WEIGHTED ESTIMATES FOR POWERS AND SMOOTHING ESTIMATES OF
SCHRODINGER OPERATORS WITH INVERSE-SQUARE POTENTIALS
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ABSTRACT. Let L, be a Schrédinger operator with inverse square potential a|z| =2 on R¢,d > 3.
The main aim of this paper is to prove weighted estimates for fractional powers of L,. The proof
is based on weighted Hardy inequalities and weighted inequalities for square functions associated
to L,. As an application, we obtain smoothing estimates regarding the propagator eitla,

1. INTRODUCTION

In this paper, we consider the following Schrédinger operators with inverse-square potentials on
R%, d > 3,

_9\2
(1) /:az—A+—|;‘2 with az—(—d )
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o= - SVd= 27+ da.

The Schrodinger operator L, is understood as the Friedrichs extension of —A + # defined

initially on C°(R%\{0}). The condition a > — (u)2 guarantees that £, is nonnegative. It is well-

2
known that L, is self-adjoint and the extension may not be unique as 7(@)2 <a<l-— (d;2)2.

For further details, we refer the readers to [23, 24, 21, 30, 32, 26]. ’ ’

It is well known that Schrodinger operators with inverse-square potentials £, have a wide range
of applications in physics and mathematics spanning areas such as combustion theory, the Dirac
equation with Coulomb potential, quantum mechanics and the study of perturbations of classic
space-time metrics. See for example [4, 5, 33, 21] and their references.

Recently there has been a spate of activity dedicated to the operator £,. Strichartz estimates,
which are an effective tool for studying the behavior of solutions to nonlinear Schrédinger equations
and wave equations related to L,, were investigated in [4, 5] . In [17] the authors developed the
study of Strichartz estimates for the propagators e’ (2+V) with V(z) ~ |z|~2. The well-posedness
and behaviour of the solutions to the heat equation related to £, was studied in [33]. In [34], using
Morawetz-type inequalities and Sobolev norm properties related to L,, the long-time behavior of
solutions to nonlinear Schrédinger equations associated to £, was considered. More recently, the
authors in [23] established the equivalence between LP-based Sobolev norms defined in terms of
£3/? and in terms of (—A)*/2 for all regularities 0 < s < 2.

In this paper, our first objective is to extend the estimates in [23] to weighted estimates. More
precisely, we will prove the following result.
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Theorem 1.1. Suppose that d > 3, a > — (‘15—2)2 and 0 < s < 2. Ifr; :=1V ﬁ <p<

m := 1y (where aV b = max{a,b}) with convention & = oo then for w € Ay N RH(y,/py
we have

(2) H(—A)s/2f|\qu SIE 2 f -

If1 <p<oowithp; :=1V d - <p< s\/o’ := pa then forw € Ay, N RH,, /p) we have

(3) 1232 Flle, S W(=2)*"2 s,

Let us describe the motivation for the results in Theorem 1.1.

(i) When s = 1, (2) and (3) are known as the boundedness of the Riesz transforms and the reverse
Riesz transforms, respectively. Note that the boundedness of the Riesz transforms related to
L, was obtained in [18]. Hence, Theorem 1.1 can be considered as a natural outgrowth of
this direction of research.

(ii) The second motivation of our present work is the need of the following estimate of the form:

2°£5 fll . S N2l (=2)° f || 22
for certain 8 and 6. This type of estimate was studied in [6] for certain Schrédinger operators
instead of £, and played a key role in studying dispersive properties of Schrodinger equations
on non-flat waveguides. See also [9] for related weighted estimates in LP spaces with mixed
radial-angular integrability.

(iii) Another motivation of Theorem 1.1 is its utility in obtaining smoothing estimates related to
the propagators e**«. We give such estimates in Theorem 1.2 below. Note that smoothing
estimates related to Schrédinger operators are a topic of interest in PDEs and have a close
relationship to Strichartz estimates. For further details, the reader can consult [31, 11, 19,
22, 27] and the references therein.

As an application of Theorem 1.1, we obtain the following smoothing estimates.

Theorem 1.2. Suppose that d > 3, a > — (%)2 + i, and consider the Schridinger flow e*Fa f.

Then for all 0 < € < 1 we have the following smoothing estimates, with C' independent of €:

|z i T i _
W [ [ e s e ] < o100
and also
. e—1
) (o) 2(~8) 46 f sy S O Sl i) = s

On the other hand, for the wave flow eiw}/Qf we have the estimate
e—1

6 1/2 itLl/? < Ce /2 _ || .

(6) w(@) e fllp2garry S Ce™ /7| fllr2,  w(z) A+

. 2
We have a few comments on the theorem. The condition a > — (d%) + i guarantees that

the weight w satisfies the conditions in Theorem 1.1. It is an open question whether the results in

Theorem 1.2 holds true for a > — (7)2 In the particular case of d = 3, the potential is repulsive
which is considered in [15, 2]; however, our results are new for d > 3. PLEASE CHECK!

To prove Theorem 1.1 although we follow the approach in [23], some significant modifications
and improvements are required due to the following reasons. The first reason is that we work on
the weighted Lebesgue estimates instead of unweighted estimates. The second one we need to point
out is that in our present paper we employ the vertical square functions in place of the (discrete)
Littlewood—Paley square functions. This allows us to bypass the use of spectral multipliers as in
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[23]. Moreover, due to the lack of regularity condition of the heat kernels of =%« certain singular
integrals considered in the paper may be beyond the Calderén-Zygmund theory. This causes some
challenging matters, and we overcome these problems by using the criteria established in [1, 3] for
a sigular integrals to be bounded on weighted Lebesgue spaces.

The organization of the paper is as follows. In Section 2 we recall some preliminaries on the
Muckenhoupt weights and two criteria for a sigular integrals to be bounded on weighted and
unweighted Lebesgue spaces. Some kernels estimates will be derived in Section 3. In Section 4, we
first prove the weighted Hardy inequality and weighted estimates for square functions related to
L, which are of interest in their own right. We conclude Section 4 by using these results to prove
Theorems 1.1 and 1.2.

Throughout the paper, we always use C and ¢ to denote positive constants that are independent
of the main parameters involved but whose values may differ from line to line. We will write A < B
if there is a universal constant C' so that A < CB and A~ Bif A< B and B < A. For a,b € R,

we denote a V b = max{a,b} and a A b = min{a,b}. For p € [1, 0], we denote by p’ = pfl the

conjugate exponent of p.

2. PRELIMINARIES

2.1. Muckenhoupt weights. We start with some notations which will be used frequently. For a
measurable subset £ C R? and a measurable function f we denote

]if(x)dm:ﬁlﬂ/];f(m)dx

Given a ball B, we denote S;(B) =2/B\2/7'B for j = 1,2,3,..., and we set Sy(B) = B.
Let 1 < g < co. A nonnegative locally integrable function w belongs to the Muckenhoupt class
Ag, say w € Ay, if there exists a positive constant C so that

(éw(@dm) (]iw_l/(q—l)(x)dl')q_l <C, ifl<g<oo,

][ w(z)dr < Cess-infw(z), if ¢ =1,
B reEB

and

for all balls B in RY. We say that w € Ay if w € A, for any ¢ € [1,00). We shall denote
w(E) := [, w(z)dx for any measurable set £ C R%.

The reverse Holder classes are defined in the following way: w € RH,,1 < r < oo, if there is a
constant C' such that for any ball B ¢ RY,

(]in(x)dx) e C]iw(x)dx.

The endpoint r = oo is given by the condition: w € RH,, whenever, there is a constant C' such
that for any ball B C R,

w(z) < C’][ w(y)dy for a.e. x € B.
B

Let w € As, . For 0 < p < 0o, the weighted space LE,(R?) is defined as the space of w(z)dz-
measurable functions f such that

/
iz = ([ 1f@Putar) ™ < .

It is well-known that the power weight w(z) = |z|* € A, if and only if —d < a < d(p — 1).
Moreover, w(z) = |z|* € RH, if and only if ag > —d.

We sum up some of the properties of Muckenhoupt classes and reverse Holder classes in the
following results. See [12, 20].
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Lemma 2.1. The following properties hold:
(i) we Ay, 1<p<ooifand only if wP e Ap.
(i) Ay C Ay C A, for1 <p<g<oo.
(iii) RHs C RH, CRH forl<p<gq<oo.
(iv) If w e Ap,1 < p < o0, then there exists 1 < g < p such that w € A,.
(v) Ifw € RH,;,1 < g < 00, then there exists ¢ < p < oo such that w € RH),.
( 1) = U1<p<ooA - U1<p<ooRH
(vii) Let 1< pyg<p<qo<oo. Then we have

weAr NRHw), <= w'™" € Ay NRH

af

(p‘?)/'

2.2. Hardy-Littlewood maximal functions. For r > 0, the Hardy-Littlewood maximal func-
tion M, is defined by

M, f(x) = sup B|/f Irdy ,xeRCﬂ

where the supremum is taken over all balls B containing . When r = 1, we write M instead of
M;.

We now record the following results concerning the weak type estimates and the weighted
estimates of the maximal functions.

Lemma 2.2. Let 0 < r < oo. Then we have for p > r and w € A
M fllze, < 1f [z,

2.3. Two theorems on the boundedness of singular integrals. We recall the definition of
linearizable operators in [16]. An operator T defined on L?(IR?) is said to be a linearizable operator
if there exists a Banach space B and a linear operator U from L?(R") into L?(R%,B) so that

Tf(@)] = Uf(2)le

p/T>

for all f € L?(R%) and a.e. x € R4,

It can be verified that a linearizable operator is a sublinear operator. The class of linearizable
operator includes linear operators, maximal operators and square functions.

We first recall a theorem which is taken from [3, Theorem 6.6] on a criterion for the singular
integrals to be bounded on the weighted Lebesgue spaces.

Theorem 2.3. Let 1 < pg < qg < 00 and let T be LI bounded linearizable operator. Assume that
there exists a family of operators {At}t>0 satisfying that for 7 > 2 and every ball B

™ (£, = siman) ™ <o) f 1sman) ™"

(8) (£, entman) ™" < )(f 151ma) ™

for all f supported in B. If Zj a(5)27% < oo, then T is bounded on LP,(R?) for all p € (po,qo) and
w e APL ﬂRH(@)/
0 P

Note that [3, Theorem 6.6] proves Theorem 2.3 for gy = 2, but their arguments also work well
for any value of ¢q.

The following theorem is a direct consequence of [1, Theorem 3.7] which give a sufficient con-
ditions for a singular integral to be bounded on Lebesgue spaces which plays an important role in
the sequel.



SMOOTHING ESTIMATES FOR SCHRODINGER OPERATORS WITH INVERSE-SQUARE POTENTIALS 5

Theorem 2.4. Let 1 < pg < qg < 00. Let T be a bounded sublinear operator on LPO (Rd). Assume
that there exists a family of operators {As}i~o satisfying that

(9 (f I = Acp)pas) ™ < My (1)),
and
(10) (f 1141 de) "™ < CM (710,

for all balls B with radius g, all f € C(R™) and all x € B. Then T is bounded on LP(RY) for
all po < p < qo.

3. SOME KERNEL ESTIMATES
For a constant @ € R. We denote

d, = g, a>0
oo, a<0.

Theorem 3.1. Let {T}}4~0 be a family of linear operators on L?(RY) with their associated kernels
Ti(z,y). Assume that there exist C,c > 0 and o, B € R with djy < do such that for allt > 0 and

z,y € R1\{0},
\/{5 « \/i B _ o _le—u®
(11) |Tt(x7y)|§C’(1+m) (HW) /2o

Assume that d’ﬁ <p<q<dy. Then for everyt > 0, any measurable subsets E, F C R?%, and all
f e LP(E), we have:

d(1 d(BE,F)?

_d(1_1y _ )
(12) ITef | pagry < Ct 20 e 5 | fl| o (my-

To prove this theorem, we need the following elementary results.

Lemma 3.2. (a) Let k € (—oo,d). Then there exists C > 0 so that for allr >0

1
/ ——dx < Cri=r.
B, 17"

(b) For p € [1,00) we have

1 _lz—wi7p  \1/P C
([ [ame ] ) =

2p”
uniformly in r € R,

Proof. The proof of this lemma is simple and we omit details. ([

We now turn to prove Theorem 3.1.
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Proof of Theorem 3.1: From (11), for x € F' we have

IIth|Lq<F>g{/F[/E(1+|\j) (H'\j) 2o ] x}l/q
N A (e e )

" {/FQB(M [/E\B@,m (1 ﬁ)a(l " ﬁ)ﬂt‘“e‘ 1ty >|dy}qu}1/q

§ {/F\Bm,ﬂ) o (5 fj)a(l ¥ [j)ﬁ /2 |f<y>|dy}qu}l/q

Vi@ Vi . Ve
" {/F\B(O,\/f) [/E\B(O,\/Z) (1 + m) (1 + M) (y)|dy} dﬂ?}

< FE1+ Ey;+ E3 + Ejy.

By Holder’s inequality, Lemma 3.2 and the fact that 8p’ < d we have

_a, Viyae Vi A ’
B < Ce "% {/FNB(O f)t qd/2<1+ |xT>q dx}l/q([E flp)l/p{/B(o’ﬁ) <1+ |y1|5)6p dy}l/p

1
< B 4G (/ )"
E

For the second term, using Holder’s inequality, Lemma 3.2 again with the fact that ag < d we

arrive at
v 1/q
()ldy| dx}

t «
Bl / (Hi)
FrBOVE L) B\B(0,vE) |z|
< oM / /|f|p /p / {t*d/%*”z_ﬁ'zrdy)l/p
FNB(0,v/t) |33|

«@ 1
Se_d(Ez’cf)zt_ﬁ / |f|p / <1+ \/i) qu} /a
FnB(o,\/Z) |z|

_d(E,F) 77777
S5 i)

By a similar argument we can also dominate E3 by

G D /mp

It remains to estimate the last term E;. We observe that

1/q
T A s 0
F\B(0,vt) -JE\B(0,Vt)

At this stage, by using the standard argument we can prove that

1/q
Ty 2
/ [/ 420~ 52 4y L R S a2 /|f|p
P\BO.VE) - BB,V

1/q
q
dx}
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Hence,
,,,,, _ B, F)?
B, <t72G /\f|p

This completes the proof of (12).
O

2
Theorem 3.3 ([29, 25]). Assume d > 3 and a > —(%) . Let pi(x,y) be the kernel associated

—tL,

to the semigroups e . Then there exist two positive constants C and ¢ such that for all t > 0

and z,y € R4\ {0},

pe(z, 3/)<C(1+\[|> (1+|\[|> /2l

The following results gives some estimates of the heat kernels p.(z,y) for z € C; /4 := {2 € C:
|arg z| < w/4}.

Proposition 3.4. Let p,(x,y) be the kernels associated to the semigroups e~**e with z € Cryy =
{z € C: |argz| < w/4}. Then there exists constants C' and ¢ such that

\/m 7 m 7 ,Ircfzy\z
(13) p=(a,y)l < C(1+ = ) (1+ o )"l e

Proof. We adapt the standard argument in [11] to our present situation.
It suffices to claim that

(19) (e, ()| < o

where w(z) = (1 + \m)ﬂf

ly]
Now for f: R? — R, we define the norm

[flwre = sup |f(z)w(z)] .

Hence (14) is equivalent to that
C

—2L,
lle* HLiﬁl%wL"O < 272"

Assume that z = 2¢ + is where ¢ > 0 and s € R. Then we have ¢t ~ |z| and
T P e O e O P PO
Since £, is nonnegative and self-adjoint, ||e=%%a||;2_,7> < 1. We now claim that
e e lls pa SEY and et oy S

We now show |le~*a| 1 ENERS t=/%, The inequality |le=*2||12 e < t~%* can be done in
wT

2 1/2
dx)

2 /
(1+ﬁ) i—d/2 — J" dx)l 2(1+\/Z)Uf(y)ldy

] lyl

the same manner. Indeed, for f € Lllu,1 we have

et e < (/R /R (”ﬁ) (Hm
<L(/

(y)|dy
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Arguing similarly to the proof of Theorem 3.1 we get that

2 1/2
(/ (1+\[> /2= ’ dx) < /4

o
ot S [ (14 ) Ml =

Hence,

which implies
HefwaHLl 2 St a4,
This completes our proof.
d

As a direct consequence of Proposition 3.4 and Cauchy formula, we obtain the following result.

2
Proposition 3.5. Assume d > 3 and a > —(%

constants Cy, and cy, such that for all t > 0 and x,y € R4\ {0},

t\° t\ o le—yl?
Pk (2, y)| < Ch (1 + I\[I) (1 + |‘[|> ¢ (bkd/2) = E5E
y

where py1(,y) is an associated kernel to Lke~

For any k € N, there exist two positive

tL,

4. RIESZ TRANSFORMS AND SMOOTHING ESTIMATES

4.1. Weighted Hardy inequalities. The Hardy inequality for Laplacian —A was studied in [34]
and then was generalized for Schrédinger operators £, in [23]. In this section, we extend to the
weighted Hardy inequalities for L.

Theorem 4.1. Suppose 0 < s < d;d—s—20 >0, and d,, < p < dsys. Then forw € Ar N

-
dﬂ

RH( §+,,)/ we have

LY (RY) S S I£s /QfHLﬁ,(Rd

]~ f]

Proof. 1t suffices to prove that
el =*L5* %] s ®e) S ll9ll Lz, ey

for d, < p <dsy, and w € A 2 N RH( g+<,) . To do so we shall apply Theorem 2.3.

We define a linear operator

Trosf (@) = |2 7L ().
Fixp € (d,,ds1s) and w € A 2 O RH( ) Then we can find d/, < p; < p < p2 < ds4, so that
P

w € APL n RH(Q) .

We now fix a ball B C R and m > d + d/p,. For any function f supported in B we claim that

" </s»<B> Tl = b i) o Faypda)

Indeed, using the formula

1 o0 dt
75/2: /2 —tLy Y
£a r(s/2>/o e

to obtain that

(16)  Tpyull — "5y f(z) = i

; >~ $/2| ] —S ,—tLq . 77‘QBEQ m wr
F(S/Z)/O t/ 2 |z| e e (I — e )f(:z:)t
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This along with Minkowski’s inequality implies that

dt

—r2 m 1 > s —s _—tL, —r2 a\m
|Tz,.s(I—e pla) flloea(s;By) S m/o 3 /2|| x| fe e (I — e "BE )" f (@) Le2 (s, (B)) 7

2

1 "B dt

< t5/2 —s ,—tL, I — 77“3 m v v wr

Storm [, e V@l o5, )
1 e 2 dt
ts/2 —s —tLq I — —rgLlaym P2 (g, -
F i [y I = T @0

S B+ Es.

We first take care of E1. Observe that
/2 s —(t+kr2 )Ca f dt
(17) E; < ch Tt | |z[~%e B ($)||LP2(S,-(B))7~

Note that the associated kernel of the linear operator f(z) +— |:c|*se*(t+kr23)£af(x) is given by
|2~ *Pt4 ez (x,y) and by Theorem 3.3 it is dominated by

r 2 N o 2 .o __le—yl?
o= (14 YEERB) (1 VERRIEY 4 g0z

|| |
t k 2\ o+s t k 2 (o _le—yl?
< (t+kr23)_s/2(1+ V |+| 7‘3) (1+ vV |+| 7'3) (t+k7“23)_d/26 (kg
z Yy

Therefore, applying Theorem 3.1 we get that

412

2 - /P2
o 0 0 sy 5 (¢4 ) /2 B ([ )T

Inserting this into (17) to obtain that
4J7 /Pz
Ey <Z/ 2t + krd) " %e C<‘*’”B> / Ifl”
<Z Bts/z(tJrkT ) 8/2(t+kr3 / \f|p2 /pz
~ —Jo 4972

1/p2
sz [ )
B

To estimate F5, we note that

, r2 r2
(I — e TBLa)™ = / / Lme~(sittsm)lagg
0 0

where ds = dsy ...ds,.
Hence, the associated kernel to the linear operator f(z) s |z =S¢ ™"£e (I—e~"5La )™ f(z) is given

by
% rh
/ . / |Z] ™" Ptyss ot sm,m (T, 4)dS,
0 0
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and hence by using Theorem 3.5 we can dominate it by

) t ... m\% t ... m\ _ _ Jz—y|2
|x\—st—m<1+ Vv +51|—;| +s ) (1 Vit 1 |—;| +s ) (t+ 514+ 5m) /2 = SFe T e
t\° t\° o —y|?
< lal ot (1 X0)7 (14 )Tz
|| |yl
o+ o z—yl?
e A
T Y

where in the first inequality we used the fact that t +s; + -+ + s, ~ t for t > r% and s; €
(0,7%],i=1,...,m.
This in combination with Theorem 3.1 implies that

e 2 _ my _rh 1/p2
| == (I = &7 5™ £ (@) | s (5,03 S 72 e C‘B(/B'f'“)

Inserting this into the expression of Fy to get that

"B t B

- s —(s m t m dt 1/p2
5/ $5/24—(s/2+ )(W) 7x(/mpz)

% g B

com( [ )"

From the estimates of F; and Ey we conclude (15).
With estimate (15) in hand, we can now complete the proof of the theorem. First note that it
was proved in [23] that T, s is bounded on L? for p € (d,,ds+,). For each ball B, we now set

Ay, =T —(I— e "BEe)m,

Then from (15), we conclude that °

18)  (f, el = A spar) " g amems e (f ()

/p2

On the other hand from Theorem 3.1 and Proposition 3.5 we imply that ¢
1/p2 92 L L 1/p1
(19) ([ @)™ e 5 ( [ p@lra)
S;(B) B
which implies that *

1/ ) 1/
(20) (£ MAf@pan) ™ szoenam(f |apas) ™.
S;(B) B
From (18), (20) and Theorem 2.3 we obtained the desired result. O

4.2. Weighted estimates for square functions. Let a € (0, 1) we consider the following square

function
1/2

Secad(@) = ([ It ee e )

Note that by functional calculus theory in [28], the square funtion Sg, . is bounded on L?. In the
following theorem, we prove the weighted LP estimates for Sz, .
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Theorem 4.2. Suppose that d > 3, a > — (dg—z)2 and o € (0,1). Then for all d,, < p < d, and
w E AdL/ ﬂRH(di)/ we have

1Sca.afllzy, ~ 11z,

As a consequence, for 0 < s<2,d <p<d, andw € Ar N RH, a,,, we have
g ar (5Z)
o P

0 dt 1/2
H( / £t 2 H ~ 1252
0 t LE

Proof. We shall apply again Theorem 2.3. To do so we assume for now that S, , is bounded on
L? for p € [2,d,). This assumption will be justified later.

Fixd <p<d, and w € AdL; ﬂRH(L(,),. Then we can pick d), < p; <p<pV2<ps <dy S0
that w € Ap N RHzay. ’

Fix m > 1+ d + d/p2, we will claim that

P
Ly

1/p : 1/p
@) ([ ISeaall—eEEypmdr) T g2 i (ppman) T iz,
s;B) B

for all balls B and all f € C'° supportted in B.
Indeed, by Minkowski’s inequality we have

2
1/p2 B 2 diN 1/2
([, I8euatr by gpman) ™ < ([ acyt-oetee - erieeyny] )
S;(B) 0 Lr2(S;(B)) ¢
00 2 diN1/2
tﬁa l—a —tL, I — —15La\m ’ 7)
+ (/ﬂB H( J eI e ! Lr2(8;(B)) t
=1 + Is.

We now take care of I, first. Note that

¢ e
and
(22) (1-ebinyn— [ ppetrttenitags
[O)T%]m
where d5=ds; ...ds,.
Hence,
-2 2 2 1/2
ws ([P b oo, 4
0 0 t Lr2(S;(B)) u | 't
) 9 1/2
"B oo «
+ / / (E) tﬁae_(t+")£”' (I _ e—r%/:a)mf‘ dﬁ ﬂ
0 2 t LP2(S;(B)) U t

= I + I,
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‘We now have

m 2 r 2
B "B N\ t 2 du
T [ [0 S S .
HN/;) /0 /o t) t+u+kry (tFuthrp)Lae / Lv2(S;(B)) u
e[ t e wl’ )
u\ & T u
< Ut v _—B) auyj at
N;;J /0 /O (t) t+u+kr%eXp( ot +u+ krd) 1711272 o) u] t
m 2 2 9 2 1/2
"B "BouNe t st u+kri\m du | dt
< ) oty (L) 1 2]
Nkz:; /0 _/0 (t 4ird 4iry 11l oz () u | t
5 272m ”f”LPz(B)
Now we use (22) to obtain that
b i r du th
Ip < / / / (? e~ (tHutsit.tsm)La ‘ 2743 -
0 O3 Jry Lr2(5;(B) u

which along with Theorem 3.1 and the fact that uw ~ ¢+ u 4+ s1 + ... 4+ s,,, implies that

9 1/2
du dt
s < Zazl =
e ([ e [y G e Sok
S 27 1l o2 (5
As a consequence,
I S527%m 1Nl o) -
Similarly, we split Iy as follows
) 5 1/2
I < / /B (E) —(t+u) L, ( —e r2B£a)m ’ dj ﬂ
T\ | Joo N Lr2(s;(B) u |t
) 1/2
(L[ aeea-ciord,, .., %4
2 r2 Lr2(S;(B)) U t
B B
= Io1 + Ioo.
The argument used to estimate I3 can be applied again to show that
Iy S 272 1l o) -
On the other hand, using this argument, we also dominate I5o as follows
9 1/2
e g du dt
Iy < I =) . Zdgl =
5 1/2
oo 1 _Wrh du dt
< c(u+t) » 7d_° -
</ / / Tt T Wl ] t
—2(m—1
S 2720m=hi Hfllm(B) :

2
dt

t

1/2
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Therefore,
Iy S 2727 £l o -

Hence, this completes the proof of (21). At this stage, arguing similarly to Theorem 4.1, we obtain
that

1Sca.afllcy, < If1Ls,-

To prove the reverse inequality, by functional calculus theory for g € Lpl with v = w!' ™" we have

[ @it =ce) [ [ e g

where c(a) = fo t2(1_°‘)6_2t%. (Actually, this identity holds true in L? first. However, due to
the weighted LP boundeness of S, o we can extend the converegence to L?,.)
By Holder’s inequality, we can write

dt

—cla > lfaeftlla T lfaeftlla )= dx
[t =) [ [ 0L L, e e g @)

< / St af(2)Se, ag(z)da
Rd

SSca.af e 15,9l o

Note that from (vii) Lemma 2.1 we obtain v € Ap//dmRH(d, oy Hence, from the weighted LP

estimates of S¢, o we have proved we get that ||Scz, a9l » §U||g||L,,/, we obtain

/ @)g(@)dz S 1Se,.af ozl

As a consequence,

1 llze, S 1520 fllz, -

To complete the proof, we need to prove the original assertion that S, . is bounded on L" for
all r € (2,d,). According to Theorem 2.4, for any qo € (2,d,) it suffices to prove that

(23) (£ 18eclt = A1 ds) " < CM()(2),
and

/40
(24 (£ 1Sceaden f"da) ™ < CMa(1Se. 0 (o).

all balls B with radius 75, all f € C°(R") and all z € B with A,, = I — (I — e "pLa)m,
To prove (23), we write

(f, 18ccall = Arp)fP o) gi (f 18ealt ~ A sl o)

Jj=

= ZI]‘,

AN

where f; = fxs,(B)-
For j = 0,1, using the L?-boundedness of S¢, o and A, we have

I; S Ma(f)(2).
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For j > 2, the argument in the proof of (21) shows that

g (£ )"
S;(B)

> I S Ma(f)(x)

Jj=0

Therefore,

which proves (23).
It remains to prove (24). Indeed, we have

([ 1Seualt = (=58 @) o)
= i (] S, a0 B f() o) "

o) R dt QO/2
< | (/ IekTBE”(tEa)“‘ewaf(x)lz) da
1<k<m |JB \Jo t

ok L 2 g\ /2 o
< - TB —tha _
<X s | [ ([t sl ) a

j=0

1/q0

1/4q0

which along with Minkowski’s inequality, Theorem 3.5 and Theorem 3.1 gives

1Sz, .all — (I — ™52 )™ f(z)|% dx
(], )

N 9 dt 1/2
< S t
2, (/ i)
N 1/2
Cedd |y — (=L Y~ &
S S e B ([ et g 2

1/q0

e HBE(HL,)1 e s, ()|

Jj=20
: 1/2
Sy e B ([ 1Seaf@)Pdn)
320 b
This implies (24). Hence the proof is complete. O

The following result regarding weighted estimates for the difference of square functions will play
an essential role in the proofs of the main results.

Theorem 4.3. We have the following estimate

o0 dt\ /2
/ 0 |(tLae™ 0 + 1A fIP S < !
0 t ||* {] e
LY, w
provided that
(a) a>0, 1<p<oo and w € Ay; or
(b) — (42 ) <a<0, 1\/d+sa<p<d[,andw€A NRH, /py -

d+s o

Before proceeding with the proof of the theorem, we need the following technical results on
kernel estimates.
Let Dy(z,y) be a kernel of tL,e "t 4+ tAet®. We have the following estimates:
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Proposition 4.4. (a) If a > 0 then

_ +|y\ -2 _lz—y|?
25 Dy(z,y)| <t~ %2 (1+x|> e et
(25) |De(x,y)| S 7
for all z,y € R? and t > 0.
(b) If—(d—f)2 <a <0 then

-2
- + ly| _le—yl?
26 Dy(z,y)| <t~ %2 <1+3:|> e~ o
(26) |Di(z,y)| < 7

for allt >0 and |z|,|y| > V1/2.

—tL,

We remark that in [23] the authors gave upper bounds for the kernels of e — e'®. However,

this estimate is not sufficient for us.

Proof. We first give the proof for the case a > 0. Note that in this case since both kernels of
tLoe e and tAet® satisfy Gaussian upper bounds, there exists C, ¢ > 0 so that

w2
Dia.y)| < O e a
for all z,y € R% and t > 0.
Hence, it suffices to prove (25) for * ~ y and |z|,|y| > v//2. From Duhamel’s formula, we
obtain that

ds
t—s

t/2
Dt(‘ray) :at/dﬁt/Z(x?Z)‘z|_2pt/2(Zay)dz+at/ /dptfs,l(azZ)|Z|_2ps(zay)dz
R 0 R

27 t 5 _ ds
(27) + at/ / Di—s(x, 2)|2] 2p371(z,y)dz—
t/2 JRe s

=1+ 1y + Is,

where fy; (7, y) denotes the kernel of (—1)F(tA)ketA.
Using the fact that 0 < py(z,y) < pe(x,y) to get that

, 12

1 Jo—y|? 1 lo—z|2
S tdﬁeiliegt/ Wei 16t |Z|72d2
]Rd

1 ez 5 lz—wl?
I §t/ st |z|2e s dz
R

which along with the fact that

(28) L= 2 < L
e 1972 SERETE

implies that
1 _e—w® ¢
Il 5 W@ 16t W
Similarly, by using the Gaussian upper bounds of p;_s 1(x, z) and ps(z,y) and the fact that

2 2 2
2=a , o=yl | la—y
t—s S - 2t

for all s € (0,1)
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we also obtain that

I ey y\"‘ t/2 1 Sl ds
23 Re (¢ — d/zsul/2 o s
_lz—yl* y\z t/2 dS
<
Ntd/2 / /]Rd Sd/2
< 1 _ == y|?

16t
e

where in the last inequality we used (28).
Similarly, by a change of variable and arguing as in I,
1 _je—w®2 ¢
W@ 16t W

This completes the proof for the case a > 0.

I3 S

We now consider the case when — (u) < a < 0. In this situation ¢ > 0 and thus it is easy

to observe that ,
lz—yl
ct

Dy, y)| St
whenever |2/, |y| > v/t/2. Hence, it suffices to prove (26) for |z|, |y| > v/t and |z| ~ |y|.
By expressing Dy(z,y) as in (27), we will need to estimate Iy, I, I3 for — (%)2 < a <0 and
|z[, ly| > vt and |z] ~ |y|.
Arguing similarly to the case a > 0, we have
1 LR

< _
I S td/26 161 e

For the second term Io, from the kernel bounds estimates of p; 1 (x, y) and p¢(x,y), and arguing

similarly to the case 1, we obtain
(1 + \/§> dzds

ow? Y2 1
Lse / /Rd d/2 oA

(t— ||
1 lz—y|* y\2 \[ 7
S [ (”u) e
1 le—yl*% y\z \/g 7
< 1+ = dzd
~td/26 / /Wsd/? (+II) o

(1 + \|/|§) dzds.
z

_lz—yl® y\2 t/2
* !
td/2 zl<v3 sd/2

Similarly to the case a > 0, we have

1 _\wfty\2t t/2 1 _lz—y
R 2y S92
_Je— y\2 t/2
W / /|>f s

e
td/2 |$|2

From the fact that o + 2 < d we have

1 =, Vs’ 1
e 1+ Y5 < —
f e ( * |z|> SR

(1 + ﬁ) dzds
z
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This implies that

1 ”'Zt/t/z/ 1
— ct —€
td/2? o 2|<v/5 gd/2

Likewise, we get that

1 o-yl? 1
<1+\/§> dzds < e~ i L

|2 ~ g x>

1 lz—y|2 ¢
< ____eT 16t ——
I3Ntd/26 T6¢ ik

This completes our proof. (I
Proof of Theorem 4.3: We consider two cases.

Case 1: ¢ >0
Fix 1 < p < oo and w € A,. Observe that by Proposition 4.4

( / T | (tLae e 1 A f(2) %)” ?
0

22(J+1) dt 1/2
< Z/ |(tLa e~ tha —|—tAetA) f(gc)|2 —
jez”?¥ t
22<a+1> 2 1/2
s Lo (Lpeiwi) ¢
jGZ 227 R4
1/2
22<J+1> 2 2
< Z/ 2 /2*” (1+|m|+,|y> e~ |f(y)ldy a
jEZ 2 ]Rd 2-7 t
S
<3 [ ot (1 WY o
JEZ

where in the last inequality we used the fact that ¢; < /5.
As in [23] we split the right hand side term above into two terms with respect to low-energy
and high-energy cases.

(/ t=° |(t£aeft£“ + tAetA) f(a:)|2 %)1/2
0

_i(dLs x|+ |y _le—y|?
S/d 9—i(d+s) (1+|2j||> 227 |f( )|dy
R - €7:95 > || +]y|
ildts x|+ |yl \ |L ik
) 2 a<d+><1+"2j") 1wy

JE€Z:27 <|z|+y|
= Il(.’E) + IQ(I’)
For the first term, we have

—j(d+s) 1
<[ Ny s [ sl

JEL:23>|z|+|y]

1 1
< s d o .
N/|y|<z| (=] + ‘y|)d+s|f(y)‘ y+/y|>|x (\x|+|y\)d+5‘f(y)| Y

S hia(z) + ha(z),
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which implies
I (lze, S WM Olley, + (a2l zs, -
It is easy to see that

lyl* |f(y)l F\ i,
fule) = /|ygw| fdrs e W SM <| - |s> (=)

which yields that
/

Tii(Mow <

IOl 5 |

L%,

Taking g € L? (v),v = w'* € A, we then have

0o < [ (9) (@) dyda
S N |x\+|y|>d+s'

y)|
/Rd /y|>|w |y\d |y\s l9(e)ldydz
f(y)

d [ wsto|
z)|drdy < M
/R d /le w W o(edady 5 [ IMoo)]| 12

| ;

dy

M .
N e

As a consequence,

f

[]*

[2()llze, S

LY,

We turn to the second term I»(z). For 0 < € < 25%, we have

> ! 1 |+ Jy T
B0 5 / d + ( j |f(y)|dy
RY jez:9i <|a|+]y| |z —y|*=< (Je] + |y]) 2

| | | L)
s fly dyS/ dy
L gl Qal e LW e G e e

e[ [
Fl (m) FQ(I) F3($) F4(CL‘)

= 121(56) + 122(33) + 123(23) + 124(33),
where Ty (z) = {y : |y| < [z/2]}, Ta(2) = {y : |y| > 2Jz|}, Ta(z) = {y : [2[/2 < |y| < 2[z[} N
B(,|2[/2) and Ty(z) = {y : |z[/2 < |y[ < 2[z[} N B(z, [z]/2)".
It is easy to dominate Io1(x) as follows

m@ s [ M (L)@

yl<lzl2 21T lyl®

which implies that

M1 (g, S

For the term Iy (z), we have

1 fW)l
122($)§/y CAmE dy

[>2|z| |yl
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At this stage, by using the argument in the estimate I12(-) we also get that

f
|z[®

Moz lez, < H

L%,

s [ Wy < (L) @

B(w2lz)) 217 [yl®

In addition, we have

which implies that

f
|z]®

Mooz, < H

The last term I54 can be dealt with as follows.

1
124(x)§/ - Elf(ys)ldy
B(z,|z|/2) |z —yli=<lz]c |yl

RS 1wl
% y

P
Lo

2

i=1ja|<|o—yl<2-i|a| 1T = y|9Clz]e [yl®

22 w( ) s m () @

which implies that
f
|z]®

s ()l < H

L%

Case 2: —(‘12;2)2§a<0
Fix p € (IVUH;%U,CIU) and w € A__»

a
WViars—0o

1v d+s - <p1<p<q <dg,andw € Ar N RH(LI)/. Similarly to Case 1, by Proposition 4.4
P1
we obtain that !

(/Oofs |(tLae™ e + tAC2) f(2)]? ﬁ)”g
0

N RH(%,)/. Hence, there exist p1,q1 so that

t

. 27\ 7 29\7 _je—y?
< an (1+) (1+> S| () dy
(> ] m

d | .
JEL:2I > (|| Alyl)/2

-2
—i(d+s x|+ _le—y|?
+/R > g~i(d+s) <1+||2j|y|) e |f(y)ldy

? jez:2i <(|alnlyl)/2
= Jl(m) + JQ(.’E)

The argument used to estimate Is(x) in Case 1 also shows that

/
To(M,» <
|| 2( )”L‘ZJ ~ H |{L'|S 2
It remains to show that
/
Ti(- < [
|| 1()”qu ~ |x|g r
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Indeed, we have

Jl(x)g/w‘ > 2—j(d+s)( ) (
23
[a]

JELZ:29> (e |VIy])/2
s S 7\ 7 _ == y\
L B (2] () o
B™ jez:lyl/2>20>||/2 Y
2 27\ 7 == y\

+ / > 2 “d“)( |) ( ||> = | f(y)ldy

R jez:|e)/2>2 >yl /2 Y
= Jn(x) + J12(£E) + J13(1‘)

2 _le—y|?
|) S| () dy
2

For the term Ji1, one has

IN

1
d
Jll(x) \/]Rn (|J?| + |y|)d+s—2o|$‘o|y|a‘f(y)| Yy

/ ot y
ly|<|z| \ylzlw\

We now consider the contribution of Ji; (). In this case, we have

| f(y)]
H yi<lal 12|77yl

AN

If s— o >0 then

Th () < /| Wy < (L)

<zl 2% lyl®

and hence,

1Ol < H | gf'

LY

Otherwise, if s — 0 < 0 then by Holder’s inequality

’ 1/1)/1 1/}71
y|s—o)P £ (y)|P
s ([ e, )"
. lyl<|e| [2](Fso)PL i<le Y|P

Since 0 < (0 — s)p} < d, by Lemma 3.2, we have

1/p1
1 F) Ay
J11( ) <|x| /y|<|x |y|5p1 dy) ,S Mm (| K |s> ( )

which implies that

f

ER

1 Oz, <

LY
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. Set v = w'?", and hence by (vii)

To estimate the term JZ we employ the duality argument
Lemma 2.1, v € Ay/q. . For g € ij’/ we have

1 /()]
(J? letald
e / /y|>z |y\ 4= "le" e Vo@)lde
£ ()]
d
/Rd /|z|<|y I:EI" Uyl
i /ps
1 ) "l
|

1/p1
< spiac) ([ dz
/Rd </|x|<y ol <y| 2|7 y| oo

which together with Lemma 3.2 gives

’

1/p}
1 : |f(y)]
2.9) < — Pid d
<ADmNA;<M,Ameun Q Sy
<o )

;
Ml || sty |5
L%, L%,
Hence,
;
X L%,

Let us move on the term Ji5. We split this term as follows.

) 29\ 7 2\ ey
hate) % 2““”O+) Q+) 1 () ldy
ly|>2|| Z € |y

JEL:|y|/2>27 > x| /2 21

) 23\ 7 27\ ° _le—y?
+f 2“H9@+> @+) £ (y)ldy
lyl<2la| 2 || |yl

JEZ:|y|/2>27 >|x| /2

= Jiy(x) + Jia(x).

It is easy to see that

2 (p) < —j(d+s) 2\° 2\ ey
Jia(z) < > 2 i) (Btgp) 7 1wl
lyl<2z| x ly

JEL:|y|/2>27 >|z/2

1 f >
< I dy < T
NLWMMWV@WNMQP (x)

which yields that

f

ER

1Tz, <

LY
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To consider the contribution of Ji,, we write

. 20\7 29\ 7 _le—y?
T % | 2-3(d+9) (1+) (1+) T ()l dy
" lyl>2]z| 2 || Y

JEL:y|/2>27 > 2|/2

1
< e d
Njylzﬂwl |$_y‘d+5—0|y|g’|f(y)| Y

Sl

yl>2lel Y

Arguing similarly to I in the case 1, we also obtain that

/
JsOllze Sl==1 -
IOl 5| G |,
Hence,
/
Tiof- <
H 12()||Lﬁ; ~ |gj|5 r
It remains to show that F
Jis(: < .
H 13()”[/% ~ |I|5 r

The proof of this estimate can be done in the same manner as that of Ji5. We leave it to the
interested reader.
This completes our proof. (I

4.3. Proof of Theorems 1.1 and Theorem 1.2.

Proof of Theorem 1.1: Fix 0 < s < 2, d, < p < ds4» and w € Apjar. N RHq,,,/py- Then by
Theorem 4.2, Theorem 4.3 and Theorem 4.1 we have

0o d 1/2
-8l 5 | ([ el P )

L%,
>0 at\'"? > dt\'?
< (/ £75 | (tLae ™ + tACHD) £ ) + (/ t—5|t£ae—waf|2)
0 t LE 0 t L
/ s
Slesll + e e
|| L%,
SNL*flles,-
Conversely, for 1 < p < co with p; :=1V ﬁ <p< ﬁ ==pe and w € Ay, N RHp, /) We have
. R A
ez floe 5 ([ lecoe e P Y )
0 e
0o g\ 172 0o g\ 12
< </ £ | (tLae e +tAetA)f}2 ) + </ ts|t(—A)etAf|2)
0 t L 0 t L
f
Sl =22 Fll e,
|| LY,
SN2 s,

where in the last inequality we used Theorem 4.1.
This completes our proof.
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O

Proof of Theorem 1.2. Before starting the proof, we note that the flow e« satisfies for all s the
conservation laws

L8/ ong | o = | £5 2uol| 2 VEER
by self-adjointness. By an elementary application of Theorem 1.1 in the unweighted case, this
implies the almost conservation of H® norms

(29) [(=A)*2eEang|| 2 ~ (A 2ug| 2 for 0<s<2.
Consider not a generic Schrédinger equation with potential
tu + Au—c(z)u =0, c(z)= %.
x

If u(t,x) solves this equation, then the following identity holds for any sufficiently smooth 1) :
R? — R:
(30) RV Q%+ 30, {aVy - Vu} = —$A%[ul? + 2527, 9u0;0000ku — Vi - Velul?
where
Q% =Vu Tt — LVAYlul* — V¥ [clul* — iwga + Vu - Va] .

Formula (30) is usually called a wvirial (or Morawetz) identity, and it is easy to check directly by
expanding the derivative V - Q7 and using the equation for u(t, ) (see e.g. [2], [8], [10]).

Consider the case when the weight v is a radial function; by abuse of notation we use the same
symbol ¥(z) = ¢¥(|z|). Then we can write

V- Ve ='dc

where 9, = ﬁ -V is the radial derivative. If we denote by V7 u = Vu — ﬁ@ru the tangential
component of Vu, we have also the identities

d /
|Vu|?> = [0,ul? + |VTul? and Z 0jud; 0,0kt = " |0pul® + r;VTUQ.
k=1
Then formula (30) reduces to
(31) RV - Q° + S0 {u)'d,u} = 2¢"|0,u|? + 2%|VTu|2 — $A%Pluf? — 9 clul?.

We now pick an explicit radial weight
T SE
P(r) /0 T 5 <e<

where the parameter € will be chosen later. A straightforward computation gives, writing for
brevity r = ||,

! 2erc 1 2r¢ 1 2er€ 1
2" |8, u? 22 T, 12 _ 210,ul? 20T, 12 > 1 2
1/J| u| + |$‘|v ’U,| (1_|_7,e)27,‘ U’| +1—|—TET|V u| 7(1+re)2r‘vu|7
Y 2_ T 2a, 9
T e 1
and ) ) .
oA = = " [@ . 6} 2 = (d—1)(d —
SO = o [B e 09| W pa = (d- 1) - 3)
where
d? —6d+7 r?—1 r2—dr+1
2 = 2d — 5 — € < 3d?
8) =~ e =) s — 8| <
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since d > 3. We substitute these expressions into (31) and integrate over R?; if u is a H' solution
the term in divergence form VQ*° vanishes, and we obtain

_ 2er¢  |Vul? td re  |ul?
S "Opuldr > | ———— d [2 EC 342 —
\y/at{w/u?u}ari/(l_’_re)2 . x+/ a+2 3d e 1+ re 13 x
Recall that by assumption we have
d—2 2 1 Hd
§:= — ) —=-= — >0
a—i—( 5 ) 1 a—+ 1 >0,
thus if we choose € = min{1,d~2§/3} and note that ¢ < § we have proved the inequality
€ Vul? ere  |ul?
2 s [ogayoutds > [ VU, / Mg
(32) J/at{uwau}x*/(l—kre)? . T+ e 5 x
We next integrate (32) with respect to time on the interval ¢ € [0, T]; we obtain

t=T T € 2 € 2
Z/ / { er i |Vul d+ er |uz|))] ddt.
=0 0 (I+7r9)?2 r 1+7re r

B(v,w) = / D@ ([2]) By w(z)de

€

(33) R / ) Orudx

‘We note that the bilinear form

satisfies the estimate
(34) |B(u,v)| < 3[|v]l gz lwll /2,
where we used the notation
o]l o = l1(=A)"?v]| 2.
Indeed, by Cauchy-Schwartz and the inequality |¢’| < 1 we have
|B(v,w)| < |v||p2|lw] g

On the other hand, integrating by parts we have
B(v,w) = /U(J:)V¢(x)Vw(ac)da: = /[w%Vzﬂ + woAy]dz.
Note that |V¢| < 1 while

ere1 (d—1)yr< b d
AyY| = < -
[AY] (1—1—7“6)2Jr 14+re —r
so that, by Hardy’s inequality,
_ v 2d
[ v < dlwlis | < s fulzs ol
L2

Thus we obtain, for d > 3,

2d
Bl < (1+ 725 ) ollzaloln < Tl ol .

Summing up we have proved that B : H* x L? — C with norm 1 and B : L2 x H! — C with norm
< 7. By complex bilinear interpolation this implies

B:HY?x HY? > C
with norm /7 < 3 as claimed. Using (34) we can write

t=T

< Au(D) 1/ + 4u0)1F:2 < Collu(0)1%: 2
t=0

R / )’ O udx
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where in the last inequality we used the almost conservation law (29), and the constant Cj is
independen to of T. Using the last inequality in (33) we obtain

T . 5 . )
€r |Vu| er |u| )
d —— | dadt < ]
/o /{(1+T6)2 r + 14 re 3 zdt < Col[u(0) I3

and letting T' — 400 we arrive at (4).
In order to prove (5), we isolate the first term in (4) and we use again Theorem 1.1 in the
unweighted case:

,r,e—l ; - )
/ / T Ve o fPdudt < Ce(=0) A 7 = 1L A e

,re—l - |x‘efl
(I+r<)? 7 (I+]z|

We note that the weight w(z) =
we can write

2 satisfies the conditions of Theorem 1.1, so that

e—1 e—1
r 1/2,itLa £12 </ r itLa £1205 < =L L1/4 |2
| et e P < [ G Ve e <
Since L’(ll/ * commutes with the flow, this implies
e—1
r 1/4 itLy 12 -1 2
/mwa/ et flPde S €| flI7e
Finally, again by Theorem 1.1, we have
[ eyttt 2. [ ) et
(1+re2!™e ~ ) @42
and this gives (5).
Denote now by R(z) the resolvent operator of £, and by SR(z) its imaginary part:
R(z) = (La—2)"",  SR(2) = (2) 7' (R(2) - R(2)).
Moreover, let A be the operator
A= w@) A, () = LT
’ (1+ |z[9)?

Estimate (5) can be written
A€ fl| 2 qasny S € V2| £l -

By Kato smoothing theory, applying e.g. Theorem 2.2 in [7], we obtain that this estimate is
equivalent to the resolvent estimate

(35) IASR(2)A" fll2@ey S € HIfllee, 2 € R,

uniformly in z ¢ R. (In the terminology of Kato’s theory, the closed operator A is L,-smoothing).
Then we are in position to apply Theorem 2.4 from [7] (with v = 0) and we obtain that the

Vs £

operator AL, -smoothing, i.e., the following estimate holds:

itrl/? -
145" fll g2 garsy S € V2)1L f 12
that is to say, we have proved that
itol/ _
()2 (=) f aqgany € € VALY f e
Finally, using Theorem 1.1 exactly as in the proof of (5), we can cancel the operators (—A)/* and
£Y/* and we obtain estimate (6). O
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