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Abstract

In mathematical finance, economies are often presented with the specification of a probabil-
ity space equipped with a filtration that encodes information flow. The information-based
framework of Brody, Hughston and Macrina (BHM) emphasises the role of market informa-
tion in deriving asset price dynamics, instead of assuming price behaviour from the start.
We extend the BHM framework by (i) modelling the nature of access to information through
information blockages and activations of new information sources, and (ii) introducing a new
class of multivariate Markov processes that we call Generalised Liouville Processes (GLPs)
which can model the flow of information about vectors of assets. The analysis of access to
information allows us to derive price dynamics with jumps. It additionally enables us to
develop an information-switching framework, and price derivatives under regime-switching
economies. We also indicate some geometrical aspects of appearances of new information
sources. We represent information jumps on the unit sphere in the Hilbert space of square-
integrable functions, and on hyperbolic spaces. We use differential geometry, information
theory and what we call n-order piecewise enlargements of filtrations to dynamically quan-
tify the impact of sudden changes in the sources of information. This helps us to model
the stochastic evolution of what may be viewed as information asymmetry. In related work,
we construct GLPs on finite time horizons by splitting so-called Lévy random bridges into
non-overlapping subprocesses. The terminal values of GLPs have generalised multivariate
Liouville distributions, and GLPs can model a wide spectrum of information-driven depen-
dence structures between assets. The law of an n-dimensional GLP under an equivalent
measure is that of an n-vector of independent Lévy processes. We focus on a special type of
GLPs that we call Archimedean Survival Processes (ASPs). The terminal value of an ASP

has an ¢;-norm symmetric distribution, and hence, an Archimedean survival copula.
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Chapter 1
Introduction and Summary

Mathematicians and economists face a non-trivial problem when developing a realistic asset-
pricing model, since one can write a long list of interacting features that play a part in the
formation of prices. A desirable framework would be flexible enough to represent a wide
range of financial behaviour, and would also be able to deliver meaningful and interpretable
results in developing our understanding of finance. Satisfying these requirements is already
an ambitious challenge. Hence, it is not suprising that the analysis usually starts in a
relatively simpler framework, which is gradually elaborated.

Considering information as a mathematical concept advanced many important physical
applications in various scientific areas including electronic engineering, computer science and
quantum mechanics. In probability theory, a rigorous analysis of a stochastic model relies
heavily on the treatment of information. Thus, it is perhaps not surprising to see why
information plays such a significant role in mathematical finance, where financial markets
are often presented with the specification of a probability space equipped with a filtration
that encodes the revelation of information.

In the asset-pricing literature, many stochastic models have been proposed for price pro-
cesses, and these prices are usually adapted to some filtration. As a standard example, in
the Black-Scholes-Merton theory, a great deal of analytic tractability is attained by choosing
the underlying asset price to follow a geometric Brownian motion adapted to a Brownian
filtration. However, when one assumes price behaviour from the start, one may lose the inter-
pretation of how market information affects price dynamics. In particular, new information
that the market has about an asset causes asset prices to change. Therefore, reversing this
approach by first specifying the market information, and modelling the flow of information as
a driver of price movements presents itself as potentially fruitful in the quest to understand
asset price behaviour.

There may also exist small traders who are relatively more informed than the market, and
who may exploit their additional information for profit. This scenerio presents the question

as to how to model and quantify information asymmetry.



The objective of this thesis is to provide an information-driven framework which (i)
admits the derivation of a rich class of asset price dynamics, (ii) allows dynamic represen-
tations and quantifications of information asymmetries, and (iii) enables the modelling of a
broad range of dependence structures between assets. We fix a probability space (2, F, Q)
equipped with a filtration {F;}o<t<oo, Wwhere Foy = F and Q is the pricing measure. We
assume the existence of a pricing kernel and the absence of arbitrage to ensure the existence
of a pricing measure (see, for example, Cochrane, 2005). We consider an asset that pays a
random cash flow X7 at a predetermined time 7" < oo. The cash flow X can be expressed
as a function of a collection of independent market factors, say M¢ for « = 1,2,.... For
instance, Xp = g(M}, M2, ..., M%), where g : R™ — R is a suitably chosen function. The
pricing models we discuss in this work can easily be extended to the case where there are
multiple cash flows at different times. An example is provided in Chapter 4. We assume
the existence of an information process {£;} that provides noisy information about the value
of X7 and that generates the market filtration {]:f }, where F& C F,. We shall model this
information process explicitly. Then, we define the asset price as the expectation of the
discounted cash flow, conditional on the market filtration. More specifically, denoting P,r as
the deterministic discount factor, the price at time ¢t < 7T is given by X; = PyE@ [XT\]-"f].
This work is organised as follows:

Chapter 2 gives a brief introduction to the information-based asset pricing framework of
Brody, Hughston and Macrina (BHM), where an asset is defined by its cash-flow structure.
First, we discuss the so-called Brownian information process, which consists of a signal
component plus an independent Brownian bridge noise component. The signal component is
the cash flow X7, and the Brownian bridge spans the time interval [0, T]. Such an additive
construction of the information process is natural from the standpoint of filtering theory,
and the bridge property of the noise process ensures the revelation of the value of the cash
flow X7 at time T'. The cash flow can be represented as a function of various independent
market factors, each associated with a Brownian information process that generates the
market filtration. We provide the stochastic differential equations of asset price processes,
and also provide the value of a European option, which is of the Black-Scholes-Merton type.
In the context of aggregate claims (which may arise in insurance problems), where the cash
flow is determined by the terminal value of a cumulative process, we briefly discuss what
one may call a gamma information process. Such a process consists of a signal component
(i.e. the cash flow) multiplied by an independent gamma bridge noise component that spans
[0,T]. We leave many relevant results on gamma information processes (or what we also call
gamma random bridges) to Chapter 7, when constructing Archimedean survival processes.

In Chapter 3, we model new information sources appearing in the market by the activation
of additional information processes that generate the market filtration. The market filtration

is generated by Brownian information processes that carry partial information about the
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cash flow X7, and we represent the availability of new sources of information at independent
stopping times. More specifically, we partition o-algebras into subalgebras with respect to
their time dimension, and initiate the subalgebras at stopping times independent of the
information processes. The market filtration is then defined in terms of a o-algebra that
contains all the collections of these subalgebras. In this respect, the stopping times may
be viewed as what one may call ‘measurable start-up times’. We prove a strong Markov
property of Brownian information processes and analyze the impact of availability of new
information sources on conditional expectations of Xr. We show that the appearance of new
sources of information induces jumps in the conditional probability density process (given
that X7 is a continuous random variable with a density), and thus the price process. We
provide the stochastic differential equations of the conditional probability density process
and the price process. The conditional probability density process (and the price process) is
cadlag, and hence its paths are elements of a Skorokhod space. There exists a random jump
measure naturally associated with the conditional probability density process. We show that
the price process has jump-diffusion dynamics, and the jump sizes are determined by the
difference of two dependent exponential Brownian motions with stochastic volatilities. It is a
direct outcome of our framework that the price process has stochastic volatility with jumps,
since the volatility is a function of the number of information processes provided to the
market. In the Hilbert space of square-integrable functions, denoted by £2, we project the
square-root of conditional probability densities onto orthogonal subspaces. The impact of
appearances of new information sources can then be measured geometrically on the positive
orthant of the unit sphere ST C £2. More precisely, information jumps can be characterised
by the spherical distance (or the Bhattacharyya angle) between the Fourier coefficients of
the square-root of the conditional probability density. We provide a generalisation of the
setting for the case when X1 can be expressed as a function of independent market factors.
We associate different sequences of stopping times to different market factors. Hence, the
number of sources of information about each market factor may be different at any time. This
results in an elaborate expression for the price processes represented in terms of Kronecker
products, Hadamard products and matrix norms. Finally, we provide an alternative way
of modelling the availability of new sources of information at stopping times. In doing so,
we start with a larger filtration and project it to a smaller one that we assume to be the
market filtration. The market filtration is generated by information processes that become
alive starting from the stopping times.

In Chapter 4, we develop an information-based regime-switching framework. Our pri-
mary interpretation is that regime switches coincide with price jumps caused by entries of
new information sources to the market. One can then argue that, in between jumps, each
volatility process (of the price process) belongs to a different regime. This is a common view

in the regime-switching literature. We value European options while admitting activations
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of new sources of information. The option value is the weighted sum of different option
values induced by different number of information sources, where the nth weight equals the
probability of n information processes driving the market at maturity. We use a sequence of
measure changes to value European options. In a special case, we can obtain an option value
very similar to that of Merton (1976). In addition, letting Xt € {0, 1}, we value credit-risky
bonds and credit default swaps. The values of European options and credit-based products
may be interpreted as the values under regime-switching economies. Since it is still a rather
restrictive viewpoint to expect a jump in the price process at every regime switch, we de-
velop a more elaborate framework, where we view regime switches as changes in the sources
of market information. By changes, we do not neccesarily mean appearances of new infor-
mation sources, it may as well be that the information provided to the market stops flowing.
Thus, we also model a scenerio when information ceases to flow, by stopping information
processes at stopping times. By starting and stopping information processes, we construct
deactivation-reactivation dynamics for price processes. This leads to scenerios where condi-
tional expectations of cash flows may stick to a value for a random period of time, which may
arise in illiquid markets. We generalise the setting to the multiple market factor case, where
the source of information associated with a market factor may be switched on or switched
off at a given time. This allows the possibility to have random numbers and allocations of
active and inactive information processes in the market, where each stopping time does not
neccesarily induce a jump in the price dynamics. Since the Brownian information process
is strong Markov with respect to the given filtration, the price process is determined by the
last observations of the switched off information processes, and the new information coming
from the switched on information processes. If the total number of information sources is
k, then there are 2* possible economic states at a given time. Finally, as a special exam-
ple, we construct a o-algebra where each stopping time induces a switch from one source
of information to another. That is, while each stopping time stops an information flow, it
simultaneously acts as a start-up time of another information source. It follows that the
price process jumps at each information switch. This example provides an alternative view
on regime switches that coincide with price jumps.

Chapter 5 focuses on addressing the following question: How can one dynamically quan-
tify the impact of changes in the source of information about a cash flow X7 The motivation
arises from the wish to measure the informational advantage of a small trader who is more
informed than the market. A similar approach is presented in Brody et al. (2009), where
there is an informed trader who has access to extra information from time ¢ = 0. The
value of the excess information is measured in terms of the difference between the mutual
information of the market and the informed trader. Chapter 5 may be seen as a generali-
sation of this scenerio with an alternative information-theoretic perspective. We construct

what we call information asymmetry processes on [0, 7| by using information-theoretic mea-
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sures and enlargements of filtrations. We assume that the filtration of an informed trader
is what we call an n-order piecewise enlargement of the market filtration. We focus on a
specific case where a small trader may receive additional sources of information at stopping
times, and where the market filtration is generated by a single Brownian information pro-
cess. Using f-divergences and piecewise enlargements of filtrations, we generate what we
call the Kullback-Leibler (KL) and the Squared-Hellinger (SH) asymmetry processes. The
KL and the SH asymmetry processes are jump-diffusion processes taking the value zero at
time 7', and the jumps occur when the informed trader receives a new source of information.
Thus, each jump quantifies the impact of a change in information sources. We also build
a competitive setting involving two informed traders who can not see each others’ actions,
and whose filtrations are different piecewise enlargements of the same market filtration. We
focus on a scenerio where the informed traders receive additional information at different
stopping times. This way, we are able to quantify the competitive advantage of an informed
trader with respect to another, using the language of information theory. We model finan-
cial mispricing as a class of information asymmetry, and construct what we call mispricing
processes. We initially let an economy receive incorrect information about a future cash flow
as opposed to correct fundamental information. Therefore, the mispricing process represents
the dynamic evolution of the informational asymmetry between the market and the funda-
mentals. The mispricing process jumps to zero if the market instantaneously receives the
fundamental information flow, which represents a sudden market correction. This chapter
also provides the stochastic differential equation of a Shannon entropy process defined in
terms of an n-order piecewise enlargement of a filtration. In this particular example, we
show that the Shannon entropy process is a supermartingale.

In Chapter 6, we address the same question to that of Chapter 5, but with a slight mod-
ification: Can one dynamically quantify the impact of changes in the source of information
using geometry? The motivation partly arises from the fact that the SH asymmetry pro-
cess can be defined in terms of Bhattacharyya angles on the unit sphere ST C £? between
the square-roots of conditional probability densities. Thus, in a way, this angle provides a
geometric perspective on information asymmetry. It follows that the Bhattacharyya angle
process is the inverse cosine of a jump-diffusion process and it takes the value zero at time 7.
To take matters further, we assume that X is a Gaussian random variable. We parameterise
the conditional probability distributions to form a parametric class of Gaussian distributions,
in which the parameters (the mean and the variance) are functions of Brownian information
processes. This induces a natural geometry on a Riemannian manifold of which the points
are determined by Gaussian distributions. More specifically, the manifold is a hyperbolic
space that we denote by P, which is endowed with the Fisher metric tensor. It follows that
for each fixed time ¢t < T, a Brownian information process determines a point on P. We

include the boundary of P, which we denote by P, using Dirac measures as limits of Gaus-
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sian distributions, and define a manifold with boundary: M = P|JIP. Then, we are able
to construct what we call the Fisher-Rao (FR) asymmetry process on [0, 7], using points on
M that are determined by different numbers of information sources. The FR asymmetry
between points on the boundary 0P takes the value zero at time 7', and the FR asymmetry
process for ¢ < T jumps when a new information source appears. In addition, at points on
P, infinitesimally close to each other, both the KL and the SH asymmetries coincide with
the FR asymmetry. The jumps of the SH and the FR asymmetry processes induce spher-
ical triangles and hyperbolic triangles on St and P, respectively. The triangular surfaces
allow us to measure the jump sizes of conditional probability densities using angles between
geodesics and the curvatures of the underlying manifolds. These surfaces provide alterna-
tive ways of quantifying the impact of the activation of new information sources. Also in a
way, these surfaces enable us to view information asymmetry as a geometric shape instead
of just a quantity. We introduce a mathematical analogy between the SH asymmetry and
an isometric invariant of the Poincaré disc under the action of the general Mobius group.
The analogy encourages us to propose the use of the isometric invariant as an alternative
way of measuring information asymmetry in the Gaussian setting. The isometric invariant
is zero if there is no information asymmetry, and is strictly positive otherwise. In addition,
similar to Chapter 5, we create a competitive environment between two informed traders
and quantify the competitive advantage with respect to each other geometrically. We also
model financial mispricing as a type of information asymmetry, and since the SH and the
FR asymmetry processes provide geodesic distances on ST and P, respectively, they offer a
geometric perspective on quantifying sudden market corrections.

In Chapter 7, we introduce a class of multivariate processes that we name Archimedean
Survival Processes (ASPs) and we present some of their properties. An ASP is defined over
a finite time horizon and its terminal value has an ¢;-norm symmetric distribution and an
Archimedean survival copula. Indeed, there is a bijection between the class of Archimedean
copulas and the class of ASPs. We construct ASPs by splitting so-called gamma random
bridges (a gamma random bridge is the product of a gamma bridge with an independent
positive random variable) into non-overlapping pieces. The one-dimensional marginal pro-
cesses of an ASP are gamma random bridges. These marginal processes are increasing and,
in general, not independent, but they are identical in law. ASPs are Markov processes and
their increments have multivariate Liouville distributions. The ¢;-norm of an ASP is a one-
dimensional gamma random bridge. We also provide the first and second order moments of
ASPs. The law of an n-dimensional ASP is equivalent to that of a vector of n independent
gamma, processes, and we provide details of the associated change of measure. The law of
an n-dimensional ASP is identical to the law of a positive random variable multiplied by
the Hadamard product of an n-dimensional Dirichlet random variable and an n-vector of

independent gamma bridges. An ASP may be viewed as a multivariate information process,
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where each marginal process carries partial information about an aggregate claim deter-
mined by the terminal value of a cumulative gains process. Therefore, ASPs can model a
rich class of dependence structures between cash flows by the use of Archimedean copulas.
One of the attractive features of copulas is that they allow the fitting of one-dimensional
marginal distributions to be performed separately from the fitting of cross-sectional de-
pendence. Archimedean copulas have received particular attention in the literature for both
their analytical tractability and practical convenience. ASPs present an avenue to extend the
theory and application of Archimedean copulas in multi-period and continuous-time frame-
works. The results presented in this chapter can also be found in Hoyle and Mengiitiirk
(2012). The material in this chapter and in Hoyle and Mengiitiirk (2012) are based on the
collaborative work with Ed Hoyle. The two authors contributed equally in this effort.
Chapter 8 introduces a family of multivariate Markov processes that we call Generalised
Liouville Processes (GLPs). GLPs are defined over a finite time horizon, and their terminal
values and increments have generalised multivariate Liouville distributions. We construct
GLPs by splitting so-called Lévy random bridges into non-overlapping pieces and by employ-
ing deterministic time changes. Lévy random bridges are introduced in Hoyle et al. (2011)
to model the flow of information as an extension to the BHM framework. A Lévy random
bridge (or a Lévy information process) is identical in law to a Lévy process conditioned to
have a fixed marginal law (say, the a priori law of the future cash flow) at a finite future
time. The one-dimensional marginal processes of GLPs are Lévy random bridges. Hence,
GLPs may be viewed as multivariate information processes, where each marginal is a Lévy
information for a cash flow. The sum of marginals of GLPs are one-dimensional Lévy ran-
dom bridges, and the law of an n-dimensional GLP under an equivalent measure is that of a
vector of n independent Lévy processes. GLPs generalise ASPs and allow us to model a wide
spectrum of dependence structures between cash flows that have a generalised multivariate
Liouville distribution. From an information-based viewpoint, the law of a GLP determines

the distribution of the prices of a vector of assets.
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Chapter 2
Information-Based Framework

We provide a general account of the information-based framework of Brody, Hughston and
Macrina (BHM), developed in Macrina (2006) and Brody et al. (2008a). The BHM frame-
work is applied to credit risk modelling in Brody et al. (2007), Rutkowski and Yu (2007)
and Brody et al. (2010), to interest rate theory in Hughston and Macrina (2008), to in-
surance problems in Brody et al. (2008b), and to insider trading in Brody et al. (2009).
The framework is extended in Hoyle et al. (2011) with the introducion of a larger class of
information processes called Lévy random bridges. The BHM framework is closely related
to other partial information approaches in the literature such as Giesecke (1994), Duffie and
Lando (2001), and Jarrow and Protter (2004).

Let (€2, F, Q) be a probability space equipped with a filtration {F; }o<t<co, where F, = F.
The probability measure Q is the pricing measure. We assume that all filtrations under con-
sideration are right-continuous and complete, and we fix a finite time horizon [0, T]. We let
X7 € L%(Q, F,Q) be an Fy-measurable square-integrable continuous random variable with
state-space (X, B(X)), and continuous density g(z) > 0 for z € X. Here, £? is the Hilbert
space of square-integrable functions and B(X) is the Borel o-field (it is straightforward to
rewrite the following results if X is a discrete random variable). We shall be using Xt to
model a cash flow at time 7', and we assume X C R. One may generalise the topological
conditions on X such that it is a complete separable metric space. Since we are working in
a financial context, X C R is a natural choice. We postulate the existence of an F;-adapted

cadlag process {& }icjo,r), which generates the filtration {.7-"5}, ie.,

Fr = o({&}o<st), (2.1)

for 0 <t < T. We assume {F}} is the market filtration where the process {&} provides
noisy information about the cash flow X7 . In other words, the o-algebra .7-“5 C F; is all the
information that the market has about X7 at time ¢.

Brody et al. (2008a) model {&} through an additive construction, in particular, with a
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signal component (i.e., X7) plus an independent Brownian bridge noise component. Such an
additive construction of the information process is natural from the standpoint of filtering
theory (see, for example, Davis and Marcus, 1981, and Krishnan, 2005). More specifically,

the market information process {&} is
& = KXTt + BtTa (22)

where {Byr}icor) is a Brownian bridge independent of X to the value zero, and is not
ff—adapted. Also, the random variable X is ]—"%—measurable, but is not }"f—measurable for

t < T. Note that the Brownian bridge { B;r} can be represented as

t
Bir = B~ 1:Br. 2.3

where {B;} is a Q-Brownian motion. The value of X7 is obscured by the noise { By} for
0 <t < T, and it is finally revealed without noise at time 7. We call {¢;}, defined as in (2.2),
a Brownian information process. Setting &7 = kX7T ensures that the marginal law of the
Brownian information process at T' is the a priori law of kX7T. We assume x > 0 is finite
and call it the speed coefficient of {;}, since it controls the speed at which the true value
of X7 is revealed to the market. Brody et al. (2007) proves that {¢;} is a Markov process
with respect to {FF}. In Chapter 3, we shall prove a strong Markov property of {}.
Following BHM, we let the risk-free system of interest rates be deterministic. We denote
the corresponding system of discount functions by { Py }o<t<co and assume that Py is differ-
entiable, strictly decreasing and satisfies 0 < Py, < 1 and lim;_,o, Py; = 0. The no-arbitrage
condition implies that Py = Pop/ Py for t < T. If {r;} is the risk-free rate process such that
ry > 0 and ftoo rsds = 00, the discount function P,r is the no-arbitrage price of a zero-coupon

risk-free bond (paying unity) with maturity 7"

P = exp (- /t L ds> . (2.4)

Then the price of a cash flow X at time t for 0 < ¢ < T, which we denote by X, is given
by the Eg-conditional expectation of X discounted by Pir:

X, = PaB? [Xr | ). (2.5)

where E@[.] denotes the expectation under Q. Note that since {¢;} generates the information
provided to the market, the dynamics of the price process are dependent on the law of {&;}.

For x € X, we denote the conditional probability density of Xt at time t by (), i.e.,

bi(z) = q(z|Fy) = q(z]&), (2.6)
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for 0 <t < T. If By(X) is the space of bounded B(X)-measurable functions, the following
can be written for any g € By(X):

EQ [g(XT) )ff] - /X g(x)y(z) da. (2.7)
Therefore, when we express X7 as a function of m € N, independent market factors, we shall
choose a function from B,(X™). Note that the right-hand side of (2.7) is defined for ¢t € [0,T),
excluding time 7', whereas the left-hand side is defined including time 7'. In the following
chapters, we shall make use of distributions for calculating expectations including time 7T'.
In fact, the reason why we introduce only the densities in this chapter is to demonstrate
their use in deriving the stochastic differential equation (SDE) of the price process.

Note that the Brownian bridge {B;r} is a Gaussian process with mean zero, and the
covariance between B,y and By is u(T — t)/T for u < t. It follows from the Markovian

property of {{;} and the Bayes formula that

exp | ol (ks — 3(r2)?1)] o(@)
wt(x) = ) (28)
Jx exp [ﬁ(lﬁl’& - %(ﬁx)%)] q(z)dx

for0<t<T.
The SDE of {1 }+cjo,r) can be calculated by the use of Ito’s lemma applied to (2.8). More
specifically, it can be shown that the process {1} is governed by

d1/1t<27> = Ut($)¢t<I> th7 (29)
for 0 <t < T, where the coefficient {o¢}cjo,r) is defined by

Tr(z — B2 [Xr| &)

= 2.10
O-t(x) (T — t) ; ( )
and where {W;}icjo.7) is a Q-Brownian motion given by
1 S R
W, = —&ds—T —E~ [ X7 | &] ds. 2.11
=6t [ eds =T [ BR X ds (211)
It follows from (2.5) and (2.8) that the price X;, for 0 <t < T, can be expressed as
Jx Texp [(TT_t)(/mft - %(/{x)Qt)} q(z)dz
Xt - PtT . (212)

Jx exp [(T{t) (kx& — %(m:)%)} q(r)dx
From (2.2) and (2.4), PppEQ [XT ’ ]—"%] = Xr. The price of the asset is X7 at time 7.
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Making use of (2.9), it can be shown that the dynamics of the price process {X;} are
governed by the following SDE:

T
dXt = TtXt dt + PtTT

“t\/ar@ (X7 |&] AW, (2.13)
for 0 <t < T, where Var®[ X, | &] = EQ[X2|&] —E2 [ X | ] is the conditional variance of
X7 under Q. We provide a proof of a generalised version of (2.13) in Chapter 3. Note that
we do not specify a stochastic model for the price process from the start. The dynamics of
the price process are derived by specifying an information process that generates the market
filtration.

At time 0, the value of a European call option with strike K, exercisable at time £, is
Co = PuE? [(X; — K)'], (2.14)

for 0 <t < T, where (y)™ = max(y,0). Hence, the option is exercisable on the time-t price
of an asset that has the cash flow Xp at time 7. Brody et al. (2008a) show that the value
of this option is given by

T
Cy = POt/xq(a:)/\/' (—zt+m: t—) dx
. Tt
tT
—POtK/q(:U)./\/' (—zt—i-/sx —) dz, (2.15)
. Tt

where N/(.) is the standard normal distribution function, and z, = &* %, where £* solves

the following:

/X (Pt — K) exp [% <mg* _ %(m)%ﬂ o(z)dz = 0. (2.16)

Note that the information-based setting leads to a Black-Scholes-Merton type European call
option price. We provide a proof of a generalised version of (2.15) in Chapter 4.

In the BHM framework, the cash flow X is represented as a function of a set of indepen-
dent random variables, say M%, for a« = 1,...,m, with continuous densities ¢*(x) > 0. The
random variable M7 is called a market factor, and each market factor determines the value
of the cash flow Xp. Without loss of generality, we assume that the state-space of each M2
is (X, B(X)). We choose a function g € B,(X™) such that g : X" — X, and express Xr as

follows:

Xp=g(Mj, ..., M), (2.17)
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We associate a Brownian information process, that we denote by {£7* }+cjo,77, with each market
factor M such that
& = R*MPt + By, (2.18)

where {Bg}icpr), @ = 1,...,m are mutually independent Brownian bridges to the value

zero and which are independent of each M%. The market filtration {F=} is then given by
Ff=0({&%% 0ot :a=1,...,m), (2.19)

for 0 <t <T. For each o, M% is fé—measurable, but not ff—measurable fort <T.
For z € X, we denote the conditional density of M at time ¢ by ¥g*(z):

Vf () = ¢° (2| Ff) = ¢* (&)

exp | il (ke — S (wea)?) | ¢ ()

- - : , (2.20)
Jx exp [(T_t) (kex&y — i(ﬁ“m)zt)} q*(z)dx
for 0 <t < T, since {{*}, a = 1,...,m are Markovian and mutually independent. From
(2.7) it follows that the time-t price of Xy is
Xi = PrE® [g(M7, ..., M) | &, ... &"]
_ PtT/ ot ™ () - () day - A, (2.21)
Then the dynamics of the price process {X;} are governed by the following SDE:
o Tk Q « 1 m «
dX; =r,X,dt+ Pr ) 7——Cov [Xp, ME| &) dwy, (2.22)
a=1
for 0 <t < T, where {W}4cp0,r) is a Q-Brownian motion satisfying
1 1 g
for o =1,...,m. Cov®[Xp, M2 | F¥] is the conditional covariance of X7 and M% under Q.

In Chapters 3-6, we shall work with Brownian information processes having the functional
form as shown in (2.2). In Chapter 7, when we introduce Archimedean survival processes,
we make use of what one may call gamma information processes (or what we also call
gamma random bridges). Gamma information processes are used within the BHM framework
(see Brody et al., 2008b) in the modelling of aggregate claims. Although we discuss these
processes in detail in Chapter 7, we shall give a brief overview here of how gamma information

processes are used in the BHM framework.
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Let {~;} be a gamma process, which is an increasing Lévy process with gamma distributed

increments (see for example, Bertoin 1996, and Sato, 1999). If X7 > 0 is a cash flow, then
* Yt
{& e = {XT%}te[o,T], (2.24)

is a gamma information process, where {7;/yr} is a gamma bridge to the value 1 and
independent of X7. We can view X as a signal and the gamma bridge as independent
multiplicative noise. Brody et al. (2008b) argue that such a representation is natural from
the standpoint of filtering theory, since many additive properties of the Brownian bridge are
analogues to multiplicative properties of the gamma bridge. We refer the reader to Emery
and Yor (2004) and Yor (2007) for some of these properties.

Note that if the market filtration is generated by a process of the form (2.24), the value
of X7 is revealed without noise at time 7. Let {F¢ } be the market filtration given by

F = o0({& osssr), (2.25)

for 0 < ¢ < T. Brody et al. (2008b) show that {{} is a Markov process with respect to
{FF ). It follows that

S T (2 — )T () da

X, = PoEC[ X7 | F] = Priths ,
t t t t fgz* :L.lfmT(m _ fg)m(Tft)flq(x) dz

(2.26)

is the price of an asset with cash flow Xr at time T, provided that m > 0 is a parameter of
the gamma process {~;}.

Hoyle et al. (2011) introduce the so-called Lévy random bridges (LRBs) to model the
flow of market information using a broader family of stochastic processes. LRBs are Markov
processes, and both Brownian information processes and gamma information processes are
examples of LRBs. We provide a formal definition of LRBs in Chapter 8 when we intro-
duce Generalised Liouville Processes. Briefly, an LRB is identical in law to a Lévy process
conditioned to have a fixed marginal law (say, the a priori law of the future cash flow) at a
fixed future time. The time-t price of an asset that pays Xr at time T is calculated by the
discounted conditional expectation of X, with respect to the market filtration generated by
an LRB.
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Chapter 3

Brownian Information Processes and

Jump-Diffusion Dynamics

In this chapter, we model the appearance of new sources of information by the activation
of additional information processes that generate the market filtration. In particular, we
analyze the access of the market to new sources of information at stopping times. This
allows us to investigate how the flow of information may lead to jumps in prices.

Information about an asset influences the behaviour of the price of that asset. In other
words, new information that the market has about an asset causes its price to change. Em-
prically speaking, changes in asset price dynamics occasionally exhibit large jumps, usually
as a response to an announcement or a relevant newscast made to the market. Merton (1976)
decomposes price changes into two parts: marginal and non-marginal changes. If information
about an asset arrives gradually and continuously in time, then over short time intervals, the
impact of information on price dynamics is marginal. On the other hand, important news
about an asset may arrive infrequently, and new information sources may appear at discrete
points in time. Then it is reasonable to expect that the impact of a new broadcast or the
revelation of a new source of information is not marginal.

In the BHM framework, one specifies the law of information processes generating some
market filtration, and price dynamics are derived. Since the price of an asset is the expec-
tation of its discounted cash flow conditional on the market filtration, one may expect that
the price dynamics are continuous if the information processes are continuous, and price dy-
namics have jumps if the information processes have jumps. Although these statements are
true in general, we introduce a way to derive price dynamics with jumps even though the in-
formation processes are continuous. We do this by modelling the appearance of new sources
of information at stopping times, where we assume that the market filtration is generated
by Brownian information processes. Our framework is analytically tractable and provides

an alternative perspective on information-based price jumps in an economy.
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In order to model the appearance of new sources of information, we first partition o-
algebras into subalgebras (by a subalgebra, we mean a o-algebra that is contained in an-
other o-algebra) with respect to time, and admit arbitrary starting times. We postulate
the existence of Brownian information processes {gg}tem, 1 =1,...,k, and admit these

information processes to enter the market filtration at stopping times. First, we define

i o 5; u<s (] S tv
o ({& ussst) (31)
{Q, o} u > t,

for a fixed time u and for 0 <t < T. The set {2, &} is the trivial o-algebra, and }"f:t is a
subalgebra of ffi = 0({& })o<s<t, since ]:5; C ]:fi for all w > 0. We then employ stopping
times to initiate these subalgebras (instead of a fixed deterministic time u), which allows us
to represent random appearances of new sources of information in the market.

We shall first define a stopping time. Let (2, F,{F;}, Q) be a filtered probability space.
Then, a random time 7 : Q — R, is an F;-stopping time, if {r <t} € F,. There are various
ways one can model stopping times, and our framework offers the flexibility to consider a
broad range of such models. One common example of a stopping time is the first hitting

time of a continuous process. For example, let {L;};>¢ be a continuous process adapted to
a filtration {F/’} (where 7 C F;), then 75 : © — R defined by

T(w) = inf{s > 0: Ly(w) € B}, (3.2)

is an Fl-hitting time for w € Q and B € B, and hence, it is an FF-stopping time. The
random variable 75 is the first time the process {L;} enters B.

Throughout this chapter, we assume that the stopping times are independent of the
information processes. We define the market filtration as the union of the filtrations of
subalgebras that are initiated at stopping times. Without loss of generality, we choose to
model stopping times as the jump times of Heaviside processes. We would like to note
that Heaviside processes are not what we call information processes (especially since they
are independent of the cash flows), and they simply serve as processes that indicate when
the new sources of information appear in the market. As noted above, one may model the
stopping times as the first hitting times of cadlag processes instead of Heaviside processes. If
the cadlag processes are continuous, then we can define a market filtration that is generated
only by processes that are continuous, and still be able to derive price dynamics with jumps.
We shall see that this follows since, instead of having jumps in the evolution of information
processes, we define the market filtration in such way that the filtration itself ‘jumps’ at a
stopping time, due to a sudden expansion of the o-algebra.

We shall explicitly show how the appearance of a new source of information induces a
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jump in the price process. In fact, we shall show that the price process follows jump-diffusion
dynamics as a natural result of sudden appearances of Brownian information processes. This

is consistent with the jump-diffusion model of Merton (1976, pp. 127) who quotes:

“By its very nature, important information arrives only at discrete points in time.
This component is modeled by a jump process reflecting the non-marginal itmpact

of the information.”

This chapter draws particular attention to the time dimension of filtrations. Although
we present our results within the BHM framework, the models can be generalised within
stochastic filtering theory. Our work may also be regarded as an extension to a stream of
literature that assigns emphasis on the time dimension of filtrations (see for example, Jacod
and Skorohod, 1994, Jeanblanc and Valchev, 2005, and Guo et al., 2009). Jeanblanc and
Valchev (2005) use discrete-time filtrations and model default hazard processes, and Guo et
al. (2009) introduce delayed filtrations and model credit risk using time changes.

This chapter is organised as follows: Section 1 is the mathematical setting. Section
2 explains our model for the appearances of new information sources at stopping times.
Section 3 generalises the setting to the multiple market factor representation of the future
cash flow. Section 4 provides an alternative way of modelling the availability of new sources

of information at stopping times. Section 5 is price simulations.

3.1 Mathematical Setting

3.1.1 Hilbert Space Setting

Hilbert spaces allow us to measure the non-marginal impact of appearances of new infor-
mation sources using functional analysis and geometry. The reader may refer to Rudin
(1987), and Riesz and Nagy (1990) for more details on Hilbert spaces. We shall provide
some notations:

We denote a Hilbert space by H, a normed vector space associated with a metric and
endowed with an inner product (. ), such that every Cauchy sequence in ‘H converges in H. If
V is a vector space and F' is a field, then the inner product (.) is a mapping (.) : VxV — F
which satisfies linearity, conjugate symmetry, and positive definiteness. We denote the norm
of g € H by |lg]l.

The elements g, h € H are orthogonal if (g, h) = 0, and if g and h are orthogonal we
write g L h. Also, if M, N are two subspaces of H, and if all elements of M are orthogonal
to all elements of N, then M is orthogonal to N, denoted by M L N. Since (g,h) = 0
implies (h,g) = 0, the relation L is symmetric. If M is the orthogonal complement of N,
then any g € H can uniquely be represented as g = h() +h? | where h() € M and h® € N.
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Similarly, if {M;, Ma, ..., M,} is a collection of mutually orthogonal closed subspaces of H,

spanning H, then any g € H can uniquely be represented as
g=hW ... 4 pm (3.3)

where (Y € M;. If every element in the vector sum of the mutually orthogonal sets M;
admits a unique representation of the form A" +- ..+ 1™ the direct sum, which we denote

by @, of the M;’s is H, i.e.,

H=PM =M &M, (3.4)
i=1
The elements e,,, € H for m = 1,2, ... are orthonormal, if in addition to being orthogonal
each satisfies ||e,,|| = 1. An orthonormal sequence e,, € H for m = 1,2,... is complete if
the only member of H which is orthogonal to all e,,, for m = 1,2, ..., is the zero vector.

We state a theorem and a definition from functional analysis that we shall later refer to:

Theorem 3.1.1. Let e, for m = 1,2,... be a complete orthonormal sequence in H. Then

for every g € H,

g = Z<9’ €m)Cm- (3.5)

m=1

Definition 3.1.2. The coefficients (g, e,,) which appear in (3.5) are called the Fourier coef-
ficients of g € H.

One of the most important examples of a Hilbert space is the space of square-integrable

functions defined on some measurable set. A square-integrable function g on B satisfies:

/B l9(6) () < oo, (36)

where p is the Lebesgue measure. We denote this space by £2(B). The space £%(B) is the

collection of Borel-measurable, square-integrable functions g on B, with the inner product

(g, h) = /B gD h(t)u(dr), (3.7)

for some h € £?(B), and the norm

%
lo = nll = ([ 1ato) - noPutan) " 35)
The integrals shown in (3.6)-(3.8) are Lebesgue integrals.
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3.1.2 Information-Based Setting

We let (2, F, Q) be a probability space equipped with a filtration {F; }o<i<co, where Fo, = F.
We assume that all filtrations under consideration are right-continuous and complete, and
we fix a time horizon [0, 7], where T" < oco. We set Q to be the pricing measure. We let
Xr € L2(Q,F,Q) be an Fyp-measurable square-integrable cash flow at time 7. That is, Xr
is a continuous random variable with state-space (X, B(X)), X C R, and with continuous
density g(z) > 0 for z € X.

For k € N,, we postulate the existence of k {F;}-adapted cadlag processes that we
denote by {& }epory, ¢ = 1,..., k. In addition, we let {.7-"5} be the filtration of a subalgebra
]:fi CF fori=1,... k ie.,

Fi = o({€ozsz), (3.9)

for 0 <t < T. Throughout this chapter, {¢;} is a Brownian information process for i =
1,...k:
& = k' Xrt + By, (3.10)

where {Bj; }iep,r) is a Brownian bridge independent of X; that takes the value 0 at time
T, and is not Ffi—adapted. The {Bi;}’s may be correlated and we assume that the speed
coefficients k'’s are positive and finite.

We denote by Q(X) the space of probability measures over (X, 5(X)). Since X C R is
a complete seperable metric space, using Theorem 2.1 in Bain and Crisan (2009), we can

proceed by defining a Q(X)-valued, ]ffi—adapted stochastic process {7} }1eo,r] as follows:
m(w)(4) = QX7 € AlFf ) (W), (3.11)

forweQ,i=1,...,kand A € B(X). For the rest of this work, we fix some w € 2 outside
a Q-null set, and drop it from the expressions. Also, we fix A € B(X). 7! is a conditional
distribution (or a random probability measure) of X with respect to .Ff For pairwise
disjoint sets A,, € B(X) for m > 1, 7} satisfies the o-additivity condition:

i (U Am> = m(An). (3.12)

For any g € By(X), we can write

B [g0xr) | 7| = [ glaimitas). (3.13)

X

Until Section 3.3, we consider g(x) = x. Then, we express Xt as a function of m € N,

independent market factors, and generalise to other g € B,(X™).
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For x € X, we denote
Yi(x) do = q(z|Ff ) dz = mj(dz), (3.14)
for 0 <t < T. Hence, 9! is a conditional density of X7. Note that we can write
mi(dz) = Q( X7 € dzl€), (3.15)
since {&!} is a Markov process with respect to {ffi}, and X7 is a function of &.. Then,

exp | iy (w'a€) — §(w'2)%)| a(a)

Jeexp | g (wagi = 3(win))| g(a) do

bi(r) = (3.16)

for 0 <t<Tandi=1,...,k Since {¢!} is cadlag and ]-"fi—adapted, {wi} is progressively
measurable (see, for example, Karatzas and Shreve, 1991) such that ¢* : ([0, T]xQ, B([0, T])®
ff) — (9(X), B(Q(X))), t = 4! is measurable for any T > 0, where ® is the tensor product.

The stochastic differential equation (SDE) of {#i} can be derived by the use of Ito’s
lemma. The process {1/} is governed by the following SDE:

dyy(x) = oy (2)i; (x) AW, (3.17)
for 0 <t < T, where the coefficient {0} }+ejo) is defined by

_ Tr'(z— X))

r) = —r U 3.18
O-t<'r> (T . t) ’ ( )
where X; = E® [ X7 | &), and {W/}iejo7) is a Q-Brownian motion, satisfying
o N YA | ,
W) =¢ — ds — Tw' X ds. 3.19
t gt + /0 T — Sgs S K /0 T _g % s ( )

Note that we have not yet defined the market filtration. We simply introduced a cash
flow X7, the Brownian information processes {£/}, i = 1,...,k, the process {n'}, and the

conditional density process {¢!}.

3.2 Appearance of New Sources of Information

This section provides a model for the entrance of new information sources to the market. We
first introduce an F;-stopping time 7 : 0 — R,. We assume that for some finite M € R,
O0<7< M < oo.
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We define the Heaviside function at 7 by

1 if 7 <t
H.(t) = (3.20)
0 otherwise.

Note that {H,(t)} is a cadlag process, and H,(t) can equivalently be viewed as a Dirac

measure. The following can be written:

H.(t) = /Ot dH, (u) = /Ot 5.(du), (3.21)

where §,(.) is the Dirac measure centered at the stopping time 7. The first integral is a
Riemann-Stieltjes integral, and the second integral is a Lebesgue integral.
We shall first prove a strong Markov property of the Brownian information process.

Before we state our proposition, we would like to review that, from Hoyle et al. (2011),

Q(Stl € dyla s 7€tm € dymlgT = 27) - Q(Btl € dyla s 7Btm € dymlBT = Z’), (322)

where {B,} is a Q-Brownian motion as in (2.3). In fact, one can interpret {{;} as a Brownian
motion conditioned to have the marginal density ¢ at time 7.

Given that {B;} is a Q-Brownian motion, we denote F? = o({Bs}o<s<t) C Fi. Then
{B;} is a strong Markov process with respect to {F}. We denote the probability density
of B; by fi; thus Q(B; € dz) = fi(x) dz. Also, we define

Jr- t($ - Z/)

bo(dz;y) = ga)dz,  and  6(dz;y) = =T

q(z) dz, (3.23)

for t € (0,7). We are now in the position to state our proposition:
Proposition 3.2.1. Assume that 7: Q) — R, and 7 : Q — R, are random times.
1. Let T be an ﬁf-stoppmg time and T* be an FP-stopping time, such that

Q(Stl € dyl, cee 7€tm € dym‘fT =X, T = tm)Q<T S dtm|€T — l’) -
=Q(By, € dy1,..., By, € dyn|Br =z, 7" = t,,)Q(7* € dt,,|Br = x). (3.24)

Then {&Y} is a strong Markov process with respect to {Fc}, with transition law:

O (dasy)

@(fT € dx‘&' = ) f dZE y (325>
X
0,(d
Q& € dzlé =y) = ffX - Z) ft—r*(z —y)dz. (3.26)
X
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2. Let Z, = F:\/ o(7), where T is a Z-stopping time independent of {&,}. Then {&} is

a strong Markov process with respect to {2;}, with transition law:

0s(dx; y)

Q(gT € d$|§7— = ) R f diL‘ Z/ 5 (d8)7 (327)
Q(St S dZ|€T = y) = " fx et dm Z) ft s( y) dZ(ST(dS) (328)

Proof. For the first part of the statement, let 7 be an ]—"f—stopping time and 7* be an FP-
stopping time. Assume (3.24) holds. Then, first we need to show that

Q(ﬁt < y‘£t17"'7€tn7£7) = @(gt < y|€7’)7 (329>

forO0<t; <...<t,<7<t<T. Without loss of generality, we assume x =1 and 7" = 1.
Hence, &7 = Xp. Then from (3.22),

Q€ dyr, ., &, € dyn, &r € da) = [ [(frmeo (Wi — wio1) dgi)bs, (da5yn). (3.30)

=1

Since Brownian motion { B;} is a strong Markov process with respect to {F}, it follows that
Br — B,- is independent of FZ | where the o-algebra FE = {A € FB: AN{r* < s} € FP}
for every s > 0. Then, using the law of total probability, equation (3.24) and the strong
Markov property of {B;}, we have

fR+ Q(&,, € dym|ér =z, 7 =t,,)Q(7 € dt,|ér = x)q(x) dx
Jx fR+ Q(&,, € dym|ér =z, 7 =t,,)Q(7 € dt,|ér = x)q(x) dx

fR+ Q(By,, € dy,|Br =z, 7 =t,,)Q(7* € dt,,|Br = x)q(z)dx
"~ Jy Jo. QB € dyn|Br = 2,7 = t,)Q(7* € dty|Br = 2)q(x) dz
_ QB+ € dym|Br = z)q(x) dx

Jx Q(B:+ € dyp|Br = x)q(x) dx

0 (dz; ym)

[ O (A )

Q(ér € daf& = ym) =

(3.31)

Similarly, we can write the following:

Q(ér € dz|&, = y1,- -5 & = Yns & = Ym) =

B fR+ Q&, € dyr, ..., &, € dyn, &, € dym|ér = 2,7 = t,,)Q(7 € dt,|ér = x)q(x) dx

B fx fR+ Q& € dyr, ..., &, € dyn, &, € dym|ér = 2,7 = t,,)Q(7 € dt,|ér = 2)q(x) dx
_ Q(By, € dyi, ..., By, € dyn, By« € dy,|Br = x)q(z) dz

5 Q(By, € dys, ..., By, € dyy, Br+ € dyp|Br = x)q(z) da’

(3.32)
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Then, from the strong Markov property of {B;} and (3.32), it follows that

0.« (dm Ym)
fx (dz; ym)

Hence, (3.29) holds for t = T. For t < T, using (3.33), we can write

Q(gT € dx|§t1 =Y. 7€tn = Yn, 57' = ym) (333)

Q(ft S y|€t1a ce 7€tn7§7') = Q(gt S y|€t1a cee 7§tn7£T7€T = $)Q(§T € dZE|€7—)
X

= / @(St S y’xtl + Bt1T7 cey XT + BTT?&T = x)@(gT € dl"f.,.) (334)
X

The process {xt + Bir}o<t<r is a Brownian bridge to the value z at time 7" = 1. From

Fitzsimmons et al. (1993), Brownian bridges are strong Markov processes (also, see Howard
and Zumbrun, 1998). Thus,

Q& < y‘ftl? o &) = /XQ(wt + Bir < ?J’mT + B, ér = ﬂf)Q(fT € dw]@)
= Q(& < yl&r). (3.35)

From (3.33) and (3.35), {&} is a strong Markov process with respect to {FF}. Since 0 <
k < oo and time 7' < oo can be chosen arbitrarily, it follows that {} is a strong Markov

process with respect to {F=}. The transition law Q(& € dz|&, =y) for t < T is

Q€ defé, = y) = / Q& € A2l = 3,6 = 2)Qer € delé, = y)

/QBtedzB € dy|Br =) 0.«(dz;y)
B € dy|Br =) [y 0-(dz;y)

— %ﬁﬂ (z —y)dz, (3.36)

which completes the proof of the first part of the statement.

For the second part of the statement, let Z, = F¢\/ o(7). Assume 7 is independent of
{&}. Then, {&} is a strong Markov process with respect to {Z,}, since

Qe <ylz) = | Q< ylFE\ o(r), 7 = 5)Q(r € ds|Z;)

Q& < yl€s)o-(ds) = Q& < yl&7), (3.37)

Ry
for 0 <7 <t <T. Equation (3.37) follows since {{;} is a Markov process with respect to
{Ff} and Q(r € ds|Z.) is the Dirac measure centered at 7. The transition laws Q(&r €

dz|és = y) and Q(& € dz|&s = y) follow from (3.30). O
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From this point on, to focus attention on modelling the appearance of new sources of in-
formation, we consider only the parsimonious case where the stopping times are independent

of the information processes {¢i},i=1,..., k.

3.2.1 A New Information Source

It is stated in Chung (1982) that stopping times are the most effective tools to “tame the

continuum of time”. We shall use stopping times as what one may call ‘measurable start-up

times’, so that the market receives a new information source starting from a stopping time.
First, for a fixed time v and for 0 < ¢t < T, we denote by {}"5,5} the filtration given by

o o({& ucs<t) u <, (3.38)

{Q, o} u > t,
where {Q, @} is the trivial o-algebra. Note that }—St C ]:fi for all w > 0, and .7-"ft =o(&).
We are now in the position to define our market filtration. We start with the case where
the market is already provided with an information process {£!}, and the market receives
an additional source of information {£} at time 7. To use T as a start-up time, we define
{Vf2} as the filtration of the subalgebra Vf2 C F; given by

Vtéz _ U({HT(S)}OSSSt) T >, (3'39)

o({H-(5)}ocs<t, 1€ rest) T <,

for0 <t <T, whereTisa sz—stopping time independent of {¢}} and {¢?}. Note that the o-
algebra VEQ is generated by the Heaviside process independent of the information processes,

and if 7 < ¢, it additionally encodes the information provided by {2}, for s < t.
Define the filtration {G,} by

1
G, — ]:.tgl \/Vt2 _ o({H-(5) }o<s<t: 15 Yo<s<t) T >, (3.40)

o({H7 () Yo<s<t: {&8 Yoco<t {E0 b rast) T <M.

We assume {G;} is the market filtration. The o-algebra G, C F; encodes all the information
that market has about the cash flow X7. For example, {£?} may provide idiosyncratic
information about X that has leaked to the market at time 7, or 7 may represent the time
of an announcement regarding Xr.

One may replace the Heaviside process in (3.39) and (3.40) with a continuous process
(independent of {£}} and {£2}), and model 7 as the first hitting time of this process. As

an example, if {L;}¢>o is this process (which may represent an economic variable), we can
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define 7 = inf{s > 0 : L, € B} for some B € B(X). Then 7 is the first time {L;} enters B,
which indicates the moment when the new information process {£?} appears in the market.

We denote the t-price of an asset with cash flow X by X, and define X, as follows:
X, = PsE (X1 |G, 0<t<T. (3.41)

Brody et. al (2009) detail an orthogonalization procedure to compactify the information
{&!, €2} into the information, say {£°}. In particular, given that |p| < 1 is the correlation
between {B};} and {BZ.}, Brody et. al (2009) show that

Q(Xr € dale}, &) = Q(Xr € dze?), (3.42)

where {gt(z)}ogtgj’ is the effective Brownian information process given by

& =Xyt + BY, (3.43)
provided that
R (K1)2 — 2pK1K2 + (K2)?
~2) _ \/ T , (3.44)
~(2 1 [w!— pK? k2 — prt
BY = | T Bl + 1_—p28t2T : (3.45)

Note that {Et(;)}te[o,ﬂ is a Brownian bridge and the speed coefficient %) is a function of x'
and x?. Equation (3.42) simplifies calculations considerably.

Define a Q(X)-valued stochastic process {7 }icjo.1] by
T(A) = QX7 € A|Gy), (3.46)
for A € B(X). 7; is a random probability measure. We further define

(@) dz = m (dx)
(@) do = 7P (dx)

Q(Xy € dzl)), (3.47)
Q(Xr € dz|e?), (3.48)

for 0 <t < T. We shall be absolutely clear with our notation: {£/} is the ith information

process as defined in (3.10), and {@z) } is the effective information process constructed using
the first 4 information processes {&}},...,{&}. Hence, &! = &Y but &2+ &% fort € (0,T7.

Proposition 3.2.2. The random probability measure T; can be represented as
T(A) = (A) (1= He(8) + m? (A H. (1), (3.49)
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and the asset price X, is given by

Jx wexp [%(/@11‘@1 — %(Iﬂilfb)Qt)] q(z)dzx
Jieexp | (w1 — 3(w12)2)] a(2) da

J5x wexp [(TT_t) (R — %(7%(2)95)275)] q(z)dx

Xi= P (1—H:(t))

+ Pir

H.(b). (3.50)

Jx exp [(TT_t) ROz — %(E(Q)x)zt)] q(z) dzx

Proof. The law of total probability can be used to project 7;(A) onto the two orthogonal
subspaces {t < 7} and {7 < t}. If we denote Q(7 € du) = v,(du), then since 0 < 7 < M

for some finite M:

M
Q(Xr € AlG)) = / QX7 € AIFE\) o({Ho(5)Yozsze), T = W (dulVE)
+ [ @t € AIF FLV o{H () bozucr). ™ = e (@ulV)
0
M t
- / Q(Xr € Al (dulVE) + / QX7 € Alg}, )y (du|VE),  (3.51)
t 0

since {&'} and {&?} are Markovian, and independent of 7. From (3.42), it follows that

m4) = 00xr e Al ([ vntauve)) + @0 € A8 ( [ taat’)
= 71(4) ( /t " VT(dquQ)> + 7P (A) ( /0 t VT(du|VfQ)> . (3.52)

. . 2 . . .
Since 7 is a Vf -stopping time, we can write

/0 () = /0 5 (du) — /0 AH, (u). (3.53)

Thus, the first integral in (3.52) is equal to 1 — H,(t), and the second integral is H,(¢). From
the law of total probability, the independence of 7 and the strong Markov property of {£!},

Q(Xr € AlG,) = Q(Xr € Alel, €2) = Q(Xr € AlEP), (3.54)

for 7 < T. Hence, (3.52) and (3.54) are consistent. Equation (3.49) follows. The expression
for @Dﬁ”(:ﬂ) is already given in (3.16). From (3.42), the expression for @Zzt(z) (x) is

exp [y (B8 — LED2)1)] q(a)

Jxexp [(TT_t) (75(2)55@2) - %(E@)fﬁ)%)} q(x) dz

~
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for 0 <t < T. From (3.41), the price X; is

yt = PtT/ Iﬁt(dl’), (356)
X

for 0 <t < T and the expression in (3.50) follows since 7 is independent. O

The price X; is expressed in terms of one information process if 7 > ¢, and two processes

if 7 <t. The market adjusts the price after the appearance of a new information source.

3.2.2 Multiple Information Sources

We extend the model by introducing n € N, stopping times. We define an n-sequence of F;-
stopping times {7;}!_; such that for some finite M €e Ry, 0 <7 <7 < ... <7, < M < 0.
We assume the existence of n+ 1 information processes mutually independent of each 7;. We

denote the associated Heaviside functions centered at 7; by H,, and define Vfi C F: by

i+1 H‘r' S i > t’
Pe _ o({H-,(s) fo<s<t) T (3.57)

o({Hx, () o<s<t: {6 trcsct) ™ <,

fori=1,...,nand 0 <t <T. We define the filtration {G;} by
G =r \/Vi. (3.58)
i=1

and assume {G;} is the market filtration. Note that the market is provided with ¢! from
time ¢ = 0, and it receives additional information sources at stopping times.

In order to derive price dynamics in this market, we first define a Q(X)-valued process

{7 }eepm by
7(4) = Q(Xr € A[G)) (3.59)

for A € B(X), with density

Y, (r) dz = 7, (dz), (3.60)
for 0 <t < T. We also define the processes {ng)}te[o,T], 1=1,...,n+1, by
m (4) = Q(Xr € Al¢}, ... &), (3.61)

and their conditional densities are

v (z)de = 7Y (dz), (3.62)



for 0 <t < T. From (3.43)-(3.45), iterating the orthogonalization procedure detailed in

Brody et. al (2009) using pairs of information processes, we can write
) (dz) = Q(Xr € dal¢], ... &) = QX7 € dalg”), (3.63)

where the effective Brownian information process {gi)}te[o,ﬂ is defined by

& = ROXat+ B (3.64)
fori=1,...,n+ 1, given that
) [(ROZD)2 — 2p0RODi 4 (k1) (3.65)
o (=) 7 .

Sy

Bir| (3.66)

So 1 [RUTD — 0k ) g — GORGD
0

Ao D T A oy

where 7© = 0, BYY = 0, and p» = 0. Note that {B%},cjo.r7 is a Brownian bridge
for i = 1,...,n 4+ 1, where |[p(?| < 1 is the correlation between {Ei;_l)} and {B/} for
i=2,...,n+1 Also, &Y = & RM = gl Et(%) = B}y, but such equalities do not hold for

1=2,...,n+ 1. Finally, we define the following vectors:
[ 70(4) ] [ 1-H,() ]
P(A) = | =74) and L= | H. ()(1—H,(t) |. (3.67)
| w4 i H,(t) ]

Proposition 3.2.3. The random probability measure T; can be represented as
7(A) = P (AL, (3.68)
where the conditional density wt(") 15 given by

exp [(T—T_’t) (E(i):pgi) - %(E(i)x)%)] q(z)

= . . . (3.69)
Jx exp [(TT—,@ (’/%@)x?f” — %(’/%(’)x)%ﬂ q(z)dx

Proof. We can project 7, onto n + 1 orthogonal subspaces with respect to time so that

Ti(A) = ZQ(XT € AlG, 7 <t < 7ip1)Q( <t < 1ia|Ge), (3.70)

1=0
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where we set 79 = 0 and ¢ < 7,,,1. Each information process ¢° is Markov and is mutually
independent of the 7;’s. Since each 7; is a Gi-stopping time, Q(7; < t < 7;41|G;) is a Dirac
measure. Following similar steps as done in the proof of Proposition 3.2.2, we have
M t
m(A) = Q(Xr € A|£§)/ Q1 € dwi|Gy) + QX7 € A|£§,§f)/ Q(m € duy,t < 1|Gt)
t 0
+ o+ Q(Xp € Alg), ... M Q(r € duy,...,7, € du,|G;)
[0,¢]"
= (A)(1 = Hey (0) + 1" (A He, (6)(1 = o (1))
to YA H, (1) (3.71)

From the law of total probability, independence of 7; and the strong Markov property of
{&h

Q(Xr € AlG,) = Q(Xp € AJEL, ... €Y = Q(Xp € AJEUHY), (3.72)

for 7, < T. Hence, (3.71) and (3.72) are consistent. Equation (3.68) follows. Equation (3.69)
is from (3.63)-(3.66) and the Bayes formula. O

Lemma 3.2.4. Let I;(i) be the ith element of I, fori=1,...,n+ 1. Then,
dI (i +1) = 0,(dt) — 0., (dt), (3.73)

fori=0,...,n, provided that 7o <t < Tp41, and 6, (dt) = 6,,(dt) = 0.

Proof. 1, is defined in (3.67) and I,(¢) is the ith element of I, for i = 1,...,n + 1. Then,
dL(i + 1) = 0, (dt)(1 = Hr,, (1) + He, (8)(=1)0,,, (dF), (3.74)

where 79 < t < 7,41. If 7, = t, the condition ¢ < 7, is immediately satisfied, and hence,
Or,(dt)(1=H., (t)) = 6,(dt). If 7; #,6,,(dt) = 0and so 6, (dt)(1-H, ,(t)) = 0. If 1,y =1,

the condition 7; <t is immediately satisfied, and hence, H,(t)(—1)6,,,,(dt) = =0, (dt). If
Tit1 # 1, 0, (dt) = 0 and so H,(t)(—=1)d,, (dt) = 0. O

We are now in the position to provide the SDE of the conditional density process

{Et}te[gm. First, we define the process {at(i)}te[O,T) as follows:

o (z) = (?_(i)t) (a; ~E° [XT ‘ ?’)D , (3.75)

fori =1,....,n+1and 0 <t < T. Note that from (3.18), agl) = o/, but crgi) # o) for

i =2,...,n+ 1. That is, the random variable ¢! is defined in terms of the ith information
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process, whereas aﬁl) is defined in terms of ¢ sources of information processes.

We also note that {Wt(i)}te[oj) satisfying

t t
7 % i 1 i
Mé)::§)+:/‘T__ & ds —TRO | —— [xy §>}d& (3.76)
0

is a Q-Brownian motion for i = 1,...,n + 1, by Lévy’s characterisation.

Proposition 3.2.5. The dynamics of {1,} are governed by the following SDE:

@) = Yol @yl (@) WL + 3 (017 (@) =0V @)) 8 (an). (37)

Proof. The expression for wy)(:c) is given in (3.69). Then applying Ito’s lemma,

i TR i i i
i) = oy (o= B2 [ [€7] ) i) awil?, (3.78)
for 0 <t <T. Then (3.77) follows from Proposition 3.2.3 and Lemma 3.2.4. O

The process {1,} has jump-diffusion dynamics. Each {wgi)} is an exponential Brownian
motion with a different stochastic diffusion coefficient. Then every time a new information
source appears in the market, diffusion coefficient of {1,} jumps.

For a fixed x € X and 7; = ¢, a jump of size (wt(iﬂ)(:v) —yp{? (z)) occurs in ¢, (z). Thus, the
law of the jump size of 1, () at 7; = ¢ is characterised by the joint law of 1&51)( ) and s (x).
For the fixed 7; = t and z € X, setting Y, (z) = """ (2) — (" () and Ri(z) = ¢\ (z), the
Jacobian Jac(Y;(z), Ri(x)) = 1. From multivariate transformation theorem, if ht(pi, Pit1) is
the joint density of ¥ (z) and "™ (), Q(V}(z) € dy)/dy is

/ he(r — v, r)\Jac(Y?, R§)| dr = / he(r —y,r)dr. (3.79)
R, R,

The conditional density process {1, } is a cadlag process. It is possible to define a topology
along with the concept of convergence on the space of cadlag functions. With this topology
and the Borel o-algebra, the paths of {1,} are elements of a Skorokhod space. In addition,
for every cadlag process with jumps, taking values in Ml C RY, one can naturally associate it
with a random measure on [0, 7] x M, which can be called the random jump measure. For a
fixed z € X, each jump size Y} (z) is G,,-measurable for 7; < T, and the process {7;, Y} ()}
contains all the information about the jump times and the jump sizes of {¢,(z)}. Then we

can construct a random jump measure for {¢,}, denoted by J as follows:

}:aﬂw i (2)(w) (3.80)
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for w € 2, where we can view J5,,([0,7]x A), A C R, as the number of jumps of {,(z)} on
[0, T, whose size belongs to A. The random jump measure Ji; contains all the information
about the jumps of {¢,}, but does not contain information about the continuous part.

We shall now provide the price dynamics. Using Proposition 3.2.3, the price X, is given
by

X, = PrEX1IG] = Por / P ()L, 0<t<T (3.81)
X

Proposition 3.2.6. The dynamics of the price {X,} are governed by the following SDE:

ntl e
AX, = r,. X, dt + Py Z 5 (Var@ [XT

&’ ] ) AW, 1,(3)

n+1

+PrY (E@ [XT ‘ Et(ﬂ _RQ [XT
=2

£ D 5, (db), (3.82)

for 0 <t < T, where Var®[ Xy | é}”] is a Q-supermartingale.
Proof. Using the Lebesgue Dominated Convergence, Proposition 3.2.5 and (3.81), we have

n+1
X

=1

-H%§XLx@Ww—f”quﬁ%4w

X, dt + P, nzﬂ(/ TR ( E@[X
=T T X r — T
t<\t t < . (T—t)

n+1

+PtTZ(/wt )dz — xwt“ )
&) -®

n+1 T:‘i()
—T'tXt dt‘i‘PtTZ ( [

—t)
+ P HZH (E@ [XT ( é}“] _ RO [XT

1=2

&ﬂ)¢9mﬁm)dwﬁnw

e

£ ]) 5. (db), (3.83)

]2> AW L, ()

for 0 <t < T. EQ(X7)?|&"] is a Q-martingale and EQ[X7 |£7)? is a Q-submartingale.
Hence, Var[ Xy | €] = EQ[(X7)? | £7] — EQ[X7 | £Y)? is a Q-supermartingale. O

By allowing new Brownian information sources to appear randomly in the market, we
see that it is a natural outcome of this framework that the price process {X,} follows jump-

diffusion dynamics, and that it has stochastic volatility with jumps.
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3.2.3 A Hilbert Space Perspective on New Information Sources

We can view Proposition 3.2.3 from a Hilbert space perspective. We shall briefly discuss
the insight that the Hilbert space setting brings to the representation of {t,}. This insight
allows us to measure the impact of new information sources geometrically.

We let G C R? be a measurable set and assume that the following orthogonal decompo-
sition of £?(G) holds:

n+1

= @ L3 (@), (3.84)

where £7(G) and £3(G) are mutually orthogonal closed subspaces of £2(G) for i # j, such
that any function in £2(G) can uniquely be represented by the sum of its projections onto
the subspaces L2(G) for i =1,...,n+ 1 that span £*(G).

Since 1, is a probability density for 0 < ¢ < T, it satisfies: [, ¥,(z)dz = 1. We define

pi(x) = Va(|Gy). (3.85)

Note that p is a square-integrable function such that p € £L*(X x [0,T')). Further we define

p(@) = \Jal@lel, ..., ). (3.86)

The function p® is square-integrable for i = 1,...,n + 1, where p® € £2(X x [0,T)).
Let G be the domain of the measurable functions p and p® so that G = X x T, where
T={t:0<t<T} Thatis, setting G = X x T, we consider the case where the orthogonal

decomposition in (3.84) can be written as

n+1

2(X x T) @ﬁXxT (3.87)

Let the disjoint sets W;, for i = 1,...,n + 1 be such that W, = {t € T : ¢t < 7},
W, ={teT:n, <t<mz}fori=2,. nande+1:{t€T'ngt}.Notethat
T = U"Jrl W;. Now, we define the measurable function 7, for i = 1,...,n 4+ 1 by

20(y) — q(z|Gy) ift e W, (3.88)
0 otherwise.

From the strong Markovian property of {£/} and the independence of 7;’s, it follows that

1 N .
70 (2) = q(z[€], ... &) ifte W, (3.89)
0 otherwise.
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Note that 70 L 70 for z’ # j on G. That is, (7 7U)) =0 for i # j on X x T. We write
70 € L2(X x T) and 7% € L£2(X x T), and we have the following representation:

p=70 4. g 70D (3.90)

in £L2(X x T). The Heaviside function H,, () for i = 1,...,n is measurable at each t < T, and

is an element of the Hilbert space of square-integrable functions on T. Recall,

{LthT::{ﬂ——Hﬁ@%.“,ﬂﬁ4ﬁﬂl—}LJﬂL.“,Hm@ﬂT} . (3.91)

0<t<T

Then o({Is})o<s<t C Gi. Using (3.90) and denoting I;(z) as the ith element of I, the function

p can be represented as

pi(x) =7 (@) + - +~F“%m

= o (@)L(1) + -+ o @)L+ 1), (3.92)

in R for some z € X. Note that by squaring p in (3.92), equation (3.68) is recovered:

To) = (A @) + 4 A @0+ 1)
= @L(1) + -+ 9"V @)L+ 1), (3.93)

since I;(2)I(j) = 0 for i # j and L;(i)I.(i) = L(¢).

Since each pt ( )L;(7) takes values in R for i = 1,...,n+ 1 and x € X, we can as well
work with any H isomorphic to R™™! by using (3.92). That is, we can canonically represent
pas an (n + 1)-tuple
L] (3.94)

I
S
)

in R"™ and represent each I(i) fori=1,...,n+ 1 as
I(i))=e;=10,...,1,...,0]", (3.95)

where the ith element is 1 and the remaining n elements are 0. For H = R**!, ¢;’s form a

complete orthonormal sequence e¢; € H for e =1,...,n+ 1. Then, we have
n+1 n+1
p= }:pe“ (3.96)
=1

in H by Theorem 3.1.1. The representation (3.96) is equivalent to (3.92). From Definition
3.1.2, we shall refer to p’s as the Fourier coefficients for i = 1,...,n + 1.

The insight gained from the Hilbert space brings forth a geometrical interpretation. The
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function p is a non-negative function, and for a fixed time ¢, the integral of the square of
7, on X is unity. Thus, from the transformation 1, — 7, for fixed ¢, p, determines a point
on the positive orthant of the unit sphere S C £2. Therefore, the process {p,} determines
a stochastic trajectory on ST, where ST is the positive orthant of S. Also, each Fourier
coefficient determines a stochastic evolution on 8™, since each is a non-negative function
and the integral of their square on X is unity for a fixed time ¢.

The unit sphere § is a differentiable manifold, and, if equipped with a Riemannian metric,
it is a Riemannian manifold (see, for example Do Carmo, 1992). We provide a formal account
of Riemannian manifolds in Chapter 6 when quantifying information asymmetry. We shall
give a brief overview here of how geometry interacts with information:

The distance between the points determined by the Fourier coefficients p* and p"), which
are defined by different numbers of information sources, has a natural geometry on S*. Any
two points on S lie on a circle with center coinciding with the center of §. The circle and
its segments are geodesics and the spherical distance between the points determined by pgi)
and pgj ) is the length of the geodesic connecting these two points on S*. Since each {pgi)}
determines a trajectory on S*, the spherical distance between the points determined by
Y and p¥) can vary in the interval [0,7/2]. Since p and p*Y are defined in terms of i
and 7 + 1 information processes respectively, the spherical distance between the two points
measures the effect of having the additional information source.

The Fourier coefficients p and pl9) can also be used to define an angle process O =

{07 }Yo<ier, for i,j =1,...,n + 1 by the £2-inner product,

wsef = [ @l @de=1-3 [ (@) -l @) an  (397)

where @ﬁj = @{i is called the Bhattacharyya angle (see Bhattacharyya, 1946) between pgi)

and pgj ). This is the angle from the center of S subtended to the endpoints on S*. Note that

©% is stochastic, and the maximum angle between the Fourier coefficients is 7/2 radians.

Given that i # j, the angle ©7 can be used as a geometric quantity (equivalent to the
spherical distance) that measures the influence of additional information sources.

Note that the trajectory determined by {p,} on ST has jumps. Each jump size on S*

can be measured geometrically at stopping times.

Remark 3.2.7. The non-marginal impact of a new information source can be measured by
the spherical distance (or the Bhattacharyya angle) between the Fourier coefficients p¥ and
ptY on St at stopping times.

Remark 3.2.7 is what partly motivates Chapter 6, where we dynamically quantify the
impact of changes in information sources geometrically. We shall provide a more detailed

account of it in Chapter 6.
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3.3 Multiple Market Factor Generalisation

We generalise our framework to the case where X1 can be represented as a function of a set
of independent random variables. We address the question as to how to represent a market,
in which, new sources of information about different market factors may appear at different
stopping times. This is a valid problem since the market may receive a broadcast about a
particular market factor, but may not receive any for another market factor at that time.
We assume that the cash flow X1 can be expressed as a function of a set of independent
random variables; say M%, for a = 1,...,m, with state-space (X, B(X)) and with continuous
densities ¢*(x) > 0. The random variables M are the market factors and they govern the
value of the cash flow Xr. Choosing a function g € By(X™) such that g : X" — X we

represent X as follows:

We associate a sequence of Fi-stopping times to each market factor M denoted by {77},
for o« = 1,...,m. For fixed a, we let 7% < 75* < ... < 7. However, for each i and j,
Q(rf < T]‘”l) # 1. Hence, the stopping times do not necessarily occur in a sequential order

across . We denote the associated Heaviside functions at 77* by H2:

1 if e <t,
Hﬁj (t) = (3.99)
0 otherwise.

We use each stopping time to model the appearance of a new source of information in
the market. Accordingly, we associate multiple Brownian information processes {&;" ’i}te[oﬂ,
t=1,...,n+ 1, with each M7, such that

;X,i — /ia’iM%t + Bf‘jaj) (3100)

where { By’ }icjor] is a Brownian bridge to the value zero. We assume that { By }’s are mu-
tually independent across a (i.e., {B&'} and {B2/} are independent) and independent from
each M%. Hence, the information processes are mutually independent across . However,
for a fixed o, { B} and { B/} can be correlated. We further assume that each sequence of
stopping times is mutually independent from each other and mutually independent of each
information process.

For fixed «, we define {V§""} as the filtration of the subalgebra V" C F; such that

i o Hg s s Tia > t;
peet ({H7(s)}o<s<t) (3.101)

o({H2 () ocs<ts {65 b racoce) 70 <,
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fori=1...,nand 0 <t <T. Let }"fa’l = o({€" }o<s<¢) for 0 < ¢ < T. Then we define

m n

z=\F Vv (3.102)

a=1 i=1
We assume that {Z;} is the market filtration. Hence, Z; C F; is all the information that the
market receives about the cash flow X7. We define a Q(X)-valued process {7 }icpo,r) by

T(A) = Q([Mp, Mz, ..., M7'| € A|Z,), (3.103)

for a fixed A € B(X") = @™ ,B(X). 7; is a joint conditional distribution of the vector
of market factors. Note that due to the independence properties we imposed above, the

following can be written:

T(A) = QMF € AFET\/VET) < QMF € Aol FE\ VT
=1 i
X ) QUM € A |FE\/ VT, (3.104)
i=1

for A = [Ay, Ag, ..., An] € B(X™). We denote the conditional density by
¥, (x)dzy - - - da,, = T (dx), (3.105)
for 0 <t < T and x = [x1,...,2,] € X". We also define the process {wﬁi)}te[m by
0 (Aa) = QME € Aol €7, (3.106)
fore=1,...,n+1and a =1,...,m, and the conditonal density by

U (20) dag = 7 (d), (8.107)

for 0 <t < T and z, € X.

In order to derive asset price dynamics, we additionally define:

- - - 4T - 4T
e 20 )
Pl=| 7@ | P2=| 20 L, Pr= | gm0 . (3.108)
I th,(nﬂ) | I 7th,(nJrl) | i 7T;n,(nﬂ) |

Note that each P is a vector of conditional distributions associated with each market factor

43



Mg for a = 1,...,m, where each vector element is determined by different number of

information processes. We also define the following vectors of Heaviside processes:

1 H () C oime ]
fo | m - m@) | ad (T, ={ | H (001 - o)
e | me ]

Note that each IY is a vector of Heaviside processes associated with each market factor Mgy
fora=1,...,m.

The following proposition makes use of the Kronecker product, Hadamard product and
the entry-wise norm of a matrix. We shall provide a brief account of these operations:

If X € R™*" is a matrix and Y € R**!, we denote the Kronecker product of X and Y
by (X ®Y) € R™>" guch that

X11Y XY . Xi1,Y
X51Y XoY XonY

XeY=| . Tmoo T , (3.109)
Xle szY oo anY

where Xj;; is the ijth element of the matrix X. The Kronecker product is a type of the tensor
product (this is why we choose to denote the Kronecker product by ® as well), hence, it is
associative: (X®Y)®Z =X ® (Y ® Z). For matrices X’ for i = 1...,m, we write

®Xi:X1®---®Xi®---®Xm. (3.110)
=1

For matrices A, B € R™*" we denote their Hadamard product by (A o B) € R™*" such
that

The Hadamard product is commutative: (A o B) = (B o A). For a matix C € R™*" we
denote the entry-wise p-norm of C by ||C||,, given by

m n 1/p
ICll, = (ZZ|Cij|p> : (3.112)
i=1 j=1

We shall make use of the entry-wise 1-norm. To simplify the notation, we denote the entry-

wise 1-norm by ||C|| = ||C||:.
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We define an information process associated with M$ by {aa’(i)}te[o,T) where
Aaf(i) _ "\a,(’i) [0} Aav(i)
& =RV Myt + B, (3.113)

fort=1,...,n 4 1, such that

(i) _ (Em(i—l))Q — 2R (i-1) i 4 (Koi)2 -
_ (Hen(1))2 ’ .
(1= (p™0)?)
. ~au(i—1) _ 2o(i) ot ) i (i) ooy (i—1)
Do) 1 K P K Sa,(i—1) I p K i
B = 7w { (1— (p~)2) B (1 —(p~®)2) By | (3.115)

R0 =0, E?T’(O) =0, and p~(M = 0. {sz’w(i)}te[oﬂ is a Brownian bridge for i = 1,...,n+1,

and |p™®| < 1 for a fixed a is the correlation between {BSU ™V} and {B%} fori = 2,... n+
1. Also, &0 = ¢l ga) = gal, B\taf(l) — B! but such equalities do not hold for
1=2,....,n+1.

Proposition 3.3.1. The random probability measure T; can be represented as

T (A) = H <® Pi(AQ) o (@I;’) , (3.116)
i=1 i=1
where the conditional density wta’(i) s given by
T (2ou(i) e 1 m0,(i),.)2 @
i exp [—(Tft) (li x&; 5 (ROWa) tﬂ q*(z)
v (z) = (3.117)

o ot (06— 10

Proof. The proof is similar to that of Proposition 3.2.3. Each stopping time 7/ is a Z;-
stopping times. Hence, Q(7 < t < 77,|2;)’s are Dirac measures for ¢ = 1,...,n and
a=1,...,m. {€°"} is strong Markov and the stopping times are independent from each
M$ and each {&;' ’} Also, each sequence of stopping times are independent from each other.
Then, the (n+1 x (n+1)™"!)-dimensional matrix (P} @ P? ® - - - @ P") encodes all possible
combinations of the conditional distributions by the use of law of total probability, which
follows from the fact that the information processes {&'} are all independent across .. The
(n+1x (n+1)™"1)-dimensional matrix (I} ® I?®- - - @ I") encodes all possible combinations
of the number of information processes provided to the market on each market factor. The
Hadamard product associates each element of (P} @ P?® - --®@ Pi") with the correct element
of (I} @2 ®---®I). The entry-wise norm of the resulting matrix is due to the law of total
probability. The expression (3.117) follows from (3.113)-(3.115) and the Bayes formula. [

The Q(X)-valued process {7;} represents an economy in which the market is provided
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with different numbers of information sources about different market factors. We are now
in the position to provide a representation of the price of an asset with the cash flow X, =
g(M}, M2, ... M7). We denote the price by X, which is

X, = PsEQ X | 2], 0<t<T. (3.118)

Proposition 3.3.2. The price X; can be written as

<(§) P;‘(dxi)> o (é) I;') H : (3.119)

Proof. The statement follows from (3.13), (3.116) and (3.118). O

T P

The processes {7, } and {1, } jump at stopping times. Thus, the price process {X,} jumps
at every appearance of a new source of information about any of the market factors. Since
there are (n + 1 x (n + 1)™~1) possible states at a given time, {X,;} may jump a maximum
of (n+1x (n+1)""1) —1 times during the time interval [0, T'].

Note that all elements of the matrix (I} @ I?® - - - @I") are pairwise orthogonal functions
in £2([0,T]). Hence, the square-root of the elements of the matrix (P} ®---@P")o (I} 92 ®
-+~ @I, written in terms of densities, are pairwise orthogonal functions in £2(X™ x [0,T)).
Following the arguments presented in Section 3.2, one can see that the square-root of each
density of (P} @ --- ® P™) is a Fourier coefficient of the function V1, which determines
a stochastic trajectory on S*. Then again, the non-marginal impact of new information
sources can be measured by the spherical distance between the points on ST, determined by

the Fourier coefficients of \/z at stopping times 77, i =1,...,nand a=1,...,m.

3.3.1 A Simplification: One Sequence of Stopping Times

Let’s assume there is only one sequence {72}, = {r}, for « = 1,...,m. Hence,
{H2y, = H,, for i = 1,...,n. The market filtration is defined in (3.102), the condi-

tional distribution 7; and density ;" () are given in (3.103) and (3.107), respectively. Also,

we define

POAL) x P (Ag) x - x Y (4,,)

Pi(A) = PO (A x P (Ag) o (A,) , (3.120)

LT (A) x P (Ag) x D (4,

for A = [Ay,...,An] € B(X™). The way P;(A) is defined makes sense, since the market

factors and information processes in each row are all independent from each other.
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Proposition 3.3.3. The random probability measure T; can be represented as
T(A) = P/ (A)L. (3.121)

Proof. Proposition 3.3.3 is a special case of Proposition 3.3.1. By the law of total probability,
there are n+ 1 orthogonal states at each time ¢, represented by each row of P;(A). The rest

of the proof is very similar to that of Proposition 3.3.1. [

In this setting, the SDE of the price process has an elegant representation. First, we note
that {Wta’(i)}te[o,;p) satisfying

Wtar(z) — é’t 7( ) + /
0

~ VLS|
_ = o) gg — TR0 EQ [ M
T— st ° " /0 T—s r

Egv“)} ds, (3.122)

is a Q-Brownian motion by Lévy’s characterisation.

Proposition 3.3.4. The dynamics of the price {X,} are governed by the following SDE:

m n+l1 ~ .
_ — TR i i 2, (i a,(i .
dXt = TtXtdt‘i‘ PtTZZ (T—t) (COU@ [XTuM% é}( )7gt2()"'7£t ’()}) th ’()It(z)
a=1 i=1
n+1
+ PtT Z <EQ |:XT ‘ 57(1)7 A 7£t7n’(z)i| - EQ |:XT EI;L(Zil)’ A 7&‘1”’(171)}> 57—7571 (dt>7
i=2
foro<t<T.

Proof. The statement follows from Proposition 3.3.3, (2.22), (3.118) and Lemma 3.2.4. [

3.4 An Alternative Model for New Information Sources

We briefly present an alternative way of modelling the availability of new information sources
at stopping times. The idea is to start with a larger filtration, generated by Brownian
information processes, and project it to a smaller one.

Let {Y;}o<i<r be the filtration of the subalgebra ), C F; such that

yt = U<{£g}0§8§tv {HTi(S)}OSSSt i=1,...,n+ 1)’ (3'123)

where each 7; is a );-stopping time, independent of the Brownian information processes {¢/},
i=1,...,n+ 1. In order to project the o-algebra )); to a smaller o-algebra, we first define

the following information process:

& =gt H, (1), (3.124)
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for i = 1,...,n. Note that the process {Eiﬂ}ogtST is zero for t < 7; and {&1} for 7; < ¢.

In addition, {Ezﬂ} is a cadlag process. We define

n

Vo= FE N\ o€ Yo, {HA(8) Yocscr), (3.125)

=1

for 0 <t < T, so that J; C V;. We assume {V;} is the market filtration for X7. Note that
the market filtration is generated by information processes that become alive starting from

stopping times. Following similar steps as done in the proof of Proposition 3.2.3,

Q(Xr € A|Yy) = Z@(XT €AV, 7 <t <711)Q(1 <t < 1341|M)

1=0
= Q(Xr € AJ§)(1 = Hr (1)) + QX7 € A&, &) Hr (£)(1 — Hr (1))
+o+ QX € Al .. T H (D), (3.126)

since {&/} is a strong Markov process, independent from each );-stopping time 7;. Then
Q(Xr € A|Y) = QX7 € AlGy), (3.127)

where G, is defined in (3.58). Therefore, the results in this chapter involving {G,} follow
equivalently if {))} is the market filtration. However, there is a subtle difference between
the insights gained from {G;} and {);}. The way G, is defined suggests that the filtration
{G;} ‘jumps’ at stopping times by expanding with new sources of information. The way ), is
defined suggests that the information processes that generate {)};} jump at stopping times.

The way {G;} is defined offers flexibility in modelling the stopping times. Following
similar steps as shown in the proofs of this chapter, one can verify that by replacing the
{H,,(t)}’s in G; with continuous processes independent of the information processes, and
defining the stopping times as the first hitting times of these processes, one can still derive
dynamics with jumps for conditional densities. This would also enable us to introduce

previsible jump times in this framework, which we leave for future research.

3.5 Simulations

We shall provide some simulations of price processes. In the figures below, different colours
represent different numbers of information sources available to the market. Hence, each
colour is associated with a different volatility process and a Brownian motion governing the
price process. One may view each colour as a different economic regime, suggesting that
each jump is a regime switch. We shall develop a more general regime-switching framework
in Chapter 4.
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Figure 3.1: A price process with four jumps. Different colours represent different economic regimes: Blue
regime, red regime, green regime and etc. The price process is governed by a different Brownian motion and
a stochastic volatility process during each regime. Cash flow: X7 = 1. Parameters: T =5, 7, =0, k' = 1/T
and p' = 0.5. Stopping times are uniformly distributed on [0, T.
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Figure 3.2: A price process with two jumps. There are three different regimes. Cash flow: X7 = 0.
Parameters: T =5, 7, = 0, x = 1/T and p’ = 0.5. Stopping times are uniformly distributed on [0, 7.
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Figure 3.3: A price process with five jumps. There are six different regimes. Cash flow: X7 = 1.
Parameters: T =5, r, = 0, k* = 1/T and p’ = 0.5. Stopping times are uniformly distributed on [0, 7.
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Figure 3.4: A price process with four jumps. There are five different regimes. Cash flow: Xr = 0.
Parameters: T =5, r;, = 0, k* = 1/T and p’ = 0.5. Stopping times are uniformly distributed on [0, 7.
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Chapter 4

Random Deactivation-Reactivation of

Information and Regime Switches

The main aim of this chapter is to develop an information-based framework to model regime
switches in a given economy. In a way, in Chapter 3, we have already presented an approach
for modelling regime switches. More precisely, one may argue that there is a bicausal re-
lationship between appearances of new information sources (or public announcements) and
passing from one economic regime to another. From the results presented in Chapter 3, this
suggests that every regime switch coincides with a jump in the price process. However, we
believe that it is still a rather restrictive viewpoint to expect a price jump at every regime
switch. Therefore, we would like to adapt a more elaborate information-based standpoint in
our approach. In general terms, we prefer to view regime switches as events that coincide
with changes in the sources of information in the market. By changes of information sources,
we do not neccesarily mean appearances of new information sources. It may as well be that
a source of market information stops flowing for a random period of time before it is active
again.

There is a vast stream of mathematical literature on regime switches. For example, the
continuous-time version of the stochastic regime-switching model of Hamilton (1989) (also
see Hamilton, 1996) implies that asset prices switch between two states where the switches
are governed by a Markov point process, and prices are continuous during each state. In a
given economic regime, the continuous changes of a price process are governed by a diffusion
process with its own volatility. Diffusion processes together with Markov point processes
can be analysed under Hidden Markov models, which have a wide spectrum of applications
in mathematics (see, for example, Elliott, Aggoun, and Moore, 1997). Cecchetti, Lang
and Mark (1990), and Driffill and Sola (1998) model dividends using two-state Markov-
switching models to represent the US stock market. Kim, Piger and Startz (2005) discuss

the estimation of Markov regime switch models where the switches are endogenous. Driffill,

o1



Kenc and Sola (2002) price perpetual American call options when the underlying prices are
modelled as regime-switching processes which have stochastic dividends that switch between
two economic states characterised by different volatilities. Naik (1993), Bollen, Gray and
Whalley (2000) and Chourdakis and Tzavalis (2000) are few other examples of option pricing
under regime-switching economies.

In the literature, it is common to start with a model of a price process that has the char-
acteristics to represent regime switches in an economy. This motivates us to ask whether it
is possible to reverse this approach. More precisely, we start by specifying the flow of in-
formation first, and derive price processes under regime-switching economies, where regime
switches are events that coincide with changes in the sources of information in the market.
In addition, we would still like our price processes to exhibit similar behaviour as assumed
in the current literature. For example, price processes are usually assumed to have differ-
ent volatilities during different economic regimes. In this respect, the material presented
in Chapter 3 can be interpreted with a regime switch perspective, since we have seen that
price processes are governed by different diffusion and volatility processes in between stop-
ping times. Then, each time interval between the stopping times (say, between important
newscasts) can be interpreted as a different economic state. Our aim is to further develop an
information-based framework that allows us to derive a rich class of price dynamics under
regime-switching economies, and which potentially sheds light on our understanding of how
regime switches may arise in a given economy.

This chapter is organised as follows: Section 2 provides a brief mathematical setting.
Section 3 is the pricing of financial derivatives when new sources of information appear at
stopping times. This section includes European options and few examples of credit-based
products. In Section 4, we stop the flow of information. Section 5 presents the random
deactivation-reactivation of information sources. We generalise the deactivation-reactivation
setting to the multiple market factor scenerio. In addition, as a special example, we introduce
a market filtration where each stopping time induces a switch from one information source

to another.

4.1 Mathematical Setting

The mathematical setting in this chapter is almost exactly the same as the one in Chapter
3. To save space, we do not restate everything that we have already stated, and refer the
reader to Chapter 3.2.

We let (Q,F,Q) be the probability space equipped with {F;}o<t<oo, Where Q is the
pricing measure. We assume that all filtrations are right-continuous and complete, and we
fix a finite time horizon [0,7]. The minor difference with respect to the previous chapter

arises in our view of the cash flow X7. In this chapter, Xt is not neccessarily continuous.
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If Xr is discrete, we denote its probability mass function by p(z;) > 0 (i.e., Q( X7 = z;))

for some index j where z; € X, and its conditional mass function at time t by ¢i(x;):
oy(x) = p(a;|F ) = plajlé)), (4.1)

given that {¢/} is a Brownian information process for i = 1,2, .... There may be countably

infinite information processes. We have

exp | (R — L(s';)%0)| plas)

i) = B (42)
S exp | g (i€ — S0 play)
fori=1,2,...,and 0 <t < T. By the use of Ito’s lemma, we can write
dei(;) = oy(w;)¢1(x;) AW, (4.3)
for 0 < ¢ < T. The coefficient {0} };cpor) is defined by
; Tk!(z; — X})
O—t(‘rj) = (Tj_ t) . ) (44)
where X = E¢[X7 | &/], and {W} },[0,) which is given by
, , L A | ,
=& — & ds — Tk’ X:d 4.5
Wi—gi+ [ gt -t [ i (4.

is a Q-Brownian motion.
Note that nothing much changes when X7 is a discrete random variable. In fact, our
primary motivation to introduce the discrete scenerio is to be able to let Xr € {0,1}, and

price risky-bonds and credit default swaps under regime-switching economies.

4.2 Pricing Derivatives Under Regime Switches

For this section, we assume there is a bicausal relationship between appearances of new
information sources and regime switches. There are infinite F;-stopping times 7; such that
T; < T;+1. The market receives additional sources of information at these stopping times,
where {G;} as defined in (3.58) is the market filtration (though, as an oo union). If X7 is
discrete, G, is the market information about the discrete cash flow Xp. Recall that at each
activation of a new information source, the asset price jumps and it is governed by a different
diffusion and volatility process. We assume that the time intervals between the price jumps

represent different economic states. This is a common viewpoint in the current literature.
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4.2.1 Pricing European Options
We let X C R such that X7 is continuous and bounded. We are interested in pricing a

European call option where the underlying asset has the time-t price X, given by

X, = PsEC[X1 |G = P / o7, (dx), (4.6)

X

for 0 <t < T. The conditional density is ¥,(z) = ¢(2|G;), and the stopping times are
independent of the information processes. We want to price a European call option with

strike K that is exercisable at a fixed time ¢:
Co = PuEC [(X, - )], (47)
for 0 <t < T. Let’s now define

Xt(i) _ PtTEQ [XT { ftl’ ey 5;] = PtT/ xﬂ'gi) (dgj)’ (48)
X

for 0 <t < T, where the conditional density is w§i)(x) = q(z|¢}, ..., &) for i = 1,2,.... We
also define a measurable process Y = {Yi}icpor) = sup{y : 7, < t}, independent of the
information processes, with state-space (Y = {0,1,2,...}, B(Y)). The process Y counts the

number of stopping times. For the remaining part of this section, we set 75 = 0.

Lemma 4.2.1. The value of Cy is

Co=> Q,=i-1)C, (4.9)
i=1
where C’éi) s given by
) = p,EQ [(Xt(” . K)ﬂ . (4.10)

Proof. The random variable Y; is the number of jumps until ¢. Using law of total expectation,
E? [(X:— K)*] =E? [E° [(X, — K)" | V}]]

=D B [(X - K)*Yi=i-1] Q¥ =i—1)

-y EC [(Xt(“ - K)*] QY =i—1). (4.11)
i=1
The last equality follows since {£!} is Markovian and independent of the process Y. O
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Lemma 4.2.1 states that the option price is the weighted sum of different option prices
induced by different number of information processes, where the nth weight equals the prob-
ability of n information processes driving the market at maturity.

Due to the appearance of new information sources, the underlying process {X,;} has

jump-diffusion dynamics:

o 6 0 770 ' ‘
X, = PyrEC [X1] + / r X, ds+ / PsTﬁ <VarQ [XT @D AW L, (i)
0 i=1 /0 =5

o5 [ o el @] w0

where I has infinite rows. Note that if we fix ry = 0 for every s € [0,T], Por = Psp = 1.

ES—”D 5. (ds), (4.12)

Then, one may regard (4.12) as a martingale representation of {X,}.

There are various ways to find option prices when the underlying asset price has jump-
diffusion dynamics. For example, Cont and Tankov (2004) discuss how an option value can
be calculated by solving a partial integro-differential equation (PIDE), when the underlying
price has jumps. However, generally speaking, it is difficult to solve PIDEs, and one may
need to use viscosity solutions introduced by Crandall and Lions (1983).

We provide an explicit price for Cy by using Lemma 4.2.1 and by introducing a sequence
of measure changes. First, we let 2" = ¢@ /T /t(T — t), where ¢ solves

/X (Pra — K) exp { (TT_ 5 (E(i)x?i) — %(E(i)x)Qt)] q(z)dz = 0. (4.13)

We are now in the position to provide the price of Cy:

Proposition 4.2.2. The price of the European call option Cy is

> , D tT
Cy = POtZZ_;Q(Yt =i—1) /qu(:c)./\f (—325 )+ 70 ﬁ) dz
N _ ~6) ), | T
— Py Z QYi=i—-1)K [ q(x)N | -2" + RV 2/ =— | dz, (4.14)
i=1 X

where N (.) is the standard normal distribution function.

Proof. The functional form for the call price C’él) is given in (2.15), where & = &Y. The
call prices Céi) for ¢+ = 2, ... have the same functional form, only with modified parameters.

More specifically, from (3.69):

~

- exp |:(T7:t </I€(’L)x€t1) _ %(E(’L)x)Qt
Y () = T
Jiexp |:(T—t) (

, (4.15)

N— N——
=
&
N~—
(o
&

ROzg) — 1RO 32

D=
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for 0 <t < T'. Following similar steps as done in Brody et al. (2008a), we define

() = exp LTYL 5 (ﬁ%é” - %(ﬁi)x)?t)] , (4.16)

and write (4.15) as follows:

(4)
() () — Xt (z)q(x)
Y (2) T @) & (4.17)

for 0 <t < T. From (4.10), the value of the option induced by 7 information processes is

(PtT /X b\ (2) dw — K) 1 . (4.18)

Substituting (4.17) into (4.18), the value of the option is

Ctgi) = POtEQ

C(()i) = I Ot]EQ

o ( /X<th = K (@)al) d:c) ] , (4.19)

t

where
o) = / D(2)q(x) da. (4.20)
X

Brody et al. (2008a) prove that 1/<I>§1) for 0 <t < T can be used as a Radon-Nikodym
derivative to introduce a measure B on (92, F,{F;}). Similarly, we can define an infinite
sequence {1/ o 2, and introduce the measure B on (Q, F,{F;}) as

dQ ”(gt(z)) i=1 (Dt i=1

which is a sequence of Radon-Nikodym derivatives. This follows since {1/ (IJI(ti)} is a Q-
martingale: E¢ [1/<I>§i)|§si)} = 1/@9 for s < t, and also (IDéi) =1 and ®” > 0. In particular,

N tT/K\Z(Z) ; ; 1 t Tk\(l) 2 .
(@) = exp (—/0 ——E | Xr[e?] aw —5/0 ﬁEQ | XrIE0] ds), (4.22)

and the Novikov’s condition
1 t TA(z) 2 )
E2 [exp <§/ (R—SLEQ [XTyégﬂ ds)} < 0, (4.23)
0

is satisfied. The martingale property follows.
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Under the measure B, the random variable Z“t(” is Gaussian with mean 0 and variance
t(T'—t)/T for 0 <t < T. This follows directly from Brody et al. (2008a) and (3.64)-(3.66).

Then, we can define an infinite sequence of call option prices:

5 ([P~ R0t dx)] }

t

o0

{O i= 1— {POtEQ

- {POtEB

Computing the constant critical value which we denote by ¢ that solves (4.13), the expec-

i=1
e

( [ (Per = K0 @) dx) ] } . (4.24)

i=1

tation of each term in the sequence (4.24) is

-y [ = W( 0 70 i) 0

T—1

(i tT
—POtK/ <—zt + 70z T—t) dz, (4.25)

where N(.) is the standard normal distribution function. From Lemma 4.2.1, the price of

the European call option is

Co = POtZ@(YZ =i—1)E"
=1

(/X(Ptm — K)x{(x)q(x) dx) 1 ’ (4.26)

which completes the proof. n

Proposition 4.2.2 shows that the option price can be represented as the weighted sum of
the Black-Scholes-Merton prices induced by different number of information processes. We
have not yet specified any distribution for the stopping times, Q(Y; =i — 1) is arbitrary at

this point. Any reasonable distribution can be used to generate a large class of call prices.

Corollary 4.2.3. Let 7; be a jump time of an independent Poisson process with intensity .
Then,

- P(Jt; _(l(_;tl))!f(/xq(x)/\f (—?i) + ROy i) dz. (4.27)

Proof. The statement follows from Proposition 4.2.2. m
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The option price in (4.27) is very similar to that of Merton (1976). We note that Merton
(1976) assumes the price process to have jump-diffusion dynamics, where the jumps are that
of a Poisson process. In our framework, we derive the price dynamics and do not need to

specify the distribution of the jumps from the start.

Remark 4.2.4. The sequence of measure changes as shown in (4.21) may be viewed as a

sequence of different regimes represented in terms of the Radon-Nikodym derivatives.

4.2.2 Pricing Credit-Risky Bonds and Credit Default Swaps

We first price a credit-risky bond without coupons. Let X7 € {0, 1} be the payoff of a risky
bond with maturity 7. More precisely, let X; = 1 — H,.«(T') where 7* is the possible default
time of the bond. Hence, X7 =1if T < 7* and X =0 if 7* < T'. Define

dy(xj) = plalGr), (4.28)

for 0 <t < T and x; € {0,1}. Also let R; be the vector of probability mass functions ¢,§i),
fori=1,2,..., such that

Ri(w;) = 01" (2)), . 0t (), .. ], (4.29)

where, from (4.2), we can write

(1) = (4.30)

p(0) +p(1) exp [ 75 (ROG? - 50 |
) T (o Lo o
¢ (0) = p(0) | p(0) + p(1) exp T \F & — S (RY) : (4.31)
Proposition 4.2.5. The price of the bond is
X, = PsEV[Xr|G] = PrR] (1), 0<t<T. (4.32)

Proof. Similar to the proof of Proposition 3.2.3, one can show that ¢, = R/ I,. Equation
(4.32) follows since Xr € {0,1}. O

From (4.3) and (4.32), one can verify that the bond price {X,} follows jump-diffusion
dynamics. Note that Q(T < 7%|G;) = 1 — EQ?[H,-(T)|G;] = R/ (1)I; is the conditional
survival probability of the bond. Hence, at each regime switch, the market assigns a new
survival probability to the risky bond in a discontinuous way.

We now assume that the market receives partial information about future coupons and

the principal. For illustration purposes, we consider the case of a risky bond that has two
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payments. We represent the coupon payment as ¢, and the principal as p. We let Ry and R,
denote the effective recovery rates on the first and second payments, respectively. Following

Macrina (2006), we denote the payments by

CTl = C)(T1 —+ Rl (C + p)(l — XTl), (433)
CTQ = (C + p)XTlXT2 + RZ(C + p>XT1<1 - XT2>7 (4'34>

at times T and T3, respectively, where we set T' = Ty, and T} < Ty. We assume that
X1, € {0,1} and X7, € {0,1} are independent random variables, and let

gﬂanXﬁt+Bg (4.35)
gﬂzﬁwxgﬁ+3%, (4.36)

where the Brownian bridges {B;T’1 } and {BETZQ} are independent of each other and of Xp,
and X7,. In Macrina (2006), the market filtration is generated by {¢'} and {£'}. Then,
the time-t price of a risky bond that pays Crp, and Cp,, which we denote by V;, is given by

Vi = P, ((c+ p)E[X7, | & E®[Xn, | €] + Re(c+ p)E[ X1, | &1 EC[(1 — X7,) | €71])
+ Py (cB[X7, | &)+ Ri(c+ p)EY(1 - X1y) |471]) (4.37)

for t < T;. We generalise this statement to regime-switching economies. We define {Vfa}
as the filtration of the subalgebra Vfw C JF; such that

o,i41 HT.Q s ia > t,
pent o({Hra(5) fo<s<t) T (4.38)

o({Hre(8) bocs<t)s {€8"  brococt) 7 <L,

for 0 <t<T,,i=1,2,...,and o = 1,2. We assume that {7}'} and {77} are independent
of each other, and independent of {£,*} and {£/'}. We also let

1—HZ (t) ] [ 1—H2 (1)
H (4)(1 — H, (1)) HZ (8)(1 — HZ,(t))
I = : and I?= : : (4.39)
Hp (6)(1—H, (1)) HZ (t)(1—HZ | (1))

We further define the filtration {); }o<i<r by

2 0o

ye=\ F\ VT (4.40)

a=1 i=1
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We assume {)};} is the market filtration. We define the time-t price of a risky bond that
pays Cr, and Cp, by

Vt - BTlEQ[CT1|yt] + PtT2E@[CT2’yt]7 (441)

for t < T). At each regime switch, the price of the risky bond jumps:

Proposition 4.2.6. The price V is

[e.o]

Vi= P Y (B | X |87] + Ru(e+p)E® |1 - X1,)IE7] ) 1)
=1
P 303 (Rafe+p)E [ B9 B [(1 - X289 HOTG)
j=1 i=1
P 3 ((e4 pE® [Xn §9] 2° [ 89 ) BOIEG). (142)
j=1 i=1

Proof. Using the independence properties imposed above, Proposition 4.2.6 follows from
Proposition 3.3.1, (4.37) and (4.41). O

Information-based approach provides a tractable framework in pricing swap-like instru-
ments. As done in Macrina (2006), we consider a simple credit default swap (CDS) written
on the risky bond we discussed above. There is a series of premiums denoted by v, payed by
the protection buyer to the protection seller. For simplification, we assume that premiums
are payed at coupon dates. The buyer continues paying unless the reference bond defaults,
at which the protection seller makes a payment of h.

Given that the market filtration is generated by {&'} and {¢/"'}, Macrina (2006) shows
that the time-¢ price of this CDS, which we denote by CDS;, can be written as

CDS; = [(v+ h) Py, — hPr,|E?[ X7, | &7 — hPp,
+ (U + h)RﬁTzEQ[XTl | gtl,l]]EQ[XTz ‘ 51‘,271]7 (443>

for t < T7. We aim to price this CDS under a regime-switching economy. From (4.43), we
define the CDS price as follows:

CDS; = [(v + h) Py, — hP,p, JEQ[ X1, | V)] — hPyrp,
+ (v + h) P, E% [ X1, [VIE® [ X1, | V), (4.44)

for t < T13.
Similar to Proposition 4.2.6, the next proposition shows that the CDS price jumps at

each regime switch:
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Proposition 4.2.7. The price CDS; is

CDS, = [(v + h)Pir, — hPi) Y E® [XTI |}“>] 1(6) — hPp,
i=1

o Pn 33 B [ BO] O [Xn BV BB, (45)

j=1 i=1

Proof. Using the independence properties imposed above, Proposition 4.2.7 follows from
Proposition 3.3.1, (4.43) and (4.44). O

4.3 Randomly Stopping the Information Flow

This section considers the possibility when market information suddenly ceases to flow. For
demonstration purposes, we consider a single information source. This particular approach
is later used to model deactivation-reactivation of information sources, which allows us to
generalise our view towards regime switches. We only discuss the case when X is continuous.
It is straightforward to adapt the discrete scenerio to all the results that follow.

It is rather optimistic to assume that the market has non-interrupted access to every
source of information. A particular information source may suddenly stop flowing, not being
able to provide updates about X; for a period of time. This may be understood as a
possible information blockage in the market. In order to represent this scenerio, we wish the
information process to stop at some measurable random instance. More formally, we model
a stopped filtration. For this section, the Brownian information process {£!} is denoted by
{&}, 7 is 7, and ¥} is ;.

We define {F}'} as the filtration of the subalgebra F;! C F; such that

F' = o({H:(5) bo<s<t> {Ms bo<s<t), (4.46)
for 0 <t < T, where the information process {n; }o<t<r is defined by

N = Eenrs (4.47)

given that 7 is a F/-stopping time independent of {&;}, and where ¢t A 7 = min(¢, 7).
We define a Q(X)-valued process {1 }eco,r) by

T,(A) = Q(Xr € A|F]), (4.48)

for A € B(X). The process {Y;} may stop. This means that the market has the possibility
of not being able to update the price of Xr.
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Proposition 4.3.1. The random probability measure T can be represented as
t
Ti(A) =m(A) (1 —H.(t) + / mu(A)dH(u) = mTnr, (4.49)
0

and the asset price X; = PpEQ[ Xy | F/] is

Jx wexp [(T{t)(mmﬁt - %(/{x)%)} q(z)dx
Jx exp [(TT_t) (kx& — %(/ﬁx)%)} q(z)dzx
h /t Jx wexp [(TTU) (kx&, — %(HZ‘)zu)} q(z)dx

Jx exp [ﬁ(/@xfu — %(mx)%)} q(x)dz

Xi= P (1= H:(t))

dH.(u). (4.50)

Proof. We can project T;(A) onto the two orthogonal subspaces {t < 7} and {7 < t}. Then,
denoting v, (.|F/) as the conditional distribution of 7 with respect to F/,

T(A) = /t QX1 € Alo({&3ocs<t) \ o({Hr(9)Yosost, T = w)vr (du| FY')
+/0 Q(Xr € Alo({& ocscu) ) o({Hx(5)Yossst, T = w)rr(dul FY). (4.51)

It follows from the Markovian property of {¢;} and the independence of 7 that

M t
() = QU € Ale) ([ vt + [ Q0 € Al (@)
¢ 0
M t
— m(A) </ VT(du\ft")> +/ (A (dul FD). (4.52)
¢ 0
Since 7 is an JF;-stopping time, we have
t t t
/ mu(A)v(dulF) = / Tu(A)d(du) = / Tu(A) dH(u). (4.53)
0 0 0
The first integral in (4.52) equals 1 — H,(t). Since {&} is strong Markov, for 7 < T,
Q(Xr € AIF?) = Q(Xr € Alg) = mr(A). (4.54)
Hence, (4.54) agrees with (4.52). Equation (4.49) follows. Having X, = PrEQ[ X, | F],
X, =Py / 2T (dx), (4.55)
X

and (4.50) follows from the Bayes formula, Fubini’s theorem and the independence of 7. [
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Note that the integral that appears in (4.53) can also be written as

[ Rl ) d(0) = QXr € Al H (1) = 7 (D H 0 (4.56)
0
Proposition 4.3.2. The dynamics of {tiar} are governed by the following SDE:

dthinr () = (1 = Hr(t)) ou(2)e(x) AW, (4.57)

Proof. The statement follows from (4.49). O

Proposition 4.3.3. The dynamics of {n;} are governed by the following SDE:

dn, = (1 — H, (1)) ((%) dt + th> , (4.58)

for 0 <t < T, where X; = EX[Xr|&].

Proof. Since T is an F;'-stopping time, the following representation of 7; can be written:
me =& (1 — Hy (1)) + & H- (1), (4.59)
for 0 <t <T. Also, since d¢, = 0, it follows that
dn, = d& (1 — H-(t)) — &§96,(dt) + &-6-(de). (4.60)

Note that the term (&, — &)0,(dt) = 0. Then the statement follows from (3.19). O

4.4 Deactivation-Reactivation of Information Sources

We combine the models for appearances of new information sources and information block-
ages. This allows us to view regime switches not only as events coinciding with activation of
new information sources, but also as events coinciding with stopped information. In other

words, the sources of information may be switched on or switched off.

4.4.1 One Source of Information

We start with the case where there is a single information process. The source of information
may be deactivated for a random period of time, and may suddenly reactivate at another
random time. That is, the information flow may dry up for a period of time, and then may
start providing updates again. For parsimony, we fix n € N, and consider an n-sequence of

Fi-stopping times {7;}7 ;.
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We shall denote the set of odd integers by O and define the filtration {R;} by

Rt _ fg \n/ ({ Ti+1 (S)}0<S<t7{ 1+2<S)}0S3St) Ti+1 > t,

(4.61)
i=1,ic0 | O({Hr ., (8) Yo<s<ts {Hr 1 (8) Yo<s<ts {€snmn fripa<s<t)  Tir1 <1,

for 0 <t < T, where t < 7,41 if n < i+ 1. We assume that {R,} is the market filtration.
Note that if 7 is an odd integer, then 7; stops the information process, and if 7 is an even
integer, then 7; acts as a start-up time. Keeping notations the same, we define a Q(X)-valued

process {7 }teo,r) by

for A € B(X). We denote the associated conditional density by

Y, (z)de = 7y (dx), (4.63)

for 0 <t < T. Finally, we let E be the set of even integers.

Proposition 4.4.1. The random probability measure T; can be represented as

ﬁt(A>: Z 71-15("4)175(2)_{_ Z ﬂTifl(A)It<i)‘ (464)
i=1,i€0 1=2,i€E

The dynamics of {1{,} are governed by the following SDE:

n+1
Ay (x) = Y ou(@)wn(x) AWLL(5) + Z (Ve(x) — ¥, (2)) 65, (d). (4.65)
i=1,i€0 i=2,icE

Proof. The proof of the first part is similar to that of Proposition 3.2.3 and Proposition
4.3.1. In particular, using the law of total probability,

n+1
QXr € AR) = > QX7 € ARy, iy <t < 1)Q(rimy <t < 7|Ry)
i=1,4€0
n+1
Z Q(XT S A|Rt, Ti—1 <t < Ti)Q(Ti—l <t< Ti|Rt)7 (466)

1=2,1€F

where we set 79 = 0 and ¢ < 7,,41. Equation (4.64) follows from the strong Markov property
of {&}, the indepedence of 7 and since Q(7;_1 <t < 7;|R;) is a Dirac measure. The SDE of
{4, } follows from (4.64) and Lemma 3.2.4. O

The conditional density process {Et} stops for random periods of time and jumps when
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the source of information is reactivated. We define the price by
X, = PrEU X1 | Ry, 0<t<T. (4.67)

Proposition 4.4.2. The price {X,} is governed by the following SDE:

. DT .
dX, = r,X,dt + Py iﬂzieo ﬁ (Var® [Xz | &]) dWI,(3)
+Pr Y (BXr|&] - B2 [Xr &, ]) 6, (dt), (4.68)

i=2,icE
for 0 <t < T, where Var®[Xr|&] is a Q-supermartingale.
Proof. The proof is very similar to that of Proposition 3.2.6, and follows from (4.65). O

If 7 is an odd integer, then from 7; until 7;,1, the price change is zero. The source of
information is active again at 7;.; (until 7;,,9), and the price is governed by a Brownian
motion. Such price behaviour may arise in illiquid markets. From (4.68) we can see that
the conditional expectation of the cash flow sticks to a value when the information source is
deactive, and it jumps when the information source is activated.

This scenerio inlcudes the possibility that the market never realizes the true value of X
at time T, if it had deactivated at some time before 7. To overcome this, we may first
assume that 7, € (0,7) for i = 1,...,n, so that all stopping times are realized during the
lifespan of the asset price. Secondly, if we choose n to be an even number, then the market
realizes the true value of the cash flow X at time 7', since t < 7,1 if n <7+ 1.

At the end of this chapter, we provide two simulations of such price processes. Figure
4.1 is a simulation when the information source is deactivated-reactivated two times. We
set Xp =1land T =5, 7 =0, k' = 1/T and p' = 0.5. Figure 4.2 is a simulation when
the source of information is deactivated-reactivated three times. We set X7 =0 and T' = 5,

r, =0, k" = 1/T and p' = 0.5. Stopping times are uniformly distributed on [0, T7.

4.4.2 Multiple Market Factor Generalisation

We generalise the setting to the case where Xt is represented as a function of independent
market factors. We assume that there is a single information process for each market factor,
which can switch on or off. As before, we represent the cash flow X7 as a function of a
set of independent market factors M, a = 1,...,m, with state-space (X, B(X)) and with
continuous densities ¢*(x) > 0. Choosing a function g € By(X"™) such that g : X" — X
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We associate a sequence of F-stopping times to each M$ denoted by {7}7, for a =
1,...,m. For fixed a, we let 7{* < 7§ < ... < 7. For each i and j, Q(7f < 70*") # 1.

We associate a Brownian information process {&;*}icpom with each Mg:
& = R*Mpt+ Byp. (4.70)

We assume that { Bg.}’s are mutually independent from each other across « (i.e., { B¢} and
{BJ} are independent) and independent of each M2. We further assume that each sequence
of stopping times is mutually independent from each other and mutually independent of each
information process.

We define the following o-algebra:
FI" = o({HZ(s) hossst: {€0mo Yosazt),  for 0 <t <T. (4.71)
We introduce a sequence of g-algebras {Ry}7, for 0 <t < T, where

R = ]__t,f‘ \n/ U({H%H(S)}Ossgt’ {H%+2(3)}0§5§t) T >t

(4.72)
i=1ie0 | O({H7, (8)Focost, {H7, (8) bocsct, {€0nrn  bra  <oct) i1 <,

Note that each sequence {7/} ; is a sequence of Ry-stopping times. We assume t < 724, if
n < i+ 1. Also, we define the filtration {R,} by

Ri=\/ Ry, (4.73)
a=1

and assume that {R;} is the market filtration. The o-algebra (4.73) is all the information
that the market receives about Xp, where an information source may be active or inactive.

If we associate 1 to active information and 0 to inactive information, then we have 2™
different m-vectors of information processes, each representing a different economic state.
For example, if m = 5, and [10010] represents a state in which only {£!} and {&!} are
active, then there are 31 additional vectors such as [10101], [01001], and etc., associated
with different numbers and allocations of active and inactive information processes.

We define a Q(X)-valued process {7 }iepo,r) by

7m(A) = Q([Mg, M3, ..., M € A|R,), (4.74)

for fixed A € B(X™).

Note that due to the independence properties we imposed above, we have
TU(A) = QM} € A[R]) x QUME € AofR2) x - x QUM € AnRYY),  (4.75)
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for A =[A1, Ay, ..., Ap] € B(X™). We denote the conditional density by

Y, (x)dxy - - - dx,, = T (dx), (4.76)

for 0 <t <T,and x = [x1,...,2,] € X™. We also define the process {7y };c0,17 by

T (Aa) = Q(M7 € Aul&), (4.77)
for a =1,...,m. We denote the associated conditonal density by
Vi (70) dze = 7 (dz0), (4.78)

for0<t<Tand a=1,...,m and z, € X, where f(x,) is as given in (2.20).
We assume that n € F is an even number (it is straightforward to modify the following

results if n € O is an odd number). Then, we define the following vectors:

— —_ — —_ T T
1 2 r m ]
yr yr m
1 2 m
TrTll 7T712 ﬂ-Tim
1 ﬂ-tl 2 ﬂ-tQ m ﬂ-;n
Qt = . I Qt = . ) tet Qt = . ? (479)
1 2 m
v v iy
71171 7571 1
1 2 m
| T | T L T

for n > 2. Note that Qf' is the vector of conditional distributions associated with M7. We

also define the following vectors of Heaviside processes:

- - (T - T\ m
1—HL(t) 1— H(t)
H, ()(1 = H, (1)) HE (1)1 = HE(1))
I} = s and (I} = z
He ()1 = H (1) HE ()01 = H (1))

1 «

I H (1) | (L HE (1) 1 )
Note that each If is a vector associated with M for o =1,...,m.

Proposition 4.4.3. The random probability measure T; can be represented as

(@) - (&) »

Proof. The proof is very similar to that of Proposition 3.3.1. All the stopping times 7*’s are

R-stopping times. Hence, Q(77* <t < 724 ,|R,)’s are Dirac measures for ¢ = 1,...,n and
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a =1,...,m. Note that {{}’s are independent from each other across o and are strong
Markov. The stopping times are independent from each M¢ and each information process
{&*}. Also, each sequence of stopping times is independent from each other as well. The

statement follows from the law of total probability. O

We are now in the position to provide a representation of the price of the asset with cash
flow Xp = g(M#+, M2, ..., M?). The time-t price, which we denote by X, is

X, = PrEY X1 | Ry, 0<t<T. (4.81)

Proposition 4.4.4. The price X, is

%omry [ o) (@aian) o (@u)). s
" i=1 i=1
Proof. The statement follows from (3.13), (4.80) and (4.81). O

If inactive information is activated, then there is a jump in the price dynamics. If active
information is deactivated, then there is no jump. If all sources of information are deactive,
then the conditional expectation of X sticks to a value. Similar to Chapter 3, one can also
employ \/z and each 1/ to bring forth a geometrical perspective.

As a simplification, similar to what is done in Chapter 3.3.1, let’s assume there is only one
sequence of stopping times associated to every market factor. Then we have the following
representation for the SDE of {X}:

Proposition 4.4.5. Let {7/'}7_| = {7i}}, for a = 1,...,m, so that {HZ}_, = H., for
1=1,...,n. Then,

m n+1
_ _ Tl{a a m « .
dX, = rtXtdt—i—PtTZ' Z ey Co® [Xr, M€l 67 ] AWPL(0)
a=1i=1,1€0
+Pr S (E@ [Xr|&l,... "] —EC [XT 5;,1,---,5?},1]) 5.(dt).  (4.83)
=24l
foro<t<T.
Proof. The statement follows from (2.22), (4.81) and Proposition 4.4.4. O

This framework is an alternative way of viewing regime switches. One may interpret
that any given switch in an information source coincides with a switch from one regime to
another. Each regime switch does not neccessarily coincide with a price jump, but rather

with a change in the information source provided to the market.
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4.4.3 Switching From One Source of Information to Another

We make a slight modification, and introduce a setting where each stopping time induces a
switch from one source of information to another. More precisely, we develop this framework
by initiating and stopping o-algebras at stopping times such that each stopping time 7;
stops an information flow and simultaneously acts as a start-up time of another source of
information.

Suppose there are n € N, F-stopping times {7;}_; independent of m € N, information
processes, where m < n + 1. We denote the modular of two integers ¢ and m by mod (i, m)
(i.e., if m =5, mod(1,5) = 1, mod(5,5) = 0, mod(7,5) = 2, etc.).

We denote the (mod(i, m)+1)th Brownian information process for X1 by {ngd tm)+1

}te[o T]»
where

5;nod(i,m)+1 _ Kmod(l m)+1X t+ BmOd(Z m)+1. (484)

That is, if m = 5, then for example {&"**"P™) = {£2} as defined in (3.10) and so on. We
define the filtration {Z;}o<;<1 by

_ I.'t??l \"/ 0<{HT'(S)}O<S<t7 {H’Fi+1(3)}0§8§t) T > t,

(4.85)
i=1 U({H (S)}O<s<t>{ z+1(8>}0§s§t7 {égiilflm H}T <s<t) T < 1,

where t < 7,41. We assume that {Z;} is the market filtration. From (4.85) we can see
that every time an information source stops flowing, another source of information becomes
active. This scenerio can as well be interpreted as a sudden switch from one regime to
another, while different sources of information are active during different economic states.
Keeping notations the same to that of previous sections, we define a Q(X)-valued process

{@}eepm by
mi(A) = Q(Xr € A|Zy), (4.86)

for A € B(X). We also define the following matrix:

1— H,, (1) 0 . 0
0 HTl(t)(l - HTQ(t)) 0
N 0 0 Heo (61— Hoo (1)
o HTm(t)<1 _H7m+1(t)) 0 0
0 HTm+1 <t>(1 o H‘Fm+2 <t>) 0
Hﬂ; (t) Hn; (t) Hn; (t) Hﬂ; (t)

We let N(7,j) denote the ith row and jth column element of the matrix N. In addition,
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we let 7, = 0 for k£ < 0, which is a slight abuse of notation, but simplifies the following

definitions:
m(A) = QX € AIGLE L), (4.87)
fori=1,14m,1+4+2m,.. <n+ 1. Also,
Wt(i’j)(A) =Q(Xr € A|§ii_(j_l)7 aE 7§£;11’§g’§1:1(m+j—<]‘+1>>’ SRRLAE (4.88)
fori=73,74+m,j+2m,...<n+1and 1 < j <m. Finally,
m(A) = QX € AIEL & G ED), (4.89)

fori = m,2m,3m, ... < n+1. Note that (4.87)-(4.89) make sense due to the strong Markovian

property of the information processes. We denote the conditional density of 7; by

Y, (z)de = 7y(dx), (4.90)
for 0 <t < T. In addition, fori=1,...,n+1,and 1 <57 <m <n+1, we let
3 (@) dr = =) (da), (4.91)
for 0 <t < T, and for a fixed m and n.
Denoting x(} as the Kronecker delta, for £ € N, U {0}, we also define
[ 70 (4) 0 0 ]
0 m 7 (4)
(m,m)
0 . (A)
M,(A) = ! . (4.92
0 7T_)grrL—4-2,2) (A)
| 7T£n+1’1)(A)X{km+1:n+1} 7Tt(nJrl’m)(A)X{(1c+1)m:n+1} |
Proposition 4.4.6. The random probability measure T; can be represented as
(A) = IM] (ANY]|,  for k€N, U{o}. (4.93)

Proof. The proof is similar to that of Proposition 3.2.3. Each stopping time 7; is a Z-

70



stopping time. By the use of law of total probability, we can write

T(A) =D QX7 € A|Z,7 <t <7)Qm <t < 11| 2)), (4.94)

=0

where we set 7o = 0 and t < 7,,41. Each Q(r; <t < 7,41|2;) is a Dirac measure. Then, from

the strong Markov property of {£/}, and the independence of the stopping times,

m(A) = m" (AN, 1) + ?’”(A)Nt@ 2) + -+ m"™ (AN, (m, m)
m+1 1) ( )Nt(m +1 1) et 71_(n—f—l 1)<A)Nt(n + 1’ 1)X{km+1:n+1} 4
T ( hm )(A)Nt(n + 1, M) X{(k41)m=n+1}- (4.95)

The Kronecker delta, where k£ € N U{0} must be satisfied, ensures that the correct element
of the last row of M, is non-zero when 7,, < t for the fixed m and n. Since both M, and N,

are (n + 1) x m matrices, (4.93) follows by taking the transpose of M;. O

We call the m x m matrix M N, the information-switching matrix. At every information
switch, a jump in {Et} occurs. From then on, since the information processes are strong
Markov, {1, } is driven by the last observations of the switched off information processes and

the new observations of the single switched on information process. Also, since the price is
X, = PyEQ[X; | 2] = Py / x7y(dx), 0<t<T, (4.96)
X

every time a switch between two different information sources occurs, the process {X,;}
jumps. This example provides an alternative way of viewing regime switches as events that
coincide with price jumps.

For a demonstration, we shall give a simple example of the information switching detailed

above:

Example 4.4.7. Let n = 2, and m = 2. Hence, there are two switches between two infor-

mation processes. Then, the conditional distribution is given by:

T(dw) = 7"V (da) (1 — H, (8) + 722 (da) Hy, (1) (1 — Hoy () + ) (da) Hy (2)
= Q(Xr € da|€))(1 - H,,(t)) + QX7 € dalel, &) H,, (t)(1 — H,,(1))
+Q(Xr € dz|¢/, &) Hn,(1). (4.97)

From (4.96) and (4.97), we can see that the price process { X;} is governed by {&}'} fort < T,
is governed by & and {2} for i <t < 15 and is governed by {&}'} and &, for 7o < t. That
is, at each regime switch, one of the information sources is switched off and the other is

switched on.
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Figure 4.1: A price process. The single source of information is deactivated-reactivated two times. There
are two regimes when no new information enters the market and when the price “sticks” to a value with zero
interest rates. Cash flow: X7 = 1. Parameters: T =5, r; = 0, k* = 1/T and p' = 0.5. Stopping times are
uniformly distributed on [0, T1.
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Figure 4.2: A price process. The single source of information is deactivated-reactivated three times. There
are three regimes when no new information enters the market. Cash flow: X7 = 0. Parameters: T = 5,
ry =0, k' = 1/T and p* = 0.5. Stopping times are uniformly distributed on [0, 7.
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Chapter 5

Information-Theoretic Dynamics of

Information Asymmetry

We construct what we call information asymmetry processes with jumps by using information-
theoretic measures and enlargements of filtrations.

One main aim of constructing the so-called asymmetry processes is to address the ques-
tion: How can one dynamically quantify the impact of changes in the source of information
about a cash flow X177 Our motivation stems from the aim of measuring the informational
advantage of a small trader who is more informed than the market. A similar approach is
considered in Brody et al. (2009), where there is an informed trader who is more susceptible
to information than the market, and who is provided with an extra source of information
from time ¢ = 0. Brody et al. (2009) provide examples of how informed traders may be
able to exploit statistical arbitrage opportunities by using their additional information, and
demonstrate how this extra information transforms into profit. The value of excess informa-
tion is measured by the difference of the mutual information between the market and the
trader, which is shown to be nonnegative.

Information asymmetry in financial markets has attracted considerable attention in recent
years, and the literature can be traced back to Kyle (1985), Duffie and Huang (1986), and
Back (1992). Models generally consist of two agents making decisions based on different
information. One of the agents behaves purely based on the knowledge of the evolution
of the market, whereas the other agent (insider) has additional information. The insiders
are usually assumed to be small, and cannot affect market price dynamics. One stream
of models relies heavily on the works of Jeulin (1980), Jacod (1980) and Yor (1980) on
enlargements of filtrations. These works laid the mathematical foundations later to be used
in modelling information asymmetry between agents. Amongst many examples, Imkeller
(1996), Amendinger et al. (1998), Grorud and Pontier (1998), and Biagini and Oksendal

(2005) are few of the important papers to mention. In most of these works, the expected
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increase in the utility gained from the insider’s additional information is analyzed.

Assume all filtrations under consideration are right-continuous and complete. Formally,
an enlargement of {);} in (Q, F, {F:}, Q) is a filtration { M, }, which satisfies: (i) J; C M, for
all t € R, , and (ii) the F;-stopping time 7 < oo is an M,-stopping time. In the information
asymmetry literature, a considerable attention is directed towards what are called initial
enlargements of filtrations and progressive enlargements of filtrations. An initial enlargement
of a filtration {)}} is a filtration {7;} given by J, = o(7)\ Vi. A progressive enlargement
of {),} is the minimal (smallest) filtration {7}, which satisfies: (i) Y, C J; for all t € R,
and (ii) 7 < oo is a J;*-stopping time. More explicitly, J;* = (7 At) \/ V;. In the literature,
it is usually the case that the filtrations of informed traders are assumed to be either initial
or progressive enlargements of the market filtration.

We shall construct information asymmetry processes using enlargements of filtrations.
Note that {G;} as shown in (3.58) is an enlargement of {ffl}. However, {G;} is neither an
initial nor a progressive enlargement of {ff ' }. We want the flexibility of being able to handle
an informed trader who may have access to more information additional to the stopping time
7, and may start receiving extra information about new economic variables. For example,
if 7 is the default time of a bond (which is common in the current literature), an informed
trader may start observing previously non-observed data starting from 7, especially if this
default represents a serious economic shock or possibly an early warning signal for a financial
turbulance. To formalize this mathematically, we introduce a new type of an enlargement of
filtrations that we call an n-order piecewise enlargement. We choose this name due to the

nature of the enlarged filtrations that expand at n € N, stopping times:

Definition 5.0.8. Let {1;}", for n € N, be an increasing sequence of Fy-stopping times
in (Q, F, {Fi}, Q) such that 7, < oo, and let {X]}ier, be an Fi-adapted cadlag process for
i=1,...,n. Then an n-order piecewise enlargement of a filtration {);} in (Q, F,{F:},Q)
is a filtration {G;}, which satisfies: (i) Yy C Gy for allt € Ry, (i) {m}I, is an increasing
sequence of Gy-stopping times, and (111) 0 ({ X }rcu<t) CGr if i <t fori=1,...,n.

One can then consider what one may call an initial n-order piecewise enlargement {G!}
of {M} given by G/ = Vi, 0(m) VI Vi, 0({ X} rcuze) if 7, < ¢ for all i = 1,...,n,
or a progressive n-order piecewise enlargement {G'} of {)}} given by G/ = \/I_, o(1; A
OV Vi o({ X b rcuzy) if 7 < tforalli=1,...,n.

In our framework, we assume the existence of a restricted number of small traders whose
filtrations are m-order piecewise enlargements of the market filtration. Introducing n-order
piecewise enlargements allows us to represent informed traders who may have access to
more information additional to the stopping time. Note that {G;} as shown in (3.58) is a
(progressive) n-order piecewise enlargement of {.7-—51}. Since we have this explicit example,

we focus on a scenerio where informed trader’s filtration is given by {G;} and the market
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filtration is {.7-"51}. We assume that the actions of informed traders do not affect price
dynamics, and X7 is a continuous random variable (until we discuss the Shannon entropy).

Our work may be viewed as a generalisation of the framework presented in Brody et
al. (2009), with the introduction of the n-order piecewise enlargements of filtrations. Also,
instead of using mutual information, we refer to a broad class of information-theoretic mea-
sures, namely f-divergences, to quantify the impact of changes in the source of information.
In particular, using f-divergences and piecewise enlargements of filtrations, we generate what
we call the Kullback-Leibler (KL) and the Squared-Hellinger (SH) asymmetry processes. The
KL divergence is commonly used to measure the information gain from passing from a prior
distribution to a posterior distribution. The SH divergence measures the distance between
two distributions, and it brings a geometrical perspective that motivates our next chapter.

We also build a competitive setting involving two informed traders whose filtrations are
different piecewise enlargements of the same market filtration. We focus on a scenerio where
the informed traders receive additional information at different stopping times. This allows
us to dynamically quantify the competitive edge between two informed traders who have
different accesibility to additional information. The informed traders can not see each others’
actions, and at a given time, the trader who has access to more sources of information has an
informational advantage over the other. Another motivation in constructing the asymmetry
processes is to model financial mispricing as a type of information asymmetry. We assume
that the market receives incorrect information about a future cash flow as opposed to correct
information. The mispricing process represents the dynamic evolution of the information
asymmetry between the market and the fundamentals. The mispricing process jumps to
zero if the market receives the correct information flow, which represents a sudden market
correction.

This chapter is organised as follows: Section 1 is a brief preliminary on f-divergences.
Section 2 introduces the asymmetry processes. Section 3 is the competition between two
informed traders. Section 4 models mispricing. Section 5 quantifies the level of uncertainty

of an informed trader using the Shannon entropy. Section 6 is the Appendix.

5.1 Preliminaries

5.1.1 Information-Theoretic f-Divergences

For our purposes, we shall use the class of so-called f-divergences, introduced by Ali and
Silvey (1966), Csiszar (1967). We let Af[. < .| denote an f-divergence. In a measure-

theoretic sense, the f-divergence between equivalent probability measures Q and PP is defined

sfe-r= [ f (j&‘j)) 1Q(w), 5.1)

as follows:
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for w € Q, where f is a convex function which satisfies f(1) = 0, and dP/dQ is the Radon-
Nikodym derivative of P over Q. Also, A¢[P — Q] is defined similarly only with P and Q
interchanged in (5.1). Alternatively, an f-divergence can be defined in terms of probability
densities (given that they exist):

Aylg = p] =/

X

f (%) o(z) dz, (5.2
where ¢(z) > 0 and p(z) > 0 for x € X. An f-divergence Af[Q — P| (or Aflg — p])
measures the discrepancy from Q to P (or ¢ to p), which is not exactly a distance, since
it may not satisfy properties such as symmetry and triangle inequality. In fact, we use the
symbol — to emphasize the direction from Q to IP, since many examples exist such that
Af[Q — P] # Af[P — Q]. We denote an f-divergence that satisfies the symmetry property
AfQ = B = AgP — Q] (or Arlg = p] = Aglp = q]) by AQIP) = A[PIIQ)] (or
Avrlgllp] = Aflpllg]). We refer to Csiszar (1967), Chentsov (1972), and Amari and Cichocki
(2010) for some interesting properties of f-divergences.

The Kullback-Leibler (KL) divergence forms an important subclass of f-divergences, and
is widely used in applied mathematics and engineering to measure the information gain from

passing from a prior distribution to a posterior distribution. The KL divergence is

M@=+ P) = - [ 1og ( j&ﬁ) 1) = [ 1og ( fl%((:’))) Qw).  (53)

The KL divergence is not a distance metric defined on the space of probability distributions,

since Akp (P — Q) # Ak (Q — P), and it does not satisfy the triangle inequality.
The Squared-Hellinger (SH) divergence forms another important subclass of f-divergences,
which is used in problems that involve measuring the distance between two different dis-

tributions. Unlike the KL divergence, the SH divergence is symmetric. Thus, we write
Asu(P||Q) = Asu(Q||P). The SH divergence can be defined as

ASH(@HP>_% /Q ( j(g((‘:))—1) dQ(w)—% /Q ( (31%((5)) —1> dP(w).  (5.4)

Also, if I denotes the Lebesgue measure, and Q and P are equivalent to L, then we can

write the following:

Bsu(@/P) =5 [ (J j%j; - \/ jﬂji) AL (w). (5.5)

As we shall see later in Chapter 6, by the use of (5.5), the SH divergence brings forth a

geometrical perspective.
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5.2 Information Asymmetry, Piecewise Enlargements

of Filtrations, f-Divergences

We would like the f-divergence to be symmetric in order to eliminate any bias towards a

probability measure. In order to ensure this, we can do the following:

AL(QIIP) = £ [8,@Q = B) + Ay (P = Q)] = A, (PI|0). (5.6

We shall define a Radon-Nikodym derivative to introduce what we call an f-asymmetry
with respect to an n-order piecewise enlargement. For fixed A € B(X), let ) C G be two
o-algebras in (Q, F,Q), where {G;} is an n-order piecewise enlargement of {);}. Define

Y (Xr € A)=Q(Xr € AlY) and  G,(Xr € A) = Q(Xr € AlG)), (5.7)

such that EY*[X7] = EQ[X7|);] and E¢[X;] = EQ[X7|G;]. We shall denote the conditional

measures in (5.7) as Y, and Gy, respectively. Let Y, be equivalent to G; and

dY,

Iy = —— 5.8
"G, (5:8)
be a Radon-Nikodym derivative such that
dY,(
EC (X772, = / Xp(w) () th / Xp(w) dY,(w) = EY [ X7]. (5.9)
Q th (.U

We define the time-t f-asymmetry Ay(.||.) between the probability measures Y; and G; by

Af(Y]|Gy) = [Af(Yt = Gy) + Ap(Gy — Yy)]

:%{/f(zi )dYt /f (Z(w)) dGy(w)] . (5.10)

Equation (5.10) makes sense since conditional probability distributions are probability distri-
butions. Similarly, we shall use conditional probability densities (since they are probability

densities) to derive the dynamics of the f-asymmetry process {A¢(q(z|V:)||q(x|G:))}, where

BslaelY0)la(e1G) = 5 (B (@) > a(al6) + Ay (a(xlG) = a(a i)
! 4(x]G:) a0\ )
=3 [/X <f (q(:rlyt)) q(z D)t)+f( @ |gt)) q( Igt)) d } (5.11)

We shall focus on the case where the market filtration is {J,} = {F} (we write & = £1),
and the filtration of the informed trader is {G;} as shown in (3.58).

7



5.2.1 Kullback-Leibler Asymmetry

We define the time-t KL asymmetry, which we denote by KL(.||.), as

KL,(Y,||G,) = % { /Q log ( jgiéﬁ) dY,(w) + /Q log ( jg:gi; ) th(w)} L (5.12)

between Y; and G;, which are the conditional measures given }"f and Gy, respectively. We can

now quantify the impact of activation of new information sources, and derive the dynamics
of the information asymmetry process between the market and the informed trader. In order
to do so, we define {KL;(¢|[1,) }ieo,r) as follows:

KLtwt%){ofX(% ) log (£453) + () log (3

)) de ift<T,
ift=1T,

(5.13)

where 1, and v, are as shown in (3.47) and (3.60), respectively.

Lemma 5.2.1. Let

@ Yulw) xr, an (i _ 1 @ ()10 —%(i)(x) T
A /wt (wt”(:c))d’ i B —2/th<>1g(¢t(x)>d7 (5.14)

for 0 <t <T, where Agﬁ) = (l) = 0. Then,

n+1

KL(illdy) = (A + B )L (). (5.15)

i=1

Proof. 1t’s trivial when ¢ = T'. For some t < T, note that we can write

/X?ﬁt(a:) log <%) dz = /X%(x) log< Qﬁ)i )> ()) dz =
. () (1) dx = x)log <¢t(x))dx) (7
S LE)S i (W())I() Zj(/xwm s ) e . 610
and similarly, we can write the following:

Doz ) () T

[ Bwos (20 s = | (Z m“)(x)It(z')) > o (f;t(;f

B (Z)(x) .
Z (/ wO( (zbt(x) dz | I,(3). (5.17)

The statement (5.15) follows directly from (5.16) and (5.17). O

) I,(j)dx
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Recall that {W;} and {Wt(i)} are defined in (2.11) and (3.76), respectively. We also define

- i /X () ((a§i> ()2 = 204(2)o1” (2)pD + af(x)) dz, (5.18)
- %/XW) (2) (0 @) = 200(@)0 " (2)p? + 0 (a) ) da, (5.19)

where p(?) is the correlation between {W;} and {W”}. In addition,

iy _ 1 o(x)e(z) lo ¥i(z) T an o o T,
@) =5 [ o )wt<>1g(%@)(w>)d 1 (@) =5 [ W@, (520)

and also

| o o
/wt z)dz and (6")° = %/Xa,gz)(x)z/}t(l)(x) log (%) de. (5.21)

Proposition 5.2.2. Let KL;(Y,||G;) be the time-t KL asymmetry. Then,

n+1 n+1
AKL(W|[00) = S (1)~ + (1) )L (3) dt+z (A (=1 4 g _ g~ ”) 5. (db)
=1

n+1 n+1

+3 (@) = (@))() th+Z( (0= )It()dwf“. (5.22)

Proof. See Appendix 5.6.1. O]

The KL asymmetry process between the market and the informed trader has jump-
diffusion dynamics. For ¢ < 7, the process is zero. The drift and the diffusion coefficients
of the asymmetry process jump, which quantify the impact of new information sources.

By definition, the KL asymmetry process takes the value zero at ¢t = T'. This is not
simply an ad hoc condition we impose. Note that {KL,(¢||¢,)} gets arbitrarily close to

zero, as t — T'. This is due to lim;_,r m(dx) = limy7r T (dx) = dx,.(dx).

Remark 5.2.3. The terms tnvolving wt/w,f“ and wf) /Uy can alternatively be written as

@) _ 00 g Y@ 00
I/Jti)(x) =Cy ¢ ( ) d —¢t($) (C't Gt ( )) , (5‘23)

provided that

o _ J, exp [(TZ (g(%gn _ %(mi)x)zt)] q(z) dw 5o
t Jx exp [(TT_t) (k& — %(/@1‘)215)] q(z) dzx ,
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and

¢9D(z) = exp { (TT_ 5 ((@ - A<i>5t">) o % (k2)? — (RD2)?) t)} . (5.25)

Recall that Et(” =& and RV = k. Hence, C’t(l) =1 and Ct(l)(x) = 1. Also note that

(o17) = % ([ zwoon (c06@) do - BUxaicA ) (5.20
00 = g ([l ios (00 @) ) ar—Bopi@IB0) . 52)

Figure 5.1 at the end of this chapter is a simulation of the KL asymmetry process. The
process is zero until the informed trader receives an additional information source. Different
colours represent different number of sources that the informed trader has. The parameters

are T =5, k" = 1/T and p' = 0.25. Stopping times are uniformly distributed on [0, T7.

5.2.2 Squared-Hellinger Asymmetry

We define the time-t SH asymmetry, which we denote by SH?(.||.), as

2 2

SHt(YtHGt):%/Q< 3%55;_1> dYt(w):%/Q< 3&8—1) dGi(w), (5.28)

between Y; and Gy, which are the conditional measures given .7:5 and G;, respectively. Also,

if I denotes the Lebesgue measure, and Y; and G; are equivalent to L, then

sucric) =4 [ ([ (40 g 520)

Using (5.29), we define {SHt(thEt)}te[O,T] by

2
éfx(m_ @) de ift<T,
0 ift="T.

SHt<thEt> = (530)

Following similar steps as done in the proof of Lemma 5.2.1, we have

$MWM-4—/(¢E_¢Z_>M
:1—%(/(\/¢t—@>dx>1t _1—§M)It ), (5.31)

=1
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for 0 <t <T. When we do calculations, we use the representation shown in (5.31).

We make the following definitions:

(/\ﬂl__ ()+__££Q_Wp@ﬁ%%%@f)dx
() (z))?
1 [ o @ (@)ou(@) () p?
/X ( dz,

4 V() ()

(5.32)

and also

_—-/th ) (z dxath———/

) (2) dz.  (5.33)

\/wt”

Proposition 5.2.4. Let SH;(Y,||G;) be the time-t SH asymmetry. Then,

n+1 n+1
ASH, (u][¢,) = Z pi L0 dt + Z v 1, (i) AW,
n+1 ' ' n+1 ‘ 4
+ 3 0L, aw = (v — Mo, (dv). (5.34)
i=1 =2

Proof. Using the Lebesgue Dominated Convergence,

—dM}”:—/X(d\/M\/m> dx—/x(\/md\/M) dz
—L(dmd\/m) dz, (5.35)

for 0 <t < T. We write — dM;” = Ji 4+ J3 + J3, and define gt (x) = 12 (x). Then,

, 1 DING i 1 i i
g = 5 Dy® g _ (o1”)2 ()2 dt. (5.36)

21/ t 8(y/¢)3

It follows that

Ji = —/ 1 ' wil (x (x) — 1 ¢§Z (x)af x)dt| dz, (5.37)
x |2 \/%(l’) 8 Vii(x)

@bt(iﬂ) 1 7/’1?(@

1
i=-13
L RV N
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and finally, we have

Tk ol @l @) | 530

V(@) (@)

where p(®) is the correlation between {W;} and {Wt(i)}. This completes the proof. O

The process {SH;(¢4|[4,} is a jump-diffusion process. It takes the value zero at t = T..
This is not an ad hoc condition, since {SH,(¢/;||1,)} gets arbitrarily close to zero as t — T
Figure 5.2 at the end of this chapter is a simulation of the SH asymmetry process, where

T =5, k"=1/T and p' = 0.25. Stopping times are uniformly distributed on [0, T].

5.3 Competitive Edge in Information

We consider a financial setting where there are two informed traders who are unaware of each
others’ actions. We assume that the filtrations of the informed traders are different n-order
piecewise enlargements of the same market filtration. This is a valid assumption, since not
every informed trader has the same accessibility to extra information. Some informed traders
may have better facilities to extract additional information compared to other informed
traders. As an example, we focus on a scenerio where the informed traders are provided
with extra sources of information (the same sources of information) at different stopping
times. Then at a given time, an informed trader has a competitive edge with respect to the
other if she has access to more information sources, which can be used to seek statistical
arbitrage opportunities. We aim to quantify this competitive edge in a dynamic framework.
We call these traders Agent 1 and Agent 2.

First, we define two independent sequences of stopping times {7;}_; and {7/}, such
that m < 7 < ... <7 and 77 <75 < ... <7, Wenote that Q(r; < 77) # 1 and
Q(r; <) #1ford,j=1,...,n. Also, 7; # 7} for any 7, j. We let {G;} as shown in (3.58)
be the filtration of Agent 1. We define {G;} as the filtration of Agent 2, such that

. ") ) o({Hz () bo<s<t) T >t
G =F"\/ St (5.40)
i=1 | O({Hrs () oot {0 rzsct) 70 <8,
for 0 <t <T. Then 7}’s are G/-stopping times. Also, we let
.
[1 — Hy (), Hee (81— Hoe (1)), .. Ho (t)] . (5.41)

For demonstration purposes, we shall quantify the competitive edge using only the KL

asymmetry process. The SH asymmetry process can also be used in a similar sense.
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We also define the following probability measure:
G{(Xr € A) = QX7 € A|G}), (5.42)

and denote it by Gj. In addition, denoting ¥; () = ¢(z|G;), we write

KLy (&, |7 = {0 2 Jx (1/% ) log <wt(m > + ¢, () log (wt x))) de ift < T, (5.43)

ift="T.

Lemma 5.3.1. Let

U C) v (@) @) _ L [0 v ()
Ay = §/X@/)t (z)log <¢,§i)(a:) dz, and B,"" = §/X@/)t (z)log 29 (2) dz, (5.44)

for 0 <t < T, where Agf’j) = Bg’j) = 0. Then,

n+1 n+1
KL(@|l07) =3 3 (AP + B ()14 (0). (5.45)

i=1 j=1

Proof. 1t’s trivial when ¢t =T. For some ¢t < T, using Lemma 5.2.1, we have

(55 e 52)
_ 9 () log "T)> I; (k > dx) I,(i
Z</ <Z¢ > <wt” ) v

k

, @) (0
"2 ( e (ZZ()E; ) dx) GGG, (5.46)

and similarly, the following can be written:

for i) Eli bw )

(o) (m)
_ (i) i (2) ;
ZZ th (@)tog | 75 ) do |GG, (547
and the result follows. -

Lemma 5.3.1 implies the following: At some time ¢, where I} (j)I;(i) = 1 for the chosen
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1 and j, if © = 7, there is no competitive edge between the informed traders, since Aﬁ’*j ) =
Bfi’j ) = 0. The information asymmetry between them is zero. On the other hand, if i > j,
then A§i’j ) # 0 and Bt(i’j ) # 0 in favor of Agent 1. That is, Agent 1 has informational
advantage over Agent 2. If j > 4, then Agi’j ) # 0 and Bt(i’j ) # 0 in favor of Agent 2. We let

- =2 / @) (07 @) = 200 @) ()™ + (0P (@) do. (5.48)
=1 [ 0@ (0@ =200 @l @™ + (o)) o, (549

where p(9) is the correlation between {W,”'} and {W,”)}, and we let

i | () N
(oo = _TRD ; ( / x4y’ () log (:/;m Exi) do — E@[XT@’)]AEZ’j)) . (550)
X X

2T —t t
—5 [ @ @), (5.51)
and also,
_1 / 69 (@)o () dx, (5.52)

gy — TE“ ( ( (W (x)) dz — E¢[Xp|E" Bt(i’j)). 5.53
(069 / ¥ mon [Xrl€"] (5.53)

Proposition 5.3.2. Let KL;(G||G}) be the time-t KL asymmetry. Then, the competition
between Agent 1 and Agent 2 has the following dynamics:

n+1 n+1
ARL([[07) = D3 ()= + (™) L)L () dt
7j=1 =1
+ 3 3 (o) = (@) L) () dW Y
j=1 i=1
30D (O = O ) L) () aw
1
£33 (A — A B - B 6 (@)

2

=1 i

=1 i

—_

n+ln
I Z (AEM) _ Agm—l) + Blgw) —_ Blgz,j—l)) 5T;_l(dt)1t(i). (5.54)

i=1 j=2

Proof. Using Lemma 5.3.1, the proof is almost the same as shown in Appendix 5.6.1. Note
that since 7; # 77" for any i, j, we have 6.  (d¢)d,_, (dt) = 0. O
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Figures 5.3 and 5.4 at the end of this chapter are simulations of the KL asymmetry
process between two informed traders. The process is zero when both agents have the same
number of information sources. If the colour is red, Agent 1 has an informational advantage
over Agent 2. If the colour is blue, Agent 2 has an advantage over Agent 1. The parameters

are T =5, k' = 1/T and p' = 0.25. Stopping times are uniformly distributed on [0, T7.

5.4 Financial Mispricing and Information Asymmetry

We view financial mispricing as a special type of information asymmetry. The market receives
incorrect information about X that will not be paid at t = T'. We postulate the existence
of a fundamental information flow, which carries information about the correct cash flow
X7 — ¢, for some constant ¢ € R. We call ¢ the mispricing component. The market receives

the fundamental information flow at some stopping time 7 € (0,7). Let
3 b b b b
Fr =0({&Yo<s<e)  where & = r"Xrt + Byp, (5.55)

for 0 <¢ < T and 0 < k” < co. We assume that {£]},e0.7) carries partial information about

the wrong cash flow X7. We call {£°} a mispriced information process. We let
£ = K" Xpt — ket + B, (5.56)

be the fundamental information process, where { B, — kct} is a Brownian bridge to the value
—rcT at t =T (see also, Andruszkiewicz and Brody, 2011, who include a drift in the noise

term to model anomalous price dynamics). To simplify calculations, we set

_ 202 —p)
K= T (5.57)

where |p| < 1 is the correlation between {BY.} and {BS}. Note that 0 < k < co. We define
T = o({H:(8) Yoozt {€ oozt {€ o), (5.58)
for 0 <t < T, where 7 is the independent J;-stopping time. We define
& = k(Xp — o)t + By, (5.59)
where the Brownian bridge { B}, }iecpo,r is

* 1 "ib(l B ,0) c
By = — W(BfT + Bir)| (5.60)

85



and where k is as shown in (5.57). Note that (5.60) follows similarly to (3.66). Since a
filtration generated by both {£2} and {£¢} is equivalent to a filtration generated by {£;}, we

can write

Ui (z) = q(x]Te) = q(zlgy)  for 0 <t <T. (5.61)
Lemma 5.4.1. The dynamics of {1} }icpr) are governed by the following SDE:

Tke

v () = 07 (20 () AW} + s

o ()] (z) dt, (5.62)

where {W; }iepr) is a Q-Brownian motion with negative drift if ¢ > 0, or with positive drift

if ¢ <0, satisfying

W) =¢ + /Ot TL_S@ ds — Tk /Ot %_SIEQ (X7 | €] ds, (5.63)

and where a .
oi(a) = Lol _(f_[gT <) (5.64)
Proof. See Appendix 5.6.2. O]

Alternative to Appendix 5.6.2, to see that {IW;} is a Q-Brownian motion with drift, we
let Yr = X7 — ¢. Then,
Ay (y) = o7 (y)vy (y) dZ, (5.65)

with y = x — ¢, where {Z;} is a Q-Brownian and

_ Trly—Ee[Vr|§]) _ Th(z —E9[Xr|&])

i) = = e TG NENCYD
More specifically, {Z;} is a Q-Brownian motion such that
42, = dw; + % dt, (5.67)
or in the integral form
Lo | |
Zy =& +/O Eg; ds — TKJ/O EE@ (X7 | €] ds + Tm/o 7 ds (5.68)

Using (5.62) and (5.63) together with (5.67) and (5.68) is another way of seeing that {1/}
is a Q-Brownian motion with negative drift if ¢ > 0, or with positive drift if ¢ < 0. Then,

from (5.67), equation (5.62) can be written as
dyi () = o (2)d/ (x) dZ,, (5.69)
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which we shall make use of in the following statements. We define the filtration {Z;} by

Z, = ‘/—_fb \/ U({HT<5)}OSs§t> T>1,

(5.70)
a({HT(S)}0§5§t7 {fg}Tgsgt) T S t.

for 0 < ¢t < T, and assume that {Z;} is the market filtration. Note that the market is
initially provided with the incorrect information until the correct information appears at 7.

We define of(z) = Tk? (z — EQ [ X7 | &]) /(T —t). Also, {W}} is a Q-Brownian motion
given by W) = & + [} 7€ ds —Tr" [ 7=E? [X7 | €] ds. We also denote ¢ (z) = q(z|Z,)

and ¢! (z) = g(|FE).

Proposition 5.4.2. The dynamics of {1{ }+cjo.r) are governed by the following SDE:

vy (x) = o) (2)¢r (x) AW/ (1) + o7 ()97 (2) dZ,L(2) + (¢7 (x) = ¢r(2))0-(dt).  (5.71)
Proof. The dynamics for {¢*} follow directly from (3.17)-(3.18). The SDE of {1¢} is derived

by using the law of total probability and by following the steps as done in Chapter 3. n

5.4.1 Mispricing Processes

We shall only provide the dynamics of what we call the SH mispricing process. The SH
mispricing between 1f and v; is the SH asymmetry between vf and ;. The KL mispricing

process can be introduced in a similar sense. We define the following probability measures:
Zy(Xr € A)=Q(Xr € AlZ,) and J(Xr€ A) =Q(Xr € AlT), (5.72)

and denote them as Z; and J;, respectively. Note that

SH.(147) = { §1 = (e (VG de) ) 1) it e <

ift="T,
and hence, we can write the following:
SHy (v [[47) = SHe(v¢][¢7) L (1) (5.73)
We define
_ Vit (@) o2 () (V2 (2 Vi (z) o2 (2 b2x>dx
it /X (1/}:)3(36)( ) (@) (W) (x) + W?)g(x)( )7 (@) () ()

(5.74)
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where p¥* is the correlation between {W}} and {Z,}, and

JZZ—() (@i()de  and / th (@)b(x)dz.  (5.75)

Proposition 5.4.3. Let SH,(I;||Z;) be the time-t SH mispricing. Then,
ASH,(y1[)) = (1) dt + 0.1,(1) WY + v1,(1) dZ, — SH(¢r][¢7)6-(dt). (5.76)

Proof. Using Proposition 5.4.2, the proof is almost exactly the same to that of Proposition
5.2.4. O

The SH mispricing process is a diffusion process with drift for ¢ < 7. At 7, the process
jumps to zero and remains zero. In other words, when the correct information flow appears
in the market at 7, the information asymmetry between the market and the fundamentals
jumps to zero. This jump represents a sudden market correction.

One can interpret that the time-t price of the asset is not the correct price of the asset
prior to the appearance of the fundamental information flow. Prior to this appearance, the
market has incorrect expectations about the future cash flow, since the asset will actually
pay Xr — c instead of X at time T'. Then, with the emergence of the correct information,
the market abruptly changes the price, which represents the sudden market correction on

the price of the asset.

5.5 Shannon Entropy

The Shannon entropy quantifies the level of uncertainty or the lack of information in a given
system. The higher entropy is, the lower the information content is (see, for example, Jaynes,
1982, Cover and Thomas, 1991). We shall provide the dynamics of a Shannon entropy process
with respect to an n-order piecewise enlargement to quantify the level of uncertainty of an
informed trader.

For this section, we assume Xr is a discrete cash flow (see Chapter 4.1 for neccessary

notations of the discrete setting). The Shannon entropy, which we denote by 9, is
—Zp(xj)logp(xj). (5.77)
X

Equation (5.77) is the standard way to define the Shannon entropy. As a continuous ex-
tension, one may also define entropy using probability densities, which is often called the
differential entropy. However, unlike the Shannon entropy, the differential entropy is usu-

ally not a good measure of uncertainty. For example, differential entropy can be negative,
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whereas S € R,. It is possible to define a Shannon entropy process by introducing a time
dimension into the setting (see, for instance, Brody and Hughston, 2002). We shall consider
the case when new information sources appear at stopping times. Again, we assume that

the filtration of the informed trader is given by (3.58). We define a Shannon entropy process

- %Wﬁ log (). (5.78)
We also define
W0 = -y @ oy (579
X
¢ = (?_(il) <X£“S§“ - %wﬁ”w log asf’(xj)) , (5.80)

where St(i) =—> ¢§i’(:cj) log ¢§“(xj) and Xt(i) = EQ[X7 | Et(”)]
Proposition 5.5.1. The entropy process {S,} is governed by the following SDE:

n+1 n+1 n+1

a5, = > p" L) dt+ > ¢On@ aw? + 37 (s - 570 5, (an). (5.81)
i=1 i=1 1=2

Proof. At a fixed time ¢, for 0 <t < T, the Shannon entropy S; can be rewritten as

n+1 n+l
ZRt )1 log (Ry(z;)1,) = Z [Z &\ (2,)L,(4) log (Z o7 (21, (j )]
n+1 n+1
:-Z[Zgﬁt /)L (i) Zlog( 7)) Ll )]

n+1

= Z (Z oy (w;) log 1 (%’)) L, (2)- (5.82)

Then, we can write

==Y doy () log ¢y () — Y 6y (x;) dlog ¢} ()
X

X

=3 6 (@) dlog 6" (). (5.83)
X

We define the function: ggi) = log ¢§i). Then,

1

81" 2(¢1”)2

(A2 = o aw ) — 5(@‘ N2 dt. (5.84)
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It follows that

=" dey () dlog o () = =Y (01" (27))2¢4” () dt. (5.85)

X

In addition,

=" Ao (z) log ¢ () = = > of ()6 () AW, log 61 (). (5.86)
X

X

and the second term is

=360 ) dlog () = — 3 o ()08 () AW+ 3 S (08 )P0 )
X X

=Y 50 @) (@)) dt. (5.87)

The statement follows from Lemma 3.2.4. ]

Note that the Shannon entropy process follows jump-diffusion dynamics. At each entry
of a new information source, the level of uncertainty jumps to a new one. Also, it follows
that

EQ[S{V] < EQ[s{ ), (5.88)

for 0 <t < T, since Slfi) is defined in terms of an additional information source about Xr
when compared to St(ifl). Hence, the expected values of jump sizes of {S;} are nonpositive.
In addition, note that

B[] < 0. (5.89)

Then the following remark can be written:
Remark 5.5.2. The Shannon entropy process {S;} is a Q-supermartingale.

The uncertainty of the informed trader is decreasing on average. In other words, the in-
formed trader gains information on average. The level of uncertainty exhibits discontinuities
at every appearance of a new source of information. Proposition 5.5.1 is a way of quantifying

this qualitatively intuitive result.
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5.6 Appendix

5.6.1 Proof of Proposition 5.2.2

Proof. Using the Lebesgue Dominated Convergence,

AL 0f7) = [ i) og (f (()>) ot aos (%2)) v

t

+/X diy(z) dlog (ﬁ:f:;)) dz, (5.90)

for 0 <t < T. We write dKL, (¢, — o) = J{+J5 +J5 . Define g, = log (1 /10\") = log(uy).

Denoting the quadratic variation by (,)” and using Ito quotient rule:

Y P
U =

P\ ey (") R
f(t (Utth—at AW + (62 dt — o0l dt) (5.91)

where p(®) is the correlation between {W;} and {Wt(i)}. Then from (5.91),

2
(duy)? = % <0t dt — 20,0 o0 dt + (o) dt> (5.92)
(¥:")?
It follows that
_ g Loy _ o
dlog(us) = op dWy — 0" AW, + 5 ((O‘t ) at) dt. (5.93)

Then, having the expression for dlog(iy /w,@) as given above, it follows that:
oo, 1 i
Jy = / Py ( z) dW; — o (z) AW + 5 ((aﬁ ()2 = o2(x )) dt) dz

=2 (/X%(z) (at”(x)) — o2(z )) dm) dt — (/ be(2)o® (x )dx) aw. (5.94)

In addition, the terms J; and .J3 are

J = (/X o (z)(z) log ( d;fg)) dx) dWy, (5.95)
5 = ([ (2@uto) - a@ol @) as) ar (5.96)



Then, the SDE for {KL;(¢; — @Dti)} is

dKLy (¢ — ) = ( / o(w)r(x) log (f(f())) dx) dw; — ( / vi(@)oy” (@) daz) dw;”

+3 ( / dile) (0 (@) = 200(2)0 " (2)p? + 02()) dm) . (5.97)

For the dynamics of {KL,(10\” < 1)}, let. dKL,(10\” < 1) = J£ + J5 + J5. Then,

| o

JS = /X Ay (z) log <%T§:>)> dz
_ DD () 1o U (@) . (i)
—(At<>wt<>1g<¢t<x)>d)dwt, (5.98)

| o
Jy = /Xdzt(l)(x)dlog <1fﬁtt((37))> dz

- % ( /X o () (o,?(x) - (a,@(x))?) d.r) dt — ( /X (@) () dx) dWi,  (5.99)
Js = /X 4 (2) dlog <¢t(i)(x)) da

Yi()
= ( /X (02 (2)\ (z) dx) dt — ( /X oy (2)0l () (z)p® dx) dt. (5.100)

Thus, the SDE for {KLt(@/)t(i) — g} is

| o o | |
dKLt(Zﬁgl) — ) = (/X ng)(x)wgl)(x) log (f;t(i))> dx) th(z) = </X wtz)(x)at(x) d:r:) dW;

+% (/x (@) ((0(@))? = 20(@)o (@)p + o3(2)) dx) dt. (5.101)

The SDE for {KL,(¢,||¢;)} follows from (5.97), (5.101), Lemma 3.2.4 and Lemma 5.2.1. [

5.6.2 Proof of Lemma 5.4.1

Proof. Note that the following can be written:

dvi; (z) = d ( exp [ (sl = )& = 3(sle = 0))*) | alo) )
Jx exp [(TT_t) (/-@(:c —0)& — %(5(3; _ c))%)] g(z) dz
- (%Y—(x)) ’ (5.102)
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for 0 <t < T. By the Ito quotient rule,

vy Ve dve o dyy  dysYe)Y AV Y)Y
d t > — |i t < t t + t ot . t ot ) 5103
( Yy vie\viee oY (Yy)? VieYyr ( )

Let the numerator be denoted by the function V;* = g(¢,&;). Then, by Ito’s lemma,

9g 1 02

0

E e s (dE)) } , (5.104)

where the following can be written:

% dt = (ﬁ <ﬁ(x — g — 5w - c))2t) - (%(W _ c))Q)) Vet

_ L _ * 1 2 o 2
BRGETE lTH(QZ )& 2T (k(z —¢)) } dt. (5.105)
It also follows that
dg ViTr(z — ) 1 9% ,  VX(Tk(x —c))?
—d§ = ——————dE d —=—2=(d&)” = dt 1
og Ty 0 g T Ty 4 B
for 0 <t < T, since (d&;)? = dt due to the fact that (dBj;)*> = dt. Thus,
Wp@)  (Tlz—og ,  Trz—o
= dt + ————=d 1
ey = (e Ty a6 100

for 0 <t < T. Note that Y = fx Vi*(z) dz and from the Lebesgue Dominated Convergence,
Trlo =0y, Trlr=0
dY;” = ¥ dt + d&; 1

for 0 <t < T. We have

avy e [ (B St T g )] de

= 5.109
for 0 <t < T. By definition,
Vi (x) de
EQ[X J2Vi(@) da 5.110
Xrlg) = H T (5110
Then, the following can be written:
dy;  TREC[Xr|§)& | TRE®[Xr|] Trcg; Tre
= dt d¢§; — dt — d¢;. 5.111
v @ ey oottt O
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This is the second term in the Ito quotient bracket. The third term in the bracket can be

written as
2
d(v;,vy)  (TRE? (X7 |&)) (Tke)? T?k2cE? [Xr | €]
= dt dt dt 5.112
72 (EUER AN R G PR
for 0 <t < T. The last term in the Ito quotient bracket is
VY (T —1t)? (T —1)?

for 0 < t < T. Then, putting all the terms together and rearranging, we can write the

following;:

%%LﬁfwPm@+6ﬁ§_ézﬁwﬂwfdmyﬁ’@m)

for 0 <t < T, where Ly(z) = v — EQ[X7 | &]. This statement can be rewritten as

Tke

dpy (z) = oy ) (z) AW[ + Ufiﬂf(iv)m dt, (5.115)
for 0 <t < T, where {W;} is defined by
t 1 § t 1 Q §
Wt = ft +/0 ﬂgs ds — TFL/O EE [XTlé—s] dS, (5116)

and o} (z) =Tk (z — EQ [X7 | &) /(T —¢).
We need to show that {W;} is a Q-Brownian motion with drift. We follow similar steps
as done in Brody et al. (2008a). For 0 <t < u < T, note that we can write
E° Wy | &) =ES [(Wy —W)) [ ]+ Wy
* * * * “ 1 * *
—wi + B0 - €16 - e | [ B e s |6
t
vl
E2 ——&rds | & |- 5.117
et | [ cas ] (5.117)
Then, by the tower property,

ER[Wr | & = Wi +EQ[sXqu+ Bl | €] — keu — BR [k Xqt + Bip | €] + ket

o5 “ o1 v
EQ X, | & ds + EC —— B.ds|&| — d
_’_I{ [ T|€t][ T—S S+ |:/t> T_S sT S|§t:| l{c/t T_S &)

v T
~ B2 X | [

ds. (5.118)

S
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Note that all the terms involving X7 disappear from (5.118):

* * * * * * * “ 1 * *
B (W} 1§/ = W; + B9 [Blr )~ E° Bir &)+ [ B0 [Bir|€) ds
t

+mc(t—u—/t T‘S_Sds). (5.119)

Using the independence of X and { By}, and the tower property, we can write

E® By | & =E? [E® (Bl | Xr, Bip] | &) = E® [E? [Byr | Bip] €]
T—u

_ Qp* | ex
= B (B €], (5.120)

When (5.120) is inserted in (5.119), we can see that
* * * * “ 1 * *
E(Biy |6 - BB 1)+ | —E0[Bir|)ds o (5.121)
t

which proves

EQ[W;|§:]:M*+KC(t—U—/ TS ds). (5.122)
t

— S

Since ¢ < u and k > 0, the second term is negative if ¢ > 0 and positive if ¢ < 0. Note
that {W;} is continuous and (dW/)? = dt. Then, by Lévy’s characterisation, {W;} is a
Q-Brownian motion with negative drift if ¢ > 0, or with positive drift if ¢ < 0. n
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Figure 5.1: A KL asymmetry process between the informed trader and the market. The informed trader
receives five additional sources of information when compared to the market. The asymmetry is zero before
the informed trader receives its first additional information source. Parameters: T = 5, £ = 1/T and
p' = 0.25. Stopping times are uniformly distributed on [0, T’).
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Figure 5.2: A SH asymmetry process between the informed trader and the market. The informed trader
receives five additional sources of information when compared to the market. Parameters: T =5, x* = 1/T
and p* = 0.25. Stopping times are uniformly distributed on [0, T).
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Figure 5.3: A KL asymmetry process between two agents. The process is zero when both agents have equal
sets of information. Red shows when Agent 1 is more advantegous and blue shows the opposite. In this plot,
Agent 1 gains the advantage by receiving the first additional information source and another one after that.
Then, Agent 2 receives two sources in succession which brings the asymmetry back to zero. Finally, Agent
2 recevies yet another information source, hence gains the advantage, and sustains this advantage until the
end. Parameters: T =5, k' = 1/T and p* = 0.25. Stopping times are uniformly distributed on [0, T').
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Figure 5.4: A KL asymmetry process between two agents. In this plot, although Agent 2 gains the first
advantage, Agent 1 gains and sustains the final advantage with one more source of information compared to
Agent 2. Parameters: T =5, k* = 1/T and p’ = 0.25. Stopping times are uniformly distributed on [0, T.
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Chapter 6

Geometric Quantification of

Information Asymmetry

We use differential geometry to quantify information asymmetry. We assume that the filtra-
tion of an informed trader is an n-order piecewise enlargement of the market filtration.

One main aim of this chapter is to address the question: How can one dynamically
quantify the impact of changes in information sources about a cash flow Xt using geometry?
We are partly motivated to ask this question, since the SH asymmetry can be characterised
by the spherical distance between two points on the unit sphere, determined by square-roots
of two conditional probability densities. Following the setting we discuss in Chapter 5, this
angle provides a geometric measurement on information asymmetry, and we aim to find other
geometric measures to quantify it. This chapter indicates how differential geometry interacts
with information, and introduces the use of various geometric objects to bring an alternative
perspective on information asymmetry. In this respect, we aim to analyze the geometric
evolution of the informational advantage of a small trader who is relatively more informed
than the market. Since {G;} as shown in (3.58) is an explicit example of an n-order piecewise
enlargement of the market filtration {]-'fl}, we focus on the case where the informed trader’s
filtration is {G;}. We shall introduce an asymmetry process that we call the Fisher-Rao (FR)
asymmetry process on a hyperbolic space, as an alternative to the SH asymmetry process
on a sphere. Similar to Chapter 5, we are also interested in quantifying the competitive
advantage between two informed traders with different piecewise enlargements of the same
market filtration, and consider financial mispricing with a geometric standpoint.

Geometry is becoming increasingly popular in stochastic analysis, since it may shed light
on sophisticated relations that may be hidden from a purely probabilistic point of view.
Accordingly, there is a growing interest of using geometry in mathematical finance. For
instance, Hughston (1994) uses stochastic differential geometry (see, for example, Emery,

1989, ITkeda and Watanabe, 1989) and formulates a no-arbitrage asset price model when
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the underlying state-space is a Riemannian manifold. The work interprets geometric objects
such as torsion and curvature in a financial context. Nunes and Webber (1997) build interest
rate models on two-dimensional manifolds, and Kuruc (2003) applies differential geometry
to hedging problems and risk management. Labordére (2008) provides a detailed synthesis
of the use of differential geometry in financial problems such as option pricing, stochastic
volatility models and portfolio optimization. Brody and Hughston (2001) construct geo-
metric measures to quantify the difference of two term structures. Our work is perhaps
most closely related to the stream of literature concerned in measuring distances between
distributions. Rao (1945) introduces a method of measuring distances between distributions
using Riemannian geometry. It seems that the work of Rao (1945) received little attention
at first. However, the interest is re-established with the works of Efron (1975), Atkinson and
Mitchell (1981), Reverter and Oller (2003), Arwini and Dodson (2008), and many others.
We shall give a brief overview of this chapter. First, when we discuss the SH asymmetry
on the unit sphere &, we don’t specify a distribution for the cash flow Xp. Later, we
assume that X is a Gaussian random variable. Then we can parameterise the conditional
probability distributions to form a parametric class of Gaussian distributions, in which the
parameters (the mean and the variance) are functions of Brownian information processes.
Based on the work of Rao (1945), this induces a natural Riemannian geometry on a manifold
of which the points are determined by Gaussian distributions, and where the parameters are
the local coordinates of the manifold. In particular, the manifold is a hyperbolic space,
which we denote by P, endowed with the Fisher metric tensor. It follows that for each
fixed time ¢ < T, a Brownian information process determines a point on this hyperbolic
space. We include the boundary of this space by using Dirac measures as limits of Gaussian
distributions, and define a manifold with boundary that we denote by M. Then we are able
to construct what we call the FR asymmetry process on [0, 7] using points on M that are
determined by different numbers of information sources. We shall see that the FR asymmetry
between points on the boundary takes the value zero at ¢ = T, and the FR asymmetry
process for t < T' jumps when a new information source appears. The jumps of the SH and
the FR asymmetry processes induce spherical triangles and hyperbolic triangles on S and
P, respectively. The surfaces enable us to measure the jump sizes of conditional probability
densities using angles between geodesics and the curvatures of the underlying manifolds, and
offer alternative ways of quantifying the impact of appearances of new information sources.
Also in a way, these surfaces allow us to view information asymmetry as a geometric shape
instead of just a quantity. We introduce an analogy between the SH asymmetry and an
isometric invariant of the Poincaré disc under the action of the general Mobius group. The
analogy motivates us to propose the use of the isometric invariant as an alternative measure
of information asymmetry in the Gaussian setting. The isometric invariant is zero if there

is no information asymmetry, and is strictly positive otherwise.
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This chapter is organised as follows: Section 1 is a brief background on Riemannian
geometry. Section 2 is the geometric perspective gained from the SH asymmetry on the
unit sphere. Section 3 is the geometric modelling of information asymmetry on a hyperbolic
space. Section 4 is the geometric quantification of the competitive advantage between two

informed traders, and also of financial mispricing.

6.1 Preliminaries on Riemannian Geometry

We provide a brief preliminary background on Riemannian geometry (see for example, Do
Carmo, 1992 and O’Neill, 2006). We focus on some concepts that we shall later refer to when
we discuss information asymmetry. The definitions and notations given below are mostly
based on Do Carmo (1992).

We first require the notion of a differentiable manifold to generalise differential calculus

to spaces generalising R".

Definition 6.1.1. An n-dimensional differentiable manifold is a set M and a family of

imgective transformations ¢, : Vo CR™ — M of open sets V,,, such that
1. The union |, ¢a(Va) = M,

2. Given any pair o and 3 such that o (Vo) (N ws(Vs) = G # @, the sets ¢ '(G) and

gpgl(G) are open sets in R™, and the transformations gpgl o @, are differentiable,
3. The family {(Va, ¢a)} is maximal relative to the first two conditions.

An n-dimensional differentiable manifold M is locally diffeomorphic to the Euclidean
space R"™. There is a natural topology induced by M, if a set A C M is open if and only
if for all a, ¢, (pa(Vy) [ A) is open in R". We further impose topological restrictions on
differentiable manifolds such that they are Hausdorff spaces with countable bases (this is to
ensure uniqueness of limits of convergent sequences and existence of a differentiable partition
of unity). Based on Whitney’s theorem, any n-dimensional Hausdorff differentiable manifold
M with a countable basis can be embedded in R?"*!. From this point on, when we use the

term differentiable, we mean smooth, or of class C°.

Definition 6.1.2. A Riemannian metric on a differentiable manifold M is a differentiable

family of transformations:
9, ), : HMXT,M =R for z €M, (6.1)

that is a bilinear, symmetric, positive-definite form on each tangent space T, M where p € M.

A differentiable manifold with a Riemannian metric is called a Riemannian manifold.
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Hence, a Riemannian manifold is a differentiable manifold where each tangent space is
equipped with an inner product. It can be shown that any differentiable manifold M, which
is Hausdorff with a countable basis, has a Riemannian metric (see Do Carmo, 1992, pp. 43).

The Riemannian metric can be represented in the coordinate system as g;; = g;;. Locally,
at each point p € M, each g (,), can be written as an n x n matrix [g;;]. For each vector
x € T, M, the norm of x, denoted by ||x|| can be written as: |[x|| = \/g (x,x). The angle

between any two vectors x and y on the same tangent space is

9{x,y)

Vo xx)gly.y)

Therefore, the Riemannian metric allows one to define lengths, angles and volumes on a

cos © = (6.2)

differentiable manifold.

Differentiating vector fields on an Euclidean space is straightforward, since nearby tangent
spaces can be identified by translation. However, differentiation of vector fields on a manifold
is less clear, since nearby tangent spaces cannot be identified in such a natural way. As a
remedy, an affine connection allows vector fields to be differentiated by connecting nearby
tangent spaces.

Formally, let A(M) be the set of differentiable vector fields on M and let R(M) denote
the ring of real valued differentiable functions on M. Then, an affine connection V on M is

a transformation

Y AM) x A(M) — A(M)
(X,Y) = VxY, (6.3)

which satisfies: 1) Vx(Y +2) =VxY +VxZ, and 2) Vix ,vZ = fVxZ +gVyZ, and 3)
Vx(fY)=fVxY + X(f)Y, given that X,Y,Z € A(M) and f,g € R(M).
In particular, let o; : V' — R be a function. If X is a vector field and x : V C R* - M

(where V' is an open set), the following can be written:

X(p) = Y i)y (6.4)

=1

where 0/0x; is the basis for i = 1,...,n. Then, with X and Y being vector fields, VxY can

be calculated as follows:

VY =) ( ley]r + X () X, (6.5)

provided that X =) 2;X; where X; = 0/0z,. Here, "7} is called the Christoffel symbol of
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V, defined by

m 1 gk O _ 99\ km

k

where ¢""gm; = X{r=j}, or where [¢"™] is the inverse of the matrix [gyn). An affine connection
is symmetric if VxY — Vy X = XY - Y X.

We now need to define the so-called covariant derivative to give a formal definition of a
geodesic on M. We make use of geodesics quite extensively in our analysis of information
asymmetry. Briefly, a covariant derivative is a generalisation of the directional derivative
(from Euclidean geometry), which identifies a derivative of vector fields on a differentiable
manifold.

Formally, the correspondence which associates a vector field X with another vector field
DX/ du along the differentiable curve ¢ : I — M, is called the covariant derivative of X
along ¢, which satisfies: 1) 2(X +V) =22 + B and 2) 2(fX) = %{X + fBX. f being
a differentiable function on 7, and 3) If X (u) = Y (c(u)), then B2 = V4/q,Y, given that V
is the affine connection on M.

An affine connection is compatible with the Riemannian metric if for any pair of parallel

DX _ DY _

vector fields X and Y (parallel means - = 5

the metric g (X,Y) = ¢ for some constant c. If the affine connection is also symmetric, then

) along any differentiable curve on M,

we call such connections Levi-Civita connections.

Definition 6.1.3. Let M be a Riemannian manifold with its Levi-Civita connection V. A
parametrized curve v : I — M is a geodesic at u € I, if %(%) =0, forallu € I.

Therefore, geodesics of M are the curves with zero acceleration, or more intuitively, they
are the curves which locally minimize the distance between two points on M. If [a,b] C I,
then the restriction of «y to [a, b] connects y(a) to v(b), which is a segment of the geodesic 7.
Geodesics are the generalisation of straight lines defined on an Euclidean space.

In our analysis, we make use of what are called Riemannian curvatures of the underlying
manifolds. Riemannian curvature is a special type of a curvature of a Riemannian manifold.

Formally, the curvature K of a Riemannian manifold M with its Levi-Civita connection V
is a correspondence that associates each pair of vector fields X, Y € A(M) a transformation
K(X,Y): A(M) = A(M) such that

K(X,Y)Z =VyVxZ —VxVyZ + VixnZ, (6.7)

for Z € A(M), where the bracket [X,Y] = XY — Y X.
We can view the curvature as a measure of how far M is from being R"”, since R" is flat

with zero curvature. The bracket [X, Y] is also known as the Lie bracket.
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Definition 6.1.4. Let p € M, and E be a two-dimensional subspace E C T, M. Given that
x,y € E are linearly independent vectors, the real number R(z,y) = R(E) defined by

Riz.y) = 2 (K(z,y)z,y)

|z[2|y[2 — g (z,y)?

15 called the Riemannian curvature of E at the point p.

The Riemannian manifolds with constant curvatures are quite important for our purposes.
For example, SH asymmetry characterises points on the unit sphere S, which is a Riemannian
manifold (if endowed with the metric) with constant curvature R = +1. We shall see later
in Section 6.3 that we can also analyze information asymmetry on a Riemannian manifold

with constant negative curvature R = —1.

6.2 Squared-Hellinger Asymmetry and the Sphere

Using the bijection between probability densities and square-roots of probability densities,
the SH asymmetry can be represented as the squared-norm between the square-roots of
two conditional probability densities in the Hilbert space £2. Since probability densities
are non-negative functions and their integral is unity, taking the square-root of conditional
probability densities determines points on the positive orthant of the unit sphere S C £2.
As done in Chapter 3, we denote the positive orthant of S by S*.

Any two points on S can be defined on a great circle with its center coinciding with the

center of §. Then, denoting ||.||z2 as the £2-norm, we can define the SH asymmetry as

SH,(g(e|3) a(21G0)) = 51IV/aGI%) — VValelGolzs
=1 — cos (ﬁt(\/q(af\yt), \/q(iff|gt))> : (6.9)

for 0 <t < T, which follows from (3.7), (3.8), (3.97) and (5.29).
In equation (6.9), the geometric quantity J,(1/q(z|V4), /q(x|G;)) is the Bhattacharyya

angle (the angle from the center of S, subtended to the endpoints on ST) between the square-

roots of the conditional probability densities ¢(z|);) and ¢(x|G;). Measured in radians, the
Bhattacharyya angle equals the spherical distance (arc length) between the points determined
by the square-roots of the conditional densities, since S is the unit sphere. In addition, since
the points are on the positive orthant S, the Bhattacharyya angle can vary in the interval
0,7/2].

The unit sphere S is a differentiable manifold in the Hilbert space £2. When equipped
with the Riemannian metric, it is a Riemannian manifold. Note that the Riemannian metric

g{,) on & C L? can be defined as an inner product on £?. Then one can see from (3.7),
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(6.2) and (6.9) that

g (V@) Va(zIG)
o (VaGTyD. Vi) o {ValelGn. v/atele)
- [ ValD) vt as

_1 %H\/q(ﬂcht) — Va(]G)|| %,

cos (ﬁt(\/q(xlyt), \/Q(:E|gt))> -

since |[v/q(z|Ve)|lc2 = ||\ q(z|Gi)||z2 = 1. The geodesics on S are great circles. Hence, the

length of a geodesic v between points on S* is the spherical distance. Since the spherical dis-
tance equals the Bhattacharya angle on §, the SH asymmetry induces a natural Riemannian
geometry when represented in terms of Bhattacharyya angles.

We are now in the position to provide a geometric remark on Proposition 5.2.4:

Remark 6.2.1. The Bhattacharyya angle (or the spherical distance) process {9,(v/Py, \/10;)}

on 8t is the inverse cosine of a jump-diffusion process for 0 <t < T.

6.3 Geometry and Information Asymmetry

From this point on, we assume that X7 is a Gaussian random variable. We can then
parametrise conditional distributions in a way that allows us to work on a Riemannian
manifold other than §. In particular, each point on this new manifold is determined by a
Gaussian distribution with parameters as functions of the Brownian information processes.
We assume X7 has the parameter set Ox = {ux,0%}, where the mean satisfies —oo <
px < oo and the variance satisfies 0 < 0% < co. We write A = B to denote that B is the

parameterization of A.

Lemma 6.3.1. The information process {@”} is Gaussian with mean and variance:

HT —t)

. (6.10)

,ugi) =29t  and crgi) = \/(E(i)axt)Q +

Proof. 1f Xr is Gaussian with mean ux and variance %, the information process {é\t(z)} is

also Gaussian (note that Xr is independent from the Brownian bridge), where

B2 = ) = RO pxt, (6.11)
i i (i t(1l—t
Var?[g"] = (01”)? = (RDoxt)? + % (6.12)
which gives the statement. O]
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Proposition 6.3.2. The conditional density ¢§") can be parametrically represented as

i ~(@) (A 1 (z — ﬁii))z
o) =l @) = =g ew | 55 ). (6.13)
' Lo V25 2(5\)2
where the parameters ZZEZ) and Zf\,fi) are given by
~(i OX (i), FG i ~(i i
A0 =+ ZEp0 @ — ), and 50 =1 - (6P)e%, (6.14)
o

t

and the function pgi) = E(i)axt/af) 1s the correlation between X and fti).

Proof. Using Lemma 6.3.1, the conditional distribution of X; given Et(“ is

t

i OxX (i i i i NORZSC
Xrlg) ~ @ (MX + 5o @ = i), (1= (o} >>2>a§> ~o (i, @"?),  (©.15)
o

where ®(.) is the Gaussian distribution, and o' is the correlation between X7 and £”. O

At each time ¢, ¢§i) is a density belonging to a parametric family of Gaussian distributions
on R. Note that the parameters of the Gaussian distributions are functions of E@.

It can be shown that the parameter space of Gaussian distributions with the parameter
set © = {u,0?}, satisfying —oo < p < 0o and 0 < 0 < o0, is a 2-dimensional differentiable
manifold (see, for example, Arwini and Dodson, 2008), say P, which is locally diffeomorphic
to R2. The parameters p and o are the local coordinates of the manifold, and the points of
the manifold are determined by Gaussian distributions with varying parameters. When P
is endowed with a Riemannian metric, it is a Riemannian manifold. More specifically, P is
a hyperbolic space with constant curvature R = —1/2, where the Riemannian metric tensor
on P is what is called the Fisher information metric g;; (see Fisher, 1925 and Rao, 1945),
given by

() = 0log g(z, ©) dlog q(z, ©)
9:5(©) _/XQ(SE’ O) 90, 56, de. (6.16)

On P, the 2 x 2 matrix [g;;(©)] is a positive-definite matrix given by

o? 20

6.17
2uc?20? 2u* + o? ( )

9:(©)] = [

)

Setting X1 = x, we can write the following limits: lim;_,7 pgi = 1 which implies lim;_,r 8§i) =

)

0 and lim;_,7 ﬁil = x. It can be observed that the limits for ¢ = 1,...,n + 1 are the same,

regardless of the number of information processes. It can also be seen that the limits are
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not on the Riemannian manifold P. However, by allowing 0 < ¢ < oo, we can form
a manifold with boundary (see for example, Lafferty and Lebanon, 2005, and Tu, 2010).
The points on the boundary 0P are determined by Dirac measures centered at a point
mass, which, by taking ¢ — 0, are the limits of Gaussian distributions. Also, P is itself
a l-dimensional manifold, and is flat with zero curvature. Therefore, we can construct a
manifold M = P|JOP, where P = Int(M) is the interior of M and 0P = OM is the
boundary of M. This ensures that the limits are included on the manifold M.

The Fisher information metric g;; can be used to define a distance metric between two
distributions by integrating the infinitesimal line element along the geodesic connecting the
two points on the manifold P. We call this distance the Fisher-Rao distance (also see, Brody
and Hughston, 2001). The geodesics v : I — P with respect to g;; are the solutions of the

following Euler-Lagrange differential equation:

2 2

i=1 ij=1

for k = 1,2, where O(u) is a curve on P between the given two end points, which are the

boundary conditions. I';;, is the Christoffel symbol of the first kind:

1 (89jk n g9k 0gis

= . fork=1,2. 1
* =32\ 90, T 96, a@k) . (6:19)

We shall find the distance between the Gaussian distributions with densities @Zzt(l) = 1y
and any given zﬁt(i) for i = 2,...,n+ 1, at any given time ¢ < T. The boundary 0M has
zero curvature and its geodesics are linear curves. Also, since m}i)(dx) = dx,(dz) for all
1=1,...,n+1, the limits are the same point on M, and hence the distance between them
is zero.

Therefore, we confine ourselves in finding the distance between points at times t < T
To do so, one should calculate integrals of infinitesimal line elements along the geodesics on

P. The infinitesimal line element ds on P is given by

ds® = g;4(©)de; de;, (6.20)
1,J

which is also called the squared local distance. The length of the curve ©(u), connecting

two points ©(u;) and O (uy) is given by the following:

D= / > V/95(O(w) 4 (u) A (u). (6.21)

As discussed previously, the geodesic v is the curve which minimizes the length D. It follows
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from (6.16) that ds* = (du? 4+ 2do?) /o®. Then, at each fixed time ¢ < T, the geodesic
distance on Int(M) between points determined by 1} and z/zt(i) fori =2,...,n+1is given
by

Duwi v = V2

t

1, ]
2 |log (1 + %ﬂ,) | = 2v/2tanh (¢, (6.22)

where the function ¢ is defined as follows:

1
~(i ~(1 ~(7 ~(1 2
t ~(1) _ ~(1)\2 ~(1) | ~(1)y2 ' '
(1t fy ' )? 4200y +0,7)

The functional form of the Fisher-Rao geodesic distance (6.22) for Gaussian distributions
can be found in Atkinson and Mitchell (1981), and Burbea and Rao (1982). This is the
metric when both parameters are different. The metric takes alternative forms when the
mean or variance is fixed (we omit these formulas since, in our setting, the probability of
such events is zero Q-a.s., and we refer to Atkinson and Mitchell, 1981).

We define what we call the Fisher-Rao asymmetry process {FRy( §1’\|z/;§"))}te[0ﬂ on M,

as follows:

; Dy ") ift<T,
FR(f"[[”) = . P (6.24)

ift="T.
The FR asymmetry process takes the value zero at the boundary M, where by definition,
FRT(w(TI )| ]w(Ti)) = (. This holds on OM since the limits of the Gaussian distributions under
consideration is the Dirac measure 0x,(dz) € OM at t = T, irrespective of the number of
information sources.

The next proposition shows that the FR asymmetry process jumps at every entry of a
new source of information. Since X7 is Gaussian, at a fixed time ¢ < T, each Brownian
information parameterises a point on Int(M). Evolving the time in between information
entries, a continuous trajectory is determined on Int(M) by the information processes. If
the FR asymmetry process jumps, the new information source parameterises a new point in
a discontinuous way. Hence, each jump of the FR asymmetry process measures the impact of

the appearance of a new information source geometrically on the hyperbolic space Int(M).
Proposition 6.3.3. The dynamics of {FRt(@Dgl)H@t)} on Int(M) are governed by

n+1

AFR(v{"|[8,) = > dDi(wf”, ") 1,()
=1
n+1

37 (D ) = DotV ) b (6.25)

1=2

107



Proof. On Int(M), at each fixed time ¢ for 0 < ¢ < T', we can write

n+1 ' n+1
DV, 0y) = Do(wt”, S i L(0) = > De(w”, v L), (6.26)
=1 =1

since the elements of I; are orthogonal such that I,(i) = 1 implies I;(j) = 0 for all i # j. O

We can also show that the FR asymmetry between wt(” and v, coincides with the KL
asymmetry between w,ﬁ” and v, at points on Int(M) infinitesimally close to each other.
Assume an open neighborhood &, (p) around p € Int(M) for some r > 0, such that for a fixed
time ¢, the FR distance Et(zbt(l),@t) between the points inside &,.(p) can be approximated to
an arbitrary precision by the squared infinitesimal line element ds?. In the parametric case,

the KL asymmetry between %(1) and v, can then be written as

n+1

KLy (v [0) = KLy(g(, it ) > al, i 57)1(0))
=1
n+1

= KLi(q(x. 7", 5") Mo ae, i + e (1.5, + P O)LGE),  (6.27)

for small e(l)( t) > 0 and e (t) > 0. Therefore, the KL asymmetry between points belonging

to &.(p) can be represented with the following functional form:
KL(gq(x, 0)[lq(z,© + dO)). (6.28)

As discussed in Brigo et al. (1995), using the Taylor series expansion:

KL(g(z. 0)lg(z. 6 + d©)) z / (“Og”@ (:):,@)dx) a6,

9?logq(z,O
—Z/( 56,96, ) (x,@)d:v) de;de; + O(|de)

= Z 9;;(©)dO,;de; + O(| de )

,j=1

= ds* + O(|dO?), (6.29)

where g;; is the Fisher information metric on Int(M). Hence, the KL asymmetry coincides
with the FR asymmetry at points in &,.(p).

In fact, the FR asymmetry between ¢§” and 1, coincides with any f-asymmetry between
1/1,51) and ¢, at points infinitesimally close to each other on Int(M). From Amari and Ci-

chocki (2010, Theorem 5), any f-divergence induces a unique Riemannian metric, which is
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the Fisher information metric g;;. Also, by the Taylor series expansion, any f-divergence
A¢(q(x,0)]|¢(x,0 + dO)) for some small dO can be written as

As(q(z,0)||q(z, © + dO)) ~ Z 9;;(©)d0e,de,; = ds*. (6.30)

The statement that the FR asymmetry coincides infinitesimally with any f-asymmetry fol-
lows since the FR asymmetry is defined by the Fisher information metric g;;. The same line

of argument holds for the KL (or the SH) asymmetry, since KL (or SH) is an f-divergence.

6.3.1 Surfaces of Information Asymmetry

At each entry of a new information source, the jump sizes of the SH and the FR asymmetry
processes quantify the sudden impact of a new source of information. However, note that
these processes alone do not directly provide the jump sizes of the conditional density process
{4, } itself. We shall show that at each entry of a new information source, both the SH and the
FR asymmetries characterise triangles on ST and P, respectively. These triangles allow us to
represent the jump sizes of {\/E} on St and of {1,} on P, using geodesics and curvatures

of the underlying manifolds. We call these triangles surfaces of information asymmetry.

Spherical Surfaces of Information Asymmetry

We have shown that at each entry of a new source of information, the SH asymmetry process
{SH,(3¢|[),)} jumps. The jumps of the SH asymmetry by themselves do not tell much about
the actual jump sizes of {\/?t}, but instead, tell us about the jumps of the distances between
{V/4;} and {\/E }. Although, we can still bring forth a geometrical machinery in determining
the jump sizes of {\/E} on ST from the SH asymmetry process.

First, for a fixed time t < T, we write

n+1 n+1
SH (vl [10,) = SHo(wr]| Y " L(0)) = > SH (v [ )L (i), (6.31)
=1 =1

since I(i) = 1 implies I(j) = 0 for ¢ # j. This allows us to write

n+1 n+1

ASHL (][0 = L) dSHi(ual1r”) + Z(smwmw SH, (| ")) .. (a)

1=2

:_illt(z’)dcos< (ﬁ@))
5 o () o 0 (5T

109



for 0 < ¢ < T on S*. From this point on, we shall denote p, = /& and pi”) = /.

Note that at 7, = ¢, we can identify 3 points on S determined by py, pl(ti) and pgiH) for
i = 2,...,n (ignoring the case of pgl), since p; = pgl)). Then, it can be seen from (6.32)

that each jump of the SH asymmetry process is characterised by two spherical distances:

9e(pr, pi”) and Oy(py, pi V), and not directly by d(pi”, pi' ™).

events may occur: (i) the new point determined by Pl

At each jump, two main
may be on the same geodesic

connecting the points determined by p; and pgi), or (ii) otherwise.

At 7; = t, we denote the jump size of /1), by ﬁt(pt ,ptHl)) on S*. Then, for case (i)

ﬁt(ﬂy)a PEHU) = ?915 <Pt, Pt > Uy (ptv PEZH))_ or (6.33)
= |V (mmﬁ )> — 7 (pt,pf)) or (6.34)
= ,1975 <pt7 Pt ) + ﬁt (ptv ng_l)) 5 (635)

if, on the same geodesic p,giﬂ) determines a point between the points determined by p;

and pt , Or pt determines a point between the points determined by p; and ptHl), or

pf“ determines a point on the opposite direction from the points determined by p; to pgi),
respectively.

1)

If at 7; = t, the new point determined by p,EH is not on the same geodesic connecting

the points determined by p; and pgi), this induces a compact spherical triangle on ST. In
particular, we can identify three pairs from three points determined by py, pt and ptlﬂ)
on three distinct geodesics on ST. This forms a spherical triangle of which the three points
are the vertices. This characterises a geometric surface at each entry of a new information
source, which we call a spherical surface of information asymmetry. We can now exploit
more rules from spherical geometry. We use the term geodesic angles, which in the usual

notion, are the angles between the tangent lines of the geodesics.
Proposition 6.3.4. At 7, = t, the jump size of \/it on 8T, denoted by ﬁt(pgi),pgiﬂ)) can
be represented as
cos (19t(P§i)a PgiH))) = Cos (ﬁt(pta Pgi))> cos (Ui (pr, P§i+1))>
+ sin <19t(Pta PE%) sin <19t(Pta PEHl)))
x cos (B (1000 "), (o)) ) (6.36)

where [, (7 (pt,pgi)> )Y (pt,pEH )>> 1s the geodesic angle in radians between the geodesics

denoted by ~y (pt, pﬁ“) and (pt, pg o )) , connecting the associated points on ST.

Proof. The statement follows from the spherical law of cosines. m
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Hence, spherical surfaces of information asymmetry allow us to represent the jump sizes of
{\/E } using the angles between geodesics, which are determined by the points characterising
the SH asymmetry at each entry of a new information source. Obviously, any other length
of the triangle can be found by the lengths of the remaining two sides and the corresponding
geodesic angle. We can also analyse the areas of these surfaces. The areas of the spherical

triangles offer an alternative way of quantifying the impact of a new source of information.

Proposition 6.3.5. Denote a spherical triangle on St as Z and its surface area as II(Z).

The area of the spherical surface of information asymmetry at 7; =t s

1(Z;) = B, (7 (pt, pﬁi)) Y (pt, pﬁ”l))) + (’y (pt, pﬁ”) Y (pi"), p§””>>
s ). () - .

where 3, « and ¢ are the corresponding geodesic angles in radians on ST.

Proof. The sum of the geodesic angles of a spherical triangle on S always exceeds the sum
of the angles of an Euclidean triangle, which is called the spherical excess. Girard’s theorem
(a special case of Gauss-Bonnet theorem) states that spherical excess alone determines the

surface area of any spherical triangle on S. The expression in (6.37) follows. m

The sum of the angles at 7, = t is II(Z;) + w. Using the geodesic angles on ST and the
spherical areas, we can represent the jump size of 1/1, at 7; = t, in an alternative way. First,

we define
Q= — (6.38)

Proposition 6.3.6. At 1, = t, the jump size of \/v, on ST, denoted by ﬁt(pﬁi),pgiﬂ)) can

be represented as

tan (M) = [— cos(Qy) cos (Qt — B <V(Pt7 Pii)% Y(pr; Pgﬁl))))];

1
x 1/ [COS (Qt — oy (v(m,pﬁ”)rv(pﬁ’),pﬁ”l)))ﬂ
x 1/ [eos (Qu = r (100 A ) A o)) T, (6.39)
where 3, a and ¢ are the corresponding geodesic angles in radians on S¥.

Proof. The statement follows from the half-side formula in spherical geometry. O

The Riemannian curvature of § is R = +1, and hence, it does not explicitly appear in
equations (6.36)-(6.39). However, (6.36)-(6.39) are implicitly determined by the curvature
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of §. The Riemannian curvature will explicitly appear in the following section.

Hyperbolic Surfaces of Information Asymmetry

Similar to the SH asymmetry, the jumps of the FR asymmetry process by themselves do not
directly provide the jump sizes of {Et} Then again, we can adopt a geometrical approach
in determining the jump sizes of {1,} on P from the FR asymmetry process. First, to make
more sense of the geometry, we further specify the underlying model of the hyperbolic space
P. In particular, we define the more general hyperbolic space W by using the Poincaré upper-
half-plane model, and exploit the associated trigonometry on P. For a detailed account of
hyperbolic geometry, see for example, Anderson (2005).

Define the Riemannian sphere C as follows:

CcC=CcC U{oo}, (6.40)

where C is the complex plane. The construction of C is an example of a more general
topological construction called the one-point compactification. The underlying hyperbolic

space of Poincaré upper-half-plane model is the upper-half plane WV in the complex plane C:
W={ze€C:3(z) >0}, (6.41)

where $(z) is the imaginary part of z. W is an open subset of the Riemannian sphere C,
and the angles between curves in WV are the angles between the tangent lines of curves in C.
As a 2-dimensional space, VW has negative constant Riemannian curvature. We can now use

the trigonometric rules of YW on the hyperbolic space P. First, recall that

n+1 n+1
AFR(tl[) = 3 dDi(, o) + D (Dl vf) = D, i) 0, (a1), (6.42)
=1 =2

for 0 <t < T on P. Hence, at 7; = t, we can identify 3 points on P determined by v, z/;&')
and wf“ for i = 2,...,n (again, ignoring the case of 1/1,51), since ¢, = w§1)). If the new point
determined by 1[1( "1 is on the same geodesic that connects the points determined by 1, and
P on P, the jump size of ¥, at 7; = ¢, denoted by Dy (", ™) is

Dy, ™) = Dy (v 0”) = Do (0] or (6.43)
— :Et (%,%(Hl)) - D, (wt’wgi)): or (6.44)
= [D. (v 0?) + D0 (v, 91)] .

given that: wt““) determines a point between the points determined by v; and wt(i), or wf)
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i+1 i+1 .
Z+ ), or 10,5” ) determines a

determines a point between the points determined by 1, and wt(
point on the opposite direction from the points determined by ), to qbt(i), respectively.

If at 7; = ¢, the new point determined by wfﬂ) is not on the same geodesic connecting the
points determined by ¢, and @Dt(i), this induces a compact hyperbolic triangle on P. Similar
to the spherical case, we can identify three pairs from the three points determined by )y,
wt(i) and z/Jt(iH) on three distinct geodesics on P. This forms a hyperbolic triangle of which
the three points are the vertices. This characterises a geometric surface at each entry of a
new information source, which we call a hyperbolic surface of information asymmetry.

The links between angles and sides of hyperbolic triangles are analagous to those of
spherical triangles. It is more convenient to state the following results when the lengths
on P are adjusted such that they are measured in an alternative unit that we denote by r

(which is a unit that is analogous to the radian on S), where

VR,

—— = (6.46)

T =

since the Riemannian curvature is R = —1/2 on P. Note that if W has curvature R = —1,
then r =1 on W.

Proposition 6.3.7. At 7, = t, the jump size of 1, on P, denoted by Di( t(i),wt‘”l)) can be

represented as

B (@) D) Dy (¢, v D, (o, Y
Cosh<Dt<t,wt >>:Cosh (v ) (v ™)

7 7 cosh NG
— sinh _Bt Gf;’;};)) sinh D. <¢t\’/;bt(i+l)>
x cos (8 (100 0", 1w ). (6.47)

where B (’V (%t,wy)) Y <¢t, wt(iﬂ))) 15 the geodesic angle in radians between the geodesics

shown as y <wt, wt(i)> and y (zpt, wfﬂ)), connecting the associated points on P.

Proof. The statement follows from the hyperbolic law of cosines. Note that the denominator
v/2 comes from (6.46). O

Any other length of the hyperbolic triangle can be found by the lengths of the remaining
two sides and the corresponding geodesic angle. The areas of the hyperbolic triangles provide

an alternative way of quantifying the impact of a new information source:

Proposition 6.3.8. Denoting a hyperbolic triangle on P as = and its surface area as II(Z),
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the area of the hyperbolic surface of information asymmetry at 7, =t is

(=) =27 = 28, (7 (v v ) 7 (w0 7))
(s (o). (1.4
— 26, <7 <¢t7 wt(iH)) al ( t(i)’wt(Hl))) ’ (649

where B, o and ¢ are the corresponding geodesic angles on P.

Proof. The sum of the geodesic angles of a hyperbolic triangle is always less than the sum
of the angles of an Euclidean triangle, which may be called the hyperbolic defect. By the
Gauss-Bonnet theorem, the surface area of any hyperbolic triangle is 72(m —a — 3 — ¢), given
that 8, @ and ¢ are the geodesic angles. On P, the unit r is as shown in (6.46). O

The sum of the angles at 7; =t is m — I1(Z;) /2. It can be seen that hyperbolic surfaces of
information asymmetry allow us to represent the jump sizes of {¢,} using the angles between
geodesics, which are determined by the FR asymmetry at each entry of a new information

source. Their areas are explicitly determined by the curvature of P.

Remark 6.3.9. Suppose we are interested in multiple asymmetries between the probability
density iy and any other m € N densities Ei forg=1...,matt <T. Let’s further assume
that the time of each jump of {Eﬁ} ’s coincide. Then, for times in between the stopping times,
we can identify m + 1 points on the associated manifolds S and P.

At every appearance of a new information source, we can identify 2m + 1 points on S
and P. Hence, each appearance may induce spherical polygons on S and hyperbolic polygons
on P, which can be represented as unions of spherical triangles and hyperbolic triangles,
respectively. Spherical and hyperbolic surfaces form geometrical bases to characterise higher

dimensional asymmetries with polygons.

6.3.2 Squared-Hellinger Asymmetry and Isometric Invariant of

Poincaré Disc Under the Action of General Mobius Group

We shall show a geometric relationship between the SH asymmetry and an isometric invariant
of the Poincaré disc under the action of the general Mébius group (for groups and actions
of groups, see for example, Allenby, 1991, or Beachy and Blaire, 2006). This relationship
motivates us to suggest the use of an alternative geometric measure to quantify information
asymmetry.

First, we shall explain what Mobius transformations are, and what the general Mobius
group is. We then discuss the Poincaré disc model of the hyperbolic space, and using Mobius
transformations from the upper-half-plane W to the Poincaré disc, we shall highlight the

relationship between the SH asymmetry and an isometric invariant of the Poincaré disc.
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There exists an important group of transformations of C, called the general Mobius group
(the group operation being composition), where geometric quantities such as hyperbolic
lengths and angles are invariant under its action. A Md&bius transformation is a holomorphic
function n* : C — C, with the following functional form:

az+b

e =S (6.49)

where a,b,c,d € C and ad — bc # 0. The set of all Mobius transformations forms a group
under composition, and we denote the group of Mobius transformations by Méb*. The gen-
eral Mobius group is generated by the set of Mobius transformations and the set of complex

conjugations. Denoting Mob as the general Mobius group, n € Mob is the composition:
n=Conjo...oCon, (6.50)
for some k£ > 1, each n; being a Mobius transformation, and where
C(z) =z given (C(o0) = o0, (6.51)

for = € C. We note that C' is a homeomorphism of C. It can be shown that Méb is equal
to the set of homeomorphisms of C that take circles in C to circles in C. In fact, it can be
shown that elements of Mob are conformal homeomorphisms of C (homeomorphisms that
preserve angles), and Mob(W) = {n € Mob|n(W) = W} is equal to the group of isometries
(homeomorphisms that preserve distances) of W given its metric. A hyperbolic area in W
is invariant under the action of M6b(W). For the proofs, refer to Anderson (2005).

Remark 6.3.10. The FR asymmetry is invariant under the action of Méb(P). Also if n €
MGéb(P) acts on a hyperbolic triangle, the transformed points induce an equivalent hyperbolic

triangle, since n is a conformal isometry on P.

The underlying hyperbolic space of Poincaré disc model is the unit disc D in the complex
plane C such that

D={zeC:|z| < 1}. (6.52)

Since both D and W are in C, it is possible to find a broad class of n € Mob, such that
n : D — W. Therefore, Mob allows to use D and W interchangeably when modelling

hyperbolic spaces. In particular, if z and « are points in W and z* is a point in D, then

*

97— Q
=t —

(6.53)

—
z—Q
is a Mobius transformation that maps W to D conformally. The point z* € D is the
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corresponding point of z € W, and o € W is an arbitrary point mapped to the center of the
disk D, where 6 rotates the disk.

Without loss of generality, we let the curvature of W be -1. From Poincaré uniformization
theorem, we can transform the metric on P to the metric on W, since P and W are confor-
mally equivalent. We can do this by multiplying the metric on P with a positive constant.

Then the distance between the points determined by v; and @/Jt(l) mapped on W is

dw (", 9") = 2tanh (), (6.54)

at each fixed t < T, where dyy is the distance on W, and the function Ctl " is defined in (6.23).
Note that the distance between the points determined by zﬁt(l) = 1y and 1/Jt(i) on P is given
in (6.22), and the expression in (6.54) follows by multiplying the metric on P by 1//2.
Now, let x,y be points on W, and A(x,y) denote the nonempty collection of hyperbolic
paths h : [a,b] — W satisfying h(a) = = and h(b) = y. Also, having z,y be points on
D, B(z,y) denotes the nonempty collection of hyperbolic paths f : [a,b] — D satisfying
f(a) =z and f(b) = y. Let dyy and 1)y be the distance and the length on W, respectively.

Let dp and lp be the distance and the length on D, respectively. Then, using n € Mob(C),
such that n : D — W, the following can be written:

dD(xvy) = lnf{lD(ft)|ft € B(l’ay)}
= inf{lu(n o fi)| i € B(z,y),n € M6b(T)}
= inf{lD(nil © gt)‘gt =no ftagt € A(l‘,y), ft € B(xay)an € M0b<@)} (655)

Hence, using Mob, we can find the distances between two points on D starting from distances
on W (or from distances on P). One can also conformally map the points on W to points
on D by (6.53), and calculate the distances on D. We shall denote the distance between the
points determined by 1; and 1/Jt(2) mapped on D by dp (1, @/Jt(l))

We can now define an isometric invariant of D under the action of Mo6b(D), which we
denote by G-

2|z — yll?
G(zl|ly) = : (6.56)
(1= [[z[[*) (1 = [[y]]*)
where z,y are points on D, and ||.|| is the Euclidean norm. G characterises the distance dp
on D (see for example, Anderson, 2005, Proposition 4.3, pp. 126), such that
Go(wr|[0?) = cosh (dpwt, f))) 1 (6.57)

From (6.9), the SH asymmetry can be written as SHt(@Z)tH@Dt(i)) =1—cos (ﬁt(\/@ft, \/%(i))).
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Also, note that we can replace 1 with dg, provided that ds is the distance on the unit sphere

S. This follows since the Bhattacharyya angle ¢ is equal to the spherical distance on S™:

SH, (4] [947) = 1 — cos (dsw% W)) | (6.58)

It can be seen from (6.57) and (6.58) that the SH asymmetry is closely related to the isometric
invariant G. The curvature of D and the curvature of S are opposite in sign: -1 for D and
+1 for §. In addition, the cosine on the sphere S is replaced by the hyperbolic cosine on
the hyperbolic space D. In particular, G is the hyperbolic analogue of SH, and SH is the
spherical analogue of G.

Note that dp(wt,w,ﬁ”) > 0, since it is a metric. Also, since cosh(0) = 1 and cosh(z) is
monotonically increasing in € R, the isometric invariant G(.||.) > 0. Given the analogy
with the SH asymmetry, we are encouraged to propose the use of G(.||.) as an alternative
measure of divergence between Gaussian distributions. That is, Gy(1||«;) can be used to
quantify the information asymmetry between 1, and 1), geometrically, given that both are
Gaussian. Note that the measure G(.||.) = 0 when there is no information asymmetry since

cosh(0) = 1, and is strictly positive otherwise.

6.4 Competitive Edge and Financial Mispricing

6.4.1 Geometry and Competitive Edge in Information

We assume the same financial setting as discussed in Chapter 5, where there are two in-
formed traders who are unaware of each others’ actions. The trader who has access to more
information sources has a competitive edge with respect to the other. We let X1 be Gaussian.

We assume that the filtration of Agent 1 is {G;} as shown in (3.58), and the filtration of
Agent 2 is {G/} as shown in (5.40). Recall that ¢;(z) = ¢(z|G;). Also, 7; # 77 for any i, j
fori,j=1...,n+ 1.

Proposition 6.4.1. The dynamics of the competition between Agent 1 and Agent 2 in terms
of {FR,(V¢ ||} on Int(M) are governed by

n+1 n+1
AFR(¢7][0) = >3 dDy(wf” oy L )L ()

=1 j5=1
n+1 TJL+1 ' ‘ ) '

30 (Duw?,0f?) = D, ) ) b (AT ()
=1 =2
:H—l n+1 A ‘ ) A

303 (D, ) = Do, 0™ ) b (L), (6:59)

i=1 j=2
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Proof. On Int(M), at each fixed time ¢ for 0 < ¢ < T', we have

n+1 n+1 n+1 n+1
FR, (v [[1,) = ZD ZW)I* LG =Y D e L@OL (), (6.60)
i=1 j=1
since I;(¢7) = 1 implies I;(j) = 0 and I; (i) = 1 implies I;(j) = 0 for all ¢ # j. O

At each appearance of a new information source, a new hyperbolic triangle may be formed

that quantifies the competition between the agents.

6.4.2 Geometry and Financial Mispricing

We consider the same financial setting as discussed in Chapter 5, and model financial mis-
pricing as a special type of information asymmetry. The only difference is that we assume
X7 is Gaussian.

We define the filtration {7;} as in (5.58), the information process {£;} as in (5.59), and
denote ¥y = q(x|J;) = q(x|&). We assume that {Z;} given by (5.70) is the market filtration,
and denote ¥ (x) = q(x|2;). We refer the reader to Chapter 5.5 to recall other notations.

We define the parameters

(& —mp),  and  (67)7 = (1= (p})*)ox, (6.61)

Mt

where p; = koxt/o} is the correlation between Xt and &/, also
= px +~ o —AE =), and (@) = (1— (p})*)o%, (6.62)

where p? = Roxt/o? is the correlation between X7 and &. In (6.61) and (6.62),

(T —t
i = k(pux —c)t, and o) = \/(maxt)z + ( T ), (6.63)
are the mean and variance of &/, and
(17—t
) =Ruxt, and of = \/(Eaxt)Q + ( T ), (6.64)

are the mean and variance of &f.

Lemma 6.4.2. The conditional densities 1} and 1} can be parametrically represented as

follows:

JU 1 (x — i)
* * *\2\ i t

t
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and also,

v = gl il (GDIL) + ol i, (5))L(2)
L) (_(w—ﬁ?)2)+ L) (_(x—ﬁ:f)_ 6.66)

ex - — ex
2107 P 2(7)? 215y P 2(07)?

Proof. Note that ¢¢ = q(z|€)L(1) + q(z|&)1:(2). Then due to the independence of 7, the
proof is very similar to that of Proposition 6.3.2. n

For a fixed time ¢t < T, we now define the distance:
D7, 4;) = 2v/2tanh ™' (¢"), (6.67)

where the function ¢ is

1
(7 — )2 + 2(6; — 05)2) . (6.68)

Cb,* — ( — - — —
' (F — 1y)? +2(07 +o7)*
Proposition 6.4.3. The dynamics of the mispricing in terms of { FR,(¥¢||vF)} on Int(M)

are governed by

AFR(¥7|1v7) = dDy(r, ¥7)L(1) — D(Wy, 4;)8,(dt). (6.69)

Proof. The statement follows since, for a fixed time ¢ for 0 < ¢t < T, FR,(¢¢||vy) =
Et(w?7¢:)1t(1) on Int(./\/l) ]

Note that the FR asymmetry process provides a geometric perspective on financial mis-
pricing. When the fundamental information appears in the market, the FR mispricing pro-
cess becomes zero and remains zero. The jump represents a sudden market correction at
7 = t, determined by the distance 2v/2 tanh™!(¢?™).

Remark 6.4.4. The SH and the FR asymmetries offer a geometric view on quantifying

market corrections by providing geodesic distances on ST and P, respectively.
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Chapter 7
Archimedean Survival Processes

This chapter introduces a family of multivariate stochastic processes that we call Archimedean
survival processes (ASPs). ASPs are constructed in such a way that they are naturally linked
to Archimedean copulas.

At this point, we would like to note that an ASP is a multivariate extension of what we call
a gamma random bridge (see Hoyle et al., 2011 for Lévy random bridges), and hence, it can be
viewed as a multivariate information process within the information-based framework. In this
respect, if an ASP is assumed to generate the market filtration where each marginal process
carries partial information about an asset, the law of the ASP determines the dependence
structure of a vector of assets at a given time. We do not focus on the information-based
application of ASPs in this chapter (we provide an information-based account in Chapter 8),
and instead, we provide a detailed analysis of the stochastic properties of such processes. As
an overview, an ASP is defined over a finite time horizon, and, a priori, its terminal value
has an ¢;-norm symmetric distribution. This implies that the terminal value of an ASP has
an Archimedean survival copula. Indeed, there is a bijection from the class of Archimedean
copulas to the class of ASPs. The results presented in this chapter can also be found in
Hoyle and Mengiitiirk (2012).

The use of copulas has become commonplace for dependence modelling in finance, insur-
ance, and risk management (see, for example, Cherubini et al., 2004, Freez and Valdez, 1998,
and McNeil et al., 2005). The Archimedean copulas, a subclass of copulas, have received
particular attention in the literature for both their tractability and practical convenience.

An n-dimensional Archimedean copula C': [0, 1]" — [0, 1] can be written as
C(u) =h(h Y(uy) + -+ " (u)), (7.1)

where h is the generator function of C.
Schénbucher and Schubert (2001), and Rogge and Schénbucher (2003) describe continuous-

time processes that have Archimedean copulas at all times, and model default times in
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credit-risk applications. By construction, these processes are limited to have copulas with
completely monotone generating functions. Although they bear the link to stochastic pro-
cesses with Archimedean copulas, these processes are otherwise not closely related to the
present work.

A random vector X has a multivariate Liouville distribution if

X law G’

= RW7 (7.2)
i=1 Y

where R is a non-negative random variable, G is a vector of n independent gamma random
variables with identical scale parameters, and G; is an element of G (see, for example, Fang et
al., 1990). In the special case where G is a vector of identical exponential random variables,
X has an /;-norm symmetric distribution. McNeil and Neslehovéa (2009) give an account of
how Archimedean copulas coincide with survival copulas of /;-norm symmetric distributions
which have no point-mass at the origin. This particular relationship relies on the charac-
terization of n-monotone functions through an integral transform introduced by Williamson
(1956), which is analogous to the Laplace transform characterisation of completely mono-
tone functions (see, for example, Widder, 1946). McNeil and Neslehova (2010) generalise
Archimedean copulas to so-called Liouville copulas, which are defined by the survival copulas
of multivariate Liouville distributions.

Norberg (1999) suggests using a randomly-scaled gamma bridge for modelling the cumu-
lative payments made on insurance claims (also see, Brody et al., 2008b). The process is an

increasing process {&r}o<i<r constructed as

ftT = X’YtT, (7-3)

where X is a positive random variable and {v;r} is an independent gamma bridge satisfying
~Yor = 0 and ypr = 1 for some T € (0, 00). Such a process is useful in modelling of cumulative
gains or losses. The random variable X is the total, final gain. We can interpret X as a
signal and the gamma bridge {7} as independent multiplicative noise. Brody et al. (2008b)
shows that {7} is a Markov process, and that

% 22T ( — p)™T=0=1 p(dz)

s
EC[X [&r = 2] = fxoo 2=l (y — g)ym(T-0-1y(dz)’

(7.4)

where v is the law of X, and m > 0 is a parameter.

The process {&r} as shown in (7.3) can be considered to be a gamma process conditioned
to have the marginal law v at time T, and so belongs to the class of Lévy random bridges. As
such, we call a process that can be decomposed as in (7.3) a gamma random bridge (GRB).

In the information-based framework, GRBs model the flow of market information about an
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aggregate claim determined by the terminal value of a cumulative gains process (for details,
see Brody et al., 2008b).

ASPs are an n-dimensional extension of GRBs. That is, each one-dimensional marginal
process {5,@} of an ASP {(ﬁt(l), @ ,§t("))T}0§t§T is a GRB. This is the reason why an
ASP may be viewed as a multivariate information process, where each marginal process
carries partial information about an aggregate claim. At this point, we should clarify the
notation we shall use for this chapter and the next: {§t(i)} denotes a marginal process, and
the integer in the bracketed superscript is not used in the same sense as in the previous
chapters. We can write

&) = X7, (7.5)

for some gamma bridge {%(ZT) } and some X; > 0 independent of {yt(r}) }. The X;’s are identically
distributed but in general not independent, and the {%(;)}’s are identically distributed but
in general not independent.

We shall construct each {@S”} by splitting a master GRB into n non-overlapping subpro-
cesses. This method of splitting a Lévy random bridge into subprocesses (which are them-
selves Lévy random bridges) is used by Hoyle et al. (2010b) to develop a bivariate insurance
reserving model based on random bridges of the stable-1/2 subordinator. A remarkable
feature of the proposed construction is that the terminal vector (§(T1 ), (TQ), . FEF”))T has an
{1-norm symmetric distribution, and hence an Archimedean survival copula. In particular,
we shall show that

Q (F(é;)) > up, F(EY) > g, ..., F(&%) > un) =F <Z Fl(@) . (16)

where
F(u)=@<§¥)>u), fori=1,2,....n. (7.7)

In (7.6) and (7.7), F(z) is the marginal survival function of the §¥)’s, and F~1(u) is its
generalised inverse. The right-hand side of (7.6) is an Archimedean copula with generator
function F(z).

A direct application of ASPs is to the modelling of multivariate cumulative gain (or loss)
processes. Consider, for example, an insurance company that underwrites several lines of
motor business (such as personal motor, fleet motor or private-hire vehicles) for a given
accident year. A substantial payment made on one line of business is unlikely to coincide
with a substantial payment made on another line of business (e.g. a large payment is unlikely
to be made on a personal motor claim at the same time as a large payment is made on a fleet
motor claim). However, the total sums of claims arising from the lines of business will depend

on certain common factors such as prolonged periods of adverse weather or the quality of the
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underwriting process at the company. Such common factors will produce dependence across
the lines. An ASP might be a suitable model for the cumulative paid-claims processes of the
lines of motor business, if the terminal claims have an Archimedean survival copula.

ASPs can also be used to interpolate the dependence structure when using Archimedean
copulas in discrete-time models. Consider a risk model where the marginal distributions
of the returns on n assets are fitted for the future dates t; < --- < t, < T < 00. An
Archimedean copula C' is used to model the dependence of the returns to time 7. At this
stage we have a model for the joint distribution of returns to time 7', but we have only the
one-dimensional marginal distributions at the intertemporal times ¢,...,t,. The problem
then is to choose copulas to complete the joint distributions of the returns to the times
t1,...,t, in a way that is consistent with the time-7" joint distribution. For each time t;,
this can be achieved by using the time-t; survival copula implied by the ASP with survival
copula C' at terminal time T

Our analysis of ASPs also motivates our next chapter, where we generalise ASPs to what
we call Generalised Liouville Processes (GLPs). We do this by splitting Lévy random bridges
into n pieces, where we allow more flexibility in the splitting mechanism and employ some
deterministic time changes. This extension allows us to work with a much larger class of
dependence structures under generalised Liouville distributions.

This chapter is organized as follows: Section 1 provides some preliminaries including
¢1-norm symmetric distributions, Archimedean copulas and GRBs. In Section 2, we define
ASPs and provide various characterisations of their law. Finally, we construct a multivariate

process such that each one-dimensional marginal is uniformly distributed.

7.1 Preliminaries

This chapter draws together ideas from the theory of stochastic processes and the theory of
multivariate distributions. The preliminary section gives relevant background results from
both subjects.

We fix a probability space (2, F,Q) and assume that all filtrations are right-continuous

and complete. We let f~! denote the generalised inverse of a monotonic function f, i.e.,

£y = { inf{x : f(z) >y} f increasing, (78)

inf{z: f(z) <y} [ decreasing.

We denote the ¢;-norm of a vector x € R™ by ||x||, i.e.,

Il = il (7.9
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7.1.1 Multivariate Distributions

In this subsection we present some definitions and results from the theory of multivariate
distributions. We refer the reader to the thorough exposition of Fang et al. (1990) for further
details.

Multivariate /;-norm Symmetric Distributions

The multivariate ¢;-norm symmetric distributions form a family of distributions that are
closely related to Archimedean copulas. The n-dimensional /;-norm symmetric distribution

is defined in terms of a random variable U which is uniformly distributed on the simplex
S={uel0,1]":||ul]| =1}. (7.10)

Such a random variable U has the following representation:

lﬂvE

= T (7.11)

where E is a vector of n independent, identically-distributed, exponential random variables.
Note that this representation holds for any value of the rate parameter A > 0 of the ex-
ponential random variables, and that the random variable ||E|| has a gamma distribution
with shape parameter n, and scale parameter A™!. Each marginal variable U; has a beta

distribution with parameters a = 1 and § = n — 1; thus the survival funciton of U; is
QU; >u) = (1 —u)" !, (7.12)

for0<u <1.

Definition 7.1.1. A random wvariable X taking values in R™ has a multivariate ¢;-norm

symmetric distribution if
X 2 RU, (7.13)

where R is a non-negative random variable, and U is a random vector uniformly distributed

on the simplex S. We call the law of R the generating law.

Remark 7.1.2. The construction of multivariate {1-norm symmetric random variables is
similar to the construction of spherical random variables. To be precise, in (7.13) if U was
uniformly distributed on the unit sphere in R™, then X would have a spherical distribution

(a special case of elliptical distribution).

Note that if R admits a density, then X satisfying (7.13) admits a density, and this
density is simplectically contoured. This is analogous to the elliptical contours of elliptical

distributions.
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If X is a multivariate ¢;-norm symmetric random variable with generating law v, then

the survival function of each one-dimensional marginal of X is
F(x) = Q(X; > x)
_ / (1= /1)L p(dr), (7.14)

for £ > 0. The survival function F' determines the law v. Indeed, using the results of
Williamson (1956), McNeil and Neslehova (2009) show that

"2 kR ) (o 1)1 pax[o. B (4
Ao =1- 52 CUHA) (1) (n_l[)?,Fo (=) 715)

where F'®) is the kth derivative of F', and

Fo(z) = (7.16)

F(z) x>0,
1— F(0) z=0.

The following theorem provides the multivariate version of (7.14); the proof can be found in
Fang et al. (1990, Theorem 5.4).

Theorem 7.1.3. If X has a multivariate {1-norm symmetric distribution with generating

law v, then the joint survival function of X is

QX1 > 21, Xo > 79, .., X > 1) = / (1= [[x||/r)™" v(dr)
I

= F([Ixl), (7.17)
for x € RY.

Multivariate Liouville Distributions

The multivariate Liouville distribution is an extension of the multivariate /;-norm symmetric
distribution. Before defining the multivariate Liouville distribution, it is convenient to first
define the Dirichlet distribution. The n-dimensional Dirichlet distribution is a distribution
on the simplex S defined in (7.10).

Definition 7.1.4. Let G be vector of independent random variables such that G; is a gamma

random variable with shape parameter o; > 0 and scale parameter unity. Then the random

vector G
D— (7.18)
1G]l
has a Dirichlet distribution with parameter vector a = (o, ..., a,)".
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Remark 7.1.5. The scaling property of the gamma distribution implies that kG, k > 0, is
a vector of gamma random variables each with scale parameter k. Since (7.18) holds, if we
replace G with kG, we could have used an arbitrary positive scale parameter in Definition

7.1.4.

In two dimensions, a Dirichlet random variable can be written as (B,1 — B)'", where B
is a beta random variable. If all the elements of the parameter vector a are identical, then
D is said to have a symmetric Dirichlet distribution. Notice that if a; =1fori=1,2,...,n
then D is uniformly distributed on the simplex S. The density of (D1, D, ..., D,_1)" is

X Iic, Pl ﬁ rfi! (7.19)

for x € [0,1]"1, ||Ix|| < 1, where 2, = 1 — 327" ;, and T[2] is the gamma function, defined
as usual for x > 0 by
['[z] :/ u” e du. (7.20)
0

E?[D;] = Tal (7.21)
R
Vol = fale(a+ 1y (722
ov?[D, = — @i or 1 . .
CovilDe Dl =~ T 7 (7.23)

The Dirichlet distribution is an extension of a random variable uniformly distributed on
a simplex. The multivariate Liouville distribution is a similar extension of the multivariate

¢1-norm symmetric distribution:

Definition 7.1.6. A random variable X has a multivariate Liouville distribution if
X 2 RD, (7.24)

for R > 0 a random variable, and D a Dirichlet random variable with parameter vector cx.

We call the law of R the generating law, and o the parameter vector of the distribution.

In the case where R has a density p, the density of X exists and can be written as

n azfl

I[l|ex HHTJ” - H (7.25)

=1

for x € R™. Writing p; = EQ[R] and u» = E?[R?] (when these moments exist), the first- and
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second-order moments of X are given by

Q;

E2[X] = o, (7.26)
Hiex]
. 41 oy
Var?[X,] = - (M N —u2—2>’ (7.27)
led \"* el +1 "Hal]
(V- 2
Cov¥[X;, X,] = 2% ( Ha M ) for i # j. (7.28)
el \lel[+1 el

7.1.2 Archimedean Copulas

A copula is a distribution function on the unit hypercube with the added property that each
one-dimensional marginal distribution is uniform. For further details, we refer to Nelsen
(2006). We define a copula as follows:

Definition 7.1.7. An n-copula defined on the n-dimensional unit hypercube [0,1]" is a
function C : [0,1]" — [0, 1], which satisfies the following:

1. C(u) = 0 whenever u; =0 for at least one j =1,2,..,n.
2. C(uw) =u; if u; =1 for all i # j.

3. C is n-increasing on [0, 1]", that is
2 2
Z e Z(_l)il-‘rnf‘r’inc’(uLh’ L ;un,in) Z O, (729)
=1 =1

for all (uy1,usy,. .. un1) and (upo, Usz, ... un2)' in [0,1]™ with uj; < ujs.

Condition 3 is necessary to ensure that the function C is a well-defined distribution
function. The theory of copulas is founded upon a theorem of Sklar. This theorem is

reformulated in terms of survival functions by McNeil and Neslehové (2009) as follows:

Theorem 7.1.8. Let H be an n-dimensional survival function with margins F;, i = 1,2,...,n.
Then there exists a copula C, referred to as the survival copula of H, such that, for any
x € R",

H(x) = C(Fy(x1), ..., Fu(xn)). (7.30)

Furthermore, C is uniquely determined on
D={u€el0,1]":u€ranf; x --- x rankF, }, (7.31)

where ranf denotes the range of f. In addition, for any u € D,

C(u) = H(F7 (w), ..., F, Y (uy)). (7.32)
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Conversely, given a copula C and univariate survival functions Fy, i = 1,...,n, H defined

by (7.30) is an n-dimensional survival function with marginals I, . .., F,, and survival copula

C.

From a modelling perspective, one of the attractive features of copulas is that they
allow the fitting of one-dimensional marginal distributions to be performed separately from
the fitting of cross-sectional dependence. Although, this two-step approach of modelling
multivariate phenomena by first specifying marginals, and then choosing a copula is not
suited to all situations (for criticism see, for example, Mikosch, 2006).

Archimedean copulas are copulas that take a particular functional form. The following

definition given in McNeil and Neslehova (2009) is convenient for the present work:

Definition 7.1.9. A decreasing and continuous function h : [0,00) — [0,1] which satis-
fies the conditions h(0) = 1 and lim,_,o h(z) = 0, and is strictly decreasing on [0,inf{x :
h(z) = 0}] is called an Archimedean generator. An n-dimensional copula C is called an

Archimedean copula if it permits the representation
C(u) =h(h " (uw)+ - +h ' (u,), uel0,1]", (7.33)

for some Archimedean generator h with inverse h™! : [0,1] — [0, 00), where we set h(oo) = 0
and h1(0) = inf{u : h(u) = 0}.
If X is a random vector with a multivariate ¢;-norm symmetric distribution such that

Q(X = 0) = 0, then its marginal survival function F given in (7.14) is continuous. Hence,
it follows from Theorem 7.1.3 that

Q(F(X1> > Uy, F(XQ) > Ug, . .. ,F(Xn> > un) =F (i F_I(UZ)> . (734)

In other words, X has an Archimedean survival copula with generating function h(z) = F(z).
McNeil and Neslehovd (2009) show that the converse is also true:

Theorem 7.1.10. Let U be a random vector whose distribution function is an n-dimensional
Archimedean copula C with generator h. Then (h=*(Uy), h=Y(Us), ..., h="Y(U,))" has a mul-
tivariate {1-norm symmetric distribution with survival copula C' and generating law v. Fur-

thermore, v is uniquely determined by

n—2 _ k.??k (k) T o n—lxn—l max (n—1) T
u(0,a]) =1 -y T D <n_1£?’h S )

Remark 7.1.11. There is one-to-one mapping from distribution functions on the positive
half-line to the class of n-dimensional Archimedean copulas through the invertible transfor-

mation v < h.
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7.1.3 Gamma Random Bridges

A gamma random bridge is an increasing stochastic process, and both the gamma process

and gamma bridge are special cases.

Gamma Process

A gamma process is an increasing Lévy process (see, for example, Sato, 1999) with gamma
distributed increments. Let {7} denote a gamma process with mean and variance m > 0 at

t = 1. The law of {v;} is determined by its mean and variance at ¢t = 1, and the density of

Ve 18
xmt—l

=losy=—7se ", 7.36

fi(@) { >0}F[mt] ¢ ( )

where 1y is the indicator function (or the Heaviside function). For notational convenience,
we shall use 1, in this chapter instead of H (.) that we used in previous chapters. The mean

and variance of a gamma process are
E®[y,] = mt, and Var%[y,] = mt. (7.37)

The gamma distribution has scaling property. Therefore, for some xk > 0, the process {x7y;}
is also a gamma process, but with mean ms, and variance mx?, at t = 1. The characteristic

function of ~, is

EQ[e™] = (1 —iX)™™. (7.38)

As noted in Brody et al. (2008b), the parameter m has units of inverse time, and so {~:}
is dimensionless. Taking x = 1/m, the scaled process {k7;} has units of time, making this
alternative parameterisation suitable as a basis for a stochastic time change (see, for example,

Madan and Seneta, 1990). The characteristic function of x7; is then
B[] = (1 —i\/m)~™. (7.39)

It can be shown that kv, 2 ¢ in the limit m — o0, since the characteristic function of kv,
coincides with the characteristic function of the Dirac measure centered at ¢ (which is )

in the limit m — oo.

Gamma Bridge

A gamma bridge is a gamma process conditioned to have a fixed value at a fixed future time.
A gamma bridge is a Lévy bridge, and hence a Markov process (see, for example, Hoyle,
2010a). Emery and Yor (2004) present some remarkable similarities between gamma bridges

and Brownian bridges. Let {yr}o<t<r denote a gamma bridge identical in law to the gamma
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process {7} pinned to the value 1 at time T'. Using the Bayes formula,

Quredy|vsr=2)=Q(nedylys=z,77=1)
_ ftfs(y - *T)fot(l - y)

fos(l - l’)
(u)m(t—s)—l (ﬂ)m(T—t)—l
11—z 11—z

—1, dy, 7.40

D B @] (T
for 0 < s <t <T and x > 0. We say that m is the activity parameter of {~,r}. In (7.40),
Bla, f] is the beta function, given by

Bla, ] = /01 2271 —x)% tda

_ Te]l5]

et (7.41)

for a, 5 > 0. If v4r = x, then the gamma bridge will complete a distance of 1 — = during
(s, T, where the proportion of this distance over (s, t] has a beta distribution with parameters
a=m(t —s)and § = m(T —t), which can be seen from (7.40).

The characteristic function of v, given ~,r is
EQ [ |y = 2] = M[m(t — s),m(T — s),i(1 — z)\], (7.42)

where M|, (3, z] is Kummer’s confluent hypergeometric function of the first kind (see Hoyle,
2010a, and Abramowitz and Stegun, 1964):

ala+1)22  ala+1)(a+2)23
56+ 02 T sErnEenn T

M[a,ﬁ,z]zl—i—%z—k

In the limit m — oo, Y7 faw t/T. This follows from the Markovian property of {y;r} and

also since, in the limit m — oo in (7.42), the characteristic function of v, given 7y is

E® [ | vy = 2] = i (;:i)k act _k!‘”)A)k = exp (i;_ ‘2(1 - x))\) . (7.44)

k=0 o

This coincides with the characteristic function of the Dirac measure centered at (1 — x)(t —
s)/(T — s). In other words, since yor = 0, the characteristic function of v coincides with
the Dirac measure centered at ¢/7" in the limit m — oo.

It can be shown that the process {V:/v7 }o<t<7 is independent of 7, and that the following
holds:

{vr} = {3—;} - (7.45)
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The process {V:/7r fo<t<r is a Markov process with transition law as shown in (7.40).
Equation (7.45) implies that the joint distribution of increments of a gamma bridge is
Dirichlet. To see this fact, fix times 0 =ty < t; < --- < t, =T and define

A’i = %i - Pyti,17 (746)
Ai = f)/ti,T - ”Vti,l,T- (747)

Then A; has a gamma distribution with shape parameter o; = m(t; — t;_;) and scale pa-

rameter unity. Hence

(A1 Ay, A,) (7.48)
From Definition 7.1.4, the joint distribution of increments of a gamma bridge is Dirichlet.
Equation (7.45) also implies that the bridge of the gamma process {kv;} for some x > 0, is
equal in law to the bridge of {~;}. Also, the bridge of {7;} to some value a > 0 at time T,

is equal in law to {avyr}.

Gamma Random Bridge

A gamma random bridge (GRB) is identical in law to a gamma process conditioned to have
a fixed marginal law at some finite future time. Brody et al. (2008b) use a GRB to model an
information process that generates the market filtration and that provides noisy information
about a future cumulative claim.

We define a gamma random bridge as follows:

Definition 7.1.12. The process {I'; }o<t<r is a gamma random bridge if

{2 {Ryr), (7.49)

for R > 0 a random variable, and {vir} a gamma bridge, independent of R. We say that
{T't} has generating law v and activity parameter m, where v is the law of R and m is the

activity parameter of {vir}.

Remark 7.1.13. Suppose that {I';} is a GRB satisfying (7.49). If Q(R = z) = 1 for some
z > 0, then {T'y} is a gamma bridge. If R is gamma random variable with shape parameter

mT and scale parameter r, then {I';} is a gamma process such that EQ[y] = mkt and
Var®[Ty] = mr?t, fort <T.

Gamma random bridges (GRBs) fall within the class of Lévy random bridges described
by Hoyle et al. (2011). The process {I';} is identical in law to a gamma process defined over
[0, 7], and conditioned to have the law of R at time 7. The bridges of a GRB are gamma
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bridges. GRBs are Markov processes with stationary increments, and the transition law of
{T'+} is given by (see Hoyle et al., 2011)

Qy edy |y =x)

OO —t)—1,1-mT
1ron —y)" z v(dz
_ {y>a} fzéo ( )(y — )™= qy  (7.50)
Bim(T —t),m(t — s)] [ (z — z)™T=s)=1z1-mT y(dz)

T

and . .
Liysay(y — @)@y t=mT y(dy)
fxoo(z _ x)m(Tfs)flzlfmT l/(dZ) ’

Q(y e dy|T, =z) = (7.51)

where Bla, 8] is the Beta function.

Since increments of a gamma bridge have a Dirichlet distribution, it follows from Def-
inition 7.1.6 that the increments of a gamma random bridge have multivariate Liouville
distributions.

The following proposition, stated as a corollary in Hoyle et al. (2011) for a general Lévy

random bridge, is a key result for the construction of ASPs:
Proposition 7.1.14. Let {I';} be a GRB with generating law v and activity parameter m.

(A) Fiz times s1, Ty satisfying 0 < Ty < T — s1. The time-shifted, space-shifted partial
process
e =Ty —Ty, (0<t<T), (7.52)

15 a gamma random bridge with activity parameter m, and with generating law

mTi1—1 0
W(dz) = ’ / 2Ty — ) T=T0=1(d2) da 7.53
(dz) BTy m(T = T)] J._. (z—a)" 'v(dz) (7.53)
(B) Construct partial processes {gﬁ“}ostgﬂ i = 1,...,n, from non-overlapping portions
of {T'y}, in a similar way to that above. The intervals [s;,s; + T;], i = 1,...,n, are

non-overlapping except possibly at the endpoints. Set fti) = f(Tii) when t > T;.
If u>t,

Qe ¢ <, 60— <z,

ff) _

@(fﬁf)— V<60 -8 <a,

Z I3 ) . (7.54)
where the filtration {.7-"5} is s given by
F=o ({6 perei=12,.m). (7.55)
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Remark 7.1.15. Define the process {R;} by
Ri=>Y ¢, (7.56)
i=1

fort € [0,max; T;]. Then {R;} is a GRB with generating law v, and time-dependent activity

parameter

M(t) = my L. (757
=1

The proof of this result is similar to the proof that appears later in Proposition 7.2.6.

We can construct an n-dimensional Markov process {£,} from the partial processes of

Proposition 7.1.14, part (B), by setting

& =", ... (7.58)

The Markov property means that, for any fixed time s > 0, the Fs-conditional law of {&,}.<;
is identical to the &, -conditional law of {£,}s<;. The remarkable feature of Proposition 7.1.14
part (B), together with Remark 7.1.15, is that the Fé-conditional law of {&, — &€ }.<; is
identical to the Rg-conditional law of {&, — &,}s<;. Hence the increment probabilities of the
n-dimensional process {€,} can be described by the one-dimensional state process {R;}. In

financial modelling, working with R; is quite convenient when one works with total claims.

7.2 Archimedean Survival Processes

We construct an Archimedean survival process (ASP) by splitting a gamma random bridge
into n non-overlapping subprocesses. We start with a master GRB {I'; }o<i<, with activity
parameter m = 1 and generating law v, where n € N, n > 2. In this section, we write f;
for the gamma density with shape parameter unity and scale parameter unity (in (7.36), we

set m = 1). That is,

xt—le—w

= 7.59
Definition 7.2.1. The process {€,}o<t<1 is an n-dimensional Archimedean survival process
if o ) i
([&"]] ([T —To ‘
i law
{&}o<i<1 = ft() = Fi—nge — i ; (7.60)
e r -T
\ LSt 1) <<t L (=)t =11 ) g<t<1
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where {T'; }o<i<n is a gamma random bridge with activity parameter m = 1. We say that the

generating law of {I't} is the generating law of {&,}.

Note that, from Definition 7.1.12, Q(I',, = 0) = 0, and so Q(&; = 0) = 0. Each one-
dimensional marginal process of an ASP is a subprocess of a GRB, and hence a GRB. Then,
ASPs are a multivariate generalisation of GRBs.

We defined ASPs over the time interval [0, 1]; it is straightforward to restate the definition

to cover an arbitrary closed interval.
Proposition 7.2.2. The terminal value of an ASP has an Archimedean survival copula.

Proof. Let {£,} be an n-dimensional ASP with generating law v. Then we have

@(51 € dX) = Q (Fl < dl’l,rg — Fl € d.TQ, Ce 7Fn — anl c d$n>

~Q (Rﬂ edo, R2" cday,... RI"In1 ¢ dxn) : (7.61)
n Tn Tn
for x € R", R a random variable with law v, and {7;} a gamma process such that v, has the

density (7.59). Each increment ; — 7;-1 has an exponential distribution (with unit rate).
Thus,

Q¢ edx)=Q (R% € dx) , (7.62)

for E an n-vector of independent, identically-distributed, exponential random variables.
From Definition 7.1.1, &, has a multivariate ¢;-norm symmetric distribution. Therefore,

it has an Archimedean survival copula. n

Remark 7.2.3. Let g; : R — R be strictly decreasing fori =1,...,n, and let {£,} be an

ASP. Then, a priori, the vector-valued process

(a6 me™) ) (7.63)

0<t<1
has an Archimedean copula at time t = 1.

Figure 7.1 at the end of this chapter is a simulation of a 10-dimensional ASP, and Figure
7.2 is a simulation of a 20-dimensional ASP. The time horizon is [0, 1], and we fix R = 1.
In these simulations, each different colour represents a marginal process of the ASP, where

each marginal process is a GRB.

7.2.1 Characterisations

In this subsection we shall characterize ASPs first through their finite-dimensional distribu-

tions, and then through their transition probabilities.
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Finite-Dimensional Distributions

The finite-dimensional distributions of the master process {I';} are given by
Q(Iy, € day,..., Iy, €day, I, €dz) =Q(Ty, € dxy,..., Iy, €day |, = 2)v(dz), (7.64)

where xo = 0, for all £ € N, all partitions 0 = t) < t; < --- < tp < mn, all z € R;, and
all (z1,...,2)" =x € ]R’L It was mentioned earlier that the bridges of a GRB are gamma
bridges. (In fact, this is the basis of the definition of Lévy random bridges given in Hoyle et
al., 2011). Hence, for {7;} a gamma process such that E¢[y,] = 1 and Var®[y,] = 1, we have

Qy, e dxy,...,. I, €dxy, Iy, € dz)
= @(’yh S d$1, <o Yty € dl’k | Yn = Z) V(dZ) (765)

From (7.45) and (7.49), we have

law R
(Ft1 - th cee 7Ptk - Ftk_17FTZ - Ftk) = 7_(%1 — Yo+ Ve ™ Vtr—1o In T ’Ytk) (766)
Hence, from Definition 7.1.6, (T, =Ty, ..., [y, =T, _,, T =T, )" has a multivariate Liouville
distribution with generating law v and parameter vector (t; —to,...,t, — tp_1,n — 1) .

We can use these results to characterise the law of the ASP {&,} through the joint

distribution of its increments. Fix k; > 1 and the partitions
0=ty <ty <---<tj =1, (7.67)
for i = 1,...,n. Then define the non-overlapping increments {A;;} by

Ay = 55;) _ 5%)_17 (7.68)

for j=1,...,k;and i = 1,...,n. The distribution of the vector
A= <A117 A127 R Alku
A217 A227 ey A2k27
A'rﬂ? ATL27 v 7Ankn)—r (769)

characterises the finite-dimensional distributions of the ASP {§,}. Thus it follows from the
Kolmogorov extension theorem that the distribution of A characterises the law of {£,}. Note

that A contains non-overlapping increments of the master GRB {I';} such that |A|| = T',,.
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Hence A has a multivariate Liouville distribution with parameter vector

1 1 41 1 1 1
a:<t1—t0,t2—t1,...,tk1 _tk1—17
2 2 42 2 2 2
tl_t()?tQ_tl’""tk‘g _tk2—17
t? _t(r)L’tg _t?a"'atzn - Zn—l)Tv (770)

and the generating law v.

Transition Law

We denote the filtration generated by {£,}o<i<1 by {FF}. From Proposition 7.1.14, {£,} is a
Markov process with respect to {FF}. We shall calculate the transition probabilities of {£,}
after introducing some further notation.

For a set B € B(R) and a constant € R, we write B + « for the shifted set such that

B+z={yeR:y—xe€ B}. (7.71)

In what follows, we assume that {£,} is an n-dimensional ASP with generating law v, and

that {I';} is a master process of {&,}. We define the process {R;}o<i<1 by setting
R, = Z&SZ) = [|&]]- (7.72)
i=1

The terminal value of {R;} is the terminal value of the master process {I';}, i.e., Ry = T',.

We define a family of unnormalised measures, indexed by ¢ € [0,1) and = € R, as follows:

bo(B; x) = v(B), (7.73)
o [ facole—2)
~ TDnle” 1-n n(1—t)—1
= M/BI{ZN}Z (z — )"0 y(dz), (7.74)

for B € B(R). We also write W;(z) = 6,([0, 00); z). It follows from (7.65) and the independent

increments of gamma processes that

[fri—t, (i — xiq) dﬁz]w

i=1 fn(z)

=

Q(I'y, e dxy,..., Iy, eday, ', €dz) = v(dz)
k

= H[fti—ti—1<mi — xi—1) da; )0y, (dz; ). (7.75)
i=1

136



Proposition 7.2.4. The ASP {&,} is a Markov process with the transition law given by

Q ( (1) € le, o 75](_n71) € dznflu fin)

gzx):

97’ s)(B + Z 1 Z2iy T + Z 1 zz nfl —Sa —(zi—z;)
= = dz, (7.76)
@]} I
and o |
(llyll) . (y; — x;) o)t~ Wimm
Q& € dy €, =x) = dy;, 7.77
& | ) W ([x]1) 1 [t — s (7.77)

where 7(t) =1— (1 —1t)/n, 0 < s <t <1, and B € B(R).

Proof. We begin by verifying (7.76). From the Bayes formula we have

Q ( il) & le, Ce ’€§n—1) < dZn_l, Sgn) > =

_@( Wedn,... "V edu, &) € B+ X0 2 g, de) 7.78
= QE, € ) o

The a priori law of Ry = ||&;]| is v; hence using (7.75) the numerator of (7.78) is

/ i Q (f;l) edz, ..., %n_l) €dz,1,€, € dx ’ R, = u> v(du) =
u€B+ n71 2;

[]1f:(a:) dai] ﬁ[fl_s(zi — ;) dz / fioolu = 2.0y 2= 2n) v(du), (7.79)

i=1 i=1 w€B+Y 0 2 fu(u)

and the denominator is

Q(Ss S dX) = Q(FS S d[L’l, F1+5 - Fl S dl‘g, ce ,Fn_1+5 - Fn—l c dCL’n)
Q(F S dIl, Iy, —I's € deg, T F(nfl)s € d[L‘n) (780)

1;[ fs(x;) day) / f1-9 (u) — lIxl) v(du). (7.81)

In (7.79) we have used the fact that, given ||&;|| = Ry, {£,} is a vector of subprocesses of
a gamma bridge. Equation (7.80) follows from the stationary increments property of GRBs
and (7.81) follows from (7.75). Dividing (7.79) by (7.81) yields

fueB+Z§‘:11 zi n;fl s(u— 2?2—11 zi — ) v(du) 21
[y e e e Ly

uOfn i=1

975)(B+Z lzl,ycn—i—z 1zl ]j —Sa —(zi—z;)
4,(00,50): ) Fiy

x;)dz)| =
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as required. We shall now verify (7.77) following similar steps. From the Bayes formula we

have
Q(¢, € dy, &, € dx)

@(st S dy|€8 = X) = Q(E c dX)

(7.83)

The numerator of (7.83) is

/OO Q€ € dy.&, € dx| R, = 2) v(dz) =
z2=0

LT o) da] T (v dyz/ LD Z_Hyn)l/(dz), (7.84)

i=1 i=1

and the denominator is given in (7.81). Dividing (7.84) by (7.81) yields

. n
fzzo fn(z)fn(l—t ( ||y|| 1/ ;

TS t— s Yi Z; d’yl] =
fz:[) fnl(z) fn(lfs)( HXH y 211

which completes the proof. O]

Remark 7.2.5. When the generating law v admits a density p, (7.78) is equivalent to the
following:

n

Tln]ell o)
@(€1€dz|£szx): nje™p([|z[]) H - x

(D2 L =

—S

(7.86)

Increments of ASPs

We shall now show that the increments of an ASP have n-dimensional Liouville distributions.
Indeed, at time s € [0,1), the increment &, — &,, t € (s, 1], has a multivariate Liouville
distribution with a generating law that can be expressed in terms of the £ -conditional law
of the norm variable R; = ||§,||. Before we show this, we shall first examine the law of the

process {R;}.

Proposition 7.2.6. The process {Ri}o<i<r is a GRB with generating law v and activity

parameter n. That is,

Wo(r) (= lIx[)"*" exp(=(r — [Ix|}))

QR edr|g,=x) = XU Tt s) dr, (7.87)
and
QR € dr|€, =x) = Q\IEdT,)’(""‘)‘“ (7.88)
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for0<s<t<l1.

Before proceeding the proof, note that, after simplification, (7.87) and (7.88) are consis-
tent with (7.50) and (7.51).

Proof. Since {€,} is a Markov process with respect to {F¢}, {R;} is a Markov process with
respect to {]—"f} Thus, to prove the proposition we need only verify that the transition
probabilities { R;} match those given in (7.87) and (7.88).

We first verify the &,-conditional law of R;. We can calculate this using the Bayes

formula,

_ Q& € dx| Ry =7)Q(R, € dr)
[0 Q(€, € dx | Ry = 7)Q(R, € dr)
o faa-s (= Ixl) v(dr)
0 i e (r = Xl v(dr)
_ O(drs 1x]])
(=)

Q(Rl € d?"|€5 :X)

(7.89)

The &,-conditional law of R; for ¢ € (s,1) can be derived by the use of the Bayes formula,

_ fzo:oo Q(&, € dx, R, € dr| Ry = 2)Q(R,; € dz)
[0 J 2, Q¢ € dx, Ry € dr | Ry = 2)drQ(R; € dz)

e fae-a (= IxI) fag- (2 = r)drv(dz)

s S Faee (0 = (XD faqn (2 = r)dr v(d2)

= qjt(r) r—|X r
= Gl e = Il (7.90

Q(Rt € dT‘|€S :X)

The denominator of (7.90) is simplified using the fact that gamma densities with common

scale parameter are closed under convolution. O

For a set B € B(R), we define the measure vy, 0 < s <t <1, by
ve(B) = Q(R; € B|&,). (7.91)

Thus we have

0s(dr; Ry)

Vg1 (dT’) = W,

(7.92)

and

U, (r) (r— Ry)") " exp(—(r — Ry))
U (Rs) Cln(t —s)]

vg(dr) = dr, for t<1. (7.93)
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When vy admits a density, we denote it by pg(r) = v (dr)/dr. We see from (7.93) that pg
exists for t < 1. When t = 1, it follows from the definition of 6, that ps; only exists if v
admits a density.

Note that from Proposition 7.2.6, Q(R; € dr|§,) = Q(R; € dr| R;) for t € (s,1]. This
is not surprising since { R} is a GRB, and hence it is a Markov process with respect to its

natural filtration.

Proposition 7.2.7. Fiz s € [0,1). Given &, the increment &, — &, t € (s,1], has an

n-variate Liouville distribution with generating law
V' (B) = vy(B + Ry), (7.94)

and parameter vector o = (t — s,...,t —s)", for a set B € B(R).

Proof. First we prove the case t < 1. Thus, the density py exists. From (7.77) and (7.93),

we have the following:

y +R - ! e
0 - & edyle) =~ H e
n  (t—s)—1
pst<\|y||+R Uit =)
Ty Ft—s Yi- (7.95)

Comparing (7.95) to (7.25) shows it to be the law of Liouville distribution with generating
law pg(z+ R,)dx and parameter vector (t—s, ..., t—s)". Noting that py(z+R,)dz = v*(dz),
where v* is given by (8.40), yields the required result.

We now consider the case t = 1 when v admits a density p. Thus, the density p,; exists.

From (7.86) and (7.92), we have

—S

_ F[ ] i (IIYI|+R) T

_F[n(l—t)]ps1<|l}’||+RS>n Uil g
N -

Hence &, — &, has the required density.

For the final case where ¢ = 1 and v has no density, the proof is as follows: Given &,
the law of the increment &, — €, is characterised by (7.76). Then by mixing the Dirichlet
density (7.19) with the random scale parameter X, it follows that this law is equal to the
law of XD, where X is a random variable with law v* which is given by (8.40), and D is a
Dirichlet random variable independent of X, with parameter vector (1 —s,...,1—3s)". The

statement follows. O
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7.2.2 Moments

In this subsection we fix a time s € [0, 1), and we assume that the first two moments of v

exist and are finite.

Proposition 7.2.8. The first- and second-order moments of &,, t € (s, 1], are

Lo [efe] = bu e o
e vl |e) =~ [(n@__—ﬁl) o — %u?] , (7.98)
(i) ) _t—s 2 _ I o,
3. Cov® [ el 58} = [n(t_ ST n(tis)] , 45,  (1.99)
where
pr= 1 (E%(Ry | R - R.). (7.100)

iy (t—s)(1+n(t—-s))
(1-=s5)(1+n(l—y9))

EQ[(R, — Ry)?| Ry). (7.101)

Proof. Given &, the increment &, — &, has an n-dimensional Liouville distribution with

generating law

v'(A) = vg(A+ Ry), (7.102)
for t € (s, 1], and with parameter vector (t —s,...,t —s)". We have
_ [ *(dy) = h «(dy) — Ry = E9[R, | £,] — R., 7.103
o /Oyl/(y) /SyV(y) (R | €, (7.103)
— 2% (dy) = — Ry)?vg(dy) = EQ[(R 7.104
po= [ van = [ - R)oalan) = B4R - R € (7.104)
It then follows from equations (7.26)-(7.28) that
1. E¢ |:€ti } = %( [Ri| €] — Ry) + €7, (7.105)
(3 1 - 1 1
2 vl [6]&] = & | (g ) LR - R €] - 1 (EIR 6 - 1))
(7.106)
W il t—s [ (ER —R)IE])  (EYR.|E] - R)® o
3. Cov® [§t & 55] - nt—s) +1  nlt—s) - @A),
(7.107)

To compute EQ[R; | €] and EX[(R; — R,)? | £,], we use two results about Lévy random bridges
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found in Hoyle et al. (2011). First, we can write

1—¢
[Ri| R+ 1—R.. (7.108)

t
E°[R:| R,] =

The expression for p; then follows directly. Second, given Rj, the process { Ry — Rs}s<i<1 18
a GRB with generating law 7(B) = vs (B + Rs) and activity parameter n. Hence, given Ry,

we can write
{R; — Rs}o<i<a o { X ts<i<as (7.109)

where X is a random variable with law v, and {7y }s<i<1 is a gamma bridge with activity
parameter n, independent of X, satisfying 75, = 0 and 717, = 1. Note that v, t € (s,1), is a
beta random variable with parameters o = n(t — s) and 5 = n(1 — t). Therefore, it follows
that

EY(R, - R.)?| RJ] = E9RAJES[X?] = E%])2) / " 2 o(da)

~ B [0 R ()

_ (t—9)(1 —I—n(t—s))E
(I—=s)(1+n(l-2s))

Q[(Ry — Ry)?| Ry, (7.110)

which completes the proof. O

7.2.3 Measure Change

In this section we shall show that the law of an n-dimensional ASP is equivalent to a vector
of n independent gamma processes. To demonstrate this result, we begin by assuming that
under some probability measure @ the process {&,} is a vector of n independent gamma
processes, and then show that {£,} is an ASP under an equivalent measure Q.

In particular, under @, we assume that {&,} is a vector of n independent gamma processes
such that

nfl

EtEdX -

. (7.111)

Hence, the gamma processes {ftz },i=1,2,...,m, are independent, and they are identical
in law. The process {R:}o<i<1, defined as above by R; = ||€,]|, is a one-dimensional gamma

process and satisfies the following:

nt—1

e “dux. (7.112)

As before, the filtration {FF} is generated by {€,}.
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We shall show that the process {W;(R;)}o<t<1 is a martingale, where

Uy (Ry) =

Ry

* fn(l—t)(Z - Rt)

B v(dz)

_ I'[n] exp(f;) oozl—n o RMI=D-1 04,
F[n(l —t)] /Rt ( Rt) (d )

For times 0 < s <t < 1, we have

[ B

]E@{ * faa-p(z — Rs — (B — Ry))

EC [W,(R,) | F¢]

Lo

R

v(dz)

fn(2)

e v(dz)

- \I/s(Rs)

5
/yo/ Rs+y o n(z;% )V(dz>fn(t—s)(y)dy

z—Rg
Rs fn( ) /y= f - t)(
>~ fn(lfs)(z - Rs)

— Y)fa-s)(y) dy v(d2)

(7.113)

(7.114)

Since Wo(Ry) = 1 and W, (R;) > 0, the process {W;(R;)}o<i<1 is a Radon-Nikodym density

process.

Proposition 7.2.9. Define a measure Q by

dQ

- :\Itht'
10 (R:)

Under Q, {&,}o<i<1 is an ASP with generating law v.

(7.115)

Proof. We prove the proposition by verifying that the transition law of {&,} under Q is that

of an ASP.

Q(ftEdX|F§)

— EY[1{¢, € dx} | FE]

EQ[\I]t(Rt)l{gt € dx} | &,]

- 53)) da;

—1o—(z:i—€)

Comparing equations (7.116) and (7.77) completes the proof.
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We can restate the results of this subsection by the following:

Proposition 7.2.10. Suppose that {€,}o<i<1 is an ASP with generating law v under some
measure Q. Then
dQ

_ -1
aQ B = U, (R}, (7.117)

defines a probability measure Q for t € [0,1). Furthermore, under Q, {€,}o<ic1 is a vector

of n independent gamma processes such that

n —
(L’ 1

dx) =
£t€X Tl

=1

% da. (7.118)

7.2.4 Independent Gamma Bridges Representation

In this section, we shall show that the increments of an n-dimensional ASP are identical in
law to a positive random variable multiplied by the Hadamard product of an n-dimensional
Dirichlet random variable and a vector of n independent gamma bridges.

For vectors X, Y € R", we denote their Hadamard product by X o Y. Recall from

Chapter 3 that we can write
XoY = (xlyl,...,xnyn)T. (7.119)

Proposition 7.2.11. Given the value of &, the ASP process {€,} satisfies the following
tdentity in law:
{ﬁt - fs}sgtgl i {R* Do 7t1}s§t§1a (7.120)

where

1. D € [0,1]" is a symmetric Dirichlet random wvariable with parameter vector (1 —
L 1=9)T;

2. {vy} is a vector of n independent gamma bridges, each with activity parameter m = 1,

starting at the value 0 at time s, and terminating with unit value at time 1;

3. R* > 0 is a random variable with law v* given by

V'(A) =va(A+R,), for A€ BR); (7.121)

4. R*, D, and {~v,4} are mutually independent.

Proof. Fix k; > 1 and the partition
s=1th <t <<t =1, (7.122)
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for i =1,...,n. Define the non-overlapping increments {A;;} by

By =g - (7.123)

forj=1,...,k;and i = 1,... n. The distribution of the vector

A= (A117A127 e 'aAlk‘la
A217A227 .- 'aA2k‘2a

An1> An27 s 7Ankn>T7 (7124)

characterises the finite-dimensional distributions of the process {&, — &,}s<i<1. It follows
from the Kolmogorov extension theorem that the distribution of A characterises the law of
{&, — &,}. Note that A are non-overlapping increments of the master GRB {I';}. Thus,

given &,, A has a multivariate Liouville distribution with parameter vector

o= (t] —to,ty —t1, ... by, —th 1,
=t 15 — 1, — th, 1,
t? _tgatg _t?aatzn - anl)—rﬂ (7125)
and generating law
V' (A) =va(A+ Ry), (7.126)

for t € (s,1] and A € B(R).
It follows from (Fang et al. 1990, Theorem 6.9) that

A, A ) T2 R DY, fori=1....n 7.127
( ily ) 11@) i Ly ) s Iy

where (i) R* has law v*, (ii) D = (D, ..., D,)" has a Dirichlet distribution with parameter
vector (1—s,...,1—s)T, (iii) Y; € [0, 1]* has a Dirichlet distribution with parameter vector
(t—th,... .ty —ti )7, (iv) Yi,...,Y,, R*, and D are mutually independent.

Let {7(t)}s<t<1 be a gamma bridge with activity parameter m = 1 such that v(s) = 0

and y(1) = 1. Then the increment vector

(v(t) = () - () = () (7.128)

has a Dirichlet distribution with parameter vector (% — tj,... ¢, —ti _;)". Hence the

increment vector (7.128) is identical in law to Y;. From the Kolmogorov extension theorem,
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this identity characterises the law of {v(¢)}. It follows that
{ft(l) — féi)}sgtél lgv {R* Di’Ytl}sgtSla fOl" 7= 1, oo,y (7129)

which completes the proof. O]

7.2.5 Uniform Process

We construct a multivariate process from the ASP {§,} such that each one-dimensional
marginal is a priori uniformly distributed for every time ¢ € (0, 1].
Fix a time ¢ € (0,1]. Each £ is a scale-mixed beta random variable with survival

function
b= [ - =) i
_ / T Laln— 6.8 v(dy). (7.130)

where I,[a, ] is the regularized incomplete Beta function, defined as usual for z € [0, 1] by

g (1= Bt du

Lla, f] = 29 a, 5 >0). 7.131
= e e, @070 (7.131)
The random variables

vO=FE"), i=1..n, (7.132)

are then uniformly distributed.

We now define a process {Y }o<i<1 by
5 (D) NEONY

Y, = (Ft( Wy, R )) . (7.133)

By construction, each one-dimensional marginal Y;(i)

is uniform for ¢ > 0. For fixed t, Y,
is a draw from the survival copula of the Liouville distribution, and Y; is a draw from an

Archimedean survival copula.
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Figure 7.1: A 10-dimensional Archimedean survival process. An Archimedean survival process is a mul-
tivariate gamma random bridge, since each marginal process is a gamma random bridge. Time horizon:

[0, 1].
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Figure 7.2: A 20-dimensional Archimedean survival process. Each marginal process is a gamma random
bridge. Time horizon: [0, 1].
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Chapter 8
Generalised Liouville Processes

We introduce a class of Markovian multivariate stochastic processes that we call Generalised
Liouville Processes (GLPs). We construct GLPs by splitting Lévy random bridges into n
non-overlapping pieces. We allow more flexibility in the splitting mechanism when compared
to the way ASPs are constructed, and employ some deterministic time changes. GLPs
generalise ASPs.

We have seen in Chapter 7 that ASPs are n-dimensional extensions of gamma random
bridges. Hence, an ASP can be viewed as a multivariate gamma information process about a
vector of dependent claims determined by the terminal values of cumulative gains processes.
We shall show below that we can view GLPs as multivariate information processes as well.
This interpretation follows from the fact that GLPs are a natural multivariate extension of
Lévy random bridges, and one-dimensional Lévy random bridges are used in Hoyle et al.
(2011) as market information processes.

This chapter is organized as follows: Section 1 is a brief review of Lévy processes, Lévy
bridges and Lévy random bridges. In Section 2, we define GLPs and provide various charac-
terisations of their law. As an example, we introduce what we call Liouville processes as a
subclass of GLPs, and show that ASPs are special cases of Liouville processes. We also intro-
duce what we call Standard Variance Gamma Liouville Processes (SVGLPs), and show that
SVGLPs can be represented in terms of Liouville processes. Section 3 is an information-based

perspective of GLPs.

8.1 Lévy Random Bridges

8.1.1 Lévy Processes and Lévy Bridges

Let (22, F,Q) be a probability space equipped with a filtration {F;}o<t<oo. We fix a finite
time horizon [0, 7] and assume that all filtrations are right-continuous and complete. An

n-dimensional cadlag process {Y;};>o with Yy = 0 is a Lévy process if it is stochastically
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continuous, and has independent and stationary increments. The characteristic function of
a Lévy process satisfies EQ[e?t] = e"?) for z € R™, where the characteristic exponent
f(z) : R" — C" can be written as

w(z) =iy, z) — %(z, Az) + /n(ei<z’z> — 1 —i(z, 2) 1z <1y)A(d). (8.1)

Equation (8.1) is the Lévy-Khintchine representation, where () is the inner product, v € R™,

A is a symmetric positive-definite n X n matrix, and A is the Lévy measure which satisfies

A0} =0  and /n(]x|2/\1)A(d:c)<oo. (8.2)

Let {Y;}ico,m) be a one-dimensional Lévy process defined on (R, B(R)), and assume that
the density of Y; exists for every ¢ € (0,7]. For the density to exist, the law of ¥; must be
absolutely continuous with respect to the Lebesgue measure.

We denote the density of Y; by f; : R — R,. The densities of a Lévy process satisfy the

Chapman-Kolmogorov convolution identity

/ frs( = 9) ful) dy, 83)

and the finite-dimensional laws of {Y;} are given by

Q(}/tl c dyb C) 7 E dyn H ft —t;— 1 yifl) dyw (84)

formneN,,0<t;<...<t,<Tand (y1,...,yn) € R" Lévy processes are Markovian.

A Lévy bridge is a Lévy process conditioned to take some fixed value at a fixed future
time. See, for example, Fitzsimmons et al. (1993) for an analysis of bridges of Markov
processes.

If {Ytgﬁ)} is a bridge of {Y;} to the value z € R at time 7', then

fe—s(y — o) fr—i(z —y)
fT—S(Z - x)

QY e dylyP =) = dy, (8.5)

is its transition probability for 0 < s <t < T and 0 < fr(z) < oo. It is shown in Hoyle et
al. (2011) that Lévy bridges are Markovian.

8.1.2 Lévy Random Bridges

Hoyle et al. (2011) define Lévy random bridges (LRBs) as follows:
Definition 8.1.1. {L;}icjo,r) i a Lévy random bridge with law LRBc([0,T],{fi},v) if the
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following conditions are satisfied:

1. Ly has marginal law v.
2. There exists a Lévy process {Y;} such that Y; has density fi(z) for all t € (0,T].
3. v concentrates mass where fr(z) is positive and finite, i.e. 0 < fr(z) < oo v-a.s.

4. Foreveryn e Ny, every 0 < t; <...<t, <T, every (z1,...,x,) € R, and v-a.e. z,

Q(Ly, <1, Ly, Sap|lr = 2) = QY <21y, Y, <ay|Yr = 2). (8.6)
The finite-dimensional distributions of an LRB {L;} are given by

Q(Ly, € day, ..., Ly, € dan, Ly € d2) = [ [(frms, (@i — 2im1) dzi)by, (A2 20),  (8.7)

=1

where the measure 0;(dz;y) is defined by

Oo(dz;y) = v(dz) and  Oi(dz;y) = Mu(dz), (8.8)
fr(2)
for t € (0,7"). The transition law of {L;} is
0,(dz; 0,(R;
OLr € dln. =) = T and QL€ il =) = P EDf - as (89

Hoyle et al. (2011) introduce LRBs to model the flow of market information within the
information-based framework. An LRB (or what one may call a Lévy information process)
is identical in law to a Lévy process conditioned to have a fixed marginal law (say, the a priori
law of the future cash flow) at a finite future time. It is proven in Hoyle et al. (2011) that

LRBs are Markov processes with stationary increments. Note that GRBs form a subclass of
LRBs.

8.2 Generalised Liouville Processes

We are now in the position to introduce what we call Generalised Liouville Processes (GLPs).
To construct a GLP, we start with a master LRB {L;}o<;<., where L,, has marginal law v
for u, € Ny and n > 2. We assume that v has no continuous singular part (see Sato, 1999).
Then we split { L; }o<t<u, into n non-overlapping subprocesses. At this point, we would like to
note that one can also construct GLPs from Lévy processes which have discrete state-spaces.
Refer to Hoyle et al. (2011) for details on LRBs where their finite-dimensional distributions

are given in terms of probability mass functions.
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Definition 8.2.1. Fizxn € N, n > 2, and let {u;}}'_, be a strictly increasing sequence with

ug = 0. Then a process {€,}o<i<1 s an n-dimensional Generalised Liouville Process (GLP)

if

¢ T T ) ¢ I T
o L,y — Lo
i law
{gt}oﬁtﬁl = 75 ) = Lt(uz‘_uifl)"l‘uifl - Lui—l ) (81())
n)
\ _St 4 ) o<1 \ _Lt(un*un—l)‘i’un—l - Lun—l_ J o<i<1

where {Li}o<t<u, s an LRB. We say that the marginal law of L,, is the generating law of

{&}-

Each one-dimensional marginal process of a GLP is a subprocess of an LRB. Hoyle et
al. (2011) prove that subprocesses of LRBs are themselves LRBs. Hence, GLPs are a
multivariate generalisation of LRBs.

We define GLPs over the time interval [0, 1] for parsimony. It is straightforward to

generalise the definition for GLPs to arbitrary closed time horizons.

Proposition 8.2.2. The law of a GLP is characterised by a generalised multivariate Liou-

ville distribution.

Proof. Since v has no continuous singular part, we can write v(dz) = > 7% ¢id,,(2) dz +
p(z)dz, where ¢; € R is a point mass of v located at z; € Ry, and p: R — R, is the density
of the continuous part of v (see, Sato, 1999). Then from (8.7), the joint density of an LRB

{L;} is given by

Q(Lt1 S dl’l, coey Ltk S dl’k, Lun € dl‘n) =

i Zoi_ Ci0z; (75) + p(l’n)
= [fti_tifl(xi — Li— ) dxl] —
g )

. (8.11)

where o = 0, for all £ € N, all partitions 0 =tg < t; < -+ < t,_1 < t, = up, all x, € R,
and all (z1,...,2,)" =x € RF. Let a € R” be the vector of time increments a; = ¢; — t;_1,
and o = ||a]| = w,. The Jacobian of the transformation y; = x1,y2 = o — T1,... Y, =

Tp — Tp_1 is 1, and it follows that

Q(Ltl — Lto I~ dyh ey Lun — Ltk € dyn) =

> 5zi (2?21 y%) + p(Z?:l yi) .

~ [ ay 2=t 0 1
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From the definition given in Gupta and Richards (1995), (Ls, —Leg, - -, Ly, — Ly, Lu, — Ly, )

has a generalised multivariate Liouville distribution. Fix k; > 1 and the partitions 0 = té <

<. < ﬁw =1, for i = 1,...,n. Then define the non-overlapping increments {A;;} by

A = f(f) — £t(f) ,for j=1,...,k;and i = 1,...,n. The distribution of the ky x --- X k-
i i1

element vector A = (Ay1,..., Ay, Anty .-, An,) | characterises the finite-dimensional

distributions of the GLP {§,}. It follows from the Kolmogorov extension theorem that
the distribution of A characterises the law of {£,}. Note that A contains non-overlapping
increments of the master LRB {L;} such that ||A|| = L,,. Hence, A has a generalised

multivariate Liouville distribution. O

From Definition 8.2.1 and Proposition 8.2.2, we can see that the terminal value &, has a

generalised multivariate Liouville distribution.

8.2.1 Transition Laws

In what follows, we let {£,} be an n-dimensional GLP with generating law v, and {L;} is a
master process of {£,}. We denote the filtration generated by {£,}o<i<1 by {F&}. Note that
{¢,} may be viewed as an n-dimensional LRB, so {£,} is Markov with respect to {F=}.

We define a family of unnormalised measures, indexed by ¢ € [0,1) and = € R, as follows:

0o(B; 1) = (8.13)

.Z' fun 1— t) )V 5
\(B: / e (d2), (8.14)

for B € B(R). We also denote U,(x) = 6;(R; ). We define the sum of marginals of &, as

Ry = fo@ (8.15)
i=1

Note that R, = L,,

Proposition 8.2.3. The GLP {&,} is a Markov process with the transition law given by

@( W e dzy,. . 6"V eds, 6" eB ‘ ¢ = X) _

‘97(5 (B+Z 1 217In+z 1 Zz nil
=1 Ja—s)w—u;_1) (7 — ;) dz], (8.16)
W (Do @) E o . )
and .
Z yl
Q& € dy g, =x) = w 13; T o (i = ) dy], (8.17)
i=1 i) i=1

where T(t) = 1 — (U, — Up—1)(1 — 1) /un, 0 < s <t <1, and B € B(R).
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Proof. The proof is similar to that of Proposition 7.2.4. We begin by verifying (8.16). From

the Bayes formula we have

Q( (1)€dz1,...,§1" Veds,, 1,§1")eB‘§ —X>:

_Q( (I)Edzl,...,fln b Edzn,hz 151 EB"‘Z 1’2“€ de) 1
= Q(E, € dx) B

The law of Ry =), fli) is v; hence the numerator of (8.18) is

/ —_ Q ({%1) edz,..., ﬁn_l) €dz,1,€, € dx ‘ R, = 7“) v(dr) =
r€B+Y T %

n n—1

H[fs(ui*mA)(xi) da;] H[f(lfs)(u —ui— 1)( ;) dz;]

i=1 i=1

n—1
y / f(lfs)(unfUn—l)(T Zi:l Z; xn) V(dT); (819)
reB+Y T 2 Fun(r)

and the denominator is

(1 — dic1 Ti)
Jun (1)

Q& € dx) = H[fs(ui_ui_l)(xi) d;] /_OO Jun1s v(dr). (8.20)

=1

Equation (8.19) follows from the fact that, given > fli) = Ry, {&,} is a vector of subpro-
cesses of a Lévy bridge. Equation (8.20) follows from the stationary increments property of
LRBs and (8.7). Dividing (8.19) by (8.20) yields (8.16).

We shall now verify (8.17). From the Bayes formula we have

@(St € dy7£s € dX)
Q(¢, € dx)

Q¢ e dy[€, =x) = (8.21)

The numerator of (8.21) is

/ Q(€, € dy. &, € dx| Ry = 2) v(dz) =

n

H[fs(ul —ui—1) xz dxz H (t—s) (uj—u;— 1)( dyz / fun(l t;u ( )ZZ 1?/1) (dZ) (8 22)

and the denominator is given in (8.20). Dividing (8.22) by (8.20) yields (8.17). O

8.2.2 Sum of Marginals

We shall now show that the one-dimensional process {R:}o<:<1 is an LRB.
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Proposition 8.2.4. The process { R;}o<t<1 is an LRB with law LRBc([0,1],{ fiu, }, V).

Proof. Since {&,} is a Markov process with respect to {F&}, {R,} is a Markov process with
respect to {]—"f} Thus, we need to verify whether the transition probabilities of { R;} match
those of LRBs. We first verify the & -conditional law of ;. From the Bayes formula,

fun 1—s) ( - Z ) (dT)
- B fun i=1T
QRyedr|§, =x) = fjooo fun(r) Jun(i—s)(r = >0 @) v(dr)

_ 0(dr; Z?:l ;)
(i @)

Similarly, from the Bayes formula, the € -conditional law of R, for ¢ € (s,1) is

(8.23)

= 00 fu fUn t—s) (1 = D 2imy Ti) fun 1y (2 — 7)dr v(d2)

Rt d = = oo n
Q(R; € dr &, =x) = fun(z) f:_oo Jun(t=) (1 = D211 %) fun(1-0) (2 — 7)dr v(d2)

_ W) ~
- mfun(t—s)<r - ; ZEZ)dT (824)

The denominator of (8.24) is simplified since the densities of Lévy processes are closed under

convolution. The transition probabilities match those of LRBs given in (8.9). ]

8.2.3 Measure Change

We shall show that the law of an n-dimensional GLP is equivalent to a vector of n independent
Lévy processes. First, we assume that under some measure @, the process {€,} is a vector of
n independent Lévy processes such that Q(§, € dx) = [[" fe(ui—u;_.)(@i) dz;. Under Q, the
process { R }o<i<1 is a Lévy process, since the sum of independent Lévy processes is itself a
Lévy process. In particular, Q(R, € dz) = fu, () dz. The filtration {F&} is generated by
{&,}. We shall show that the process {¥;(R;)}o<i<1 is a martingale, where

fun 1—t) 2’ - Rt)
U,(R,) = / A v, (8.25)

For times 0 < s <t < 1, we have

. )(Rt — Ry)) 55}

_/Z e fun 2 >/ _Jwa=n(z = By =) funen () dy v(d2)
/ funt- fun — k) v(dz2)
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ES(U,(R,)| 7] = E [ / — (d2)
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Since Vo(Ro) = 1 and Wy (R;) > 0, the process {U;(R;)}o<t<1 is a Radon-Nikodym density

process.

Proposition 8.2.5. Define a measure Q by

40

= =W, (R). .
a0 (R1) (8.27)

Under Q, the process {&,}o<t<1 is a GLP with generating law v.

Proof. We prove by verifying that under @Q, the transition law of {&,} is that of a GLP:

Q (& € dx | F¥) = E¥[1{¢, € dx} | F¥]

1 Q
= (g B (R)LE, € ax} €]
\Ilt Rt u i
B %ERS)) I I Fit—s) i) (s =€) d. (8.28)

Comparing equations (8.28) and (8.17) completes the proof. O

Proposition 8.2.6. Suppose that {&,}o<i<1 is a GLP with generating law v under some

measure Q. Then

—<| =,(R)", (8.29)

defines a probability measure Q fort €]0,1). Under @, the process {&€,}o<i<1 is a vector of

n independent Lévy processes.

8.2.4 Liouville Processes

We now introduce a subclass of GLPs that we call Liouville processes and show that ASPs
are special cases of Liouville processes. Most of the results presented here about Liouville
processes can also be found in Hoyle and Mengiitiirk (2012). A Liouville process is a Markov
process whose increments have multivariate Liouville distributions. Liouville processes dis-
play a broader range of dynamics than ASPs. This generalisation comes at the expense
of losing the direct connection to Archimedean copulas. However, a Liouville process has
a natural link to a Liouville copula, which is defined by the survival copula of a Liouville
distribution (see, McNeil and Neslehova, 2010).

Liouville processes are a natural multivariate extension of GRBs, and thus are a flexible
tool in the modelling of cumulative processes. Their one-dimensional marginal processes are
in general not identically distributed. Also, the marginal processes are increasing and do not

exhibit simultaneous large jumps, but they can display strong correlation.
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Definition 8.2.7. Fizn € Ny, n > 2, and the vector m € R} satisfying m; > 0, i =

1,...,n. Define the strictly increasing sequence {u;}?_, by ug = 0 and u; = u;—y + m; for
i=1,...,n. Then a process {€,}o<i<1 is an n-dimensional Liouville process if
{€ }0<t<1 lg" {[Ft(u ) — FO T Ft(u —Up—1)+u - Fu ]T} (830)
tJUSIS 1 ) ) n n—1 n—1 n—1 0<t<1 )

where {T't }o<t<u, s a GRB with activity parameter m = 1. We say that the generating law
of {T';} is the generating law of {€,} and the activity parameter of {£,} is m.

Note that allowing the activity parameter of the master GRB to differ from unity in
Definition 8.2.7 is equivalent to multiplying the vector m by a scale factor. Each one-
dimensional marginal process of {£,} is a GRB with activity parameter m;, and Definition
8.2.7 ensures that &, is well-defined for each ¢ € [0, 1].

From Definition 7.1.6, it can be seen that &, has a Liouville distribution. Hence, in the
language of McNeil and Neslehova (2010), &; has a Liouville copula.

We shall provide the transition law, moments, distribution of increments and an indepen-
dent gamma bridge representation of a Liouville process. Since the proofs are very similar
to those of ASPs, we omit them.

First, we define a family of unnormalised measures, indexed by ¢ € (0,1) and x € R, , as

follows:

0,(B: z) = —Lnle” ; /B 1oagy 2 (2 — @)U (071 y(dz), (8.31)

MM, (11—t

for B € B(R) where u,, = |m|. We write V;(z) = 6,([0,00);x), and also R; = [|&,||. The
process { R;} is a GRB with activity parameter u,,. Given &,, the law of R; is given in (8.23),
and the law of R; for t € (s,1) is

Wi(r) (= )t exp(—(r = [x])

Vet (dr) = (8.32)
t W (1D Plun(t = s)]
The Liouville process {&,} is a Markov process with the transition law given by
Q& € dzar, " €dz &Y € B|&, =x) =
0r)(B+ S0 2y + S0 20) Y (25 — @)™ lem (i)
= dz;, (8.33
.} ™ —rma—) )
and (t=s)—1o—(vi—wi)
D) oz e e
Q& € dy|€, = dyi, (8.34)
t W (l1xl)) 1]1 m;(t — s)]

where 7(t) =1 —my,(1 —t)/u,, 0 < s <t <1, and B € B(R).
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Fix s € [0,1). The first- and second-order moments of &,, t € (s, 1], are

€s] = — 4+ &,
Un,

1. E° [gt(i)

2. Var® [ t(i)

3. o [ef) ef

Un, un(t—s)+1  u,(t—2s)

where we have

H1 = i:i(EQ[Rl | Rs] - Rs)a
_ (t=8)1+u,(t—5)) o e
Mo = (1 — S)(l + Un(l — S))E [(Rl Rs) |Rs]

g -mmlos [t ] i),

(8.35)

(8.36)

(8.37)

(8.38)

(8.39)

Fix s € [0,1). Given &,, the increment &, — &, t € (s, 1], has an n-variate Liouville

distribution with generating law
v (B) = vg(B + Ry),

and parameter vector a = (t — s)m for a set B € B(R).

(8.40)

Given the value of &, the Liouville process {§,} satisfies the following identity in law:

law *
{ft - ss}sstSI = {R Do ')’tl}sgtgla
where

1. D € [0,1]" has a Dirichlet distribution with parameter vector (1 — s)m;

(8.41)

2. {7} is a vector of n independent gamma bridges, such that the ith marginal process

is a gamma bridge with activity parameter m;, starting at the value 0 at time s, and

terminating with unit value at time 1;

3. R* > 0 is a random variable with law v* given by

v'(A) =va(A+ Rs), for Ae B(R);

4. R*, D, and {7, } are mutually independent.

(8.42)

Note that in Definition 8.2.7, if we set m; = 1 so that u; = u; 1 + 1 for i = 1,...,n, this

implies that u; =i fort =1,...,n, since ug = 0. In other words, setting u; —u;_1 = 1 means

splitting the time interval [0, u,| into n equal pieces. Then, comparing Definition 7.2.1 and
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Definition 8.2.7, it is clear to see that an n-dimensional Liouville process is an n-dimensional
ASPifm;=1fort=1,...,n.

8.2.5 Standard Variance Gamma Liouville Processes

We shall show the relationship between a particular class of GLPs, which we call Standard
Variance Gamma Liouville Processes (SVGLPs), and Liouville processes. Before doing so,
we shall briefly provide some background on variance gamma processes, variance gamma
bridges and variance gamma random bridges (see Hoyle, 2010).

Let {W;} be a standard Brownian motion, and {;} be an independent gamma process
where EQ[y,] = Var®[y,] = m. A variance gamma (VG) process {V;} is a Brownian motion

subordinated with an independent gamma process:
Vi =oW,, + B, (8.43)

for o0 > 0 and § € R. From this point on, we assume {V;} is a standard VG process with
o =1and g =0. That is, {V;} faw {W,,}. We denote the density of V; by ft(m), which is
given by (see Madan et al., 1998):

2m

1) = 2 (£ Ky V], (5.44)

where K, [z] is the modified Bessel function of the third kind (see Abramowitz and Stegun,
1964).
Let {V;g?)} be the bridge of a standard VG process to the value a € R\ {0} at time 7.

Then, we have

Sy - ) a - y)

o (a— )

Q [Vt(ﬁ) € dy ) Vi = a:} dy. (8.45)

Following the arguments presented in Hoyle (2010), we can write the following identity in

law:

(VY 2 (A + HopGer — ver) ), (8.46)

where {347} and {vr} are identical gamma bridges (with parameter m > 0), independent
from each other and independent of Hy. The parameter = y/m/2 and Hy > 0 is a random

variable with density

m2mt

CmT]2 ™ (a)

h 1oy (ha + h?)mT—lemmZhta), (8.47)
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Now let {L; }o<i<7 be a standard VG random bridge, with terminal law v, where v({0}) = 0.
Then, from (8.46), the following can be written:

law

{L:} = {LrYer + Hrp(Fer — 1) } o {(Ly + Hrp)Yr — Hrpver) }s (8.48)

where given Lp, Hy > 0 is a random variable with density

m2mt

ClmT2f" (Lr)

h'= Lns(-1r.0+) (L + h?)™T—temm@tb), (8.49)

Note that if Ly+ Hrp > 0, statement (8.48) suggests that a standard variance gamma bridge
is equal in law to the difference of two dependent gamma random bridges. More specifically,
if Ly > 0, from Definition 7.1.12, we can see that

(Ly + Hrp)Yer = Zr and Hrpyir = Ryr (8.50)

are dependent gamma random bridges, where Z = (L + Hrp) and R = Hpp are dependent
non-negative random variables. This observation motivates us to represent SVGLPs in terms
of Liouville processes.

First, we define a SVGLP:

Definition 8.2.8. Fizxn € Ny, n > 2, and let {u;}, be a strictly increasing sequence

with ug = 0. Then a process {€,}o<i<1 is an n-dimensional standard VG Liouville process
(SVGLP) if

law T
{Et}oﬁtﬁl = { [Lt(m) - L07 T 7Lt(un—un71)+un71 - L'U«n—I:| } ) (851)

0<t<1
where { Lt }o<t<u, 15 a standard VG random bridge.

Set T' = u,, and let L, + H, p > 0. Denote by v; the law of Z, and vp the law of
R. Also let {£7}o<i<1 and {€}o<,<; be Liouville processes with generating laws v, and vpg,

respectively.

Proposition 8.2.9. Fiz n € Ny, n > 2, and the vector m € R satisfying m; > 0,
i=1,...,n. Define the strictly increasing sequence {u;}1'_,, where ug = 0 and u; = w;_1+m;
fori=1,...,n. Then, the n-dimensional SVGLP {&,}o<i<1 satisfies

(€ ocrar = {7 — M ocia, (8.52)

where { Lt }o<t<u, i a standard VG random bridge.

Proof. Note that for each of the marginals of the Standard VG Liouville process {§,}, the
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following can be written:

{67} 2 { i) = L}
law {(Za?t(ui*’ui—l)+(uifl),un — R’Yt(uﬁuifl)+(uz‘f1),un) B (Z:Y\uifl’u" B Rryuifhun)}
law {Z(?t(uifui—l)‘i’(ui*l)’u" — Vi g ) — R(’Yt(uifuifl)Jr(uiq),un - 'Yuiq,un)}
2HE” - €™, -

for 0 < t < 1, where by Definition 8.2.7, {(¢")%} and {(£”)7} are the marginals of the Liou-
ville processes {£7} and {€F}, with generating laws vz and vg, respectively. The statement
follows. ]

Since ASPs are special cases of Liouville processes, SVGLPs can also be represented in

terms of ASPs:

Remark 8.2.10. Fizxn € Ny, n > 2. Setu; =u;—1 +1 fori=1,...,n with ug = 0. Then,
the n-dimensional SVGLP {€,}o<t<1 satisfies

{€oziar = {7 — €M ocia, (8.54)

where {LiYo<i<n is a standard VG random bridge, and {€ZYo<i<1 and {€F}o<i<1 are ASPs

with generating laws vy and vg, respectively.

8.3 An Information-Based Perspective

GLPs allow us to model a rich class of dependence structures between cash flows that have
a generalised multivariate Liouville distribution. Hence, one can model an information-
driven dependence structure for a vector of assets, where the law of a GLP determines the
distribution of the asset prices at a given time.

We shall briefly demonstrate the use of GLPs in an information-based model. First,
on the filtered probability space (2, F,{F:},Q), we let the probability measure Q be the
pricing measure. We introduce X; € £1(92, F,Q) as an n-dimensional random vector with
state-space (X", B(X")), where X™ C R".

We assume that

X, =[x, xmT (8.55)
is a vector of n cash flows with values Xl(l), e ,Xl(n) at time 7" = 1. One can introduce
W = [wy,...,w,] € R} as a vector of number of shares associated to each cash flow, and

view wX; as a portfolio of assets.
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We assume that X; has a generalised Liouville distribution and the market receives
partial information about X;. We let {FF} be the market filtration generated by a GLP
{&}o<i<1, such that &V = X{V, . ¢ = x{".

The prices of the cash flows, which we denote by X;, are given by

X, = PrE® [ X, | 7]

= P [BOX €], BUXD (6] (5.56)

for 0 < t < 1. In order to proceed further, we define Q(X)-valued stochastic processes
{Wz}te[o,u, t=1,...,n, by

mi(4) =@ (X e a| FF) —oxt e a]¢,), (8.57)
for A € B(X). Using the random probability measure 7}, the time-t price of X fi) is given by

X9 = p,EQ [Xl(i)|£t} = Py / diri(dz), (8.58)
X
for0<t<landi=1,...,n.

Note that the measure-valued processes {7?} and {7/} are dependent. It follows that the
law of the multivariate information &, determines the distribution of asset prices at time t.
Hence, GLPs allow us to model a broad range of information-driven dependence structures
between assets.

Many subclasses of GLPs can be analyzed in more detail. As an example, one may study
the properties of what one may call Brownian Liouville processes constructed from Brownian
information processes. Perhaps another interesting process to analyze is what one may call
a Poisson Liouville process constructed from a Poisson random bridge. We leave a formal

analysis of such processes for further research.
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Chapter 9
Conclusion

This final section presents a brief summary of the thesis and provides a general overview of
the work by including the objectives, approaches and some of the achievements. Also, we
briefly discuss some ideas for future research.

This work is comprised of three main themes within the information-based asset pricing
framework of Brody, Hughston and Macrina (BHM): (i) regime-switching information, (ii)
information asymmetry, and (iii) multivariate dependence modelling. We shall consider each

theme seperately:

9.1 Regime-Switching

Our objective is to develop an information-driven regime-switching framework that allows
us to derive a rich class of asset price dynamics and to price financial derivatives. It is our
aim to build a framework that is both analytically tractable and financially interpretable.
Our motivation arises from the fact that sudden changes in market information may cause
asset prices to jump. Also, significant changes in market information may coincide with
regime switches. Hence, we extend the BHM framework by considering filtrations driven by
regime-switching information sources. In this extended framework: (i) there may be regimes
where no new information enters the market, (ii) at the point of switching jumps may appear
in the asset price, (iii) jumps can propagate into the volatility of asset returns, and (iv) the
effective flow rate of information into the market may increase or decrease.

As an example, we are able to show that under switching Brownian information processes,
the asset price process has jump-diffusion dynamics. We see that during each regime, the
price process is governed by a different Brownian motion and a different stochastic volatility
process. In fact, it is a natural outcome of our framework that the stochastic volatility of the
price process may jump at regime switches. We also extend our regime-switching framework

to the multiple market factor setting. More precisely, we allow the possibility that each
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economic variable which determines the value of an asset is subject to different regime
switches, and provide mathematical expressions for the asset price processes. In addition,
we price European options and credit-based products under regime-switching economies. For
example, when regime switches coincide with jumps of a Poisson process, we show that the
option price takes a form very similar to what Merton (1976) presents in his jump-diffusion
model. Since our pricing formula admits any reasonable distribution for regime switches, we
are able to generate a large class of option prices. We also show that CDS prices may jump
at every regime switch, which means that the probability of default that the market assigns

to a risky bond changes in a discontinuous way.

9.2 Information Asymmetry

Our aim is to quantify the impact of changes in information sources. This includes measur-
ing the information asymmetry between the market and an informed trader, the information
asymmetry between two informed traders, and the information gap between the market-
implied view of an asset and its fundamentals. In order to achieve our objective, we develop
the concept of an n-order piecewise enlargement of the market filtration to model the infor-
mation set of an informed trader. Then we use information-theoretic and geometric measures
to quantify information asymmetry, which in turn quantify the impact of changes in infor-
mation sources. We also consider a single information-based model where the view of the
market towards the value of an asset is different from the fundamental value of that asset.
We derive the dynamics of information asymmetry processes in various models. These
processes jump at every activation of a new information source. We construct the infor-
mation asymmetry processes based on the following measures: (i) Kullback-Leibler, (ii)
Squared-Hellinger, and (iii) Fisher-Rao. The reasons we choose these measures are as fol-
lows: In information theory, the Kullback-Leibler divergence is widely used to measure the
information gain when passing from a prior distribution to a posterior distribution. Since
we have information jumps in our framework, the Kullback-Leibler divergence presents itself
as a good candidate in measuring the difference between the information content before and
after a jump, thus, quantifying the impact of the activation of an information source. We
introduce the use of the Fisher-Rao metric in our analysis due to its mathematical link with
the Brownian information process when the value of an asset has a Gaussian distribution.
More precisely, when we work with Gaussian distributions, we can determine points on a
Riemannian manifold in which the Riemannian metric is the Fisher-Rao metric. There-
fore, the Fisher-Rao metric is a natural choice when quantifying the distance between two
Gaussian distributions determined by different sets of information. The reason why we use
the Squared-Hellinger divergence is two-fold. Not only is it commonly used in information

theory to measure the distance between two different distributions, but it also brings forth
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a geometric perspective due to its link with the unit sphere. Thus, the Squared-Hellinger
measure is a smooth transition from an information-theoretic setting to a geometric setting.
In fact, motivated by this, we are able to show a relationship between the Squared-Hellinger
divergence and an isometric invariant of the Poincaré disc under the action of the general
Mobius group.

We are able to provide the dynamics for the asymmetry between two informed traders who
have differing access to information. In particular, we consider two informed agents who have
additional access to information compared to the market, but they have access at different
stopping times. This leads to a dynamic interplay between the amount of information that
the two informed agents have until the revelation of the value of an asset. If one of the agents
has access to more information sources at a given time, then that agent has an informational
advantge over the other. If both agents have equal access, then the information asymmetry
between them is zero. We are also able to provide the dynamics of market mispricing and
the ensuing correction following the arrival of fundamental information. In order to do this,
we assume that the market is initially provided with partial information about a cash-flow
that will not be paid. That is, the market has incorrect expectations about the value of an
asset. At the time when the market receives the information process about the true value
of the asset, the asymmetry between the market and the fundamentals jump to zero. This

represents a sudden market correction.

9.3 Multivariate Dependence

One of our main objective is to generalise the gamma random bridges to the multivariate
Archimedean survival processes (ASPs). We explore their deep links with Archimedean cop-
ulas, and provide various characterisations of ASPs. We then discuss further generalisations
under what we call Generalised Liouville Processes (GLPs). Our approach in constructing
these multivariate processes relies on splitting Lévy random bridges into non-overlapping
subprocesses. Since these subprocesses are themselves Lévy random bridges, GLPs can be
regarded as multivariate information processes.

We manage to provide numerous results about ASPs. For example, we show that there
is a bijection between ASPs and Archimedean copulas. We characterise ASPs as Markov
processes through their transition laws, and through their finite-dimensional distributions.
We show that they are processes equivalent in law to multivariate gamma processes, and we
detail the associated measure change. We are also able to provide an independent-gamma-
bridges representation of ASPs. Then we generalise ASPs to Liouville processes. Liouville
processes are also constructed from gamma random bridges, but we allow more flexibility
in our splitting mechanism. Finally, we present further generalisations and introduce GLPs,

which are constructed from arbitrary Lévy random bridges. We provide several character-

164



isations for GLPs, and discuss their use in multi-factor information-based models. More
precisely, we consider a market filtration generated by a GLP, where each marginal process
carries partial information about an asset. This allows us to introduce information-driven

dependence structures across assets.

9.4 Future Research

This thesis offers future research within the three themes mentioned above. We shall briefly
discuss them.

In our work, we consider stopping times that are independent of the information pro-
cesses. This brings forth a level of parsimony and tractability for deriving the stochastic
differential equations of price processes and pricing financial derivatives. One natural exten-
sion is to relax the independence assumption, and model economies where regime switches
depend on information. For instance, we can allow the stopping times to be dependent
on the value of the asset and independent of the market noise. Then we can work with
conditional independence, instead of complete independence, and would be able to derive
dynamics exhibiting even richer price behaviour. In addition, we mainly detail the case when
the stopping times are inaccessible, since we model them by the jump times of Heaviside
processes. Hence, jumps in asset prices are sudden and unexpected. However, our framework
by construction admits the use of previsible stopping times as well. For example, we can
model stopping times as the first hitting times of continuous processes, which would allow
us to introduce previsible regime switches.

Another potentially fruitful extension arises from the choice of information processes
that generate the market filtration. In our work regarding regime switches, we only consider
Brownian information processes. But what if different regimes are characterised by infor-
mation processes that have different laws? More precisely, what if different Lévy random
bridges are active during different regimes? Answering these questions offers the flexibil-
ity to represent regime switches as jumps from one law to another. This should lead to a
framework that admits the derivation of a large class of asset price dynamics under regime
switches.

Some extensions on derivatives pricing can also be made. Hoyle et al. (2011) provide
pricing formulas for European options when the market filtration is generated by an arbitrary
Lévy random bridge. These results are highly promising building blocks to generate a large
class of option prices under regime-switching economies. In addition, in CDS pricing, what if
the recovery rates are random and depend on the economic regime? In order to answer this,
we can model recovery rates as functions of information processes that characterise different
regimes. One can then generate recovery rate processes that jump at every regime switch.

Further extensions can be made on our analysis on information asymmetry by the use
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of m-order piecewise enlargements of filtrations. A detailed analysis of n-order piecewise
enlargements and their applications to finance offer a potentially prolific route to follow. For
instance, we can apply n-order piecewise enlargements to utility maximization problems for
insider trading. In addition, we may find other natural relationships between Riemannian
manifolds and information processes to quantify information asymmetry geometrically.
Finally, since GLPs form a large class of stochastic processes, they offer a wide range of
special examples. We can analyse these special cases in more detail. For instance, we can
introduce Brownian Liouville Processes constructed from Brownian information processes,
or Poisson Liouville Processes constructed from Poisson random bridges. This would al-
low us to introduce many relevant financial applications. It should also be possible to use
these processes within the regime-switching framework. Then, we can develop an exten-
sive information-based framework which enables us to start discussing about dependence

structures that change under different regimes.

166



Bibliography

[11]

[12]

[13]

Abramowitz, M., Stegun, I. A., 1964. Handbook of Mathematical Functions with For-
mulas, Graphs, and Mathematical Tables. Dover, New York.

Allenby, R., 1991. Rings, Fields and Groups: Introduction to Abstract Algebra. Modular

Mathematics Series, Butterworth-Heinemann 2nd Edition.

Amari, S., Cichocki, A., 2010. Information Geometry of Divergence Functions. Bulletin
of the Polish Academy of Sciences 58 (1), 183-195.

Amendinger, J., Imkeller, P., Schweizer, M., 1998. Additional Logarithmic Utility of an
Insider. Stochastic Processes and their Applications 75, 263-286.

Andruszkiewicz, G., Brody, D. J., 2011. Noise, Risk Premium and Bubble. Arxiv:
1103.3206.

Ankirchner, S., Dereich, S., Imkeller, P., 2006. The Shannon Information of Filtrations
and the Additional Logarithmic Utility of Insiders. The Annals of Probability 34(2),
743-778.

Ali, M. S., Silvey, S.D., 1966. A General Class of Coefficients of Divergence of One
Distribution from Another. Journal of Royal Statistical Society B 28, 131-142.

Alvarez, O., Tourin, A., 1996. Viscosity Solutions of Nonlinear Integro-Differential
Fquations. Annales de I'Institut Henri Poincaré Analyse Non Linéaire 13, 293-317.

Anderson, J. W., 2005. Hyperbolic Geometry. Springer-Verlag.

Arwini, K., Dodson, C. T. J., 2008. Information Geometry, Near Randomness and Near
Independence. Springer-Verlag, Berlin.

Atkinson, C., Mitchell, A. F. S., 1981. Rao’s Distance Measure. Sankhya 43, 345-365.

Back, K., 1992. Insider Trading in Continuous Time. Review of Financial Studies 5,
387-409.

Bain, A., Crisan, D., 2009. Fundamentals of Stochastic Filtering. Springer, New York.

167



[14]

[15]
[16]

[17]

[18]

[19]

[20]

[21]

[22]

[24]

[25]

[27]

28]

Baudoin, F., 2003. Conditioned Stochastic Differential Equations: Theory, Examples
and Application to Finance. Stochastic Processes and their Applications 100, 109-145.

Beachy, J.A., Blaire, W.D., 2006. Abstract Algebra. Waveland Pr. Inc. 3rd Edition.
Bertoin, J., 1996. Lévy Processes. Cambridge University Press, Cambridge.

Bhattacharyya, A., 1946. On a Measure of Divergence Between Two Multinomial Pop-
ulations. The Indian Journal of Statistics 7(4), 401-406.

Biagini, F., Oksendal, B., 2005. A General Stochastic Calculus Approach to Insider
Trading. Applied Mathematics and Optimization 52, 167-181.

Brigo, D., Hanzon, B., Gland, F.L., 1995. A Differential Geometric Approach to Non-
linear Filtering: The Projection Filter. Institut National de Recherche en Informatique
et en Automatique, 2598, 1-53.

Brody, D. J., Hughston, L. P.; 2001. Interest Rates and Information Geometry. Pro-
ceedings of the Royal Society A 457, 1343-1363.

Brody, D. J., Hughston, L. P., 2002. Entropy and Information in the Interest Rate Term
Structure. Quantitative Finance, Institute of Physics Publishing 2, 70-80.

Brody, D. J., Hughston, L. P., Macrina, A., 2007. Beyond Hazard Rates: A New Frame-
work For Credit-Risk Modelling. In R. Elliot, M. Fu, R. Jarrow, Ju-Yi Yen Advances in
Mathematical Finance, F.V. in Honour of Dilip Madan, Birkh&user/Springer.

Brody, D. J., Hughston, L. P., Macrina, A., 2008a. Information-Based Asset Pricing.
International Journal of Theoretical and Applied Finance 11, 107-142.

Brody, D. J., Hughston, L. P., Macrina, A., 2008b. Dam Rain and Cumulative Gain.
Proceedings of Royal Society A 464, 1801-1822.

Brody, D. J., Davis, M. H. A., Friedman, R. L., Hughston, L. P., 2009. Informed Traders.
Proceedings of Royal Society A 465, 1103-1122.

Brody, D. J., Hughston, L. P., Macrina, A., 2010. Credit Risk, Market Sentiment and
Randomly-Timed Default. Stochastic Analysis, Editor Dan Crisan, Springer Verlag.

Bollen, N.P.B., Gray, S.F., Whalley, R.E., 2000. Regime Switching in Foreign Fxchange

Rates: Evidence from Currency Option Prices. Journal of Econometrics 94, 239-276.

Burbea, J., Rao, C. R., 1982. Entropy Differential Metric, Distance and Divergence
Measures in Probability Spaces: A Unified Approach. Journal of Multivariate Analysis
12, 575-596.

168



[29]

[30]

[31]

[32]

[43]

[44]

[45]

Do Carmo, M. P.; 1992. Riemannian Geometry. Birkhauser, Boston.

Cecchetti, S. G., Lang, P.S., and Nelson, M.C., 1990. Mean Reversion in Equilibrium

Asset Prices. American Economic Review 80, 398-418.
Cherubini, U., Luciano, E., Vecchiato, W., 2004. Copula Methods in Finance. Wiley.

Chentsov, N. N., 1972. Statistical Decision Rules and Optimal Inference. American
Mathematical Society, New York.

Chourdakis, K. M., Tzavalis, E., 2000. Option Pricing Under Discrete Shifts in Stock
Returns. Working Paper, QM College, University of London.

Chung, K. L., 1982. Lectures from Markov Processes to Brownian Motion. Springer-
Verlag, New York.

Cochrane, J.H., 2005. Asset Pricing. Princeton University Press.
Cohn, D.L., 1997. Measure Theory. Birkhauser.

Cont, R., Tankov, P., 2004. Financial Modelling with Jump Processes. Chapman and
Hall/CRC Financial Mathematics Series.

Cont, R., Voltchkova, E., 2005. Finite Difference Methods for Option Pricing in Jump-
Diffusion and Exponential Lévy Models. STAM J. of Numerical Analysis 43, 1596-1626.

Cover, T. M., Thomas, J. A., 1991. Elements of Information Theory. Wiley New York.

Crandall, M. G., Lions, P. L., 1983. Viscosity Solutions of Hamilton-Jacobi Equations.
Transactions of the American Mathematical Society 277(1), 1-42.

Csiszar, 1., 1967. Information-Type Measures of Difference of Probability Distributions
and Indirect Observations. Studia Sci. Math. 2, 299-318.

Davis, M. H. A., Marcus, S. 1., 1981. An Introduction to Nonlinear Filtering. In: Stochas-
tic Systems: The Mathematics of Filtering and Identification and Application by Hazen-
wikel, M., Williams, J.C., eds. Springer.

Dieudonne, J. A., 1960. Foundations of Modern Analysis. Academic Press.

Doob, J.L., 1957. Conditional Brownian Motion and the Limits of Harmonic Functions.

Bulletin de la Société Mathématique de France 85, 431-458.

Driffill, J., Sola, M., 1998. Intrinsic Bubbles and Regime Switching. Journal of Monetary
Economics 42, 357-373.

169



[46]

[47]

[48]

[49]

[54]

[55]

[56]

[57]

[58]

[59]

Driffill, J., Sola, M., Kenc, T., 2002. Merton-Style Option Pricing under Regime Switch-

1ng. Computing in Economics and Finance, Society for Computational Economics, 304.

Duffie, D., Lando, D., 2001. Term Structure of Credit Spreads with Incomplete Account-
ing Information. Econometrica 69, 633-664.

Duffie, D., Huang, C., 1986. Multiperiod Security Markets with Differential Information:

Martingales and Resolution Times. Journal of Mathematical Economics 15, 283-303.

Dufresne, F., 1998. Algebraic Properties of Beta and Gamma Distributions, and Appli-
cations. Advances in Applied Mathematics 20, 285-299.

Efron, B., 1975. Defining the Curvature of a Statistical Problem (With Applications to
Second Order Efficiency). Annals of Statistics 3, 1189-1217.

Emery, M., 1989. Stochastic Calculus on Manifolds. Springer.

Emery, M., Yor, M., 2004. A Parallel between Brownian Bridges and Gamma Bridges.
Publications of the Research Institute for Mathematical Sciences 40, 669-688.

Elliott, R. J., Aggoun, L., and Moore, J.B., 1997. Hidden Markov Models: FEstimation
and Control. Springer New York.

Elliott, R. J., Jeanblanc, M., 1998. Incomplete Markets with Jumps and Informed
Agents. Mathematical Methods of Operations Research 50, 475-492.

Fang, K. -T., Kotz, S., NG, K. W., 1990. Symmetric Multivariate and Related Distri-
butions. Chapman and Hall, New York.

Fisher, R. A.; 1925. Theory of Statistical Estimation. Proc. Camb. Phil. Soc. 22, 700-725.

Fitzsimmons, P. J., Pitman, J., Yor, M., 1993. Markovian Bridges: Construction, Palm

Interpretation, and Splicing. Seminar on Stochastic Processes 33, 102-133.

Frees, E. W., Valdez, E. A., 1998. Understanding Relationships Using Copulas. North

American Actuarial Journal 2(1), 1-25.

Friedlander, G., Joshi, M., 1998. Introduction to the Theory of Distributions. 2nd edn.
Cambridge University Press.

Fujisaki, M., Kallianpur, G., Kunita, H., 1972. Stochastic Differential Fquations for the
Nonlinear Filtering Problem. Osaka Journal of Mathematics 9, 19-40.

Giesecke, K., 1994. Correlated Default with Incomplete Information. Journal of Banking
and Finance 28, 1521-1545.

170



[62]

[63]

[64]

[68]

[69]

[72]

[73]

[75]

[76]

Grorud, A., Pontier, M., 1998. Insider Trading in a Continuous Time Market Model.
International Journal of Theoretical and Applied Finance 1, 331-347.

Guo, X., Jarrow, R. A., Zeng, Y. 2009. Credit Risk Models with Incomplete Information.
Mathematics of Operations Research 34(2), 320-332.

Gupta, R.D., Richards, D.P., 1987. Multivariate Liouville Distributions I. Journal of
Multivariate Analysis 23(2), 233-256.

Gupta, R.D., Richards, D.P., 1991. Multivariate Liouville Distributions II. Probability
and Mathematical Statistics 12(2), 291-309.

Gupta, R.D., Richards, D.P., 1987. Multivariate Liouville Distributions III. Journal of
Multivariate Analysis 23(2), 233-256.

Gupta, R.D., Richards, D.P., 1995. Multivariate Liouville Distributions IV. Journal of
Multivariate Analysis 54, 1-17.

Hamilton, J. D., 1989. A New Approach to the Economic Analysis of Nonstationary
Time Series and the Business Cycle, Econometrica 57, 357-384.

Hamilton, J. D., 1996. Specification Testing in Markov-Switching Time Series Models.
Journal of Econometrics 70, 127-157.

Howard, P., Zumbrun, K., 1998. Shift Invariance of the Occupation Time of the Brow-
nian Bridge Process. Statistics and Probability Letters 45, 379-382.

Hoyle, E.; 2010a. Information-Based Models for Finance and Insurance. PhD Thesis,
Imperial College London, arXiv:1010.0829.

Hoyle, E., Hughston, L.P., Macrina, A., 2010b. Stable-1/2 bridges and Insurance: A
Bayesian Approach to Non-Life Reserving. arXiv:1005.0496.

Hoyle, E., Hughston, L.P., Macrina, A., 2011. Lévy Random Bridges and the Modelling
of Financial Information. Stochastic Processes and Their Applications 121(4), 856-884.

Hoyle, E., Mengiitiirk, L.A., 2012. Archimedean Survival Processes. Accepted for Pub-

lication in Journal of Multivariate Analysis.

Hughston, L.P., 1994. Stochastic Differential Geometry, Financial Modelling and
Arbitrage-Free Pricing. Working Paper, Merrill Lynch International Ltd.

Hughston, L.P., Macrina, A., 2008. Information, Inflation, and Interest. Banach Centre
Publications, Institute of Mathematics, Polish Academy of Sciences, in L. Stettner,
Editor, Advances in Mathematics of Finance 83, 117-138.

171



[83]

[84]

[85]

[36]

[87]

[38]

[89]

Ikeda, N., Watanabe, S., 1989. Stochastic Differential Equations and Diffusion Pro-

cesses. North-Holland Amsterdam.

Imkeller, P., 1996. Enlargement of Wiener Filtration by an Absolutely Continuous Ran-
dom Variable via Malliavin’s Calculus. Prob. Theory and Related Fields 106, 105-135.

Iversen, B., 1993. Hyperbolic Geometry. Cambridge University Press.

Jacod, J., 1980. Grossissement Initial, Hypothese (H’) et Theoreme de Girsanov. In:
Jeulin, T. and Yor, M. (eds) Grossissements de Filtrations: Exemples et Applications,

Lecture Notes in Mathematics 1118, Springer, Berlin.

Jacod, J., Skorohod, A. V., 1994. Jumping Filtrations and Martingales with Finite
Variation. Séminaire de Probabilités XXVIII Notes in Mathematics 1583, 21-35.

Jarrow, R. A., Protter, P., 2004. Structural versus Reduced Form Models: A New Infor-

mation Based Perspective. Journal of Investment Management 2, 34-43.

Jaynes, E.T., 1982. On the Rationale of Maximum Entropy Methods. Proceedings of the
Institute of Electrical and Electronics Engineers 70, 939-952.

Jeanblanc, M., Valchev, S., 2005. Partial Information, Default Hazard Process, and
Default-Risky Bonds. International J. of Theoretical and Applied Finance 8, 807-838.

Jeulin, T., 1980. Semimartingales et Grossissement d’une Filtration. Lecture Notes in

Mathematics 833, Springer, Berlin.

Kallianpur, G., Striebel, C., 1968. Estimation of Stochastic Systems: Arbitrary Sys-
tem Process with Additive White Noise Observation Errors. Annals of Mathematical
Statistics 39(3), 785-801.

Karatzas, 1., Shreve, S. E., 1991. Brownian Motion and Stochastic Calculus. Springer.

Khintchine, A., 1953. The Concept of Entropy in the Theory of Probability. Uspehi
Matematicheskih Nauk 8, 3-20.

Kim, C. J., Piger, J., Startz, R., 2005. Estimation of Markov Regime Switching Regres-
sion Models with Endogenous Switching. Working Paper.

Kolmogorov, A.N., Fomin, S.V., 1999. Elements of The Theory of Functions and Func-

tional Analysis. Dover, New York.
Krishnan, V., 2005. Nonlinear Filtering and Smoothing. Dover, New York.

Kyle, A., 1985. Continuous Auctions and Insider Trading. Econometrica 53, 1315-1335.

172



93] Kurue, A., 2003. Financial Geometry: Geometric Approach to Hedging and Risk Man-

agement. Financial Times Management.

[94] Labordere, P.H., 2008. Analysis, Geometry, and Modeling in Finance: Advanced Meth-
ods in Option Pricing. First Edition, Chapman and Hall/CRC Financial Mathematics

Series.

[95] Lafferty, J., Lebanon, G., 2005. Diffusion Kernels on Statistical Manifolds. Journal of
Machine Learning Research 6, 129-163.

[96] Macrina, A., 2006. An Information-Based Framework For Asset Pricing: X-Factor The-
ory and Its Applications. PhD Thesis, King’s College London, arXiv:0807.2124.

[97] Madan, D. B., Seneta, E., 1990. The Variance Gamma (VG) Model for Share Market
Returns. Journal of Business 63, 511-524.

(98] McNeil, A. J., Neslehovd, J., 2009. Multivariate Archimedean Copulas, d-Monotone
Functions and {1-Norm Symmetric Distributions. Annals of Statistics 37(5b), 3059-3097.

[99] McNeil, A. J., Neslehovd, J., 2010. From Archimedean to Liouville Copulas. Journal of
Multivariate Analysis 101(8), 1772-1790.

[100] McNeil, A. J., Frey, R., Embrechts, P., 2005. Quantitative Risk Management. Princeton

University Press.

[101] Merton, R. C., 1976. Option Pricing when Underlying Returns are Discontinuous.
Journal of Financial Economics 3(1-2), 125-144.

[102] Mikosch, T., 2006. Copulas: Tales and Facts. Extremes 9(1), 3-20.

[103] Moran, P. A. P., 1956. A Probability Theory of a Dam with a Continuous Release.
Quarterly Journal of Mathematics Oxford 7, 130-137.

[104] Naik, V., 1993. Option Valuation and Hedging Strategies with Jumps in the Volatility
of Assets Returns. Journal of Finance 48, 1969-1984.

[105] Nelsen, R. B., 2006. An Introduction to Copulas. Springer, New York, 2nd Edition.

[106] Norberg, R., 1999. Prediction of QOutstanding Liabilities 11: Model Variations and Ez-
tensions. ASTIN Bulletin 29, 5-25.

[107] Nunes, J., Webber, N. J., 1997. Low Dimensional Dynamics and the Stability of HJM
Term Structure Models. Working Paper, University of Warwick, 1-27.

[108] O’Neill, B., 2006. Elementary Differential Geometry. Revised 2nd edn. Academic Press.

173



[109] Pham, H., 1998. Optimal Stopping of Controlled Jump-Diffusion Processes: A Viscosity
Solution Approach. Journal of Mathematical Systems, Estimation and Control 8, 1-27.

[110] Protter, P., 2005. Stochastic Integration and Differential Equations: A New Approach.
2nd edn. 3rd printing Springer, Berlin.

[111] Rao, C. R., 1945. Information and Accuracy Attainable in the Estimation of Statistical
Parameters. Bull. Calcutta Math. Soc. 37, 81-91.

[112] Riesz, F., Nagy, B. S., 1990. Functional Analysis. Dover.

[113] Rogers, L.C.G., Williams, D., 2010. Diffusions, Markov Processes and Martingales
Volume 2 Ito Calculus. Cambridge University Press.

[114] Rogge, E., Schénbucher, P. J., 2003. Modelling Dynamic Portfolio Credit Risk. Working
paper, ABN AMRO Bank and ETH Zurich.

[115] Rudin, W., 1987. Real and Complex Analysis. McGraw-Hill.

[116] Rutkowski, M., Yu, N., 2007 On the Brody-Hughston-Macrina Approach to Modelling
of Defaultable Term Structure. 1. J. of Theoretical and Applied Finance 10, 557-589.

[117] Sato, K. 1., 1999. Lévy Processes and Infinitely Divisible Distributions. Cambridge
University Press, Cambridge.

[118] Schénbucher, P. J., Schubert, D., 2001. Copula Dependent Default Risk in Intensity
Models. Working paper, ETH Zurich.

[119] Shannon, C. E., 1948. A Mathematical Theory of Communication. The Bell System
Technical Journal 27, 379-423, 623-656.

[120] Tu, L.W., 2010. An Introduction to Manifolds. Springer, 2nd Edition.
[121] Widder, D. V., 1946. The Laplace Transform. Princeton University Press, Princeton.

[122] Williamson, R. E., 1956. Multiply Monotone Functions and Their Laplace Transforms.
Duke Mathematical Journal 23(2), 189-207.

[123] Yor, M., 1980. Grossisement de Filtration et Absolue Continuité de Noyauz.. In: Jeulin,
T. and Yor, M. (eds) Grossissements de Filtrations: Exemples et Applications, Lecture

Notes in Mathematics 1118, Springer, Berlin.

[124] Yor, M., 2007. Some Remarkable Properties of Gamma Processes. Advances in Math-
ematical Finance Festschrift volume in honour of Dilip Madan, R. Elliott, M. Fu, R.
Jarrow, and Ju-Yi Yen, eds. (Basel: Birkhauser).

174



[125] Walters, P., 2000. An Introduction to Ergodic Theory. Springer, New York.

[126] Williams, D., 1991. Probability with Martingales. Cambridge University Press.

175



