

dis bnd

+
1
2
.(1−P2(no sites | i� = 3))R3

dis bnd

+
imax

∑
j=4

2
j−1

(1−Pi(no sites | i� = j))R j
dis bnd ,

(B.15)
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d
dt

Zbnd
i =

Vmid

Vbnd
Ri

bind1 −Ri
bind2 +Ri−1

el1 bnd −Ri−1
el2 bnd

−Ri
el1 bnd +Ri

el2 bnd +Ri
an1 bnd −Ri

an2 bnd −Ri
dis bnd

+
1
i
.(1−Pi(no sites | i� = i+1))Ri+1

dis bnd

+
imax

∑
j=i+2

2
j−1

(1−Pi(no sites | i� = j))R j
dis bnd ,

i = 3 ... i = imax −2 ,
(B.16)

d
dt

Zbnd
imax−1 =

Vmid

Vbnd
Rimax−1

bind1 −Rimax−1
bind2 +Rimax−2

el1 bnd −Rimax−2
el2 bnd

−Rimax−1
el1 bnd +Rimax−1

el2 bnd +Rimax−1
an1 bnd −Rimax−1

dis bnd

+
1

imax −1
.(1−Pimax−1(no sites | i� = imax))Rimax

dis bnd

(B.17)

and

d
dt

Zbnd
imax =

Vmid

Vbnd
Rimax

bind1 −Rimax
bind2 +Rimax−1

el1 bnd

−Rimax−1
el2 bnd +Rimax

an1 bnd −Rimax
dis bnd . (B.18)

The average polymer length ī, the total number of FtsZ
polymers NZ, and the total FtsZ concentration Ztot are tracked
over time for each compartment given by

ī =
imax

∑
i=1

iZi

�
imax

∑
i=1

Zi , (B.19)

NZ =Vbnd
NA

1021

imax

∑
i=1

Zi (B.20)

and

Ztot =
imax

∑
i=1

iZi , (B.21)

respectively, where Z1 includes both GDP- and GTP-bound
monomers and NA is Avogadro’s number.

C Attachment to multiple binding sites

The attachment of an FtsZ polymer to multiple binding sites
has been modelled as a Markov chain with state variables x1 to
x j, where j is the maximum number of binding sites available
to the chain. This is illustrated in Figure C 1.

A transition event up the chain is given by the rate of at-
tachment per binding site and the number of free binding sites
remaining. Conversely, a transition event down the chain is
given by the rate of release per binding site and the number of
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Fig. C.1: Binding to multiple sites. As multiple binding sites are available to a single polymer chain, binding is modelled as
a Markov chain where j is the maximum number of binding sites available. λ is the rate of association of FtsZ and a binding
site and µ is the rate of dissociation. test

A transition event up the chain is given by the rate of attachment per binding site and the number of

free binding sites remaining. Conversely, a transition event down the chain is given by the rate of release

per binding site and the number of sites currently occupied. At equilibrium, the rates of the forward and

reverse transition events for xj−1 and xj are equal,

j µ xj = λxj−1 . (C.1)

For the subsequent pair in the chain, xj−2 and xj−1,

(j − 1)µxj−1 + λxj−1 = 2λxj−2 + j µ xj . (C.2)

As j µ xj and λxj−1 are equal then

(j − 1)µxj−1 = 2λxj−2 , (C.3)

and

xj−2 =
(j − 1)

2
κxj−1 , (C.4)

30

Fig. C 1 Binding to multiple sites. As multiple binding sites are available to
a single polymer chain, binding is modelled as a Markov chain where j is the
maximum number of binding sites available. λ is the rate of association of
FtsZ and a binding site and µ is the rate of dissociation.

sites currently occupied. At equilibrium, the rates of the for-
ward and reverse transition events for x j−1 and x j are equal,

j µ x j = λ x j−1 . (C.1)

For the subsequent pair in the chain, x j−2 and x j−1,

( j−1)µ x j−1 +λ x j−1 = 2λ x j−2 + j µ x j . (C.2)

As j µ x j and λ x j−1 are equal then

( j−1)µ x j−1 = 2λ x j−2 , (C.3)

and
x j−2 =

( j−1)
2

κ x j−1 , (C.4)

where κ = µ/λ . Continuing in this way for the pair x j−3 and
x j−2 gives

x j−3 =
( j−2)

3
κ x j−2 , (C.5)

and for any subsequent pair this can be generalised to

x j−� =
( j− �+1)

�
κ x j−�+1 , (C.6)

where expression is in terms of the previous term in the se-
quence. To derive x j−� in terms of x j and κ , each term from
� = 1 is considered. As x j−1 = j κ x j, then substituting into
(C.4) for x j−2 gives

x j−2 = j
( j−1)

2
κ2 x j . (C.7)

Continuing for x j−3 gives

x j−3 = j
( j−1)

2
.
( j−2)

3
κ3 x j , (C.8)

so this can be generalised to give x j−� in terms of x j,

x j−� =

�
j
�

�
κ� x j . (C.9)

Of interest to the dissociation rate is the fraction of polymers
in the singly-bound state. Therefore, this fraction is given by
x1/xT where x1 can be given by substituting j− �= 1,

x1 =

�
j

j−1

�
κ j−1 x j , (C.10)
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which simplifies to

x1 = j κ j−1 x j . (C.11)

If xT is the sum of all values of x j−� for �= 0 to �= j−1 then

xT =

� j−1

∑
�=0

�
j
�

�
κ�

�
x j . (C.12)

By the binomial theorem, this is equal to

((1+κ) j −κ j)x j . (C.13)

Therefore, taking the value of x1 from Equation (C.11), as a
fraction of xT given in Equation (C.13), the fraction of poly-
mers expected to be bound by a single binding site when j
binding sites are available is given by

f j
1 =

j κ j−1 x j

((1+κ) j −κ j)x j
, (C.14)

which cancels and rearranges to give

f j
1 =

j
κ(1+ 1

κ )
j −κ

, (C.15)

as given in Equation (14) of §2.2.2.

D Forces acting on the Z-ring

The contraction process draws the cell membrane inwards,
against the outward force from the cell surface tension. The
aim of this model is to define the tension of the Z-ring dur-
ing contraction and the maximum tension the Z-ring can with-
stand at a given ring radius. Figure D1 shows the compo-
nents of the cell surface tension τ0 as the ring constricts. The
Z-ring is modelled as a cylinder with length ω and initial ra-
dius r. During contraction, the radius of the cylinder decreases
where ς is defined as the Z-ring radius at time t of contraction,
and ρ is the dimensionless ratio of the contraction radius to the
initial radius, ρ = ς/r. As can be seen in Figure D1, this ratio
is equal to sinβ . As the ring contracts, the angle β decreases
from π/2 to 0.

The angle β also corresponds to the angle of the tangent
to the indented cell surface, with respect to the vertical. This
tangent is the resultant of the cell surface tension. Since the
pinching tension τp balances the vertical component of the sur-
face tension τ0 at equilibrium, the pinching tension is given
by τ0 cosβ . To define τp in terms of the Z-ring radius, since
sinβ = ρ , the pinching tension is also given by

τp = τ0

�
1−ρ2 . (D.1)

Since the surface tension acts on both the right and left sides of
the cell indentation, the total pinching tension is equal to 2τp.

Appendix D. Forces acting on the Z-ring
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During contraction, the radius of the cylinder decreases where � is defined as the Z-ring radius at time t of
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Fig. D.1: Membrane indentation on Z-ring contraction. Z-ring contraction pulls the membrane inwards against the outward
force from the cell surface tension τ0. � is the radius of the Z-ring at time t of contraction and r is the radius of the Z-ring
prior to contraction.
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Fig. D.2: Binding to multiple sites. As multiple binding sites are available to a single polymer chain, binding is modelled as
a Markov chain where j is the maximum number of binding sites available. λ is the rate of association of FtsZ and a binding
site and µ is the rate of dissociation. test

The angle β also corresponds to the angle of the tangent to the indented cell surface, with respect to

the vertical. This tangent is the resultant of the cell surface tension. Since the pinching tension τp balances

the vertical component of the surface tension τ0 at equilibrium, the pinching tension is given by τ0 cosβ. To

define τp in terms of the Z-ring radius, since sinβ = ρ, the pinching tension is also given by

τp = τ0
�
1− ρ2 . (D.1)

32

Fig. D 1 Membrane indentation on Z-ring contraction. Z-ring contraction
pulls the membrane inwards against the outward force from the cell surface
tension τ0. ς is the radius of the Z-ring at time t of contraction and r is the
radius of the Z-ring prior to contraction.

This acts around the circumference of the Z-ring so the pinch-
ing force generated is 4πς τp. This force results in an addi-
tional internal pressure over the Z-ring surface area given by

Pp =
4πς τp

2πς ω
, (D.2)

which simplifies to

Pp = 2
τp

ω
. (D.3)

To determine the Z-ring tension during contraction τ �, the
forces acting on either side of a vertical slice through the ring
are considered, as shown in Figure D2. The magnitude of the
force due to ring tension is given by this tension acting over the
length of the two edges created by the slice. At equilibrium,
this is balanced by the force of the internal pressure over the
cross-sectional area. Therefore

2ωτ � = 2ς ωPp , (D.4)

and substituting for Pp given in Equation (D.3) and expressing
in terms of the dimensionless ratio ρ ,

τ � = 2r
ω

ρ τp . (D.5)

ω

2ς

Fig. D.4: Binding to multiple sites. As multiple binding sites are available to a single polymer chain, binding is modelled as
a Markov chain where j is the maximum number of binding sites available. λ is the rate of association of FtsZ and a binding
site and µ is the rate of dissociation. test

surface tension and the radius of the Z-ring during contraction, as given in Equation (25) of Section 2.4.

The second key property is the maximum tension the Z-ring can withstand at a given radius, based on

the assembled population of FtsZ polymers. To calculate this tension, a transverse line through the Z-ring

is considered. As shown in Figure D.5 for polymers bound to the membrane, for a polymer of length l, the

probability that the transverse line intersects the polymer is

P(polymer hit | l) = h

2π�
, (D.7)

where h = l sinϕ. As angle ϕ may take any value from 0 to π, the probability that a polymer of length l is

intersected by the transverse line is given by

P(polymer hit | l) =
� π

0

l

2π�
sinϕ dF(ϕ) . (D.8)

If ϕ is uniform over [ 0 , π ] then

P(polymer hit | l) =
� π

0

l

2π�
sinϕ

1

π
dϕ , (D.9)

which simplifies to

P(polymer hit | l) = l

π2�
, (D.10)

since
� π
0 sinϕ dϕ = 2 .

34

Fig. D 2 Forces acting on the Z-ring. For the slice through the Z-ring, at
equilibrium the horizontal force due to the ring tension is balanced by the
internal pressure acting over the cross-sectional area of the slice.
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If the total Z-ring tension is given by the original cell sur-
face tension plus the additional contraction tension τ � then

τZ = τ0

�
1+

2r
ω

ρ
�

1−ρ2
�

. (D.6)

This is the first key property of the contraction model, the total
tension of the Z-ring in terms of the cell surface tension and
the radius of the Z-ring during contraction, as given in Equa-
tion (25) of §2.2.5.

The second key property is the maximum tension the Z-ring
can withstand at a given radius, based on the assembled pop-
ulation of FtsZ polymers. To calculate this tension, a trans-
verse line through the Z-ring is considered. As shown in Fig-
ure D3 for polymers bound to the membrane, for a polymer of
length l, the probability that the transverse line intersects the
polymer is

P(polymer hit | l) =
h

2πς
, (D.7)

where h = l sinϕ . As angle ϕ may take any value from 0 to π ,
the probability that a polymer of length l is intersected by the
transverse line is given by

P(polymer hit | l) =
� π

0

l
2πς

sinϕ dF(ϕ) . (D.8)

If ϕ is uniform over [0 , π ] then

P(polymer hit | l) =
� π

0

l
2πς

sinϕ 1
π

dϕ , (D.9)

which simplifies to

P(polymer hit | l) =
l

π2ς
, (D.10)

since
� π

0 sinϕ dϕ = 2 .

1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�
ω

1

τ0
l
τp
2π�
1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�
ω
β
r

1

ϕ
τ0
l
τp
2π�
1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�
ω
β
r

1

h
GTP
GDP
GTP-FtsZ
GDP-FtsZ
ϕ
τ0
l
τp
2π�
1
2
3
n
(n− 1)
(n− 2)
kon
koff
λ
(n− 1)λ
(n− 2)λ
2λ
µ
2µ
3µ
nµ
(n− 1)µ
(n− 2)µ
. . .
2�
ω
β
r

1

Fig. D.5: FtsZ polymers accumulated at the Z-ring. For a polymer of length l within the Z-ring, the probability that a
transverse line intersects is given by h/2π�.
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Fig. D.6: Binding to multiple sites. As multiple binding sites are available to a single polymer chain, binding is modelled as
a Markov chain where j is the maximum number of binding sites available. λ is the rate of association of FtsZ and a binding
site and µ is the rate of dissociation. test

To extend this to all polymers, the probability that a polymer molecule is intersected is given by

P(polymer hit) =
l0
π2�

∞�

i=1

iPi, (D.11)

where l0 is the length of one FtsZ subunit, i is the number of subunits in the polymer and Pi is the probability

that a polymer has length i subunits. The value of the summation is determined by the population of FtsZ

molecules assembled at the Z-ring and bound to the membrane via anchors. The probability that a selected

polymer has length i subunits is given by the concentration of polymers of length i, divided by the total

polymer concentration,

Pi = Zi

� ∞�

i=1

Zi (D.12)

Multiplying by the number of subunits, and summing for all values of i gives the average polymer length.
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Fig. D 3 FtsZ polymers accumulated at the Z-ring. For a polymer of length l
within the Z-ring, the probability that a transverse line intersects is given by
h/2πς .

To extend this to all polymers, the probability that a polymer
molecule is intersected is given by

P(polymer hit) =
l0

π2ς

∞

∑
i=1

iPi, (D.11)

where l0 is the length of one FtsZ subunit, i is the number of
subunits in the polymer and Pi is the probability that a polymer
has length i subunits. The value of the summation is deter-
mined by the population of FtsZ molecules assembled at the
Z-ring and bound to the membrane via anchors. The proba-
bility that a selected polymer has length i subunits is given by
the concentration of polymers of length i, divided by the total
polymer concentration,

Pi = Zi

�
∞

∑
i=1

Zi . (D.12)

Multiplying by the number of subunits, and summing for all
values of i gives the average polymer length. Therefore,

∞

∑
i=1

iPi =
∞

∑
i=1

iZi

�
∞

∑
i=1

Zi = ī , (D.13)

and

P(polymer hit) =
l0 ī

π2ς
. (D.14)

Since

NZ �
∞

∑
i=1

Ni , (D.15)

the expectation of the number of polymers intersected by the
transverse line is given by

E(number of polymers hit) =
∞

∑
i=1

l0 ī
π2ς

Ni =
l0 īNZ

π2ς
. (D.16)

To calculate the tension through the transverse line, the
number of anchors and the maximum force sustainable per
anchor is considered. For a polymer intersected by the trans-
verse line, the expectation of the number of anchor sites on
one side of the line is given by the number of subunits within
the polymer and the probability that a subunit is adjacent to an
anchor binding site. Therefore

E(anchors | i) =
1
2

Pa i , (D.17)

where the correction factor of

1
1− (1−Pa)i , (D.18)

used previously, has been omitted since this tends to 1 for in-
creasing values of i. The force sustainable, perpendicular to
the transverse line is then proportional to the number of an-
chors and depends on the angle ϕ so

E(max force | i) ∝ E(anchors | i)
1
π

� π

0
sinϕ dϕ . (D.19)
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Evaluating the integral and substituting for E(anchors | i) from
Equation (D.17) gives

E(max force | i) ∝ Pa i
π

, (D.20)

and for any polymer intersected,

E(max force) ∝ Pa ī
π

. (D.21)

This is the expectation of the maximum force sustainable for a
single polymer. For the total number of polymers intersected
by the transverse line from Equation (D.16), the total maxi-
mum force is given by

E(max force of line) ∝ Pa ī
π

.
l0 īNZ

π2ς
=

Pa l0
π3 r

.
ī2NZ

ρ
. (D.22)

The expectation of the maximum tension in the line is then
given by the expectation of the maximum force of the line
divided by the line length ω ,

E(max tension of line) ∝ Pa l0
π3ωr

.
ī2NZ

ρ
. (D.23)

On the assumption that the attachment to the anchor is the
weak point, the maximum tension τ̂ is given by,

τ̂ = F
Pa l0
ωr

.
ī2NZ

ρ
, (D.24)

where F is proportional to the force of the interaction of FtsZ
and a single anchor site and accounts for the factor of 1/π3.

E The present model resolves the truncation
artefact of the Surovtsev model14

The present model is based on the conceptual division of the
cell into three compartments. Surovtsev et al. 14 assumed that
FtsZ monomers and dimers are dispersed throughout the cell
but that polymers of length i ≥ 3 subunits are located exclu-
sively in the midcell region. However, the two regions were
not modelled as separate compartments. Instead, the concen-
trations of polymers of length i ≥ 3 were scaled by a factor ξ ,
the ratio of the midcell volume to the cytosol volume, and re-
actions proceeded between all the molecules in the system.
The Surovtsev ODEs, provided in Appendix A, included terms
for nucleotide exchange, dimerisation, elongation, annealing,
polymer cyclisation, and GTP hydrolysis reactions, with the
factor ξ used to account for any “interfacial” reaction. For ex-
ample, the increase in the trimer concentration due to dimer
elongation was scaled to be 1000 times larger than the corre-
sponding decrease in the dimer concentration.

The scaling factor ξ on the modelled population of FtsZ
engenders a truncation artefact: long open polymers accumu-
late with increasing concentrations towards imax, as shown in
Figure E1A. Increasing the value of imax then shifts the in-
crease in concentration to greater values of i. As a result,
the average open polymer length depends on imax. For ex-
ample, for imax = 150, the average open polymer length is
62 subunits whereas for imax = 200, the average open polymer
length is 70 subunits. At such high concentrations of poly-
mers, the value of imax is not sufficiently high to avoid trunca-
tion artefacts, due to their confinement to the midcell region.
As can be seen in Figure E1B-D, the artefact is not observed
for any of the three compartments in the present model. The
average polymer length for the membrane-bound population is
considerably lower than in the Surovtsev model14, at 14 sub-
units for imax = 150 and if the maximum length is increased
to imax = 200, the average membrane-bound polymer length
remains at 14 subunits. Thus imax = 150 is sufficiently high to
avoid the truncation artefact. Surovtsev et al. 14 acknowledge
that the value for imax was fixed at 150 due to limitations of
the software used. However, the present model shows that in-
cluding (i) the diffusion of FtsZ into the midcell region, in a
more physically realistic manner, and (ii) an explicit model of
FtsZ membrane binding, prevents the truncation artefact and
the formation of polymers as long as those in the Surovtsev
model14. The formation of long polymers was due to the arti-
ficial increase in the FtsZ concentration with the confinement
to the midcell volume.
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Fig. 3: The effect of FtsZ diffusion between the cell caps and midcell compartments. FtsZ polymer concentrations are plotted
for length i at different time points. Inclusion of FtsZ diffusion between the cell caps and the midcell region removes the
accumulation of long open polymers in the Surovtsev model [14]. The concentration of cyclic polymers becomes negligible.
(A) The concentration of open polymers in the Surovtsev model. (B) The concentration of cyclic polymers in the Surovtsev
model. (C) The concentration of open polymers where FtsZ diffusion is included. (D) The concentration of cyclic polymers
in the midcell compartment where FtsZ diffusion is included. kex1 = 0.01µM−1s−1, kex2 = 0.005µM−1s−1, kdim1 = kel1
= kan1 = 4µM−1s−1, kdim2 = 40 s−1, kel2 = 0.4 s−1, khyd = 0.15 s−1, kdif = 30µm3s−1, kcyc1 = 60 s−1, kcyc2 = 0.4 s−1,
χ = 0.001, σ = 0.5, [GTP] = 90µM, [GDP] = 10µM and [FtsZ]total = 20µM.

FtsZ predicting a value of approximately 30% in vivo [24]. The properties of the bound FtsZ population

reach equilibrium within 5 seconds. This is more rapid than the expected Z-ring assembly time of 1 minute

observed for E. coli cells with a cell cycle of 2 hours [25, 26].

4.1. Loss of FtsZ GTPase activity as a recovery mutation

The average bound polymer length and the percentage localisation depend on the rate of GTP hydrolysis.

For example, reducing the rate of GTP hydrolysis in the model to 80% of that observed in vitro, khyd = 0.12

s−1, increases the average polymer length to 25 subunits and the percentage incorporation to 30. As can be

seen in Figure 4, a reduction in the rate of GTP hydrolysis from the wild-type in vitro rate, khyd = 0.15 s−1,

increases the equilibrium value of the contraction parameter �, defined in Equation (26). Conversely, an

increase in the rate of GTP hydrolysis decreases the equilibrium value of �. Since the threshold value α does

not depend on the rate of GTP hydrolysis, as shown in Equation (24), the model solution suggests that a

loss-of-function mutation in FtsZ does not reduce the ability of the cell to initiate contraction and may even

render the cell better able to divide. On the assumption that the wild-type threshold parameter αWT lies
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Fig. E.1: The effect of FtsZ diffusion between the cell caps and midcell compartments. FtsZ polymer concentrations are
plotted for length i at different time points. Inclusion of FtsZ diffusion between the cell caps and the midcell region removes
the accumulation of long open polymers seen in the Surovtsev model [14]. (A) The concentration of open FtsZ polymers in
the “in vivo” Surovtsev model, χ = 0.001, σ = 0.5, kcyc1 = 60 s−1, kcyc2 = 0.4 s−1. All other parameter values as shown in
Table 1. (B) The concentration of FtsZ polymers in the cell caps in the present model. (C) The concentration of FtsZ polymers
in the midcell region in the present model. (D) The concentration of FtsZ polymers in the midcell membrane compartment in
the present model.

39

Fig. E 1 The effect of FtsZ diffusion between the cell caps and midcell compartments. FtsZ polymer concentrations are plotted for length i at different time
points. Inclusion of FtsZ diffusion between the cell caps and the midcell region removes the accumulation of long open polymers seen in the Surovtsev model. 14

(A) The concentration of open FtsZ polymers in the “in vivo” Surovtsev model, ξ = 0.001, σ = 0.5, kcyc1 = 60s−1, kcyc2 = 0.4s−1. (B) The concentration of
FtsZ polymers in the cell caps in the present model. (C) The concentration of FtsZ polymers in the midcell region in the present model. (D) The concentration
of FtsZ polymers in the midcell membrane compartment in the present model. All parameter values as shown in Table 1.
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M. Vélez, Proc. Natl. Acad. Sci. USA, 2012, 109, 8133–8138.
23 H. Erickson, Proc. Natl. Acad. Sci. USA, 2009, 106, 9238–9243.
24 D. RayChaudhuri and J. T. Park, Nature, 1992, 359, 251–254.
25 L. Romberg and T. Mitchison, Biochemistry, 2004, 43, 282–288.
26 Y. Chen, K. Bjornson, S. Redick and H. Erickson, Biophys. J., 2005, 88,

505–514.
27 D. Scheffers, J. de Wit, T. den Blaauwen and A. Driessen, Biochemistry,

2002, 41, 521–529.
28 D. Scheffers, J. de Wit, T. den Blaauwen and A. Driessen, FEBS letters,

2001, 494, 34–37.
29 S. Pichoff and J. Lutkenhaus, Molecular Microbiology, 2005, 55, 1722–

1734.
30 Z. Liu, A. Mukherjee and J. Lutkenhaus, Molecular Microbiology, 1999,

31, 1853–1861.
31 T. Beuria, S. Mullapudi, E. Mileykovskaya, M. Sadasivam, W. Dowhan

and W. Margolin, Journal of Biological Chemistry, 2009, 284, 14079–

14086.
32 C. Lu, J. Stricker and H. Erickson, Cell Motil Cytoskeleton, 1998, 40,

71–86.
33 S. Rueda, M. Vicente and J. Mingorance, Journal of bacteriology, 2003,

185, 3344–3351.
34 J. Pla, M. Sánchez, P. Palacios, M. Vicente and M. Aldea, Molecular

Microbiology, 1991, 5, 1681–1686.
35 L. Romberg, M. Simon and H. Erickson, J. Biol. Chem., 2001, 276,

11743–11753.
36 C. Culbertson, S. Jacobson and J. Ramsey, Talanta, 2002, 56, 365–373.
37 B. Corbin, Y. Wang, T. Beuria and W. Margolin, Journal of Bacteriology,

2007, 189, 3026–3035.
38 K. Schmidt, N. Peterson, R. Kustusch, M. Wissel, B. Graham, G. Phillips

and D. Weiss, Journal of Bacteriology, 2004, 186, 785–793.
39 J. Stricker, P. Maddox, E. Salmon and H. Erickson, Proc. Natl. Acad. Sci.

USA, 2002, 99, 3171–3175.
40 S. Haney, E. Glasfeld, C. Hale, D. Keeney, Z. He and P. de Boer, Journal

of Biological Chemistry, 2001, 276, 11980–11987.
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