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Abstract In this paper we study cluster algebras A of type Ag). We solve the
recurrence relations among the cluster variables (which form a T-system of type
A(zl)). We solve the recurrence relations among the coefficients of .4 (which form
a Y-system of type Aél)). In A there is a natural notion of positivity. We find linear
bases B of A such that positive linear combinations of elements of B coincide with
the cone of positive elements. We call these bases atomic bases of A. These are the
analogue of the “canonical bases” found by Sherman and Zelevinsky in type Ai”.
Every atomic basis consists of cluster monomials together with extra elements. We
provide explicit expressions for the elements of such bases in every cluster. We prove
that the elements of B are parameterized by Z* via their g-vectors in every cluster.
We prove that the denominator vector map in every acyclic seed of A restricts to a
bijection between B and Z>*. We find explicit recurrence relations to express every
element of A as linear combinations of elements of B.

Keywords Cluster algebras-T and Y systems - Positivity

Mathematics Subject Classifications (2010) 13F60

1 Introduction

Cluster algebras were introduced in [16] by Fomin and Zelevinsky in order to define
a combinatorial framework for studying canonical bases in quantum groups. In this
perspective, it is an important problem, still widely open, to construct explicitly linear
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978 G. Cerulli Irelli

bases of cluster algebras. Among possible bases of a cluster algebra A (see [4, 5, 13,
14, 20]), there may exists a specific one of particular interest, that we call atomic
basis. In previous versions of this paper and in the papers referring to it [7, 8, 13] the
atomic bases were called canonically positive. We prefer to change the name after
private conversations with Andrei Zelevinsky and other experts. It is not known in
general if such a basis exists. For cluster algebras of type A, and A(ll), Sherman and
Zelevinsky were able to construct atomic bases in [30]. In a forthcoming paper the
author will show that cluster monomials form an atomic of cluster algebras of finite
type. By now these are the only known examples.

In this paper we prove the existence of atomic bases B for every cluster algebra of
type A(zl). We provide a completely explicit description of the elements of B which
consists of cluster monomials together with extra elements. We find explicit straight-
ening relations which provide a recursive way to compute the linear expansion in B
of every element of A. Our proof of the existence of an atomic basis B of A follows
[30] but with an important technical difference: we prove that the powerful g-vector
parametrization of cluster monomials found in [17] extends to the elements of B.
In particular we work directly in the cluster algebra with coefficients in an arbitrary
semifield. This allows us to provide explicit formulas for the elements of B. Moreover
we think that this approach can help in the study of the existence of atomic bases of
cluster algebras of higher rank in view of results of [18] and [11] and of the geometric
realization of B given in [8] and [13].

The paper is organized as follows: in Section 2 we collect the main results and the
remaining sections are devoted to proofs.

2 Main Results

A semifield P = (P, -, ®) is an abelian multiplicative group (P, -) endowed with an
auxiliary addition & : P x P — P which is associative, commutative and a(b @ ¢) =
ab & ac for everya, b, c € P.

The main example of a semifield is a tropical semifield: by definition a tropical
semifield Trop(y;: j € J) is an abelian multiplicative group freely generated by the
elements {y; : j € J} (for some set of indexes J) endowed with the auxiliary addition
@ given by:

aj b min(a;,b;)
[Dyellyy =TI
j J

J

It can be shown (see [16, Section 5]) that every semifield P is torsion-free as a
multiplicative group and hence its group ring ZP is a domain. Given a semifield P,
let QPP be the field of fractions of ZIP and Fp = QP(x1, x», x3) be the field of rational
functions in three independent variables with coefficients in QP. We consider the
ZP-subalgebra Ap of FP defined as follows: we choose arbitrarily three elements y;,
v, and y; of P. We consider the family {y;.,, : m € Z} C IP of coefficients defined by
the initial conditions:

Yiy2
yi @1

1
Yio=—, Y1 =Y, Y12 =
Y3
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Cluster Algebras of Type A;]) 979

together with the recursive relations:

Yim+2Y1;m+1 1)
OVimr1 @ DYim2 @ 1)

We consider the following rational functions w, z of Fp:

YimYim+3 =

it _ Y1Y3XiXa + yi + XoX3 2)
(e Dy’ 3@y @ Dxixs
We consider the elements x,,,, m € Z, of Fp defined recursively by:
X3 = w (3)

yl;m®1

By definition Ap is the ZP-subalgebra of Fp generated by the rational functions w, z
and x,,, m € Z.

In Section 3.2 we prove that Ap is the cluster algebra with initial seed (see
Section 3.1 for some background on cluster algebras)

0 1 1
Y=1{H= —1 0 1 X = {x1, X2, x3},y = {y1, y2, y3} ¢ - 4)
-1 -1 0

The rational functions w, z and x,,, m € Z, are the cluster variables of Ap. To the
matrix H is naturally associated the quiver

Q= =3 )

whose underlying graph is an extended Dynkin graph of type A(zl). The algebra Ap is
hence called a cluster algebra of type Ag) (see [4]). For P = {1} such cluster algebra
appears in [16, Example 7.8].

The family of coefficients {y;.,,} form a Y-system of type A(zl) (see [25]). We solve
the recursion (Eq. 1) in Eq. 45. The family of cluster variables form a 7T-system of
type A;l) . We solve the recurrence (Eq. 3) in Theorem 2.3.

The clusters of Ap are the sets {X,, Xpi1, Xmi2}, {Xome1, W, X2me3) and the set
{X2m, 2, X242} for every m € Z. Every cluster variable s; can be completed to a
cluster C = {s1, 52, 53}. Every cluster forms a free generating set of the field Fp, so
that Fp >~ QP(sy, 52, 53). Figure 1 shows (a piece of) the “exchange graph” of Ap.
By definition it has clusters as vertexes and an edge between two clusters if they
share exactly two cluster variables. In this figure cluster variables are associated with
regions: there are infinitely many bounded regions labeled by the x,,’s, and there
are two unbounded regions labeled respectively by w and z. Each cluster {sy, s, 53}
corresponds to the common vertex of the three regions sy, s, and s3.

We have already observed that Fp >~ QP(sy, 55, s3) for every cluster {si, s>, 53}
of Ap and hence every element of Ap can be expressed as a rational function in
{s1, 52, s3}. By the Laurent phenomenon proved in [16], such a rational function is
actually a Laurent polynomial. Following [30] we say that an element of Ap is positive
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980 G. Cerulli Irelli

w

X0 X2 X4

Fig. 1 The exchange graph of Ap

if its (irreducible) Laurent expansion in every cluster has coefficients in ZoP.
Positive elements form a semiring, i.e. sums and products of positive elements are
positive. We say that a ZP-basis B of Ap is atomic if the semiring of positive elements
coincides with the Z-(P-linear combinations of elements of it. If an atomic basis
exists, it is composed by positive indecomposable elements, i.e. positive elements
that cannot be written as a sum of positive elements. Moreover such a basis is unique
up to rescaling by elements of P.

Definition 2.1 Let W := (y, & )w and Z = (y;y3 & y; b 1)z. We define elements
{u,| n > 0} of Ap by the initial conditions:

up=2, uy=2ZW—yiy3—y (6)
together with the recurrence relation
Unt1 = Uilly — Y1Y2Y3Up-1, 1 > 1. (7
Theorem 2.1 The set
B := {cluster monomials} U {u,w*, u,z%|n > 1, k > 0} 8)

is an atomic basis of Ap. It is unique up to rescaling by elements of P.

Theorem 2.1 shows that the atomic bases of Ap consist of cluster monomials
together with some extra elements. This is precisely the form of other linear
bases constructed for cluster algebras of affine type: the generic basis introduced
by G. Dupont (see [12, 14, 20]); the semicanonical basis introduced by Caldero
and Zelevinsky [5] and the basis obtained by Dupont by using transverse quiver
Grassmannians [13].

The proof of Theorem 2.1 is given in Section 6. We now collect some properties
of the basis B.

2.1 Parametrization of B by Denominator Vectors

By the already mentioned Laurent phenomenon [16, Theorem 3.1] every element
b of Ap is a Laurent polynomial in {x;, x, x3} of the form W for some
primitive, i.e. not divisible by any x;, polynomial N, € ZIP’[xl,xz,I xg] 3in X1, Xo and
X3, and some integers d;, d», d3. We consider the root lattice Q generated by an
affine root system of type A;” . The choice of a simple system {o;, @z, o3}, with
coordinates {ey, e;, e3}, identifies Q with Z3. We usually write elements of Q as
column vectors with integer coefficients and we denote them by a bold type letter.

@ Springer



Cluster Algebras of Type A;l) 981

The map b — d(b) = (di, d», d3)" is hence a map between Ap and Q; it is called
the denominator vector map in the cluster {x, x», x3}. The denominator vector of
xp=1/(x; Y equals —«;, i = 1,2, 3. The following result provides a parametrization
of B by Q via the denominator vector map. Recall that given § := (1, 1, 1), the
minimal positive imaginary root, and I1° = {«;, o3}, a basis of simple roots for a root
system A° of type A,, the positive real roots of Q are of the form « + né withn > 0
if & is a positive root of A° and n > 1 if « is a negative root of A° (see e.g. [24,
Proposition 6.3]).

Theorem 2.2 The denominator vector map d: Ap — Q : b +— d(b) in the cluster
{x1, x2, x3} restricts to a bijection between B and Q. Under this bijection positive real
roots of the root system of type A;l) correspond to the set of cluster variables dif ferent
from xy, x, and x5 together with the set {u,w, u,z|n > 1}. Moreover for every cluster
C = {cy, 2, c3}, the set {d(cy), d(c2), d(c3)} is a Z-basis of Q.

The denominator vector map in the cluster {x;, w, x3} does not restrict to a
bijection between B and the whole lattice Z* (see Remark 3.2).

In Lemma 3.2 we show the denominator vectors of the elements of B in {x1, x», x3}.
Figure 2 depicts the qualitative positions of denominator vectors of cluster variables
(different from the initial ones) in Q: it shows the intersection between the plane
P ={e; +e>+e3 =1} and the positive octant Q. of the real vector space QOr
generated by Q; a point labeled by d(s) denotes the intersection between P and the

o®® “f_‘d(‘x‘-s)‘*, ‘ )

d(x_mr1))

o de)
‘ d(¥ip) i
d(xs) "

d(w)

(1,0,0) 0,1,0

Fig. 2 “Cluster triangulation” of the intersection between the positive octant QO and the plane
P = {e1 + ex + e3 = 1}. A dotted line joins two points corresponding to cluster variables belonging to
the same cluster. The double line between w and z denotes the intersection with the “regular” cone
which contains the denominator vector of all the elements w,,w* and u,, z*
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982 G. Cerulli Irelli

line generated by the denominator vector of the cluster variable s. A dotted line joins
two cluster variables that belong to the same cluster. In view of Theorem 2.2, these
lines form mutually disjoint triangles. We notice that some of the points of P N O do
not lie in one of these triangles. All such points belong to the line between d(w) and
d(z) that is denoted by a double line in the figure. This is the intersection between
‘P and the “regular” cone generated by d(w) and d(z). The denominator vector of
u,w* and u, z*, for all n, k > 0, lie in the regular cone. Figure 2 appears also in [10]
where the authors analyze the canonical decomposition of the elements of Q. Indeed
denominator vectors of cluster variables are positive real Schur roots (see [2, 4]).

2.2 Explicit Expressions of the Elements of B

Our next result provides explicit formulas for the elements of B in every cluster of
Ap. By the symmetry of the exchange relations it is sufficient to consider only the

two clusters {x;, x5, x3} and {x, w, x3} and only cluster variables x,, with m > 2 (see

Remark 3.1). We use the notation x® := x{'x7 x5

Theorem 2.3 Let P be any semifield. For a cluster variable with denominator vector
d = (dy, d», d3)" in the cluster {x,, x>, X3} we use the notation

g(e):=(ex+es,di—e +e,d +dy—e —e).

For every m,n > 1 the following formulas hold:

Xe () o) (e DX + g

Yom+1 = ej—e3\ (m—1—e3) (e;—1 m—1_m—1_m—2
(G [t [ P R B

e T Oty g
(@ DLy @) wp g

e () [ (L D e

U, =

n-n..n

X xh x4
— 1 . Y2y .
Letp; :=y1(y2® 1), p2 := % and p3 1= ﬁ For every m,n > 1:

m—1—es\ (e;—1\ . e1 €3 2e3 ¢ —es 2m—2e;—2 2m—2
Z:0’1,63 (m—l—el)( e3 )pl p3Xw X3 +X3
Xom+1 =

(@ () wipT @ 1) e

m—1l—ez+ex\ fe;—1\ (1 e 2est+1—en - 2m—2e;—14+e) 2m—1
Ze (m—l—e?+ez)( 133 )(ez)p X w” esx”i + x3 (p2x3 + xl)

Fom+2 = m—1—e3+ex\ (e1—1\ (1) e 1 m m—1
(@e (mflfemLez)( e3 )(ez)p ®p2 ©® ) X1 WX3
PR [0 () (2 ) (o e
€1,e3
Uy =

n..n
X1X3
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o = PIP2P3xT + PIpIps¥iXs + Pipaw + paxi + i3
(P1P2P3 D P1P3Ps B P1P2 D P2 D 1) xjwax3

©)

2.3 Parametrization of B by g-Vectors

In [17, Section 7] it is shown that cluster monomials are parameterized by some
integer vectors called g-vectors. In this section we extend such parametrization
to all the elements of B. Given a polynomial F € Zs,[zi, -, z,] With positive
coefficients in 7 variables and a semifield P = (P, -, @), its evaluation F|p(yy, - , Yn)
at (y1,-+-, yn) € P x --. x Pis the element of P obtained by replacing the addition of
Z(zy, -+, 2,) with the auxiliary addition & of P in the expression F(yy, -+, y,). This
operation is well-defined since the resulting element of P does not depend on the par-
ticular coefficient-free expression for F(yy, - -, y») (see [17, Definition 2.1]). For ex-
ample the evaluation of F(zy, z2) := z; + 1 at (yy, ¥2) € Trop(y1, y2) x Trop(y1, y2)
is 1. Let IP be a semifield and let Ap be a cluster algebra of type A;l) with coefficients
inPandlet X = {H,C, {y1, y2, y3}} be a seed of Ap, so that H is an exchange matrix,
C is a cluster and y,, y, and ys3 are arbitrarily chosen elements of IP (see Section 3.1).

We use the notation s® := s7's7’s5’.

Proposition 2.1 For every cluster monomial b of Ap there exist a (unique) polynomial
F}f € Z>olz1, 22, 23] in three variables, with non-negative coefficients and constant
term 1 and a (unique) integer vector gg € 73 such that the expansion of b in the cluster
C = {s1, 52, 83} Is:

b= Flg(ylsh"Y2sh2’y3sh3)ng
FSIp(y1, ¥2, ¥3)

(10)

where h; is the i-th column vector of the exchange matrix H. For every n > 1 there
exist a (unique) polynomial an € Zsolz1, 22, 23] in three variables, with non-negative
coefficients and constant term 1 and a (unique) integer vector gSﬂ € Z? such that the
expansion of uy, in the cluster C is:

Uy = FS (yis™, yos™, Y358 . (11)

In view of Proposition 2.1, every element b € B determines a polynomial F,f and
an integer vector gf, for every cluster C of Ap. The polynomial F,‘f and the vector gg
are called respectively the F-polynomial and the g-vector of b in the cluster C. The
previous proposition is the key result for our proof of Theorem 2.3. In Section 5.1 we
find the explicit expression of F-polynomials and g-vectors of every element of B in
every cluster.

We notice that in view of Proposition 2.1 the F-polynomials of every cluster
variable in every cluster has non-negative coefficients. This establishes the positivity
conjecture formulated in [17] for every cluster algebra of type A;'). In particular this
result follows from results of [27] since cluster algebras of type A;l) are associated to
an unpunctured surface in the sense of [15].

We can define more intrinsically F-polynomials and g-vectors as follows: consider
the tropical semifield P = Trop(y1, y2, y3) generated by the coefficients of X and
expand a cluster monomial b € Ap in the cluster C. Since Ff has constant term 1,

@ Springer



984 G. Cerulli Irelli

Fg lp(¥1, ¥2, y3) = 1. It hence follows that if we replace sy, s, and s3 by 1 in Eq. 10 we
get F§ (y1. y2, y3)-

The g-vector of b can be defined as follows: let P = Trop(y,, y2, y3); following
[17] we consider the principal Z3-grading of Ap given by

deg(s;) = e;, deg(y;) = —h;, i=1,2,3 (12)

(e; is the i-th basis vector of Z3). The element J; := y;s", i = 1, 2, 3, has degree zero
with respect to such grading. Therefore, since F,‘fl]p( Y1, Y2, ¥3) = 1, every element b
of B is homogeneous with respect to such grading and the g-vector gg is its degree.

The relation between denominator vectors and g-vectors in the cluster {x;, x;, x3}
is given by the following proposition.

Proposition 2.2 Let b be an element of B not divisible by x|, x, or x3. The g-vector g,
of b and its denominator vector d(b) both in the cluster {x|, x,, x3} are related by

—1 0 0
= 1 -1 0o |d®) (13)
1 1 -1
If b is a cluster monomial in the initial cluster {x|, x,, x3} then g, = —d(b).

Formula 13 between the g-vector and the denominator vector of a cluster variable
in an “acyclic” seed can be deduced from results of [18] and [11]. We notice
that the map (Eq. 13) is bijective, and hence by combining Proposition 2.2 and
Theorem 2.2, we get that the map b — g, restricts to a bijection between B and
Z3. The denominator vector map in the cluster {x;, w, x3} is not surjective; on the
other hand, as expected for cluster monomials ([17, Conjecture 7.10], proved in
[18, Theorem 6.3]), there is a bijective map (see Eq. 108) between the g-vectors
of the elements of B in {x|, x;, x3} and in {x;, w, x3}. We have hence the following
parametrization of B by Z? via the g-vector map.

Proposition 2.3 Given a cluster C of A, the map b +> gg which sends an element b of
B to its g-vector gg in the cluster C, is a bijection between B and Z>.

The last comment about Eq. 13 is the following: we note that the matrix in Eq. 13
equals —Ey where Eo denotes the Euler matrix of the quiver Q given in Eq. 5.
In [28] it is shown that the weight of the Schofield’s semi-invariant cy, where V
is an indecomposable Q-representation of dimension vector d = d(b), is given by
—FEd and in view of Eq. 13, is the g-vector of b. In particular one could deduce
Proposition 2.3 from results of [21].
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3 Cluster Algebras of Type A;l)
3.1 Background on Cluster Algebras

Let P be a semifield (see Section 2). Let Fp = QP(xy, - - - , x,) be the field of rational
functions in » independent variables xy, - - -, x,. A seed in Fp is a triple ¥ = {H, C, y}
where H is an n x n integer matrix which is skew-symmetrizable, i.e. there exists
a diagonal matrix D = diag(d,, --- ,d,) with d; > 0 for all i such that DB is skew-
symmetric; C = {sy, - - - , ,} is an n-tuple of elements of Fp which is a free generating
set for Fp so that Fp >~ QP(sy, - - -, 5,); and finally y = {y1, - - - , y,} is an n-tuple of
elements of P. The matrix H is called the exchange matrix of X, the set C is called the
cluster of ¥, its elements are called cluster variables of ¥ and the set y is called the
coefficients tuple of the seed X.

We fix an integer k € [1, n]. Given a seed X of Fp we define another seed Iy :=
{Hk, Cr, yx} by the following mutation rules (see [17]):

(1) the exchange matrix Hy = (h;l-) is obtained from H = (h;j) by

;o —hjj ifi=korj=k
hi]' - { hij 4 sg(hi) [hirchi] + otherwise (14)
where [c] := max(c, 0) for every integer ¢ and sg(c) is the sign of c;
(2) the new coefficients tuple yx = {y},--- , y,} is given by:
1
, — if j=k
Y= e Yk (15)
yive " (yk @ D)7 otherwise.
(3) the new cluster Cy is given by Cx = C \ {sx} U {s;} where
.k l_[i sl[hxkh + Hi sl[*h[k]+ .
Sy 1= ; (16)
(V& @ Dsi

It is not hard to verify that ¥, is again a seed of Fp. We say that the seed Xy is
obtained from the seed X by a mutation in direction k. Every seed can be mutated in
all the directions.

Given a seed ¥ we consider the set x (X) of all the cluster variables of all the seeds
obtained by a sequence of mutations. The rank n cluster algebra with initial seed %
with coefficients in P is by definition the ZP-subalgebra of Fp generated by x (X); we
denote it by Ap(%).

The cluster algebra Ap(X) is said to have principal coefficients at ¥ and it is
denoted by A,(Z) if P = Trop(y1, -+ - yn)-

If the semifield P = Trop(cy, - - - , ¢,) is a tropical semifield, the elements of [P are
monomials in the ¢;’s. Therefore any coefficient y;of aseed ¥ = {H,C, {y1,--- , ya}}
is a monomial of the form y; =[]._, cf’”*"" for some integers Ay,41,j, -+ -, Bpyr,j. It S

convenient to “complete” the exchange n x n matrix H to a rectangular (n +r) x
n matrix H whose (i, j)-th entry is h;j. The seed ¥ can hence be seen as a couple
{H, C} and the mutation of the coefficients tuple (Eq. 15) translates into the mutation
(Eq. 14) of the rectangular matrix . We sometimes use this formalism.

We say that two seeds ¥ ={H,C,y} and X' ={H',C’,y} of a cluster alge-
bra of rank n are equivalent if there exists a permutation o of the index set
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986 G. Cerulli Irelli

[1,n] :={1,---,n} such that h,o;) = h;j, Sei) =S; and y,; = y; for every i, j e
[1,n]. An equivalence class [X] is called an unlabeled seed. In particular clusters
and coefficient tuples of unlabeled seeds are sets, while in labeled seeds they are
sequences. With abuse of language in both cases we denote them with braces {...}.
The mutation u; of an unlabeled seed [X] in direction i can be defined as [u;(X)]
and it hence depends on the particular choice of a representative X of [X]. It is not
well-defined. We hence prefer to refer to a mutation of [X] as one of the unlabeled

seeds {[u; 2] :i=1,---,n}. We often consider unlabeled seeds in this paper. We use
the cyclic representation of a permutation o so that o = (i1, 7, - , i) denotes the
permutation o such that o (ix) = ix4; if k=1,--- ,t — 1 and o (i;) = i;; all the other

indices are fixed by o.

Example 3.1 The seed

0 1 1
Si=yH=| -1 0 1 [|,x={x,x,x}bLy={y .y}
-1 -1 0
is equivalent to the seed
0o -1 -1
T=1H =1 0 1 |.X={gx.xnhy =y
1 -1 0

by the permutation (1, 3, 2).

3.2 Algebraic Structure of Ap

LetP = (P, -, ®) be a semifield and .Ap be the cluster algebra with initial seed

0 1 1
S=3dH=| -1 0 1 [|,x={x,x,x}Ly={y,y2, ys}
-1 -1 0

The following lemma gives the algebraic structure of Ap.

Lemma 3.1 The unlabeled seeds of the cluster algebra Ap with initial seed & = % are
the following:

2:m = {th {xm’ Xm+1, xm+2}’ {yl;m7 Yo.m» y3;m}}, (17)
Zom-1 = {HR om0, Xomn b AVt Yol Ysiamoi H (18)
o = VHRC (Xams 2 Xamiabs {Yioms Yoioms Yoam |} (19)
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Cluster Algebras of Type A;l) 987
for every m € 7Z; they are mutually related by the following diagram of mutations:
T Zomt1 (20)
Zom-1 Zom Yomt1 Xom+2
cyc cyc
E2m 2:2m+2

where arrows from left to right (resp. from right to left) are mutations in direction 1
(resp. 3) and vertical arrows (in both directions) are mutations in direction 2. The seed
3, Is not equivalent to the seed T, if m # n, in particular the exchange graph of Ap is
given by Fig. 1 and every cluster C determines a unique seed €. The exchange matrices

H,, and Hf,fdic are the following:

0o 1 1 0o -1 2
H,=| -1 0 1 |, H = 1 o0 -1 (21)
-1 -1 0 -2 1 0

for every m € Z. The exchange relations for the coefficient tuples are the following:

Yur =Y, Yz1=Y2 Y31 =D)3 (22)
Y2amYi;m Y3mY1:m 1
Yiim+1 Vim @ 1 Y2im+1 Vi ® 1 V3;m+1 o (23)
Yiim—1 = yi; Y2m-1=YmY3m ®D:  Yim-1=Yom(Y3m @ 1) (24)
3:m
cye Yim . e _ cye V3mY2m 25
I;m Vam @ 1 2;m Voim ’ 3im V2m D1 ( )
cyc _cyc
e e e 2 e V7. yl; e 1
Yimir =YemWin @ )75 Vi ="Ge 73 Yimn =gz (20)
yl;m @1 yl;m
cyc _cyc
yl; y2; 1 . e
Yiim = LyTir;l, 2m — W; Y3m = yzyrcn(ygy; @ 1) (27)
2;m D 2;m
cyc _cyc
cyc 1 . cyc 2m73m cyc cyc cyc 2 28
I:m—2 = Ty 2m—2 = _cyc ’ y3;m—2 = yl;m ( 3;m @ 1) ( )
3;m 3m ®1
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The exchange relations for the cluster variables are the following:

Xm41Xmt2 + Yiim _ Yaima1Xmp1Xmy2 + 1

XpnXma3 = (29)
Yim @1 Yam+1 @1
cyc
Yoom—1Xom—1 + Xome1  Xom—1 T Yiippm_ 1 X2m+1
WXy = = cye (30)
yz;ZWI71 @ 1 y2;2}’}17l @ 1
cyc
Y2.2mXom + Xom+2 Xom + y2;2mx2m+2
ZXomy1 = = e (31)
Y2.2m @1 y2;2m ®1
2 cye cye 2
Xom T Yiiom—2Z  Vyom¥om T2
Xom—2Xom+2 = cyc 1 = cyc 1 (32)
Yiom— @ Y3iom ©
2 cye cye 2
ot T Viom—1®W  Viomp1Xomgpr T W
Xom—1X2m+3 = cyc = cyc (33)

Yiomo @1 Viomp @1

Proof of Lemma 3.1 We need to prove the diagram (Eq. 20) for every m € Z. Clearly
¥ coincides with the initial seed . Form > 2 let &, (resp. _,,+1) be the seed of Ap
obtained from X; by applying m — 1 times the following operation: first we mutate
in direction 1 (resp. 3) and then we reorder the index set of the obtained seed by
the permutation (1, 3, 2) (resp. 1, 2, 3) of the index set (as in Example 3.1). Assume
that %, (resp.X_,,41) has the form (Eq. 17), i.e. its exchange matrix is H,, (resp.
H_,,11), its cluster is {x,,, X;+1, Xm+2} and its coefficient tuple is {y1.u, Y2.m»> Y3:m}-
Then it is straightforward to check by induction on m that H,, is given by Eq. 21 and
the exchange relations passing from X, to £,,4, are given by Eq. 23 (resp. Eq. 24)
for the coefficient tuple and by Eq. 29 for the cluster variables.

Now it is straightforward to verify that, for every m € Z, X,, is obtained from %,
by mutating in direction 3 and then by reordering with the permutation (1, 2, 3).

The central line of the diagram is hence proved.

Let X7 be the seed obtained from X,, by the mutation in direction 2. Suppose that
=, has the form { H32“, {X., ¢, Ximia ) {yiy; ygy; ygy;} }. Then it is straightforward
to verify the following: that by Eq. 14 the exchange matrix H, " is given by Eq.
21; that by Eq. 15 the coefficient tuple satisfy Eq. 25 and by the exchange relation
(Eq. 16) the cluster variable c,, is given by:

_ Yam¥m + X2
(Y2.m ® DXpgn .

m

(34)

By using Eqgs. 23, 24 and 29, it is straightforward to verify that ¢,, = ¢, 4, for every
m € Z. We define w := ¢; and z := ¢, and we hence find that £5)° | has the form
(Eq. 18) and 5 has the form (Eq. 19). Now since two cluster variables can belong
to at most two clusters, we conclude that the mutation in direction 1 (resp. 3) of X,,°
is 2,77, (resp. ,,°5,).

We have hence proved the diagram (Eq. 20) and the fact that every cluster
determines a unique seed.

It remains to prove that the seeds {Z,,} (resp. {,;“}) are not equivalent for every

m € Z. It is sufficient to prove that x,, is different from x,, x, and x; for every m > 4.
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In view of the exchange relation (Eq. 29), the denominator vector of x,,, m > 4, in
the cluster {x;, x», x3} satisfies the initial conditions d(x4) = e, d(x5) = e; + e, and

d(xn13) + d(xm) = d(xpr1) + d(Xp2). (35)
The solution of this recursion is given in Lemma 3.2 below and it is clearly not
periodic. O

Remark 3.1 The expansion of a cluster variable x,,, (resp. xa,4,) in the cluster
{Xm, €, Xmy2} fOr ¢ = w or ¢ = Xp41, (resp. {Xom, Z, Xam42}) is obtained by the ex-
pansion of x4, (resp. Xamt14+x) in the cluster {xi, c, x3} (resp. {X2m+1, W, X2m+3}) by
replacing x; with x,,, ¢ with x, when ¢ # w, x3 with x,,,» and y; with y;,, (resp.
Xoms1 With Xpp, w With z, Xp43 With x40 and yiy, ., with y) ) for i=1,2,3 and
n, m € Z. Moreover the expansion of x_,,, is obtained from the expansion of x,,»
by replacing x; with x3, x3 with x; and y; with y3_1, y, with y2_1 and y; with y;'.

In the sequel we abbreviate and we write:
0o -1 2
DY = 10 -1 |.{xi,w,x3}, {p1,p2. p3} (36)
-2 1 0

for the seed X}’ obtained from the seed (Eq. 4) by a mutation in direction two. We
sometimes call £ the cyclic seed of Ap.

3.2.1 Denominator Vectors

In this subsection we compute denominator vectors of the elements of B in every
cluster of Ap. By the symmetry in the exchange relations it is sufficient to consider
only the two clusters {x;, x,, x3} and {x;, w, x3}.

Lemma 3.2 Denominator vectors in the cluster {xi,x,,x3} of cluster variables
different from x1, x, and x5 are the following: for m > 1

m—1 m
d(x2p41) = m—1 d(x2,42) = m—1 (37)
m—2 m— 1
[ m—1 ] m—1
d(x_omy1) = m dx_2m2) =| m—1 (38)
m m
0 |
dw)=| 1 [ d@=| 0 (39)
0 | 1
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For every n > 1 the denominator vector (in {x1, X2, x3}) of u,, is given by

n
dw) =] n |. (40)

n

In particular the denominator vector map establishes a bijection between
{cluster variables} U {u,w, u,z|n > 1} \ {x1, x2, x3} and the set of positive real roots of
the root system of type A(zl).

Proof In view of Remark 3.1 we have d(x_,,12) = (1, 3)d(x,,42) for every m > 2.
Then Eq. 38 follows from Eq. 37. We hence prove Eqgs. 37, 39 and 40. By induction
on m > 4, one verifies that Eq. 37 is the solution of the recurrence relation (Eq. 35)
together with the initial condition d(x;) = e;, d(xs) = e; + e, (e; being the i-th
canonical basis vector of Z3).

The equalities in Eq. 39 follow from Eq. 2.

It remains to prove Eq. 40. We notice that the denominator vector map s — d(s)
in a cluster C is additive, i.e. d(s;s2) = d(sy) 4+ d(s;). From its definition (Eq. 6), it
hence follows that the denominator vector of u; is the sum of d(w) and of d(z), i.e.
d(u;) = 8 = (1, 1, 1)". Then, by induction on n > 1, it follows from Eq. 7 that d(u,,) =
nd(u;) = né.

The last sentence of the lemma follows from the structure of a root system of type
A" recalled in Section 2. |

In view of a general well known result due to V. Kac [23], for every positive
real root d of a root system of type A(zl) there exists a unique (up to isomorphisms)
indecomposable representation M(d) of the quiver Q given in Eq. 5 whose dimension
vector is d. In particular, in view of Lemma 3.2, for every element b which is either
a cluster variable or u,w or u,z (n > 0) there exists a unique Q-representation M(b)
whose dimension vector is d(b). If b is a cluster variable, this is a special case of [4,
Theorem 3].

Corollary 3.1 For every m > 4, d(x,,) + d(u;) = d(x,,12). For every m <0, d(x,,) +
d(uy) = d(xm-2).

The following lemma shows the denominator vectors of the elements of B in the
cyclic seed.

Lemma 3.3 Let d”(b) be the denominator vector of b € B in the cluster {x,, w, x3}.
The following formulas hold: for m > 1

m-—1 m
d” (xomy1) = 0 d” (xomi2) = 1 (41)

m—2 m— 1
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m—1 | m—1
d” (x_om+1) = 0 4" (x_omi2) = 1 (42)
m i m
0] 1
&)= 1 | d“(@=| 1 (43)
0 ] 1

For every n > 1 the denominator vector (in {x,, w, x3}) of u,, is given by

n
d“w)=1| 0 |. (44)

n

Proof In view of Remark 3.1, d”(x_,42) = (1, 3)d¥(x,,42) for every m > 2. In
particular Eq. 42 follows from Eq. 41. We hence prove Egs. 41, 43 and 44. From
the exchange relations it follows that d*(x4) = e; + e, and d"(xs) = e;. From the
exchange relation (Eq. 29) it follows that the sequence of denominator vectors
d” (x,,) with m > 4 satisfies the relation:

4" (Xp43) +d" () = d¥ (1) + A7 Coni2).

By induction on m > 4 we verify that Eq. 41 is the unique solution of this recurrence.
The equalities in Eq. 43 follow by direct check.
The equality (Eq. 44) follows from the definition (Eq. 6). O

Many properties of denominator vectors of cluster variables can be found in [3]
and [1]. Here we notice two of them.

Remark 3.2 The denominator vector map in the cluster {x;, w, x3} does not restrict
to a bijection between B and Z* as noticed in [10]. For example the element (1, 2, 3)°
cannot be expressed as a non-negative linear combination of denominator vectors of
adjacent (in the exchange graph ) cluster variables.

Definition 3.1 [17, Definition 6.12] A collection of vectors in Z" (or in R") are sign-
coherent (to each other) if, for every i € {1, - - - , n}, the i-th coordinates of all of these
vectors are either all non-negative or all non-positive.

Corollary 3.2 Denominator vectors (in every cluster) of cluster variables belonging to
the same cluster are sign-coherent.

Proof By Lemmas 3.2 and 3.3 one verifies directly that for every cluster {sy, s», 53}
the sets {d(sy), d(s2), d(s3)} and {d"(s;), d* (s2), d”(s3)} of corresponding denomina-
tor vectors are sign-coherent. O
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3.3 Explicit Expression of the Coefficient Tuples

In this section we solve the recurrence relations (Egs. 22-28) for the coefficient
tuples of the seeds of Ap, for every semifield P. Such relations form a Y-system
(see [25]). The solution of this recurrence is given in terms of denominator vectors
and of F-polynomials in the cluster {x;, x5, x3} of the cluster variables of Ap. We
assume Proposition 2.1, even if its proof will be given later in Section 5.1. Then F; is
a polynomial with positive coefficients. In particular we can consider its evaluation
F|p at IP.

Proposition 3.1
e The family {y,.,, : m € Z} is given by

yd(«’CmH)

Yiim = (45)

Foppilp(Y) Engalp(y) .

where F,, denotes the F-polynomial of the cluster variable x,, in the cluster
{x1, x2, x3} and we use the notation F(y) := F(y\, y2, y3) for every polynomial F
in three variables.

e The family {ys.,, : m € Z} is given by:

1
yrr=y2, Yuo=@® Dy, yr1=02:0 0 1)7 (46)
3

For everym > 1

Fomlp(y)
oy = 2m[P(Y) 47
P2 Pl )
F_om 1
Vaiom = Foomle(y) 1 (48)
Foomialp(y) y2
Fomny1lp(y)
yy = 2P 49
P il ) )
F_ o, 1
Voot = Foomalp@y) 1 (50)
Foomi1le(y) y1y3
The family {ys;m| m € Z} is given by yz.ms1 = 1/y1:m-
The families {y.,,|m € Z} for i = 1,2, 3 are given by
cyc Yiim cyc . cyc _ cyc
Y1;ym = m J’2;ym =1/yum; )’3;ym+2 = 1/y1;ym (51)

Proof of Proposition 3.1 Formulas 46-51 follows directly from Eq. 45. We hence
prove Eq. 45.

By Eq. 23 it follows that the family {y;.,, : m € Z} is the sequence of elements of
P uniquely determined by the initial data: y;.,, = 1/ypm3ifm =0, -1, =2, y;.; = yy,
y1.—3 = y3 together with the recurrence relations

yl;m+2y1;m+l (52)

Yhm¥tim3 = 2 ® D) (Vi1 & 1)
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Let us first suppose P = Trop(yi, y2, y3). By inductiononm >l and m+3 < 1
and by the relation (Eq. 35) one proves that the solution of Eq. 52 is the following:
for everym € Z

Vim = yd(xm+3) (53)

where d(x,,;3) is the denominator vector the cluster variable x,,.3 in the cluster
{x1, X2, x3} given in Lemma 3.2. In particular the exchange relations for Az,op(y,.y,, ys)
are given in Corollary 3.3 below.

Let us assume now that P is any semifield. Recall that the F-polynomial F,, of the
cluster variable x,, in the cluster {x;, x;, x3} is obtained from the Laurent expansion
of the cluster variable x,, € Azyop(y, v,y I {X1, X2, X3} by specializing x; = x, = x3 =
1. In view of Corollary 3.3, the family {F,, : m € Z} is hence recursively defined by
the initial data: F} = F, = F3 =1

Fo(y) =y;+1 F i(y) = y2y3 +y2+1
F_o(y) = y1y2y3 + 2019293 + yiys + yiys + yi + 1 (54)

together with the recurrence relations for m > 1 and m < —3:

F(Y) Fini3(Y) = Fop1 (¥) Fruga(y) + y*eo) (55)

Then an easy induction gives the desired Eq. 45. O

As a corollary of the previous proposition we get relations between principal
cluster variables: we recall that given a cluster variable s the corresponding principal
cluster variable in the cluster {x, x,, x3} is the element S := F|p(y1, y2, ¥3)s.

Corollary 3.3 The principal cluster variables in the cluster {x|, x,, x3} of Ap satisfy the
following relations:

Xo X3 =y3X1X2+1; X_1X2=y2XOX1+1; X X =y1X_1X0+1. (56)
X Xz = X1 Xongo + y39 ) form > 1and m < =3 (57)

V2 Xom—1 + Xom1 ifm>1
WXom =1 X1+ y3X3 ifm=0 (58)
Xom—1 + y1Y3Xomp1  ifm < —1
V1Y3Xom + Xomyr  ifm=>1
Z Xome1 = i Xo+ Xz ifm=0 (59)
Xom + Y2 Xomio ifm<—1

Xom—2Xomy2 = Xzzm + yl@me) 7 (60)
sz—1X2m+3 = X22m+1 + yd(x2m+2)W (61)

In particular, if P = Trop(y\, y2, ¥3), these are precisely the exchange relations of the
cluster algebra Ap = A,(X) with principal coefficients at the seed T = 3.
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4 Proof of Theorem 2.2

In this section we prove that the denominator vector map d : A — Q in the initial
ch(lls)ter {x1, x2, x3} restricts to a bijection between B and the root lattice QO of type
A

Clearly the denominator vector of a cluster monomial s‘]‘sé’ 85 is ad(s)) + bd(s2) +
cd(s3). We also know that d(1;) = d(w) + d(z) and d(u,,) = nd(u;). Hence the cone
Creg = Zsod(w) + Z>od(z) generated by d(w) and d(z) is in bijection with the set
{d(,w"), d(u,z*)| n, k > 0}. To complete the proof of Theorem 2.2 it is enough to
show the following:

For every cluster {sy, s,, 53}, the vectors d(s;), d(s;) and (62)
d(s3) form a Z-basis of Q.

For every element v of Q which does not lie in the interior of Cres ~ (63)
there exists a unique cluster {sy, s», 53} such that v belongs to

the cone Cyy, s, 55} = Z>0d(81) + Z>od(s2) + Z>od(s3).

This is done in the subsequent sections.

Proof of Eq. 62 By the explicit formulas of denominator vectors of cluster variables
given in Lemma 3.2 one checks directly that |det(d(s,), d(s2), d(s3))| = 1 for every
cluster {s1, 5o, 53}. O

Proof of Eq. 63 We consider the basis of simple roots «;, a2, a3 of O and the corre-
sponding coordinate system (e, e, e3). In Corollary 3.2 it is shown that given a clus-
ter C = {s1, 52, 53} the set of corresponding denominator vectors {d(s;), d(s>), d(s3)}
is sign-coherent. In particular if the initial cluster variable x; lies in the cluster
C, then the i-th coordinate of the denominator vector of the other two elements
of C is zero. By Lemma 3.2 also the opposite holds: if the i-th coordinate of the
denominator vector of a cluster variable is zero, then it lies in a same cluster
as x;. There are hence precisely nine cluster variables with this property and the
corresponding denominator vectors are shown in Fig. 3. Notice that the denominator
vectors {d(x4), d(w), d(xy)} form the canonical basis of Z* and the positive octant
is given by Q1 = Zsod(x4) + Zsod(w) + Zsod(xp). The corresponding cones Cs, s, 5,
satisfy property (Eq. 63), i.e. they do not overlap. Moreover their union is the whole
lattice except the interior of the positive octant Q. O

We hence consider the denominator vectors of cluster variables contained in Q.
We suggest to use Fig. 2 to visualize the situation. By using Lemma 3.2, we notice
that there are four affine lines in Qr which contain the denominator vectors of all
the cluster variables different from x,, w and z. They contain respectively “negative
odd”, “positive odd”, “negative even” and “positive even” cluster variables: they are

0 .={ez=€3 .t .={€1=€2 .
odd * 61262—]’ odd * 63262—1’
- ::{61262 . .:{62263

even e3=e,+ 1 “even” ei=e+1°
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Fig. 3 Denominator vectors of
cluster variables having at least
one coordinate equal to zero.
We wrote x,, for d(x,;). The
clusters involved here form a
fan whose unionis Q \ Q4

We define the two-dimensional subspaces P and T of Qg containing respectively
both ¢, and ¢, and both ¢, and ¢J., of equation: P:={e; = e} and
T := {e; = e3}.

Let Cp be the (open) cone inside PN Q. defined by Cp := {0 < e3 < ¢;} U {0}. By
Eq. 37, d(x2,41) € Cp for every n > 2. The vectors v, := (1, 1,0)' = d(xs) and v, =
(0,0, 1) = d(xo) form a Z-basis of P such that Cp is contained in Z-ov; + Zxo(vi +
v7). In this basis d(x2,41) = a,1v1 + apvy where a,; =n—1 and a,, =n — 2. The
sequence a,/ay; is strictly increasing. It has limit lim,,_, o, Z—T = 1. We conclude that

CP = U C{x2n+|,xzn+3} (64)

n>2

(here and in the sequel we set Cyy, ... 5} = Zxod(s1) + - - - + Zsod(sr)). Moreover the
interior of two different cones in the right hand side are disjoint. In particular we
have

U C{X2n+1qw»x2n+3} = Zzod(w) + CP

n>2

and the cones in the left hand side have no common interior points.

Similarly let C7 be the (open) cone inside 7'N Q4 defined by Cr = {0 < e; < e;} U
{0}. By Eq. 37, d(xy,) € C7 for every n > 2. The vectors w; = (1,0, 0)' = d(x4) and
wy = (0,1, 1) =d(x_;) form a Z-basis of T such that Cy is contained in Z-ow; +
Zzo(w] + wz). In this basis d(XQ,,) = bn]U)] + anU)Q with bn] =n—1and bn2 =n-—
2. The strictly increasing sequence {b /b ,; } has limit 1 for n — oco. We conclude that

Cr= U Cloaa i) (65)

n>2

and the interiors of the cones in the right hand side are mutually disjoint. In
particular we have

U C{XZmZ,XZrHrZ} = Z>od(z) + Cr.

n>2
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and the cones in the left hand side have no common interior points.
We now prove that

Cp+Cr= U Clxmtmir tmia)

m>4

and that the interiors of two different cones in the right hand side are disjoint.
By definition Cp + Cr is contained in Zd(u,) + Zd(x4) + Zd(xs) and consists of all
integer vectors v = (I, m, n)! such that / > m > n > 0 not all equals (see Fig. 2). The
expansion of such vector in the basis {d(u;), d(x4), d(xs)} is:

v =nd(,) + ( — m)d(xs) + (m — n)d(xs). (66)

We are going to provide an algorithm which gives the precise expression of v as an
element of precisely one cone Cyy,, .., .x.,,) fOr some m > 4. This is done in two steps.
The first step provides the explicit expression of an element of Cyy, r, x, x,; (this is the
quadrilateral at the bottom of Fig. 2) in one of the two cones Cyy, x;.x,) OT Cixs,x.x7}-
The second step reduces to the case in which v belongs to the cone Cyy, v, xs. x5} -

First Step The following lemma gives arithmetic conditions on v = (I, m, n)" to
belong to Cy, xs.xg.xs)-

Lemma 4.1 An element v = (I, m, n)" € Cp + Cy belongs to Ciy, x; xs.xy) if and only if
[ > 2n. In this case if n <1 — m then

v =nd(xg) + ( — m —n)d(xs) + (m — n)d(xs) (67)
and v € Ciy, xs.x)- If 1 > | — m, then
v=(—2n)d(xs) + (I — m)d(xe) + (n — [ + m)d(x7) (68)

and v € Ciy, x5 x7)-

Proof Ifl <2nthenl—n = (Il —m)+ (m — n) < n and there exists k > 0 such that
n=({—m)+ (m—n)+ k. By Eq. 66 we have

v=(k—Dd(u,) + ( —m)d(xg) + (m — n)d(xy).

which, in view of Corollary 3.1, does not belong to Cyy, x. x.x,}- On the other hand let
us assume / > 2n. Then (I — m) + (m — n) > n and there are two cases: eithern </ —
mor n > [ — m. In the first case v has the expansion (Eq. 67) and hence v € Cy, x; x}
in the second case v has the expansion (Eq. 68) and hence v € Cy, 1.1 O

Corollary 4.1 The interiors of the two cones Ciy, v; o) and Cx x, x,) are disjoint

Proof Let v = (I,m,n)" be an element of both Cy, v,.x and Ci;.x,.x,)- Then, by

Lemma 4.1,/ > 2n,n =1 — m and v = nd(x¢) + (m — n)d(xs). It hence follows that

v does not belong to the interior of the two cones. O
By Lemma 4.1 we notice that an element v of Cyy, v, x,.x,} has the form:

v = a1d(xy) + ood(xs) + azd(xe) + agd(x7) (69)
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for some non negative integers «y, oz, o3 and a4 such that ojas =0 and o) + o +
a3 +as=1—n.

Second Step Let v = (/, m, n)’ not be an element of Cyy, x, x,.x,)- BY Lemma 4.1 this
implies that / —n < n. We divide n by / — n and we find k and r such that 0 <r <
(Il —n) and n = k(I — n) + r. We consider the vector

Vi=v—k(l —n)dw) =l —-k(—n),m—k( —n),n —k( —n)).

By using Lemma 4.1, one checks easily that v’ belongs to Cyy, x, x,.x,;- Then by the first
step v’ has the form (Eq. 69). Then we get

v=1v +k(—ndu)
= a;(d(xq) + kd(uy)) + o (d(xs) + kd(uy))
+az(d(xs) + kd(uy)) + as(d(x7) + kd(uy))

= o1d(xg42k) + a2d(Xs5421) + c3d(Xgy2k) + aad(X7424)

which is the desired expansion. In particular we have that v = (/, m, n)" lies in
Cirsor xserxesnane) if and only if n = k(I — n) + r for some 0 < r < (I — n); in this case
v belongs to exactly one cone, either Ciy,,, xs.s xerr) OF Clasis xers,xrasl

By now in Fig. 2 we have obtained all the elements of the cone Z-od(z) +
Zsod(w) + Zod(x4) = Creg + Z=0d(x4). We consider the orthogonal reflection 7 geq
with respect to the regular cone Cgeg: this is the Z-linear isomorphism of Q which
exchanges the first coordinate with the third one. In particular it fixes Cgeg pointwise.
By Remark 3.1, rg,, sends d(x,,) to d(x_,+4) for m >4 and hence induces a
bijection between Creg + Z>0d(x4) and Cgeg + Z>0d(xo). This concludes the proof of
Theorem 2.2.

Remark 4.1 The proof of Theorem 2.2 contains an algorithm to compute the “vir-
tual” canonical decomposition of every element of Q. There are several more
effective algorithms than this in much more generality (see [9, 10, 22, 23, 29]).

5 Proof of Theorem 2.3

The proof of Theorem 2.3 is based on Proposition 2.1: we find the explicit expression
of the F-polynomial and of the g-vector of every element of B in every cluster of Ap.
Once again it is sufficient to consider only the two clusters {x, x», x3} and {x;, w, x3}
(see Remark 3.1). The F-polynomials (resp. the g-vectors) in the cluster {x;, x5, x3}
and {x;, w, x3} are given respectively in Proposition 5.1 (resp. Proposition 5.2) and
Proposition 5.3 (resp. Proposition 5.4).

Remark 5.1 Our first proof of Theorem 2.3 uses the theory of cluster categories by
computing explicitly cluster characters [6]. We do not use this approach here. Instead
the strategy of our proof uses a parametrization of the elements of B shown in the
next section.
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5.1 Proof of Proposition 2.1

By [17, Corollary 6.3] the expansion of all cluster variables and hence of all cluster
monomials in every cluster has the form (Eq. 10). In Section 5.2 it is shown that
the F-polynomial of every cluster variable in every cluster has positive integer
coefficients. It remains to deal with the u,’s. We prove that for every n > 1, u, has
the form (Eq. 11) in both the clusters {x, x,, x3} and {x;, w, x3}; by the symmetry of
the exchange relations this implies that u,, has the form (Eq. 11) in every cluster of A.

Let P be a semifield. Let M be the set of all the elements b of Fp that can be
written in the form

b = Fy (91, J2, J3)x¥ (70)
where Fj, is a polynomial with integer coefficients and
j/] = ﬁ = ylxh‘ 5/2 = y;—j' = szh2 5)3 = Y3X1Xy = y3Xh3 (71)

Both the principal cluster variables W and Z belong to M and by Eq. 2 their F-
polynomials and g-vectors are respectively

0
Fw(y):y2+17 gw = -1
- 1 -
_ » _
Fy=yys+tyn+lg=| 1 (72)
0

By Definition 2.1 u; = ZW — y,y3 — y,. By inverting the equalities in Eq. 71 we get:

wi = [F:51. 92 93 Fu(Gr. 92, 93) = 9193 — )72]% (73)
and hence u; belongs to M. We define:
~1
Fuy(y1,y2, y3) = yiyays +yiyva+yi+1gy = | 0 |- (74)

1
Since the polynomial F,,, has constant term 1, it is the unique polynomial F such that
up = F(31, 92, 3)x8a

and hence F,, is the F-polynomial of u, (in the seed ¥) mentioned in Proposition 2.1
and g, is the g-vector of u; (in the seed X). Similarly, by Definition 2.1 and induction
on n, we get:

2
A~ A~ A U, A0 X

uy = [Fy, (1, $2, 930> — 291 9293] (f)
i

o . o X n+1
Uni1 = [Fu, Fu, (91, 92, 93) — 913293 Fu,, G1, 2. 93)] <;3) (75)
1
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We hence have that u, belongs to M. We define g,, := (—n, 0, n)’. We recursively
define the polynomial F,, by the initial condition (Eq. 74) together with the
recurrence relations for n > 2:

Fuy(y1. 2. 3) = Fp (1. ¥2. ¥3) — 2y12Y3 (76)
Fupo V1, y2, y3) = Fy Fu, (31, ¥2, ¥3) — Y1Y2Y3Fu, (Y1, ¥2, ¥3) (77)

By induction on n > 1, F,, has constant term 1 and hence it is the F-polynomial of
u, (in the seed ¥) and g, is its g-vector (in the seed X). In Proposition 5.1 below we
show that the polynomial F, , for every n > 1, has non-negative integer coefficients.

We now prove that, for every n > 1, u, has the form (Eq. 11) in the seed T9¢ =
{HY, {x1, w, x3}, {p1, P2, p3}} defined in Eq. 36. We introduce the elements pi, p,
and p; of Fp in analogy with Eq. 71 as follows:

2

A 1w, 2X3 4 3X

pr =22 5= D= P25 gy = P (78)

X3 X1 w
We hence prove that for every n > 1 there exist both a polynomial Fy (y1, y2, ¥3)
with non-negative integer coefficients and constant term 1 and an integer vector
g =(8,8,8) € 773 such that the expansion of u, in ¢ is given by:
up = FY (1. P2, Pa)x; wox.

By definition of the coefficient mutation (Eq. 15) in direction 2, the coefficients y;,
vy, and y3 of the seed X = u,(X9¢) in the semifield P, are given by:

pPip2 1
= = — = 1 79
= el T p3(p2® 1) (79)

The following lemma shows that the elements {p;} are obtained from {y;} by the
mutation (Eq. 15) in direction 2 (in the terminology of [17] this means that the
families {y;.c} form a Y-pattern):

Lemma 5.1
N pip2 . r ..
= = — = ]
Vi Pyt 1 V2 B y3=ps(p2+1)

Proof By definition we have

$) = Y1 5 _ yaxi 3= yaris x X1+ Pp2x3
1= 2= 3 .= V3Al1A2 2 = T N
X2X3 X3 (p2® DHw
and hence the proof follows by direct check. O

In view of Lemma 5.1 the expansion of u, in £“¢ is given by:

n

n oo [ X3
u, = F,, (1, y2, y3) <i>
X1

pip2 1 . . x\"
=Fu |z = D2+ D) (= 80
<P2+1 p2 Ps (P2 )> <x1) (80)
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Lemma 5.2 Foreveryn > 1, F,, (22

S 5 vs2+ D) € Ziyi, y2. y3]

Proof By Eq. 74 the statement holds for n = 1. By Eqgs. 76 and 77 an easy induction
shows the result. O

Definition 5.1 For every n > 1 we define

pip2 1
, P2, —, 1 81
F. (p1,p2, p3) := (p 1 p3(p2 + )) (81)

We define the vector g, = (—n,0, n) € 73

In view of Lemma 5.2 and Definition 5.1, Eq. 80 is the desired expansion.
Proposition 5.3 provides the explicit formulas of F}’ which is hence a polynomial
with non-negative integer coefficients and constant term 1. Up to Propositions 5.1
and 5.3, this concludes the proof of Proposition 2.1.

5.2 F-Polynomials and g-Vectors of the Elements of B

In this section we provide explicit formulas for the F-polynomial and the g-vector of
every element of B in every cluster of A.

Proposition 5.1 The F-polynomial F,, of a cluster variable x,, (m > 1) in {x1, X3, X3}
is: for everym > 0

er—1\/m—1—e m—1—e
BMHW)=§:<1& )(EH_@2><62_%3>f+1. (82)
er—1\/m—e m—1—e
F2m+2()’) - Z < 16’3 )(61 — 62)( € —e3 3>ye - (83)
m—e3 e\ [fe +
F_ - — m  m+1 m+l. 84
a1 (¥) %X;_@)QJ(ez)y+hh »i (84)

+1 m
e oy e

For every n > 1 the F-polynomial of u,, is the following:

el —e;3 er—1\/n—e;3 et —1\/n—e;—1
Fu,(y) = y"” €41,
=¥ +Ze:<€2—€3) [( €3 )(n—el>+(€3—1>( n—e )}y -

(86)
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Proof By Eq. 2 the F-polynomial of w and z is respectively F,(y) = y» + 1, and
F,(y) = y1y3+ y1 + 1. By Egs. 58 and 59, the F-polynomials satisfy the following
recurrence relations: for m > 1

Fopyr = F Fopy1 — Y1350, (87)
Fopg1 = FoyFoy — y2 Fop— (88)

for which Eqs. 82 and 83 follow by induction on m > 1. By Eqs. 58 and 59 we have
that for every m > 1

F_om = F. F_om-1y — Y2F_m-2) (39)
F_omsy = Fu Foom — y1y3F_om-1) (90)

from which Eqgs. 84 and 85 follow by induction on m > 1.

In order to get Eq. 86 we proceed by induction on n > 1. By direct check one
verifies that the right-hand side of Eq. 86 satisfies the initial condition (Eq. 74)
together with the recurrence relations (Egs. 76 and 77). O

Proposition 5.2 The g-vector g, in {x|, X2, x3} of a cluster variable x,, is given by: for
every m > 0:

1—m ] —m
Sm+1 = 0 &2m+2 = 1 1)
m m
“m | —-m
g-om+n = | —1 | 8w = 0 (92)
m. | m—1

For every n > 1 the g-vector of u,, is the following

-n
8u, = 0 (93)

n

Proof By the exchange relation (Eq. 57) the family {g,, : m > 1} C Z? satisfies the
initial conditions g; = e;, for i = 1, 2, 3, together with the recurrence relations: for
m>1

gnt3 + &n = Emi1 + Bui2 (%94)

The proof is hence by induction on m > 1 and m < 1. The equality (Eq. 93) follows
from Eq. 75. O
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Proposition 5.3 For every m € Z the F-polynomial F), in {x\, w, x3} of a cluster
variable x,, is given by: for m > 0

w ep—1\/m—1-e3\ , o
Fpna(y) = Z( e )( e —es >y1 yi+ L (95)
w er—1\/m—1—e3+e\/[1
Fams2 ) = Z( €3 >< €1 —e3 )<€2>ye LECR 6)
e
w m-—es €1+1 () m . m
F2 o (y) = Z (61 _ e3)< e ))’1 DR A VARRE 97)
€r,e3
m—ez\ /(e +1—e 1
o _ € 4 ynymtl D). 98
Yo (¥) ;(@1 _63)( e )(ez)y YT o2+ D. (99)
FY(Y) = yiy3y3+ yiyays + yiya + v + 1. (99)

For everyn > 1:

n—es\ (e —1 n—es—1\/le;—1 ¢
FY(y) = y'y! L
u, (Y) y1y3+2|:<n—el>< e )+< n—e ><€3_1):|)’| B

€1,e3
(100)

Proof Let P = Trop(pi, p2, p3) and let A, (£9°) be the cluster algebra with principal
coefficients at the seed XV = {HY, {xy, w, x3}, {p1, P2, p3}} defined in Eq. 36. In
view of Proposition 2.1 and Lemma 5.1 the expansion of a cluster variable x in this
seed is given by:

Fc(1, 92,9
_ G132, 33) 2
Felp(y1, y2, y3)
F (13”52 3 153(1324-1)) &
Y\ Pt 2> L[ X1+ paxs 5
- : & < ) X (101)
x|p (plsz o P3)

w

where g, := (g1, 2, g3)" is the g-vector of x in the cluster {x1, x5, x3}. In this expres-
sion we replace x; = w = x3 = | and we get the relation:

Fo (B2, L1+ po)

F(p) = (14 po)® (102)
Fylp(pip2. é, p3)
By direct check, using Proposition 5.1, we get that
1 ! if >0, or
— fx=x_gnynym=>0, orx=w
Fylp <pupz, —,p3> =1 m @D (103)
P2 1 otherwise.
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By the explicit formulas for the g-vectors given in Proposition 5.2 and in Eq. 72 we
hence have that for every cluster variable x the F-polynomials F, and F}’ are related
by the following formula:

1 .
F, ( Pip2 —, p3(1 +Pz)> : p72p ifx = Xx_omt

1+p2 p2 1+p2
FY(p) = orx =uw, (104)
pip2 1 .
F, ,—, 1+ - (1 +py2® otherwise.
<1 12 o p3( Pz)) (1+p2)
The proof of Egs. 95-99 now follows from Proposition 5.1 by direct check.
Equation 100 follows from Eq. 86 by using Eq. 81. O

Corollary 5.1 For every element b of B, F} has constant term 1.

Remark 5.2 We notice that

- (1 | 1)_ |
@ rop®epp) \ 5 5t py ) piplps

_1

In [17, Conjecture 7.17] it was expected the right-hand side to be p~4"® = TR

This counterexample appears also in [3] and in [18].

Proposition 5.4 For every m € 7 the g-vector g%, of a cluster variable x,, in the cluster
{x1, w, x3} is the following: for every m > 0

i 1—m i 1—m
gg’m—}—l = 0 g2wm+2 = -1 (105)
m m
[ —m ] —-m
g’ omin = 1 gl = 0 (106)
m—1 m—1
Foreveryn > 1
0 0 —n
g, =] 1 g = -1 g.,=| 0 (107)
0 0 n

Proof Let x be a cluster variable. The following lemma shows a formula which
relates the g-vector of x in {x;, x,, x3} and in {x;, w, x3}.

Lemma 5.3 For every b € B the g-vector g, = (g1, &, &3)" of b in {x1, x2, x3} and the
g-vector g = (gV, g¥, g¥)" of b in {x\, w, x3} are related by the following formula

gl =& + & —min(g,0), g =-g, g5 =g +min(g,0) (108)
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Proof of Lemma 5.3 Let P = Trop(pi, p2, p3) and let A, (Z°) be the cluster algebra
with principal coefficients at the seed X< defined in Eq. 36. Let x be a cluster
variable of A,(Z9¢). We expand x in {x;, w, x3} as in both Egs. 101 and 11 and we
find the equality

F, (?”52 L PPy + 1)) & , .

P+’ By’ X1 + p2xs N,
= 1 xfl ( 1P 3) x§3 = l;u(Pl,pz, pz)xf' wh? x§3 .
Filp (plpz, P Ps)

By Egs. 103 and 104 we get:

82 o
X1+ p2x;3 P2 W gl
P [ ——=) X5 = — xS wE xS if x = X_ (1) OT W
1 ” ST e 3
82
X1 + pax3 . v gv )
x3 <7p x5 = (1 + po)&xf ws 1 otherwise
” ; 3

from which Eq. 108 follows by using Proposition 5.4. Let now b = s%s5s be a cluster
monomial. In Proposition 5.4 we notice that the second entry of the g-vector of both
s1, 52 and s3 have the same sign and hence the transformation (Eq. 108) is linear.
Then g}/ is given by Eq. 108. The same argument works if b = uw*orb =u,z*. o

The proof of Proposition 5.4 follows from Proposition 5.2 by Lemma 5.3. O

Formula 108 between g-vectors of cluster monomials in two adjacent clusters was
conjectured in [17] and proved in [18] in much more generality.

5.3 Proof of Proposition 2.2

We denote by
-1 0 0

f=110M -1 o0

(21 -1

the map f: Q — QO which acts on Q as follows
f(a,b,0) :=(—a,—b +[aly, —c+[al; +[b]})

where [D]; := max(b, 0). Proposition 2.2 says that for every element b of B the
corresponding g-vector g, and denominator vector d(b) are related by

g = f-db) (109)

We hence prove Eq. 109. By the explicit formulas for the g-vectors given in Proposi-
tion 5.2 and from the explicit formulas for the denominator vectors given in Eq. 37,
formula 109 holds for cluster variables and for the u,,’s.

By Corollary 3.2 denominator vectors of cluster variables belonging to the same
cluster are sign-coherent. It is clear that if v; and v, are sign-coherent then f - (v; +
1) = f-v;+ f-v. Moreover f is injective and hence Eq. 109 holds for cluster
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monomials. By Lemma 3.3 denominator vectors of the u,, ’s, w and z lie in the positive
octant Q. in which fis linear. The claim is hence true for u,w* and u,z%,n, k> 1. 0

5.4 Proof of Proposition 2.3

By Proposition 2.2 the map d(b) — g, is bijective. By Theorem 2.2 the map b +—
d(Db) is a bijection between B and Q. Then the composition b — d(b) — g, is a
bijection between B and Q.

The map g, — g given by Eq. 108 is bijective and hence the map b +— g}’ is
bijective.

6 Proof of Theorem 2.1

Let P be a tropical semifield. In this section we prove that the set B of cluster
monomials and of the elements {u,w*, u,zX|n > 1, k > 0} of the cluster algebra Ap
has the following properties:

e Bisa linearly independent set over ZP (Section 6.1);

e the elements of B are positive (Section 6.2);

e B spans Ap over ZP (Section 6.3);

e the elements of B are positive indecomposable (Section 6.4).

and hence B is an atomic basis of Ap.

6.1 Linear Independence of B

Let P be an arbitrary semifield and let Ap be the cluster algebra with initial seed &
given by Eq. 4. In view of Proposition 2.1 the expansion of an element b of B in the
seed X has the form:

_ Fy(yix™, yox™, yax)xe®
Fylp(y1, y2. y3)

where F}, and g, are respectively the polynomial and the vector given in Section 5.1,
h; is the i-th column vector of the exchange matrix H of the seed X. Moreover the
polynomial Fj, has the form: F, (y1, y2, ¥3) = 1 + >, xe(b)y® where the sum is over
a finite set of non-negative integer vectors and the coefficients {x(b)} are positive
integer numbers. We denote by E(b) = {e € Z3,\ {0} xe(b) # 0} the support of F.
The expansion of b has hence the form:

(110)

b x® + Ze:(ehfz’ea) Xe(b )yexngrZ?:l o (111)
B 1 ® D, xe(b)ye

We say that a monomial x¢ is a summand of an element b of B in the cluster
{x1, x2, x3} if it appears with non zero coefficients in the expansion (Eq. 111) of b

in the cluster {x;, x», x3}.
We introduce in Z? the following binary relation: given s, t € Z3 we say thats <y t
if and only if there exist non-negative integers ey, e,, e3 such that t =s + Zf’:, e;h;.
The vectors hy, hy and h; form a pointed cone, i.e. a non-negative linear combination
of them is zero if and only if all the coefficients are zero. The relation <y is hence
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a partial order on Z*. The map b > g, between B and Z? is injective (actually
bijective) by Proposition 2.3 and hence the partial order <y induces a partial order
on B given by:

b<b < g <yg. (112)

In particular every finite subset B’ of B has a minimal object b,. Then the monomial
x&0 is not a summand of any other element of B’. We conclude that B is a linearly
independent set over ZP.

Remark 6.1 Linear independence of cluster monomials for cluster algebras with an
“acyclic” seed was proved in [4] and [19] and recently in [26].

6.2 Positivity of the Elements of B

In this section we show that the elements of the set B defined in Theorem 2.1 are
positive, i.e. their Laurent expansion in every cluster of Ap has coefficients in Z(P.
In view of Remark 3.1 it is sufficient to show that they have such property only in
the two clusters {xi, x5, x3} and {x;, w, x3}. By Theorem 2.3 and by the symmetries
of the exchange relations, the elements w, z , u, and x,, with m € Z and n > 1 have
such property. Since a product of positive elements is positive, we conclude that the
cluster monomials and the elements {1, w*, u,z* : n, k > 1} are positive.

6.3 The Set B spans Ap Over ZP

In this section we show the set B defined in Theorem 2.1 spans Ap over ZP.
The strategy of the proof is the following: since B contains cluster variables, the
monomials in its elements span Ap over ZP. It is then sufficient to express every
such monomial as a ZP-linear combination of elements of B. Following [30] we
write a monomial M as M = u& - --ubxb! - xbiwz? where 0 < ny < -+ < ng,my <
--- < m; and the exponents are positive integers, and we define the multi-degree
(M) = (1 (M), po(M), pu3(M)) € Z2,, by setting

(M) =30 ai+Y ) bj+c+d
u2(M) :=m, —my (113)
w3(M) :==by + b,

The lexicographic order of Z3 makes it into a well ordered set (i.e., every non-
empty subset of Z2 ; has a smallest element). In Section 6.3.2 we show that M can
be expressed as a linear combination of monomials of (lexicographically) smaller
multi-degree. In Section 6.3.1 we find the minimal monomials which do not belong
to B and express them as linear combinations of elements of B. We refer to such
expressions as straightening relations.

6.3.1 Straightening Relations

In this section we express the monomials in the elements of B which do not belong
to B and are minimal with respect to the multi-degree Eq. 113 as ZP-linear combina-
tions of elements of B. We notice that the multi-degree Eq. 113 does not depend
on coefficients, and hence a cluster variable s and the relative principal cluster
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variable S := F|p(y1, y2, y3)s in the initial seed X have the same multi-degree. It
is convenient to consider principal cluster variables in the initial seed ¥ since the
exchange relations are simpler and are given by Egs. 56, 57, 58, 59, 60 and 61.

Such minimal monomials are the following:

Upltp;  Up Xy XpXpgopn, XomW; Xowp Z; ZW (114)

foreveryn, p > 1 and m € Z. Indeed every monomial M in Eq. 114 satisfies u (M) =
2 and hence they are minimal (it follows from the definition that p; (M) = 1 if and
only if M is either a cluster variable or one of the u,’s). Moreover they are the only
monomials not belonging to B with this property.

The straightening relations for the monomials X5, W, X5,,+1Z, ZW are given
respectively by Eqgs. 58, 59 and 6. Propositions 6.1 and 6.2 give the remaining ones.

Proposition 6.1 Foreveryn, p > 1:

_ ungp +yp‘3un_p ifn>p
Upllp = { lon+ 2y ifn=p (115)

where § := (1,1, 1)".

Proof We use the definition of the u,’s given in Eq. 7. For simplicity we assume now
that uy := 2, so that the relation v u,, = u,+1 + y‘sun,l holds for every n > 1 (instead
of holding only for n > 2). Moreover, with this convention, we have to prove that for
every p: 1 < p < nwe have:

Unllp = Upsp + yp‘su,,_,, (116)

If n = p =1 then Eq. 116 is the definition (Eq. 6) of u,; we assume n > 2 and we
proceed by induction on p > 1:if p = 1, then Eq. 116 is just the definition (Eq. 7) of
Up+1. We then assume 2 < p + 1 < n and we get:

S
UpUpt1 = un[ulup -y up—l]
_ pd s (p—13s
= utlupsp + Y tn_pl =Y [ttnyp-1 +Yy Up—p+1]

= Upt14p + yaunﬁLpfl + ypa[urﬁlfp + ysunqu] - y(3 [”n+p71 + y(pi])5

)6

un7p+l]
+1

= Uptpt1 + y(p Un—(p+1)

m}

In order to give the remaining straightening relations we need to introduce the
following coefficients. We use the notation:

min min(e;,d;) . min(ey,ds) . min(es,d3)

Yo yd =V Y2

Definition 6.1 For every m € Z we define

yd(xm+3) = Vim ifm > 1

o 117
§ yaem) =y 5 ifm <0 7
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and also
min ns s 1 ifm>1
Grmy =1 Sm @Y Am= gy L (118)
1 itm <0 En @y iftm <0.
For every integer kK > 0 we define
y2? if k is even,
0 if kis odd.

EEIIEN EIEIINETN

nk =y>y, Y3© (k) =y y, Y3© s )/3(k)={ (119)

where [f] (resp. |£]) denotes the smallest (resp. largest) integer larger (resp. smaller)
than t. For i = 1, 2, 3 we define the following elements of Ap :

k
Ti(n) =y (LEJ + 1) i) - .

k>0

We also define for every m € Z and m; > 0:

min .
n_.oi= {5m @ Engm, fm<0<m+m
m;my

1 otherwise
and
1 ifm<0<m+m
77+< = min
e 'i:m 2] Sm+m| otherwise

Proposition 6.2 With the notations of Definition 6.1 the following equalities hold.
(i) :Foreverym e Zandn > 1:
Un X = & (M) Xp—on + £;7 (M) Xppgon (120)
(ii) : Foreverym € Z even and n > 0:
Xon Xonions3 = Mponsa Xment1 Xomint2 + Mpyiopss 1 (1) (121)
(iii) : Foreverym € Z odd and n > 0:
Xon Xim2n13 = Npeopss Xmint1 Xongnga + MpyiopgsT2(1) (122)
(iv) : Foreverym € Z even andn > 2:
Xon Xonion = Mpon Xomv212) Xinsar2) + Mippn T3 —2)Z (123)
(v) :Foreverym € Z oddandn > 2:

X Xinson = 77;1;2,1XH1+2[%JXM+2|'%] + 77;:—1;2”1—‘3(11 -2)W (124)
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Proof We prove part (i) by induction on n > 1. By using relations (Eqgs. 58 and 59)
it is easy to verify that for every m € Z we have:

VX 0+ Xpo iftm>2

iX_1+ X3 ifm=1

m X, = X+ X, ifm=0
X3+ yysX; ifm=—1

Xno +y‘3Xm+2 ifm< -2

and Eq. 120 holds for n = 1. We now proceed by induction on n > 1. We use the con-
vention that iy = 2 so that the relation u,, 11 = uju, — y’u,_; (given in Definition 2.1)
holds for every n > 1. Moreover, with this convention, since g“Oi (m) =1, Eq. 120 still
holds for n = 0. We have

U1 Xon = w1ty Xop — Y thno1 X

= [ (M) Xp—a + &7 (M) X2
+ = Y [Gr M) Xon—2niz + & (1) X ion o |

= ¢ (M)[¢, (M —2) Xyp—aan + 47 (M — 2) Xn_p420 |
+ 5 )&y (M + 2) Xopa—on + £, (M 4 2) Xpi240n
+ =¥ 0 (M) Xoyo—on — Y24, (M) Xon—2s0m

= Xonoo—on[¢r (MG, (M = D) ] + Xipoosou[C] (m)E, (m —2) — y0,F (m)]
+ Xonsa a6 (M), (M +2) = ¥4, ()] + Xoppagan[ 8] (Mg, (m 4 2)]

The claim follows by Lemma 6.1 below.

Lemma 6.1 For every m € Z and n > 1 the following equalities hold:
() ¢ mg m—=2) —y¢ m) =0;

(B) & myg, (m+2) —y¢, (m) =0;

@) fmeim+2) =gk m).

Proof The proof of Lemma 6.1 is by direct check. O

We prove parts (ii) and (iii) together. It is convenient to prove that the following
relation holds for everym € Z,n > 0 and i = i,,, = 1 if m is even and 2 if m is odd:

77;;;2"+3Fi(n) = Xme+2n+3 - 7];,;2,,+3 Xm+n+1Xm+n+2 (125)

We proceed by induction on n > 0. We first prove Eq. 125 for n = 0. In this case
I'1(0) = I',(0) = 1. By the exchange relations (Egs. 56 and 57) we know that for every
m € Z the following relation holds:

ym+3Xm+1Xm+2 +1ifm=0,-1,-2;

X1 X2 + Yim otherwise. (126)

Xme+3 = {

We need the following lemma.
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1010 G. Cerulli Irelli

Lemma 6.2 With notations of Definition 6.1 we have the following:

(1) Foreverym € Z and k > 0:

min j
X L A (27
e s
Ifm>0andn > 1 we get
Em ifm<n-—1,
R Ay 129
&n ifm>n-—1.
(2) Forevery m € Z and n > 1 the following relation holds:
L (m) = (1,3)¢, (1 —m); &, (m) = (1,3)¢, (1 —m) (130)
where (1, 3) is the automorphism of P that exchanges y, with ys.
(3) Foreveryn>1landi=1,2,3 we have:
wli(n) =i+ 1) +y'Ti(n = 1) = yi(n + 1) (131)

Proof of Lemma 6.2 Equations 127 and 128 follow directly by the definition of &,
and &, by using Lemma 3.2: indeed one can see that d(x,,) < d(x,,1x) (resp.
d(x,,) > d(xp4x)) if m>1 (resp. m+k <0). (Here < is understood term by

term). We now compute &_,, né‘an &, 1= yd*-m nélg] ydt#+) By Remark 3.1, d(x_,,) =
(1, 3)d(x,n44), where (1, 3) is the linear operator on Z3 that exchanges the first entry
with the third one. We now consider all the possible cases:

If m+4 <n+3 then d(x,44) < d(x,43); since m+4 and n+ 3 are positive
integers, d(x,,14) and d(x_,) have respectively the form (d; + 1, d», d3) and
(dy + 1, d,y, dy) for some d», d3 , d), ,dy > 0;in particular d(x_,,) = (d3, da, d3 + 1).
Since by hypothesis d; < d} and d, < d}, we conclude d(x_,,) < d(x,43) so that

yd(x,,,,) ralan yd(xn+3) — yd(x,m).

If m+4=n+3=2k+4 for some k>0, then by Eq. 37, d(x,;,44) =
(k + 1, k, k)" so that (1, 3)d(xmrs) = (k. k, k + 1)'; then ydom ‘@ yd@ns) — yks |

Ifm+4=n+3=2k+5forsome k > 0, then by Eq. 37,d(gcm+4) =(k+1,k+
1, k)' so that (1, 3)d(xmsa) = (ky k + 1, k + 1) ; then yd&m @ ydtms) — y,vks

If m+4 > n+ 3 then d(x,,14) > d(x,43), then also (1, 3)d(x,,14) > d(x;43).

and Eq. 129 is proved. Formula 130 follows from the definition and from Remark 3.1.
Formula 131 follows by Eq. 115. O
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By part 1 of Lemma 6.2, it is immediate to verify that

{ym+3 ifm=0,-1,-2 i { 1 ifm=0-1,-2
1

N3 = otherwise iz = Yim otherwise

so that Eq. 125 specializes to Eq. 126 when n = 0, i.e. for every m € Z the following
relation holds

Xme+3 = n;;3Xm+1Xm+2+ﬂ;;3. (132)
We now assume # > 1. In this case, by the inductive hypothesis we have:

Tin+1) = wTi(n) — y’Ti(n — 1) + yi(n + 1)

up _
=T - [Xme+2n+3 - nm;2n+3Xm+n+]Xm+n+2] +
nm;2n+3
)
- +y : [Xme+2n+1 - 77,;;2,1+1Xm+nXm+n+l] +yin+1)
77m;2n+1
Xm

——— - [¢r M+ 20+ 3) Xypiougr + & (M + 20+ 3) Xpiongs| +
nm;2n+3

_ nm;2n+3

. [er m+n42) X Xopin + & (mA1+2) Xt Xopansa ] +
m;2n+3

yS

T : [Xme+2n+1 - 7/,;;2”+1Xm+nXm+n+1] +yin+1)
nm;2n+1

5y (M 421+ 3)11 01 = Y s
= Xm Xm+2n+l + +
nm;Zn-H nm;2n+3

+
(m+2n+3)
+ Xy Xpyonys | LTS
nm;2n+3

8= + - — +
y nm;2n+1nm;2n+3 - nm;2n+3§1 (m +n+ 2)nm;Zn-H
+ Xontn Ximtnt1 T +
nm;2n+1nm;2n+3
. é-l_’_(m +tn+ 2)77;1;2n+3

T Xinsnt1 Xmyna +viin+ 1)
nm;2n+3

= X Ximtont1 |:§1_ (m +2n + 3)77;;2”*1 — ysn;;2n+3:|

+ +
nm;2n+l nm;2n+3

tTm+2n+3
+ Xme+2n+5 |:€I()

+
nm;2n+3

8= + - — +
y nm;2n+1nm;2n+3 - nm;2n+3£l (m +n+ 2)nm;2n+l
+ XI’Vl+nXm+n+| T T
nm;2n+1nm:2n+3

+ §l+(m +n+ 2>n;l;2n+3 +

T m+n+1;3Xm+n+2Xm+n+3 + 77:1+n+1;3] +yi(n+1)
77m;2rz+3
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Lemma 6.3 below shows that this polynomial is equal to
1

T [ X Xintonts — n,;;zn+5Xm+n+2Xm+n+3]
nm;2n+5
and we are done.
We prove (iii) and (iv) together. In order to do that we introduce the variable
¢ = c(m) depending on m € Z in the following way: c is w if m is odd and cis z if m is
even. With this convention, both Eqs. 123 and 124 are equivalent to the following:

1
c)l'3(n —2) = ——[Xn Xinsan — Nppon X212 ) X2y ] (133)

nm;2n

In order to prove Eq. 133 we proceed by induction on n > 2. We verify directly
the formula for n = 2 and n = 3. We then assume n > 4. By using Eq. 131 and the
inductive hypothesis we get the following equality:

crm+2n =205, 4 — yan;;Zn_2:|

+ +
77m;2nflnm;2nf4

cm)I'3(n —2) = X,y Xingonta |:

Fm+2n—-2)
+ X Xomson | S |+ Koo 12 Xonopty
nm;2n72

5~ + - + - -1
y nm:ln—4nm;2m2_nm;Zranm;ZrHl;] (m+2|—nT-|)
X + ¥
N on2"m;2n4
M8l 4 2775H)

+
nm;Zn—Z

Xonganzt | Xpyornsty + c(m)ys(n — 2)
the following Lemma 6.3 concludes the proof.

Lemma 6.3 Foreveryn > 1, m; > 3 and m € Z the following equalities hold in ZIP:

(1) Cl_(m + ny + 2)";:;;,,11 - yanm;m1+2 = 0;
Q) Grmtm) =nf, I
(3) yanr:z;mln;;me - nr;;m1+2n;;:mlgl_(m + [m]TH-D =0;

) &G M+t D00 i3 = TonssTmones/ Tsonssi
(5) Fori=i(m):=1ifmiseven and i = i(m) := 2 if m is odd we have for every
n>1:

Vi(” + l)n;;2n+3 - éler(’/n +tn+ z)nr:z;2n+3njr;+n+1;3 = O;

Mot (2[5
(6) ==X, Xy oy —cys(n —2) =

B Nm;2n—2
Z'fj" Xinta12) X1y
Proof The proof of Lemma 6.3 follows by direct check. O
6.3.2 Span Property
In this section we prove that a monomial of the form M = uf - u%xb1 - - xbrwezd

in the elements of B is a ZP-linear combination of elements of B. We proceed by
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induction on the multi-degree p(M) (defined in Eq. 113). If (M) =1 then M is
either a cluster variable or one of the u,,’s. If >";_, a; > 2 (resp. 1) then one can apply
Eq. 115 (resp. Eq. 120), expressing M as a linear combination of monomials with
smaller value of ;. So we can assume that M = xﬁlll X ~xfn’twczd. If both ¢ and d are
positive, by using the fact that ZW = u; + y,y; + y», one obtains again a sum of two
monomials with smaller value of 1;. So we assume that d = 0 (resp. ¢ = 0) and that
we can apply the relation (Eq. 58) (resp. Eq. 59), i.e. some m; is odd (resp. even). We
again obtain a sum of two monomials having smaller value of i, than the initial one.
So we can assume that M has one of the following forms: M, := (1, even X0i ) w"
or My :=(T1,, oaa X5i)2% or M3 :=xl ---xbt with m, —m; > 3. We apply either
Egs. 123 or 124 or 132 to the product x,,X,. By inspection, in the resulting
expression for both M, and M,, all the monomials except at most one that has
smaller value of u; have the same value of x;. By further inspection, for every such
monomial M’,if min(b, b,) = 1 (resp. min(b1, b,) > 2) then u(M’) < pa(M) (resp.
wa(M') = pr(M) and pus3(M') = usz(M) — 2). Analogously in the resulting expression
for Mj , there is precisely one monomial M with w(M') = u;(M), while the rest of
the terms have smaller value of ;. Moreover if min(b, b,) = 1 (resp. min(b |, b,) >
2) then po (M) < pia(M) (resp. jia(M') = jia(M) and 1e3(M') = j13(M) — 2). We have
hence expressed M as a linear combinations of monomials of smaller multidegree. By
inductive hypothesis M is a linear combinations of elements of B.

Example 6.1 As an exercise one can apply the argument above to expand the
monomial M := uju,x3xszw in the atomic basis of the coefficient free cluster algebra
A1y The expansion is the following

M = x_1xX1 + X7X9 + 2x3X5 + 2X1X3 + 2X5X7 + fo + Zx% + 2x§ + 2x§ +
+usw + 2urw + Suqjw + 8w

6.4 The Elements of B are Positive Indecomposable

In the previous sections we proved that the set B = {cluster monomials} U
{uwk, u,z": n> 1, k> 0} is a ZP-basis of Ap (for every semifield P) and its
elements are positive, i.e. their Laurent expansion in every cluster has coefficients
in Z-oP. In this section we prove that given a positive element of Ap its expansion
in B has coefficients in ZoP. Let hence p be a positive element of Ap. We express

P = pep apb as a ZP-linear combination of elements of a (finite) subset B’ C B.

Definition 6.2 Let C = {sy, s5», 53} be a cluster of Ap. A Laurent monomial s‘l’slz’ 5§ 1s
called proper if eithera < 0orb < Qorc < 0.

Lemma 6.4 Let C be a cluster of Ap and let b € B not be a cluster monomial in C. The
Laurent expansion of b in C is a ZP-linear combination of proper Laurent monomials.

Proof The proof of Lemma 6.4 will be given in Section 6.4.2. O
Now suppose that a cluster monomial b in some cluster C appears in the expansion

of p in B with coefficient a;. We expand p in the cluster C and in view of Lemma 6.4
the monomial b appears with coefficient a; in this expansion. Since p is positive
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1014 G. Cerulli Irelli

we conclude that a, € Z-oP. It remains to deal with elements u,, u,w* and u,z*.
Without loss of generality we can assume that the cluster monomials in B are of the
form x%,s?x¢,, withm > 1 and s = x,,1.1 or w or z. We have the following lemma.

Lemma 6.5 Let b be an element of B which is not divisible by cluster variables x,, with
m <0.

(1) The (proper) Laurent monomial i—l, is a summand of uy, in the cluster {x, x,, x3}
3

but it is not a summand of b in {x, x5, x3}. Moreover the coefficient of i—,ﬁ in this
3
expansion is an element t of IP.

k
(2) The (proper) Laurent monomial * ,’ is a summand of u,w* in the cluster
{xl, w, x3} but it is not a summand ofb in {x1, w, x3}. Moreover the coefficient

3) The (proper) Laurent monomial * ,, is a summand of u,z* in the cluster
{x0, z, X2} but it is not a summand of b in {xo, z, x2}. Moreover the coefficient

k
of %2 in this expansion is an element t of IP.
X3

Proof The proof of Lemma 6.5 will be given in Section 6.4.3. O

Now assume that u,, (resp. u,w*, u,z¥) appears with coefficient a in the expansion

of p in B. We expand p in the cluster {x;, x5, x3} (resp. {x1, w, x3}, {xo, 2, X2}) and
in view of Lemma 6.5 (1) (resp. (2), (3)) we find that the Laurent monomial = o

Xtk xl)z

(resp i ) has coefficient at in this expansion. Since p is positive we conclude

thatat € ZZ()]P’ Since ¢ € P we conclude that a € Z(P.
In order to prove Lemmas 6.4 and 6.5 we use “Newton polytopes” of the elements
of B in every cluster of Ap. This is the subject of the next section.

6.4.1 Newton Polytopes of the Elements of B

The Newton polytope of a Laurent polynomial x € Z[s] ,s2 ,s2 '] with respect to
the ordered set C = {s1, 52, 53} is the convex hull in Or = Re; @ Re, ® Res of all
lattice points g = (g1, g2, g3)" such that the monomial & := s{'s5’s5’ appears with a
non-zero coefficient in x. We denote it by Newtc(x). In this section we find the
Newton polytopes of the elements of B in every cluster of Ap. By the symmetry of
the exchange relations it is sufficient to consider only the two clusters {x,, x,, x3} and
{x1, w, x3}. Moreover in such clusters the Newton polytope of the cluster variable
X_p, is obtained from the Newton polytope of the cluster variable x,,.4 by the
automorphism (1, 3) of O that exchanges the first coordinate with the third one
(see Remark 3.1). It is hence sufficient to consider only cluster variables x,, with
m > 2. Before doing that we notice the following interesting fact.

Lemma 6.6 The algebra Ap is Z-graded by the following grading: deg(w) = 2,
deg(xom+1) = 1, deg(u,) = 0, deg(xa,) = —1, deg(z) = —2 for m € Z, deg(y) = 0 for
everyy e P
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Proof The exchange relations (Egs. 29-33) are homogeneous with respect to such
grading. The fact that deg(u,,) = 0 follows from Definition 2.1. O

The elements of B are homogeneous with respect to the grading given
in Lemma 6.6. This implies that the Newton polytopes of the elements of
B are actually polygons. Indeed let C = {s|,s2,53} be a cluster of Ap, b € B
and let Pg = {(e1, ez, €3) € Or|deg(s))e; + deg(sz)er + deg(s3)es = deg(b)}. Then
Newtc(b) C P¥.

The following proposition gives the Newton polygons of the elements of B in the
cluster {x;, x,, x3} .

Proposition 6.3 For every m > 2 and n > 1 we have:

M—m| [1—m 0 m—72
Newtix, v, ;1 (X2m+1) = Conv 0 ,N1=—m|, |1 =—m|,| —1
| m 1 2—m 2—m
1 —m 1—m -1 m—73
Newt(y, 1, x:)(X2,) = Conv 1 2-m|,|2-m]|, 0 (134)
|m—1 0 2—m 2—m

—n] [-n 0 n
Newtix, v, x;) (Un) = Conv O f{,|-n|.|]—-n]|.| O (135)
n | 0 —n —-n
1 0
Newtiy, x,.x,)(w) = Conv -1/, -1 (136)
| 0 1
0 —1 -1
Newty, v,.x,3(z) = Conv 1 |, 0 [,]| 1 (137)
—1 —1 0

where Conv means convex hull in Qg.

Proof Formulas 136 and 137 follow from Eq. 2. By Proposition 2.1, up to a factor in
P which does not modify the Newton polygon, every element b of B has the form

b= Xeb)yx=rhe
ecE()

where x.(b) is the coefficient of y® in the F-polynomial of b given in Proposition 5.1,
E(b) := Conv{e € Z3|xe(b) # 0} is the convex hull in Qg of the support of e
xe(D), g is the g-vector of b given in Proposition 5.2 and H is the exchange matrix
given in Eq. 4. The affine map N, : e — g, + He sends convex sets to convex sets. In
particular if E(b) = Conv{ey,--- , e}, then Newt(b) = Conv{N, (e;), -+, Np(e,)}.
The proof is based on the following lemma.
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Lemma 6.7 For every m > 2 and n > 1 we have:

0 m-—1 m—1 m—1
E(x2,41) = Conv 01, 0 I m=11,|m-—1 ;
0 0 0 m—2
0 m—1 m—2 m-—1 m—1 m—2
E(x,,) = Conv 01, 0 I m=2, 1 m=-21,|m=-21|,|m-=2 ;
0 0 0 0 m—2 | m—3
0 n nl] [n
E(u,) = Conv 01,10, nl|,|n
0 0 0 | n

Proof The proof follows from Proposition 5.1 by direct check. O

In order to finish the proof of Proposition 6.3 we apply the affine transformation
Nj, to every generator of E(b) given in Lemma 6.7. If b = x,,,41 or b = u,, we find
the desired expression. If b = x,,, we apply Ny, to E(x,,) and we get

Newt(xy,,)
1—m 1—m -1 -1 m-—73 m—4
= Conv 1 2—-m |, |3—-m|,|2—m]|, 0 , 0
m—1 0 3—m 2—m 2—m 3—m

To conclude Eq. 134 we show that the third and the last generators are convex

combinations of the others: indeed let vy, - - - , v be the generators enumerated from
left to rlght Then V3 = ﬁvl + %IM + ﬁvj and Ve = m[(m — 2)U] +
vy + (m—1)2m — 5)vs]. O

The following proposition gives the Newton polygons of the elements of B in the
cluster {x;, w, x3}.

Proposition 6.4 For every m > 2 we have:

1—m m-—73 1—m
NewWt(y, w,x;) (X2m+1) = Conv 0 , 1 , |l m—1 ;o (138)
m 2—m 2—m
For every m > 1 we have:
1—m m—2 —-m —-m
Newtiy, w,xy} (X2m+2) = Conv —1 , 0 , —1 |l m—1 ;
m 1 —m m+1 1—m
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—n
A on |t (139)
—n

Newt(y, w,x,}(z) = Conv 11,1 0 |, -1 ; (140)
—1 -1 1

For every n > 1 we have:

NCWt[Jf] ,w, X3} (u,) = Conv

e e,
1
|

:OS
1

Newt(y, . x)(¥2) = Conv —11,] -1 ; (141)

where Conv means convex hull in Qg.

Proof Formula 140 follows from Eq. 9. We check (Eq. 139) by using the explicit
formula:

x4 4w
Xjw

X4 S .Am. (142)
We hence prove (Eq. 138) and (Eq. 139) for m > 2. Formula 141 follows from
Eq. 30. By Proposition 2.1, up to a factor in P, every element b of B has the form

b= 3 xl(bypexsitie
ecEv(b)

where x(b) is the coefficient of p® in the F-polynomial F;’ of b given in Proposi-
tion 5.3, E¥(b) = Conv{e € Z°| x&(b) # 0} is the convex hull in Qg of the support of
e x.(b), gy is the g-vector in the cluster {x,, w, x3} of b given in Proposition 5.4
and H¢ is the exchange matrix given in Eq. 36.

The affine map N} : e > g’ + H%“e sends convex sets to convex sets. In particu-
larif E¥(b) = Conv{ey, - - - , €,}, then Newt(y, , x;j(b) = Conv{N;'(e}), --- , N} (e,)}.
The proof is hence based on the following lemma.

Lemma 6.8 For every m > 2 and n > 1 we have:

0 m—1 m—1
EY (X2m+]) = Conv 0 s 0 s 0 ;
0 m—2 0

0 m—1 m—171 [0 [m m
EY (x242) = Conv 0, 0 , 0 1|, 1], 1 ;
0 m—2 0 | LO] 0 m—1
0 nl [n]
EY (u,) = Conv 0o,/01{,]0 .
0 0 [n]

Proof 1t follows from Proposition 5.3 by a case by case inspection. O

@ Springer



1018 G. Cerulli Irelli

In order to finish the proof of Proposition 6.4 we apply the affine transformation
N} to every generator of E¥(b) givenin Lemma 6.8. If b = x3,,41 or b = u,, we find
the desired expression. If b = x2,,42 we apply Ny’ to E¥(b) and we get

l—m| m-=3 |1—-m —m —m m—2
Conv -1 1, 0 s m=2(,1 =1 |, |m—-1], 0
m 2—m| 2-m| m+1 1—m| |1—-m

To conclude Eq. 138 we show that the second and the third generators are convex
combinations of the others: indeed let vy, ---, vg be the generators enumerated

from left to right. Then vy = 5-vs + mvs + %m Sve and v3 = 5 vy + 22 ys +
2m1—1 V6- O
6.4.2 Proof of Lemma 6.4

By the symmetry of the exchange relations we prove the lemma only for the two
clusters {xi, xp, x3} and {x;, w, x3}. Let hence C be either the cluster {x;, x,, x3} or
{x1, w, x3}. Let b € B not be a cluster monomial in C. We prove that the Newton
polygon of b in C does not intersect the positive octant Q. Since Newt(s]s7s;) =

pNewt(s;) + gNewt(sy) + rNewt(ss), it is sufficient to find a non-zero linear form
<p,§ : 0 —> R, (pg(el, ey, e3) = ae; + Be, + ycs, such that «, B,y > 0 and that takes
negative values on the vertexes of both Newt(s;), Newt(s;) and Newt(s3). If b is a
cluster monomial not divisible by cluster variables x,, with m <0, Tables 1 and 2
show a linear form with the desired property (this can be checked directly by using
Lemmas 6.3 and 6.4). For m > 0 Newtc(x_,,) is obtained from Newtc(x,14) by

Table 1 Every summand s = x}'x3*x3’ of b in {x, x2, x3} satisfies g, (e1, €2, €3) < 0

b op

P q r 1 2_, 1 5
Xom1%2m+2%2m+3 m(m —1),m(m — 1), | m* —2m + 3 m >
x5 g X [1,1,0]

P 4 r | 1 3 2, 1 -
XomXom+1%2m+2 mm—1), | m— 5 m — 5 , |\ m°—2m + E m >
xhxdx, [1,0,0] r>0
g [6,3,2]
xg g xg 9,5, 5]

X§m+lwqx§m+3 [m,2m, (m — 2)] m>2
xPwlx [0, 1,0] qg>0
xF wixl [0, 1,0] qg>0

P q.r m 3
X5 20X, m(m—l),z(m—l),m m—i m>2
x5 zix) [1,0,0]
upwk [1,2,1] n k>0
unz* 2,1,2] n k>0

In the second column we write the (row) vector that defines ¢ . In the first column b is assumed to
be not divisible by x,,, m < 0; it hence satisfies the conditions given in the third column on the right.
{x1.x2, x;)

We abbreviate ¢p, := ¢,
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Table 2 Every summand s = xf‘ w€2x‘§3 of b in {x1, w, x3} satisfies ¢ (1, €2, €3) < 0

b (p;)U

p q r | 1 , 2, 1 5
Xom1%X2m+2%2m+3 m@m — 1), Z(m -1, (m" =2m+ 5 m >
Xy x5 [0, 1,0] g0
x3xg [1.1,0] q>0
xngxg [1,0,0] r>0

1
Xgnlxgm+1x£m+2 [m(m —1),(m—1), (m2 —2m+ E)] m=>2
Xy Xy [0.1,0]
1

xgm+lwqx§m+3 |:m(m - 1,0, <m2 —2m+ E)] m=>?2
xF wixk [1,0,0]
xgmqu£m+2 [1,2,1] m>1

In the second column we write the (row) vector that defines ¢ . In the first column b is assumed to

be not divisible by x,,, m < 0; it hence satisfies the conditions given in the third column on the right.
{x1,w,x3}

We abbreviate ¢} := ¢,

exchanging the first coordinate with the third one. In particular if Newtc (x,,+4) does
not intersect the positive octant the same holds for Newtc (x_,).

LetC = {x1, x2, x3}. If b = u,w¥orb = u,z*, n, k > 0, Table 1 shows a linear form
¢p which takes negative values on the vertexes of Newtc(b). We notice that both
such forms satisfy ¢, (y) < 0 for every vertex y of Newtc(u,). It hence remains to
check that 1 is not a summand of u,, in {x;, x5, x3}. This is done by direct check using
Theorem 2.3.

Let C = {x;, w, x3}. We notice that the grading of a monomial in the elements of
C is non-negative (see Lemma 6.6). Now deg(i,z%) = —2k and hence, for k > 0, b
is a sum of proper Laurent monomials in C. If b = u,, then deg(u,) = 0 and hence
the only monomial in C that could appear in the expansion of u, in C is 1. By using
Theorem 2.3 we check that this is not the case. Let hence b = u,w* with k > 0. In
view of Eq. 139 the linear form ¢’ (e, 2, €3) := e + e3 satisfies ¢}’ (e1, €2, €3)(y) <0
for every vertex y of Newt(y, w ;) (u,) and ;' (0, 1,0) = 0. It follows that the only
possible monomial in C in the expansion of b in C is 1. But 1 is a summand of u, w*
in C if and only if (0, —k, 0)' is an element of Newt(y, 4, x,) (t,,) Which is not the case in
view of Eq. 1309.

6.4.3 Proof of Lemma 6.5

Part (3) follows by part (2) by the symmetry of the exchange relations. By the explicit
formula of u, in both the clusters {x;, x5, x3} and {x;, w, x3} given in Theorem 2.3 we
find that the Laurent monomial x/x} has coefficient in IP in these expansions and it
is not a summand of u,, for p # n. In particular the monomial x7w* /x appears in the
expansion of u,w* in {x, w, x3} with coefficient in P and it is not a summand of u ,,wk
for p # n. The monomial x//x% is not a summand of u,w? and u,z? if g > 0, because
deg(x]/x4) = 0 whereas deg(u,w?) = 2q and deg(u,z?) = —2q (see Lemma 6.6).
Similarly the monomial x}w*/x7 is not a summand of u,,, u,w" and u,z9if p,r,q > 0
and r # k, because deg(xj’wk/xg) = 2k whereas deg(u,) =0, deg(u,w”) =2r and
deg(u,z7) = —2q. Finally the monomial x7/x} (resp. xJw*/x}) is not a summand
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of a cluster monomial » not divisible by x,,, m < 0, in the cluster {x;, x5, x3} (resp.
{x1, w, x3}) because after a glance at Table 1 (resp. Table 2) ¢} (1,0, —n) > 0 (resp.
@y (n, k, —n) > 0). This concludes the proof. O
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