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3D zero-thickness coupled interface finite element:
Formulation and application

B.Cerfontaine®, A.C. Dieudonné®?, J.P. Radu?, F. Collin®*, R. Charlier®

@ University of Liege, Geomechanics and Engineering Geology, Chemin des chevreuils,
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bYF.R.I.A., Fonds de la Recherche Scintifique - FNRS, Brussels, Belgium

Abstract

In many fields of geotechnical engineering, the modelling of interfaces re-
quires special numerical tools. This paper presents the formulation of a 3D
fully coupled hydro-mechanical finite element of interface. The element be-
longs to the zero-thickness family and the contact constraint is enforced by the
penalty method. Fluid flow is discretised through a three-node scheme, dis-
cretising the inner flow by additional nodes. The element is able to reproduce
the contact/loss of contact between two solids as well as shearing/sliding of the
interface. Fluid flow through and across the interface can be modelled. Open-
ing of a gap within the interface influences the longitudinal transmissivity as
well as the storage of water inside the interface. Moreover the computation of
an effective pressure within the interface, according to the Terzaghi’s principle
creates an additional hydro-mechanical coupling. The uplifting simulation of
a suction caisson embedded in a soil layer illustrates the main features of the
element. Friction is progressively mobilised along the shaft of the caisson and
sliding finally takes place. A gap is created below the top of the caisson and
filled with water. It illustrates the storage capacity within the interface and the
transversal flow. Longitudinal fluid flow is highlighted between the shaft of the
caisson and the soil. The fluid flow depends on the opening of the gap and is
related to the cubic law.

Keywords: Contact Mechanics, Interfaces, Finite elements, Offshore
Engineering, Hydro-mechanical couplings
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List of symbols

Roman symbols

(el el el) local system of coordinates defined on mortar side
(E1,E3,E3) global system of coordinates
fwi longitudinal fluid flux within the interface
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Sfwt transversal fluid flux across the interface
Fg, F;, Fop external, internal and Out of balance energetically equivalent nodal forces
gN, EN gap function, variation of this function

gr variation of tangential displacement

J jacobian of the transformation from actual to isoparametric element
k intrinsic permeability

K stiffness matrix

Ky, Kp penalty coefficients

PN, Py contact pressure, effective contact pressure
R rotation matrix

S storage

t local contact stress vector

Tt transversal conductivity

u vector of generalised coordinates (x,y, 2, Py)
W Gauss weight

Greek symbols

Il area of contact

F}i area of the non-classical fluid boundary condition
ox virtual field of velocities

OPw virtual field of fluid pressures

€ deformation tensor

I friction coefficient

Pw fluid density

o stress tensor

T tangential contact shear stress
#'(&,m)  interpolation function related to node i, in the isoparametric system of coordinates
Q porous medium nb. i, Solid nb. i
Mathematical symbols
v gradient operator
tensor contraction
scalar product
[]¥  transpose operator
[]7! inverse operator

II-|| norm

0ij kronecker delta
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1. Introduction

The role of interfaces and discontinuities is crucial in many fields of geotech-
nical engineering and engineering geology. They cover a wide range of scales
from soil-structure interaction to geological faults. In all cases, the interface
delineates two distinct media and has a very thin width with respect to them.
They often constitute preferential paths for fluid flows, deformation and failure.
Therefore the modelling of their behaviour is a major issue for engineers.

Assessing the behaviour of foundations requires a deep understanding of the
interface mechanisms. Prediction of the frictional strength of a pile is crucial
to estimate and model its resistance to driving [1, 12, 13]. Soil-foundation friction
is also a major component of the resistance of anchors or pile foundations to
pull loading [4, |5, 6]. The modelling of limit states or post-failure behaviours
of these foundations requires specific numerical tools able to take into account
large relative displacements between the foundation and the surrounding soil.
Suction caissons or bucket foundations are a particular case of anchors. They
may be used as permanent foundations for offshore structures [17, I8, [9]. They
consist of steel cylinders open towards the bottom. They are installed within the
soil by suction |10, [11], i.e. the water inside the caisson is pumped out creating
a fluid flow from outside. This creates a differential of water pressure between
inside and outside, digging the caisson into the soil. This suction effect is also
mobilised during the loading of the foundation especially in traction |4, 12]. Tt
increases the total transient resistance of the foundation. It also ensures the
foundation does not fail even after full mobilisation of friction between the soil
and the caisson. Correctly representing the large uplifting of the caisson and
the mobilisation of friction are among the main challenges of their modelling
13, [14].

The behaviour of geological faults in the vicinity of hydrocarbon production
wells was given much attention [15,[16]. Disturbances created by such a process
may affect the environment in triggering micro-earthquakes or inducing settle-
ments. Recently the possibility of carbon dioxide geological storage in reservoirs
has given a new impetus to this topic |17, [18]. The fault opening may create a
leakage path from the storage, fracture the caprock [19] or trigger earthquakes
[20].

From the numerical point of view, the problem of contact between two solids
are early developed. The first purely mechanical finite element of contact be-
tween two solids was early developed [21]. It allows these solids to get into
contact or to loose contact during a simulation. The main concepts of this field
are established during the eighties |22, 123, 124, 25] and consolidate during the
nineties 26, [27, 128, 129, 130]. Many authors developed these elements in the me-
chanical field of research and especially metal forming [31, 132, [33].

Rock and soil mechanics largely contribute to constitutive modelling of inter-
faces 34, 135, 136]. The first improvement is the development of non-linear me-
chanical constitutive laws characterising rock joints or soil-structure interface.
Criteria defining the maximum friction available and stress-strain relations are
developed in [35, 137, 138, [39]. A special attention is paid to the characterisation
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of shear-induced dilatancy [35, 40, |41]. The second improvement is the defini-
tion of experimental relations characterising the fluid flow within the rock joints
[42,143]. Coupled finite elements combine these two ingredients. They include
hydro-mechanical [44, |45, |46, |47] or multi-phase couplings [48]. They take into
account the fluid or multiphasic flow across and within the interface and its
effect on the normal pressure acting on the joint.

The purpose of this paper is to present a versatile formulation of a fully cou-
pled hydro-mechanical finite element of interface applicable to 3D simulations.
It allies a mechanical large displacement formulation of a zero-thickness inter-
face element with the modelling of fluid flow using a three-node strategy. This
strategy discretises the field of fluid pressure on each side of the interface and
inside it. Thence, the transversal fluid flow creates a drop of pressure across the
interface. The element is hydro-mechanically coupled through the definition of
an effective contact pressure, the fluid storage due to the gap opening and the
variation of the interface longitudinal permeability with gap variation.

The originality lies in the coupling of the longitudinal and transversal flows
within the interface to a classical formulation of mechanical contact in large
displacements. Particularly this flow problem is also tackled in case of contact
loss and large tangential displacements. Moreover both mechanical and flow
problems are treated within a unique finite element code LAGAMINE developed
at the university of Liege [49, 50]. This paper focuses on the general framework
of the finite element of interface. However the formulation is very versatile and
any constitutive law describing both mechanical and flow behaviours can be
introduced instead of the proposed ones. An original application to the large
uplift simulation of a suction caisson is provided to illustrate the capacities of
the finite element of interface.

This paper is subdivided into four main parts. The first part describes
the basics of interface finite elements. It explains the different ways to tackle
and discretise mechanical contact and fluid flow within interfaces. The second
part sets out the governing equations of the coupled problem and its contin-
uum formulation. The third part displays the discretisation of this continuum
formulation into finite elements. It consists of the definition of energetically
equivalent nodal forces and stiffness matrix. Finally the last part describes the
pull simulation of a suction caisson embedded in a soil layer. This application
illustrates all the features of the interface element.

2. Review of interface finite elements

Coupled interface elements involve two distinct but related issues: the me-
chanical and the flow problems. The former describes the detection or the loss
of contact between two bodies, the shearing of this contact zone... The flow
problem describes the fluid flow within the interface created by the vicinity of
fluid flows within porous media. These two problems are coupled since the fluid
flow influences the opening of the discontinuity and its transmissivity. Moreover
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the fluid flow across the interface creates a transversal drop of pressure between
two porous media.

Numerically, two approaches exist within the framework of the finite element
method to manage the mechanical contact between two bodies as shown in
Figure[ll In the former approach, the interface zone is represented by a very thin
layer of elements specially designed for large shear deformation ﬂi_lL b, @] The
second approach, adopted in the following, involves special boundary elements.
These elements have no thickness and are termed zero-thickness finite elements.
They discretise the probable zone of contact and are activated only in that
case. These elements are suitable for the modelling of large displacement and
no remeshing technique is necessary. They are quite common in mechanics

(21, 131, 136, 133, [54).

No contact Contact
Medium 1
Thin layer .
elements Medium 3
. L | L4 Medium 2
Thin layer = - || B
Medium 1
Boundary
elements
. o | 4 Medium 2
Zero-thickness L |

Figure 1: Comparison between thin layer and zero-thickness approaches in case of Hertzian
contact.

Basically three ingredients are necessary to develop such an approach
e a scheme to enforce the normal contact constraint;

e a technique to discretise the contact area between solids and to compute
a gap function gy;

e a constitutive law to rule the normal/tangential behaviour.

The normal contact constraint ensures two solids in contact cannot overlap
each other, the gap function is null, i.e. gy = 0. This contact gives birth to
normal pressure on each side of the interface py and both solids deform. A
physical constitutive law can rule this normal behaviour. The macroscopic rela-
tion between normal stress and deformation of the contact area depends on the
microscopic geometry. For instance, in rock mechanics, the stress-displacement
relation is non-linear ﬂﬁ] and depends on the deforming asperities as shown in
Figure In such a case, the interpenetration of the solids in contact have a
physical meaning, i.e. gy < 0.
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Figure 2: Constitutive law describing the normal behaviour of a rough rock joint. Normal
pressure py depends on the deformation of asperities and closing of the gap gn.

On the other hand, the normal constraint condition can be ensured on a
purely geometrical basis, namely the interpenetration of the two solids is not al-
lowed. This is physical only in case of perfectly smooth surfaces. The Lagrange
multiplier method exactly ensures this condition [54]. It introduces additional
variables, the Lagrange multipliers, corresponding to the contact pressures.
The penalty method |33] regularises the constraint by authorizing an interpen-
etration of the solids in contact independently on the roughness of the surfaces.
The related pressure is a function of the interpenetration through the penalty
coefficient. Therefore the stress-displacement relation looses its physical base-
ments [55]. Both Lagrangian and penalty solutions are identical for infinite
penalty coefficient |56]. The main advantage is the simplicity of the method.
The inconvenient is the risk of ill conditioning of the stiffness matrix. Both
techniques are compared in Figure [3
The available maximum friction may also evolve with the relative tangential
displacement. In this case, a constitutive law ruling friction angle within the
interface is also necessary. Dilatancy of the interface is also a crucial issue. This
was extensively studied in case of rock joints |57, 58] and soil-structure interfaces
|40, 41]).

The contact constraint is a continuous condition over the boundary. Its dis-
cretisation in finite elements strongly impacts the performance of the computa-
tion. The node-to-node discretisation is the simplest one [24], as it is described
in Figure @ In this case, the contact constraint is imposed on a nodal basis.
The gap and contact forces are computed between each pair of nodes. This
formulation is dedicated to small relative displacements only.

The node-to-segment discretisation overcomes this drawback [59]. The contact
constraint is applied between the nodes of one side of the interface, termed
slave surface and the segments of the other side, termed master surface. The
gap function is computed through the projection of the slave node onto the
master surface. Such discretisation is sensitive to sudden change in projection
direction between two adjacent segments and is improved by smoothing tech-
niques [30].

The segment-to-segment discretisation [33,160,/61] is based on the mortar method
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Figure 3: Comparison of Lagrange multiplier and penalty methods on deformation and dis-
tribution of contact pressures.

developed in [62]. In this case, the contact constraint is applied in a weak sense
over the element. The gap function is computed through the closest-point pro-
jection of a point of the non-mortar surface onto the mortar one which is given
155 more importance. It is extrapolated over the element by the means of interpo-
lation functions.
Finally, the contact domain discretisation does not involve any projection method
[63, 164]. The gap between the solids potentially in contact is discretised by a
fictitious mesh. Thence the gap function is continuous between them and avoids
1o many discrepancies and loss of unicity due to projection.

Node to node Node to segment

‘1 l ‘l /@E Gay

v F

Segment to segment Contact domain

Penetration

Gap interpolation
Ga N

Figure 4: Comparison between the discretisation methods of the contact area.

If the interface represents a discontinuity saturated with a fluid, several
additional ingredients are necessary:

e a technique to discretise the flow within and through the interface;
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e a law relating the flow to the gradient of pressure.

The single node discretisation of flow is the simplest one as shown Figure
It simply superposes a discontinuity for fluid flow to a continuous porous medium

]. In this case, there is no hydro-mechanical coupling and the opening of the
discontinuity is constant and user-defined. It acts such as a pipe creating a
preferential path for fluid flow.
The double-node discretisation describes the fluid flow within the interface as a
function of the gradients of pressure of each side of the interface ﬂﬂ, @, @, @]
There is an hydro-mechanical coupling since the discontinuity is able to open.
The flow through the interface depends on a transversal transmissivity and the
gradient of pressure across the interface.
Another option is to discretise the field of fluid pressure inside the interface
by additional nodes. This method is termed triple-node discretisation ﬂﬁ, @]
The underlying hypothesis is that the field of pressure is homogeneous inside
the interface. However there is a drop of pressure across the interface, between
the two solids in contact.

Finite element mesh

Porous medium

Discontinuity

Figure 5: Comparison between the discretisation methods of the flow within and through the
interface.

Boussinesq ﬂ@] firstly provides a mathematical law characterising the lam-
inar flow of a viscous incompressible fluid between two smooth parallel plates.
The total fluid flow is proven to be proportional to the cube of the aperture
between the plates, and this relation is termed cubic law. In this case, the
longitudinal permeability of the fault is a function of its opening gy

ky = BN (1)

Its applicability to rock mechanics is proven @, , @] despite improvements
are necessary due to the underlying strong hypothesis. The non smoothness of
the rock edges of the interface is taken into account by considering an hydraulic
aperture rather than a mechanical one HE]
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3. Governing equations of the interface problem

The developed finite element of interface is zero-thickness which is more
suitable for large displacements. It does not involve any remeshing technique.
The contact constraint is enforced by a penalty method. Indeed, this approach is
easy to implement and additional unknowns are not required. Furthermore, the
implementation is based on an analogy with elastoplasticity. It is very flexible
and complex constitutive laws can be introduced instead. The fluid flow within
and across the interface is discretised using a three-node approach taking easily
into account the storage and longitudinal flow.

3.1. Mechanical problem

3.1.1. Definition of the mechanical problem and gap function

Let us consider two deformable porous media Q' and Q2 in their current
configurations at time t. The global system of coordinates is termed (Eq1, Eo, E3).
A 2D cross section of these bodies is illustrated in Figure Their evolution
is assumed to be quasi-static. Their boundaries in current configurations are
denoted I'! and I'2. Imposed displacement (Dirichlet) and traction(Neumann)
boundaries are respectively denoted I', and I‘i—.
I'L and I'2 denote both parts of the boundary where contact is likely to happen.
In that area, a local system of coordinate (e}, el, el) is defined along the mortar
side I'! as shown in Figure[d, where e] denotes the normal to the surface. The
closest point projection X! of a point of x2 of the boundary I'? onto I'! is defined
such that [54]

gy = (x* —x') e, (2)

where (e1,e},e}) denotes the local system of coordinates at point x!. This

function gy is referred as the gap function, where the subscript N stands for
normal direction. If there is no contact between the solids, gy is positive. The
contact is termed ideal if there is no interpenetration of the solids. For instance
in Hertzian contact |71}, the gap function is equal to zero. This can be enforced
if the Lagrange multiplier method is used. If the penalty method is employed,
interpenetration is necessary to generate contact pressure and the gap function
becomes negative.

Figure 6: Statement of the mechanical problem, cross-section of the 3D problem in the (E1, E2)
plane.
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The definition of a relative tangential displacement between two points in
the plane of contact has no meaning in the field of large displacement [33].
Instead normal (N) and tangential (71 and T2) velocities are defined in the
local system of coordinates. They are gathered into the vector g such that

g =gnei+gries+ gra el (3)

8.1.2. Normal contact constraint
Contact between two solids gives birth to non-zero stress vectors t' = —t2
along their common boundary as shown in Figure[Gl These vectors are described
in the corresponding local system of coordinates at each contacting point such
that
t' = —pnel +Tie;+mel, (4)

where py is the normal pressure, 7, and 7o are the shear stresses in both direc-
tions in the plane of the interface. The ideal contact constraint is summarised
into the Hertz-Signorini-Moreau condition [54],

gn >0, py=>0 and  pygn =0. (5)

If there is no contact, the gap function gy is positive and the contact pressure
pn is null. When contact arises, the gap function is null and the contact pressure
is positive.

This condition is not verified any more if the penalty method is used. In
case of contact, the relation between the pressure and the gap function reads

py = —Kn§gn, (6)
where the minus sign ensures the contact pressure is positive when interpene-
tration increases, i.e. gy < 0 and gn < 0.

8.1.8. Tangential contact constraint

When solids are in contact, the ideal tangential behaviour of the interface
distinguishes between the stick and slip states [54]. In the former state, two
points in contact cannot move tangentially. They keep stuck together during
the simulation, i.e. g1 = 0 and gre = 0. The second state involves a relative
tangential displacement in the plane of the interface. This is summarised in a
condition similar to Eq. (@)

g% >0,  f(t,q) <0 and g f(t,q) =0 i=12 (7)

where g5%, is the variation of the non-recoverable displacement in each tangential
direction. It is related to the variation of tangential displacement

gr = sign(71) &5, ej + sign(72) &7 ej. (8)

Stick and slip states are distinguished by the criterion f(t,q). It depends on
the stress state t and a set of internal variables q. The evolution of the stress
state within the interface depends on the constitutive law described hereafter.

10



215

220

225

The ideal stick state, gr = 0, is also regularised by the penalty method, i.e.
a relative displacement is allowed. Thence the relation between the shear stress
and the tangential variation of displacement reads

7 = K 74 1=1,2. 9)

8.1.4. Constitutive law

It is shown that both rock joints and soil-structure interfaces present a very
complex mechanical behaviour [72,(73, |74, [58] inducing dilatancy, degradation of
the friction angle, critical state... This paper focuses on the general formulation
of the coupled finite element of interface. Therefore the constitutive law is
kept as basic as possible in order to highlight the coupling inherent to the
formulation. The Mohr-Coulomb criterion is adopted for that purpose. However
interested reader should refer to |75, 139, 41] for a deeper insight into more
accurate constitutive laws.

The constitutive law adopted only depends on the stress state t within the
interface and a single internal variable, the friction coefficient u. Mathematically
it reads

Ft, 1) =\ (1) + (72)* —upn. (10)
7l

where ||7|| is the norm of the tangential stresses. The criterion is represented in
Figure[Zhl In the absence of contact, the stress state lies on the apex of the cri-
terion. Both normal pressure and tangential stresses are null, i.e. t = 0. If the
combination of tangential and normal stresses lies below the criterion (f < 0),
the tangential state is considered stick. Otherwise, if the stress state lies on the
criterion (f = 0), the tangential state is considered as slip.

il o

| || No contact | Stick | Slip | Slip state

PN =0 >0 >0
[Edl =0 >0 | =p-pN

No contact

Stick state

(a) Stress state in the interface in each case.

;"LQ

(b) Mohr-Coulomb criterion.

Figure 7: Differentiation of stick and slip states through the Mohr-coulomb criterion.

The evolution of the stresses lies within the framework of elastoplasticity.
Indeed the stick state is regularised and can be compared to an elastic state.
Therefore the incremental relation between variations of stresses t and variations

11

Pn
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of the gap function g reads

PN —-Ky 0 0 gN
1| = 0 Kr 0]-|&ra1]|, (11)
Ty 0 0 Kr gT,2

DE

where D¢ is equivalent to the elastic compliance tensor. In this case, the penalty
coefficients introduced on a purely numerical basis are compared to elastic co-
efficients which are physical. When the interface reaches the slip state, an
elastoplastic compliance tensor D®P is defined such that

—Kx 0 0
2
- 1 (Tl) 71 T2 5
PN —uKy— K 1- -K gN
U N T T
T = 8T -
' il s 12 7 12
T2 2 gT,2
SR T L B 1_<T2>2
il Il Il
Der

This tensor is introduced in [31] and is based on a non-associated flow rule.

8.1.5. Continuum formulation

Each solid Q¢ verifies the classic mechanical equilibrium equations in quasi-
static conditions [76]. Solving the mechanical contact problem consists in finding
the field of displacement u for all points x € Q' verifying these equations and
subjected to the contact constraints Eqs. (&) and ().
Considering a field of admissible virtual velocities d%x on Qf, the weak form of
the principle of virtual power reads

2 2

Z[/Qia:e(éic)dﬂ]:;l/@f:ékdﬂ—i—/r

i=1 1

f:ékdﬂ-i—/

T!: 6% dl’|,
I

t c

(13)
where f are the body forces, 1 are the imposed displacements, t are the imposed
tractions, n is the normal to F% and T is the projection of the local stress tensor
t? in global coordinates. The equality of Eq. ([3) is enforced when the contact

area I’ is known.

3.2. Flow problem

8.2.1. Definition of the problem

Let us consider a discontinuity of very thin width embedded in a porous
medium in its current configuration, as depicted in Figure [8l This could repre-
sent for example an open fault within a rock mass. This discontinuity creates
a preferential path for fluid flow. Moreover there is a transversal fluid flow
between the rock mass and the discontinuity.

12
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Porous medium Q2

Discontinuity Q* . q - L5

E
Lo

Figure 8: Definition of the flow problem (cross section of the 3D case in the (E1, E2) plane),
porous medium, discontinuity and boundaries.

There is a conceptual difference between the treatment of the mechanical
and flow contact problems. The mechanical contact constraint consists of a
non-zero pressure py applied along the contact zone I'. between the two solids
Q! and Q2.

On the other hand, the opening of the discontinuity creates a gap gy filled with
water. This gap creates a new volume Q3 in which fluid flow takes place, as
shown in Figure[@ It is bounded by the two porous media Q' and Q2. Their
boundary are termed I’}i and I’g. Therefore I' represents a boundary where the
solids are close enough, fluid interaction hold and mechanical contact is likely
to happen. It always includes the contact zone T'..

Q3 is modelled as an equivalent porous medium. The fluid flow within it is
described by the cubic law. Fluid flows exist between the inner volume €3 and
both adjacent porous media Q' and Q2. This flow is a function of the difference
of pressure between them. This is a non-classical boundary condition since it is
not a imposed flux nor an imposed pressure.

Finally imposed flux and pressure boundaries on Q' and ? are respectively
denoted I'y and T’} .

8.2.2. Fluid flow formulation

A three-node formulation is adopted to describe the fluid flow through and
within the interface, as described in Figure[I0l Therefore fluid pressures on each
side of the interface (py1 and py2) and inner fluid pressure (py3) are the fluid
variables. At each point within the interface, four fluxes are defined

e two longitudinal fluxes (fy1 and fu2) in the local tangential directions
(el,el) in the plane of the interface;

e two transversal fluxes (fu¢1 and fue2) in the local normal direction (ef).

The generalised Darcy’s law is assumed to reproduce the local longitudinal
fluid flows f,;; and f,;2 in the plane of the interface. It reads in each local

13
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Figure 10: Definition of longitudinal and transversal flows.

tangential direction (e, el),

k )
fui-1y = = (Ver Pus+pugVeyz) pu  for i=2,3  (14)

w

where Vg1 is the gradient in the direction e}, pi,, is the dynamic viscosity of the
fluid, g the acceleration of gravity, p, is the density of the fluid and k; is the
permeability.

Each transversal fluid flux is a function of a transversal conductivity T.,,;
and the drop of pressure across I’é. They read

fwtl = Pw Twl (pwl - pw&) on Fé’a (15)
fwt2 = Pw Tw2 (pw3 - pw2) on Fg“ (16)

3.2.3. Continuum formulation
Each porous medium €° i=, 1,2, 3 verifies the classic hydraulic equilibrium
equations [77]. Solving the contact problem consists in finding the pore water

14
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distribution on Q! verifying the equilibrium equations and satisfying the non-
classical boundary conditions Eqs. (IA)-(I6) over Fg. Considering a field of
admissible virtual pore water pressures dp,, on (2, the weak formulation of the
virtual power principle reads

3 . 3 —
ZU Sépwfw-V(épw)dQ} = Z[Q%dewdQJr/ q6pw dl’

i=1 Iy

+/ 4 6Puw dF] (17)

i
q

where f,, is the fluid flux at point x, S is the storage term, Q is the imposed
volume source, p,, is the imposed fluid pressure, ¢ = 1, 2 corresponds to the two
porous media in contact and i = 3 to the volume of the interface. The fluid flow
q along the boundary corresponds to the transversal fluid flows f,;; defined in
Egs. (@) and (I6). The source term Q associated to 03 is null.

The mechanical problem was given more importance to the mortar side I'l.
Similarly, the integral over Q2 is transformed into a surface integral over I‘é.
This hypothesis is valid since it is assumed the inner pressure is constant over
the aperture gy of the interface. Thence, Eq. () for ¢ = 3 finally reads

J

[$6D0 — funn Yy (9bw) — futz Vs (9bw)] g dl =

1
q

/ Pw Twl (pwl - pw3) 5pw — Pw Tw2 (pw3 - pw2) 5pw dra
Tl

(18)

where Vg1 is the gradient in the e} direction.

In the porous media Q' and Q2, the storage component S is coupled with
the deformation of the solid skeleton. The treatment of this component for 3
is different and treated hereafter.

3.3. Couplings between mechanical and flow problems

The flow problem within the interface intrinsically depends on the mechan-
ical problem. The gap function gy defined in the mechanical problem directly
influences total fluid flow within the interface since the cubic law is related to
the mechanical opening gy
However, it is worth noting hydraulic and mechanical apertures should some-
times be differentiated. If two perfectly smooth plates are in ideal contact, the
gap function gy is equal to zero between them. Thence the fluid flow is null
since the permeability is equal to zero. However, if the surfaces are rough, a
fluid flow is still possible even if the solids are in contact. A residual hydraulic
aperture Dg is considered. Hence, the permeability is computed according to
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42, [16]

D)2
(Do) if ey <0
k= 12, (19)
(Do + gn) -
— 12 otherwise.

It is updated during the simulation to take into account the possible gap aper-
ture.

A second coupling is created by the storage component S. The variation of
the total mass of fluid M ¢ stored in Q3 comes respectively from the variation of
the fluid density, the opening/closing of the gap and the variation of the surface
of the discontinuity, namely

- . . I;
Mf = <pw gN + Pw 8N + Puw 8n F_?> Fé‘i' (20)
q

S

where S is the storage term of Eq. (@ @). In the following, the fluid is assumed
incompressible p,, = 0 and only the geometrical storage is taken into account.
In many applications, the main component of the storage is due to the open-
ing/closing of the interface gy .

The mechanical behaviour of the interface also depends on the fluid flow
within it. Indeed, the total pressure py acting on each side Ffi of the interface
is defined according to the Terzaghi’s principle [78]. It is decomposed into an
effective mechanical pressure p’y and a fluid pressure equal to the inner pressure
Pw3,

PN =Py + Pus- (21)

In this case, all the developments applied to the mechanical contact constraint
and constitutive laws in Sections B.1.2 and 3.I.4l must be treated with reference
to the effective pressure py rather than to the total pressure py.

4. Numerical formulation of an interface finite element

The discretisation of the governing equations is based on a segment to seg-
ment approach. It is suitable for large relative displacements. Fluid flows are
discretised according to the triple-node approach. This method allows the mod-
elling of a drop of pressure across the interface. The inner nodes discretising a
field of pressure make possible the modelling of an interface between two distinct
media, for instance a soil and a foundation.

4.1. Space and fluid pressure discretisation

The presented coupled interface finite element are isoparametric and quad-
rangular [79]. A complete representation of the interface requires twelve nodes,
as shown in Figure [T}
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e nodes 1,2,3.4 : first side of the interface F}i, three mechanical (coordinates
x,y,2) and a pore water pressure (p,,) degrees of freedom per node;

e nodes 5,6,7,8 : inner nodes of the interface %, a pore water pressure (py,)
degree of freedom per node;

315 e nodes 9,10,11,12 : second side of the interface F%, three mechanical (co-
ordinates x,y,z) and a pore water pressure (p,,) degrees of freedom per
node.

Mechanical and hydraulic degrees of freedom are gathered into the vector of
generalised coordinates at each node 7 such that

u' = [xi,ui,zi,pﬁu]T i=1,2,3,4,9,10,11,12 (22)

u’ = [pL] i=5,6,7,8. (23)

20 These coordinates are continuously interpolated over the element using classic
linear interpolation functions ¢° (&,7n) related to each node i of the side inter-

polated. Continuous generalised velocities u are interpolated over the element
accordingly from nodal values 1.

1—2 - _].1 O{fxﬁy-,z,pw)
-3

1202

!

o - Actual
Tt ’ Element
[0)

. Parent
Element

Y

Figure 11: Discretisation of the interface into isoparametric elements from convective (¢1¢2)
to local coordinates (£, 7). Transformation to the parent element.
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4.2. Mechanical problem

4.2.1. Local system of coordinates and gap function

The first step of the mechanical formulation is the determination of the local
system of coordinates. The rotation matrix R relates the global (E1, E5, E3) to
the local (ei, e}, els) system of coordinates. This rotation matrix is computed
with respect to the side I’}i, which is the mortar side. Let us first consider
the components in global axes of two unit non-orthogonal vectors respectively
parallel to each edge of an element, namely

1 ox Oy 02:|T
€ = e’ A’ ae ’ 24
e e o & ”
(%) (%) +(%)
T
o ! oz et
ox\ > ay\> 9z\2 LOn On n
(&) < () + ()
The normal to the element is given by the cross product,
el = e x e, (26)

The first tangential direction e} is identical to e¢ and the second tangential
direction is their cross product

ei =el xel. (27)
Thence the rotation matrix is the assembling of these vectors

R=[e] e} ei. (28)

According to the continuous Eq.([2]), the gap function at each point of I
computed according to

gN T ).(2 — ).(1 r
g=|&ra| =[R] - [J2—¥1| =[R] -Ax. (29)
gT,1 Z9 — 71

where the subscript indicates either the side 1 or side 2 of the interface. The
norm of the Jacobian of the transformation of the element from the convective
system of coordinates ({1, (2) to the isoparametric system (£, 7) reads

ox\? 8y2 92\ ox\? 8y2 0z \?
(5 () GG () (3) o
The full definition of the rotation matrix and its derivatives are available in
Append A
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4.2.2. Ezternal energetically equivalent nodal forces

The mechanical contribution of a single interface element to the external
virtual power expression is derived from the continuous Eq. (I3). The ener-
getically equivalent nodal forces associated to node i of the interface element
are computed numerically using a Gauss-scheme. For instance, the mechanical
nodal forces acting on the boundary of Q! are computed according to

nip

Fio= Y [R-to'||J|W],,, (31)

IP=1

where ¢’ is the interpolation function associated to node i and the expression
between brackets is evaluated in each of the n;p integration points, associated to
the Gauss weight W. Reaction forces acting on Q2 are computed accordingly.
The full derivation of all energetically equivalent nodal forces is provided in

1)
Append B

4.3. Flow problem
4.83.1. Internal energetically equivalent nodal forces

Fluid flow inside the equivalent porous medium 3, along the interface,
involves energetically equivalent internal forces. This component is derived from
Eq. (I8). It is numerically computed according to

nip

Fj = Z [(Sﬂﬁi — fwi1 Vey ((//)i) — fwiz Vey (jS)) 191 &n W} P’ (82)

I1P=1

4.8.2. External energetically equivalent nodal forces

Transversal fluid flows between Q', Q2 and Q? provides energetically equiv-
alent external nodal forces related to fluid degrees of freedom. The contribution
to the external virtual power corresponding to Q2 is derived from Eq. (). For
instance, it is numerically computed on the boundary of Q! according to

nip

35 = Z [(Pw Tw1 (Pw1 — Puws) 0" — pw Tu2 (Pw3 — Pw2) d)z) (1] W} P’

1P=1
(33)
where py1 is the fluid pressure on side 1, pyo on side 2 and p,3 inside. The
reaction forces acting on the boundary of Q2 are computed similarly.

4.4. Time discretisation

Internal F¢ and external F%, nodal forces defined in Eqs. @), 82) and (B3]
are gathered into the global vectors F; and Fg. Thence vector of out of balance
forces Fpp is defined according to

Fop =F; — Fp. (34)

The fluid flow problem within a porous medium is inherently time depen-
dent. Therefore, modelling its evolution requires the discretisation of time. It
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is assumed the media in contact are initially in equilibrium at a given time ¢,
i.e. Fop = 0. The equilibrium of the discretised system should be verified over
a whole time step At such that

t+At
/ G(t) Fop dt = 0 (35)
t

where G(t) is a weighting function. In this work, the weighting function is
reduced to a collocation §(#), where 6 is the Dirac function. It is proven that
a choice of § > 0.5 leads to an unconditionally stable time scheme [79]. In this
work, the integration scheme is implicit, i.e. § = 1. The equilibrium is then
written at the end of the time step.

4.5. Stiffness matriz

The stiffness matrix K related to the interface element is computed analyt-
ically by derivation of out of balance forces related to node i with respect do
generalised degree of freedom j. The extended developments are provided in

Append

5. Extraction of a suction caisson

5.1. Statement of the problem

A suction caisson made of steel is assumed embedded in an elastic soil as

shown in Figure [2al The vertical loading of this caisson is detailed in the
following. Despite the problem is fundamentally 2D, a quarter of the caisson
is modelled in 3D in order to validate the formulation of the interface element.
The geometric parameters defining the problem are provided in Table [11
The caisson is composed of an horizontal lid at the top and a vertical skirt, as
depicted in Figure [2H The ratio of the skirt thickness to diameter is greater
than actual caissons [80, 4]. Indeed, the skirt of the caisson is represented
by volume element which cannot be too elongated in order to avoid numerical
disturbances.
The soil is represented by a quarter of a cylindrical layer. Its radius is equal to
24m and its height to 12m, as shown in Figure [2al The finite element mesh
is composed of 8288 nodes and 6945 elements, including volume, interface and
boundary elements. Volume elements are composed of 8 nodes and interpolation
functions are linear for both mechanical and pressure degrees of freedom. Four
integration points are used over the interface finite elements.

The soil layer is assumed to lie at 10m under the sea level. The two lateral
faces are considered undrained because of the symmetry. The others sides are
drained since the soil layer is assumed very large with respect to the geometry
of the caisson. The loading consists in imposing vertical displacements at the
top of the caisson, as shown in Figure [2d
The mudline delineates the solid and liquid phases at the bottom of the sea. It
is assumed a thin layer of poorly compacted soil lies over the solid phase. It is
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Figure 12: Statement of the case study.

not explicitly modelled but represented by a vertical confinement (10 kPa), as
represented in Figure [2d

The caisson is assumed already installed within the soil. Thence effective initial
stresses due to the dead weight are set up within the soil layer and the interface.
The hydrostatic pore water pressures corresponding to the depth of water are
initialised.

| Caisson | | Soil | | Mesh |

Rint Rext L tskirt tlid Rsoil Hsoil Nnodes Nelems
3.8m 39m 4m 0.lm 0.4m 24m  12m 8288 6945

Table 1: Geometrical parameters: Rjy¢ inner radius, Rext outer radius, L length, tgyi,¢ thick-
ness of the skirt, tj;q thickness of the lid, Rgp;) outer radius of the soil domain, Hgo;; thickness
of the soil layer, Njoqes number of nodes, Ngjems number of elements.

The mechanical behaviour of the soil and the caisson are assumed linear
elastic. It is not true at all for the soil as it was previously shown in the literature
[5, 113, [14]. However, this work focuses on interface behaviour and additional
complexity is avoided. Parameters of the constitutive laws are presented in
Table The porosity n and the specific mass s are identical for the soil

21



395

400

405

410

415

420

and the steel in order to ensure a problem initially in equilibrium. The soil is
assumed isotropic, therefore the coefficient of earth pressure at rest Kg is equal
to one. The permeability is equal to 1.E-11m?.

Transversal conductivity T,, characterising the interface is null between the
caisson and the interface (the caisson is impervious) but not null between the
soil and the interface. The residual hydraulic aperture is equal to 5.E-bm.
Thence there is always a longitudinal fluid flow event in case of contact. The
soil caisson friction coefficient is equal to 0.57 corresponding to a friction angle
of 30°.

Soil
E [MPa] v [-] n [-] k [m?] s [kg/m?] | Ko [-]
2E2 0.3 0.36 1.E-11 2650 1
Caisson
E [MPa] v [ n [-] k [m?] s [kg/m?] | Ko [-]
2E5 0.3 0.36 0 2650 1
Interface
Ky [N/m®] | Kt [N/m®] | p[] | Tw [m.Pa=l.s71] Dy [m]
1E10 1E10 0.57 1.E-8 1.E-5

Table 2: Material parameters: E Young modulus, v Poisson’s ratio, n porosity, k permeability,
~s density of solid grains, Ko coefficient of earth pressure at rest, K, K penalty coefficients,
w friction coefficient, Ty, transversal conductivity, Do residual hydraulic aperture.

The loading consists in the vertical uplifting of the caisson. Displacement of
nodes at its top are imposed as shown in Figure [2d
Two types of simulations are carried out in order to validate the formulation of
the 3D interface element. If the loading rate of the caisson is sufficiently low or
the permeability of the soil is very high, over- or underpressures generated within
the soil are almost instantaneously dissipated. In this case, the simulation is
termed drained. This highlights the progressive soil-caisson sliding during the
simulation and the purely mechanical behaviour of the problem. There is not
transient effects.
In the second kind of simulation, pore pressures generated during loading are
able to dissipate progressively within the surrounding soil. It is termed partially
drained and highlights the hydro-mechanical behaviour of the interface. Purely
transient effects are highlighted. Longitudinal and transversal fluid flows hold
and can be verified.

5.2. Drained simulation (purely mechanical problem)

During a pull simulation, the total load applied to the top of the caisson
is balanced by the weight of the caisson and friction along the skirt as shown
in Figure This figure represents the variation of total load AFi,; with
displacement, total friction outside the caisson AF..; and total friction inside
the caisson AF;,;.
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Figure 13: Drained pull simulation of the suction caisson: AF¢,¢ variation of total vertical
load, AFcz¢ integral of shear mobilised outside the caisson, AF;,; integral of shear mobilised
inside the caisson.

At the early beginning, the variation of AF..; and AF;,; is nearly linear, as
depicted in Figure [3al Indeed, the shear stress mobilised within the interface
varies according to

7 =Krgr < ppy. (36)

Maximum shear stress 7 is bounded by the Mohr criterion. However at the
early beginning (gr <) the shear stress has not yet reached this criterion and
the evolution of 7 is linear. The interface is in the stick state previously defined.
The maximum shear stress increases with depth due to the increasing confine-
ment. Therefore friction is not reached simultaneously over the whole skirt. The
reduced shear 1e,¢ = (7/ply),,; Progressively reaches the friction coefficient
from the top of the caisson to its tip, as shown in Figure[[4l Thence, there is a
progressive sliding between the caisson and the surrounding soil, starting from
the top, where normal pressure is the lowest.
The diffusion of the shear stress from the vertical interface to the soil induces
a stress state tending to separate the soil and the caisson near the surface. A
vertical gap between the soil and the caisson is created near the surface as shown
in Figure {4 The reduced mobilised shear 7., is equal to zero in this zone,
where contact is lost.
Finally, at point A in Figure [[3a], the outer friction is fully mobilised along the
skirt, thence AF.,; reaches a plateau and there is a slope breakage in AF;.;.
Similar conclusions can be drawn when considering the curve AF;,; in Figure
[[3a However the caisson confines the soil inside it. Thence the soil tends to
be plugged in the caisson as it was already observed in the literature [11]. This
reduces the magnitude of relative tangential displacement g, thence the slope
of AF;,; is less steep than AF.,;. The distribution of reduced shear mobilised
is more uniform illustrating this effect, as shown in Figure Consequently a
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Figure 14: Drained pull simulation of the suction caisson, mobilised shear along the skirt
outside the caisson (negt)-

larger displacement is necessary to reach the full mobilisation of friction along
the inner skirt and the final plateau described by point B in Figure [[3al

The uplifting displacement can be kept increasing since the interface ele-
ment is able to represent large displacements. The total load required to pull
the caisson progressively decreases because the surface along which friction can
be mobilised is progressively reduced, as can be shown in Figure
The step shape of the results is purely numerical. Indeed, the contact constraint
is weakly enforced and computed numerically at each integration point. There-
fore, while there is a non-mortar element in front of a mortar element, AFu 1
and AF.z:1 corresponding to the reference mesh are constant. Each drop of
AF;,; corresponds to a new integration point of the mortar side which is not
any more in front of a non mortar side. This tendency can be smoothed by
increasing the number of nodes describing the interface or the number of inte-
gration points. AFyy 2 corresponds to a mesh with a greater number of nodes
describing the interface.

5.3. Partially drained simulation (coupled problem)

Figure[[Trepresents the load-displacement results in case of partially drained
simulation. The pull rate of the caisson is equal to v, =lmm/min. The par-
tially drained behaviour entails a greater load at the beginning of the plateau
than the drained behaviour. A new reaction force AF,,, sustains the pull load.
It is obtained by integrating the variation of pressure Ap,, under the lid of the
caisson.

This resistance is similar to a suction effect used to install the caisson. Physi-
cally, it corresponds to an inverse consolidation process where the total vertical
load decreases and the vertical displacement occurs upwards as shown in Figure
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Figure 15: Drained pull simulation of the suction caisson, mobilised shear along the skirt
inside the caisson (7in¢).

The fluid pressure decreases accordingly, creating a differential of pressure
between inside and outside the caisson, as shown in Figure[I8 This creates an
incoming fluid flux, progressively reducing the differential of pressure.

The frictional behaviour in Figure [ is similar to the drained simulation.
Points A and B correspond to the full mobilisation of friction along the skirt,
respectively outside AF.,; and inside AF,,; the caisson.

The evolution of AF,, increases gently up to point A. During this first
phase, the soil plug and the caisson move nearly together, as shown in Figure
The displacement Ay, is identical for two nodes at the centre of the cais-
son, respectively on the soil and on the caisson sides. The consolidation effect
is negligible as well as the variation of fluid pressure Ap,,.

From this point, contact is lost between the top soil and the caisson. Thence a
gap is created and filled with water. A transversal flux f; takes places through
the interface, as depicted in Figure[I9 This total flux is obtained by integrating
the transversal fluid flux f,;; over the top surface of the soil. This effect super-
poses to the consolidation process and increases the inside/outside differential
of pressure.
The rate of opening of the gap as well as the transversal fluid flux strongly
increase after the full mobilisation of friction inside and outside the caisson, at
point B. The suction component of reaction AF,,, starts increasing significantly
accordingly. Finally a stationary phase is established. The inverse settlement of
the soil Aytop reaches a plateau as well as the total transversal fluid flux. The
transversal fluid flow is equal to the storage rate of fluid within the gap, which
is analytically assessed assuming the caisson has a rigid body motion

S = pu vy 7R, /4 =1.8910""kg/s (37)

nt
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Figure 16: Drained pull simulation of the suction caisson (large displacement). AFo¢ 1 cor-
respond to the reference mesh and AFi4¢ 2 to a higher number of nodes.

which is very close to the numerically computed value in Figure [0

The drained simulation highlights the loss of contact between the skirt of the
caisson and the soil, for instance in Figure [[4] where 7.,; = 0. In the partially
drained simulation, this loss of contact creates a preferential path for longitu-
dinal fluid flow along the caisson. Figure depicts this flow and the gap gy
opening along the caisson, at the end of the simulation. The higher the gap,
the higher the flow since the permeability is gap dependent.
This gap opening reduces the efficiency of the caisson since it speeds up the
dissipation of underpressures inside the caisson. However if elastoplastic con-
stitutive laws are used, the pipe creation is reduced [81]. Indeed in case of
cohesionless soils, such a gap is not stable.

6. Conclusion

The role of interfaces is crucial in many fields of geotechnical and geological
engineering. They create preferential paths for fluid flow and/or deformations.
Therefore the assessment of their behaviour is of crucial importance for engi-
neers.

This paper presents a zero-thickness 3D hydro-mechanical coupled finite ele-
ment of interface. It is implemented in the finite element code LAGAMINE which
is able to solve fully coupled problems.

The mechanical contact constraint is enforced by a penalty method and discre-
tised by the mortar method. It is able to reproduce large sliding displacements
due to the full mobilisation of friction within the interface. A Mohr-Coulomb
criterion is adopted to compute the maximum shear stress available within the
interface. It is very flexible since any other constitutive law characterising both
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Figure 17: Partially drained pull simulation of the suction caisson: AF¢ variation of total
vertical load, AF¢;+ integral of shear mobilised outside the caisson, AF;,; integral of shear
mobilised inside the caisson, AF, integral of the variation of water pressure at the top inside
the caisson.

the normal and tangential behaviours can be implemented easily.

The fluid problem is discretised by a three-node approach. The unknowns of
the fluid problem are the fluid pressures. Their discretisation on each side of
the interface and inside it is necessary to compute longitudinal and transversal
flows.

The generalised Darcy’s law describes the longitudinal fluid flow, discretised on
interior nodes. The longitudinal permeability depends on the aperture of the
interface (cubic law), introducing a coupling between mechanical and hydraulic
behaviours. A second coupling follows from the decomposition of the total pres-
sure acting on each side on the interface into an effective mechanical pressure
and a fluid pressure, equal to interior pressure.

The transversal fluid flow is a function of the difference of pressure between
each side of the interface and the pressure inside. The flow linearly depends
on a user-defined transversal conductivity. This introduces a drop of pressure
across the discontinuity.

The interface element is applied and validated on a pull test of a suction
caisson embedded in an elastic soil. A drained simulation verifies the purely
mechanical behaviour of the interface. The caisson progressively slides out of
the soil when the friction is fully mobilised within the interface. A large uplift
of the caisson is also reproduced.

The partially drained simulation illustrates the coupling features of the element.
The uplift of the caisson creates a gap between it and the soil. This gap is filled
with water, creating a drop of fluid pressure and a water flow from outside to
inside the caisson across the interface.

The stress distribution around the caisson opens the outside interface between
the soil and the caisson. This creates a preferential path for fluid flow along the
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Figure 18: Variations of pore water pressure Ap,, within the soil around the caisson, at the
end of the simulation.

skirt, decreasing the suction effect of the caisson.
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Figure 20: Relation between the longitudinal flux and the opening of a gap along the skirt,
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Appendix A. Rotation matrix

The rotation matrix R is provided in indicial notation in order to simplify
the mathematical expressions. The expression of each column R;;, R;2 and R;3
respectively reads

L= e e O [ [0X5 0%5 [0 Oxn -
Rll* €kli af 87] /(\/ ag 85 877 an 2—1,2,3 (A].)

0x; ox; 0x;
Rip = = — = i =1,2.3 (A2
. 3 / o o i=123 (A2)
Riz = exts Ri1 Riz i=1,2,3 (A.3)

where mechanical node coordinate x; of a given point denotes respectively x,y
and z if i is equal to 1,2 and 3. This coordinate is respectively interpolated over
the element according to

x; = ¢V xV N =1,2,3,4, (A.4)

where xY is the coordinate in the i direction of the Nth node of the interface
element. The derivative with respect to & reads$?

ox; 0N

9 o

N =1,2,3,4. (A.5)

2N is the summation indice.
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The derivative with respect to 7 is computed accordingly. Notation €”* is the
Levi-Civita symbol such that

eje = 1 if(i,5,k)is(1,2,3),(3,1,2) or(2,3,1),
€k = —1 if (4,7,k)is (3,2,1),(1,3,2) or (2,1, 3),
€jrg = 0 otherwise.

The Jacobian of the transformation ||J|| from the interface element to its isopara-
metric parent is equal to

Gxi Gxi aXJ aXJ
- i} A.
191 \/ 5% oe \ o o (A.6)

The large displacement component of the stiffness matrix is obtained from
the derivation of R with respect to each coordinate i of the node N, i.e. xN.
The derivative of the Jacobian of the transformation ||J|| gives

Wl _ o [ fon o]
oxN  oxY 0§ 0¢ \| 9n On pE=12g
an 8x] aXi aXi
. N N
_ V' On On 8¢) 8xk+ o¢ 9¢ 09 % (A7)
0x; 0x; 85 193 / % % an 0On
o 0€ on 0On

5 The derivative of the first column of the matrix, R;;, reads
8Ri1 8 aXm aXn 1 .
= mni A T ak = ]-7 2; 3
N o {6 o on 3 J '
o {L OpN % S 1 0%,y 00V _Oxp Oxp 1 a|J|l
"L o an 131 0¢ an "t 9g o TP oxY

(A.8)

The derivative of the second column of the matrix, R;2, reads

8R¢2 - 8x1 aXl aXl . o
oy axk[ / € ag] hk=123

A Ox Oxi _ Ox; 98N O [ (Oxi 0x\M?
= o "/ \ o€ B¢ " oe ¢ o (8_58_5) A9

The derivative of the third column of the matrix, R;3, reads

ORi3 0

aX]kV = @ [Gmni Rt Rn2] i,k=1,2,3
ale aRnQ
€mni [W Rn2 + R —axg . (AlO)
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Appendix B. Energetically equivalent nodal forces

Appendiz B.1. Structure of the force vector

The finite element of interface is made of 12 nodes and 36 degrees of freedom.
The vector of generalised coordinates related to the element I'Z reads

us = [[X')7,p,,, [(X?7,p, (X3, bl (XM, D Dl DYy Pl D
[)(S)]T7 p’?u? [)CIO]T7 p’t}07 [Xll]T, p111,1; [X12]T, pqluﬂ T (Bl)
where [Xi}T = [x%,y%,z'] gathers the mechanical degrees of freedom related to

node 1.
The vector of out of balance forces Fop is computed according to Eq. (34)).
Its structure is identical to the vector of generalised degrees of freedom u,

re
Fop = [[F%)Bm]T’ F%)Bfa [F%)Bm]T7 F%)va [F%Bm]T7 F%Bfa [le)Bm]T’ F%)va
Fop, Fngv F7OBfa FSOBfa Fopml” FQOva [Fosml” FIOOBfa

T
[FlOle]Ta FlOlev [F102Bm]T7F102Bf] (BQ)

where FJ, 5, is the vector of mechanical forces at node i and F}, 5 7 the equivalent
fluid forces. It reduces to equivalent fluid forces only for inner nodes (i =
5,6,7,8).

Appendiz B.2. Mechanical forces
The mechanical components of the nodal forces are computed in Eq. (3.
Thence on the first side of the interface I'L, corresponding to i = 1,2, 3,4,

nip

bpm=— > [R-to'[|T|W],,. (B.3)
IP=1

On the other side I'?, the force vector corresponding to i = 9,10, 11,12 reads

nip

oBm =Y [R-t¢" |J|W],,. (BA)

IP=1

It must be pointed out that the Jacobian an rotation matrix as well are com-
puted with respect to the mortar side, i.e. F}i, in both cases.

Appendiz B.3. Hydraulic forces

The hydraulic components of the nodal forces are computed in Egs. (B32)
and [33). On the first side of the interface T'§, the hydraulic force related to
nodes i = 1,2, 3,4 reads

nip

Fopr= Y [pwTuwt (Dwt —Dus) &' 13| W] . (B.5)
IP=1
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On the second side I%, this force related to nodes ¢ = 9,10, 11,12 is computed
according to

nip

Fopr=— Z [pw Tw2 (Puws — Pw2) ¢ || T|| W] P (B.6)
I1P=1

Finally, hydraulic forces related to nodes ¢ = 5,6, 7, 8, taking into account ex-
ternal and internal components read

nip

Fosr = 2 [(3¢'—fonn Vey (¢") — fun Vs (¢')) 130 ew W] (B.7)
IP=1
- Z [(pw Tw1 (Pw1 — Pws) 0" — pw Tu2 (Pw3 — Pw2) d)z) (1] W} j7:
IP=1

Appendix C. Stiffness matrix

Appendiz C.1. Global stiffness matrix

Each term of the stiffness matrix is computed according to

9 , ,
which is the derivative of the vector of out of balance nodal forces at node i
with respect to the vector of generalised degrees of freedom at node j. It is
analytically computed in the following. The stiffness matrix corresponding to
the element has the following structure

rirt rio? rir2
[K]lé;xiﬁ [K]lgx4 [K]lé;x(iﬁ
_ Q°T' > Q303 Q°I'z
K3exs6 = [K]4;<1§ [I<]4§<43 [K]4;<1§ ’ (02)
r=r | 19) r=r
[K]lgxlﬁi K lgx4 [K]lgxfifi

where the subscripts provide the size of the submatrix. The first superscript
indicates the origin of the nodal force and the second the derivative.

1l

Appendiz C.2. Component [K]fgi% ,i=1,4, 5= 1,4

Mechanical component

d KT ; ot ;
G Fomn = = X |5 (HIR)-to' W R ZE o' w| (ca)
IP=1
and
ot _ DeP . 8_RT.A5(_[R]T.5¢J‘ (C.4)
oxi oxI ' '

39



Fluid component

0 i - P
5 Fon; = > [pw Tun & 6" T W] (C.5)
Pw1 IP=1

Coupling components

0 -« , 0
— F = w Twl (Pwl — Pws) ¢ =— ||| W] . C.6
3 Fons = D [T () 6 G I (€6)
103
Appendiz C.3. Component [K]fgi?4 ,i=1,4, 5= 5,8
805 Coupling component
0 % [ T }
——F! = R-[1 0 0] ¢'¢|I|W (C.7)
OBm
0Pfu3 IP=1 IP
since
tT = [— (p'N —|—pw3) T1 7'2] . (Cg)
Fluid component
o . ur o
a—jFJOBf = - Z [pw Tuwr ¢* ¢ |I|W] . (C.9)
Pws3 IP=1
112
Appendiz C.4. Component [K]lfgi‘iﬁ ,i=1,4,j=9,12
Mechanical component
0 i - { ot :
— Fy = - R-— || J||¢o*W (C.10)
OBm
oxJ 1;::1 oxJ P
and
ot ,
g = D-[R]" 64 (C.11)
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s Appendiz C.5. Component [K]?Xl;‘j ,=05,8,j=1,4

Mechanical component

o _, _ 2L 0 o . Ofun iy Ofwiz i |
Fhy = K%Sgb ~ i Ver (¢') = 55 Ve (¢>)> SENY
1P=1 ]
nrp oo . . o||J ]
1 Z (S ¢" = fuin Vey (07) = fuiz Vey (‘f)z)) aHXjH v W
p=1t o
nip oo ] ) 0 )
+ 30 | (86— fun Ve (6) — fura Ty (69)) 191 S22 W
Ip=1"t P
nrp r . . a J
- Z (pw Tt (pwl — Puw3) & — puw Tw2 (pwg - pw2) CZ)Z) 6“ ]H w
~ | X IpP
I1P=1
(C.12)
where
= b0 0 (g5axrasg). ow
Fluid component
57 fosr = > [puTuwr ¢ 6" |ITIW], . (C.14)
Puw1 IP=1

Appendiz C.6. Component [K]ffiif:‘ ,1=5,8,7=25,8

SoFony = D [ (Ve (¢) Ty (6) + Vg (¢) Vg (6)) 190w W)

J
6pwg IP=1 Haw IP

+ Z [pw (T'wl ¢j + T'w2 ¢J) ¢i HJ”W}IP (015)

IP=1
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as  Appendiz C.7. Component [K]?Xl;‘j ,i=5,8,7=9,12

Mechanical component

Q0 < d o, Ofy N Ofy ; ]
storr = O (a8~ Tt Ve () - G Vs (0)) len W
nrp oo . ) ol 1
+ Z (S<Z>z — fwn Ve (¢") — fuiz Vel (W)) %E’WW

p=1t
nrp r . ) ) ) a 1
30 | (56— tun Vey (¢) = fuiz Vg (¢1)) 191 50 W

1p=1t
- Z (p'w Tw1 (pwl - pw3) ¢Z — Pw T2 (pw?; - p’w2) QJ)z)

p=1t

Fluid component
O pi . Tw2 ¢’ ¢ |T| W C.1

E oBf = I;1[Pw w2 @ &' T W], . (C.17)

21

Appendiz C.8. Component [K]fgi% ,i=9,12,7=1,4

Mechanical component

0 B Ko . ot .
o Fomn = > |5 (MIR) oW R ZE 13l W) (Ca)
IP=1
g0 and
ot e ot
o = D-(s A% — [R] -5¢). (C.19)

Appendiz C.9. Component [K]fgi?4 ,=9,12, j=5,8

Coupling component

9 . nrp T .
—F5, = — R-[1 0 0] ¢'¢|IIW| . (C.20)
&) °r 1;1 { [ ) LP

Fluid component

a . nrp ; .
—Flpr = — Y [pwTuad & [ITIW],,. (C.21)
O3 1P=1
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Appendiz C.10. Component [K]{giiﬁ ,1=19,12, j=9,12

825 Mechanical component
9 s ot ;
— Fyp = [R~ — ||| o* W (C.22)
OxJ m 121 oxI p
and
at .
5y = D7 R]" 647, (C.23)
Fluid component
a . <& o
3—j ZOBf = Z [/’w Tuw2 ¢ ¢* HJHW} P (C.24)
P2 IP=1
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